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Fuzzy Maximal Eigenvalues of Fuzzy Pairwise
Comparison Matrices

Jana Krejei!

Abstract. In the Analytic Hierarchy Process (AHP), the maximal eigen-
value of a pairwise comparison matrix is used to verify its consistency using
the Consistency index and to obtain the weights of objects from the pairwise
comparison matrix. There have been many attempts to fuzzy the AHP, among
which also the fuzzification of the maximal eigenvalue of a fuzzy pairwise com-
parison matrix was approached. Csutora & Buckley (2001) and Wang & Chin
(2006) proposed formulas to obtain the fuzzy maximal cigenvalues of fuzzy pair-
wise comparison matrices whose elements were triangular and trapezoidal fuzzy
numbers. However, the fuzzification was not done properly. The reciprocity of
fuzzy pairwise comparison matrices was not taken into account, even though
it is strictly required in the AHP. We propose new formulas for computing the
fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix. For the sake
of simplicity, only triangular fuzzy numbers are used. Afterwards, fuzzy max-
imal eigenvalues obtained using the new formulas are confronted with those
obtained by the means of the formulas formerly proposed in the literature.
Properties of the fuzzy maximal eigenvalues are described and an illustrative
example is given.
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1 Introduction

In the Analytic Hierarchy Process, in the original method, Saaty proposed the Consistency Index CI to
verify the consistency of pairwise comparison matrices and the eigenvalue method to obtain the weights
of objects from pairwise comparison matrices. For the computation of the CI as well as the weights of
the objects, the maximal eigenvalue of a pairwise comparison matrix is essential.

In the last few decades, the fuzzification of the AHP has become very popular among researchers
since fuzzy elements can handle the vagueness of meaning of linguistic terms expressing intensities of
decision makers’ preferences. There have been many attempts to fuzzify the AHP, among which also the
fuzzification of the eigenvalue method was proposed. In 2001, Csutora & Buckley [1] proposed formulas
for obtaining the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix whose elements where
either triangular or trapezoidal fuzzy numbers. After that, using the fuzzy maximal eigenvalue, they
proposed an algorithm for obtaining fuzzy weights of objects from the fuzzy pairwise comparison matrix.
Five years later, the fuzzification of the eigenvalue method proposed by Csutora & Buckley was revised
by Wang & Chin [4]. They adopted the formulas for computing the fuzzy maximal eigenvalue of a fuzzy
pairwise comparison matrix with triangular fuzzy numbers and did a little modification in the formulas
for obtaining the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix with trapezoidal fuzzy
numbers. Afterward, they proposed a new method for obtaining the fuzzy weights of objects using the
fuzzy maximal eigenvalue of the fuzzy pairwise comparison matrix. However, neither Custora & Buckley
[1] nor Wang & Chin [4] took into account the requirement of the reciprocity of pairwise comparison
matrices during the construction of the formulas for obtaining the fuzzy maximal eigenvalue of a fuzzy
pairwise comparison matrix. This is a serious flaw since the reciprocity is regarded as an essential property
of pairwise comparison matrices in the AHP.
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This paper focuses on the proper fuzzification of the formulas for obtaining the maximal eigenvalue
of a pairwise comparison matrix. The formulas for computing the fuzzy maximal eigenvalue of a fuzzy
pairwise comparison matrix proposed by Csutora & Buckley [1] and by Wang & Chin [4] are reviewed,
and the deficiency of the formulas regarding the violation of the reciprocity condition is pointed out.
Then, improvements to the formulas are proposed in order to obtain the actual maximal eigenvalue of a
fuzzy pairwise comparison matrix.

The paper is organized as follows: In Section 2, triangular fuzzy numbers and arithmetic operations
with them are defined. In Section 3, a pairwise comparison matrix and a fuzzy pairwise comparison matrix
are defined, and their properties are reviewed. In Section 4, formulas for obtaining the fuzzy maximal
eigenvalue of a fuzzy pairwise comparison matrix are dealt with. In Section 5, illustrative examples are
given, and finally, in Section 6, a conclusion is formed.

