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1. Introduction

Let g be a power of a prime, then the Hermitian curve H is the plane curve defined over Fg2 by
the affine equation x3t! =y 4 y, where x, y € Fe.

This curve has genus g = @ and has ¢° [F,2-rational affine points, plus one point at infinity, so
it has > +1 rational points over Fg2 and therefore it is a maximal curve (Ruck and Stichtenoth, 1994).
This is the best known example of maximal curve and there is a vast literature on its properties, see
Hirschfeld et al. (2008) for a recent survey. Moreover, the Goppa code (Goppa, 1981, 1988) con-
structed on this curve is by far the most studied, due to the simple basis of its Riemann-Roch space
(Stichtenoth, 1993), which can be written explicitly. The Goppa construction has been generalized in
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Vladut and Manin (1984) to higher dimensions. A simpler description can be found in Fitzgerald and
Lax (1998) for the so-called affine-variety codes.

In this paper we provide an algebraic and geometric description for codewords of a given weight
belonging to any fixed affine-variety code. In Augot (1996) the solving of a (multivariate) polynomial
equation system was proposed for the first time to determine minimum-weight codewords of cyclic
codes, while in Sala (2007) a more efficient system was proposed. Our proposal can be seen as a gen-
eralization to the affine-variety case of Sala (2007). A similar approach can be used to decode codes,
as described, for example, in de Boer and Pellikaan (1999) and surveyed in Mora and Orsini (2009).
The specialization of our results to the Hermitian case allows us to give explicit formulas for the num-
ber of some small-weight codewords. Codes over the Hermitian curve have been studied along the
years and in Heholdt et al. (1998), along with a survey of known results, a new challenging approach
as explicit evaluation codes is proposed. We expand on our 2006 previous result, presented orally as
Sala and Pellegrini (2006), where we proved the intimate connection between curve intersections and
minimum-weight codewords.

The paper is organized as follows:

e In Section 2 we provide our notation, our first preliminary results on the algebraic charac-
terization of fixed-weight codewords of any affine-variety code and some easy results on the
intersection between the Hermitian curve and any line.

e In the beginning of Section 3 we provide a division of Hermitian codes in four phases, which is
a slight modification of the division in Hgholdt et al. (1998), and we give our algebraic charac-
terization of fixed-weight codewords of some Hermitian codes. We study in depth the first phase
(that is, d < q) in Section 3.2 and we use these results to completely classify geometrically the
minimum-weight codewords for all first-phase codes in Section 3.3. In Section 3.4 we can count
some special configurations of second weight codewords for any first-phase code and finally in
Section 3.5 we can count the exact number of second-weight codewords for the special case
when d = 3, 4. A result in this section relies on our results (Marcolla et al., 2014) on intersec-
tion properties of 4 with some special conics, firstly presented at Effective Method in Algebraic
Geometry, MEGA 2013.

e In Section 4 we draw some conclusions and propose some open problems.

2. Preliminary results
2.1. Known facts on Hermitian curve and affine-variety codes

From now on we consider Fy the finite field with g elements, where q is a power of a prime and
Fg2 the finite field with g elements. Also, IF‘qz will denote the algebraic closure of Fq and Fg.. Let «
be a fixed primitive element of Fp2, and we consider 8 = a9t as a primitive element of Fq. From

now on ¢, g%, « and B are understood as above.
The Hermitian curve H = Hq is defined over Fg. by the affine equation

X =yl+y wherex,yeFp. (1)
This curve has genus g = q(qz—_]) and has n = ¢ rational affine points, denoted by P1, ..., P,. For any
x € Fp, Eq. (1) has exactly g distinct solutions in Fg.. The curve contains also one point at infinity
P, so it has g 4 1 rational points over Fg2 (Ruck and Stichtenoth, 1994).

Let t > 1. For any ideal I in the polynomial ring Fq[X], where X = {x1,...,x:}, we denote by
V) c (Fq)f its variety, that is, the set of its common roots. For any Z C (Fq)t we denote by Z(Z) C
Fq[X] the vanishing ideal of Z, that is, Z(Z) = {f e Fq[X]| f(Z) =0}.

Let g1,...,8s € Fg[X], we denote by I = (g1, ..., &) the ideal generated by the g;’s. Let {x‘ll — X1,

..,x? — Xt} C I. Then [ is zero-dimensional and radical (Seidenberg, 1974). Let V(I) = {P, ..., Py}.
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We have an isomorphism of Fg-vector spaces (an evaluation map):

¢:R=Fglx1,...,%]/1 — E)"
[ (f(P1),..., f(Pn).

Let L C R be an [Fg-vector subspace of R with dimension r.

(2)

Definition 1. The affine-variety code C(I, L) is the image ¢ (L) and the affine-variety code CL(I, L) is
its dual code.

Our definition is slightly different from Fitzgerald and Lax (1998) and follows instead that in
Marcolla et al. (2012). Let L be linearly generated by by, ..., b then the matrix

bi(P1) b1(P2) ... b1(Pp)
H=| SR
br(Pl) br(PZ) e br(Pn)
is a generator matrix for C(I, L) and a parity-check matrix for C1(I, L).

For more recent results on affine-variety codes see Geil (2008), Marcolla et al. (2012), Lax (2012).

2.2. First results on words of given weight

Let 0 <w <n, C be a linear code and c € C. We recall that the weight of c, denoted by w(c), is
the number of components of ¢ that are different from zero and

Aw(C)={ceC|w(c)=w}|.

