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Abstract

Recent contributions to the financial econometrics literature exploit high-frequency
(HF) data to improve models for daily asset returns. This paper proposes a new
class of dynamic extreme value models that profit from HF data when estimating
the tails of daily asset returns. Our Realized Peaks-Ouver-Threshold approach provides
estimates for the tails of the time-varying conditional return distribution. An in-sample
fit to the S&P 500 index returns suggests that HF data convey information on daily
extreme returns beyond that included in low frequency (LF) data. Finally, out-of-
sample forecasts of conditional risk measures obtained with HF measures outperform
those obtained with LF measures.
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1 Introduction

Tail-risk has been at the heart of discussions among economists, bankers and world leaders
in the aftermath of the 2008 stock market crash. Despite being an elusive notion, tail
risk tends to be associated to large negative events that have a positive but rather small
probability of occurrence. Appropriate management of this kind of risk is of the utmost
importance from both policy and regulatory perspectives and for the internal risk control
of financial institutions. For this purpose, several risk measures have been defined which
require forecasting quantiles deep in the lower tail of the asset return distribution.

Traditional parametric methods based on estimation of entire densities are mostly ill-
suited for the assessment of extreme quantiles. These parametric methods strive to produce
a good fit in regions where most of the data fall, potentially at the expense of a good fit in
the tails. Similarly, it is well-known that non-parametric methods of density estimation such
as kernel smoothing perform poorly in the tails.

Extreme Value Theory (EVT) is a branch of probability theory that focusses on extreme
outcomes and provides models for them. In particular, instead of forcing a single distribution
on the entire sample, this theory allows for the investigation of only the tails of the sample
distribution using limit laws. Estimates of probabilities associated with quantiles even higher
than the most extreme observations are then obtained by extrapolation.

The use of EVT in financial applications has become more and more common over the
last twenty years. Danielsson and de Vries (1997) and Longin (2000) use EVT to model
the unconditional return distribution and emphasize its accuracy in predicting tail-risk. In a
critical discussion of the use of EVT in risk management, Diebold et al. (2000) outline both
the opportunities and the pitfalls of such applications. Their main criticism regards the time
dependence that characterizes financial returns. Specifically, while the probabilistic results
underlying the theory hold for 7id observations, time series in economics and finance usually
do not satisfy this requirement. Despite that, these authors support the approach and foster

its application to the tails of the conditional return distribution.



To model the tails of the time-varying conditional return distribution, two different paths
have been taken. One consists in specifying a model for the conditional mean and variance,
and then applying an EVT-based model to the tails of the standardized residuals (McNeil
and Frey, 2000). If the model for the first two conditional moments completely characterizes
the dependence structure, then the standardized residuals should be approximately #id. A
second strategy is to fit a dynamic extreme value model to account for the dependence in
the original data (Chavez-Demoulin et al., 2005, 2014). The benefit of the first strategy is
that all the available observations are exploited in the estimation of the dynamic model.
However, if the extremes of the estimated residuals present any form of heterogeneity, it will
be necessary to model them directly.

The claim that a model for the conditional mean and variance can produce iid residuals
implies that higher conditional moments are constant over time, but the evidence seems
to argue otherwise (Hansen, 1994; Harvey and Siddique, 1999). Furthermore, the possible
presence of switching-regimes, as suggested by Mikosch and Starica (2004), makes the task
of pre-whitening the return time series even more difficult. These considerations support
direct modelling of the extremes of the original sample, and the current paper proposes a
novel dynamic extreme value approach to do so.

Dynamic EVT modelling in finance requires finding both an economically sound source of
information that can be used to explain the time-varying behaviour of the extremes, and an
appropriate way of employing this information within a suitable model. Chavez-Demoulin
et al. (2005) suggest using a self-exciting process to model the probability of exceeding a
high threshold of the negated return distribution (loss distribution), and use a time-varying
Generalized Pareto (GP) distribution with the past exceedances as covariates to model the
size of the excesses. Chavez-Demoulin et al. (2014) model the intensity parameter of the
non-homogeneous Poisson process describing the exceedance rate and the time-varying scale
parameter of the GP with non-parametric Bayesian smoothers. Massacci (2017) and Zhang

and Bernd (2016) propose two different joint dynamic specifications for the exceedance proba-



bility and the distribution of the size of the exceedances based on a generalized autoregressive
score model (Creal et al., 2013).

The approaches listed in the previous paragraph exploit information in past daily returns.
We consider a completely different perspective grounded on the results of Andersen et al.
(2003). They show that, if the continuous-time return process of an asset traded on a
frictionless market evolves according to an Itd6 semi-martingale with a drift and a diffusion
component then, under certain conditions, the daily return distribution conditional on the
available information is Gaussian with mean equal to the integrated drift and variance equal
to the integrated variance. Empirical evidence, however, points toward the existence of
market frictions causing phenomena, such as jumps and leverage, inducing heaviness in the
tails. Moreover, jumps and leverage present dynamics that are often found to be related to
the level of volatility, see for instance Bandi and Reno (2012) and Bollerslev and Todorov
(2011). Based on this argument, we find sensible to link the dynamic of daily extremes to
that of the daily variance. Our intuition is well illustrated in Figure 1 where losses for the
S&P 500 are shown for the 2000-2014 period. Red points indicate the days on which the
98th quantile of the loss distribution is exceeded. They tend to be concentrated in periods
of high realized variance (RV).

We build models for the extremes based on realized measures of the daily asset price
variation obtained from high-frequency (HF) data, i.e. intra-daily returns. From a metho-
dological perspective, we follow the Peaks-over-threshold (POT) method of Davison and
Smith (1990) and propose a realized POT approach (RPOT). We model the probability of
exceeding a high threshold with a Logit model with realized measures as covariates. The
size of the excesses are modelled using a GP distribution with time-varying parameters that
are functions of the realized measure. We show that measures of the asset price variation
obtained from HF data hold information about the tail beyond that contained in the daily
exceedances. This result is robust across several proxies of the daily variance and it is not

affected by the inclusion of jump and illiquidity measures. Finally, we find that out-of-sample



risk measures forecasts from our model outperform those obtained from competing models
based on past exceedances.

Figure 1: S&P 500. Daily negative returns (losses) and Realized Variance (RV)

from January 1, 2000 to December 31, 2014. Red dots indicate days for which a threshold
set at the 98th quantile of the loss distribution is exceeded.
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There is a growing literature that attempts to exploit HF data to enrich models for
lower frequency (LF) data. Inclusion of HF data to model the conditional second moment
of the return distribution has been proposed by Shephard and Sheppard (2010), Noureldin
et al. (2012), Hansen et al. (2012), Hansen et al. (2014) and Hansen and Huang (2016).
De Lira Salvatierra and Patton (2015) propose incorporating HF data into models for the
time-varying dependence in a copula function, while Oh and Patton (2016) use a HF-based
measure of correlation to disentangle the linear from the non-linear dependence in a portfolio
of stocks and then model the non-linear dependence with joint-symmetric copulas. We
propose to model the tails of the conditional return distribution with a class of EVT models
that incorporate HF information.

The remainder of the paper is organized as follows. Section 2 presents an overview of

the standard and the conditional POT approaches. Section 3 outlines our RPOT approach



and shows how realized measures are employed. Section 4 contains simulations assessing the
small sample properties of our maximum likelihood estimator, the effect of microstructure
noise and the validity of our approach for a general return process. The method is applied
to daily S&P 500 index returns in Section 5 where in-sample results show that HF data are
more informative than LF data with respect to the tail behaviour. Section 6 shows that
out-of-sample forecasts of standard risk measures obtained with the RPOT approach are
more accurate than those obtained with dynamic extreme value models that only include
LF realized measures. Section 7 concludes. A proof is relegated to the appendix and the

supplementary material contains additional details and results.

2 Extreme Value Theory

2.1 The peaks over threshold approach

Let {Y;}L | be a sequence of 7id random variables from a distribution function F' with upper
end point vp = sup{Y; : F(Y;) < 1}. Define the extremes of {Y;}L, to be the exceedances
of a high threshold u, u < vp. As u — vp, Pickands (1975) shows that the distribution of
the excesses (Y; — u), converges to a GP distribution G with shape parameter ¢ and scale

parameter v > 0. That is, Pr(Y —u < y|Y > u) goes to

1-{l+&y/v} s for £#0
G(y;:&,v) = (1)
1 —exp{—y/v} for £€=0.

When £ > 0, F has a Pareto-type upper tail with tail index 1/£. For a given threshold w,

the POT approach is based on the decomposition of the tail of F as

1= Fluty) = (1= Fu)(l - Fu(y)), (2)



where ¢ = (1 — F(u)) = Pr(Y > u) and F,(y) = Pr(Y —u < y|Y > u). Letting & =
{t € {1,...,T}Y, > u} be the set of times at which an exceedance occurs, the number
of exceedances N,(T) = card{E} can be modelled as a binomial random variable' with
exceedance probability ¢, and the size of excesses {W; = Y; —ul|j € £} with the limiting GP
distribution (Coles, 2001). An estimate of the tail probability in Equation (2) can thus be

obtained as ~
~ . =T —-1/¢
Py =3 (1+857) )

where F' =1 — F, 4 is an appropriately chosen threshold, E and 7 are estimates of the GP
parameters, and gg is an estimate of the exceedance probability. The joint likelihood function

for the POT model can be written as

C0.60) = TIE, 00— 0t (4 14 o) )
- oo [ (e Y]

+

= L(P)L(E, V).

where L£(¢) and L(&,v) are the Binomial and GP likelihoods, respectively. Separate max-
imization leads to the maximum likelihood (ML) estimators ¢, &, and U. We have the
closed-form estimator ¢ = N, /T. Numerical optimization (Hosking and Wallis, 1987) is
required to find E and v and their asymptotic normality is established for £ > —0.5 (Smith,
1985).

2.2 The conditional peaks over threshold approach

Following Davison and Smith (1990), the tail of the conditional distribution of Y; can be

decomposed as

Pr(Y; > u + y|Fi1) = Pr(Y, > u|F_1) Pr(Y: — u > y|Y: > u, Frq), (5)

L An alternative modeling strategy for the exceedance probability is based on the Poisson approximation.



where F;_; is the information set of the process up to time ¢ — 1. An estimate of the
conditional tail probability at time ¢ can be obtained combining a dynamic model for ¢, =
Pr(Y; > u|F;—1) such as a generalized linear model for the counts NV, (¢) and a GP distribution
with parameters depending on covariates for Pr(Y; — u > y|Y; > u, F;_1).

With a slight misuse of notation, the joint likelihood of the conditional tail can be written

as,

T
£(¢’ 57 V) = f¢1,£1,u1 (¢17 517 Vl) H f¢t7€t7Vt|]:t—1(¢t7 5137 Vt|E—1)7 (6)
t=2

where fo, ¢, 071 (01, &, Ve[ Fi—1) is the joint density of the model at time ¢ conditional on
information at time t — 1. Assuming conditional independence between the rate and the

magnitude of the exceedances, one obtains

F (e, & vl Fia) = f(@el Fior) f (& vel Fin), (7)

where f(¢|Fi—1) and f(&, 14| Fi—1) are respectively the density of the model for the ex-
ceedance rate and the density of the GP distribution. The joint likelihood can thus be

separated into two components that can be maximized separately,

T T
L(¢,&v) = { Hf@ml}{ (&1, 11) Hfft,utml} (8)
t=2 t=2

leading to the sequence of ML estimators $, E, and r. The validity of the assumptions of
conditional independence of rates of exceedances, sizes of exceedances, and joint conditional
independence of rate and size of exceedances is assessed empirically in Section 5.4 and we

find that the assumptions are justified.



3 The realized peaks over threshold approach

In order to model the tail of the conditional return distribution, Chavez-Demoulin et al.
(2005) and Chavez-Demoulin et al. (2014) develop respectively fully parametric and non-
parametric extensions of the POT approach, considering F; to be the information set gener-
ated by the daily price path. We propose to augment the available information set with HF
data and model daily extremes with measures built upon these data. We denote this new
information set by H; where F; C H;.

Realized measures are non-parametric estimators of the variation of the price path of
an asset. They ignore the variation of prices overnight and sometimes the variation in the
first few minutes of the trading day when recorded prices may contain large errors. A good
background for realized measures can be found in the survey articles by Barndorff-Nielsen
and Shephard (2007) and Andersen et al. (2009).

