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Abstract

In this paper we analyze the capacitary potential due to a charged body in order to deduce sharp analytic
and geometric inequalities, whose equality cases are saturated by domains with spherical symmetry. In
particular, for a regular bounded domain ) — R”, n > 3, we prove that if the mean curvature H of the
boundary obeys the condition

1 n—2 H 1 n—2
- < < ,
[Cap(ﬂ)] n—1 [Cap(ﬂ)]

then Q) is a round ball.
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1 Introduction and statement of the main result

In this work we are interested in studying the analytic and geometric properties of a solution (€}, u) to the
following problem

Au = 0 inR"\Q,
u=1 onoQ, (1.1
u(x) - 0 as|x| - +o0.

In classical potential theory, the bounded domain Q) is interpreted as a uniformly charged body and
the function u is the electrostatic (or capacitary) potential due to (). The basic properties of solutions
to (1.1), such as existence, uniqueness, regularity, validity of maximum and minimum principles as well as
asymptotic estimates, are of course very well known and for a systematic treatment, we refer the reader
to [34, 31]. In order to introduce our main results, we specify our assumptions on the regularity of both the
domain () and the function u with the following definition.

1.1 Definition. A pair (), u) is said to be a regular solution to problem (1.1) if

* O c R, n = 3, is a bounded open domain with smooth boundary. Without loss of generality, we also assume
that Q) contains the origin and R™\Q) is connected.

* The function u: R™\Q — (0, 1] is a solution to problem (1.1), it is C* in R"™\Q) and analytic in R™\Q.

Before proceeding, we point out that the assumption about the connectedness of IR*\Q) is not restrictive. In
fact, since () is bounded, the set R"\() has one and only one unbounded connected component. The other
ones are then forced to be compact so that u has to be constant on them. In other words, these connected
components are completely irrelevant to the analysis of problem (1.1) and the above definition allows us to
simply ignore them.



In order to fix some notation as well as some convention, we recall that the electrostatic capacity associated
to the set () is defined by

. 1 .
Cap(Q2) = 1nf{ WJ.W\Dw\ZdU weCPMR"), w= ImQ} ,

where |S"71| is the area of the unit sphere S"~! in R" and do is the hypersurface measure in R". Tt is
well known that the capacity of () can be represented in terms of the capacitary potential u by means of the
following formula

1
Cap() = G T Lo,

We recall that if () is a round ball centered at the origin, then the capacitary potential u is radially symmetric

|Du|do, (1.2)

and it is given by the explicit formula u(x) = Cap(Q)) \x|2_". For more general domains, u satisfies the
following asymptotic expansions as |x| — o

u Cap(Q)|x\27" -(1+0(1)),
Diu = —(n—2)Cap(Q)|x|™"x; - (1 +0(1)), (1.3)
Dl-zju = (n—2)Cap(Q)|x| 727" (nx;x; — |x\2g]l-1}n) -(1+40(1)).

We point out that, using these estimates, one easily proves that the sets {u = ¢} for small values of ¢ > 0 are
diffeomorphic to a sphere, and that their hypersurface area has the following behavior

f do = [LP(Q)]E 15" +o(e™52). (1.4)
{u=e}

€

To introduce our main result, we recall that in the recent work [2] the authors prove the monotonicity
along the level sets of u of suitably chosen functions Uy, p = 2 —1/(n — 1), and use it to prove the following
sharp inequality

_ (=001

1571 [Cap())'~ T < | P

n—2

LP(8Q))
An interesting feature of this inequality is that it comes together with a rigidity statement. In fact, as soon as
the equality is fulfilled, everything is rotationally symmetric. Finally, letting p — 400, one deduces

1

[Cap()] "= < max

n—Z"

However, a priori it is not clear if the rigidity statement holds true for this inequality. Our main result
answers in the affermative to this question.

1.2 Theorem. Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1. Then the following
1

inequality holds
u n—2
— < — . .
Cap(Q) = (“a‘?{‘ n72> (1)

Moreover, the equality is fulfilled if and only if () is a ball and u is rotationally symmetric.

The proof of a slightly extended version of Theorem 1.2 (see Theorem 2.6) will be presented in full details
in Section 6. However, before proceeding, it is important to remark that the new rigidity statement is
obtained by exploiting the peculiar geometric features of the new method (spherical ansatz), in contrast
with the method employed in [2] (cylindrical ansatz), for which this result was clearly out of reach. For
further comments about the way the rigidity is proven and for a more detailed comparison between the two
methods, we refer the reader to Section 2.

It is worth pointing out that in dimension n = 3, a proof of Theorem 1.2 has already been provided by
Payne and Philippin in [41, Formula (3.24)]. This 3-dimensional proof is based on [41, Theorem in Section 2]
and the well known Poincaré-Faber-Szegt inequality

0l < TiCap()P, 16)
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which holds on every bounded domain of R3, see [42, Section 1.12]. The proof in [41] can be extended to
any dimension n > 3 using the following generalized version of (1.6) (see for instance [33])

( ”?nl‘ )TS Cap(Q)), (1.7)

where B" < R” is the n-dimensional unit ball. This inequality has also been extended to conformally
flat manifolds in [25, Theorem 1]. However, this is not enough to generalize the approach of Payne and
Philippin beyond the Euclidean setting, since the computations in [41] make use of integral identities that
exploit the peculiar structure of R".

In contrast with this, we emphasize that the proof proposed in the present work is self-contained,
provides a clear geometric interpretation of the result (see Theorem 2.5), and does not depend heavily on
the structure of R". In view of these considerations, it is reasonable to believe that the method described
in this work could be successfully employed to study a much wider family of problems. For instance, it
should be possible to adapt with minor changes the present techniques to treat the exterior problem on a
complete nonparabolic Riemannian manifold with nonnegative Ricci tensor (here the nonparabolicity of the
ends is needed in order to guarantee the existence of an exterior solution to the analogue of system (1.1)).
Another promising direction of research would consist in using the spherical ansatz to investigate other
types of elliptic problems. As a relevant example, we recall that the cylindrical ansatz introduced in [2]
to study problem (1.1), has been employed in [4] to establish some relevant geometric inequalities in the
context of static metrics in general relativity. These and other natural questions will be the object of future
investigations.

From the previous discussion, it is clear that one of the main focuses of this paper is on the method
employed. For this reason, in the next section we will explain in more details the strategy of the proof,
postponing to Section 8 the discussion of the consequences of Theorem 1.2. Here we limit to single out one
of the results that we believe of particular interest, which is the following completely geometric sphere
theorem.

1.3 Theorem. Let QO < R" be a bounded domain with smooth boundary and n = 3. Suppose that

1

’[Eigﬁﬁ]wqg = [cﬂio>]%2'

Then 0Q) is a sphere.

This result can be interpreted as a version of the celebrated Alexandrov’s Soap Bubble Theorem, where
the constancy of the mean curvature is replaced by a pinching condition. Further comments, together with
the proof of this result, can be found in Section 8, see Corollary 8.6.

2 Geometric methods and strategy of the proof

In this section we outline the strategy of the proof of the previously mentioned results and we set up some
notations. This gives us the opportunity to describe in details the analogies and differences between our
method and the one introduced in [1, 2], hoping that this comparison will be useful for further applications.

2.1 Spherical ansatz vs cylindrical ansatz

The method presented in [1, 2] relies on a geometric construction called cylindrical ansatz. One starts from
the simple observation that the Euclidean metric gr» can be written as

2
2 2 -2 2 T n—2
gwe = dlx| @dlx| + [xPggis = [x? (12 2dlx] @dlx| + gorm1) = [xPPgept = 1ty "7 gy,

where gy is the cylindrical metric on R"\{0} and we have denoted by ug(x) = \x|2_” the rotationally
symmetric solution to problem (1.1) when () is a ball centered at the origin with radius 1. With this in mind,
given a generic solution ((, u) to problem (1.1), one is lead to consider the ansatz metric

2
g = un—z g]R”/




and study under which conditions g is actually cylindrical. To proceed, one sets ¢ = log(u) and notices that,
when (), u) is a rotationally symmetric solution, then V ¢ represents the splitting direction of the cylinder.
For this reason, the strategy of the proof in [1, 2] is to find suitable conditions under which some splitting
principle applies. When this is the case, one recovers the rotational symmetry of the solution (), u).