2 Triangular fuzzy numbers

In this section, triangular fuzzy numbers and arithmetic operations with them are defined.

A triangular fuzzy number ¢ is a fuzzy number on R whose membership function is given as

T —Cj|
Co—c1’ c1 < < co,
= — c3—x
C(IZ') - c3—cg)? o <x < C3, (1)
0, otherwise,

where c1, c3 and cg are called the lower, the middle and the upper significant values of the triangular fuzzy
number ¢. Every triangular fuzzy number can be uniquely described by a triplet of its significant values;
the notation é = (¢, ¢z, ¢3) is used in the paper hereafter. A triangular fuzzy number ¢ = (¢1, co,c3) is
said to be positive if ¢; > 0.

Since in the fuzzification of the AHP only positive fuzzy numbers are used, we restrict definitions of
arithmetic operations only to positive fuzzy numbers. According to the simplified standard arithmetic,
the sum, the product and the quotient of two positive triangular fuzzy numbers ¢ = (c1,ca, c3) and
d = (dy,ds,ds) are triangular fuzzy numbers in the form ¢ +d = (c; +di,c2 +do,c3 +d3), Exd =
(c1 xdy,ca xda,c3 xdg) and ¢/d = (c1/ds, ca/da, c3/d1) . The reciprocal of a triangular fuzzy number ¢ is

: ven i 1_ (1 1 1
a triangular fuzzy number given in the form 7 = (cB’ o o )

However, the concept of the standard fuzzy arithmetic (in this paper the simplified standard arithmetic
defined above) can be applied only if there are no interactions between the fuzzy numbers. In case of
any interaction between the fuzzy numbers, the constrained fuzzy arithmetic by Klir & Pan [2] should
be applied on the arithmetic operations.

Let f be a continuous function, f : R®™ — R, let ¢ = (¢, ¢i2,¢i3) %4 = 1,...,n, be triangular fuzzy
numbers, and let D be a relation in R™ describing interactions among the variables. Then, according to
the simplified constrained fuzzy arithmetic, ¢ = (¢1, ¢o, ¢3) is a triangular fuzzy number whose significant
values are computed as

cr =min{f (z1,...,2,);(@1,...,2n) € DN [ec11,c13] X -+ X [¢n1,¢n3]},
c2 = f(ci2,...,cn2), (2)
ez =max{f (v1,...,Tn); (T1,...,Tn) € DN [c1r,c13] X -+ X [en1, Cnsl} -

3 Pairwise comparison matrices and fuzzy pairwise comparison matrices
In this Section, a pairwise comparison matrix and a fuzzy pairwise comparison matrix are defined, and
their properties are reviewed.

A pairwise comparison matriz of n objects is a square matrix A = {a;; }:L.j=1 whose elements a;; are
numbers from Saaty’s scale [5] when the object in the ¢-th row is more important than the object in the
j-th column or their reciprocals when the object in the j-th column is more important than the object
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in the 4-th row. It follows that a pairwise comparison matrix has to be reciprocal, i.e. aj; = ai for
ij
i,7=1,...,n,i # j,and a;; =1 for : = 1,...,n. A pairwise comparison matrix A = {a’ij}?j—l is said to
. W
be consistent when a;;, = a;ja; holds for 4,5,k =1,...,n.