As our approach includes realized measures as covariates in the models for the ex-
ceedances, throughout we refer to it as Realized Peaks over Threshold (RPOT). In what
follows, we discuss the two components of the conditional likelihood in Equation (8) individ-
ually and show how realized measures can be incorporated in each. We present the model
for the exceedance rate, then the one for excess size. In both cases, we rely on parametric
specifications of the dynamic parameters and base the inference on standard asymptotic

arguments from ML theory.

3.1 Modelling the exceedance rate

We start following Davison and Smith (1990) who propose combining the approach for sta-
tionary data with regression modelling. We model the time-varying exceedance probability

with a Logit function?,
1

1+ exp(po + e1RM; 1)’

o (9)

2An alternative approach to obtain an estimate of the time-varying exceedance rate is to model the
number of exceedances N, (t) with a non-homogeneous Poisson process (Chavez-Demoulin et al., 2005).



where RM,; 1 is a generic realized measure. More generally, p realized measures can be
included in a p + 1 vector RM, of regressors at time ¢. The parameters ¢ = [¢o, ¢1, - - -, ©p]

are easily estimated through maximization of the likelihood function

Lip: I, RM) = [] (exp (RM;i)"

t=I+1

1
1+ exp (RMjp)’

where [ is the lag at which realized measures in RM become available3, and I; takes value
oneifte &={te{l,...,T}Y; > u} and zero otherwise. ML estimates of the parameters
are obtained through numerical techniques and asymptotic results follow from the standard

arguments of Newey and McFadden (1994).

3.2 Modelling the excess size

The natural model for the excesses of a high threshold is the GP distribution. In the case
of a non-stationary process, Davison and Smith (1990) suggest adding linear covariates in
the scale v; and shape & parameters. We model v, as a log-linear function of the realized

measure, i.e. with one covariate we have
vi(Ko, k1) = exp(ko + k1 RM;_1). (10)

We keep ¢ constant to gain stability as in Chavez-Demoulin et al. (2005, 2014), and check
the empirical validity of this assumption in Section 5.2. Define the exceedance Z; = Y; — u.
For p realized measures the dynamic GP distribution has the functional form,

—1/¢
Gt(zt; RMt, K,,f) = Pl"O/t —u< Zt|Y;5 > U,Ht_l) =1- <1 + mzt) s (11)

3In the simplest case, RM; = [1, RM;_] as in Equation (9). When the regressors are functions of past
observations, it may require several lags before all are available. For example, for a sequence of observations
Y1,--.,Y1, if we use a 30-day moving average of the y;’s as a regressor, then the first observation will be
available at [ = 30.

10



with z; > 0 when € > 0 and 0 < z < —exp (RMk) /€ when & < 0. Moreover, the functional
form is different if £ = 0 zero, see Equation (1). The corresponding likelihood function can

be written as

T —1/e-1\ Tt
! ¢ 12)
L iz, RMy) = 1 ,
(e, &2 2 tl_lJ[rl exp (RM;k) * exp (RM;k) “ N (
where K = [Ko, K1, ..., Kp| and & are the parameters that must be estimated. ML estimates

of the parameters are obtained through numerical techniques.

Hall and Tajvidi (2000) and Beirlant and Goegebeur (2004) establish the asymptotic
normality of several semi-parametric classes of estimators E and 7, both when the true con-
ditional distribution is GP and when the conditional distribution of the excesses converges to
the GP. In the following proposition, we establish the consistency and asymptotic normality
of our ML estimators under the assumption that the exceedances (21, . .., z;) are independent
with distribution (11) and £ > 0. We relegate the asymptotic properties for the exponential
case (£ = 0) to the supplementary material, as this requires changing the functional form
of the distribution in (11). Note that these are the relevant cases with financial data, as
the case ¢ < 0 implies that the log-losses have finite support. Despite this, throughout the
analysis we fit the GP model without constraining £ > 0, as this allows a better fit in finite
samples (Cohen, 1982). Note that the randomness of the binary variable I; may have some
effects on the asymptotic variance of the maximum likelihood estimator, but they are not

considered in Proposition 1.

Proposition 1. Let 8 = (k,§) € © C RP*'x (0,1) and (z1,...,2;) be an independent

sequence. Deﬁne the ML estimator /ék as
b\ = argmaxlogﬁ O;Z,RM s
k ( t t)

where L(0;z;, RM,) is given in (12). Assuming that (i) the true vector of parameters 6

is identifiable and interior to the parameter space @ which is compact, (11) E [RM;RM}] is

11



positive definite, and (iii) E [C|| exp(RM,)||]] < oo for any C > 0, then
V(O — 85) % N(0,J7),

where J = E [V@ log g:(z1, RMy; 00)V g log g:(2:, RMy; 00)'] with gi(z, RMy; 0) the density
of the dynamic GP in (11).

Proof. See Appendix. n

We derive the asymptotic properties of ML estimators under the assumption of indepen-
dent extremes. To make sure that the estimated standard errors in the empirical analysis
are not biased by any dependence left in the observations after conditioning, we use a ro-
bust “sandwich” estimator as in Chavez-Demoulin and Davison (2005). In Section 5.4 we
verify empirically that the independence assumption holds, and find that robust estimates

are almost indistinguishable from standard ones.

3.3 Estimation of the conditional risk measures

Quantile-based risk measures such as the Value-at-Risk (VaR) and the Expected Short-
fall (ES) are central tools for quantitative risk management in the financial industry. De-
note by L;(x) = —F,(x) the loss distribution at time t. The one-day-ahead VaR and ES
at level a are respectively defined? as VaRy, | = inf{x € R : Ly1(z) > 1 - a} and

ESe —éfOOCVaR’Y

Hi—1 = i . 1dy, where Lt|t_1(a;) denotes the loss cumulative distribution function

conditional on the information at time ¢ — 1. To obtain a forecast of the VaR and ES with

the RPOT approach, it is necessary to invert Equation (3) and plug-in the forecast of the

4In Section 5, we compute the VaR and ES at level a = 0.01. They are often called the 99%-VaR and
the 99%-ES in the literature.
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parameters obtained for the loss distribution, i.e.

N ~ £
— —~ V)¢ — —
VaRy, | =1+ té ! <¢tz 1) —1], (13)
—o VaRy., . —E
ESt|t—1 = lA + | =~ (14)
1-¢ 1-£

where 7;—; and E are the estimates from the dynamic GP distribution and qgﬂt,l is the
estimate from the threshold exceedance model: ggﬂt_l =1/(1+ exp(po + p1RM;_1)) for the
model in (9).

m:t_l and ﬁg:t_l are point forecasts. To obtain the confidence interval estimates,
we use a post-blackened bootstrap (Davison and Hinkley, 1997). First, we fit a RPOT
model to the observations and obtain the residuals R; = é;-_llog <1 + gj(Zj — ) /7/}-) for
each exceedance Z;, j € £. Then, we obtain B bootstrap samples of the residuals R; and
apply the RPOT model to each sample to obtain a percentile based confidence interval of
the VaR and ES.

4 Simulations

We perform Monte Carlo simulations with the purpose of: (i) assessing the finite sample
properties of the ML estimator of both the Logit model for the exceedance rate and the dy-
namic GP model for the size of the exceedances; (ii) evaluating the impact of microstructure
noise on the ML estimators; (iii) assessing the ability of the RPOT model to estimate tail

quantiles when observations are generated from a general return process.

4.1 Finite sample properties and microstructure noise

Let o2 be the return variance on day ¢ and F; a random variable taking a value in R, if an

exceedance occurs and 0 otherwise. A random sample of exceedances is generated according

13



to the following system of equations:

logof = fo+ Balogof | + Buwlogai i, s+ Bmlogor 100 + €,
logit(¢y) = o+ ¢1loga?, (15)
logv; = ko + Kk logo?,

Et - Wt]]-{Ut<¢t}7

where ¢, ~ N(0,02), W, ~ GP(v,€), Uy ~ Unif(0,1) and log67_1,_, = =5 > i, logo7_;.

The variance process follows a stochastic volatility model akin to the HAR model of Corsi
(2009) which can replicate the typical persistence pattern of the volatility. The parameters
of this model are set in order to obtain realistic dynamics of the variance. The parameters
of the extreme value models are similar to empirical estimates obtained in Section 5 with a
threshold at the 90th quantile. We generate B = 500 samples of T" = 2000 observations and
estimate the Logit and GP model parameters with the ML estimators set forth in Section 3.

Table 1 reports the results using as covariate the true volatility and the realized measure,
defined here as o7 and RM; = of + 0, where 1, ~ N(py,07,), respectively. The random
variable 7, reflects the uncertainty of the realized measure with respect to the true variance.
In Table 1, we assume that RM, is unbiased, p,, = 0, but subject to uncertainty, U?N =
0.1507. The results show that the estimates obtained using the realized measure instead of
the true variance are only slightly affected by the uncertainty characterizing the observed
proxy.

Table 2 reports the results adding microstructure noise to the realized measure. The
presence of microstructure noise induces an upward bias in the realized measure. We inflate
RV, by fixing i, to a positive value. In particular, in Table 2 we consider two types of
microstructure noise: constant noise, p1,; = 0.3E(0?), and a time-varying noise, p,; = 0.307.
The results suggest that the two types impact the estimated parameters differently: when
the noise is time-varying, only the constants (¢o, ko) are affected by the microstructure

noise, while the parameters capturing the dynamics (41, x1) continue to be well estimated;

14



in contrast, a constant noise has a deleterious effect on all the parameters.

In conclusion, as long as the dynamic of the extremes depends on the latent variance
process, a good proxy of the latter is able to unveil it. The effects of microstructure noise
can be mitigated by careful selection of the realized measure. In the empirical analysis,
we assess whether the microstructure noise is an issue considering several robust realized
measures.

Table 1: Simulation with realized measure vs true volatility. True parameter values
along with mean of estimates (Mean), mean of standard errors based on plug-in estimate
of the asymptotic covariance matrix (Mean ASE) and standard deviation of the estimates
(Std.dev.) over B = 500 replications.

True Variance Realized Measure

ol o1 KQ K1 13 oo o1 Ko K1 ¢

True 9.460 0.840 -2.270 0.310 0.100 9.460 0.840 -2.270 0.310 0.100
Mean 9.455 0.839 -2.286 0.308 0.099 9.294 0.818 -2.352 0.300 0.101
Std. Dev.  0.791 0.090 0.222 0.027 0.026 0.871 0.100 0.215 0.026 0.026
Mean ASE  0.802 0.091 0.223 0.027 0.026 0.796 0.091 0.222 0.027 0.025

Table 2: Simulation with microstructure noise. True parameter values along with mean
of estimates (Mean), mean of standard errors based on plug-in estimate of the asymptotic
covariance matrix (Mean ASE) and standard deviation of the estimates (Std.dev.) over
B = 500 replications.

Constant Noise Time-varying Noise
b0 1 Ko K1 3 b0 P Ko K1 3
True 9.460 0.840 -2.270 0.310 0.100 9.460 0.840 -2.270 0.310 0.100

Mean 13.660 1.435 -1.431 0.438 0.102 9.171 0.831 -2.374 0.307 0.099
Std. Dev. 1.822  0.231 0334 0.044 0.025 0.793 0.093 0.223 0.028 0.027
Mean ASE  1.537 0.191 0.308 0.040 0.025 0.775 0.091 0.215 0.027 0.025

4.2 RPOT under misspecification

We assume that the returns r, are generated according to the following t-HAR process,

e = Oy,

logo} = o+ Bplogoi i+ Bwlogo? 1., s+ Bulogor i as + Mt
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where 7, ~ N(0,07) and ¢ ~ t(10), with #(v) denoting the Student’s ¢ with v degrees
of freedom. We found informative to consider two scenarios: high volatility-of-volatility
(07 = 0.56) and low volatility-of-volatility (o7 = 0.18). For each scenario, we generate
B = 100 samples of T" = 2000 observations. We perform model estimation of the t-HAR
model and RPOT model using ¢ to drive the dynamic of the exceedance probability and
the size of the exceedances. We estimate the conditional tail quantiles at level « for both
models, and compute the proportion of times that the estimated quantiles are exceeded. If
the model is correctly specified, the latter proportion should be a. Figure 2 reports the
proportion of exceedances of the estimated quantiles at level @ = 0.01 over the B = 100
replications. These results confirm that the RPOT model is able to recover the tail quantiles
under a general t-HAR process. When the volatility-of-volatility is high, the simple log-linear
volatility model is unable to accurately capture the high variation in the tail, leading to many
over-rejections, while the RPOT is somewhat conservative. When the volatility-of-volatility
is low, both RPOT and t-HAR yield the correct average number of exceedances, with RPOT

results being less variable.