In this work, we introduce a different geometric construction, called spherical ansatz, and we aim to
investigate its consequences along the same lines as the ones just described for the cylindrical ansatz. The
main difference is that this time the rigidity statements will be deduced from a suitable sphere theorem instead
of a splitting principle. To be more concrete, we indicate with " = {(z!,...,z"*1) e R"*1 : |z]?2 = 1} the
unit sphere sitting in the Euclidean space R"*! and with N its north pole (0,...,0,1). We let then 7t be
the stereographic projection that maps conformally S™\{N} onto the n-dimensional plane {(z!,...,z"*1) €
R*+1 ¢ 2"+ =0}, Wesetz' = (z!,...,2") and recall the precise formulze:

m: S\{N} — R" 771 R" — S™\{N}
2
(), 211 z/ N 2% |x[F -1 .
1—zntl 2+ 17 x> +1

Pulling back the standard round metric gs» (i.e., the one induced by the Euclidean metric gg«+1 on the unit
sphere 5") one obtains on R" the metric gspp, = (= 1)*ggn, so that (R”, gsph) is isometric to a sphere, except
for a missing point. The explicit form of such metric is

2 2
_ 2 2
gsph = (7T D*ggn = (2) SR = | ——= | 8r™/
1+ |x\ 1+ g n—2

where we recall that uo(x) = |x[*~". Therefore, starting from a generic regular solution (), u) to prob-
lem (1.1), we are lead to consider the ansatz metric

2
2
g: <2> g]Rn . (2'1)
1+u 2

In order to obtain rigidity statements, we need to investigate under which conditions the Riemannian
manifold (R™\Q) is isometric to an hemisphere. This will imply in turn the rotational symmetry of both
Q) and u. As anticipated, sphere theorems will play here the same role as the splitting principles in the
cylindrical ansatz situation.

2.1 Remark. It should be noticed that if the domain Q) is actually a ball of radius p, then the solution u is rotationally
symmetric and it is explicitly given by u = p"~2|x|>~". On the other hand, from (1.3), one has that

u = Cap(Q)[x*™",

s0 that the radius p can be computed in terms of Q) according to the formula

1

p = [Cap()]"=.

In this case, formula (2.1) rewrites as

( 2
1+ [Cap(Q

— [Cap(Q)]72 (

2
— 2) cdl@dxl .+ A dx" =
)2 x|

2
2
1+¢]

2
) dF'@dE + ...+ dE"®dE" = [Cap(Q)]72 goph s

1
where in the second equality we have used the change of coordinates ¢ = [Cap(Q))]"—2x, and in the last equality we
have used the definition of gspn. This means that, in general, in what concerns the rigidity statements, we expect the

manifold (R"™\Q), g) to be isometric to a round hemisphere of radius p = [Cap(Q)]l/ (n=2),



In the case under consideration, it seems reasonable to proceed in the direction of the classical Obata rigidity
theorem [40, Theorem A], according to which a necessary and sufficient condition for a closed manifold to
be isometric to a unit-radius sphere is to admit a function f satisfying the condition V2f = —fg. On the
standard sphere S”  R"*! such condition is verified by the restriction to the sphere itself of any coordinate
function of R"*1. So in our case it is natural to supplement the ansatz metric ¢ with a function f that is the
candidate to trigger the rigidity theorem. In order to find such a function, we turn ourselves again to the
model case and consider the function

B |x|2_1 B uo_n—z_l

fo(x) = (T H* 2" ) (x) = "o (x) = P i 2.2)
x|°+1 uy "+ 1
Given a generic solution (), 1) to (1.1), it will then sound reasonable to set
_2
fowol ftanh<logu) 2.3)
u 241 n—2

and study the equations it solves. In light of the above formulee, and depending on the context, it will be
convenient to consider f either as a function of u or as a function of the point x, hopefully without confusing
the reader. Similarly we will possibly consider u as a function of either f or x, depending on the context.
In order to understand the domain of definition as well as the range of f, we observe that by the classical
strong maximum principle (see for instance [24]), when the point x varies in R"\(}, the function u(x) takes
values in (0, 1). On the other hand, it is clear by formula (2.3) that f is strictly decreasing as a function of
u. Moreover it is equal to 0 on dQ), tends to 1 as |x| — oo and takes values in (0, 1) when its argument is
ranging in R"\Q. A consequence of this fact is that the level sets of both u and f are compact, which in
turn implies that the set of regular values is open in the codomain. By Sard’s lemma it is also a set of full
measure, so in particular it is dense. Also, by construction, f and u share the same level sets (although with
opposite choices of sublevel sets) and each of them is regular for either both or none of u and f.

As we will show in Section 3, the relation between the ansatz metric ¢ and the Euclidean metric gr» can
be expressed in terms of f as

g§=0-f) gr,

so that the original problem (1.1) can be rewritten in terms of f and g as

2
Y R,
2
Rie = 123 v + 1 (1) ¢ R, s
f=0 on 0Q),
flx) —>1 as |x| - +.

It is important to notice that the second equation in the above system, corresponds to the identity Ricg,, = 0,
that was hidden in the original formulation of problem (1.1).

In what follows we will focus our analysis on system (2.4), and then we will translate our results in the
original formalism in order to prove Theorem 1.2. It should be mentioned that the study of problem (2.4)
has some interests on its own. In fact, similar systems are obtained through the application of a cylindrical
ansatz argument to other problems, as in the already cited [1, 2, 4] and also [14, 15]. The second equation
in (2.4) shares also some analogies with the formulze arising in the study of quasi-Einstein metrics in the
sense of the Bakry-Emery Ricci tensor [8, 48]. Finally, we take the opportunity to point out that works
such as [23, 13] already introduced the idea of rescaling the potential u in order to obtain a new function,
satisfying an equation analogue to the first in (2.4), which is then shown to verify some spherical rigidity
property. The novelty in the approach presented in this paper and in [1, 2] is the combination of such a
rescaling with an opportune conformal change of the metric.

In order to simplify the references for the forthcoming analysis, we observe that in the new conformal
framework the counterpart of Definition 1.1 is given by the following

2.2 Definition. A triple (Q), f, g) is said to be a regular solution to system (2.4) if



e O c R" n > 3, is a bounded open domain. Without loss of generality, we also assume that C) contains the
origin and R™\Q) is connected.

* The function f: R™\Q — [0,1) and the Riemannian metric g defined on R™\Q) satisfy system (2.4). The
function f and the coefficients of the metric § —whenever the latter are expressed with respect to standard
Euclidean coordinates—are C* in R"\Q), and analytic in R"\Q).

In order to make the new formulation more familiar, we observe that taking the trace of the second equation
in (2.4) one finds that the scalar curvature R of g verifies

2
V£l
1-—f2°
As already noticed, when () is a ball, we have that g is the spherical metric, hence R is constant on the

whole R™\Q). This suggests that, when looking for rigidity results, it is natural to investigate under which
conditions one can conclude that the quantity

2
|Vf‘g _ u_zg
1—72

is constant. In fact, this quotient will play the role of what is called a P-function in the literature about
overdetermined boundary value problems.

R=mnn-1)

(2.5)

Du ?

n—2

2.2 Outline of the proof

We are now in the position to outline the analysis of the regular solutions of system (2.4), focusing on the
key points. This gives us the opportunity to present some intermediate results that we believe of some
independent interest. It is important to keep in mind that these results are based on Definition 2.2 and have
no “knowledge” of the original function u.

Combining the Bochner formula with the equations in (2.4), we prove in Section 4 that the vector field

SN S— 22 _ Vf2
X = A-NHa+T (V\Vflg nAngf) = (1+f)”‘2v (1f2 (2.6)

has nonnegative divergence. This fact admits two different interpretations, which we leverage to obtain
two different classes of results, one based on the divergence theorem and the other based on the strong
maximum principle.

Monotonicity via divergence theorem. On one hand, one can integrate dive X between two different level
sets of f and obtain by Stokes’ theorem that the quantity § (f=s) (X \vg>g doyg is monotonic. In turn, this fact

leads to the monotonicity of the function

1
0.1) 35— ®) = —— o | VI, 2.7)
(1—s2) 7 J{f=s}

which is the content of the following theorem (notice that the fact that ® is well defined is an easy conse-
quence of the analyticity of f and g, as we will prove in Section 5).

2.3 Theorem. Let (Q), f,g) be a regular solution to problem (2.4) in the sense of Definition 2.2. Then the function ®
defined by (2.7) is differentiable and, for any s € [0, 1), it holds

n+2

1-2)Tal(s) = 2 U{f }\Vf|§,Hgdag+(n—1)1_57S2Lf }Vf|§dag} <0, 2.8)
=S =S

where Hyg is the mean curvature of the hypersurface {f = s} computed with respect to the normal pointing towards
{f = s} and the metric g. In fact, the left hand side is increasing in s and it tends to zero as s — 1. Moreover,
®’(s) = 0 for some s € [0,1) if and only if Q) is a ball and f is rotationally symmetric.

Translating Theorem 2.3 back in terms of # and gr«, one obtains the following result.



2.4 Theorem. Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1. Then, for all t € (0,1],

it holds o Dyl
Duz[ —7M] do = 0. 2.9
J;14=t}‘ | n—1 (nm—-2u 29)

Moreover, equality is fulfilled for some t € (0,1] if and only if () is a ball and u is rotationally symmetric.