Let c € (Fy)", c=(c1,...,Cn). Then

n
ceC.l)" < H' =0 <= ) cbj(P)=0, j=1,....r. 3)
i=1
Proposition 1. Let 1 < w <n. Let I = (g1, ..., g) be such that {x‘{ —xl,..,,xf — Xt} C I. Let L be a sub-
space of Fpa[x1, ..., X]/1 of dimension r. Let L be linearly generated by {b1, ..., b}. Let ] be the ideal in
FqlX1,1, .-, X165 -« s Xw,15 - - > Xw,t» 21, - - . , Zw] generated by
w
Zz,'bj(xm,...,x,',t) for j=1,...,r (4)
i=1
gn(Xi1,...,Xig) for i=1,...,wandh=1,...,s (5)
q-1 -
zi =1 for i=1,...,w (6)
[]@u=xnp®™" =1 for 1<j<i<w. (7)
1<i<t

Then any solution of ], corresponds to a codeword of C1(I, L) with weight w. Moreover,

Au(CE (L Ly = VUWI
w!
Proof. Let o be a permutation, o € Sy,. It induces a permutation & acting on {X1.1,...,X1.t,.--,Xw.1,
s Xt 215 - Zw) @S O (X)) = Xy, and O (z;) = z4(j). It is easy to show that ], is invariant w.r.t.
any &, since each of (4), (5), (6) and (7) is so.
Let Q = (X115 s X1ty Xw, 1y - o> Xt 215 - - - » Zw) € V(Jw). We can associate a codeword to Q

in the following way. For each i=1,...,w, Py, = (Xi1,...,Xi¢) is in V(I), by (5). We can assume
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ry <rz <...<Ty, via a permutation & if necessary. Note that (7) ensures that for each (i, j), with
i # j, we have Py, # Py, since there is an [ such that x;; # x; ;. Since 2?_1 =1 (6), zi e Fg \ {0}. Let
ce (Fy" be

c=(0,...,0,71,0,...,0,%,0,...,0,Zy,0,...,0).
i) i) 1

m Ti Tw

We have that ¢ € C1(I, L), since (4) is equivalent to (3).

Reversing the previous argument, we can associate to any codeword a solution of J,,. By invariance
of J,, we actually have w! distinct solutions for any codeword. So, to get the number of codewords
of weight w, we divide |[V(Jw)| by w!l. O

2.3. Intersection between the Hermitian curve H and a line

We consider the norm and the trace, the two functions defined as follows.

- F, F, .
Definition 2. The norm N]Fzm and the trace TrIFZm are two functions from Fgm to Fg such that

Fym m—1 F.m m—1
NFZ (x) = x1Ta+-+a and TrFZ @ =x+x1+... +x1 .

We denote by N and Tr, respectively, the norm and the trace from Fp. to Fg. It is clear that
H={NX =Tr(y) |x,y € Fp}.

Lemma 1. For any t € IFy, the equation Tr(y) = y? + y =t has exactly q distinct solutions in IF 2. The equation
N(x) = x3+1 =t has exactly q + 1 distinct solutions, if t # 0, otherwise it has just one solution.

Proof. The trace is a linear surjective function between two Fg-vector spaces of dimension, respectively,
2 and 1. Thus, dim(ker(Tr)) = 1, and this means that for any t € Fq the set of solutions of the equation
Tr(y) = y¢ + y =t is non-empty and then it has the same cardinality of Fq, that is, q.

The equation x3+1 = 0 has obviously only the solution x = 0. If t 0, since t € Fq, we can write t = B, s0
that x = a'+J9=" gre all solutions. We can assign j =0, ..., q, and so we have q + 1 distinct solutions. O

Lemma 2. Let H be the Hermitian curve.
(i) Every line £ of P2 (IF42) either intersects H in q + 1 distinct points, or it is tangent to H at a point P (with
contact order q + 1). In the latter case, L does not intersect H in any other point different from P.
(i) Through each point of H, there is one tangent and q? lines of P> (Fg2) that intersect H in q + 1 points.

Proof. See Hirschfeld (1998), Lemma 7.3.2 at p. 247. O

Lemma 3. Let £ be any vertical line {x = t}, with t € Fg2. Then L intersects H in q affine points.

Proof. For any t € Fg, tatl e Fq, and so the equation y9 + y =9+ 1 has exactly ¢ distinct solutions
by applying Lemma 1. O

Lemma 4. Let £ be any horizontal line {y = b}, with b € Fg2. Then if Tr(b) = 0, £ intersects H in one affine
point, otherwise, if Tr(b) # 0, L intersects H in q + 1 affine points.

Proof. By Lemma 1, for any b € Fp2, the equation x3*t1 = b4 4 b has exactly q + 1 distinct solutions if
Tr(b) # 0, otherwise it has one solution. O
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Lemma 5. In the affine plane A*(F2), the total number of non-vertical lines is ¢*. Of these, q* — q* intersect

‘H in q + 1 affine points, while the remaining q° lines are tangent to H and they intersect M in only one affine
point.

Proof. Let £ be any non-vertical line in A2 (Fg2), then £ ={y =ax + b}, with a,b € F2. We have q?

choices for both a and b, so the total number is q*.

By (ii) of Lemma 2 we have that through each point of H there is one tangent. Since the Hermitian
curve has ¢3 affine points, then there exist g> tangent lines to 7 (that meet 7 at a single point of
order g + 1).

The lines containing the point at infinity are only the vertical lines. By Lemma 3, their number
is g2 (since they are £ = {x =t} where t € Fga).

The remaining lines are g% — ¢3. By (i) of Lemma 2 they meet the curve at g + 1 affine points. O

3. Small-weight codewords of Hermitian codes

We recall that an affine-variety code is Im(¢ (L)), where ¢ is as (2). We consider a special case of
affine-variety code, which is the Hermitian code.

