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Abstract: We present some recent results on the possibility of extending the theory of varifolds to the realm
of discrete surfaces of any dimension and codimension, for which robust notions of approximate curvatures,
also allowing for singularities, can be defined. This framework has applications to discrete and computational
geometry, as well as to geometric variational problems in discrete settings. We finally show some numerical
tests on point clouds that support and confirm our theoretical findings.
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Introduction

One of the main issues in image processing and computer graphics is to extract geometric information from
discrete data, that are provided in the form of polygonal (or polyhedral) meshes, level sets, point clouds, CAD
models etc. We might classify the various discrete representations in two main classes: structured and unstruc-
tured. For instance, polyhedral meshes can be classified as structured, while point clouds are unstructured.
In general, unstructured representations are characterized by the absence of (local, partial) information of
topological surface type. This kind of discrete surfaces, like point clouds, have received a great attention in
the last decades as they arise in many different contexts (medical imaging, shape modeling, object classifi-
cation).

In order to reconstruct surface features (and in particular curvatures) it is often assumed that the dis-
crete data refer to an unknown smooth surface, which needs to be first determined or characterized at least
implicitly. This is the case, for instance, of the so-called Moving Least Squares (MLS) technique, especially
proposed for the reconstruction of surface features from point cloud data, see [17]. More recently, some tech-
niques based on integral geometry and geometric measure theory have been proposed by various authors,
see [8, 9, 12, 13, 21, 25]. These methods are quite efficient for reconstructing curvatures in the smooth case as
well as in presence of certain kinds of singularities, however major problems occur when more general sin-
gularities are present in the unknown surface. Moreover, convergence results are generally obtained under
very strong regularity assumptions.

In the recent work [4] (see also [6, 7]) we propose a general approach based on a suitable adaptation
of the theory of varifolds, which is based on a notion of approximate mean curvature associated with any
d-dimensional varifold (thus in particular with the so-called discrete varifolds).

The main aim of our research is to provide the natural framework where different discrete surface models
can be represented and analysed, also allowing for robust convergence results for the approximate curva-
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tures. This framework is very promising in respect of the numerical approximation of geometric variational
problems, geometric flows, topological invariants, and so on.

At the same time, our method does not require the use of discrete surfaces of some special type. Basi-
cally, it can be applied with any discrete surface type, therefore its full potentials are mostly evidenced when
we consider unstructured representations like point cloud surfaces, for which the identification of natural
curvature estimators is a quite difficult problem.

The first step of our method consists in defining the regularized first variation of a varifold V. This is
obtained by convolving the standard first variation §V (which is a distribution of order 1 acting on vector
fields of class C! and compact support) with a regularizing kernel p.. By a similar regularization of the weight
measure || V|| (obtained through another kernel &) we arrive at the notion of approximate mean curvature
vector field H K £e defined as the ratio between the regularized first variation and the regularized weight
(whenever the latter is positive). This allows us to define approximate mean curvature vector fields for all
varifolds (even non-rectifiable ones). The parameter € appearing in the above kernels should be understood
as the scale at which the approximate mean curvature is evaluated. Of course, if the scale is too small, or too
large, the approximate mean curvature might be far from what we expect to be naturally associated with the
discrete varifold. The choice of ¢ is therefore crucially linked to some "intrinsic scale" associated with the
varifold itself.

One might wonder if this approach can somehow include other previous (maybe classical) notions of
discrete mean curvature proposed for instance in the case of polyhedral surfaces. In this sense it is possible to
show that the classical Cotangent Formula, that is widely used for defining the mean curvature of a polyhedral
surface P at a vertex v, can be simply understood as the first variation of the associated varifold V, applied to
any Lipschitz extension of the piecewise affine basis function ¢, that takes the value 1 on v and is identically
zero outside the patch of triangles around v. In this sense, the Cotangent Formula can be understood as the
regularization of §V5 by means of the finite family of piecewise affine kernels {¢,(x) : v is a vertex of P}.
See [4] for more details.

The approximate mean curvature defined as above satisfies some nice convergence properties, that are
stated in Theorems 3.3, 3.4 and 3.6. These results rely on the notion of Bounded Lipschitz distance (see Sec-
tion 1). We stress that our approximate mean curvature is of "variational nature" because it is obtained by
mollifying the first variation of V, therefore it can be consistently defined also in presence of singularities.

Finally, in a forthcoming work we consider a weak notion of second fundamental form obtained as a slight
variant of the one proposed by Hutchinson in [16], which has the nice feature of being easily regularized in the
same spirit as done before in the case of the mean curvature. We thus obtain approximate second fundamen-
tal forms satisfying the same convergence results cited before. This opens the way to a number of possible
applications to computational geometry, like for instance the definition of very general discrete geometric
flows, as well as of general discrete equivalents of topological invariants that are related with curvatures (like
in the Gauss-Bonnet theorem).

To show the consistency and robustness of our theory, some numerical experiment are shown in the last
section, including in particular the computation of approximate mean curvatures of standard double bubbles
in 2d and 3d, as well as of approximate Gaussian curvatures of a torus.

1 Preliminaries

Let d, n € Nwith 1 < d < n. Let p1, & be two symmetric mollifiers on R", such that p;(x) = p(|x|) and
&1(x) = &(|x|) for suitable one-dimensional, even profile functions p, £ having compact support in [-1, 1]. We
assume that

p1)dx= [ &H0)dx=1,
Rn Rn

that is, . .
nwn/ p(t" 1 dt = na)n/ Eotldt=1.
0 0
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Given € > 0 and x € R" we set
pe(x) =€ "p1(x/e)  and  &(x)=e"é1(x/e).

We assume at least that p € C!(R) and ¢ € C°(R). At some point, some extra regularity will be required on p
and &, namely that p € W>* and ¢ € W' (see Hypothesis 1).

We recall here a few facts about varifolds, see for instance [22] for more details. Let us start with the
general definition of varifold. Let Q C R" be an open set. A d—varifold in Q is a non-negative Radon measure
on Q x Gy ,, where G, , denotes the Grassmannian manifold of d-dimensional unoriented subspaces of R".

An important class is the one of rectifiable varifolds. Let M be a countably d—rectifiable set and 8 be a non
negative function with 6 > 0 H%-almost everywhere in M. The associated rectifiable varifold V = v(M, 0) is
definedas V = Gﬂ{fM ® Or.m, i€,

/ o(x, T)dV(x, T) - / 0(x, TeM) 600 dHA() Vg € CUQ x Gy, ),
QG M

where TxM is the approximate tangent space at x, which exists H%-almost everywhere in M, and 67,y is the
Dirac delta at . The function 6 is called the multiplicity of the rectifiable varifold. If additionally 68(x) € N for
H?-almost every x € M, we say that V is an integral varifold.

The weight (or mass) measure of a varifold V is the positive Radon measure defined by || V||(B) = V(7 1(B))
for every B C Q Borel, with 7w : QxG,4 ,, — Q defined by n(x, S) = x. In particular, the weight of a d—rectifiable
varifold V = v(M, 6) is the measure || V|| = Gﬂfﬁv[.

The following result is well-known (see for instance [1]).

Proposition 1.1 (Young-measure representation). Given a d-varifold V on Q, there exists a family of proba-
bility measures {vx}x on G, , defined for ||V ||-almost all x € Q, such that V = ||V|| @ {vx}x, that is,

V(p) = /XGQ /SGGM @(x, S) dvx(S) d||V]|(x)

forall @ € CA(Q x Gy p).

We recall that a sequence (u;); of Radon measures defined on a locally compact metric space is said to weakly—
* converge to a Radon measure u (in symbols, y; N W) if, for every ¢ € C2(Q), ui(@) — u(p) asi — oo.
A sequence of d-varifolds (V;); weakly—* converges to a d-varifold V in Q if, for all ¢ € C2(Q x Gg.n)s

Wig)= [ ptePavieP) o Vag)= [ e PV p).

><Gd,n

We now recall the definition of Bounded Lipschitz distance between two Radon measures u and v defined
on a locally compact metric space (X, d). We set

Al’l(u,V)=sup{‘/<pdu—/<Pdv
X X

It is well-known that A'! defines a distance on the space of Radon measures on X.
The following fact is well-known (see [5, 24]).

. ¢ € Lip,(X), [|@] < 1} .

Proposition 1.2. Let p, (i;);, i € N, be Radon measures on a locally compact metric space (X, 6). Assume that
u(X) + sup; pi(X) < +oo and that there exists a compact set K C X such that the supports of u and of y; are
contained in K for alli € N. Then p; — w if and only if A% (u;, u) — 0 as i — oo.

ForallP € Gy pand X = (X1, ..., Xn) € C2(Q, R") we set

n n

dinX(X) = Z(VPX)'(X), e]-) = <HP(VX]’(X)), €j>

j=1 j=1
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where (eq, ..., en) denotes the canonical basis of R". The definition of first variation of a varifold is due to
Allard [2]. Given a varifold V on Q x G ,, its first variation 6V is the vector-valued distribution (of order 1)
defined for any vector field X € C}(Q, R") as

SV(X) = /Q _ divpXO0 VL, ).

