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Abstract
By developing a hydrodynamic formalism,we investigate the expansion dynamics of the single-
minimumphase of a binary spin–orbit coupled Bose–Einstein condensate, after releasing from an
external harmonic trap.We find that the expansion of the condensate along the direction of the spin–
orbit coupling is dramatically slowed downnear the transition between the single-minimumphase
and the plane-wave phase. Such a slow expansion, resembling a formof an effective localization, is due
to the quenching of the superfluidmotionwhich results in a strong increase of the effectivemass. In
the single-minimumphase the anisotropic expansion of the Bose gas, which is spin balanced at
equilibrium, is accompanied by the emergence of a local spin polarization.Our analytic scaling
solutions emerging fromhydrodynamic picture are comparedwith a full numerical simulation based
on the coupledGross–Pitaevskii equations.

1. Introduction

Since thefirst experimental realization of Bose–Einstein condensation in 1995 the expansion of quantum gases,
after release of the confining trap, has systematically provided crucial information on the physical properties of
such systems. In [1, 2] the observation of the bimodal expansion atfinite temperature actually provided crucial
evidence for the occurrence of Bose–Einstein condensation. Later experiments with larger numbers of atoms
and stronger interaction effects have provided strong evidence for the hydrodynamic nature of the expansion
[3, 4]. The expansion of the condensate has also been employed to characterize the emergence of the superfluid
toMott insulator transition in the presence of a periodic optical lattice [5], the effects of localization in the
presence of disorder [6], the occurrence of Bloch oscillations [7] and a large variety of physical phenomena in
both Bose and Fermi quantumgases [8].

Inmany cases the condensate is in the so-called Thomas–Fermi limit, where the equation of state of uniform
matter can be directly employed in the local density approximation and themechanismof the expansion is well
described using the hydrodynamic formalism of superfluids. In usual superfluids at low temperature, the
hydrodynamic picture is based on the irrotationality constraint for the velocityfieldwhich takes themost
famous expression  f= ( )mv wheref is the phase of the order parameter, ÿ is the reduced Plank constant
andm is the atomicmass. The hydrodynamic approach has proven quite useful to describe themacroscopic
dynamic behavior of quantumgases, including the study of the low frequency collective oscillations [9] and the
expansion of the gas after release of the trap [10–12], in excellent agreementwith experiments.

The recent experimental investigation of spin–orbit coupled quantumgases has enlarged the horizon of the
possible scenarios characterizing the dynamic behavior of quantum gases [13–20] (for recent review articles, see
[21, 22]). In particular the presence of spin–orbit coupling in binarymixtures of Bose–Einstein condensates is
known to affect the irrotationality constraint and the current-phase relation  f= ( )n mj holding in usual
superfluids. This is the consequence of the breaking ofGalilean invariance and is at the origin of novel features
exhibited by such systems, like the violation of Landau’s criterion for superfluidity [23–25], the quenching of the
sound velocity [26] and of the superfluid density [27], the emergence of diffused vorticity in the rotational flow
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[28]. Experimentally afirst direct evidence for the violation of the superfluid current-phase relationwas given by
the quenching of the frequency of the center-of-mass oscillation in harmonically trapped configurations [15]
and of the sound velocity [16]. The effect of a pulse of spin–orbit coupling on themotion of awave packet and its
broadening in the absence of a trapwas recently studied at the level of single particle physics in [29]. In a very
recent work [30] the expansion of a Bose–Einstein condensate in the presence of spin–orbit couplingwas
investigatedwith special focus on the plane-wave phase, where intriguing effects associatedwith the occurrence
of negative values of the effectivemass were observed.

In the present paperwe investigate the expansion of a spin–orbit coupled Bose gas focusing on the single-
minimumphase, where a simplified hydrodynamic description is formulated in terms of scaling variables and
analytic solutions to the nonlinear equations characterizing the expansion can be obtained.Wefind that, for
values of the Raman coupling close to phase transition between the single-minimumphase and the plane-wave
phase, the expansion along the direction of spin–orbit coupling is dramatically quenched exhibiting an effective
localization caused by the lowering of the superfluid flow. A typical example of quenched expansion caused by
spin–orbit coupling is shown infigure 1where the integrated density ò=( ) ( )n x y n zr, d obtained by
numerically solving theGross–Pitaevskii equations is reported for different expansion times, starting from an
initially isotropic density distribution. At the phase transition, corresponding to the choice W = Wc for the
strength of the Raman coupling, the expansion is frozen along the direction of spin–orbit coupling (the
vertical axis).