5 Empirical analysis

5.1 Data description

The empirical analysis is based on the S&P 500 index from January 1, 2000 to December 31,
2014. The data come from the Oxford-Man Institute “Realised Library” version 0.2° (Heber
et al., 2009). We consider open-to-close returns and overnight returns are not included in
the analysis.

We consider three five-year sub-samples: 2000-2004, 2005-2009, 2010-2014. This allows

us to discuss the fitted models in three different regimes of the stock market. The first sub-

5This dataset provides a large number of realized measures, but does not include certain interesting
measures that could be useful predictors of the extreme dynamics. We leave exploration of the informational
content of such measures to future research.
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Figure 2: Simulation under misspecification. Proportion of exceedances of the estimated
quantiles under high volatility-of-volatility and low volatility-of-volatility scenarios. Results
from B = 100 replications are shown. The horizontal line shows the correct a = 0.01 level.
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sample contains the downward trend that followed the dot-com bubble explosion, and part
of the subsequent rebound. The second sub-sample contains the 2008 crash after several
banks and insurance companies went bankrupt. The last sub-sample contains the recovery
and the bullish trend of the most recent years.

We start the analysis with the most common realized measure, i.e. the 5-min realized
variance (RV;), see Andersen et al. (2001). We assess how various lags of this proxy affect
the dynamic of the extremes. We then use the 5-min bipower variation (BV;) of Barndorft-
Nielsen and Shephard (2004) to disentangle the contribution of the jumps to the realized
variation from that of the Brownian path. We obtain the realized jumps measure as J; =
max(RV;— BV}, 0), where the censoring is needed to avoid negative values due to finite sample
effects. We also assess the effect of microstructure noise by considering realized measures
sampled at a frequency lower than 5-min and noise-robust realized measures. Finally, we
assess whether other market frictions can affect the analysis by considering two proxies for

illiquidity.
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The sequence of extremes is obtained by fixing a threshold level u. The choice of the
threshold is important, implying a balance between bias and variance. On the one hand, a
smaller u means more observations used for inference. On the other hand, probability theory
suggests choosing a larger u for limiting results to apply. We use graphical analysis and tests
to accurately choose the threshold when fitting a model for the extremes. Throughout the
analysis, unless otherwise stated, we consider a threshold level corresponding to the 90th

quantile of the loss distribution.

5.2 Model specification

This section is devoted to the estimation of different specifications of the models presented in
Section 3. For each model, we consider four different specifications with sets of covariates of
increasing size. The sets of covariates at time ¢ are based on the following realized measures:
RV,, BV, J;, RV, =1%% RV, ;and RV, = L2 RV, ..

The first set contains the realized variance, and it constitutes the baseline model to assess
the relationship between extremes and the asset price variation. The second set contains
the bipower variation and the realized jumps. This choice follows the argument of Andersen
et al. (2007), who suggest that distinguishing between the information coming from the
continuous and discontinuous sample paths could be valuable. The third and fourth sets can
be considered extensions where we add the information coming from the average weekly and
monthly realized variance. This gives a HAR structure (Corsi, 2009) that allows us to see
whether realized measures at different time-horizons are useful to predict the behaviour of
the extremes. We consider the logarithmic transformation of these realized measures as it is
preferable from a modelling perspective®.

The threshold level defining the sequence of extremes is set at the 90th quantile of the

loss distribution in the first two sub-samples (2000-2004, 2005-2009). The third sub-sample

6In Section 5, we scale the jump component in order to have covariates of similar magnitude. Indeed,
while log(RV;) is much greater, in absolute value, than RV;, log(1 + J;) & J;, with the consequence that the
parameter associated to the latter would be huge.
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(2010-2014) presents tail decay close to exponential that requires increasing the threshold
level to obtain a good fit. Over this period, we set the threshold at the 97th, 98th, 96th,
and 96th quantile for the first, second, third, and fourth specification, respectively. For each
specification in the third sub-sample, we use a different threshold, the lowest one to yield a
good fit.

Table 3 reports the estimated parameters for the Logit model in Equation (9) and more
elaborate specifications. Results for specification I show that the coefficient for RV is strongly
significant across the three windows. This substantial statistical evidence confirms the useful-
ness of HF data for modelling the exceedance rate. Decomposing the RV in the contribution
from the continuous and the discontinuous sample paths in specification II allows us to see
that the jump component plays a negligible role on the exceedance rate. In particular, while
the coefficient for BV is strongly significant across the windows, the jump coefficient is never
significant. Finally, information on the variance at further lags in a HAR fashion does not
seem to add significantly to the prediction of the exceedance rate. Indeed, in specifications
IIT and IV, the coefficients for RV are never significant and those for RV" are significant
on only one occasion.

Table 4 shows the estimated parameters of the dynamic GP distribution with 1, as in
Equation (10) and more elaborate specifications. The inclusion of HF data contributes
significantly to explain the size of the excesses. The coefficients for RV and BV are positive
and strongly significant, though adding further lags of the realized variance reduces their
significance. RV is a significant predictor in the third period and once in the second
period, while B s significant only once in the third period. This suggests that the
inclusion of additional lags of realized variation can improve the fit of the model in some
cases. The coefficient for the jump component J is never significant. One might find this
counterintuitive, as jumps are typically found to contribute substantially to explain the
tails of the return distribution (Bollerslev and Todorov, 2011). However, it is important

to distinguish the explanatory power from the forecasting power. We consider the jump
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variation as a predictive component of future extremes. Repeating the analysis using J;
instead of J;_1, we find that the jump variation significantly contributes in explaining the
size of daily extremes (results in supplementary material).

As for the parameter £ in Table 4, it is very close to zero or not significantly different from
zero. As we are trying to estimate the tail of the conditional return distribution, we do not
expect the parameter £ to be strongly positive as it is usually observed for the unconditional
return distribution.

In an option pricing setting, Bollerslev and Todorov (2014) find that the tail index of the
risk-neutral distribution presents time variation. Similarly, using a panel structure, Kelly and
Jiang (2014) find that the tail of a market-wide factor presents time variation. We inspect
whether assuming a constant tail index £ is a sensible decision, and fit a GP distribution
where we allow & to change linearly with RV;. Results in the supplementary material show
that a constant ¢ is justified.

Overall, it appears that HF data apport a meaningful contribution to understanding
the behaviour of the excesses. While the one-day lagged realized variation is useful for
modelling both the exceedance rate and the size of excesses, the contributions of jumps and

past volatilities are limited.

5.3 A comparison of realized measures

In this section, we question whether the lack of efficiency of the realized measure and the
microstructure noise can have an impact on the explanatory power of the realized measure on
the dynamics of the extremes. We estimate the Logit and the dynamic GP models with one
lagged realized measure as covariate. We consider the 5-minute (already shown in Tables 3-4,
but displayed again here for ease of comparison) and 10-minute realized variance, respectively
RV; and RV'10;, and the corresponding sub-sampled version of these two measures, RV ss;
and RV 10ss;. Sub-sampling provides a simple way to obtain more efficient estimators of

the integrated variance, though they are still biased in the presence of microstructure noise
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Table 3: Fitted Logit models for specifications:

L. logit(¢:) = ¢o + ¢1 log RV,

IL. logit(¢:) = o + w2 log BV; 1 + ¢3log(l + Ji 1)

II. logit(¢:) = ¢o + w1 log RV; 1 + ¢4log WZ& + @5 log Wﬁl

. ——W ——M
IV. logit(¢r) = o + p2log BVi—1 + @3log(l + Jio1) + palog RV, + @5 log RV, 4

on S&P 500 returns. *** *** indicate significance at the 5%, 1% and 0.1% levels, respec-

tively.

Yo #1 ©2 ©3 P4 ©s
2000-2004
I. 5.46%** (.84 %**
(0.96)  (0.10)
II. 6.78%** 0.97***  _0.07
(1.12) (0.12)  (0.08)
III. 8.15%** 0.38%* 0.52*  0.25
(1.34) (0.18) (0.24) (0.23)
IV.  9.07%** 0.62***  _-0.10 0.37 0.24
(1.44) (0.18)  (0.09) (0.25) (0.23)
2005-2009
I. 5.02%F* (. 79%**
(0.68) (0.08)
II.  5.13%** 0.78%** 0.00
(0.78) (0.08)  (0.07)
III. 5.85%** 0.30 0.30 0.29
(0.74) (0.17) (0.22) (0.17)
IV. 5.86%** 0.27 0.00 0.31 0.29
(0.81) (0.18)  (0.07) (0.22) (0.17)
2010-2014
I. 5.63***F  0.96%**
(1.13) (0.12)
II.  10.28%** 1.46%**  -0.30
(1.75) (0.19)  (0.19)
III.  7.29%%*  (.52%* 0.21 0.36
(1.56) (0.20) (0.22) (0.23)
IV. 8.88%** 0.64**  -0.11 0.21 0.39
(1.74) (0.22) (0.12) (0.23) (0.22)
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Table 4: Fitted dynamic Generalized Pareto models. The parameter £ is constant,
while 14 is allowed to vary according to

I. logvy = ko + k1 log RV
II. log vy = Ko + ke log BV, 1 + k3log(1 + J;_1)
III. log vy = Ko + K1 log RVi_1 + Ky logWZl + K5 lothAfl
IV. log vy = ko + ko log BV,_1 + k3log(1l + Ji—1) + Ky logwg1 + K5 log W%l

kHok R indicate significance at the 5%, 1% and 0.1% levels, respectively.

Ko K1 K2 K3 R4 K5 §
2000-2004
I. -2.27 0.31%* 0.02
(1.19) (0.14) (0.09)
II. -1.84 0.35%*  -0.04 0.01
(1.21) (0.14) (0.08) (0.09)
III.  -0.37 0.05 0.33 0.15 0.00
(1.46) (0.15) (0‘20) (0.23) (0.09)
IV. 0.82 0.09 -0.06 0.38 0.19 0.00
(1.54) (0.15) (0.08) (0.20) (0.23) (0.09)
2005-2009
L. -0.95  0.42%%* 0.00
(0.54) (0.07) (0.08)
II. -0.83 0.42*%** _0.01 -0.02
(0.62) (0‘08) (0.03) (0.07)
III. -0.51 0.06 0.48%* -0.07 -0.10
(0.56) (0.12) (0.18) (0.14) (0.07)
IV. 0.03 0.11 0.22 0.19 0.07 -0.86
(0.46) (0.20) (1.58) (0‘36) (0.51) (0.73)
2010-2014
I. 1.24  0.68%** -0.17
(1.33) (0.15) (0.16)
II. 4.89 1.09***  -0.42 -0.14
(2.99) (0.35)  (0.22) (0.25)
III. 0.92*%* 0.23** 0.75%%% 0.39***  _0.70
(0.17) (0.09) (0.09) (0.06) (0.43)
IV. 2.18 0.43* -0.13 0.63* -0.32 -0.60
(1.30) (0.20) (0.10) (0.27) (0.24) (0.91)
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(Zhang et al., 2005). Finally, we consider the realized kernel RK; of Barndorff-Nielsen et al.
(2008) which is robust to microstructure noise.

Tables 5-6 report the estimates for the Logit and the dynamic GP models, respectively. In
both cases, the estimated parameters vary only slightly across the different realized measures,
suggesting that the microstructure noise is not a concern in explaining the extremes dynamic.
This conclusion is supported by the log-likelihood plots in Figure 3, where an overall winner

does not appear.

Table 5: Logit models with other HF measures. We consider the specification
logit(¢y) = @o + @1 log RV;_1. *** *** indicate significance at the 5%, 1% and 0.1% levels,
respectively.

2000-2004 2005-2009 2010-2014
RM; ©o P01 ©o ©1 ©o 1

log RVi_y  BAGFF*  (.84FFF 528Kk () 79%kk 5 G2FFE () gEHHH
(0.96)  (0.11)  (0.68)  (0.08)  (1.14)  (0.12)
log RVss;_y  6.39%FF  (.93FFF 5 ogirt (gt 73345k ] ¥k
(1.03)  (0.11)  (0.71)  (0.08)  (1.35)  (0.14)
log RV10,_;  4.63%%% (.75%0F 4 84%kk (77 5 7peke () gpees
(0.90)  (0.10)  (0.66)  (0.07)  (1.10)  (0.11)
log RV10ss,_y  6.09%%% (. 90%%% 524%kk () gOFFF 7666k 1 1355k
(1.01)  (0.11)  (0.71)  (0.08)  (1.41)  (0.14)
log RK;_1  5.96%FF  0.00%%F 513%%%  (80FF*  (.528KF ] 0¥k
(0.99)  (0.11)  (0.69)  (0.08)  (1.26)  (0.14)

5.4 Model diagnostics

In this section, we make use of graphical methods and formal testing procedures to assess
the validity of the models fitted in Section 5.2.