It is also useful to define the action of §V on a function ¢ € CL(Q) as the vector

8V(p) = (6V(per),...,6V(pen)).

We say that V has a locally bounded first variation if, for any fixed compact set K C Q, there exists a constant
ck > 0 such that for any vector field X € Cl(Q, R™) with spt X c K one has

|6V(X)| < cx sup |X].
K

In this case, by Riesz Theorem, there exists a vector-valued Radon measure on Q (still denoted as 6V) such
that
SV(X) = / X6V forevery X € C2(Q,R")
Q

Thanks to Radon-Nikodym Theorem, we can decompose 6V as
6V =-H|V|+6Vs, (1.1)

where H € (Lj,.(Q, |V])) " and 68 Vs is singular with respect to || V||. The function H is called the generalized
mean curvature vector. By the divergence theorem, H coincides with the classical mean curvature vector if
V = v(M, 1), where M is a d-dimensional submanifold of class C?.

1.1 Discrete varifolds

Every time a varifold is defined by a finite set of parameters, we shall call it discrete varifold. As anticipated
in the Introduction, we shall mainly focus on “unstructured” discrete varifolds (discrete volumetric varifolds
or point cloud varifolds, see below). Note that all definitions and results of Sections 2 and 3 hold in particular
for all sequences of discrete varifolds, including those of polyhedral type. Concerning the results of Section
4, the construction of approximations V; of a rectifiable varifold V, such that Al’l(V,-, V) is infinitesimal, as
shown in Theorem 4.4, seems to be quite delicate in the polyhedral setting, since the tangent directions are
prescribed by the directions of the cells of the polyhedral surface, which are not necessarily converging when
the polyhedral surfaces converge to a smooth one in Hausdorff distance. Nevertheless, the construction of
such approximations is much simpler in the case of volumetric and point cloud varifolds.

Let Q C R" be an open set. A mesh of Q is a countable partition X of Q, that is, a collection of pairwise
disjoint subdomains (“cells”) of Q such that {K € X : KN B # 0} is finite for any bounded set B C Q and

o=|]k.

KeX

Here, no other assumptions on the geometry of the cells K € X are needed. We shall often refer to the size of
the mesh X, denoted by

6 = sup diamK .
KeX

We come to the definition of discrete volumetric varifold (see [7]).

Definition 1.3 (Discrete volumetric varifold). Let KX be a mesh of Q and let {(mg, Pg)}xcsx C R+ x Gy . We
set
viet=%" %% ®6p,, where |K| = L"(K)
KeX
and call it discrete volumetric varifold. We remark that discrete volumetric d—varifolds are typically not d—
rectifiable (indeed their support is n—rectifiable, while d < n).
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We can similarly define point cloud varifolds.

Definition 1.4 (Point cloud varifolds). Let {x;}i-1.y C R" be a point cloud, weighted by the masses
{m;}i_1...y and provided with directions {P;};_1. .y C Gg4,,. We associate the collection of triplets {(x;, m;, P;) :
i=1,..., N} with the point cloud d-varifold

N
PES 6y, 0 8,
Of course, a point cloud varifold is not d-rectifiable as its support is zero-dimensional.

The idea behind these “unstructured” types of discrete varifolds is that they can be used to discretize more
general varifolds. For instance, given a d—varifold V, and defining

mg =||V||(K) and Py € argmin/ IP-S| dV(x,S),
PeGd,n KXGd,n

one obtains a volumetric approximation of V. Similarly one can construct a point cloud approximation of V.
The possibility of switching between discrete volumetric varifolds and point cloud varifolds, up to a controlled
error depending on the size of a given mesh, is shown in the following proposition.

Proposition 1.5 ([4]). Let Q c R" be an open set. Consider a mesh X of Q of size § = sup diam K and a family
KeX

{xk, mg, Px}gex C R" xR+ x Gy , suchthat xg € K, for all K € X. Define the volumetric varifold V;C‘” and the
point cloud varifold V’j’é as

m
yrol _ Z |I<I|(L|K ® 6p, and Vgg = Z MgOx; @ 6py -
KeX KeX

Then, for any open set U C Q one obtains

Al 1(VV01, th) < §min (vaol”(Uﬁ)’ ||Vlj?<t||(U6))

Proof. Let ¢ € Lip;(R" x G4 ) such that spt ¢ C U, then

/ dV! - / pdVh| =
UxGg,n UxGg,n

<y mK][ |p(x, Pg) = p(xk, Px)| dL"(x)

| Iq / o(x, POL" () - Y mxo(xg, Px)
KeX KeX

KeX
UNK#0
fhp(qo) x-xl e <6 S my

KeX KeX

UNK#0D * UNK#0
=sv | U K| =svEI|l U K

UNK#0 UNK#0
< & min (|| V30, I VE W)
which concludes the proof. O

Remark 1.6. We note that the first variation of a point cloud varifold is not a measure but only a distribution:
indeed it is obtained by directional differentiation of a weighted sum of Dirac deltas. On the other hand, the
first variation of a discrete volumetric varifold is bounded as soon as the cells in K have a boundary with ™!
finite measure (or even as soon as the cells in X have finite perimeter), but its total variation typically blows
up as the size of the mesh goes to zero (see for instance Example 6 in [7]). Nevertheless, this bad behavior
of the first variation, when applied to discrete varifolds, can be somehow controlled via regularization, as
described in Section 2.
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2 Regularized First Variation

Given a sequence of varifolds (V;); weakly—* converging to a varifold V, a sufficient condition for V to have
locally bounded first variation, i.e. for §V to be a Radon measure, is

sup ||6V;]| < +oo. (2.1)
i

However, the typical sequences of discrete varifolds that have been introduced in Section 1.1 may not have
uniformly bounded first variations, or it may even happen that the first variations themselves are not mea-
sures, as in the case of point cloud varifolds (see Remark 1.6). Nevertheless, 6 V; are distributions of order
1 converging to 6V (in the sense of distributions). The idea is to compose the first variation operator § with
convolutions defined by a sequence of regularizing kernels (pe,);cy as in Definition 2.1 below, and then to
require a uniform control on the L!-norm of 6 V; * pe,.

We also point out that the parameter €; may be viewed as a “scale parameter™.

Besides some technical results, that will be used in the next sections, we prove in Theorem 2.6 a com-
pactness and rectifiability result, which relies on the assumption that §V; * p, is uniformly bounded in L®.

As we are going to regularize the first variation of a varifold V in Q by convolution, we conveniently
extend 8V to a linear and continuous form on C}(R", R™). Let @ c R" be an open set and V be a d-varifold
in Q with mass ||V||(Q2) < +oo. First of all, we notice that (x, S) — divsX(x) is continuous and bounded, and
that V is a finite Radon measure, thus we set

SV(X) = / diveX() dV(x,S), VX € CA®R", R"). 22)
OxGg,p

For more simplicity, in (2.2) the extended first variation is denoted as the standard first variation. We imme-
diately obtain
SV(X) < |Xllet [IVI(@), VX € CLR™, R,

which means that the linear extension is continuous with respect to the C'-norm. Notice that the extended
first variation coincides with the standard first variation whenever X € C}(Q, R") but may contain additional
boundary information if the support of || V|| is not relatively compact in Q.

For the reader’s convenience we recall from Section 1 that p denotes a non-negative kernel profile, such
that p1(x) = p(|x|) is of class C!, has compact support in B (0), and satisfies J p1(x) dx = 1. Then, given € > 0
we set pe(x) = € "p1(x/¢€).

Definition 2.1 (regularized first variation). Given a vector field X € CL(R", R"), for any € > O we define
5V * pe(X) = SV(X * pe) = / divs(X * pe)(y) dV(y, S) . 23)
.QXGd’n
We generically say that 8V * p¢ is a regularized first variation of V.

Of course (2.3) defines 6V * p. in the sense of distributions. The following, elementary proposition shows that
8V * p. is actually represented by a smooth vector field with bounded L*-norm.

Proposition 2.2. Let Q C R" be an open set and V be a d—varifold in Q with finite mass || V||(Q). Then §V * p¢
is represented by the continuous vector field

oVipe = [ Vply-0aven 9= i [ (M) aves) (2.4)

de,n

and moreover one has 8V * p, € LY(R™; R").
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Proof. Taking into account (2.3), for every y € R" we find divs(X * pe)(y) = X * VSpe(y) := S0, X; * 0Fpe(y),
thus by Fubini-Tonelli’s theorem we get

8V * pe(X) = - X *V3pe)(y) dV(y, S)

_ / / X(0) - VSpely - x) dL"() dV(y, S)
OxGgpn JxERM

_ / xoo-(/ vsps(y—x)dV(y,S)) (),
XERn QxGyp

which proves (2.4). The fact that §V * p, € L}(R™; R") is an immediate consequence of the fact that Vp, is
bounded on R". O

Remark 2.3. We stress that 6V * p¢ is in LY(R") even when 8V is not locally bounded.