2.Hydrodynamic formalism

Weconsider the following Raman induced spin–orbit coupled single-particle Hamiltonian [31, 32]

 s s= - + + -
W( ) ( )H

m
p k

p

m

p

m

1

2 2 2 2
, 1x z

y z
xsp 0

2

2 2

where = - m mp i (m = x y z, , ) is the canonicalmomentum, ÿk0 is the recoilmomentum and W > 0 is the
Raman coupling strength. The detuning term d s( )2 z can be set to zerowith a proper choice of the frequency of
the twoRaman lasers. Interaction effects will be taken into account through the interaction energy

ò= åab ab a b( )V g n nr1 2 dint where nα is the density distribution of theαth component, p=ab abg a m4 2

are the coupling constants in different spin channels and aba the corresponding scattering lengths. For
simplicity, we assume that the interspin and intraspin interaction constants are the same, i.e.,

= = =g g g g11 22 12 . The spin–orbit coupled Bose–Einstein condensate is known to exhibit a second-order
phase transition at the critical Raman coupling strength W = E4c r where =E k m2r

2
0
2 is the recoil energy.

For W < Wc, the lower band of the single particle dispersion exhibits doubleminima at thewave vectors
 - W W( )k 10 c

2 . The condensate picks up one of them spontaneously and the resulting ground state then
corresponds to a spin-polarized plane-wave phase. For W > Wc, the lower band has instead only a single

Figure 1.Contour plot of the total integrated density ( )n x y, of the expanding spin–orbit coupled condensate for (a) W = Wc and (b)
W = W1.5 c (in each panel, the brighter the color, the higher the density). For each value of Raman couplingΩ, the density profiles have
been shown after an expansion time w =t 0ho , 4.7 and 9.4, respectively. In the top left panel we also show a length scale corresponding
to 10 μm.The results are obtained by solving theGross–Pitaevskii equationswith the spin–orbit coupling along the vertical direction.
See themain text for the detailed description of the simulation parameters.
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minimumat zeromomentum and the resulting ground state is named as single-minimumphase or zero
momentumphase which is instead spin balanced at equilibrium.

The spin–orbitHamiltonian equation (1) is known to affect in a deepway the expression for the current
operator along the x directionwhich takes the form

 s= -ˆ ( ˆ ˆ ) ( )j p k m 2x x z0

and, aswewill explicitly discuss, causes the violation of the usual current-phase relation  f= ( )n mj .
As discussed in [28], the relative phase of the two components is locked for the ground state and for the low

frequency dynamics. Therefore, the dynamic behavior of the spin–orbit coupled Bose–Einstein condensate is
described by the densities of the two components nα and by their commonphasef. Starting from the coupled
Gross–Pitaevskii equations in the presence of spin–orbit coupling and neglecting quantumpressure effects one
can then derive the following equations:
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whereVext is the confining harmonic potential, = +n n n1 2 and = -s n nz 1 2 are the total density and spin
density. Note that these quantities are position- and time-dependent in the expansion dynamics. From the
continuity equation (3), it is natural to introduce the superfluid velocity  f=  -( ) ( )v m k s mnx x z0 ,

 f= ( )v my z y z, , . Bywriting the spin density in terms of the local quasi-momentum  f= px x with the
help of equation (5) one recovers the hydrodynamic formalism presented in the recent work [30], based on the
inclusion of the lower branch of the single-particle spectrum.

In the followingwewill consider the single-minimumphase ( W Wc), where, at equilibrium, the system is
unpolarized and its phase can be chosen equal to zero. To obtain simple analytic expressions, we assume that the
spin density accumulated during the expansion is small compared to the total density, i.e., s nz . One can then
expand the square roots in the above equations and include terms quadratic in the spin density, generalizing the
linearized expressions derived in [28]. Using equation (5) a useful relation between the spin density and the
superfluid velocity is then obtained

*
=

W
( )s

n

k m

m
v

2
6z

x
0

with the effectivemass given by

* = - W W -( ) ( )m m 1 . 7c
1

Using these relations, after eliminating the spin density, the above differential equations can be recast in the
form
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hereafter called the equations of quadratic hydrodynamics, wherewe have retained only quadratic terms in the
velocityfield. Equations of the same form can also be derived in the plane-wave phase ( W Wc), where the
effectivemass is given by * = - W W -( ( ) )m m 1 c

2 1. In the plane-wave phase the equations of quadratic
hydrodynamics have however amore limited range of applicability because in this case high order terms in the
velocityfield become soon relevant and cause the appearance of asymmetric effects in the expansion dynamics
along the direction of spin–orbit coupling, as shown in [30].