The proof of formula (2.8) and its equivalence with (2.9) is treated in Section 5. The equality case is shown
to imply that divg X = 0, which in turn implies that V2f = Ag, for a certain function A € C*°(M). This can
be used as the start to trigger a rigidity argument, which is fully discussed in Section 7. It should be noticed
that Theorem 2.4 is not a new result. The original proof appeared in [1] as an application of the cylindrical
ansatz, and a second proof of the same result, based on some basic inequalities for symmetric functions,
is shown in [11]. We also remark that Theorem 2.4 has been vastly extended in [2]. In fact, our function
®(s), rewritten in terms of u and gRs, coincides, up to a constant, with the function Us(t) defined in [2]. As
stated in the introduction, in [2] the cylindrical ansatz is used to prove the monotonicity of an entire family of
functions Uy (t) indexed on p > 2 —1/(n — 1), while it seems that the spherical ansatz helps to recover the
monotonicity only for p = 3.

Rigidity via strong maximum principle. On the other hand, the divergence of X can be seen as a positive
definite elliptic differential operator of the second order in divergence form, applied to the function

IV£I3 R

1—-f2  nn-1)"

More explicitly, recalling the definition of X given in (2.6), the inequality dive X > 0 translates in the
following elliptic inequality for the scalar curvature R of g

AR — (n—2)<% VR> > 0. (2.10)
8

This is the starting point of our second approach, that exploits a peculiar feature of the spherical ansatz,
namely the one point compactification. In fact, the present geometric construction allows one to compactify
the space R"\() adding the north pole N to its preimage via the stereographic projection. Before setting up
some notations, we recall from Remark 2.1 that, in the rigidity statements, we ultimately expect R”" \Q) to be

an hemisphere of radius p = [Cap(Q)]l/ (1=2) ‘5o that it is natural to consider the stereographic projection

Z/
T SN), — R (@2 P

where Sj is the standard sphere of radius p = [Cap(Q)]l/(”_z) and N = (0,...,0,p) € R"*! is its north
pole. The space
M = 7, (R"\Q) U {N} < S} (2.11)

is now compact. On M we define the function ¢ : M — R and the metric 7 respectively as the pull-back of
f and g, suitably extended through the north pole. More precisely, we set

Y, = (2.12)

() fomly) ifyem ' (RMNQ), (myg), ifyem (RMNQ),
Py =
1 ify=N, (gsg)‘ ify =N.
N

Using the asymptotic estimates on the function f and its derivative, it is easy to deduce (see Section 6) that
@ € C2(M), whereas the metric y has C? regularity in a neighborhood of the north pole. In particular, its
scalar curvature R, is well-defined and continuous on the whole M. It is then possible to extend the validity
of (2.10) at the north pole. In fact, we will show that R, satisfies the elliptic inequality

Vo

v

in the W'2(M)-sense. This allows to invoke a strong maximum principle, which leads to the following
result.



2.5 Theorem. Let (O, f, g) be a regular solution to problem (2.4) in the sense of Definition 2.2, and let (M, 7y) be
defined by (2.11) and (2.12), respectively. Then, for every y € M, it holds

Ry (y) < maxR,. (2.13)
oM
Moreover, if the equality is fulfilled for some y € M\OM = 1 (R"\Q) U {N}, then (M, ) is isometric to an
hemisphere of radius [Cap(Q)]l/ (n=2),
Translating Theorem 2.5 in terms of u and gr», we obtain the following extended version of Theorem 1.2 in
the introduction.

2.6 Theorem. Let (), u) be a regular solution to problem (1.1) in the sense of Definition 1.1. Then, the following
two inequalities hold

1

< | max Du
Cap(Q) ~ a0

n—2

n—2
D
) ad P4 < max |Du, 2.14)

n—1
un—2

for every x € R™\Q). Moreover, if the equality is fulfilled in either the first or the second inequality, for some x € R™\Q,
then Q) is a ball and u is rotationally symmetric.

The detailed proof of inequality (2.13) and its equivalence with formulae (2.14) in Theorem 2.6 can be found
in Section 6. Again, the equality case is shown to imply that V2f = Ag for a certain function A, and this fact
is used in Section 7 to prove the rigidity statements.

3 The conformally equivalent formulation

We will shortly detail the study of the conformally equivalent formulation of the problem that we proposed
in Section 2. Before that, let us recall a number of notational conventions.

Given Q2 ¢ R” bounded open set with smooth boundary and containing the origin, consider the unique
solution of system (1.1), then build the metric ¢ and the function f as in (2.1) and (2.3). In the following
we will use the same conventions as in [1], using the symbols {:|-), |-|, D, D? and A respectively as the
scalar product, norm, covariant derivative, Hessian and Laplacian with respect to the metric gr» and {-|-) g

|| o Vs VZ and Ay as the same objects with respect to the metric g. For the metric ¢ we also define I’f-‘-
and Ricij to be the Christoffel symbols and the Ricci tensor, whose sign is chosen so that the standard

sphere has positive scalar curvature. The notations Du and V f will also denote the gradient vector of the
corresponding functions, i.e. the composition of the covariant derivative with the inverse of the metric.

Once the framework is set up, all we have to do is to compute the relationships between the geometric
objects built on gr» and u and those built on g and f, which we shall readily do. The reader wishing to read
interesting mathematical content is suggested to skip to the next section and come back here only to verify
formulee as they desire so.

Conformal change and derivation of system (2.4). From (2.3) we have that

2 1+f
n—-2 =

u T—f

Rewriting g in terms of f therefore gives
2
2 2
8= 1+f SR = (1 7f) SR", (31)
from which it is easy to compute the Christoffel symbols:
1 n
k k k kh
L= _ﬁ(Dif(sj +Difé; — thg]R,,gi-I]-{ )-



Computing the covariant derivatives of f (and recalling that Au = 0) we obtain

4 T n—2
Df = ——- _”E > Du
(u" 2 +1)
1 [(1+f\ =
= (ﬁ) (1— f*)Du

i p(1=2-2)IDfP,

for the Euclidean case. Concerning the geometrical case, we first notice that Vf = Df, as covariant

Af =

derivation of functions does not actually depend on the metric (however |V f |§, - (1-f)7?|Df ? and,
in particular, |V f \;, g =|Df |2 gRr)- Recalling the standard formula for the hessian of a smooth function
w: RMQ — R, that is Vlz]-w = Diz]. Tk Dkw taking w = f we compute

" 1 [1+f\'T
Vif =3 szfD]f T f\Df\z & - <ﬁ> (1- f2)D2u
4 u_227; u_é 2 n

T (n—2)? (7 1172 ”Di”Df”_zm\Dul i —(n—2)uDju|,

_ 1 1 )
Agf = (17f)2Af+ (17f)3(2 n)|Df|

V£l
= (=nf)y ffz

The above relations, together with formulee (1.3), can be used to derive the following asymptotic estimates

for f
f=1-2Cap(Q)m—= 2|x| -(1+0(1)),
Vif = 4~Cap(0)m|x\7 xi-(1+0(1)), (3.2)
V3f = ~4-Cap(Q)72 |x| R - (1+0(1)).

Recalling the definition (3.1) of the metric g, from (3.2) one can also deduce the following formulee, which
will prove useful in the following

[Vl = z|x| (1+0(1))

Hy = — Cap(Q)*ﬁ x| (1+0(1)),

dog = 2" - Cap(Q) 7272 |x| 2" (1 +0(1)) - do, (33)
= [2 . Cap(())ﬁ]i1 \x|xjg%,, -(1+0(1)),
gij =4 Cap(Q)™~ 227 (14 0(1)).
We also mention that from formula (1.4) we obtain the following estimate on the area of the level sets of the

function f
n—1

J dog <Ce 2 (3.4)
{f=1-¢}

for some constant C > 0 and for 0 < & < 1 small enough. Of course one can derive a more precise estimate,
but (3.4) is enough for the purposes of this work. For future convenience, we also write down the relation



between the norm of the gradients of f and u

2 2
Wf'gz _ | D (3.5)
1—f n—2
from which the following estimate is obtained for |x| — co:
V/ls  captenl = 4 o) (36)
i p : .

Another equation that we need is the one that relates the Ricci tensor of the metric ¢ with the hessian of the
function f. Starting from formula (d) given in [10, Theorem 1.159] (who uses the opposite convention as us
for the sign of the Laplacian), one computes

. =2 2(n—2) 1 n-3 2
Ric = 1_f~D2f+ (1_f)2~Df®Df+1_f~Afgmn—(1_f)2-\Df\ SR
n—2 1 1
=1 _fV2f+ ﬁAfglR" - mmﬂzgw
) —1-f I/
=’11_fvzf+n1_ff.1if§g.

In particular, we have recovered system (2.4) stated in the introduction.