Let [ = (x3T1 —yd—y, e —X, yq2 —Y) CFplx, yl and let R =F [, y]/I. We take L € R generated
by

Bng=(Xy +1lqgr+@+1s<m, 0<s<q—1, 0<r=<g®—1},
where m is an integer such that 0 <m < q° 4 g2 — q — 2. For simplicity, we also write x"y* for X" yS +1.

We have the following affine-variety codes: C(I,L) = Spanqu (¢ (Bm,q)) where ¢ is the evaluation

map (2) and we denote by C(m, q) = (C(I, L))+ its dual. Then the affine-variety code C(m, q) is called
the Hermitian code with parity-check matrix H:

fi(P1) ... fi(Pp)

H= where fj € By q. (8)

fiP) o fi(Po)

Remark 1. We recall that the Riemann-Roch space associated to a divisor E of a curve y is a vector
space L(E) over Fy(x) defined as

LE) ={f €Fq(0) | (f)+E=0}U{0},

where Fq(x) is a rational function field on x. In particular, if we consider the Hermitian curve #,
we know that it has q> + 1 points of degree one, namely a pole Q4 and ¢° distinct affine points
Py .5 =(y.8) such that y9+!1 =89+ 6. Let D be the divisor D = > yat1_sats Py.s on the curve H. For
m € Z the affine-variety code C(m,q)* is the same code as the Goppa code C(D,mQs,) associated
with the divisors D and mQ 4, as

C(D,mQoo) = {(f(P1), ..., f(Pn) | f € LNQoo)} C (Fy2)",

where £(mQ ) is a vector space over Fg2 (H).
Note that By 4 is a monomial basis for £L(mQ o).

The Hermitian codes can be divided in four phases (Hgholdt et al., 1998), any of them having
specific explicit formulas linking their dimension and their distance (Marcolla, 2013), as in Table 1.

In the remainder of this paper we focus on the first phase. This case can be characterized by the
condition d < q.
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Table 1
The four “phases” of Hermitian codes (Marcolla, 2013).

Phase m Distance d Dimension k

m=aq+b a+1a>b 3 a@tl)
1 O0<b<a<q-1 a+2 a=b =d=q q 2 b+1)
b#q—-1
> -1<m<4g-3
m=2q*—q—aq—b—3 (@—agq—b—1a<b o
2 l<a<q-2 (q—ayq a>b n-g-qtaqtbt2
0<b<q-2
3 4g—-2<m<n-2 m-—2g+2 n—-m+g—1

n—1<m<n+2g-2
4 m=n+2g—-2—aq—b n—aq—>b et 4 p+1
0<b<a<gqg-2,

3.1. Corner codes and edge codes

In Section 5.3 of Hgholdt et al. (1998), the first phase denotes case (3) at p. 933, where it is
characterized by | < g, which is equivalent to consider the first g — 1 nongaps in the numerical
semigroup A = (q,q + 1), that is all nongaps up to the conductor ¢ = 2g = q*> — q. With respect
to this description, we are able to extend this phase to include also nongaps {q¢? —q+1,...,q* — 2},
as follows.

By analyzing precisely the monomials involved, we are able to partition this phase in two sets:
the edge codes and the corner codes. When considering nongaps up to the conductor, there are non-
gaps immediately preceding a gap. These correspond to corner codes. The others are edge codes. For
example, if A = (5,6) then g =10 and the conductor ¢ = 20. The non-gaps up to c are {0, 5,6, 10,
11,12,15, 16,17, 18, 20}. Obviously, {0, 6, 12, 18} are followed by the gaps, respectively, {1,7,13,19}.
So {0, 6, 12,18} correspond to corner codes, while {5,10,11, 15,16, 17, 20, 21, 22, 23} correspond to
edge codes (note that we have included our addition {21, 22, 23}, with g% — 2 =23).

We observe that corner codes are codes of the form C(m,q), withm=(q+1)sand 0 <s<q—2,
while edge codes are codes of the form C(m, q), withm=qr+(q+1)s,1<r<q—1landr+s<q-—1.

We provide a formal definition in terms of monomials.

Definition 3. let 2<d<gqgandlet1<j<d-—1.
Let L9 ={1,x,....x" 2}, Ll = {y,xy,...,.x 3y}, .., L972 = {2}

Let [} =x3=1 .. ) =xi-Tyi-1,

o If Byg=L3U...ULI™ then we say that C(m,q) is a corner code and we denote it by HJ.
o If Byg= Lg u...u Lg—z ufl, ..., lé}, then we say that C(m, q) is an edge code and we denote it
by Hé.

From the formulas in Table 1 we have the following theorem.

Theorem4.let2 <d <q,1<j<d—1.Then

dd-1) _d(d—l)_j

d(H}) =d(H)) =d, dimg,, (H)) =n — :