Remark 2.4. If the support of ||V|| is compactly contained in Q then using the extended or the standard
first variation in the convolution 8V * p is equivalent up to choosing € small enough. In general, the same
equivalence holds up to restricting the distribution 6V * p; to Cl(Q¢, RY), where Q¢ = {x € Q: dist(x, 0Q) >
€}, which amounts to restricting the function 6V * p to Q..

In the next proposition we show that the classical first variation of a varifold V is the weak—* limit of regular-
ized first variations of V, under the assumption that 6V is a bounded measure. This will immediately follow
from the basic estimate (2.5), which is true for all varifolds.

Proposition 2.5. Let Q C R" be an open set and let V be a varifold in Q with ||V||(Q) < +oc. Then for any
X € CLR", R™) we have

|6V * pe(X) - 8V(X)| < | V| (Q N (sptX + Bg(o))) lpe* X=Xl —= 0. 2.5)
Moreover, if V has bounded extended first variation then

8V *pe —— 8V (2.6)
e—0

Proof. Let X € CL(R",R™). Since 6V * ps(X) = 6V(pe * X) we obtain
|6V * pe(X) - 6V(X)| = |6V(pe * X - X)| < |V[[(Q) [|pe * X - X]|c1 -

On observing that [|pe * X - X|| 1 = 0 we get (2.5). If in addition V has bounded extended first variation,
e—

then for all X € C2(R", R™) we obtain
|6V * pe(X) - 8V(X)| < |6Vl e * X = X|loo —2+ 0,

which proves (2.6). O

The next theorem is a partial generalization of Allard’s compactness theorem for rectifiable varifolds. It shows
that, given a sequence (g;); of positive numbers and a sequence of d-varifolds (V;); with uniformly bounded
total masses, such that §V; * p¢; satisfies a uniform boundedness assumption, there exists a subsequence of
V; that weakly-* converges to a limit varifold V with bounded first variation. If in addition || V;||(Bs(x)) = 8or¢
for || V||-almost every x and for B; < r < rg, with (B;);cy an infinitesimal sequence, then the limit varifold V is
rectifiable. We stress that V; is required neither to have bounded first variation, nor to be rectifiable. Notice
also the appearance of the scale parameters f§; providing infinitesimal lower bounds on the radii to be used
for approximate density estimates.
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Theorem 2.6 (compactness and rectifiability). Let Q C R™ be an open set and (V;); be a sequence of d-
varifolds. Assume that there exists a positive, decreasing and infinitesimal sequence (g;);, such that

M = sup {[[Vi[[(Q) + |8V * plls } < +oo. @7)
1c

Then there exists a subsequence (Vq,(i))i weakly—* converging in Q to a d-varifold V with bounded first variation,
suchthat ||V||(2)+|6V|(Q) = M. Moreover, if we further assume the existence of an infinitesimal sequence f8; | O
and 0y, ro > 0 such that, for any B; < r < ro and for || V;||-almost every x € Q,

Vil (Br(x) = 617, 2.8)
then V is rectifiable.

Proof. Since M is finite, there exists a subsequence (V(p(i))i weakly—* converging in Q to a varifold V. By
Proposition 2.5, for any X € C}(Q, R") we obtain

|8V (i) * Peyy(X) = BV = [8V (i) * Peyy (X) = 8V (XD + 8V (X) - SV(X))|
< HVIH('Q) HX *Pa(,,(i) _XHcl + ‘(SV(p(l)(X) - 8V(X)|
<C<+oo

— 0.
i—oo

Consequently, forany X € C¢(Q, R") one has |§V(X)| < sup [|6V; * pe;[l 1 [|X]|ee. We conclude that 5V extends
i

to a continuous linear form in C2(Q, R") whose norm is bounded by sup; ||6V; * pe, || 11, thus | V|[(Q)+]6V|(Q) <
M.

Assuming the additional hypothesis (2.8), it is not difficult to pass to the limit and prove the same in-
equality for || V||-a.e. x and for all O < r < ry. We refer to Proposition 3.3 in [7] for more details on this point.
By Theorem 5.5(1) in [2] we obtain the last part of the claim. O

3 Approximate Mean Curvature

3.1 Definition and convergence

We now introduce the notion of approximate mean curvature associated with V, in a consistent way with the
notion of regularized first variation. We refer to Section 1 for the notations and the basic assumptions on the
kernel profiles p, &. We also set

1 1
Cp = da)d/ p(r)rd‘1 dr, C: = dwd/ §”(r)r‘7l‘1 dr. 3.1)
0 0

Definition 3.1 (approximate mean curvature). Let Q C R" be an open set and let V be a d—varifold in Q. For
every € > 0 and x € Q, such that | V|| * &:(x) > 0, we define
Ce 8V *pe(x)
HY (X)=—i'7g, (3.2
prée Co NIVI*&:00
where Cp and C; are as in (3.1). We generically say that the vector H X, :, .(x) is an approximate mean curvature
of V at x.

Example 3.2 (approximate mean curvature of a point cloud varifold). Let us consider a point cloud varifold
V= Zfi 1 M;6x; ® 6p,. We remark that §V is not a measure. An approximate mean curvature of V is given by
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the formula

Z m; o’ |xj — x| P Xj—X
) € Pilx; = x|

Cs 6V*pe(x) Cr xeB\x}
H , (x)=-=%.07"PeX) _ =¢ % . (3.3)
P Co [VII*&() ~ Cpe [ = x|
e > mé (%)
X;€B:(x)
The formula is well-defined for instance when x = x; for somei = 1,..., N. The choice of € here is crucial: it

must be large enough to guarantee that the ball B.(x) contains points of the cloud different from x, but not
too large to avoid over-smoothing.

If 6V is locally bounded then we recall the Radon-Nikodym-Lebesgue decomposition (1.1), which says that
6V = -H||V||+8Vs, where H = H(x) is the generalized mean curvature of V. Note that the approximate mean
curvature introduced in Definition 3.1 can be equivalently defined as the Radon—Nikodym derivative of the
regularized first variation with respect to the regularized mass of V. When V is rectifiable, it turns out that
formula (3.2) gives a pointwise || V||-almost everywhere approximation of H(x), as proved by the following
result.

Theorem 3.3 (Convergence I). Let Q C R" be an open set and let V = v(M, 6) be a rectifiable d—varifold with
locally bounded first variation in Q. Then for ||V||-almost all x € Q we have

Hy g e(0) —— H(0). (3.4)

Proof sketch. The proof consists of estimating the difference |H, ; .(x) - H(x)| when x is a differentiability
point for 6V with respect to ||V|| and, at the same time, the approximate tangent plane to M at x is well-
defined. Obviously || V||-almost all x € Q satisfy these two properties. Then, by the relations

e V(Be() —> wab(x),
VI * e 000 | ply) d3() = G000,
£— .M

VI 00— 600 [ ) a0t - ;600
£— M

and by
|6Vs|(Be(x))
IV[[(Be(x)) e—0" 7

one can show that the above difference is infinitesimal as € — 0, thus proving (3.4). See [4] for more details.
O

Given a rectifiable d-varifold V with locally bounded first variation and a sequence of generic d-varifolds (V;);
weakly—* converging to V, our goal is now to determine an infinitesimal sequence of regularization scales (&;);,
in dependence of an infinitesimal sequence (d;); measuring how well the V;’s are locally approximating V,
in order to derive an asymptotic, quantitative control of the error between the approximate mean curvatures
of V; and V. In this spirit we obtain two convergence results, Theorem 3.4 and Theorem 3.6 that we describe
hereafter.

In Theorem 3.4 we extend the basic convergence property proved in Theorem 3.3. More specifically we
show the pointwise convergence of H:”'{’ g fO H asi — oo, up to an infinitesimal offset and for a suitable
choice of ¢; > 0 tending to zero as i — oo. The presence of an offset in the evaluation of H/‘;"‘{, ., and H (that
is, we compare HK"{’ . (z;) with H(x), where z; is a sequence of points converging to x) is motivated by the
fact that we do not have spt || V;|| C spt || V|| in general. Moreover, in typical applications one first constructs
the varifold V; (which for instance could be a varifold solving some “discrete approximation” of a geometric
variational problem or PDE) and then, by possibly applying Theorem 2.6, one infers the existence of a limit
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varifold V of the sequence (V;);, up to extraction of a subsequence. In this sense, V; is typically explicit while
V is not. We also provide in (3.7) an asymptotic, quantitative estimate of the gap between Hl')/i{ . (zi) and

H K ¢ ¢, (%) (notice that for this estimate we take the ¢;-regularized mean curvatures for both varifolds V; and
V) in terms of the parameters ¢;, d; and of the offset |x — z;|. We stress that the regularity of V that is assumed
in Theorem 3.4 is in some sense minimal (for instance the singular part § Vs of the first variation may not be
zero). The price to pay for such a generality is a non-optimal convergence rate, which can be improved under
stronger regularity assumptions on V and by using a modified notion of approximate mean curvature (see
Definition 3.5 and Theorem 3.6).

