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Abstract — The paper investigates the effect of the interference due to spectral leakage on the frequency
estimates returned by the Interpolated Discrete Fourier Transform (IpDFT) method based on the
Maximum Sidelobe Decay (MSD) windows when harmonically distorted sine-waves are analyzed. The
expressions for the frequency estimation error due to both the image of the fundamental tone and
harmonics, and the frequency estimator variance due to the combined effect of both the above
disturbances and wideband noise are derived. The achieved expressions allow us to identify which
harmonics significantly contribute to frequency estimation uncertainty. A new IpDFT-based procedure
capable to compensate all the significant effects of harmonics on the frequency estimation accuracy is
then proposed. The derived theoretical results are verified through computer simulations. Moreover, the
accuracy of the proposed procedure is compared with those of other state-of-the-art frequency estimation

methods by means of both computer simulations and experimental results.
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1. Introduction

Accurate estimates of harmonically distorted sine-waves are needed in many engineering applications
such as instrumentation, vibration analysis, power systems, and communications. To estimate the
parameters of a multi-frequency signal, Discrete Fourier Transform (DFT)-based methods are usually
preferred to the parametric ones (e.g. autoregressive methods, Pisarenko’s algorithm, MUSIC algorithm,
ESPRIT algorithm, sine-fitting algorithm [1-3]) since they provide accurate estimates, require a smaller
processing effort, and are more robust to signal model uncertainties. Many DFT-based methods have been
proposed in the literature, such as the Interpolated DFT (IpDFT) method [3-10], the phase difference
methods [11-13], the least squares-based methods [14-15], and the energy-based method [16-17].

The IpDFT method is widely adopted to compensate the picket-fence effect due to the intrinsic
frequency granularity of the DFT spectrum [8]. In particular, when a Maximum Sidelobe Decay (MSD)
window is used to reduce spectral leakage [9, 18] the multi-frequency signal parameters can be estimated
by means of simple analytical relationships [9]. By using the IpDFT method, the frequency of each
spectral tone is estimated by interpolating the two largest DFT samples belonging to the corresponding
spectrum peak. The related amplitude and phase parameters are then estimated by using the obtained
frequency value. When analysing harmonically distorted sine-waves, IpDFT frequency estimates can be
affected by spectral leakage from the image components, harmonics, and wideband noise [3, 7, 10]. In
particular, in some applications, such as vibration analysis of low-speed rotating machines, the analysed
signals contain significant harmonic components [3, 4], which may heavily affect the frequency estimation
accuracy. The contribution of the harmonics to frequency estimation uncertainty has been analysed in
[10], where the magnitude of the related frequency estimation error has been derived. In order to further
reduce of the above detrimental effects, the multi-point IpDFT methods have been proposed [19-21]. They

hinder the effect of spectral leakage from both the image of the fundamental component and harmonics by
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weighted the interpolated DFT samples using coefficients related to classical finite difference procedures
[19, 20]. A corrected IpDFT algorithm has been also proposed for that aim [22, 23]. That procedure
estimates the sine-wave frequency by subtracting to the interpolated DFT samples the contributions due to
the image components and harmonics. However, to the best of the authors’ knowledge, expressions for the
contribution of harmonics and wideband noise on the frequency estimator accuracy when the IpDFT
approach is used has not yet published in the scientific literature.

The aim of this paper is twofold. At first the effect of the spectral leakage of both the fundamental
image component, harmonics, and wideband noise on the IpDFT frequency estimator based on a MSD
window are determined. The obtained expressions are then employed to propose a new IpDFT-based
procedure capable to reject interference from other tones on frequency estimation accuracy.

The remaining of the paper is organized as follows. In Section 2 the expressions for the frequency
estimation error due to both the fundamental image component and harmonics and the combined
frequency estimator variance due to the above disturbance components and wideband noise are derived
when the MSD windows are adopted. An IpDFT-based frequency estimation procedure that compensates
the effect of spectral leakage from the fundamental image and significant harmonics is then proposed in
Section 3. In Section 4 the accuracy of the provided expressions is verified through computer simulations.
Moreover, the proposed procedure is compared with the classical IpDFT method, the corrected IpDFT
(IpDFTc) procedure [22, 23], and the multi-harmonic sine-fitting (MHSF) method [24] by means of both

computer simulations and experimental results. Finally, Section 5 concludes the paper.