; Iy
, dlm]Fq2 (Hp)=n

In other words, all ¢ (x"y*) are linearly independent (i.e. H has maximal rank) and for any dis-
tance d there are exactly d Hermitian codes (one corner code and d — 1 edge codes). We can represent
the above codes as in the following picture, where we consider the five smallest non-trivial codes (for
any q > 3).
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HY is an [n,n — 1, 2] code. k
Bm,g =LY = {1}, so the parity-check matrix n-1=k
of HY is (1,...,1).
H} is an [n,n —2,2] code. 2k
Bm,q = L(z) ) {l%} ={1,x} n-3=k
HY is an [n,n — 3, 3] code.
Bmg=1LUL} ={1,x,y) sk
H} is an [n,n — 4, 3] code. n-5=f
Bmg=LSULU{ll}={1,x,y,x%}
H2 is an [n,n — 5, 3] code. : 1 ]
Bmg=L3ULLU{}, 3} ={1,x y,x%, xy} S — e
3.2. First results for the first phase
Ideal J,, of Proposition 1 for C(m,q) is
_ w a,S q+1 }
= S ozixty? ,1X: — — Vi s
]W ( {21_1 1 lyl]xrysegm’q { i yl Yi i=1,..w
2 2 2
q°-1 q q
TR M L I (T |
{ ! i=1,..., w ! ! i=1,..., w y' Yi i=1,..., w ( )
2_ 2_
{i—xpP 1 =Di-yprt-n} ).
I<i<j<w
letw>v>1.let Q =&1,....,Xw, V1,-+-» Yw>Z1,---,2w) € V(Jw). We know (see Proposition 1)
that Q correspond to a codeword c. We say that the set {(x1, y1),..., Rw, Yw)} is the support of c.
We say that Q is in v-block position if we can partition {1,...,w} in v blocks Iy, ..., I, such

that
Xi=2Xj <= 31 <h<vsuchthati, jel.

This means that, in the support of ¢, we have |I;| points on a vertical line, |I;| points on another
vertical line, and so on.

W.l.o.g. we can assume |I1| <...<|ly| and Iy ={1,...,u}.

We need the following technical lemmas.

Lemma 6. We always haveu +v <w+ 1. Ifu>2and v > 2, thenv < L%J andu+v < L%J—{-Z.

Proof. Note that uv < w since |I1|+ ...+ |Iy|=w and |I1] < ... <|ly|. So the worst case is when
w = uv. This is equivalent to the case when all blocks have the same size. Let w’ := uv, note that
we always have w’ < w and hence any lower bound for w’ implies a lower bound for w. If u =1,
then we have u+v=14+v=14+w.Ifv=1,thenu=w=w andsou+v=w+1.If u>2 and
v>2,wehaveu<|¥|and v<|%] and then u+v < [%|+ %] <w < w+ 1. So we always have
u+v<=w+l.

To prove that u +v < [ %] + 2, we study the real-valued function f(v) =u+v =% + v, with
2<v=<¥ (w=>4). Wehave f(2) = f(¥) =% +2 where v=/w is the minimum point. In fact, the
derivative of f (in the variable v) is f'(v) = (v — w)/v?, its zero is v = «/w, f” is positive in the
whole interval under consideration and we have 2 < \/w < % Thus, the function takes its maximum
value at the endpoints of the interval. Then we have u+ v < 4§ + 2. Since u and v are integers, we
actually have that u+v < |%¥]|+2. O

Lemma 7. Let us consider the edge code Hé withl<j<d—-1<q—-1and3<d<w<2d—-3.LetQ =
X1, .. s Xws Y15+ -+» Yw» 21, - - - » Zw) be a solution of |, in v-block position, then exactly one of the following
cases holds:
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(a)

or

(b)

C. Marcolla et al. / Journal of Symbolic Computation 73 (2016) 27-45

u=1lv>d+landw>d+1,

v=1,thatis,X; =...=Xy.

Proof. We define, for all h such that 1<h <v:

(a)

(b)

Xp=% Iifiely,, Zp= ZZ’.
iGIh
u = 1. We want to prove, by contradiction, that v >d + 1.

Let v <d. Since Q € V(Jw), for any f € L9, {l}j} we have f(Q) =0 and so we have the following
equations

v

w v
0=) Xzi=)» Y Xjzi=) XpZ, 0<r<d-1. (10)
i=1

h=1 iel, h=1

Since v <d, one can restrict to the first v equations of (10) to get a v x v system, that is,

1 ... 1

Xy ... Xy Z1

. . c =0 (11)
Xt Xyt Zv

The above matrix is a Vandermonde matrix and the X;'s are pairwise distinct, so it has maximal
rank v. Therefore, the solution of (11) is (Z1,...,Zy)=(0,...,0). Since u =1, then Z; =21 =0,
which contradicts z; € Fg2 \ {0}. Thus, v >d+1; we have w+1>u+v=v+1>d+1 and hence
w>d+1.

u > 2. We suppose by contradiction that v > 2.

We need to define:

Yns=) yizi with1<s<u-—1
iEIh

We consider Proposition 1. A subset of equations of condition (4) is the following system:

Ziwzl }_(721 =0 ZI\;:l X;; Zh =0
YL X yizi=0 > he1XpYn1=0

. — . O0<r<v-1. (12)
Yy =0 Y he1 X Yhu-1=0

In fact, system (12) is a subset of (4) if and only if deg(;?}”ljf}"]) <d-2foranyi=1,...,w.
Thatis, v—-1)+(u—-1)<d—-2 < v+u<d.

To verify this, since v > 2, it is sufficient to apply Lemma 6 and we obtain u + v < L%J +2<
122 ) +2=d

System (12) can be decomposed in u systems, all with the same Vandermonde matrix, having
rank v:

Yho1Zn=0 SheiYh1=0 Sh_iYhu-1=0

> ho1 XnZn =0 Yho1 XnYn1=0 > het XnYnu-1=0
, . . (13)

Shoa Xy 'Zp=0 | Choi X' =0 Sha X Whuo1 =0
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Therefore, the solutions of these systems are zero-solutions. So, in particular, we have Z; =Y ; =
...=Y14-1=0, that is

Z?:lzi:o 1 1 _
Y1 yizi=0 Vi e Vu A

<— . . =0
: o St 5
S 7 E=0 R
i= i -

Since the x;’s in I are all equal, then the y;’s are all distinct. Then the last Vandermonde matrix
has rank u, and so z; =... =Z, =0, but this is impossible because every z; € Fg. \ {0}. Therefore
v=landu=w. O

3.3. Minimum-weight codewords

Corollary 1. Let us consider the edge code Hé withl<j<d-1<q-1.