First, we perform a deviance y? test on the residuals of the Logit model, a standard
goodness-of-fit test in Logit regression literature (Hosmer and Lemeshow, 2004). Given
a model M, and a sequence of observations y, the deviance is defined as D(y, M,) =
-2 <log Pr(y|6o) — log Pr(y@)) where 6y denotes the fitted values of the parameters in the

model M, and 55 denotes the fitted parameters for the saturated model, i.e. a model with
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Table 6: Dynamic GP model with other HF measures.The parameter £ is constant,
while v, varies according to log v, = kg + K1 log RV;_y. *** *** indicate significance at the
5%, 1% and 0.1% levels, respectively.

2000-2004 2005-2009 2010-2014
RM,; 4 Ko K1 § Ko K1 13 Ko K1 §
log RV;_4 -2.27  0.31* 0.02 -0.95 0.42%**  0.00 1.24  0.68%** -0.17

(1.19) (0.14) (0.09) (0.54) (0.07) (0.08) (1.33) (0.15) (0.16)
log RVss,1  -2.18  0.31% 003 -0.85 042% 001 1.64 0.71%* 027
(1.29) (0.15) (0.09) (0.57) (0.07) (0.08) (1.13) (0.13) (0.15)
log RV10,_; -2.54% 0.28% 0.04 -0.89 043 001 087 0.64%* -0.21
(1.15)  (0.14) (0.09) (0.54) (0.06) (0.08) (1.23) (0.15) (0.17)
log RV10ss,_; -2.26  0.30%* 0.03 -0.96 0.41%* 000 163 0.71%** -0.26
(1.26) (0.15) (0.09) (0.58) (0.07) (0.08) (1.04) (0.13) (0.16)
log RK;1  -228 0.31% 003 -0.83 043 001 124 0.68%%* -0.23
(1.27) (0.15) (0.09) (0.54) (0.07) (0.08) (1.14) (0.13) (0.16)

Figure 3: Likelihood for several realized measures. Logit likelihood (left panel) and
dynamic GP likelihood (right panel). The three sub-samples are: 2000-2004 (solid), 2005-
2009 (dotted), 2010-2014 (dashed).
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a parameter for every observation. Two measures of deviance are particularly important
in a Logit model: the null deviance which represents the deviance for a model with only
the intercept, and the model deviance representing the deviance of the fitted model. To
evaluate the contribution of the predictors, one can subtract the model deviance from the
null deviance, i.e. Dy — Ditrea = —2 (log Pr(y@n) —log Pr(y\§0)> and assess the difference
on a 2 distribution with degrees of freedom equal to the difference in the number of estimated
parameters. If the model deviance is significantly smaller than the null deviance then one
can conclude that the predictors significantly improve the model fit.

Another commonly used goodness-of-fit test in Logit regression is the Hosmer-Lemeshow
test (Hosmer and Lemeshow, 2004). In our case, it tests the null hypothesis of equality
between the observed frequency of exceedances and that expected from the fitted model. For
each observation y; in the sample, the predicted probability m; of exceeding the threshold
is computed. Then, the y;’s are split into G' groups of size N, according to the rank of
their predicted probabilities, with ¢ € {1,...,G}. Finally, for each group g, the average
predicted probability 7, = (N,)™! Zgi 1 i, and the expected number of exceedances E, =
N,m,(1—m,) are computed. The test statistic under Hy is a Pearson x? statistic of the form
H = Zle % where O, is the number of observed exceedances in the gth group. The
test statistic follows asymptotically a x? distribution with G — 2 degrees of freedom. As
there are no specific rules to choose the number of groups, we set G = 10 as it is usual in this
literature, confident that our large sample size leads to enough observations in every decile.

Table 7 reports the p-values for both the deviance x? and the Hosmer-Lemeshow tests. In
the first test, the null hypothesis of equal explanatory power between the null and the fitted
model is rejected for all the specifications, across the three windows. At the same time, the
null hypothesis of the Hosmer-Lemeshow is rejected on only one occasion, suggesting that in
general the observed exceedance rate and that implied by the model do not differ significantly.
These results indicate a good fit of the Logit model across the different windows.

To assess the goodness of fit of the dynamic GP distribution as a model for the size
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of the excesses, we perform a graphical validation as in Coles (2001). When data are as-
sumed to be identically distributed, goodness of fit can be evaluated by means of a qqg-plot
or formal testing as in Choulakian and Stephens (2001). However, the lack of homogene-
ity among observations means that some modifications are required. Diagnostic procedures
are applied to a standardized version of the data, conditional on the fitted parameter val-
ues. Consider a threshold u leading to k exceedances vy, ..., yr, where the estimated model
is YV; —u ~ GP(ﬁj,gj) with j € 1,...,k and 7; and EJ are respectively the estimated
scale and shape parameters of the GP distribution at the time when the exceedance occurs.

Transforming the observations Y; — @ to standard exponentially distributed variables }N/j =

% log {1 + EJ (Yf(ga) } and denoting the ordered values of the observed 17]-’8 as Y1), - - Yk
J

a quantile plot is obtained using the pairs { (g, —log(1 —i/(k+1))); i=1,...,k}.
The latter plot appears in Figure 4 for our dynamic GP models. The fits are generally
satisfactory for all the specifications across the three windows considered, confirming the

adequacy of the chosen thresholds.

Table 7: Diagnostics for Logit Model. P-values for the y? test on the difference between
the deviance residuals and the null residuals and for the Hosmer-Lemeshow test on the null
of equality between the expected and observed frequency of exceedances. *,** *** indicate
significance at the 5%, 1% and 0.1% levels, respectively.

X2 test Hosmer-Lemeshow test
Model 2000 — 2004 2005 —2009 2010 — 2014 2000 — 2004 2005 — 2009 2010 — 2014
I. 0.000*** 0.000*** 0.000*** 0.319 0.627 0.589
II. 0.000%*** 0.000*** 0.000%** 0.009** 0.485 0.974
I11. 0.000%*** 0.000%*** 0.000%** 0.391 0.764 0.521
Iv. 0.000*** 0.000*** 0.000%** 0.777 0.618 0.383

We check whether the assumption of conditional independence between threshold ex-
ceedances, required for the estimation of the Logit model, is sensible. Figure 5 reports the
autocorrelation of the Pearson residuals, p; = (It—at) / at(l — (Et), for the Logit model with
log RV;_; as covariate and a model with constant probability equivalent to the unconditional
exceedance rate, ¢ = n,/n, where n, is the number of observations exceeding the threshold

u. If the dynamic model for the exceedance rate accounts for the serial dependence, the cor-
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Figure 4: QQ-plot for dynamic GP distribution. From top to bottom, time intervals
2000-2004, 2005-2009 and 2010-2014, respectively. From left to right, specifications I, IT, III,
IV, respectively. Each panel has the theoretical quantiles of a unit-rate exponential distri-
bution on the z-axis, and the empirical quantiles of the excesses transformed to exponential
on the y-axis.

responding Pearson residuals show zero autocorrelation while the Pearson residuals from the
constant model should still be autocorrelated. Figure 5 shows this precisely, i.e. conditional
modelling based on RV completely filters out the dependence in the exceeding events.

We verify that the exceedance sizes are conditionally independent. Figure 6 shows the
autocorrelation of the residuals R; from the dynamic GP model with log RV;_; as covariate
and an analogous model with constant parameters. The plots show that the dependence
between exceedance sizes is strong only in the second sub-sample, while the conditional
modelling based on RV perfectly cleans this sequence. The autocorrelation in the third
panel exhibits higher variability due to the small number of observations (/ 40) over the
required higher threshold level (97th quantile).

Finally, we check the validity of the assumption of conditional independence between the
rate and the magnitude of the exceedances. This assumption was required to perform sepa-
rate maximization of the joint likelihood in Equation (8). We adopt the following strategy:

we obtain an estimate of the exceedance probability conditional on the lagged log RV;_1; we

27



obtain estimates of the conditional probability of the size of the exceedances based on the
dynamic GP model with log RV, 1, and on the model with constant parameters; we then
plot the filtered probability from the Logit model against the probability from the dynamic
and constant GP models, respectively. Figure 7 reports the results for each sub-sample. The
upper panel shows that the exceedance probability and the distribution of the size of the
exceedances as obtained from the constant GP model are positively and significantly related.
In contrast, the lower panel shows that when we model the size of the exceedances with the

dynamic GP model, this dependence disappears.

Figure 5: Logit residuals. Pearson residuals (upper panel) and corresponding autocorrela-
tion (lower panel) for the Logit model (blue) and for a constant probability (red). Dashed
lines in the lower panel corresponds to the Bartlett confidence bands. Columns show results
for 2000-2004, 2005-2009, and 2010-2014, respectively.
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5.5 The value of high-frequency data

The previous sections have shown that RPOT models fit the data reasonably well, con-
firming that HF based measures are informative with respect to threshold exceedances. An
interesting question is whether HF data add information beyond that carried by LF data.

It is important to note that our framework generalizes the past dynamic EVT models in
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Figure 6: GP residuals. Autocorrelation of residuals from the dynamic GP model (blue)
and the constant GP model (red). Dashed lines corresponds to the Bartlett confidence bands.
Columns show results for 2000-2004, 2005-2009, and 2010-2014, respectively.

Figure 7: Cross residuals. Scatterplot of the probability of the size of exceedances from
the GP model (z-azis) and the filtered exceedance probability from the Logit model (y-axis).
The results for the constant GP model and the dynamic GP model are in the upper and lower
panel, respectively. Regression lines are red-dashed with the following coefficients (standard
errors): 0.09 (0.02), 0.27 (0.04), 013 (0.03) (Upper); 0.03 (0.03), -0.02 (0.05), 0.02 (0.03)
(Lower). Columns show results for 2000-2004, 2005-2009, and 2010-2014, respectively.
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finance, in the sense that LF realized measures, such as the squared returns can be easily
included. Chavez-Demoulin et al. (2005) and Chavez-Demoulin et al. (2014) consider past
daily exceedances to learn the behaviour of the future exceedances, but this is equivalent to
using the daily semi-variance as realized measure in our framework.

To verify whether the HF-based measures add information to that conveyed by LF-based
measures, we now consider models for the exceedance rate and the size of excesses that use
both as covariates.

Let R2; be the squared returns, DR, be the daily range and h; be the GARCH(1,1)
filtered variance on day ¢. Table 8 shows the results for the Logit model with each lagged
variable I; 1, log R2; 1, log DR, 1 and logh; 1 as a covariate. The realized measures are
significant in the LF models across the different periods, however adding RV can reduce
the explanatory power of the LF measures. The coefficient ¢y p is strongly significant and
similar in magnitude to that observed in Table 3. Figure 8 reports the value of the maximized
likelihood for the different models in the three sub-samples. The plot shows that including
HF measures always adds to the likelihood, with the size of the contribution being greater
for I;,_; and smaller for log h;_.

Let W; be the excess size at time ¢ € £, Chavez-Demoulin et al. (2005) assume that
exceedances are Markov with W;|W;_; distributed as a GP distribution with »; depending
on W,_;. In Table 9, we consider W;_q, log R2;_4, log DR;_1 and log h;_; as covariates in
the dynamic GP model. We see that the LF coefficient xpr tends to be significant when LF
realized measures are considered alone, but adding RV strongly reduces their explanatory
power and the HF coefficient kg is mostly significant. Note that over the period 2010-2014,
the £ parameter for the model with log h; ; is negative and statistically significant. This
can happen in a finite sample when the true tail is exponentially decaying. Figure 9 reports
the likelihood value at the maximum for the different dynamic GP models. Again, the HF
measure always contributes.

Overall, this analysis shows that HF data convey information beyond that provided by
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LF data on the behaviour of the extremes, confirming the merits of the RPOT approach.

Table 8: Fitted Logit models with HF and LF covariates.