3. Expansion dynamics

Similar to the case in the absence of spin–orbit coupling, the equations (8)–(10) of quadratic hydrodynamics
admit a solution of the inverted parabolic form = - - -( ) ( )( ( ) ( ) ( ))n t n t x R t y R t z R tr, 1 x y z0

2 2 2 2 2 2

within the regionwhere ( )n tr, is positive and zero elsewhere [10–12]. The peak density ( )n t0 is determined by
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the normalization condition p=( ) [ ( ) ( ) ( )]n t N R t R t R t15 8 x y z0 whereN is the number of atoms. The

Thomas–Fermi radii m ( )R t can bewritten in the scaled form =m m m( ) ( ) ( )R t b t R 0 (m = x y z, , ) in terms of the

dimensionless scaling parameters m ( )b t and of the Thomas–Fermi radii m
( )R 0 before the expansion. The velocity

field is parameterized as =m m m m( ) ( )v x t a t x, . Substituting these ansatz into the hydrodynamic equations, we

find =m m m( ) ˙ ( ) ( )a t b t b t and, after switching off the trapping potential, the equations for the scaling parameters

mb take the form

w
- =m

m

m
( )

˜
( ) ( ) ( ) ( )

( )b t
b t b t b t b t

¨ 0, 11
x y z

2

where *w w=˜ m mx x and w w=˜ y z y z, , . The initial conditions are determined by the properties of the system at
equilibrium, thus = =m ( )a t 0 0 and = =m ( )b t 0 1. By solving the above differential equations for m ( )b t and
m ( )a t with these initial conditions, one can obtain the density profile and the velocityfield of the condensate as
well as, according to equation (6), the spin density during the expansion. It is worth noticing that, different from
the plane-wave phase, the total density of the single-minimumphase is always symmetric in the spin–orbit
coupling direction during the expansion.

Close to the critical transition point from the single-minimumphase to the plane-wave phase, *m m 0
and thus w ˜ 0x . In this regime it is thus possible towrite down the analytical expression [10]

t t= +( ) ( )b 1 , 12y z,
2

t l t t t= + - +( ) ( ) ( )b 1 arctan ln 1 13x
2 2

for the solution of the hydrodynamic expansion differential equation (11), wherewe have assumed initial
isotropic trapping (w w w w= = º )x y z ho , yielding *l w w= =˜ ˜ m mx y , and introduced the dimensionless
time t w= tho .

Using the result =
˙

v xx
b

b
x

x
and equation (13)wefinallyfind that, in the limit *m m 0, the spin density can

be simplified to

t
m

= ( )s

n E

x

R
arctan , 14z 0

r 0

with t parctan 2 for t  ¥. In equation (14), we have introduced the initial Thomas–Fermi radius
= m

( )R R0
0 and m w= m R 20 ho

2
0
2 . Result (14) shows that, when W = Wc the above simplified hydrodynamic

approach, based on the condition s nz , is no longer valid for large expansion times τ, unless m0 is sufficiently
small compared to Er.

The hydrodynamic results, based on the solution of the scaling equations for =m m m( ) ( ) ( )b t R t R 0 , are shown
as solid and dashed red lines infigure 2 for two different values of the Raman coupling strength W = Wc and
W = W1.5 c. For the sake of simplicity in these calculations we have assumed initial spherical trapping (similar
features are predicted also in the case of anisotropic trapping).Wefind that the expansion along the spin–orbit
coupling direction (dashed red lines infigure 2) is slower than the one along the other directions (solid red lines
infigure 2) and, in particular, it is frozen at the critical transition point between the single-minimumphase and
plane-wave phase, exhibiting an effective localization. The corresponding integrated density

ò= = -( )) ( ) ( ( ))( ( )n x y zn N R t x R trd d 15 16 1x x
2 2 2

and spin density profiles obtainedwith the help of

equation (6) are instead shown infigure 3 for two different expansion times.