IfQ=@1,.... %4, Y1, ---»Yd» Z1, - -+, 2d) € V(Jq), then X1 = ... = X4. In other words, the support of a
minimum-weight word lies in the intersection of the Hermitian curve ‘H and a vertical line.
Whereasifd >4and Q = (X1, ..., X441, Y1, ---» Yd+1, 215 - - - » Zd+1) € V(Jd+1), then one of the following

cases holds:

() Xi#Xxjfori#j1<i, j<d+1,
or

(b) X1 =...=X441-

Proof. We are in the hypotheses of Lemma 7. If w =d, then u > 1, hence v = 1. Whereas, if w =d+1,
we can apply Lemma 7 only if d > 4. We have two possibilities: in case (a) of Lemma 7, we have
v =d+ 1, then all x;'s are different, otherwise we are in case (b). O

Now we can prove the following theorem for edge codes.

Theorem 5. Let 2 <d < qand let 1 < j <d — 1, then the number of minimum weight words of an edge code

Hé is
q
Ad=q*q* - 1>(d>.

Proof. By Proposition 1 we know that J4 represents all the words of minimum weight. The first set
of ideal basis (9) has exactly @ + j equations, where 1 < j <d — 1. So, if j =1, this set implies
the following system:

Z1+...4+23=0

X1Z1+ ...+ X324 =0

yizi+...+Y4z4=0
. (14)

)_/‘11_221 +...+ J_/g_zid =0

—d—15 d—15
X\ 1+ X 2g=0
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Whereas, if j > 1, then we have to add the first j — 1 of the following equations:

X2z 4.+ X azq =0
MW+ 375220 =0

. (15)
99722 4+ Xy 20 =0

But x; = ... =Xy, since we are in the hypotheses of Corollary 1. So, for any j, the system becomes:
Z1+...+2z3=0
Vizi+...+Y4zg=0
(16)

¥z 4. 4+ Y5 2a=0

We have g2 choices for the common value of the X;’s and, by Lemma 3, we have (g)d! different y;’s,
since for any choice of x; there are exactly q possible values for the y;’s, but we need just d of them,
and any permutation of these will be again a solution. Now we have to compute the solutions for the
zZi's.

The matrix of the system (16) is a Vandermonde matrix, with rank d — 1. This means that the
solution space has linear dimension 1. So the solutions are (a1, @y, ..., aq_1a) with @ € IF;Z, where

a; are fixed since they depend on the y;’s. So the number of the z;'s is |IFZZ| =q? —1, then Ay =
7 (@@die®-1). o

We consider now corner codes. We have the following geometric characterization.

Proposition 2. Let us consider the corner code Hg and 2 < d < q. Then the points (X1, ¥1), ..., (X4, yq) cor-
responding to minimum-weight words lie on a same line.

Proof. The minimum-weight words of a corner code have to verify the first condition set of [,
which has d(dT*U equations. That is,

Z1+...+2z3=0
X1Z1+ ...+ X424 =0
Viz1+ ...+ Y424 =0 (17)

5_1611_221 +...+ }_/Z_zzd =0

This system is the same as (14), but with a missing equation. This means that (17) has all the solu-
tions of system (14) and other solutions.

We claim that the z;’s are all non-zero only if either all X;’s are distinct, or all are equal. In fact,
suppose that we have some (but not all) X;’s equal, then we have that the point Q € V(Jw), that
corresponds to a codeword c, is in v-block position with 1 < v < d. We can repeat the same argument
of the proof of Lemma 7. In particular, we have two different cases:

u =1 we can restrict to the first v of equations of a subset of (17), which has just the variables x’s
and z's. In this way we obtain a v x v system as (11). As before, z; = 0 since u =1, so it is
impossible.

u>2 and v > 2. We have u systems, all with the same Vandermonde matrix, having rank v as (13).
As in the point (b) of the proof of Lemma 7, we obtain that z; =... =2z, =0.
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Therefore, we have only two possibilities for the x;’s: either all are different or they coincide. The
same consideration is true for the y;’s, because when we consider (17) and we exchange x with y,
we obtain again (17).

So we have two alternatives:

e The X;'s are all equal or the y;'s are all equal, so our proposition is true.

e The X;’s and the y;’s are all distinct. We will prove that they lie on a non-horizontal line that
intersects the Hermitian curve.
Let y = Bx+ A be a non-vertical line passing through two points in a minimum weight configu-
ration. We can do an affine transformation of this type:

x=x

y=y' +ax, aeFp
such that at least two of the y”’s are equal. Substituting the above transformation in (17) and
applying some operations between the equations, we obtain a system that is equivalent to (17).

But this new system has all y"’s equal or all distinct, so the y”’s have to be all equal. Hence we
can conclude that the points lie on a same line. O

We finally prove the following theorem:

Theorem 6. Let 2 < d < q, then the number of words having weight d of a corner code Hg is

3
¢ —-d+1( ¢q
Aa=a"@* =) — (d_l).

Proof. Again, the points corresponding to minimum-weight words of a corner code have to verify
(17). By Proposition 2, we know that these points lie in the intersections of any line and the Hermitian
curve H.

Let Q = (X1,...,Xd, Y1, ---» Yd» 215 - -+, Zd) € V(Jq) such that X; = ... =Xy, that is, the points (x;, y;)
lie on a vertical line. We know that the number of such Q’s is

2,2 11(4
q-(q 1)(d>d!.