LF. logit(¢:) = ¢ + wrrp LMy

HF. logit(¢:) = ¢ + @rpLM;_1 + @urlog RV, 4

for LM;_; as in first column. *** *** indicate significance at the 5%, 1% and 0.1% levels,

respectively.

2000-2004 2005-2009 2010-2014

LM;_y Model ® PLF PHF ® PLF PHF ® YLF YHF
I 4 LF. -2 7k** 0.62* -2.26%** 0.60* -3.52%** 1.06
(0.10)  (0.27) (0.10)  (0.26) (0.17)  (0.63)

HF. 5.60%** -0.11 0.86%** 5 71%** -0.63* 0.85%** . 2Q%** -0.68 1.02%**

(1.03)  (0.29)  (0.11)  (0.76)  (0.30)  (0.08)  (1.27)  (0.76)  (0.14)
log R2; 1 LF. -1.36 0.08 -0.15 0.20%** -2.05** 0.14*
(0.52)  (0.05) (0.47)  (0.05) (0.80)  (0.07)

HF. 5.41%** -0.05 0.89*** 4 ggk** -0.06 0.85%** 5 7o¥** -0.11 1.09%**

(0.96)  (0.04)  (0.12)  (0.69)  (0.04)  (0.09)  (1.14)  (0.05)  (0.15)
log DR; 1 LF. 3.16%*%*  (.57HF** 3.38%*k* () 5gkrk 4.30%%F (. 79*k**
(0.85)  (0.09) (0.61)  (0.07) (117)  (0.12)

HF. 5.44%** -0.06 0.91%*¥*  4.96%**  _0.60*%* 1.41%*¥* 5 55%** -0.12 1.08%**

(0.96)  (0.17)  (0.20)  (0.69)  (0.18)  (0.22)  (1.14)  (0.31)  (0.33)
log hy—1 LF. 7.60%F* 1 1%k 5.62%*k* () 8g*** 6.33%*%*  1.Q5***
(1.12)  (0.13) (0.70)  (0.08) (1.33)  (0.15)

HF. T.94%F* () 78FKK 0.36* 5.74*** 0.49** 0.39* 6.97*** 0.47* 0.64***

(1.14)  (0.22)  (0.18)  (0.71)  (0.18)  (0.17)  (1.32)  (0.24)  (0.20)

5.6 The impact of illiquidity

We investigate whether illiquidity can be an explanatory factor of the dynamics of the

extreme negative returns. The available data allow us to consider two proxies of illiquidity”:

first, following Brennan and Subrahmanyam (1995) we consider the inverse of the daily

volume, I'V; = 1/VOL;, with VOL; the transaction volume on day ¢; second, akin to the

ILLIQ measure of Amihud (2002), we consider the ratio of the daily absolute returns to

the daily volume of transactions, ILLIQ; = |r;|/VOL;. Both these measures are based on

"Note that the Ox-Realized Library does not provide volume of transaction. Records for this quantity
were downloaded free of charge from Yahoo Finance.
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Table 9: Fitted dynamic Generalized Pareto models with HF and LF covariates.
The parameter ¢ is constant while the parameter v; is allowed to vary according to

LF. logvy = k+ kp LM, 4
HF. logv; = k + kpp LMy 1 + kyplog RV,

for LM;_, as in first column. * ** *** indicate significance at the 5%, 1% and 0.1% levels,
respectively.

2000-2004 2005-2009 2010-2014
LMy Model K KLF KHF 3 K KLF KHF 13 K KLF KHF 3

Wi LF. -4.99%** 6.21 0.02 —4.73F*k Q5 RqFkk -0.02 -5.01%** 1.31 0.17
(0.16)  (11.29) (0.09)  (0.13) (5.25) (0.08)  (0.22)  (10.87) (1.33)

HF. -2.28 -0.54 0.31%* 0.02 -1.89* 14.68* 0.32%%*%  _0.14* 0.08 0.03 0.55%* -0.18

(1.19)  (10.35) (0.14) (0.09)  (0.62) (6.16)  (0.07)  (0.06)  (0.19)  (1.74)  (0.20)  (0.17)

log R2+_1 LF. -4 29% ¥ 0.06* -0.01 -3.66%** 0.08%* 0.10 -5.83%** -0.08 0.16
0.33)  (0.03) (0.08)  (0.36) (0.03) (0.08)  (1.06)  (0.09) (0.17)

HF. -2.26* 0.03 0.27* 0.02 -1.01%* -0.05 0.47%** 0.01 0.28 -0.15* 0.76%** -0.17

(1.15)  (0.03)  (0.14) (0.09)  (0.54) (0.04)  (0.07)  (0.08)  (1.19)  (0.07)  (0.17)  (0.13)

log DR¢—1 LF. -2.93%* 0.23* 0.04 -1.21%* 0.36%** -0.01 -0.25 0.49*** -0.19
(L0o1)  (0.12) (0.09)  (0.57) (0.06) (0.08)  (1.15)  (0.13) (0.17)

HF. -2.27 0.02 0.29 0.03 -1.07 -0.15 0.57** 0.01 1.32 -0.20 0.90* -0.15

(1.20)  (0.19)  (0.22) (0.09)  (0.57) (0.16)  (0.17)  (0.08)  (1.31)  (0.39)  (0.45)  (0.17)
log ht—1 LF. -1.16 0.45%* 0.08 -0.61 0.46%** -0.13* 4.23%** 1.01%%* -0.54%*
(1.42)  (0.17) (0.09)  (0.59) (0.08) (0.06)  (0.94)  (0.08) (0.16)
HF. -0.89 0.26 0.21 0.04 -0.55 0.41%* 0.06 -0.12* 4.56%** 0.95%** 0.10 -0.55%*

(1.45)  (0.25)  (0.19)  (0.09)  (0.60) (0.13) (0.11)  (0.06)  (1.15)  (0.15)  (0.17)  (0.17)

Figure 8: Logit likelihood with HF and LF covariates. Models with LF measures
(solid line). Models with both HF and LF measures (dotted line).
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Figure 9: Dynamic GP likelihood with HF and LF covariates. Models with LF
measures (solid line). Models with both HF and LF measures (dotted line).
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volume, and finer measures of illiquidity could possibly be obtained from microstructure data
on transactions and quotes. Given the limited dataset at our disposal, we do not pursue this
path, but consider it an interesting topic for future research.

Tables 10-11 report the estimates of the Logit and dynamic GP models with illiquidity
covariates. Illiquidity shows a significant effect on both the probability of an exceedance and
the size of the exceedance in the second and third sub-samples only when using the inverse
of daily volume as illiquidity proxy. The sign of this effect is negative, in agreement with the
fact that there exists a positive risk premium associated to illiquidity (Amihud, 2002). The
significance of these parameters vanishes however when we add the realized variance, with

the latter presenting again a positive and strongly significant effect on the negative extremes.

5.7 Adding autoregressive terms

We include autoregressive terms, adapting our modeling approach to the GAS framework
of Creal et al. (2013). We combine the Logit model for the exceedance probability and the
GP model for the size of the exceedances in a global censored model. Let y; be the negative

return time series and u a fixed threshold. Defining the sequence of exceedances z; = y; — u,
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Table 10: Logit models with illiquidity measures.

The following specifications are

considered:
(i) logit(d:) = o + ¢1log IV,
(i) logit(¢¢) = wo + ¢1log ILL; 4
(iil) logit(¢r) = wo + p1log IVi_1 + @alog RV; 4
(iv) logit(¢:) = o + ¢1log ILLi—1 + p2log RV, 1
2000-2004 2005-2009 2010-2014
®1 P2 ¥o ¥1 P2 ¥o ®1 P2
(i) -9.57 -0.35 -52.10%** 2. 26%** -76.42%%*  _3 2g%k*
(10.50)  (0.50) (5.20)  (0.24) (14.02)  (0.63)
(ii) 1.73 0.15 -0.02 0.08 -0.17 0.12
(2.62)  (0.10) (2.34) (0.09) (4.01) (0.15)
(iii) 19.64* 0.65 0.90*** -19.98 -1.02%*%  (Q.51*** -18.50 -1.03 0.82%**
(9.79)  (0.45) (0.11)  (8.69) (0.35)  (0.12)  (19.58)  (0.83)  (0.18)
(iv) 3.76 -0.08 0.87*** 1.08 -0.16* 0.83*** 0.33 -0.23 1.07%**
(2.19)  (0.09) (0.11)  (2.03) (0.08)  (0.08)  (2.48) (0.11)  (0.14)

Table 11: Dynamic Generalized Pareto models with illiquidity measures. The
following specifications are considered:
I. logvy = kg + Kk1log IV
II. logvy = ko + kilogILL; 4
III. logv; = kg + k1 log IVi_1 + ko log RV; 4
IV. logvy = ko + k1 log ILL;_1 + ko log RV,
2000-2004 2005-2009 2010-2014
Ko K1 K2 § Ko K1 K2 § Ko K1 K2 3
I -1447%* 045 0.04  -30.18%**  _1 15%** 0.11 -19.69  -0.66 0.19
(5.33)  (0.25) (0.08)  (6.11) (0.27) (0.10)  (24.89) (1.12) (0.17)
1T -2.04 0.11 -0.01 -2.72 0.06 0.13 -9.19 -0.15 0.17
(1.64)  (0.06) (0.08)  (2.15) (0.08)  (0.09) (5.34)  (0.19) (0.17)
11T -1.62 0.03 0.32% 0.04 3.73 0.19 0.46***  -0.02 -12.54 -0.59 0.62%** -0.21
(8.04)  (0.34) (0.16) (0.09) (11.10)  (0.46)  (0.12) (0.07) (13.67) (0.59) (0.15)  (0.22)
v -0.89 0.06 0.28* 0.02 -2.85 -0.08 0.44***  0.01 -5.76% 0 -0.27  0.72%**  _0.19
(1.86)  (0.06) (0.14) (0.09)  (2.05) (0.08)  (0.07) (0.08) (2.45) (0.10) (0.15)  (0.13)
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we can write the cumulative distribution function of the model as,

1 — ¢ =0
Ht(Zt|Vt;¢t7§> = -1/¢
1 — ¢y <1+,%Zt> z 2 0.

ol
1—¢¢

Letting oy = logv; and p; = log( ), we consider the following dynamics,

o = w+ Pro-1 + 18141 + 71 log RV, (16)

Pt = W+ Popr_1 + aeS24 1 + Y2 log RV,
where s, = SV, is a score-based update suggested in Creal et al. (2013). In particular,
V, = (mg—iht, mg—lif“>/, where h; is the density of H;, and S; is a scaling matrix, i.e. the
inverse Hessian or its square root. Details on the implementation of this model can be found
in the supplementary material.

Table 12 displays the estimated parameters of the model in Equation (16) for the S&P500.
The results show that the persistence parameters $; and [, are strongly significant, even
when the realized variance is added. In contrast, the coefficients related to the score-based
updates, a; and ay, are significant in the baseline model (GAS), but not when the realized
variance is included. The coefficients of the realized variance are positive and significant.

In sum, the inclusion of an autoregressive term along with a high-frequency based measure

may be worthwhile.

Table 12: RPOT models with autoregressive terms. Estimates of the dynamic model
in Equation (16) without (GAS) and with (RPOT-GAS) the realized variance as external
regressors. Standard errors are in parenthesis. * ** *** indicate significance at the 5%, 1%
and 0.1% levels, respectively.

w1 w2 aq &%) B B § T Y2

GAS -0.096* -0.016** 0.019%%* 0.021***  0.98***  0.992***  -0.02

(0.052) (0.006)  (0.005)  (0.003)  (0.108)  (0.029)  (0.03)

RPOT-GAS -0.048  0.991* 0.012 0.011 0.725%#% (0.839%** -0.007** 0.140%** (.144*

(0.139)  (0.512)  (0.008)  (0.011)  (0.051)  (0.084)  (0.035)  (0.031) (0.074)
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6 Out-of-sample forecasts

In Section 5, we have shown that HF data contribute significantly toward explaining the
behaviour of daily extreme returns. However, in-sample fit does not guarantee a satisfactory
out-of-sample forecast performance. In this section, we investigate whether HF data also
lead to good out-of-sample forecasts. To this end, we perform an out-of-sample analysis of
the one-day-ahead VaR and ES forecasts defined respectively in Equations (13)-(14). We
consider Logit-type RPOT models with one lagged realized measure as covariate in both
the probability of exceedance and the size of the exceedances. We consider RV and BV as
HF measures and the LF measures used in Section 5.5: R2 and the I&W combination a la
Chavez-Demoulin et al. (2005).