Figure 2. Scaled Thomas–Fermi radius m ( )R t R0 of the expanding spin–orbit coupled Bose–Einstein condensate for different Raman
coupling strengths (a) W = Wc and (b) W = W1.5 c. The dashed red lines and the solid red lines are the results forRx(t) and ( )R ty z,

obtained from the hydrodynamic theory. The circles and squares in blue are the corresponding results obtained by numerically solving
theGross–Pitaevskii equations.
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To check the validity of the hydrodynamic approach, a full numerical calculation of the coupledGross–
Pitaevskii equations has been carried out under the same conditions of spherical trapping.We consider a spin–
orbit coupled Bose gas with = ´N 1 105 of 87Rb atoms confined in a spherical harmonic trapwith
w p= ´2 50ho Hz. TheRaman laser wavelength l = 782 nmwhich determines the recoilmomentum

p l=k 20 and the recoil energy Er. For our simulation parameters, we have the initial Thomas–Fermi radius
R0=8.46 μmand m »E 0.20 r . After long enough imaginary-time evolution, we prepare the condensate at the
ground state for different values of Raman coupling strengthsΩ. Thenwe release the harmonic trap and observe
the expansion dynamics of the condensate. The numerical results for the radii are shown by the blue symbols in
figure 2where, in order to compare quantitatively the simulation results with the hydrodynamic predictions, we

have numerically calculated themean square root radii = á ñm m( )w t x2 and then determined m ( )R t through the

Thomas–Fermi relation =m m( ) ( )R t w t7 . The corresponding density and spin density profiles are instead
reported infigure 3.

The agreement between the simulation and the hydrodynamic theory results is excellent for Raman
coupling W = W1.5 c at all expansion times. At the critical transition point W = Wc, we observe deviations at
large expansion times, reflecting the fact that spin density is not always small compared to the total density. In
particular, as shown by the simulation results infigure 2(a), the expansion of the condensate along the spin–orbit
coupling direction at the critical transition point is not completely frozen. Furthermore, as explicitly shown in
figure 3(a), for larger expansion times the total density cannot be longer described as an inverted parabola. This
is easy to understand since during the expansion the condensate accumulates a local phase (and hence a local
quasimomentum)which changes the values of the effectivemass, resulting in amore complicated behavior of
the density distribution. For W = Wc, the density at w =t 9.4ho can be approximated by a function of the form

b l» - a( ) ( ∣ ∣ )n x x Rexp 0 , reflecting an analogywith the exponential behavior observed in [6] during the
expansion in the presence of localization induced by disorder.

4. Conclusion

In conclusion, we have studied the expansion dynamics of the spin–orbit coupled Bose–Einstein condensate
using a hydrodynamic formalism allowing for analytic scaling solutions. The expansion along the spin–orbit
coupling direction is slowed down in a dramatic way near the critical transition point between the single-
minimumphase and the plane-wave phase. The slow expansion is caused by the quenching of the superfluid
flow corresponding to a huge increase of the effectivemass. The comparisonwith the numerical solution of the
coupledGross–Pitaevskii equations indicates that our hydrodynamic approach, which takes into account up to

Figure 3.Plot of the total integrated density n(x) and the spin density sz(x) of the expanding spin–orbit coupled condensate for (a)
W = Wc and (b) W = W1.5 c. For each value of Raman coupling, the density profiles after an expansion time w =t 0ho , 4.7, and 9.4 are
shown. The solid and dashed red lines are the results obtained from the hydrodynamic theorywhile the blue symbols are the results
obtained by numerically solving theGross–Pitaevskii equations, respectively. In the left-bottompanel, the solid green line is a fitting
function of the form b l= - a( ) ( ∣ ∣ )f x x Rexp 0 with b = 9750, a = 1.17 and l = 0.6.
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quadratic terms in the velocityfield, works verywell for the calculation of the density and of the spin density for
short expansion times. For a Rashba spin–orbit coupled Bose gas [33–36], the investigation of the expansion
dynamics can be carried out similarly using the corresponding hydrodynamic formalism [28].
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