Relevant geometric quantities on the level sets. We pass now to analyze the geometry of the level sets of
u and f. Let us start from the case in which our level set is regular, for either f or u (we have already noticed
that the two notions are equivalent). We define the normal vector fields v and vy, second fundamental forms
h and hg and the mean curvatures H and Hg (already mentioned in the introduction) with respect to the two
metrics. The normal vectors are chosen to be directed outwards, namely, on a level set {u = t} = {f = s},
both v and v, point towards the exterior set {u < t} = {f > s}. The second fundamental forms are chosen
with respect to said normal vectors and stipulating that the standard sphere immersed in the Euclidean
space has positive mean curvature with respect to the normal pointing away from the origin. The exact
formulee are (in this case i and j only run along the tangential coordinates to the level set):

Du

vV = —w , hl] = <Dlv|6]> , H = gIl[]{nhijr
Y (Vo _ i
Vg = ‘Vf|g ’ (hg)ij = <V,Vg|a]>g, Hg =8 (hg)i]‘~

If {f = s} is a regular level set and p is one of its points, then the function f is a local coordinate, which can
be completed to a full set of local coordinates (f, x?,...,x") around p such that at any point of the level set
the vector fields 0« are tangent to the level set for k = 2,...,n and (9f is orthogonal to it; the coordinates

can also be taken to be all orthogonal to each other at the single point p. The coordinates x?, ..., x" are first
chosen as the usual normal coordinates on {f = s} and then extended to a small open set around p through
the flow of the vector field V f. The following relationship is then valid at any point of {f = s}:

Vf=IVflg-vg = Vfl5- o,

since 0y and V f are by construction parallel and

df(dp) = (f) =1,  df(Vf) =(VfIVf = VSl
With this choice of coordinates, the metric can be locally written as
VFI2df @df + gup(f, x)dx* @dxP,
where Greek indices range over tangential coordinates. In particular

Vflg - dvg = dog - df . (3.7)
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where v, is the measure induced by g on R"\() and 0y is the measure induced by g on the level set {f = s}.
For a regular level set {f = s} we also have

he).. =<(Viveldiy =( V vf 0 VvV _VZ
(g)ij_< Vel j>g—< im j>g |Vf\ € fle > W

Aof —8TNGf A -VAS A VEA(VE VS
V£l VAly VAl vy

Hg = 8'();; = (38)

so
2 3 3
VEF(VE,Vf) = [Vflghsf = |VflgHg = == f2 [V £lg — |V f[3Hg. (3.9)
The corresponding formula for gr», thanks to the harmonicity of u, simplifies to
D?u(Du, Du) = |Dul’H .

Let us now pass to the analysis of the nonregular level sets of u and f. First of all, since u is harmonic, it
follows from [30, Theorem 1.7] (see also [35]) that the (n — 1)-dimensional Hausdorff measure of the level
sets of u (thus also of f) is locally finite. The properness of u and f then implies that all the level sets of u, f
have finite H"~1-measure. Moreover, from [20, Theorem 1.17] we know that the Minkowski dimension of
the set of the critical points of u is bounded above by (n — 2). In particular, also the Hausdorff dimension is
bounded by (1 — 2) (the bound on the Hausdorff dimension was proved before, see for instance [29]). This
implies that, for all t € (0,1], the normal v to the level set {u = t} is defined H"~!-almost everywhere on
{u = t}, and, consequently, so are the second fundamental form & and mean curvature H. Since the critical
points of f are the same as the ones of u (as one deduces immediately from (3.5)), the same is true for the
normal vg, the second fundamental form hy and the mean curvature Hy with respect to g. In particular,
formulee (3.7), (3.8) and (3.9) hold H"1-almost everywhere on any level set of f.

4 Pointwise identities via Bochner formula

In this section we will abstract completely from the original formulation of the problem (which is sys-
tem (1.1)) and work only with triples (0, f, g) satisfying system (2.4), that we recall here:

2
aef = —n (1) 1 in RN\,
s on=2 o2 n—1—f ‘Vf|27 . ne
Ric = =% V°f + —F <1—f§ g inR™MQ, @)
f=0 on 0Q),
f(x) —>1 as [x| > +.

We also recall that, in the spherical setting, we ultimately expect that the function

- IVflz

1-f2

will be relevant in the rigidity statements, as we need to prove it is constant. Also, we expect the metric g

to be isometric to the north round half-sphere deprived of the north pole, where the function f plays the

role of the z" ! coordinate (consistently, it has value zero on dQ), which will be the equator, and goes to 1 at
infinity, which will be the north pole).

We will make use of the well-known Bochner formula, that we repeat here for the convenience of the
reader: for any smooth function f on a Riemannian manifold there holds

(%)

SV = [V2F 4+ Ric(Vf, V) + (VA V),

11



The formula is easy to prove rearranging and commuting derivatives, but see also [26, Proposition 4.15]. In
our case, using (4.1) the Bochner formula rewrites as

4

1 —f IVflg

—f —f 1-f

We can exploit this formula to find a monotonic quantity for the function f. Let us consider the vector field
X which was defined in (2.6) and which we report here again for the reader’s convenience:

! : 1 MiF
T+t (VIVﬂﬁ - ;Angf> “ +f)”_2v (1 —f82> . 4.2)

4.1 Lemma. Let (Q), f,g) be a regqular solution to problem (4.1) in the sense of Definition 2.2, and let X be the vector
field defined by (4.2). Then divg X > 0, where divg denotes the divergence with respect to the metric g (in coordinates:

dive X = V;X"). Moreover, at any point, divg X = 0if and only if V2 f = Ag for some real number A.

%Ag|vf|g \sz\g AL + VAV

Proof. We start by computing

divg X = ey | AV L8P LTI
_n{j;zz<V|Vf|§—iAngf‘Vf>g]
= w [|V2f|§ - %(Agf)2 - %<VAgf|Vf>g
+ 111:]2: (VF,Vf)+ % . ]ILfo% VALV,
-5 TR v, - 4 T v

In order to simplify this formula, we single out a couple of computations. First of all, we have
<V|Vf\§|vf>g = 8ij - Vi@ VifVif) - Vif = 288tV iaf - Vif - Vif =2V2f(Vf,Vf).  (43)

Moreover, using the equations in (4.1) we compute
1 +f2 f

(VAfIVE), = n<v ( Y 'g> Vf> I e

Putting these informations inside the formula for divy X, with some straightforward computations we
obtain

2|V Flg+

<VVf|§|Vf>g] :

. _ 2 22 1 2
divg X = e | IV )

The last inequality follows from the arithmetic-quadratic mean inequality, since if A1, ... A, are the eigenval-
ues of V2f (i.e., the principal curvatures), then |V?f |§ =Y, A?and (A f )?> = (3 A;)?. In particular, when
equality is fulfilled all A; are identical and V2f = Ag. O

We conclude this section showing that the inequality divg X can be rewritten as a second order elliptic
inequality for the scalar curvature R of g. To this end, recalling the definition of X given in (4.2) we compute

. . VfIg
divg X = divg [(1+})n_2v (1_fg2>]

1 VI vf V£l
(1+ )" [Ag<1—f2>‘(”‘2)<w'v<1—f2 .
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Since we have already observed in (2.5) that the scalar curvature R is a multiple of |V f \; /(1 — f?), the
inequality divg X can be rewritten as

AgR—(n—2)<% VR> > 0. (4.4)
8

Therefore, R satisfies a second order elliptic inequality, as anticipated. Inequality (4.4) is the starting point of
the maximum principle argument that will be discussed in Section 6.

5 Integral identities

In this section we will study the properties of the function ®, which was defined in Subsection 2.2 and
which we recall here: .
O(s) = ﬁf V£ dog. (5.1)
(1—82) 7 Jf=s}
More precisely, we will show that @ is differentiable and monotonic for all s € [0,1). As a byproduct of this
analysis, we will prove inequality (2.8) and its equivalence with (2.9).

We point out that the proof of the results presented in the Introduction do not depend on the content of
this section. However, it is our opinion that the computations here should help the reader to compare the
spherical ansatz with the cylindrical ansatz, shedding some lights on the advantages and disadvantages of
both methods.

Well-definedness and continuity. First of all, let us notice that ®(s) is indeed well-defined for all values
se[0,1).

5.1 Lemma. Let (Q, f,g) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
®: [0,1) — R introduced in (5.1) is well-defined and it holds lim sup,_,;_ ®(s) < +o0.

Proof. We have already observed in Section 3 that, from the analyticity and properness of f, it follows that
the level sets of f have finite (n — 1)-dimensional Hausdorff measure. Moreover, from (3.3), it follows that
|V flg — 0as |x| — co. In particular, since |V f|¢ is smooth, it is uniformly bounded on R"™\(). This proves
that ®(s) is well-defined.

In order to prove that it is bounded as s — 17—, we use the estimates (3.2) and (3.3) to write

D(s) < le

y }\x|”_1 dog < Czj 1-s)~"7 doy
=s

{f=s}

for 0 < s < 1 sulfficiently close to 1 and for some constants 0 < C; < Cp. The bound on ®(s) ass — 1~ now
follows from estimate (3.4). O

We pass now to discuss the continuity of ®.