From now on we require a few extra regularity on the pair of kernel profiles (p, &), according to the fol-
lowing hypothesis.

Hypothesis 1. We say that the pair of kernel profiles (p, &) satisfy Hypothesis 1if p, & are as specified at the
beginning of Section 1 and, moreover, p is of class W>> while ¢ is of class Wb,

The next result represents a quantitative improvement of Theorem 3.3, in that it provides an explicit estimate
of the error between the approximate mean curvature of a member V; of a sequence of varifolds converging to
a limit varifold V, and the approximate mean curvature of V. The quantification takes into account a suitable
estimate on the localized A™! distance between V; and V, as well as an estimate on an offset |x - z;|. Here
the choice of the sequence of regularization scales &; appears to be deeply linked to the previous estimates.
The proof (that we do not recall here, but we refer to [4] for all the details) is more technical than the one of
Theorem 3.3, even though some similarities appear at various points.

Theorem 3.4 (Convergence II). Let Q C R" be an open set and let V = v(M, 0) be a rectifiable d—varifold in
Q with bounded first variation. Let (p, &) satisfy Hypothesis 1. Let (V;); be a sequence of d—varifolds, for which
there exist two positive, decreasing and infinitesimal sequences (1;);, (d;);, such that for any ball B C Q centered
inspt || V||, one has

Ag'(V, V) < dimin (||V||(B™), ||V;]|(B™)). (3.5)

For ||V||-almost any x € Q and for any sequence (z;); tending to x, let (¢;); be a positive, decreasing and in-

finitesimal sequence such that

Rl 7| O I (N (36)
Si 1—>oo i i—oo

Then we have

d; + |x - zj]

H/Kif,gi(zl.) ~HY 00| < Cllp e 2 for i large enough, B.7)
1
Vi (.
H, . (2) — H(x). (3.8)

Below we quote a third, pointwise convergence result where an even better convergence rate shows up when
the limit varifold is (locally) a manifold M of class C?> with multiplicity = 1. First we notice that H ;,” :, 0 is
obtained as an integration of tangential vectors, while the (classical) mean curvature of M is a normal vector.
This means that even small errors affecting the mass distribution of the approximating varifolds V; might lead
to non-negligible errors in the tangential components of the approximate mean curvature. A workaround
for this is, then, to project H X, , .(x) onto the normal space at x. In order to properly define the orthogonal
component of the mean curvature of a general varifold V, we recall Proposition 1.1:

V(p) = / / 006 P) dvx(P) d|V]|(), Y € CAQx Gu)-
xeQ JPeGy,

Now we introduce the following definition.
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Definition 3.5 (orthogonal approximate mean curvature). Let Q C R" be an open set and let V be a d—
varifold in Q. For ||V ||-almost every x an orthogonal approximate mean curvature of V at x is defined as

el - /PeGd',, My (Hy () dva(P). (39)

Theorem 3.6 below establishes a better convergence rate under stronger regularity assumptions on ¥V and
sufficient accuracy in the approximation of V by V;. For its proof we refer the reader to [4].

Theorem 3.6 (Convergence III). Let Q C R" be an open set, M C Q be a d—dimensional submanifold of
class C* without boundary, and let V = v(M, 1) be the rectifiable d—varifold in Q associated with M, with
multiplicity 1. Let us extend TyM to a C! map m defined in a tubular neighbourhood of M. Let (V;); be a
sequence of d-varifolds in Q. Let (p, &) satisfies Hypothesis 1. Let x € M and let (z;); C Q be a sequence tend-
ing to x and such that z; € spt||V;||. Assume that there exist positive, decreasing and infinitesimal sequences
(1), (dy,)i> (d2,1)i, (€1);, such that for any ball B C Q centered in spt || V|| and contained in a neighbourhood
of x, one has

ALYV, 1V3ll) < dy g min (|V]|(B™), || Vill(BY)) (3.10)

and, recalling the decomposition V; = ||V;|| ® V&,
sup / | TyM - S|| dvi(S) < dy; . (.11)
{y€B£i+\xfzi | (x)ﬁspt ” Vi ” } SeGd,n
Then, there exists C > 0 such that

dy,i +dyi + |X -z

& (312

Vil (o _ gV, L
HY: (z) - HY S(’Si(x)‘ <C

Moreover, if we also assume that dy ; + dy ; + ; + |X — z;| = o(g;) as i — oo, then

Viel (.
Hp,g,gi(zz) H—m> H(x).

4 Approximating a varifold by discrete varifolds

In this section, we show that the family of discrete volumetric varifolds and the family of point cloud vari-
folds approximate well the space of rectifiable varifolds in the sense of weak—* convergence, or A1 metric.
Moreover, we give a way of quantifying this approximation in terms of the mesh size and the mean oscillation
of tangent planes. Our construction starts with the following result.

Lemma 4.1. Let Q C R" be an open set and V be a d-varifold in Q. Let (X;);cn be a sequence of meshes of Q,
and set

6; = sup diam(K) VieN.
KeX;

Then, there exists a sequence of discrete (point cloud or volumetric) varifolds (V;); such that for any open set
Ucq,

AGNV, V) < 8| V(|(U%) + > min/ |P-S||dV(x,S). (4.)
Kex, T0un JWnKxGa,y

Proof. We define V; as either the volumetric varifold

N Mo s
Vi= D> gL @0k

KeX;

or the point cloud varifold

Vie Y kg o
KeX;
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with

mi = |V||(K), xkeK and Pie argmin/ P -S| dV(x,S).
PGGd‘n KXGd’n

Let us now explain the proof for the case of volumetric varifolds, as it is completely analogous in the case of
point cloud varifolds. For any open set U ¢ Q and ¢ € Lip;(R" x G4, ,) with spt ¢ C U x G4 ,, we set

Ai((P)=/ §0dVi_/ pdVv
.QXGd,n QXGd,n

and obtain
i\ || V(K
@) = | / ox, P! |‘1|<(| Yacroo- 3 [ oy, mavey, )
Kex; /KNU Keac; ) KNGy
<>/ | l9x, P - 9y, D] av(y, 12"
Kex; ’XEK (v, T)EK*Gg,n
KnU#0 <(Ix-y|+||PL-T]))
<6 Y viw+ Y [ Pk-1] ave.m
KeX; Kex; ’KxGan
KNU#0 KNU#0
<5 |VI(U% + min/ P—T| dV(y, T),
Y Kgcipede" (UﬁfﬁK)de,n‘
which concludes the proof up to taking the supremum of A;(¢) over ¢. O

In Theorem 4.4 below we show that rectifiable varifolds can be approximated by discrete varifolds. Moreover
we get explicit convergence rates under the following regularity assumption.

Definition 4.2 (piecewise C'f varifold). Let S be a d-rectifiable set, 6 be a positive Borel function on S, and
B < (0, 1]. We say that the rectifiable d—varifold V = v(S, 6) is piecewise C# if there exist R > 0, C > 1 and a
closed set X C S such that the following properties hold:

e (Ahlfors-regularity of S) forallx € Sand0 < r < R

c'r? < 74SNBkx, 1) < Crl; (4.2)
e (Ahlfors-regularity of X) forallz € X and O < r <R
CH <« 1Y E N Bz, 1) < Cri (4.3)
o (CYP regularity of S \ X) the function

7(r) = sup{||TyS - T=S|| : y,z € SN B(x,r), x € Swith dist(x, 2) > Cr}

satisfies
N =crf YO<r<R; (4.4)
e forallO<r<e<Randallzc X
ClrHY(E N B(z, €)) < HAS N [Z]r N B(z, €)) < CrH (E N B(z, €)). (4.5)
e for H%almost all x € S we have
cl<o0<cC. (4.6)

Remark 4.3. We note that varifolds associated with Almgren’s (M, €, §)-minimal sets of dimension 1 and 2
in R? are piecewise C*, as a consequence of Taylor’s regularity theory [23]. See also [10, 14, 18]. Of course,
the family of rectifiable varifolds in R3 that are piecewise C L is much larger than (M, &, §)-minimal sets.
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Hereafter we prove an approximation result for rectifiable d—varifolds, that becomes quantitative as soon
as the varifolds are assumed to be piecewise C# in the sense of Definition 4.2. In order to avoid a heavier,
localized form of Definition 4.2 we take Q = R". We also choose to provide the full proof (taken from [4]) as
this results has potential applications to geometric variational problems.