The mazimal eigenvalue A\prax of a pairwise comparison matrix A is the maximal solution to the
equation |A — M| = 0 where |.| denotes the determinant of a given matrix. For the sake of simplicity,
the maximal eigenvalue of a given matrix is denoted only by A hereafter. According to Perron-Frobenius
theorem for nonnegative matrices follows that, for any nonnegative matrix 4 = {a;;}; its maximal

i,j=1"
eigenvalue \ is nonnegative, i.e. A > 0. Moreover, for any two matrices A = {aij}?jzl ,B = {bi, };‘jzl
such that a;; < b;; for 4,5 = 1,....n, and ar < by for k,1 € {1,...,n}, the maximal eigenvalue A4 of

A is lower than the maximal eigenvalue Ap of B, i.e. Ay < Ap. Further, as was shown by Saaty in [6],
for any positive reciprocal matrix A = {aij}zjzl , its maximal eigenvalue )\ is greater or equal to n, i.e.
A > n. The equality A = n holds if and only if the matrix A = {aij }?j=1 is consistent, i.e. a;ja;r = a

fori,j,k=1,...,n.

A fuzzy pairwise comparison matriz of n objects is a square matrix A = {&ij}zjzl whose elements
ai; are fuzzy numbers from a given scale when the object in the i-th row is more important than the
object in the j-th column or their reciprocals when the object in the j-th column is more important than
the object in the i-th row. In this paper, fuzzified Saaty’s scales of triangular fuzzy numbers defined in
[3] are applied. Analogously as the pairwise comparison matrix of real numbers, also the fuzzy pairwise
comparison matrix is reciprocal, i.e. a;; = % for 7,7 = 1,...,n. On the main diagonal of a fuzzy
pairwise comparison matrix we compare always one object with itself. Naturally, the objects are always
equally important as themselves and there is no fuzziness in these comparisons. Therefore, we require
ai; = 1,1=1,...,n, for all fuzzy pairwise comparison matrices.

4 Fuzzy maximal eigenvalue

In this section, the formulas for obtaining the fuzzy maximal eigenvalue of a fuzzy pairwise comparison
matrix formerly proposed in the literature are reviewed, deficiencies of the formulas are pointed out, and
then new formulas are proposed. Subsequently, properties of the fuzzy maximal eigenvalue are discussed.

Csutora & Buckley [1] proposed formulas for obtaining a—cuts, a € [0,1], of the fuzzy maximal
eigenvalue of a fuzzy pairwise comparison matrix. For the sake of simplicity, we focus here only on
obtaining the significant values of the triangular fuzzy maximal eigenvalue. According to Csutora &
Buckley [1], the significant values of the fuzzy maximal eigenvalue A5 = (A, A5, A§) (the upper index S
stands for the standard arithmetic which is applied to obtain the fuzzy maximal eigenvalue) of a fuzzy
pairwise comparison matrix A= {dij}?,jzl ,Qij = (@ij1, aije, aij3) , are computed as

X = maz {14 = M| = 0,41 = a1}, )
A = mar {A; Ay — AI| = 0, Ay = {aijg};szl} , (3)

A = max {/\; [As — M| =0, A3 = {aijg}?’j:l} :

It means, the lower significant value A\{ of the fuzzy maximal eigenvalue A ofa fuzzy pairwise comparison
matrix A is computed as the maximal eigenvalue of the matrix Ay = {aijl}zj:]_ , whose elements are the
lower significant values of the triangular fuzzy numbers from the fuzzy pairwise comparison matrix A.
Analogously, the middle significant value A5 is computed as the maximal eigenvalue of the matrix of the
middle significant values of the triangular fuzzy numbers from the matrix g, and the upper significant
value \j is computed as the maximal eigenvalue of the matrix of the upper significant values of the

triangular fuzzy numbers from the matrix A.

Obviously, the matrices A; and As are not reciprocal. Even Csutora & Buckley [1] themselves observed
this fact. Nevertheless, they did not consider it to be a flaw. Not even Wang & Chin [4], who adopted
the formulas (3) to compute fuzzy weights of objects from fuzzy pairwise comparison matrices, realized
the flaw. However, as was discussed in [3], the reciprocity is a key property of fuzzy pairwise comparison
matrices, which has to be preserved. It means, there are interactions between the elements of a fuzzy
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pairwise comparison matrix which have to be taken into account during the computation. Therefore, the
constrained fuzzy arithmetic (2) has to be applied on the formulas for obtaining the maximal eigenvalue
of a pairwise comparison matrix.