5.2 Lemma. Let (Q), f, ) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
d:[0,1) — R defined by (5.1) is continuous and, for all s € [0, 1), it holds

_ - V2 f(Vf,Vf)
(1=59)P(s) = J-{f>s} 2(1—f2)¥ dog . (5.2)

Proof. We start with the following computation

2
[ IvrR (IR, vse nfIV I
de[m—fz)? Vf} Ao Tampr Mt pE
_ VHVEYS) 53)

201~ f2)%
where the second equality is a consequence of the second formula in system (4.1) and of identity (4.3). Now
let 0 < s < 1be aregular level set of f and lets < S < 1. It follows from the asymptotic estimates (3.2) that
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if we choose S large enough, then necessarily the level set {f = S} is regular. Integrating formula (5.3) in
{s < f < S}, and applying the divergence theorem, we find
vg> dog
8

V2f(V£.Vf) V4 Vflg f\g
f{s<f<5} 2(1 —f2 ff s < 1 _fz Vf Vg . d(Tg Lf g\ (1- n -Vf
= (1-8H)P(S) — (1 —sH)P(s). (5.4)

Ve VL
do, — ——=<—d
J{f s (-8 " Lf=s} (1- )5 °%

Moreover, from Lemma 5.1, we know that @ is bounded for values sufficiently close to 1, thus, taking the
limit of (5.4) as S — 17, we obtain (5.2).

In the case where the level set {f = s} is critical, the argument for the proof of (5.2) becomes slightly
more technical: for every € > 0, one lets

Ue = Be(Crit(f)) = U Be(x)

xeCrit(f)

be the e-neighborhood of the critical points, integrates (5.3) in {s < f < S}\Ue, and then applies the
divergence theorem. Taking the limit as ¢ — 0, since the set of the critical points of f has Minkowski
dimension bounded above by (n — 2) (as observed in Section 3), the set U, shrinks fast enough and one
recovers (5.4). For a more careful explanation of the technical details, we address the interested reader to
the proof of [2, Proposition 4.1], which uses the same technique to deduce a similar integral identity.

To conclude the proof, it is enough to show that the right hand side of (5.2) is continuous. To this end,
we first show that the integrand in (5.2) stays in L' (R"\Q). Using the estimates in (3.2), we compute

2
[ W'dvg caf Do
{f>s}| 2(1—f%)2 {f>s} x|

G TR gl
{f>s}

< czj |2 d]x],
{f>s}

for some constants 0 < C; < C. Using again the estimates (3.2), we see that the domain of integration
{f >s} ={1—f <1—s}iscontained in {C%M <1-s}={lx] > [C3(1—5)]" %} for some other constant

C3. Hence, we get
f V2f(Vf,Vf)
(F>sy| 2(1—f2)z
where C4 is, yet again, another constant, possibly bigger than Cj, Cp, C3. This proves that the integrand

in (5.2) stays in L.
Now let ¢, ¢~ be the positive and negative part of the integrand in (5.2), so that

VIVENE _ v o
Ec

and consider the two measures u+, u~ on R"\(), defined as

wH(E) = fE gtdog,  p(E) = L 9 dog,

for every vg-measurable set E = R"\Q). Clearly ™, are finite (because of the bound (5.5)) positive
measures, and they are absolutely continuous with respect to vg. In particular, since the Hausdorff dimension
of the level sets of f is bounded by (1 — 1) (as already noticed in Section 3), we have that the vg-measure of
the level sets of f is zero, hence also u™ ({f = s}) = u~ ({f = s}) = 0foralls € [0,1). It follows then from [7,

+o0
dvg < Gy JC 7%\x|_3d\x| < C(1—3) < Cy4, (5.5)

3(175
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Proposition 2.6] that the functions s — u™ ({f > s}),s — u~ ({f > s}) are continuous for all s € [0,1). This
implies that
T{f>shH)—u {f>s
PR A EL TRV RUEL)
is continuous, as wished. O

Differentiability and monotonicity. Before addressing the issue of the differentiability of &, it is useful to
prove the following intermediate result.

5.3 Lemma. Let (Q, f,g) be a regular solution to problem (4.1) in the sense of Definition 2.2, and let X be the vector
field defined by (4.2). Then, for every s € [0, 1), it holds

dive X dv =—J (X|vgy, do.
Lf>s} U ey TS
2 2 S J 3
= VfloHedoy + (n—1)—— V£l dog|.
(1—s)(1+s)"! “{f_s}| flgHgdog + (=115 {f:s}| fls g}
Proof. The second equality is just a computation: using (4.2), (4.3), (3.8) and (4.1) we have

1
- X|vgy, dog = fj = <X|Vf, do,
J{f:s}< g 0 =y T, Ve

IS S A /AN
- ¢! —s)(l—i—s)”*l J{f:s} <2 |Vf‘g nAngﬂg) dog

2 f 2 S J‘ 3
= oot VfHedog + (n-1)—— [ |9fPdo].
(175)(1+s)n—1 |: {f=s}| f|g ga0g (n )1_52 {f=s}| f|g (Tg:|

It remains to prove the identity

dive, X dv =f X|vgy, dog. (5.6)
J{f>s} U g S

Again, as in the proof of Lemma 5.2, let us start from the case where s > 0 is a regular value, and let
s < S < 1be a value big enough so that the level set {f = S} is regular. As an application of the divergence
theorem, it holds

dive X dv :J (X|vgy, do. ff X|vgy, dog . (5.7)
Ls<f<5} SETE T Yy T ey T

From Cauchy-Schwarz, we have

X|ve) do. <J X|,dog,
Lf=5}< Vo 4 < | g Xl

and using the asymptotic estimates 3.3 and (3.4), we conclude

lim X|vgy doy = 0.
S—1— {f=5}< |g>g 8

Therefore, taking the limit of identity (5.7), we obtain (5.6) for all the regular values 0 <s < 1.

If s is a critical value, one proceeds as in the proof of Lemma 5.2, that is, one integrates dive X on
{s < f < S}\U, where U, is the e-neighborhood of the critical points, and then takes the limit as e — 0 to
recover (5.6) (again, we refer to [2] for the technical details). O

We are finally ready to prove the main result of this section.
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5.4 Proposition. Let (O, f, ) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
@ :[0,1) — R defined by (5.1) is differentiable and, for all s € [0,1), it holds

n+2

S

In fact, the left hand side is increasing in s and it tends to zero as s — 1. Moreover, if ®'(s) = 0 for some s € [0,1),
then it holds V2 f = Ag on the whole R™\Q), for some A € C* (R™\Q).

Proof. Applying the coarea formula to (5.2), we obtain the following;:

SN V2A(VEVS) 1
(1—-5s7)P(s) = L |:J{f=ﬂ 2(1*f2))7’ |Vf\g dag] dr. (5.9)

The statement of the Riemannian coarea formula is in [19, Exercise II.12, (d)]. The missing proof follows
from Fubini-Tonelli’s theorem and (3.7). By the fundamental theorem of calculus, we have that, if the
function

V2V V) 1
=1 20-2)F VSl
is continuous, then @ is differentiable. To prove the continuity of (5.10), we first compute

T +—

do, (5.10)

2
sz(Vf,Vf) . 1 7 <v|vf‘g|vf>g . 1
Lf=r} 2122 VSl e = J{fzr} 1= VSl i

N (@-Na+ X+ 3agfVE|vF)
{f=1} (1-2): IVl

_ L NT s e 1V
_J{f=r}[(1f) K 2f(17f2)"7+2 e

n—2

_ (1 + T) ’ f divy X dvg — 27d(1), (5.11)
{f>7)

dog

1-71

where in the latter equality we have used Lemma 5.3. Since we have already proved the continuity of ® in
Lemma 5.2, it remains to discuss the continuity of the function

T dive X dog.
oy o0 E

This can be done following the exact same scheme as in the proof of the continuity of ® in Lemma 5.2,
namely, one defines a positive finite measure y on R"\() as

u(E) = j dive X dog
E

and shows that T — u({f > 7}) is continuous using [/, Proposition 2.6].
We have thus proved the differentiability of ®. Now, taking the derivative of (5.9), and using (5.11), we
obtain
n—2

1+s) 2 .
(1=s2)P'(s) = — <1 — S) Lf>s} dive X dog . (5.12)

Identity (5.8) follows from (5.12) and Lemma 5.3. The monotonicity of ® is a consequence of the nonnega-
tivity of the divergence of X, proved in Lemma 4.1.

Suppose now @’ (s) = 0 for some s € [0,1). Comparing (5.8) and Lemma 5.3 we have that divg X = 0 on
{f > s}. Since g and f are analytic, so is divg X, hence, by unique continuation, it holds divy X = 0 on the
whole R™\Q). The theorem then follows from Lemma 4.1. O
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With Proposition 5.4, we have almost completed the proof of Theorem 2.3 stated in Section 2. It only remains
to show that the condition V2f = Ag, A € C*(IR"\Q)), implies the spherical symmetry of the solution. This
will be the object of Section 7.