Theorem 4.4. Let (X;);cn be a sequence of meshes of R", set §; = supg g, diam(K) for all i € N and assume

that 6; — 0 asi — oo. Let V = v(M, 6) be a rectifiable d-varifold in R™ with ||V||(R") < +oc. Then there exists

a sequence of discrete (volumetric or point cloud) varifolds (V;); with the following properties:

@) AVY(V;, V) > 0asi— oo;

(it) If V is piecewise CP in the sense of Definition 4.2 then there exist constants C, R > 0 such that for all balls
B with radius rg € (0, R) centered on the support of || V|| one has

8; ,
ARV, V) s C (55’ + ﬁ) |V (B¢ (4.7)
1

and
AVY (v, V)< C <5’.‘ + %) | V[|(R™) (4.8)

1

Proof. The proof is split into some steps.
Step 1. We show that for all i there exists A’ : R” — L(R"™; R") constant in each cell K € KX;, such that

/Rnde.n ‘

Indeed, let us fix € > 0. Since x — Iy € LR, L(R"; R™), || V|)), there exists a Lipschitz map A : R* —
L(R™; R") such that

AiG) - 11| avy, 7) = / .
e

A') - | V) —— 0. (49)

[ 1A0) - d1vi) <.
yeRn
Foralliand K € X;, define for x € K,
’ j 1
Al b% =A1 _ 7/‘14 v .
0 = 4= 7@ J AV AVIe)

Then

/)’GR"

A~ Iz, | V) < /y _ [40)- 20 divie) + /y 1400 =15 Vi)

<e+ Z/yEK

KeX;
1
< —_ Au)-A a|v d|v
£+ 2w | ] 4w -0 dvicodvio)

< £+ 8;1lip(4)|| V||(R™) < 2¢ for i large enough,

1
HWKK)/KA(u)dIVI(u)—A(y)H d||VI|(y)

which proves (4.9).
Step 2. Here we make the result of Step 1 more precise, i.e., for all i, we prove that there exists T : R" — Gan
constant in each cell K € X; such that

/]Rnde,n ‘

Indeed, let £ > 0 and, thanks to Step 1, take i large enough and A’ : R” — L(R"; R"™) as in (4.9), such that

2 /K"Ai(y)‘”TyM1\ d| V) <e.

KeX;

') avey. - [

yeR"

T'0) - TyM| d|V|6) —= 0. (4:10)
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As a consequence we find

J 40 - | avip = i with 3 e <e.
KeX;

In particular, for all K € X;, there exists yx € K such that

HA (k) - HTyKMH |VH wI®

Define T' : R" — G4, by T'(y) = Ty, M for K € K; and y € K, hence T' is constant in each cell K and

/R% ‘Ti(y)—THdV(y, T)= Z /KHHT"KM_HTVMH d||V|(y) G.11)
K;{ / Iy = ifyy:)mnvuyn /R "XGM( | ave,

“3%
< d|V|(y) + € < 2¢,
,;C/K R

which implies (4.10).
Step 3: proof of (i). We preliminarily show that
> min / |P-T|| dV(y, T) ——0. (4.12)
P€Gd n JKxGy p

Indeed, thanks to Step 2, let T R" - G4, be such that (4.10) holds. We have

min P-T| dV(y,T) <
KPEGdn/Kde H H (y ) Z/

KxGg n

/R"de'n

— 0,
i—+oo

| Tk~ 1| aviy. 1
Ke

dv(y,T)

which proves (4.12). Then (i) follows by combining (4.12) with Lemma 4.1.
Step 4. Assume that V is piecewise C# and let R, C > 0 be as in Definition 4.2. We shall now prove that for any
ball B ¢ R" centered on the support of || V|| with radius rz < R/2 and for any infinitesimal sequence n; = Cé;,
assuming also i large enough so that §; < (R - 2rg)/(C + 1), there exists a decomposition K; = K¢ L chi"g
such that

ITxS - TyS| < Clx-y[f, VK e X, vx,yeKknS$ (4.13)

and
VI (5" B) < ¢S IVIE™ . (4:14)

Define UCfi"g as the set of K € X; for which (%) 0 K is non-empty, and set K% = K; \ Xfi"g . It is immediate
to check that (4.13) holds, thanks to (4.4). Let now B be a fixed ball of radius O < rz < R/2 centered at some
point x € S. Take K € ini"g and assume without loss of generality that K N B is not empty, hence there
exists p € KN B and z € X such that |p - z| < (C + 1)§;. Consequently, B C B(z, 2rg + (C + 1)§;). Then
KN B c €8 B(z, 2rg + (C + 1)6;) and thus, assuming in addition that n; < R - rp for i large enough, we
obtain

wi| |J knB s|\V\|(2(C+1)5fmB(z,er+(C+1)5,-))
Kex™s

< cH4 (s A 2CD8 4 B(z, 2rp + (C + 1)5,~))

< C2(C + 1)6; 141 (2 A Bz, 2rp + (C + 1)61-)) , (4.15)
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thanks to (4.5) and (4.6). On the other hand, since C§; < n; < R - rg one has by (4.2), (4.3) and (4.6) that

[V][(BY) 2 C*HAS N BY) = C2(rg + ny)? = C2(rp + ny)(rp + C8)*!

S 1 (rB +
S 24-1C2(C+1) 6

1 (rp +n:) d-1
> TET SV L C(C+1)6;HT (2N B(z, 2rg + (C + 1)6;))

1 (rg + )
2 seigery s VI U KnBJ,

Kedsing

M) (4 1)6; 2rp + (C + 1)6,)%

which by (4.15) gives (4.14) with ¢’ = 2471C5(C + 1).
Step 5. Define T}< = Ty, M for each cell K € X; and for some yg € K. Set

A= min / |P-T| av(y, T).
i K;Q PcGy,pn (BNK)xGgn
Then for every ball B of radius r > 0, and choosing n; = C§;, we have

A=Y [ M-t dvi)
Keox, /KnB

= 3 [ inm-M Vi) Y[ it M) dgvie)
Kexp® Keacsins 7 KO

< 3 | ceylavim s 20vi (U )
KNB

KeX[

; 8; .
< c8%|v|(B) +2|| V|| (U S8 B) <C (5? - +lm> I\alle: 5!

B 6; cé;
<C (5i o 5,-) V||(BS%) (4.16)

(the constant C appearing in the various inequalities of (4.16) may change from line to line). Then, the local
estimate (4.7) is a consequence of Lemma 4.1 combined with (4.16).

Step 6. For the proof of the global estimate (4.8) we set r = R/2 and apply Besicovitch Covering Theorem to the
family of balls {Br(x)}xcm, SO that we globally obtain a subcovering {Ba}4c; with overlapping bounded by a
dimensional constant {,,. We notice that I is necessarily a finite set of indices, by the Ahlfors regularity of M.
We now set U = R" \ M and associate to the family {Ba}4c; U {U} a partition of unity {¢a}ac; U {¢py} of class
C*, so that by finiteness of I there exists a constant L > 1 with the property that lip({)y) < L and lip(4) < L
forall a € I. Moreover, the fact that the support of i is disjoint from the closure of M implies that there exists
ip depending only on M, such that the support of || V;|| is disjoint from that of {; for every i = ip. Then we fix
a generic test function ¢ € C2(R" x Gg.,) and define @q(x, S) = @(x, S)Pa(x) and @y(x, S) = @(x, S)Py(x), so
that p(x, S) = py(x, )+ ,c; Palx, S). By the fact that lip(¢p4) < lip(¢)+lip(q) and lip(@y) < lip(p)+lip(Yy),
by the Ahlfors regularity of M, by (4.7), and for i > i, we deduce that

Vil@) = V(@) = > [Vilpa) - V()| < (1 +1) Y~ ApH(Vi, V)

acl acl

<ca+DY (55 + 57) IVII(BE®) < c(1+ 1) (55 + ‘57) > IVIBS)

acl acl
6i bi
< c+ DG (8] + %) VIR = ¢ (8]« 51 ) VIR

where, as before, the constant C appearing in the above inequalities can change from one step to the other.
This concludes the proof of (4.8) and thus of the theorem.
O
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5 Weak Second Fundamental Form of a Varifold

The content of this section refers to the forthcoming paper [3].

Following Hutchinson [16], we begin by recalling a useful way of representing the second fundamental
form of a d-dimensional manifold embedded in R".

Let M be a smooth, d-dimensional submanifold of R" with the standard metric. For x € M, we denote
by P(x) the orthogonal projection onto the tangent space TxM; such a projection is represented by the matrix
P;;(x) with respect to the standard basis of R". The usual covariant derivative in R" is denoted by D. Assuming
x € M fixed, and given a vector v € TyR" = R", welet vl = P(x)vand v = v - vT.

We denote by, respectively, TM and ( TM)* the tangential and the normal bundle associated with M, so
that we have the splitting TM & (TM)* = TR". We also denote by I'(TM) the space of smooth sections of
TM (the smooth tangential vector fields) and by I'(TM)~ the space of smooth sections of (TM)~ (the smooth
normal vector fields).

We can now introduce the second fundamental form of M, as the bilinear and symmetric map II : I'(TM)x
I'(TM) — [(TM)* defined as

I(u,v) = (Dyv)™*.