We apply a rolling-window scheme to obtain a time series of VaR and ES predictions at
level & = 0.01. Let n be the size of the available sample and s be the length of the window.
We have two sequences of forecasts: {VaR{};_, ; and {ESP}) ; of length m = n—s, where
each prediction is obtained considering the observations l;_,...,l;_1. We produce m = 1744
predictions when considering a window of size s = 2000. The threshold level is fixed at the
90th quantile of the unconditional loss distribution obtained from the s observations.

We evaluate the performance of the RPOT approach by performing a battery of tests.
We consider the binary indicator of VaR failure {Ht+1 =1 <lt+1 > 17@;“) }7 where I(-)
is the indicator function. Commonly used tests are the Unconditional Coverage (UC), Inde-
pendence (IND), and Conditional Coverage (CC) suggested by Christoffersen (1998) and the
Dynamic Quantile (DQ) test suggested by Engle and Manganelli (2004). We also perform
a Diebold-Mariano (DM) test on the null of equal predictive accuracy against the model
based on the I&W. To evaluate the performance for the ES, we test the hypothesis that
conditional upon exceeding the 99th quantile of the loss distribution, the difference between
the actual return and the predicted ES has mean zero. In particular, we perform a one-sided
test with the alternative that the mean is greater than zero using a bootstrap that makes

no assumption about the distribution of the differences (McNeil and Frey, 2000).
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The p-values in Table 13 show that the models based on HF data perform well, while
those based on LF data can be problematic. The p-values from the DM tests against the
model based on I&W confirm the superior performance of the RPOT: 0.02 (RV), 0.01 (BV),
0.23 (R2). We conclude that the forecasting ability of RPOT models with HF measures is
superior to that of models based on LF measures.

To confirm the ability of the RPOT to produce good forecasts, we also provide an analysis
using a window size of 1000 observations instead of 2000. Results in the supplementary
material show that the RPOT outperforms the model based on LF measures in this case as

well.

Table 13: Tests on conditional risk measures. Percentage of violations (Violation);
the p-values for the unconditional coverage (UC), the independence assumption (IND), the
conditional coverage (CC), and the DQ for the VaR predictions at level o = 0.01, and
the bootstrap test (BOOT) for the ES predictions at level o = 0.01. Rejection at the 5%
significance level appears in bold.

Measure Violation UC IND CC DQ BOOT

RV 0.97 091 056 0.83 0.99 0.38
BV 1.03 0.89 054 0.81 0.99 0.54
R2 1.60 0.02 0.08 0.01 o0.01 0.09
I&W 1.55 0.03 035 0.07r 0.01 0.03

7 Conclusions

The availability of HF data has lead to breakthroughs in the financial econometrics liter-
ature, and models that exploit this source of information are superseding standard econo-
metric models. In this paper, we propose a novel HF extreme value approach where realized
measures are used to model the time-varying behaviour of extreme returns. In-sample fit
of these models shows that measures of variation built from HF data add information on
the extremes, beyond that conveyed by LF data, illiquidity measures and score-based in-
novations. Moreover, out-of-sample forecasts of standard risk measures obtained with HF

covariates are superior to those obtained with LF covariates.
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We are working on refinements and extensions of the RPOT with the aim of establishing
a complete framework where HF data are used within extreme value models. For example,
adding parametric or non-parametric smoothing components may enhance the stability of
the extreme value models. Furthermore, the intuition of this paper can be used to extend
the time-varying threshold model of Wang et al. (2012) to financial returns. Finally, the
development of multivariate models where the realized covariance is used as a source of
information would allow for the modelling of the joint occurrence of extreme events. Such
a framework could be used to provide a much needed extreme value perspective measure of

contagion effects among assets.
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Appendix

Proof of Proposition 1. Let y; = (2, RM;) and 0 = (k,&) € © C RP! x (0, 1], we have

1 §
1 0)=—-RMk— 1+ =1 14—
Og gt(yt’ ) t’q' ( —l— é—) Og ( + exp (RM;H) Z) )

with z > 0. The shape parameter £ must be lower than 1 for z to have finite first moment.
We use y; to stress that the likelihood properties depend on both the random variables z and
RM;. To prove consistency we verify the conditions of Theorem 2.5 of Newey and McFadden
(1994).

The first requirement is identifiability. The second requirement is 6, € © and compactness
of ©. These two requirements hold by assumption (i).

The third requirement is continuity. Since the density of the Generalized Pareto and
the exponential function used to link the GP scale parameter to the covariates are both
continuous, the requirement is satisfied.

The last requirement is that E [supg_g |10g ¢:(y:; 0)|] < co. We need to show that there
exists a function d;(y,;) such that |logg;(y:;0)| < di(y;) VO € © and E(d,(y;)) < oo. We

have that,

loggi(ys0)] = |~ RMjk — (1 +1)log (1+Eexp (~RMjx) z) |
IRMk| +

IN

% + 1’ llog (1 4+ & exp (—RM}k) z;)|

A

IRMllsl] + £ + 1| [log (1 + € exp (~RMjk) 2)].

By Assumption (i), € belongs to a compact set, therefore there exist positive constants

bounding ||| and ‘% + 1|, respectively. Since £ exp (—RM;k) z; > 0, we have that the term
llog (1 + Eexp (—RM;k) z)| < 1+€exp (—RM;k) z;. Besides, exp (—RM;x) < exp (||[RM,||||=]|),
so we let

di(y:) = C||RM,[| + C (1 + exp (C||RM||) z),
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with C' > 0 a large enough positive constant. We can then compute the expected value of
di(y:). Let E,(di(y;)) denote the conditional expectation with respect to z;. For C' large

enough, we have

E.(di(yt)) = fooo (ClIRM¢|| + C (1 + exp (C||RM¢||) z¢)) exp (—RM}k) (1 +  exp (—RMj k) Zt)fl/gfl ds
= CIRM|| + C + Cexp (C|RM)) [5° 2 exp (~RMk) (1 + Eexp (~RMjk) ) /¢ dz

C|RM|| + C + Cexp (C||RM||) w

ClIRMy || + C + 2¢ 2RCIRM),

IN

so that E(d;(y;)) is finite by assumptions (iii).
Asymptotic normality follows from Theorem 3.3 of Newey and McFadden. Condition
3.3(i) holds by assumption (i). Condition 3.3(ii) follows from the differentiability of the

Generalized Pareto distribution and of the exponential function. Then, we have that

/ . E(RMRM,)
J =E (Vglog g:(yt;00)Volog g:(ys; 00)") = 1+ 26 ) 7
° 1+&o

and condition 3.3(iv) is satisfied by assumption (ii). Finally, conditions 3.3(iii)-(v) follow
from arguments analogous to those used in the proof of the dominance condition for consis-

tency. Details on these computations can be found in the supplementary material. O
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I Technical results

I.A  Details of the RPOT-GAS model

Let 1; be the return time series, u a fixed threshold and define the sequence of exceedances
z = Yy — u. Let x; be a vector of external regressors at time t. We consider the following

censored model with distribution H; written as,

1_¢t ZtZO

Ht(zt‘yt>¢ta€) = -1/
1— &, (1—1—%2,5) 2> 0.

The logarithm of the density of H; is

log(1 — ¢¢) 2 =0

loght(zt|yt7¢ta€) =
log ¢ — log vy — (1 + %) log (1 + ,%%:) 2 >0,
and we write

v, =exp(oy) = o, =logu,
_ 1 _ )
th—HTp(pt) = pt—log(ﬁ)

We specify the dynamics of oy and p; as follows: let f; = (o4, p;) be a column vector, then
Ji=w+Asi 1 + Bfi1 + T,

where w and v are vectors of parameters, and A and B are matrices of parameters. Moreover,

St = Stvt Whel"e
Olog hu (2t |vt,¢1.€)

Jot
Vt - ’
Olog hi(zt|vt,¢t.€)
Opt

and

0% log ht(zt|ve,¢t,6) 02 log he(zt|ve,¢e.€)
do? OotOpt
Sy =K ‘

9% log by (zt|ve,d1,8) 02 1og he(zt|ve,¢e,€)
aptaat 8p?




: s . Ologht __ Ologht duvy dloght __
To compute Vi, we use the following decompositions: =52 = == and o =
dlog ht I
B0, opr where
Ologhy __ 1 1 1
vy o { vt - <1 - 5) 1+ 2 <Vt22t>}]l{zt>0}7
vt
v, _
5 = exp(oy),
Ologhy __
ode {qbt 1}]1{Zt =0} +{ }1{2t>0}7
Ot _ exp(—pt)
It (I+exp(—pt))??
hence

Ologh
e — ok (14 ) ks ($) Lo (o)

dloghy _ 1 exp(—pt) 1_ exp(=pt)
Opt L= {qbt—l (14exp(—pt))? } ]l{zt:()} + {QS (14exp(—pt))? } ]l{zt>0}'
2
: iy . O%loghy _ 9%loght [ Oy Olog ht H2v,
To compute S;, we use the following decompositions: =* : L= o ‘ ( (%i) + &tht,
2
0%loghy __ 0%loghs Quy Og¢ 0?2 log he _ 0%loghs (94 dlog hs 02 ¢t
0otOpt ~ OviOp: Ooy Op: and p? T 0¢7 (apt) + Ot 8]? Where
52 log h¢ _ 1 1 1 1 13 -2 13 2 1 1 1 £ -1 2 £ ]]_
o = Yt +e + o2 wa) Hllte + 0% —2i3% {z>0}>
82
aal%t = exp(0),
9loghs _
3Vt8¢tt o O’
9% logh - 1 1
Wzt = —m]l{ztzo} - p]l{zpo}»
0%¢r  _ _2exp(=2pt) _ _ exp(=pt)
op? T (exp(=pe)+1)® (exp(—pi)+1)*”

We can now compute the conditional expectation. First note that

Ologh 1
Et—l ( o8 t) =0 = ]Et—l —th = —,
o i (1+5a)) n(1+3)

implying that



and
1 28z 2
]Et—]_ (1 _I_ E) é.—tg — ;7
y. (1 " —) i

thus we have that

9% logh _ 1 1 2 _ ¢ 1

By (Zi5) = @{Wﬁ(%) -2 }exp@o—a =% ( —1) exp(201),
9% logh _

Et—l < Botgptt) - 07

E 92 log hy — (A= 41 exp(—pt) )2_< 1 _i>( exp(—pt) )2
t=1\ " op? - (=12 " ¢ ) \(+exp(—pe))2 ) — \¢e—1 ¢ ) \ (I+exp(—pr))?

I.B Details of the proof of Proposition 1

Let y; = (2, RM;) and 0 = (k,£) € © C RP™'x (0,1), we have

1 §
v 0) = — 'w—(1+=2]1 14—
log g:(y+; 0) RM,k ( 6) og( + oxp (RM; )zt) ,

with z; > 0. The shape parameter £ must be less than 1 for z; to have finite first moment.