By applying the simplified constrained fuzzy arithmetic, the formulas for obtaining the significant
values of the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix become considerably more
complicated; an optimization tool is necessary to solve the problem. Let us analyze the problem. To
obtain the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix, we have to search through
all reciprocal pairwise comparison matrices which can be generated by combining the elements lying in
the closures of the supports of the fuzzy numbers in the fuzzy pairwise comparison matrix. We compute
the maximal eigenvalue of each of these matrices, and then the lowest obtained maximal eigenvalue
corresponds to the lower significant value of the resulting fuzzy maximal eigenvalue, and the greatest
obtained maximal eigenvalue corresponds to the upper significant value of the resulting fuzzy maximal
eigenvalue. The middle significant value of the resulting fuzzy maximal eigenvalue is computed as the
maximal eigenvalue of the matrix of the middle significant values of the fuzzy numbers from the fuzzy
pairwise comparison matrix since the middle significant values of the fuzzy numbers are the most possible
ones and the matrix of these values is reciprocal. It means that the formula for obtaining the middle
significant value of the fuzzy maximal eigenvalue remains the same as the formula proposed by Csutora
& Buckley [1]. Formally, the formulas for obtaining the significant values Af*, \f' and Af' of the maximal
eigenvalue A\ (the upper index R stands for involving the reciprocity into the formulas for obtaining the
fuzzy maximal eigenvalue) of a fuzzy pairwise comparison matrix A= {&ij}zjzl , A5 = (aijl, a;j2, (Lijg) ,
are given in this form:

A= min{max{)\; |[A—X|=0,A= {aij}zjzl};aij € laij1, aijs] , aij = ﬁ,aii =1,1,5 = 1,...,n},

>~
N
I

max {X; |4 = M| =0, 40 = {aiga},_, },

>\3 = max {II]BX {)\, |A — )\” = “, A= {(Lij}?j—l} ;aij (S [aijl,aijg] 7(12']' = _al.. , Qs = ].,LJ = ]., . 77l}
J= Ji

Using the properties of the maximal eigenvalues reviewed in Section 3, we can derive some properties
of the fuzzy maximal eigenvalues of fuzzy pairwise comparison matrices obtained both by the formulas
(3) proposed by Csutora & Buckey [1] and by the new formulas (4).

First, the properties of the fuzzy maximal eigenvalue obtained by formulas (3) are summarized. Since
a fuzzy pairwise comparison matrix A= {aij}?,jﬂ ,Gij = (aij1,ai52,a453) , is positive, i.e. a;;1 > 0 for
i,j = 1,...,n, the maximal eigenvalue of any matrix constructed from the elements from the closures
of the supports of its fuzzy numbers is positive too. Further, because the inequalities a;j1 < asj2 < aij3
hold for i,5 = 1,...,n, ¢ # j, and a1 = a2 = ayuz for i = 1,...,n, than clearly, for the maximal
eigenvalues A7, A5 and \j of the matrices A; = {aiji}; =) A2 = {aije}] ;- and A3 = {aijs}],_, ., the
inequalities A7 < A5 < A hold. Since A = {aij2};
maximal eigenvalue A\5. The equality A5 = n occurs only if the matrix Ay = {aijQ}ijl is consistent, i.e.
aijotjke = Gik2 for 4,5,k =1,...,n.