For our purposes it is convenient to extend the second fundamental form in such a way that it can take any
pair of (tangent) vectors of R" as input. To this end we define the extended second fundamental form of M as

B(u,v) = I, vD)
for all smooth vector fields u, v defined on M with values in TR". We set
B = (B(e;, €)), ex) (5.1)

where {e; : i =1,...,n} is the canonical basis of R". By tensoriality of the covariant derivative one infers
that the coefficient set {B{fj : 1,j,k=1,...,n}uniquely identifies B.

An equivalent way of defining the extended second fundamental form is by computing tangential deriva-
tives of the orthogonal projection P(x) on the tangent space TxM. More precisely, let us set

Ajj(x) = <VMij(X), e;) (5.2)
whenever x € Mand i,j,k=1,...,n.Itis not difficult to check that
X )
Ajjic = Bjj + By

and, reciprocally,
1

k
Bjj=5 (Ajjic + Ajik — Aij)
at every point of M.

We note for future reference the symmetry properties A;; = Ay; and Bf} = B]kl The symmetry of A;;;
follows from Pj, = Py;. The symmetry of Bf-‘j relies upon the identity (Dyv)* = (Dyu)*, a consequence of
the fact that the Levi-Civita connection is torsion-free and that the commutator [u, v] is a tangent vector field
whenever u and v are tangent vector fields.

5.1 Generalized Second Fundamental Form of a varifold

Here we recall the definition of generalized curvature proposed by Hutchinson [16] (see also the recent refor-
mulation due to Menne [20]).

First of all we consider the easier case of a smooth manifold M with constant multiplicity. We fix a test
function ¢(x, S) defined on R" x G4 , and a d-dimensional manifold M without boundary, then let P(x) be
orthogonal projection onto TxM, as before. We define the tangent vector field

Yi(x) = @(x, P(x)) P(x)(e;) .
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By the divergence theorem on M, we getfori=1,...,n

0= / V{VI(p + D;k(p V{VIP]k +(p VgIP,-q .
M N—— N——
Ajjk Agiq

Here we have used Einstein’s summation notation and denoted by Vf"’ the i-th component of the tangential
gradient operator, while D;k denotes differentiation with respect to Sj;. This identity can be used as a defini-
tion of generalized curvature for a varifold. Following Hutchinson, we thus say that an integral varifold V is
a curvature varifold if there exists a family of functions {A;(x, S)} in L}OC(V), called generalized curvature,

such that for all ¢ € Cc(R" x *) one has
h that for all ¢ € CL(R" x R"
0=/(v§<p+D}k<pAi,-k+<pAq,-q) dav. (5.3)

The notion of curvature varifold has been later extended by Mantegazza [19] to that of curvature vari-
fold with boundary. Quite interestingly, it turns out that the boundary measure of a curvature varifold with
boundary is (d - 1)-rectifiable and has an integral multiplicity (this follows from a very nice argument show-
ing first the local orientability of the varifold, and then applying Federer-Fleming’s Integrality Theorem for
currents). Moreover, the notion of curvature varifold has been shown to be equivalent to the so-called V-weak
differentiability of the approximate tangent map (see the recent work by Menne [20]).

However, some important facts concerning Hutchinson’s definition should be pointed out in order to ex-
plain the obstacles that we encountered while trying to adapt such a notion to the general (and, in particular,
discrete) varifold setting.

First, the existence of the generalized curvature is not always guaranteed, and it is not clear from the defi-
nition what kind of alternative object (measure, distribution) should be considered as its natural replacement
in more general cases.

Second, the uniqueness result proved by Hutchinson (see [16, Proposition 5.2.2]) is based on suitably
testing (5.3) with functions of the form ¥ (x, S) = S;;(x), which gives for every i,j,k=1,...n

0= / (V3900 + A, §) + 90 Agi(x, $)) V. (54)

Moreover, as a byproduct, the proof shows that the curvature functions A;;(x, S) depend || V||-almost every-
where only on x and not on S. This simply follows from the fact that, recalling the decomposition V = vx®|| V||,
one has vx = 8p(y) for || V[|-almost all x thanks to the rectifiability of V. Therefore, A;;(x, P(x)) is a curvature
function for V not depending upon the variable S.

Third, another comment about uniqueness and existence. In linear algebra it is well-known that unique-
ness implies existence. In this sense, Hutchinson’s definition is overdetermined in that it mixes conditions
for existence of the generalized curvature with constraints on the class of admissible varifolds. Indeed, all
curvature varifolds satisfy a very peculiar blow-up property, that is, every tangent varifold of a curvature var-
ifold V, obtained by blowing-up at each points of the support of || V||, consists of a finite sum of d-planes with
integral multiplicities. This means that only a certain kind of singularities for a curvature varifold are admit-
ted, i.e. those of crossing type. The following regularity result due to Hutchinson reflects the above tangential
property (see [15, Theorem 3.7]).

Theorem 5.1. Let V be a curvature varifold such that the functions A;; belong to Lf’o AIVI) forp > d. Then V
is locally a finite sum of graphs of multiple—valued functions of class C L1-dlp

For the reasons explained above, Hutchinson’s definition of curvature varifold cannot be easily extended to
more general varifolds, in the spirit of the regularization technique that we have proposed for the first vari-
ation and the mean curvature. Thus, in view of the applications we have in mind, it seems unavoidable to
further weaken the original definition in order to guarantee existence of the curvature functions in a distri-
butional sense.

Brought to you by | Universidad de Granada
Authenticated
Download Date | 4/5/18 1:54 PM



DE GRUYTER Discretization and approximation of surfaces using varifolds =——— 45
Definition 5.2 (Variations of V). Let Q C R" be an open set and let V be a d—varifold in Q. We define for
i,j, k =1...n the following distributions of order 1:

iV CHQ,RYM) — R

; 5.5
X = Jo,, SkdivsX() dV(y, S) (55)

or equivalently,
5ijkV : C%(Q,R) - R

5.6
¢ = o, SKViedV(y,S). (56)

Since for any S € G, , we have trace(S) = d, we obtain
trace (SjkV)jk =dév.

For a d-varifold V associated with a C?> compact d-sub-manifold M without boundary, we have for every
@ € ClQ)

8 V(g) = - /Q (4500 + P 3 Agig@) ) 900 V0
q

= —/Q (Aijk(X)+/Gd

Moreover, if M has a boundary oM and 1 = (1, . . . , n) denotes the inner normal to oM, it follows from the
divergence theorem that

Sidve($) Y Aqig(x) ) @G d|[V]](0)
q

n

V() = - /Q (400 + /G S dve(8) Y Agigt) ) 90 V() - /a GOSN
d,n q

In particular, 6;;V is a Radon measure and the second fundamental form is contained in the part absolutely
continuous with respect to || V|| while the boundary term is singular with respect to ||V||. This motivates the
following definitions.

Definition 5.3 (Bounded variations). Let Q C R" be an open set and let V be a d—varifold in Q. We say that
V has bounded variations if and only if for i,j, k = 1...n, §;;\V is a Radon measure. In this case there exist
Bijx € L'(|V|]) and (8;% V) . Radon measures singular w.r.t. || V|| such that

iV = By VI + (64 V) -

It follows from our calculations above that, in the regular case, the A;;, are connected to the Radon-Nikodym
derivative of 6;; V w.r.t. || V|| through the linear equations

Biji(x) = Ajj(x) +/

Ga,

Sjk dVX(S) Z Aqiq(X) . (57)
n q

Lemma 5.4. Let ¢ be a nxn nonnegative definite and symmetric matrix, andlet b = (by;) € R™ . Let us consider
the set of n’ equations of unknowns (aijx); j k=1..n

a,-jk+c]-k2aq,~q=b,-jk, fori,j,k=1...n. (5.8)
q

Then the unique solution of the system is
i = by — e[+ ) H;, (59)
where H = (Hq, ..., Hp) is defined by H; := > g baig-
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Proof sketch. The proof is split in two steps. First, one has to show that the matrix I + c is invertible (this
follows from the fact that ¢ = |, GarS dv(S) and by an application of Jensen’s inequality). Second, by plugging
(5.9) into (5.8) and by using the matricial identity

T+co) ' -T+cI+c)t=0.

An immediate consequence of Lemma 5.4 is the following proposition.

Proposition 5.5. Let Q C R" be an open set and let V be a d-varifold in Q with bounded variations By €
LY(||V||). Then the linear system (5.7) admits a unique solution {A}]{k} c LY(||V|) that additionally satisfies the
symmetry property A}}{k = A}fq- foralli,j,k=1,...,n. The collection of functions A}l{k is called weak curvature
of V.