Theorem 2.3 implies Theorem 2.4. To conclude the section, we show that inequality (5.8), proved above, is
equivalent to inequality (2.9) in Theorem 2.4 (as pointed out above, the rigidity statements will be discussed
later, in Section 7). This is a rather straightforward computation, using the formulae developed in Section 3

VEfVifVif

— __u /

IVflgHy = Agf Vi
o DfE 1 (14 £\E L, DifDif
=—(n 1)(1—f)3 +o— (17],) Djju Dff

-1 1 1+ f\"! » 1 (1+f\? , DuDju
_n—Z[_n—Z(l—f) (1+ f)|Dul + o (71—f Djju Dl |”
dog = (1— f)"*do.

We are now able to rewrite the summands of (2.9) in terms of 1 on a level set {f = s} = {u = t}. The first
one is:

2 B 14 f —(n-1)+252+1
fzf VfPHydog = ——=(1—5s 1+s"1J (7) Dul-|Vf|,H,do
{f:S}I flgHg dog 5 (1=5)(1+s) |Dul - [V f| Hyg
2(n—1)

(f=sy \1=f
T (1-s)1+s)""! Lu:t}|Du‘2, [nfjl Gi;) 3 1|1D_u£ Gt}f)z (1+f)] o

The second summand is:
%
(%) £ |Duf do.

L, (n=1)s 3 _2n-1) n—1
2. ) f{f:s}\Vﬂgdog ) f{u:t}

+f _ =2 )
From (2.3) we see that T—p=u 2 therefore:
(n—1)s 3
‘ZJ IV f2H, dog —2- f V2 do
sy EETE 1-s2 Jiypgy 7808

21, - » ((H _ 2 |Du .
- (n—2)2(1 s)(1+s) {u:t}\Du| n—lu 2 n—2u 2 do,

which is (up to a positive factor) the quantity that appears in (2.9).

6 Geometric inequalities via strong maximum principle

The aim of this section is to prove inequality (2.13) in Theorem 2.5 and to show how this is used to
recover (1.5) in Theorem 1.2.
Definition of 7y and regularity of R,. We start by recalling some notations that were anticipated in Section 2.

Given a regular solution (), u) of problem (1.1), we set p = [Cap(Q)]l/ (1=2) ‘We have already noticed that,
in the case where Q) is a ball, then p is equal to its radius. We denote by S§ the sphere of radius p with its

standard embedding in R"*!, and we define the stereographic projection

Z/
me SPNE— R, (@)

Let f and g be defined by (2.3) and (2.1), respectively. As anticipated in the introduction, we consider the
compact space
M := ;' (RMQ) U {N} = Sp
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endowed with the metric
(m39),  ifye T, H(RMQ),
M, = v (6.1)
(8sp),, Hfy=N.
N
We observe that the metric 7y can be seen as a conformal modification of the standard metric 8sp- In fact,

recalling the definition of the spherical metric gg = (1 — fo)?gre on R, where fy is as in (2.2), we compute

1-form 2 1-form 2 2
* _ 2 % _ P * _ [ P
T8 = (1—fomp) TTp R = (1_fOO7Tp) TTp &sph = (1_fOO7Tp) [Cap(Q))] 288 -

In particular, using the asymptotic estimates (3.2) we see that the conformal factor in the rightmost hand
side tends to 1 at the north pole N, so that the metric 7y is in fact continuous at N (and of course it is smooth
on M\{N}). In order to show that v is also C? in a neighborhood of N, it is sufficient to prove that the
conformal factor has the same regularity. Again, this readily follows from (3.2). Since v is C?, its scalar
curvature Ry is well-defined and continuous on the whole M. Moreover, R, is clearly C* in M\{N}. The
following lemma tells us more about the regularity of R,, at the north pole.

6.1 Lemma. Let (Q), f,g) be a reqular solution to problem (4.1) in the sense of Definition 2.2. Consider the compact
domain M = 7'cp_1(]R”\Q) v {N} < S, equipped with the metric <y defined in (6.1). Then the scalar curvature Ry of

the metric « belongs to WV2(M) n CO(M).

Proof. Since R, is continuous and M is compact, clearly R, € L?>(M). We want to show that also its gradient
VR, belongs to L*(M). Since R, is smooth on M\{N} and M is compact, it is enough to prove that the
function VR, belongs to L? near the north pole. We observe that, from (2.5) and (4.2), we have

VRy(y) = n(n = 1)(1+ f)" X (75p(y))

for all y € M\{N}. In particular, it holds |VR7|%(y) = n2(n—1)2(1+ £)2"—2) \X\;(T(p(y)), and using the
estimates in (3.3):

VR, [3(9) = o) -0(1),
as y — N (or equivalently, as |77, (y)| — ). Thus, for all T > 0, we obtain:

VR, doy = | o) |+ do

JMﬁ{\np(y)|>T} R~ {|x|>T}

—2n+2 —1
—o(1)- f |22 o d]|
R" A {|x|>T}
=o(1) - T*".

Since n > 3, this last term goes to zero as T goes to infinity.
Now it only remains to prove that VR, is the weak derivative of R,, that is, we want to show

f YV Ry do, = —f R,Vipdo,, forallp e CP(M), i=1,...,n. (6.2)
M M

Fix ¢ € C°(M). Forall T > 0, we can write ¢ = a + B, where at, B are functions with support contained
in{|m,(y)| > T} 3 Nand {|m,(y)| < 2T }, respectively. It is important to notice that, from the estimates on
g in (3.3), it easily follows that the distance between the sets R" n {|x| < T} and R" ~ {|x| > 2T} is O(T~1)
as T — +400. Pulling back on the sphere, we have that also the distance between M n {|7,(y)| < T } and
M~ {|mp(y)| > 2T }is O(T~1) as T — +o0. From this follows that we can choose the function at in such a
way that it holds
‘leﬂfy <CT

on the whole M, for some constant C > 0.

Notice that the support of 7 does not contain the north pole, hence, from the smoothness of R, in
M\{N}, it immediately follows

J ﬁTVl-RW dey = —J RVV,-‘BTdvW.
M M
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Therefore, in order to prove (6.2), it is enough to show that both SM arVRy dv, and SM Ry V;ardv, go to
zero as T — +00. Using again \VR7|,2y(y) = |mp (y)|2 -0(1), we obtain, for all T > 0:

U arViRy dv,| < max|ar|- |VR, |y doy
M M

M {|7(y)|>T}

- f 7o ()] - 0(1) do
Mn{|m,(y)|>T}

f |x] - o(1) dvg
R*~{|x|>T}

where in the last equality we have pulled back the integral on IR”. Recalling the relation between the
densities dv and dvg shown in (3.3), we compute

x| 72 o(1) do

’J aTViR7d07 S,[
M R*~{|x|>T}

[T o) e gl
R*~{|x|>T}
+00
= o) [ "l
T
= o(1)-T'™7,

hence this integral goes to zero as T — +00.
The estimate of the second integral is done in a similar fashion. Recalling [Var|, < CT for some
constant C, and using again the estimates (3.3):

< max(R )J |Varl|, dv
M e tmesny

< ClTJ dov
R*~{|x|>T}

< Clefl’l ,

U Ry Vardo,
M

where 0 < C; < C; are constants and we have used the fact that R,, is bounded on M (because R, is
continuous and M is compact). Therefore also this term goes to zero as T — +o00. This proves that VR, is
indeed the weak derivative of R, in M. O

Elliptic inequality for R, and maximum principle. Pulling back the quantities in formula (4.4), we find
that the scalar curvature R,, satisfies the following second order elliptic inequality

AR, — (”*2)<% VR7> >0 6.3)
v

pointwise on M\{N}, where we have denoted by ¢ the completion of the pull-back of f. Namely, ¢ : M — R
is defined by

o(y) =

fom(y) ifyem, (R"\Q),
1 ify=N.

Notice that ¢ is smooth in M\{N}, and it is also C2 near N, as it can be easily deduced from the asymptotic
estimates (3.2). Having this in mind, we are going to prove that the differential inequality (6.3) holds in a
weak sense on the whole M. Combining this with a weak version of the strong maximum principle, we
deduce the following theorem.

6.2 Proposition. Let (Q, f,g) be a reqular solution to problem (4.1) in the sense of Definition 2.2. Consider the
domain M = n;l(IR”\Q) v {N} < S, equipped with the metric vy defined by (6.1). Then, for any y € M, it holds

R, (y) < maxR,. 4
7(y) < maxRy (6.4)
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Moreover, the equality is fulfilled for some y € M\OM = 71, YR™MQ) U {N}, ifand only if V2f = Ag on the whole
R™\Q, for some A € C*(R™\Q)).