Now we have to compute the number of solutions Q € V(J4) such that (x;, y;) lie on a non-vertical
line.
By Lemma 5 we have that the number of d-tuples of points is

RN CED
(q q)( d )d!,

because we have g% — > non-vertical lines that intersect # in g + 1 points, and for any choice of a
line we need just d of these points (and the system is invariant). As regards the number of the z;'s,
we have to compute the number of solutions of system (17).

We apply an affine transformation to the system (17) to obtain a horizontal line, that is, to have
all the x;’s different and all the y;'s equal, so we obtain a system equivalent to system (16). Therefore
we have a Vandermonde matrix, hence the number of the Z;'s is g2 — 1. So

3 (@@ -D@d1+ @ - @ - ()
P@ -] +@-a ()] =
= @ - V)| @i + @~ O aa

- 2_ 3_
= @2 = () [ T+ IR | =@ - (). o

Aq
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3.4. Second-weight codewords

In this section we state more theorems for edge and corner codes. We study the case when the
X;i's coincide or when the y;’s coincide.

Theorem 7. Let 2 < d < q, then the number of words of weight d + 1 with y1 = ... = Y441 of a corner code
HY is:
d

2 vh 2 q+1
@ - 9@ — @+ 1) +d>(d+1>.

Whereas for an edge code Hé with 1 < j <d — 1 this numbers is:

2 oo o (a+1
@ —9@q 1)<d+1>.

Proof. We have g2 —q choices for the ¥;'s and, by Lemma 4, we have (gﬂ)(d+ 1)! different X;’s, since
for any choice of the y;’s there are exactly q + 1 possible values for the X;’s, but we need just d + 1
of them and any permutation of these will be again a solution.

Now we have to compute the solutions for the z;'s, in the two distinct cases.

* Case Hg. By Proposition 1 we know that J; represents all the words of minimum weight. The
first set of ideal basis (9) has exactly @ equations, which is system (17) with more variables.’

Since y1 =...=Yy4+1, System (17) becomes

Z1+...+2441 =0
X1Z1+ ... +X44124+1 =0

(18)
X727+ 4% 32401 =0
The matrix of this system is a Vandermonde matrix of rank d — 1. This means that the so-
lution space has linear dimension 2, hence the number of the admissible z’s is q* — |{zi = 0
for at least one i}|. Now we compute the number of solutions such that z; =0 for at least one i.
If we set one z; = 0, we have a linear (solution) space of dimension 1, that contains g solutions,
corresponding to the zero solution and g> — 1 codewords of weight d. We have d 4+ 1 of such
subspaces.
Moreover, the intersection of any two of them is only the zero solution, because if we set z; =0
for two z;'s, we have a linear space of dimension 0. The number of admissible z's is q¢* — (d +
1)q? + d, obtained by counting the elements of d 4+ 1 subspaces and removing the zero solution
counted d extra times. Thus, the number of words of weight d + 1 with y; =...=Yy441 of Hg is:

2 4 2 q+1
@ —@  —d+1)q +®<d+1)

* Case Hg. In this case the first set of ideal basis (9) contains exactly d(d;) + j equations, where
1<j<d-1.So,if j=1, this set implies the system (14) with more variables. Whereas, if j > 1,
then we have to add the first j — 1 of Egs. (15) with more variables.

T We have X;, i, zi with 1 <i <d+1 instead of 1 <i < d. We mean this every time that we write “with more variables”.
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Since y1 =...= Y441, the system becomes

Z1+...+2341=0
X1Z1+ ... +X4412441 =0

(19)
X'z + . 4% 21 =0

This means that the solution space has linear dimension 1. So the number of the z's is \IF;‘2| =

q* — 1, then the number of words of weight d + 1 with y; =...=Jg1 of Hé is
- -1 .
@ -9 )( do 1)
Theorem 8. Let 2 <d < q — 1, then the number of words of weight d + 1 with x; = ... = X441 of a corner

code Hg and of an edge code H,ji is:
2,4 2 q
—([d+1 d .
q(q (+)Q+)<d+]>

Proof. By Proposition 1 we know that J; represents all the words of minimum weight. For an edge
code the first set of ideal basis (9) implies, if j =1, the system (14) with more variables and, if j > 1,
we have to add the first j — 1 of Egs. (15) with more variables. Whereas, for a corner code, the first
set of ideal basis (9) implies the system (17) with more variables.

But Xy =...=Xg41, so in both cases the system becomes:

Z1+...+2341=0

Vzi+...+Yar1Za41 =0
(20)

Vi 4+ Y220 =0

We have g2 choices for the X;’s and, by Lemma 3, we have (dji])(d + 1)! different y;’s, since for any
choice of the x;’s there are exactly q possible values for the y;'s, but we need just d + 1 of them and
any permutation of these will be again a solution. Moreover, we have (g% — (d + 1)g2 +d) possible z’s,

because system (20) is analogous to the system (18). O

Theorem 9. Let 2 < d < q, then the number of words of weight d + 1 of a corner code Hg with (x;, ;) lying
on a non-vertical line is:

4 3\, 4 2 q+1
@ —q)@ —d+1)g +d)<d+1).

Whereas for an edge code Hé with 1 < j <d — 1 this numbers is:

a_ 321971
@ —q)(q D(d-ﬁ—l)'

Proof (sketched). We have q* — g> non-vertical lines, intersecting 7 in a set of g + 1 points. We
choose a line and d + 1 points on it. By an affine transformation, the system can always be reduced
to system (18) for corner codes, or to system (19) for edge codes. For corner codes we get a linear
space of dimension 2, whereas for edge codes we get a linear space of dimension 1. O

Remark 2. Non-vertical lines include horizontal lines of Theorem 7, so that Theorem 9 can be consid-
ered as a generalization of Theorem 7.
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In other cases, we have to consider the intersection of 7 with higher degree curves and the
formulas get more complicated. For example, the cubic found in Couvreur (2012).