From the definition of weak curvature, that is incorporated in Proposition 5.5, we derive the definition of weak
second fundamental form

4 1
Biji =5 (Aijic + Ajikc = Aij)

Similarly as before, we fix three non-negative kernel profiles p, {,n € Ry — Ry of class C 1 with the
properties listed below:
o forallt=1,p(t) =&(t) =n(t) =0;
e pisdecreasing, p’(0) = 0, and fRn p(x])dx = 1;
o &(t)>0forallo<t<1,and [p, &(x|)dx = 1.
Then we set p¢, &, e as usual. Given any d-varifold V = |V|| ® vx and € > 0O, the following quantities are
defined for || V||-almost every x:

Ce 63V *

V,e ¢ Oijk Pe (

ik =T C VI*E 5.10)
B Cp [IV][ *&e

ve (Jo, SHav-©IVI) *ne o
G = VT *ne : :
ALE = B -t [(1 + cV’S)‘lﬂZiﬂ , (5.12)

vie_1/,v, v, v,
B’ = 3 (Aijkg + A - Akijg> . (5.13)

We stress that the regularized weak fundamental form can be defined for any varifold V, even when V does not
have bounded variations! We state here one of the results proved in the forthcoming paper [3], as an example
showing that we can essentially recover similar convergence results as those proved for the approximate mean
curvature.

Theorem 5.6. Let Q C R" be an open set and let V be a rectifiable d—varifold with bounded variations.
Then, for ||V|-almost any x € Q the quantities B-¢(x), c"(x), M"-¢(x), AV¢(x) respectively converge to
BY (), cV(x), M (x), AV (x) as € — 0.

6 Natural Kernel Pairs and Numerical Tests

6.1 Natural Kernel Pairs

Up to now we have considered generic pairs (p, &) of kernel profiles, with various regularity assumptions (see
Hypothesis 1). One might ask if some special choice of kernel pairs could lead to better convergence rates than
those proved in Theorems 3.4 and 3.6. Although the pairs (p, p) seem quite natural, as they allow for instance
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some algebraic simplifications in the formula for the e-mean curvature for a point cloud varifold, from the
point of view of numerical convergence rates there are more appropriate choices.

We propose a criterion for selecting the pair (p, ), that is related to what we define as the natural kernel
pair property, or shortly (NKP).

Definition 6.1 (Natural Kernel Pair). We say that (p, &) is a natural kernel pair, or equivalently that it satisfies
the (NKP) property, if it satisfies Hypothesis 1 and

&(s) = —w foralls € (0,1). 6.1)

Even though it is not clear whether the (NKP) property might produce better convergence rates in the previ-
ously mentioned theorems, we have an experimental validation of its effectiveness. Indeed, all the tests that
we have performed have shown increased convergence rates, even in presence of noise. We now sketch the
heuristic argument leading to Definition 6.1.

Given 1 < d < nand p, ¢ as in Hypothesis 1 we set

fip®tttdt ¢,
p.§ = = C.

C[leoerar G
We fix a d-dimensional submanifold M c R” of class C* and define the associated varifold V = v(M, 1).
Then we perform a Taylor expansion of the difference HK g’s(x) - H(x) at a point x € M (here H(x) denotes
the classical mean curvature of M at x). By focusing on the expression of the constant term of this expansion,
which must be 0 because of Theorem 3.3, one can see after some computations that it is proportional to

/01 (sp'(s) +d C, ¢ £(s)) s ds,

see [4]. On one hand, this integral is O for any kernel pair (p, &), as shown through an integration by parts
coupled with the definition of the constant C, ;. On the other hand one might want to strengthen the nullity
of the integral by additionally requiring the nullity of the integrand. This precisely amounts to require (6.1)
and thus leads to Definition 6.1.

6.2 Numerical Tests

In this section we provide numerical computations of the approximate mean curvature of various 2D and
3D point clouds. In particular, we illustrate numerically its dependence on the regularization kernel, the
regularization parameter &, and the sampling resolution. Our purpose is not a thorough comparison with
the many numerical approaches for computing the mean curvature of point clouds, triangulated meshes, or
digital objects, this will be done in a subsequent paper for obvious length reasons.

Given a point cloud varifold Vy = Z]Ai 1 M;bx; ® 8p, its orthogonal approximate mean curvature is given
by

HVN’l(XjO) - /PGG HPJ_HK[}’E(X]'O)dVXio(P)
d,n

p.é.e
N
, (1= x| Hp.(Xj—XjO)
>ty (50 mpy (M

G
- X = %
D L lxg-x e} M8 ( T )
=1

Co
We focus on the orthogonal approximate mean curvature, for it is at a given resolution more robust with
respect to inhomogeneous local distribution of points than the approximate mean curvature, and as it can

(6.2)
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even be seen directly on simple examples. Take indeed a sampling {x,-}’l\’ of the planar line segment [-1, 1] x

{0} with more points having a negative first coordinate, and let P; = P = {y = 0}. Assume that there exists jo

HP}- (x-x;,)

such that x;, = (0, 0). Then the sum of all vectors is nonzero, whereas its projection onto PL is zero,

e
which is consistent with the (mean) curvature of t}le] C(})Or‘ltinuous segment at the origin.

The formula above involves densities m;, the computation of which for a given point cloud being a ques-
tion we have not focused on up to now, despite it is an important issue. Nevertheless, if we assume that
m; = m(1+o(1)) whenever x; belongs to the ball B. and for some constant m possibly depending on Be, then
we can cancel m; from formula (6.2) up to a small error. This justifies the following formula approximating

the value of Hg%i (xj,):

N
;[ 1% = x| p, (x; - xj,)
_Zl{"‘f""b‘“}p( € )HPL( |;(J'_Xio|

j=1

Jo

N
1X; = x|
> Loy <) €6 (7‘9 :

j=1

c
Hv i 0g,) = &
p

p.é.e (6.3)

The advantages of Formula (6.3) are numerous: it is very easy to compute, it does not require a prior
approximation of local length or area, it does not depend on any orientation of the point cloud (because the
formula is grounded on varifolds which have no orientation) and as we shall see right now, it behaves well
from a numerical perspective.

In the next subsection, we study how this formula behaves on 2D point cloud varifolds built from para-
metric curves, for different choices of radial kernels and various sampling resolutions. The last subsection is
devoted to 3D point clouds.

6.2.1 Test shapes, sample point cloud varifolds, and kernel profiles

In [4] we have tested the numerical behavior of formula (6.3) for different choices of 2D parametric shapes,
kernel profiles p, &£, number N of points in the cloud, and values of the parameter € used to define the kernels
pe and &. Here we only present a selection of those tests. We denote as Nyjgp, the average number of points
in a ball of radius € centered at a point of the cloud. The chosen, 2D parametric test shapes are (see Figure 1):

(a) A"flower" parametrized by r(6) = 0.5(1 + 0.5 sin(66 + J));
(b) An "eight" parametrized by x(t) = 0.5 sin(t) (cos t + 1), y(t) = 0.5 sin(t) (cost - 1), t € (0, 2m).

We test formula (6.3) with some profiles p, ¢ defined on [0, 1]:

the “tent” kernel pair (0tent, Ptent)s With prent(r) = (1 = 1);

the “natural tent” pair (0tent, &tent), With &rene(r) = _%rpi‘ent(r) =r;
o the “exp” kernel pair (pexp, Pexp), With pexp(r) = exp (—ﬁ);

the “natural exp” pair (Dexp, &exp), With Eexp(r) = = 2rpey, (1).
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(a) (b)

Figure 1: some 2D parametric test shapes

Notice that pexp, &exp satisfy Hypothesis 1; on the contrary, pen; is only in WL and &tent iS not even contin-
uous.

To define point clouds from samples of these parametric test shapes, we use two approaches:
e either we compute the exact tangent line T(t) € G1,, at the N points {0, h, 2h,...,(N - 1)h} for h = ZW”,

and we set
N

Vi = Z M58 (i) y (i) © Sy » (6.4)
j=1

e or we compute by linear regression a tangent line T?’? € G, at each sample point and we set

N

Vy = Z m,-6(x(jh)’y(,~h)) ® 5Tapp(jh) . (6.5)
j=1

For all shapes under study, the exact vector curvature H(t) can be computed explicitly and evaluated at jh, j =
0...N - 1. To quantify the accuracy of approximation (6.3), we use the following relative average error

N Vn ;
1 o [H)% (%) - H(h))|
Erel - P,s(,t‘—' , (6.6)
N Zj=1 [Hllo

where x; = (x(jh), y(jh)).

6.2.2 Numerical illustration of orthogonal approximate mean curvature

We first test formula (6.3) on the flower with exact normals. We represent in Figure 2 the curvature vectors
computed for N = 10° points and £ = 0.001 with the natural kernel pair (pexp, éexp). Arrows indicate the
vectors and colors indicate their norms. Remark that the sample points are obtained from a uniform sampling
in parameter space (polar angle), therefore sample points are not regularly spaced on the flower. Still, these
spatial variations are negligible and (6.3) provides a good approximation of the continuous mean curvature,
as we already know from Theorem 3.6, and as it will be illustrated numerically in the next section.