1 is reciprocal, the inequality A5 > n holds for its

The fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix obtained by the new formulas
(4) has the following properties. Since all significant values of the fuzzy maximal eigenvalue A\F =
(A, AZ, M) are obtained from reciprocal matrices (see formulas (4)), the inequalities AP > n, ! > n
and Af > n clearly hold. Further, because the lower significant value A¥ of the fuzzy maximal eigenvalue
A is obtained as the minimum of a given function, the upper significant value A is obtained as the
maximum, and A\¥ is the maximal eigenvalue of a particular matrix, the inequalities A < A% < A% hold.
In total, for the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix obtained by formulas (4),
the inequalities n < )\{% < )\5" < )\gf‘ hold. In special case, when the matrix A, of the middle significant
values of the fuzzy numbers from the fuzzy pairwise comparison matrix Ais consistent, the significant
values of the fuzzy maximal eigenvalue A = (A, A5, AF) of the fuzzy pairwise comparison matrix are
in the form n = A = A\J' < A*. In case that the matrix Ay is not consistent but there exist elements in
the closures of the supports of the fuzzy numbers from the fuzzy pairwise comparison matrix such that
they form a consistent matrix, the significant values of the fuzzy maximal eigenvalue of the fuzzy pairwise
comparison matrix are in the form n = A\t < AF < \Z.
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n

Further, since A is the maximal eigenvalue of the matrix A = {aiji}; =1 A is the maximal eigen-

value of a reciprocal matrix A* = {afj}zjzl saf; € laiji,aiy), and a0 < afj for i,5 = 1,...,n, then
obviously the inequality Af < A holds. Analogously, since A3 is the maximal eigenvalue of the matrix
A = {agjs}];_y, M is the maximal eigenvalue of a reciprocal matrix A* = {a;kj}zj:l ,aj; € laiji, aijs],
and a;j3 > a; for 7,5 = 1,...,n, then also the inequality /\3{?' < /\§ holds. Therefore, the support of
the fuzzy maximal eigenvalue AR of a given fuzzy pairwise comparison matrix is a proper subset of the
support of the fuzzy maximal eigenvalue A5 of the fuzzy matrix, i.e. ()\{%, )\:If) C ()\*19 A5 ) .

By applying the reciprocity condition on the formulas for obtaining the fuzzy maximal eigenvalue
of a fuzzy pairwise comparison matrix, we eliminated all unfeasible combinations of elements from the
supports of the fuzzy numbers in the fuzzy pairwise comparison matrix. Consequently, we obtained the
fuzzy maximal eigenvalue AT which is less vague than the fuzzy maximal eigenvalue A5 obtained by the
formulas proposed by Csutora & Buckley. Moreover, the support of the fuzzy maximal eigenvalue AR is
a proper subset of the support of the fuzzy maximal eigenvalue A® and represents the actual maximal
eigenvalue of the fuzzy pairwise comparison matrix.

5 Illustrative example

In this section, three fuzzy pairwise comparison matrices are examined. The maximal eigenvalue of each
of the matrices is computed both by the formulas (3) and by the new formulas (4), where the matrix
reciprocity is taken into account, and the results are compared. For the construction of the fuzzy pairwise
comparison matrices, fuzzified Saaty’s scales defined in [3] are used.

First, let us assume the fuzzy pairwise comparison matrix A given in Table 1. The middle significant
values of the triangular fuzzy numbers in the fuzzy pairwise comparison matrix form a consistent matrix,
and therefore, as was mentioned in Section 4, its maximal eigenvalue is 3. The fuzzy maximal eigenvalue
computed according to the formulas (3) is then A¥ = (2.4983, 3,3.7919) , and the fuzzy maximal eigenvalue
computed according to the formulas (4) is A\f = (3, 3,3.0649) . For better illustration, the fuzzy maximal
eigenvalues are represented in Figure 1.