3.5. The complete investigation for d =3, 4

In this section we will study separately some special cases of Hermitian codes, that is, the corner
codes and edge codes of distance d = 3 and d = 4, with q > 3: HY, H_l,, H%, HZ, {Hihgjgg. For any
of these codes, we count the number of words having weight d + 1. In the following section we are
going to prove these theorems:

Theorem 10. Let ¢ > 3. The number of words of weight 4 of a corner code Hg is:

e 3 1
1= I (@ () e 2w (7] ).

The number of words of weight 4 of an edge code H% is?:

42 — 1)%(q —1)2 2q k
A4=fm4—«f+3wz>+Q(q ;(q ) +m2—n§:ng>
k=4

where Ny is the number of parabolas (of the form y = ax* + bx+c,a#0and a,b,c € F2) and non-vertical
lines that intersect H in exactly k points.
The number of words of weight 4 of an edge code H% is:

+1
A4=q2<q—1)<2q3—3q2—4q+9>(q4 )

Theorem 11. Let q > 4. The number of words of weight 5 of a corner code Hg is:

1
As=q2<q—1>(q2—4><q3—4)(q; )

The number of words of weight 5 of all edge codes Hi for1<j<3is:

+1
ASZ&@—nxm3—M2—w+4®<q5>.

The formula for A4 of H_l' in Theorem 10 contains some implicit values Ni's. To derive explicit
values it is enough to consider Theorem 3.1 of Marcolla et al. (2014).

3.5.1. Study of HJ
We count the number of words with weight w = 4. In this case, the first condition set of J
becomes:

Z1+22+23+24=0

X1Z1 + X222 + X323 + X424 =0

Y1Z1 + Y222 + Y323 + Y424 =0
This is a linear system in z;. We first choose 4 distinct points P; = (X;, y;) on H and then we compute
the number of solutions in z;'s. The coefficient matrix is

1 1 1 1
( X1 X2 X3 X4 )
Vi Y2 V3 ya

2 Note that if g =3, then (§) =0 by convention.
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This matrix cannot have rank 1, since either the x;’s or the y;’s are not all equal. If the rank is 2, this
means that all P;’s lie on a same line. In this case, the linear space of solutions has dimension 2, so
that we have q* — 4q% + 3 solutions in z;'s.

Otherwise, the rank is 3. In this case, we have 3 points on a same line, say P1, Py, P3, if and only
if we have a square submatrix of order 3 whose determinant is 0, but this implies that z4 = 0, which
is not admissible. Thus, if we choose 4 points such that no 3 of them lie on a same line, all z;’s will
be non-zero and we get a codeword of weight 4. The vector space of solutions has dimension 1, so
that we have g% — 1 solutions in Z;'s.

If the rank is 2, by Lemmas 3 and 5 the total number of solutions (in X;, yi, zj) is

2(4 4 3,(9+1 4 2
(q <4>+(q —q)< 4 ))(q —4q° +3).

If the rank is 3, the total number of solutions (in x;, y;, z;) is
3
q 2(9 3 4 3. (q+1 3
— —q) — — —q-—1
(<4> q <3>(q Q9 —(q q)( 3 q@-q9-1
2(4 4 3.(q+1 2
- - - 1.
q ( 4) (@ —q )< 4 (q )

(We consider all the choices of 4 points of H, then we subtract all the choices of 3 points on a line
and the other elsewhere, and we also subtract all the choices of 4 points on a line.) Putting together,
we get the total number of codewords of weight 4 of Hg:

3 1
Ag= <<‘i) —q2<g>(q3 —q) - (q4—q3)<q: )(q3 —q—1)> @ -1
1
+ (qz(i) +<q4—q3><q1‘ )) (q* — 5¢% + 4).

Doing the computations we obtain the first part of Theorem 10.

3.5.2. Study of H}
We count the number of words with weight w = 4. In this case, the first condition set of J,,
becomes:

Z1+234+234+24=0

X1Z1 + X222 + X323 + X424 =0

V121 + Y222 + Y323 + Y424 =0

)2%21 + )_C%Ez + )'(%23 + Rﬁ24 =0
As above, we first choose 4 points P; = (X;, yij) on H and then we compute the number of solutions
in z;'s. The coefficient matrix is

1 1 1 1
XX X3 X (21)
Y1 Y2 Y3 Ya
2R R R

Now we study the rank of the matrix according to “v-blocks” (although we cannot apply Lemma 7).
If all x;'s are equal, we have 4 points on a vertical line; the rank is 2 and the number of codewords
is (see case HY)

q (Z) q* —4q* +3).

If only three x;’s are equal, we have 3 points on a vertical line and another one outside, but this
configuration is impossible for Hg (that is, we do not have codewords associated to it), and it is also
impossible for H1, since H} € HJ.
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If we have two pairs of equal x;'s (for instance, x; = X, # X3 = X4), we can have codewords. In this
case, we deduce z1 +22 =0, zZ3+24 =0, z1(¥1 — y2) + 23(¥3 — y4) =0, so that we have ("22) way’s
to choose {x1,X3}, (§) ways to choose {J1. y2}, (§) ways to choose {¥3, y4}, g> — 1 ways to choose Z1,
this determines all z;. The number of codewords in this case is

*@® - 1D*q-1?
- .