6.2.3 Convergence rate

In this section, we compute and represent the evolution with respect to the number of points N of the relative
N s )= . . .
average error E™! = % Zfi 1 w for the orthogonal approximate mean curvature vector (6.3) of point

cloud varifolds sampled from the parametric flower. We compare the convergence rate of this error for the
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Figure 2: Orthogonal approximate curvature vectors along the discretized flower. Arrows indicate the curvature vectors and
colors indicate their norms.

above choices of kernels pairs; more specifically we compute the convergence error for the varifold defined in
(6.4) both in the case where T(jh) is the exact tangent and in the case where TP is computed by regression
in an R—neighbourhood, with R = £/2 (this situation is labelled as "regression" in all figures).

Theorem 3.6 guarantees the convergence under suitable assumptions of the orthogonal approximate
mean curvature H;/’";,’lgi, and even provides a convergence rate. First, it is not very difficult to check that in
the case where the point clouds are uniform samplings of a smooth curve, then the parameters d; ; and n;
of (3.10) are of order % As we already pointed out, our sampling is not globally uniform, but locally almost
uniform and we expect the same order for d; ; and n;. As for d; ; in (3.11), if the tangents are exact, then d; ,
is also of order %, otherwise, it depends essentially on the radius of the ball used to perform the regression.
Here we set R = ¢/2, which is not a priori optimal. If we want to estimate the mean curvature at some point
x of the curve, then we will apply formula (6.3) to the closest point in the point cloud, which is at distance of
order 4 to x (this corresponds to what is denoted |z; - x| in Theorem 3.6). To summarize, according to these
considerations together with Theorem 3.6, we expect to observe convergence under the assumption

1
— 0
Ne

with a convergence rate of order Nig + g, at least in the case where the tangents are exact. We start with
1/4

studying two different cases: first with Nie = N4 where we expect convergence with rate at least N-*/%, and
then with ﬁ = 0.01, for which Theorem 3.6 is not sufficient to guarantee that convergence holds. In both
cases, we focus on % which is the leading term.

We use a log-log scale to represent the resulting relative average error (6.6) as a function of the number
of sample points N for € = % (Figure 3(a)) and € = (1—1\?)3/4 (Figure 3(b)). We remark that the number N, of
points in a neighborhood B (x) is proportional to €N, which takes the values 100 and 10°/“N'/*, respectively,
for the above choices of €. Interestingly, the experiments show a good convergence rate when choosing a nat-
ural kernel pair, even in the cases when ﬁ is constant (thus when it does not converge to 0!). Furthermore,
the convergence using natural kernel pairs and approximate tangents computed by regression is even faster
than when using exact tangents and the tent kernel. We recall that the tent kernel does not satisfy Hypothesis
1 since it is only Lipschitz, nevertheless the corresponding natural pair (0¢ent, étent) Shows the same conver-
gence properties as the smooth natural pair (pexp, &exp)- This suggests that the (NKP) property is even more
effective than the smoothness of the kernel profiles. Finally, when the tangents are not exact the convergence
is slower. This is consistent with the fact that parameter d; , in (3.11) depends on the radius R of the ball used
to compute the regression tangent line (we recall that R = £/2) which represents an additional parameter to
be possibly optimized.
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Figure 3: Average error (log-log scale) for the orthogonal approximate mean curvature of the subsampled parametric flower, for
increasing values of N, and with either e = % (left) ore = ( )3/4 (right). The number of points in the neighborhood used for
estimating the curvature is constant for the left experiment, and scales as 10N/# for the right experiment.

6.2.4 The approximate mean curvature near singularities

Here we illustrate the specific features of the approximate mean curvatures H 20,8 and H, v, L{ near singular-

ities. Consistently with the properties of the classical generalized mean curvature of varifolds, H £.0,E and
H” pJ‘g both preserve the zero mean curvature of straight crossings, as confirmed by the experiment on the

"eight" (see Figure 4). In this case using H,® v, L does not affect the reconstruction of the zero curvature at the
crossing point, while it has the advantage of belng more consistent at regular points.

osf . .

6.76333

3.38168

3.13862e-05

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 4: Curvature vector and intensity computed with the natural kernel pair (0exp, éexp) on the eight sampled with N =
10000 points and with e = 100/N = 0.01, with exact tangents. For visualization purposes we only show 5% of the points
in the cloud.
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More generally, our model is able to deal correctly with singular configurations whose canonically asso-
ciated varifold has a first variation § V which is absolutely continuous with respect to || V||. To illustrate this,
we show the results of some tests performed on a union of two circles with equal radius and on a standard
double bubble in the plane.

First, we compare the behavior of H, g & and H Z /J;, ¢ in a neighborhood of an intersection point of the two
circles (see Figure 5). From the point of view of pointwise almost everywhere convergence, both approximate
curvatures behave equivalently well, since the error in the reconstruction of the curvature is localized in an e-
neighborhood of the crossing point. On one hand, due to the linearity of the first variation 6V, the expected
curvature H of the union C; U @G, of the two circles at the crossing point p is the average of the curvatures
H; and H, of, respectively, C; and ©, at p. Indeed 6V = H; de-flle1 + H, dﬂf‘lez, whence one deduces that

H(p) = w and if p is an intersection point of the two circles, |H(p)| = v/3 ~ 1.73 which is consistent
with the numerical value obtained at p (see Figure 5 (b)). On the other hand, the crossing point is negligi-
ble with respect to || V|| and therefore the pointwise value of H(p) is not relevant in the continuous setting.
Nevertheless, in the discrete setting there is a significant difference between the two proposed definitions of
approximate mean curvature. More precisely, the one provided by H ;’ 0,& enforces a continuous mean curva-
ture even at the crossing point, where one obtains the expected average value H(p) = w, see Figure 5

(b), whereas continuity cannot hold for HX;;J}’ as one can see in Figure 5 (c).

1.99991 0.455 1.99991

WWQHW

0.43
e 0.425 \ /
-0. ¢ 0.42
06 0.415

0.926446 0.926446
-06 -04 -02 0 0.2 04 06 -0.02-0.015-0.01-0.005 0 0.005 0.01 0.015 0.02

(@ (b)

0.45 1.99991
0.45
0.445
0.44
0.435

1.45846
0.43

o %

0.415|

0.917004
-0.02-0.015-0.01-0.005 0 0.005 0.01 0.015 0.02

(©

Figure 5: Curvature vector and intensity computed with the natural kernel pair (pexp, &exp) On two intersecting circles sampled
with N = 10000 points and with € = 100/N = 0.01, without projection onto the normal in (a) and (b) and with projection on (c).
Tangents are exact.
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Figure 6: Curvature vectors and intensities computed with the natural kernel pair (pexp, &exp) on a standard double bubble
(radii 1 and 0.6) sampled with N = 800 points and with € = 0.15, without projection onto the normal in (b) and with additional
averaging of the curvature at scale 2¢ in (c). Tangents are computed by regression.

(@ (b)

(©)

Figure 7: Curvature vectors and their intensities computed with the natural kernel pair (pexp, €exp) on sampled 3D-double bub-
bles (show in full and partial views). In Figure a), the bubble has external caps with radii 0.7 and 1, is sampled with N = 34378
points, and the computations are made with € ~ 0.111. The curvature vectors (with minus sign for the sake of readability) are
shown only for the points which are closest to the singular circle. In b) and c), the double bubble has externals caps with same
radius 1, is sampled with 33275 points, and € ~ 0.131. All curvature vectors (with minus sign) are shown in c). To improve the
visualization, points are shown with larger size in b) and c).

Second, we consider a standard double bubble in 2 dimensions (see Figure 6(a) and [11] for details on
double bubbles), whose radii of the external boundary arcs are, respectively, 1 and 0.6. The corresponding
point cloud varifold V is obtained by a uniform sampling of 800 points taken on the three arcs of the bubble,
each endowed with a unit mass and tangent computed by regression. Again, we choose (pexp, &exp) as natural
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(b) Zoom in on dragon’s tail (c) Zoom in on dragon’s head

Figure 8: Intensities of the approximate mean curvature of a dragon point cloud (435 545 points, diameter= 1) with € = 0.007.
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(a) approximate mean curvature (b) approximate Gaussian curvature

Figure 9

kernel pair, and £ = 0.15. Figure 6(b) shows the curvature vectors and intensities of H g 0.& (up to a fixed
renormalization that is applied for a better visualization). In order to get rid of the oscillation of the curvature
near the singularities (as it occurred in the previous test, see again Figure 5) we have also applied a simple
averaging of the reconstructed curvature at the scale 2&, which gives the nicer result shown in Figure 6(c).
We remark that the curvature vector defined on points that are very close to the theoretical singularity is
consistent with the one obtained by direct computation on the (continuous) standard double bubble. More
precisely, we obtain a numerical value of (0.107, —0.809) for the mean curvature near the singularity shown
in Figure 6, to be compared with the expected value (0, —0.839), hence with a relative error of 13%. If we redo
the same experiment but with twice the number of points, that is N = 1600 and € = 0.075, we get a relative
error of 7%.

Further pictures showing approximate mean curvatures of standard double bubbles in 3D and of a “clas-
sical” point-cloud dragon are presented in Figures 7 and 8. Then, we conclude with Figure 9 showing the
approximate mean and Gaussian curvatures of a torus.
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