Derivatives

The following are the first and second derivatives of g;(y; 0):

8gt(yi;0) _ ( z¢ exp(—2RM K)(14+€) . exp(—RM;K) )RM/
oK (1+€exp(-RMK)z0) /ST (14+€ exp(—RM}K)z) /4 t’
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oe = oxp(-RM;x) (52<1+5exp(fRMin)z»”E“ £(+E exp(-RMK)z) /T2 )2
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_ 2exp(=RM;K)log(1+£ exp(—RM}K)
€ (1€ exp(-RM}K)z) /7
2z exp(—2RM; K)
€21+ exp(~RM{K)z) /EH2

22 exp(—3RM,K)(1+&)(142¢€)
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Lipschitzianity of the derivatives

We need to show that the absolute value of the derivatives is bounded and that integrating

over z; and RM; yields finite values. We use ||-]| to denote the L?-norm, so when A is a
matrix, ||A|| = y/tr(AA’), with tr(-) denoting the trace of the matrix. We have
Hagt y;:0 ” 2t exp(c1||[RM¢|))eo cz exp(c1 [|RM ) ||RM ||
= \ (Q+exp(—c1|[RMy[)z)° | (1+exp(—ct |[RM¢|))zc)> t
8gt(yt 0) < c2 log(14+exp(—RM}K)zt) co exp(c1 || RM¢||) 2
exp (e [RMUl) \ = TR T (oo IR )
92 g:( yt, c2 exp(c1 || RM¢||) zt exp(c1 ||RM¢]|)ea Zt exp(c1||RM¢||)ca RM RM/
H TOROKT || — ( 1+exp(701HRMt||)zt)2 (1+exp(fcl||RMt||)zt)3 + (1+exp(—c1||RM¢]|) zt || t ||
|| 8g:(ye;0) (y+;0 || zeexp(c1[[RMe|l)co c2 log(1+exp(—RM; K)z) exp(c1 [ RM:||)
0RO = (Itexp(—c1||RM])z)* (14+exp(—RM}K)zt)”
+ z¢ exp(c1 ||[RM¢]|) log(1+exp(—RM,K)z¢)ca zf exp(c1 [|RM¢||)ce
(1+exp(—RM}K)z)? (14-exp(—c1 [RM¢|[)z¢)*’
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g2 (1+exp(—RM, K)z;)? (1+exp(—RM,K)z;)>
+ cg exp(c1 ||RM¢||) log(1+exp(—RM,K)zt) + co22 exp(er ||RM.|))
(1+exp(—RM}K) 2z )? (1+exp(—RM,K)z;)"

caze exp(c1||RM¢||)
(1+exp(—RM,K)z)>

with ¢; and ¢y positive constants. Conditionally on RM;, we can omit the constant argu-
ments of these bounds, and integrate the remaining terms with respect to z;. We find the

following relevant integrals:

fooo 2 (1 4+ exp (—c1 || RM||) zt)_3 dz = %exp (2¢1||RM,]|) ,

Jo© (14 exp (e [RM|) z) ™ dz = exp (1 |[RM)),

J° 22 (1+ exp (—cr|[RM]]) %)tz = exp (3¢ |[RMy]))

5~ 1og (14 exp (~RMj) ) (1 -+ exp (-RM;r) 21) * dz = exp (RMjx) < exp (er[RMy]),

Iy zlog (1 + exp (—RMjk) ) (1 + exp (—RM;k) z) Pdz = 3 exp (2RMjk) < 2 exp (2¢1|RMy])),

3a
1€
Jo " log (1 + exp (—RM;k) 2)? (1 + exp (—-RM;k) %) 2dz = 2exp (RMk) < 2exp (1| RM]|) -
Noting that both ||RM,|| and |RM,RM;| are bounded by exp (c1||RM,||), we obtain the

desired results taking expectation with respect to RM; and using assumption (iii).



Score
The first derivatives of log g,(y; @) are,

dloggi(yi:0) _ zexp (—RMk) (14 &) (1 + Eexp (—RM k) % | RM,,
t t

oK
dloggi(yi;0) _ log(1+&exp(-RM;K)ze) 2z exp(—RM}K)(1+€) (1+€ exp(~RM}K)z) "
173 o & £ ’

Variance of the score

The outer product of the score is

N——

0log g(y1; 0) Dlog,(y1:0)" _ oot vy [ 2P (F2RMk) (1+€)° 2z exp (—RMik) (1+6) |
oK oK I )z (1 —RM, *
(14 exp (—RM;k) 2) (14 &exp( 1K) 2t)
0log g1 (y1:0) dlog gr(yii0) _ ([ _log(1+&exp(-RM;K)z) | 2 exp(~RMK)(1+€)
oK o€ €2 T §(1+E exp(-RMK)z1)
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We can take the expected value of each component of the outer product of the score at the
optimum 6. Conditional on the value of RM}, we first compute the following expectations

with respect to z,

/ —2\ _ 2exp (2RM;kg)
E, (Zf (1+ Eexp (—RM;ko) 2) ) (1 &) (1 +28)]

exp (RMko)
1+ &o

Y

E. (= (1+ & exp (~RMjo) 20) ') =

E. (log (1 4 & exp (—RM;}kq) 21)) = &o,

E. (zt log (1 + & exp (—RMiko) 2) (1 + & exp (~RM ko) Zt)—l) _ &P <R1\(4liio§ ()2250 &)
0




E. (log (1 + & exp (~RMjso) )° ) = 263,

then by total law of expectations, we obtain

dlog g:(y:; 00) dog gi(y1:60)" _ 1 ,
g ( 0Ky Ik 1+ 2§0E (RM.RM,),
E (8loggt(yt;00) 510ggt(yt;00)) _ 1
Ik 9o (14 &) (1+2&)

0log g:(y+; 00) 2 2
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I.C Asymptotic properties for the case £ =0

Let y; = (2:, RM;) and k € RP. We have,
Gi(yi, k) =1 — exp(—z exp(—RM;k)),

g1y, k) = exp(—RMk) exp(—2z; exp(—RM;k)),
log g:(yt, k) = —RM}k — 2 exp(—RMk).
Assume the following assumptions hold:
(i) the true vector of parameters K is interior to the parameter space Ko which is compact;
(i) E(RM,RM,) is positive definite;

(ili) E(C exp(||RM,||)) < oo for any finite C' > 0.

Identification. Write RMy'k = RM,'ko + RM;Koe where € = (ey,...,¢,) are positive

constants, and K is a matrix such that the vector K is stacked on the main diagonal and



the other entries are null, i.e. Ky = diag(kg), we have

log g:(yi, k) — log gi(ye, ko) = —RMjk — z;exp(—RM;k) + RMkq + 2 exp(—RMkg)
= —RM;ko — RM;Kje — 2, exp(—RM;ko — RM;Kje)
+RM; k¢ + 2; exp(—RM;ky)
= —RM;Kpe — 2 exp(—RM;kg) exp(—RM;K€) + z; exp(—RM; k).

If log g:(y+, &) = log g:(y+, ko), then

—RM;K€ + 2 exp(—RM;kg) = 2, exp(—RM; k) exp(—RM;Kje). (1)

Since E(RM;RM;) > 0 and changes in € have different implications on the two sides of

Equation (1), the identity condition holds.

Compact parameter space. This holds by assumption (i).

Continuity. The density is continuous and differentiable by the continuity and differen-

tiability of the exponential function.

Uniform convergence.

loggi(ye. k)] = |[-RMk — 2 exp(—RM;k)|
< |-RM;k| + |z exp(—RM}k)|
< [[RMef[l&ll + 2z exp([RM]|[[&]]).
Choose
d(y:) = C[[RMy[| + z; exp(C|[RM, ),



where C' is a large enough positive constant. Conditioning on RM,;, we have

Eld(y:)] = C|RM| + exp(C|RM||) [;° 2z exp(—RM;k) exp(—2z; exp(—RM;k))dz
= C|RM,|| 4 exp(2C|RM,||),

which is finite by assumption (iii).

Derivatives. The following are the first and second derivatives of g;(y;, k)

agt(ay;, K) = (z, exp(—2RM;k) — exp(—RM;k)) exp(—2z; exp(—RM; k) ) RM},
3Zt Zt2

9g:(yt, K) i
exp(—2RM;k) exp(—3RM;k)

OKOK'

= <exp(—RM;K,) — > exp(—z; exp(—RM}k) ) RM;RMj,.

Lipschizianity of the derivatives.

W = |(zrexp(—2RM;k) — exp(—RM;k)) exp(—z; exp(—RM;x ) ) RM}|
< (zexp(Cf[RM]) + exp(C[|[RMy|])) exp(—z exp(C|[RM])) [ RM; |,
K 3zt th
8?;%2') = ‘(exp(—RM;n)) - exp(—;RM;n) + exp(—3RM;n)> exp(—2 exp(—RM;k)) RM;RM;
2}
< (exp(CIRMI) — sty + @i ) X~ exp(CRM, ) [RMRM|.

Lipschizianity holds by assumption(iii) and using the following results,

/ 2z exp(C[|[RMy|) exp(—2 exp(Cl|[RM,]))dz = exp(C[[RM,])),
0

|| 2 explCIRM. ) exp(—2 exp(CI[RM ))dz = 2exp(C[RM ).
0
Score. The first derivative of log ¢;(y;, K)

dlog g:(yt, k)

Or = (z;exp(—RM;k) — 1) RM;,. (2)



Variance of the score. The second derivative of log ¢;(y;, K)

dlog g(y+, K)

T P exp(—RM;x)RM;RM;.

0K

Since E (ngt—%m) = 0, conditioning on RM], we have from (2) that E, (z; exp(—RMjkg)) =

1, implying

dlog g:(y+, ko) /
E — _E(RM,RM).
( k0K, (RM;RM;)

II Supplementary data analysis

II.A Sensitivity to the threshold choice

In order to confirm that the results obtained in the main paper do not depend on the
threshold choice, we proceed here with a sensitivity analysis. We redo the in-sample analysis
over the periods 2000-2004 and 2005-2009, considering a threshold corresponding to the
95th quantile of the unconditional loss distribution. We do not present further results on
the period 2010-2014 as the high thresholds considered in the main paper do not allow us
to go deeper in the tail. Tables 1-2 report the in-sample results for both the models for
the exceedance rate and for the GP distribution. As in the main paper, RV and BV are
strongly significant, while the jump component and past lagged variances are not particularly
relevant. The results reported in Table 3 and Figure 1 confirm that the models adequately
fit the data. We also check that the out-of-sample forecasts keep performing well at the
95th quantile. Table 4 reports the results of the out-of-sample analysis, and confirms that
the RPOT keeps its good performance. The p-values from the DM test on the null of equal
predictive accuracy against the model based on I&W are as follows: 0.02 (RV'), 0.01 (BV),
0.02 (DR), 0.26 (R2). The DM test against the model based on DR yields p-values of 0.08
for RV and 0.02 for BV. In conclusion, the RPOT model outperforms dynamic EVT models
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based on LF measures at the higher 95th quantile threshold as well.
Table 1: Fitted Logit models for specifications:
L. logit(¢:) = wo + 1 log RV, 4
IL. logit(¢:) = wo + w2 log BV;—1 + 3 log(1 + Ji—1)
1L logit(¢r) = o + ¢1 log RVi_y + ¢alog RV, | + p5log RV,
IV. logit(d,) = o + walog BVt + @ylog(1+ Jioy) + palog RV, + p5log RV,

on S&P 500 returns. * ** *** indicate significance at the 5%, 1% and 0.1% levels, respec-
tively. Threshold level set to the 95th quantile of the unconditional loss distribution.

20 ¥1 ©2 ©3 P4 ©s5
2000-2004

I 6.400FF  1.04%%
(1.35)  (0.15)

I 7.62%% 1.15%%% _0.06
(1.44) (0.16)  (0.1)
I 11.07%%  0.39 0.69%  0.49
(1.93)  (0.24) (0.32) (0.31)
IV. 12.14%%* 0.63%% -0.11 056  0.49
(2.06) (0.24)  (0.11) (0.33) (0.31)
2005-2009
I 5.69%FF  (.97eek
(0.87)  (0.1)
I 5.84%% 0.96%%*  -0.01
(0.99) (0.11)  (0.07)
. 6.75%%*  0.26 0.60%  0.24
(0.96)  (0.23) (0.29) (0.23)
IV.  6.76%%* 023 000 0.62% 023
(1.04) (0.24)  (0.07) (0.3) (0.23)
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Table 2: Fitted dynamic Generalized Pareto models. The £ parameter is constant,
while 14 is allowed to vary according to

I. logvy = ko + Kk1log RV, 4
II. log vy = Ko + ke log BV;_1 + k3log(1 + J;_1)
III. logv; = ko + k1 log RV;_1 + Ky log(W}zl) + Ks logW%l

IV. logv, = ko + ko log BV, 1 + k3log(1l + Ji_1) + K4 logW}Z1 + Ks lothj\{l

k Rk FRE indicate significance at the 5%, 1% and 0.1% levels, respectively. Threshold level

set to the 95th quantile of the unconditional loss distribution.