Proof. The strategy of the proof consists in showing that inequality (6.3) holds in the weak sense on the
whole M, so that we can use a strong maximum principle (see for example [28, Theorem 8.19]) to deduce
the thesis. This amounts to prove that for every nonnegative i € C° (M) it holds

f [<V¢|VR7> +( zp< VR7> ] do, < 0. 65)

Fix a nonnegative € C°(M). As in the proof of Lemma 6.1, for all T > 0 we write ¢ = ar + Br,
where ar, B are nonnegative functions with support contained in { |77,(y)| > T} > N and { |, (y)| < 2T},
respectively. As already noticed in the proof of Lemma 6.1, the function a1 can be chosen in such a way that
|Var|, < CT, for some constant C > 0. Furthermore, it holds |VR7\§(y) = |7rp(y)|2 -0(1) as y approaches
the north pole. We also observe that [Vg|, = [7,(y)| - (1 + 0(1)), as it follows from 3.3.

Since the support of 1 does not contains the north pole, and R, is smooth in M\{N}, we immediately
have the following estimate

[ {Wﬁﬂvmﬂ 2pr (2 ¢\VR7>J doy =

R
- AR, — (n—2 VR dv, <0, (6.6)
JMr\{ﬂp(y)<2T}‘BT|: Ry = )<1+(P K 7] K

where in the last inequality we have used formula (6.3), that holds outside of N.
The right-hand side of (6.6) being independent of T, in order to prove (6.5) it is enough to show that

. Vo
TETm N [(erﬂVRV}W +(n—2)ar <m ‘ VRW>J dv, = 0. (6.7)

Converting as usual to R” with the metric g, from estimates (3.2) and (3.3) we obtain:

Var|VR + YZ—ZDCT<7‘VR> dv., | <
‘L‘/fﬁ{lﬂp(y)ﬂ} [< VR, ) L+o¢ Tl

Vo
<J [\vaﬂ +(n72)|1xT|v‘—]-|VR7| dv,,
M{|m, ()| > T} T T+¢ U

- | ()2 0(1) doy
Mn{|m,(y)|>T}

N I e . N
m{IX\
= T2~

>T}
-o(1). (6.8)

Since n > 3, estimate (6.8) proves (6.7), which in turn implies (6.5), as discussed. Therefore R, indeed
solves (6.3) in the W12 (M)-sense.

We are now in the position to apply [28, Theorem 8.19]. The version that we need of this result states
that, if a continuous W2 function satisfies an elliptic inequality of the second order in the W12_sense
(with some standard hypotheses on the coefficients, that are trivially satisfied in our case), then the strong
maximum principle applies. We have already proved that the function R, belongs to C°(M) n W'2(M)
and that it satisfies the elliptic inequality (6.3) in the weak sense, hence we have R, < maxgp Ry as wished.
Moreover, if equality holds in (6.4), then R is constant on M. Therefore, from (2.5) and (4.2) we deduce that
the field X is everywhere vanishing, and so is its divergence. We can now conclude using Lemma 4.1. O

In order to conclude the proof of Theorem 2.5, it only remains to show that the identity \V& f = Ag forces O
and f to be rotationally symmetric (the fact that (M, ) is isometric to a sphere follows easily). This will be
the subject of Section 7.
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Theorem 2.5 implies Theorem 2.6. We conclude this section showing that inequality (6.4) implies for-
mulee (2.14). Evaluating (6.4) at y = N and recalling from (2.5), (3.6) that

Vol Vol s
R'Y = n(n — 1)@ , and W(N) = [Cap(Q)] n—2 (69)
we obtain ) )
1 n—2 |Vq)|7

Since ¢ = f o7y, OM = 7'[;1(60), f=00n0Q, u =1 on 00, using formula (3.5) we find

rnax| |%7 < max|Vf]*> = max Du_|* (6.11)
oM 1—¢2 = a0 & o0 |n—2 '

Comparing formulee (6.10) and (6.11), we obtain the first inequality in (2.14). In order to prove the second
inequality in (2.14), we evaluate (6.4) at a point y € 71';1 (R™M\Q)). Recalling (6.11) and (6.9), we have
Du |?

Vol?
(1) < max|

1—¢2Y" = o0

Since ¢ = f o 7y, calling x = 77, (y) and using (3.5), we obtain
n— 2
u_2( n—;)

x) < max
(x) < ma

Du 2

n—2

n—2

for all x € R*\Q). An easy algebraic manipulation of this inequality leads to the second formula in (2.14).

7 Proof of the rigidity statements

In the two previous sections we obtained the equation V2f = Ag, A € C*(R"\Q)), as a byproduct of the
equality case. Such condition is very strong, and in this section we show that it induces a very rigid
geometric structure on the problem.

In order to simplify the formulee, throughout this section we will assume Cap(Q2) = 1. The case of a general
capacity can be addressed following the exact same strategy, at the cost of slightly more cumbersome
computations. Alternatively, one can always reduce himself to study the case Cap(Q}) = 1 via an homothety
of (), and an appropriate rescaling of u so that the boundary condition in (1.1) remains satisfied. It is easy
to check that the new f, g, obtained from the rescaled u via (2.3), (2.1), still satisfy V2 f = Ag, for some
(possibly different) function A.

7.1 Proposition. Let (Q), f, g) be a reqular solution to problem (4.1) in the sense of Definition 2.2, with Cap(Q)) = 1.
Suppose that the equation V2 f = Mg is satisfied on R"™\Q), where A € C*°(R"\QY). Then:

* The function f is regular everywhere and in particular |V f |§, =1—f2#00n R\Q.
* The region R"\Q) is isometric to [0, T ) x 0Q) with the warped product metric

dr ® dr + cos?(r) gig -dx® @dxP,

where gf,l? is the restriction of the metric g to 0Q).

o The above isometry sends the level sets of f to level sets of r; in particular, it sends {f = s} to {r = arcsins} for
T

all s € [0,1). This implies that a point tends to co in R" if and only if its image have r — 7.

Proof. Lets € [0,1) be a regular value for f and take a vector field Y tangent to {f = s} at a point p. Then

Vy|VfZ = 2V2f(Y, Vf) = 2AY|V ), =0,
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so |Vf] ¢ is locally constant on every regular level set of f. In particular it can be locally written as a
function of f. Let us define S to be the supremum of all s € [0,1) such that |V f] ¢ # 0 on the region {f < s}.
By Hopf’s lemma (see [31, Lemma 10.55]), 0 is a regular value of f and since the set of regular values is
always open this implies that S > 0. All the computations from now on will be done in the region {f < S}.
By standard Morse theory (see for example [32, Theorem 2.2]) the region {f < S} is diffeomorphic to
[0,1) x {f =0} =[0,1) x 0Q), so local coordinates on dQ) can be extended, together with f, on the whole
region {f < S}.

On the region {f < S}, the function |V f| g( f) is well-defined and it does not vanish, so we can use it to
define the function r(f) given by the ordinary differential equation:

dr _ 1
a7 = VI, for0< f <SS,
r(0) =0

It is easy to see that r can be used as a local coordinate instead of f and that the metric can be written as
g =dr®dr + g,x/g(f’, x)dx® ®dxP.

From now on we use Greek letters for indices that must range over tangential directions. We denote by
f"and f” the derivatives of f with respect to the new variable r. From the definition of » we have that

fl= % = |Vfl,- The Christoffel symbols of g have the following form:

r Y r r 1 Y 1 Yo

Ly =Ty =T =0, ap = _iargaﬁ/ Ly = Eg Or8us-
Computing the Hessian with these coordinates:
1

V7=f%@m+fV%=ﬂh®ﬂ+?%&ﬂﬂ®wﬁ

Since V2f = Ag we obtain by comparison:
1
"_ A, Ef/argzxﬁ = Agup- (7.1)

In particular o, logg,xﬁ =20, log f/, so

7 2
) = | 503 | s0p0)

(at least if g,p(x,0) > 0; if it is negative we can use the same argument for —g,g; if it is zero, then it remains
identically zero; in any case, formula (7.1) holds). In other words, g is a warped metric defined over the
base space {f = 0}.

Let us now recall that f satisfies system (2.4), so it must hold

IV £z

1—f2°

Expanding in (7.1), we have f”(1 — f?) = —f|Vf\§ — —(f')*f. This implies that
Lo | ¢ | _Frra=-As U _ U
2or|1-f2 (127 (1-2)? ’

and comparing with estimate (3.6), we deduce (f’ )2 = (1 — f?) on the whole R"\Q. Tt follows that the
equation for f can be rewritten as

r=—f

f'=~f,
£0) =0,
OB

7
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whose solution is f(r) = sin(r). This implies that f is defined and regular for r € [0, 7 ), which coincides
with the region f € [0,1). This proves that S = 1, and the construction above gives an isometry of the whole
space R"\Q) with [0, 7) x dQ). The proposition is therefore established. O

These results are expected in view of the thesis we are aiming to, according to which the metric g is an
hemisphere and the hypersurface {f = 0} is its equator. In order to conclude, it is enough to show that
the metric on the base space 0() is isometric to a round sphere (so far we have not even proved it is
homeomorphic to a sphere).