Now, let us assume the fuzzy pairwise comparison matrix B given in Table 1. The middle significant
values of the triangular fuzzy numbers in the fuzzy matrix obviously do not form a consistent matrix.
However, we can obtain a consistent matrix in the form

1 3 9

L1 3 (5)
ill

9 3

by combining different significant values of the fuzzy numbers from the fuzzy pairwise comparison matrix
B. According to this observation, we know that the lower significant value of the fuzzy maximal eigenvalue
of the fuzzy pairwise comparison matrix B obtained by the formulas (4) is 3. The fuzzy maximal
eigenvalue computed according to the formulas (3) is then A5 = (2.3429,3.0291,4.3209) , and the fuzzy
maximal eigenvalue computed according to the formulas (4) is A" = (3,3.0291, 3.2948) . Both the fuzzy
maximal eigenvalues are represented in Figure 2.

Finally, let us assume the fuzzy pairwise comparison matrix C given in Table 1. Obviously, we can
not obtain a consistent matrix by any combination of the elements from the closures of the supports
of the fuzzy numbers from the fuzzy pairwise comparison matrix. Therefore, the lower significant value
of the fuzzy maximal eigenvalue of the fuzzy pairwise comparison matrix obtained by the formulas
(4) is greater than 3. The fuzzy maximal eigenvalue computed according to the formulas (3) is then
A = (2.6794,3.2085,3.9458) , and the fuzzy maximal eigenvalue computed according to the formulas (4)
is M = (3.0291, 3.2085, 3.5608) . Both the fuzzy maximal eigenvalues are represented in Figure 3.

Obviously, the fuzzy maximal eigenvalues of the fuzzy pairwise comparison matrices ﬁ,é and C
obtained by the formulas (4), which preserve the reciprocity of the matrices, are significantly less vague
than the fuzzy maximal eigenvalues obtained by the formulas (3), which violate the reciprocity condition.
Moreover, the closures of the supports of the fuzzy maximal eigenvalues obtained by the means of the
formulas (4) are the proper subsets of the closures of the supports of the fuzzy maximal eigenvalues
obtained by the means of the formulas (3).
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A B C
1 (1,2,3)  (7,8,9) 1 (1,3,5)  (7,9,9 1 (3,5,7)  (7,9,9)
(3.3.1) 1 (3,4,5) (3,3.1) 1 (3,5,7) (3.%.3) 1 (5,7,9)
Ged 61D 1 GED (D 1 Ga) (1Y)
AS = (2.4983,3,3.7919) A5 = (2.3429, 3.0291, 4.3209) NS = (2.6794, 3.2085, 3.9458)
AR = (3,3,3.0649) AE = (3,3.0291, 3.2948) AE = (3.0291, 3.2085, 3.5608)

Table 1 Fuzzy maximal eigenvalues of fuzzy pairwise comparison matrices

2 3 4 2 3 4 2 3 4

Figure 1 Fuzzy maximal eigenval- Figure 2 Fuzzy maximal eigenval- Figure 3 Fuzzy maximal eigenval-
ues of the fuzzy pairwise compar- ues of the fuzzy pairwise compar- ues of the fuzzy pairwise compar-
ison matrix A. ison matrix B. ison matrix C.

6 Conclusion

The proper fuzzification of the maximal eigenvalue of a pairwise comparison matrix was dealt with in this
paper. The formulas for obtaining the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix of
triangular fuzzy numbers proposed by Csutora & Buckley in [1] and adopted by Wang & Chin in [4] were
reviewed. Deficiences of their formulas were pointed out and new formulas were introduced afterwards.
The new formulas are based on the constrained fuzzy arithmetic taking into account the reciprocity
condition, which is required for all pairwise comparison matrices in the AHP. Subsequently, we derived
some properties of the fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix obtained both by
the formulas (3) and by the new formulas (4), where the reciprocity condition is taken into account. The
fuzzy maximal eigenvalue of a fuzzy pairwise comparison matrix obtained by the new formulas (4) is less
vague than the fuzzy maximal eigenvalue obtained by the formulas (3) proposed by Csutora & Buckley.
Moreover, it represents the actual maximal eigenvalue of the fuzzy pairwise comparison matrix since all
constraints derived from the AHP and from the simplified constrained fuzzy arithmetic are taken into
account in the formulas.
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