If only two X;’s are equal, say X; = X2, we can show that we have z; +2z, =0, z3=0, zZ4 =0
(because if we set Z; =2z1 + z2, we get a Vandermonde matrix of rank 3), which is not admissible.
If we have all x;'s distinct, the submatrix

1 1 1 1
X1 X X3 X4
2 2 ¥ x2
X{ X3 X5 X5

has rank 3, but if the whole matrix (21) had rank 4 we could only have the zero solution, which is
not admissible. Thus, (21) must have rank 3, that is, the y;’s row must be linearly dependent on the
other rows. This means that

EIa,b,ceIF‘qz suchthatj/i:a)'clz—i-b)'c,-—i-c Vi=1,...,4.

That is, all P;’s lie on a same parabola (or on a same non-vertical line, if a = 0). In this case, the
number of codewords is

2q k
@ - 1)ZNk<4>,
k=4

where Ny is the number of parabolas (of the form y =ax® + bx+c, a#0 and a,b,c € Fg) and
non-vertical lines that intersect A in exactly k points (any parabola can intersect H at most in 2q
points).

Putting all together we get A4, that is, the second part of Theorem 10.

3.5.3. Study of H3
We count the number of words with weight w = 4. In this case, the first condition set of J,,
becomes:
Z1+23+23+24=0
X1Z1 + X222 + X323 + X424 =0
V1Z1 + Y222 + Y323 + Y424 =0
)_6%21 + )_6522 + )_(%23 + )_(‘2124 =0
X1Y1Z1 +X2Y2Z2 +X3Y323 +X4Y424 =0
As above, we first choose 4 points P; = (X;, yi) on H and then we compute the number of solutions
in z;'s. The coefficient matrix is

1 1 1 1
X1 )_(2 )_(3 )_(4

ooy oy s (22)
Xl X2 X3 X4

X1y1 X2Y2 X3Y3 Xaya
Now we study the rank of the matrix according to “v-blocks”.

If all x;’s are equal, we have 4 points on a vertical line; the rank is 2 and the number of codewords
is (see case H})

¢ (Z) q* — 49> +3).
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If only three X;’s are equal, we have 3 points on a vertical line and another one outside, but this
configuration is impossible (as above).

If we have two pairs of equal X;’s (for instance, X; = X # X3 = X4), we can deduce z; + 2z, =0,
z3 + 24 =0, and then

{ Z1(y1 —y2) +23(y3 — y4) =0
X121(J1 — ¥2) +X323(y3 — y4) =0~
but this system in the unknowns y; — ¥2, y3 — y4 has determinant z1z3(x3 —x1) # 0, so that y1 =y
and y3 = y4, which is impossible.

If only two X;'s are equal, say X; = x, we can show that we have z1 +2, =0, z3 =0,z4 =0 (as
above), which is not admissible.

If we have all x;’s distinct, the submatrix

1 1 1 1
()_q X2 X3 >_<4>

2 e xR R
has rank 3, but if the whole matrix (22) had rank 4 we could only have the zero solution, which is not
admissible. Thus, (22) must have rank 3, that is, the y;’s and x;y;’s rows must be linearly dependent
on the other rows. This means that y = ax®> + bx + ¢ and xy = dx*> + ex+ f, then ax> + (b — d)x* +
(c —e)x — f = 0. But this equation can have at most 3 distinct solutions, and we need 4. Thus we
must have a=0,b=d,c=e, f =0, that is, y = bx + c: all P;’s lie on a same non-vertical line, and
the number of codewords is

1
@ —q3>(q " )(q2 1.
4
Putting all together we get A4, that is, the last part of Theorem 10.

3.5.4. Study of H§

We count the number of words with weight w = 5. We have a linear system in z; with a (6 x 5)
matrix. If its rank is 5, we can only have the zero solution, which is not admissible. Thus, its rank
must be at most 4; this means that we have at least 2 relationships of linear dependency, say

Xy =a+ bx + cy + dx?
y2=e+ fx+ gy + hx?.

We need to find 5 points on the intersection of 2 different conics, but this means that the 2 conics
must be degenerate, they must have a common line, and all 5 points belong to this line. We could
distinguish between vertical lines and non-vertical lines, but in both cases the rank of the matrix is
exactly 3. So, the number of codewords is

1
As= ((q4 - q3)<q;r ) +q° (g)) q*—5¢*+4).

Doing the computations we obtain the first part of Theorem 11.
3.5.5. Study of H}, H2, H3
To count the number of words with weight w =5, we remember that
0 1 2 3 0
H3 D H; D H; 2 H; D H2

and the first and the last code have all the words with weight 5 corresponding to 5 points on a line.
We notice that for a vertical line the rank of the matrix is 3, while for a non-vertical line the rank of
the matrix is 4. So, the number of codewords is

1
As=q2(‘;)(q“—5q2+4)+(q4—q3><q: )(q2—1>.

Doing the computations we obtain the last part of Theorem 11.
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4. Conclusions and open problems

The so-called first-phase codes have nice geometric properties that allow their study, as first real-
ized in Pellegrini (2006) and Sala and Pellegrini (2006). In particular, the fact that all minimum-weight
codewords lie on intersections of lines and # is essential. Recent research has widened this approach
to intersection with degree-2 and degree-3 curves (Couvreur, 2012; Ballico and Ravagnani, 2014;
Fontanari and Marcolla, 2015), unfortunately without reaching an exact formula for higher weights.
We believe that only complete classifications of intersections of A and higher degree curves can lead
to the determination of the full weight distribution of first-phase Hermitian codes. We invite the
reader to pursue this approach further.

As regards the other phases, it seems that only a part of the second phase can be described in a
similar way. Therefore, probably a radically different approach is needed for phase-3, 4 codes in order
to determine their weight distribution completely. Alas, we have no suggestions as to how reach this.
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