The last key clue lies in the fact that, as seen in (6.1) and in the following discussion, if the end of R" is
compactified by adding the point at infinity, then the metric g can be extended at the infinity and becomes
isometric to 7, which is also C! at infinity. The warped structure of g then converts to a set of normal
coordinates for vy at the north pole, allowing us to trigger the following lemma taken from [18, Claim 4 at
page 133].

7.2 Lemma. Let (M",) be a complete Riemannian manifold and N a point in its interior, such that the metric
7 is smooth on M\{N} and C' at N; call r: M — Rsq the distance function from N. Suppose there exists
e > 0, a function w: [0,¢) — R and a closed Riemannian manifold (X", gs) such that the punctured ball
{xe M |0 < r(x) < e} is isometric to the manifold ((0,€) x X, g), where

g(r,0) = dr@dr + w*(r)gs(0), re(0,e),0€X,

and that the isometry sends geodesic spheres on X slices. Suppose moreover that w(0) = 0 and w’(0) # 0. Then
(%, g5 is isometric to the standard round sphere S"~ with its canonical metric, up to a constant factor.

The proof of the rigidity statement is thus complete.

8 Sphere theorems

In this section we discuss the main consequences of Theorem 1.2, distinguishing between analytic and
geometric results.

8.1 Analytic consequences

As a first implication of Theorem 1.2 we obtain the following sphere theorem, which roughly speaking says
that if the strength of the electric field |Du| measured on the surface of the uniformly charged body Q) is
bounded above by the inverse of the so called surface radius (|0Q|/|S"~1|)/("=1), then the charged body
must be rotationally symmetric.

8.1 Corollary (Sphere Theorem I). Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1,

and suppose that
"2y
(W) on 0Q). (8.1)

Du
n—2
Then 0Q) is a sphere and u is rotationally symmetric.

Proof. Dividing both sides of (8.1) by |S"~!|, integrating over dQ) and recalling formula (1.2) for the capacity
of (), we get

Cap@) = — L [ 1puar < (521
PR = )11 Jan s UTq]

Combining this inequality with (1.5) and using again the hypothesis (8.1), we obtain the following chain of

inequalities
|Sn71| n=t 1 u "2 |S”71| 12
< < <
( Eg ) Cap(0)) (% n—z) ( 0] )

In particular, the second inequality holds with the equality sign and the conclusion follows by the rlgldlty
statement of Theorem 1.2.

Corollary 8.1 should be compared with [45, Theorem 2], where a similar sphere theorem is proven. In terms
of our notation, Reichel’s Theorem reads as follows:
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8.2 Theorem (Reichel [45]). Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1 and
suppose that
|Du| = ¢ ondQ, 8.2)

for some positive constant ¢ > 0. Then 0Q is a sphere and u is rotationally symmetric.

8.3 Remark. Reichel’s Theorem has been generalized in a number of directions. A different proof of Theorem 8.2 has
appeared in [13], and similar results have been proved for other classes of elliptic inequalities [44], for annulus-type
domains [43] and for the p-laplacian [27, 12]. The case of a disconnected Q) —with possibly different Dirichlet and
Neumann condition on the different boundary components— is analyzed in [47]. It seems interesting to ask if our
Corollary 8.1 admits similar generalizations. We just point out that our main result extends without effort to the case
in which Q) is not connected, but assuming that we have the same Dirichlet condition u = 1 on the whole 0Q).

To understand the relationship between Reichel’s overdetermining assumption (8.2) and our assump-
tion (8.1) we observe that in virtue of our Theorem 1.2, the constant c that appears in Reichel’s hypothesis is
no longer allowed to be any positive constant, but it must obey the a priori constraint

1

(n—2) [Cap(Q)]nizé c. (8.3)

Using again Reichel’s overdetermining condition (8.2), one can express the capacity of (2 as

c |0QY]
Cap() = .3 (|s"—1\)

so that, up to some algebra, inequality (8.3) can be written as

B =
< =
( |0Q)] ) S n-2

Having this in mind, we can rephrase our Corollary 8.1 as follows.

Du
n—2

on 0Q).

8.4 Corollary (Sphere Theorem I - Revisited). If (Q),u) is a reqular solution to problem (1.1) in the sense of
Definition 1.1, and we suppose that its gradient |Du| at 0Q) is bounded from above by the least admissible constant
Neumann data in Reichel’s overdetermining prescription (8.2), then 0C) is a sphere and u is rotationally symmetric.

8.2 Geometric consequences

In order to state some purely geometric consequence of Theorem 1.2, we recall from [2, formula (2.6)] the
inequality

max
oQ

< , 8.4
Eo 4

n—2
which holds for regular solutions of (1.1). Here H is the mean curvature of the hypersurface 0Q) with respect
to the normal pointing towards the interior of () and the standard flat metric of R”. We precise that, in
our convention, the mean curvature H is defined as the sum of the principal curvatures. Combining (8.4)
with (1.5) we obtain a geometric inequality (see (8.5) below) involving only the capacity of (2 and the mean
curvature of its boundary, whose equality case is characterized in terms of the rotational symmetry of Q.
This latter rigidity statement answers to a question raised in [2] as well as [3].

n—1

8.5 Theorem. Let Q) < R" be a bounded domain with smooth boundary and n = 3. Then the following inequality

holds )
e
H ) . (8.5)

n—1

1
<

Cap(Q2) <n$(a)x
Moreover, the equality is fulfilled if and only if Q) is a round ball.
In other words, Theorem 8.5 tells us that among regular bounded domains for which the maximum of
the mean curvature of the boundary is fixed, the capacity is minimized by spheres. As an immediate
corollary of Theorem 8.5, we obtain the following sphere theorem, that should be compared with the
classical Alexandrov Theorem for compact connected constant mean curvature hypersurfaces in Euclidean
space. Here we draw the same conclusion under a pointwise pinching assumption for the mean curvature.
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8.6 Corollary (Sphere Theorem II). Let Q) < IR" be a bounded domain with smooth boundary and n = 3. Suppose
that

1

1 17 H 1 1
- [Cap(ﬂ)] S wot1 S [Cap(ﬂ)] ' (8.6)

Then 0C) is a sphere.

8.7 Remark. This result was already provided in [41, Formula (3.29)] in dimension n = 3. In the case of starshaped
domains, a simple proof, which requires only the second inequality in (8.6), can be obtained combining inequality (1.7)
with Minkowski’s identity

n—1
in order to recover the equality case of the standard isoperimetric inequality. We also mention that, in the case where
Q is convex and n = 3, another easy proof of the same result has been given in [9].

J H vy do = Jo0y,
o0

We observe that the relation between our Sphere Theorem II and the celebrated Alexandrov Theorem is
the perfect analogous of the one described in the previous subsection between our Sphere Theorem I and
Reichel’s result. In order to see this, let us rephrase the Alexandrov Theorem in our setting.

8.8 Theorem (Alexandrov [6]). Let Q3 < IR" be a bounded domain with smooth boundary and n > 3. Suppose that
H=c¢ onoQ), (8.7)

for some constant ¢ > 0. Then 0Q) is a sphere.

As for Reichel’s Theorem, also Alexandrov’s Theorem has been generalized in several ways. A similar
result for the k-mean curvature has been proved in [39, 46], and quantitative versions of Alexandrov’s
Theorem appeared in [21, 22, 36, 37]. Also, a characterization of the constant mean curvature hypersurfaces
have been found in other space-forms [5] and in warped product manifolds (see [16, 17, 38]). Corollary 8.6
follows yet another direction, and can be interpreted as a rigidity result under a pinching condition on the
mean curvature. Since the technique used in this work does not seem to depend deeply on the structure of
the Euclidean space, it is natural to ask if also our result extends to other manifolds. It should be mentioned
that a different pinching condition has been proven in [36, formula (1.9)], where it is shown that if

Q| H
S 4
n|Q] " n-1

then () is a ball.

In Theorem 8.8 we have dropped any attempt of writing the optimal regularity assumptions. Moreover,
we observe that by the compactness of 0Q) the hypothesis on the sign of the constant c is not restrictive. On
the other hand, in virtue of Theorem 8.5, the constant c in (8.7) is a priori forced to obey the constraint

1 n—2 c H
[Capm)] S o1 T |n—1‘ on 20

Hence, it is clear that our Corollary 8.6 can be rephrased as follows.

8.9 Corollary (Sphere Theorem II - Revisited). If a bounded domain Q)  R" with smooth boundary and n > 3
is such that the absolute value of the mean curvature of its boundary is bounded from above by the least admissible
constant in (8.7), then 0C) is a sphere.
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