Ko K1 K2 K3 Rg K5 §
2000-2004
I -3.49*%* 0.16 0.00
(1.3) (0.15) (0.13)
II. -2.96* 0.22 -0.09 -0.02
(1.34) (0.15) (0.1) (0.13)
1. -2.77 0.14 0.25 -0.13 0.03
(2.21) (0.22) (0.28) (0.35) (0.13)
IV. -2.49 0.21 -0.09 0.25 -0.17 0.01
(2.24) (0.23) (0.11) (0.28) (0.35) (0.14)
2005-2009
I. -0.74  0.48%** 0.13
(0.92) (0.12) (0.14)
1I. -0.58 0.48%**  _0.01 0.10
(1.03) (0.12)  (0.07) (0.14)
III.  -0.18 0.11 0.48 -0.05  -0.03
(0.85) (0.16) (0.26) (0.2) (0.15)
IV. -0.41 0.08 0.00 0.49 -0.06  -0.03
(0.9) (0.18) (0.08) (0.27) (0.21) (0.15)
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Table 3: Diagnostics for Logit Model. P-values for the y? test on the difference between
the deviance residuals and the null residuals and for the Hosmer-Lemeshow test on the null
of equality between the expected and observed frequency of exceedances. *,** *** indicate
significance at the 5%, 1% and 0.1% levels, respectively. Threshold level set to the 95th
quantile of the unconditional loss distribution.

x2test Hosmer-Lemeshow test

Model  2000-2004 2005-2009 2000-2004  2005-2009
1. 0.000*** 0.000*** 0.776 0.551
1I. 0.000*** 0.000*** 0.118 0.456
II1. 0.000%** 0.000*** 0.137 0.527
Iv. 0.000%** 0.000%*** 0.656 0.365

Figure 1: QQ-plot for dynamic GP distribution. From top to bottom, time intervals
2000-2004 and 2005-2009, respectively. From left to right, specifications I, II, III, IV, re-
spectively. Each panel has the theoretical quantiles of a unit-rate exponential distribution
on the z-axis, and the empirical quantiles of the excesses transformed to exponential on the
y-axis. Threshold level set to the 95th quantile of the unconditional loss distribution.

Table 4: Tests on conditional risk measures. Percentage of violations (Violation);
the p-values for the unconditional coverage (UC), the independence assumption (IND), the
conditional coverage (CC) and the DQ tests for the VaR predictions at level o = 0.01,
and the bootstrap test (BOOT) for the ES predictions at level @« = 0.01. Rejection at
the 5% significance level appears in bold. Threshold level set to the 95th quantile of the
unconditional loss distribution.

Measure Violation UC IND CC DQ BOOT
RV 0.86 0.54 061 0.73 0.99 0.23
BV 0.80 0.39 0.63 0.61 0.98 0.28
DR 1.09 0.71 0,51 0.74 0.01 0.31
R2 1.66 0.01 0.51 0.03 0.01 0.06

1&W 1.55 0.03 043 0.07 0.01 0.08
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II.B Dynamic tail index

We inspect whether assuming a constant tail index £ is a sensible decision, and fit a GP
distribution where we allow £ to change linearly with RV;. The threshold defining the
exceedances is set at the 90th quantile of the loss distribution over the first two periods,
while it is set at the 95th quantile over the period 2010-2014. The results in Table 5 show

that the parameter v, associated to RV, is strongly not significant across the three samples.

Table 5: Fitted GP models - dynamic scale and shape. logv; = kg + k1 log RV;_; and
& = Yo+ RV, *¥* *** indicate significance at the 5%, 1% and 0.1% levels, respectively.

Period Ko K1 Yo Y1

2000-2004 -2.27  0.31* 002  -0.03
(1.55)  (0.18) (0.17) (8.67)
2005-2009 -0.98 0.41%¥%* 002  -3.71
(0.88)  (0.10)  (0.09) (25.68)
2010-2014 041  0.56% -0.27  -0.01
(2.61) (0.27) (0.25) (28.95)
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II.C An investigation over a shorter sample

We now assess whether the RPOT approach keeps providing good forecasts of the risk
measures when the window size is 1000 instead of 2000. Results reported in Table 6 show
that RPOT still performs well. Furthermore, the DM test against the model based on I&W
yields p-values of 0.01 (RV'), 0.01 (BV), 0.02 (DR), 0.24 (R2), while the p-values from the
DM test against DR are 0.02 for RV and 0.01 for BV. The RPOT again outperforms the
model based on LF measures.

Table 6: Tests on conditional risk measures over a shorter interval. Percentage of
violations (Violation); the p-values for the unconditional coverage (UC), the independence
assumption (IND), the conditional coverage (CC) and the DQ tests for the VaR predictions
at level @ = 0.01, and the bootstrap test (BOOT) for the ES predictions at level a = 0.01.
Rejection at the 5% significance level appears in bold. Estimation window size is 1000
observations. Threshold level set to the 90th quantile of the unconditional loss distribution.

Measure Violation UC IND CC DQ BOOT

RV 1.05 0.76 043 0.69 0.60 0.20

BV 1.16 039 038 047 0.08 0.30

DR 1.24 0.22 035 031 0.01 0.14

R2 1.53 0.01 0.25 0.02 0.01 0.005
1&W 1.53 0.01 0.16 0.01 0.01 0.005
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II.D Adding the signed jump variation as covariate

In this section, we investigate the impact of the negative jumps, substituting the jump
component J with the negative jump variation AJ; . In particular, as AJ; is either negative
or zero, we use its negated version for practical purposes. Consequently, if the coefficient
associated to AJ; has positive sign, then the higher the negative jump, the higher the
impact on the dependent variable. Tables 7-8 report the results for the threshold level at
the 90th quantile over the first two periods, and at the 98th and 96th quantile over the
period 2010-2014 for models IT and IV, respectively. They show that the negative jump has
a negative and statistically significant impact on the exceedance rate models in the period
2005-2009, while it has a negative and statistically significant impact on the GP distribution
in the period 2010-2014. Increasing the threshold to the 95th quantile over the first two
periods (see Tables 9-10), makes the significant outcomes disappear. We conclude that the

negative jump variation also does not have forecasting power on the extremes.
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Table 7: Fitted Logit models with negative jump variation. Parameter estimates for
models:

IL. logit(¢:) = o + w2 log BV -1 + @3log(1 + AJ, )
. _ ——W —M
IV. logit(dr) = @o + 2 log BVi1 + @slog(l + AJi_y) + palog RV, _; + pslog RV,

on S&P 500 returns. * ** *** indicate significance at the 5%, 1% and 0.1% levels, respec-
tively.

%o P2 ¥3 P4 ¥s5
2000-2004

I 6.64%FF 0.95%%% .03
(1.16)  (0.13)  (0.08)

IV. 852 (0.60% 000 035 0.23
(1.41)  (0.19) (0.08) (0.24) (0.23)

2005-2009

I G.11FFF (.88%FF  _0.21%
(0.80)  (0.09) (0.09)

IV. 6.80%** 0.38% -0.20% 030 0.30
(0.83)  (0.18) (0.09) (0.23) (0.17)

2010-2014

I 7.26%%% 1.05%%*% -0.18
(1.49)  (0.16) (0.12)

IV. 886*¥* 0.81%* -0.17 002 0.39
(1.68)  (0.25) (0.12) (0.29) (0.24)
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Table 8: Dynamic Generalized Pareto with negative jump variation. The { param-
eter is kept constant, while the v parameter is allowed to vary according to the following
models:

II. logvy = Ko + ko log BV;_1 + k3log(1+ AJ,_;)
IV. log vy = ko + ko log BV,_1 + kglog(l + AJ,_y) + Ry logWK1 + Rs logWﬁl

Kok K indicate significance at the 5%, 1% and 0.1% levels, respectively.

Ko Ko K3 Ky K5
2000-2004

I -1.78 0.36%*  -0.03
(1.14)  (0.13)  (0.08)

IV. 076 010  -004  0.37 0.18
(1.57)  (0.16)  (0.08)  (0.20)  (0.23)
2005-2009

I -0.98 0.40%%  0.02
(0.65)  (0.07)  (0.07)

IV. -0.72  0.02 0.05  052%  -0.10
(0.63) (0.13)  (0.08)  (0.19)  (0.14)

2010-2014

I 2.68% 0.79%% -0.19%
(1.31)  (0.14)  (0.08)

IV. -0.04  0.19  -0.18%F% (.72%FF (4355
(0.38)  (0.10)  (0.06)  (0.17)  (0.09)
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Table 9: Fitted Logit models with negative jump variation. Parameter estimates for
models:

I1. logit(¢:) = @o + @2log BV, 1 + ¢3log(1 + AJ,_ )
) _ —W —M
IV. logit(¢:) = @o + w2 log BV:_1 + @3log(1l + AJ ) + pslog RV, | + pslog RV,

on S&P 500 returns. * ** *** indicate significance at the 5%, 1% and 0.1% levels, respec-
tively. Threshold level set to the 95th quantile of the unconditional loss distribution.

Yo ¥2 ©3 P4 Ps
2000-2004

I 8I3FFF  1.20%FF 012
(1.51)  (0.17)  (0.10)

IV. 11.89%%% (.67%% -0.08 052 045
(2.02)  (0.25) (0.10) (0.32) (0.31)

2005-2009

I 6.40%FF  1.02%%F (.10
(1.01)  (0.12) (0.08)

IV. 7.29%%%  0.29) -0.09 0.61% 0.24
(1.06)  (0.24) (0.08) (0.29) (0.23)
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Table 10: Dynamic Generalized Pareto with negative jump variation. The £ pa-
rameter is kept constant, while the v parameter is allowed to vary according to the following
models:

II. logvy = Ko + Ko log BV;_1 + k3log(1 + AJ,_ )

IV. log vy = ko + ko log BV, 1 + k3log(1l + AJ, ;) + Ry longK1 + K5 lothj\il
kR K Indicate significance at the 5%, 1% and 0.1% levels, respectively. Threshold level
set to the 95th quantile of the unconditional loss distribution.

Ko Ko K3 KR4 R5
2000-2004

I -3.84% 012  0.13
(1.42)  (0.16)  (0.12)

IV. -349 013 012 021 -0.17
(2.26)  (0.23)  (0.12) (0.27) (0.34)

2005-2009

. -0.55 0.48%* -0.02
(1.01)  (0.12)  (0.08)

IV. -0.19 0.9 0001 049 -0.05
(0.96)  (0.18) (0.08) (0.28) (0.21)
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II.LE Simultaneous jumps

In this section, we investigate whether the simultaneous jumps .J; have explanatory power
on the extremes compared to their lagged versions J;_;. The threshold level is set at the
90th quantile over the first two periods, and at the 98th and 96th quantile over the pe-
riod 2010-2014 for models I and IV, respectively. Results reported in Tables 11-12 show
that simultaneous jumps have positive and statistical significant impact on the exceedance

probability in the third period and on the size of the exceedances in the second period.

Table 11: Fitted Logit models with simultaneous jumps. Parameter estimates for
models:

I1. logit(¢y) = @o + @2 log BV,_1 + ¢3log(1 + J;)
. —W —M
IV. logit(¢:) = ¢o + @2log BVi_1 + pslog(l + Ji) + @alog RV, | + pslog RV,_,

on S&P 500 returns. * ** *** indicate significance at the 5%, 1% and 0.1% levels, respec-
tively.

2] Y2 ¥3 22 Ps
2000-2004

L. 5.90%%% Q.87+ .11
(1.11)  (0.12)  (0.07)

IV. 8.00%% 056** 008 032 021
(1.43)  (0.18)  (0.07) (0.25) (0.23)

2005-2009

I 5.06% 077 (.01
(0.77)  (0.08)  (0.07)

IV. 578 026 001 032 0.29
(0.85)  (0.18)  (0.07) (0.25) (0.17)

2010-2014

I 4.99%F  0.05%%% (4700
(2.08)  (0.22)  (0.09)

IV. 4.43%  057% 037 -004 0.26
(1.86)  (0.24)  (0.08) (0.31) (0.25)
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Table 12: Dynamic Generalized Pareto with simultaneous jumps. The ¢ parameter
is kept constant, while the v parameter is allowed to vary according to the following models:

II. logv, = Ko + ko log BV;_1 + k3log(1 + J;)

IV. log vy = ko + ko log BV,_1 + k3log(l + J;) + Ry lothVK1 + K5 logWﬁl

kK K Indicate significance at the 5%, 1% and 0.1% levels, respectively.

Ko K2 R3 Rq K5
2000-2004

I1. -2.11%* 0.32%* 0.04
(1.03)  (0.12)  (0.06)

IV. 0.41 0.08 0.02 0.35 0.19
(151)  (0.16)  (0.06) (0.20)  (0.23)

2005-2009

1. -15G¥F (.32 (. 14%%
(0.45)  (0.05)  (0.05)

IV. -1.22% 011  0.10%* 040%  -0.13
(0.56)  (0.13)  (0.05) (0.19)  (0.13)

2010-2014

I -1.62  0.77%%%  -0.10
(2.26)  (0.27)  (0.07)

IV.  0.02  041%% 007  0.42% -0.38%%*
(0.44)  (0.10)  (0.04) (0.19)  (0.10)
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