2. Analytical expression of the frequency estimation error
Let us consider the following discrete-time noisy and harmonically distorted sine-wave of length M,

composed by K harmonics and sampled at frequency fs:

x(m)= A sin(Zm‘(m - Mz_lj + (le + ZK: A, sin(27zkf [m - M2—lj + gokj+ e(m),
k=2

m=0,1.2,...M -1

)
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where Acand o (k = 1, 2,..., K) are respectively the amplitude and the phase of the kth spectral line, f is
the signal normalized or discrete frequency, defined as the ratio f = fi,/fs between the continuous-time

signal frequency fin and the sampling frequency fs, and e(:) is an additive white Gaussian noise of zero

mean and variance o. It is worth noticing that the time reference has been assumed at the centre of the
observation interval (i.e. at time (M — 1)/2) in order to minimize the effect of wideband noise on the estimated
phase [7].

The discrete frequency f can be written as:

l+68 2

where v represents the number of observed sine-wave cycles or the normalized frequency expressed in
spectral bins, | is its rounded value and 6 (-0.5 < §< 0.5) is the difference between the above values.
The sampling process can be either coherent (i.e. = 0) or non-coherent (when &= 0) [25]. The latter case
is often encountered in practice due to the lack of synchronization between the analysed continuous-time
waveform and the sampling rate. When non-coherent sampling occurs the discrete spectrum of the signal
(1) is affected by spectral leakage, which can be reduced by windowing, i.e. by multiplying the acquired
signal (1) by a suitable window sequence w(m), m=0, 1,..., M — 1 [26], so obtaining the windowed signal
Xw(m) = x(m)-w(m), m=0, 1,..., M= 1. Cosine-class windows are often adopted, that is [27]:

w(m)=:z_;ah COS(ZH&[TN—%}} m=0,1,...,M -1 3)
where H (H > 2) represents the number of window terms and a, >0, h =0, 1,..., H - 1, are the window
coefficients.

The Discrete-Time Fourier Transform (DTFT) of the windowed signal xu(-) is defined as [27]:

/1[ M-l

M-1 —j2r= - = (4)
Xu(2)=2 %, (me M
m=0

2 j+EW(/1), Ael0,M)
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where A is the normalized frequency, expressed in spectral bins, and Eu(-) is the DTFT of the signal
e(m)-w(m).
By neglecting the contribution of wideband noise, and using (1), (3), and (4), the following

expression can be achieved for DFT samples at the integer values r of the normalized frequency close to v.

) ) KA . )
Xw(r);ﬁ_W(r —v)el” —i_W(r +v)e I 4 Y KW (r—kv)e™,  rav

2) 2) = 2]
The second term in (5) represents the image of the fundamental component while the contribution of the
image components of harmonics has been omitted since simulations showed it is negligible as compared

with the spectral components considered in (5).

In (5), W(-) represents the DTFT of the adopted window w(-), which for | 1] << M can be expressed as [28]:

. H-1 6
W()= ML(M)Z(—l)“ah% when |7] << M. ©
V4 = A°—=h

It is worth observing that, since the time reference is located in the centre of the observation interval, (6)
represents a real-valued and even function, i.e. W(-1) = W(A).

In the particular case of the H-term MSD window (H > 2) the coefficients a, are [9]:

cit cimnt @)
8 =5 and a, =35, h=12..H-1

p!

where Cg = (p—q)!q!

. The related DTFT (6) can be expressed as [9]:

Msin(z4) (2H -2)! (8)
2H-2 H-1

2 72'1 H(h2 _/12)

h=1

W(2)=

, 12| <<M

When the signal-to-noise ratio in the frequency domain (equal to the signal-to-noise-ratio in the time
domain multiplied by the number of analyzed samples) is higher than about 18 dB, the integer part | of the
number of observed signal cycles can be exactly determined with high probability by simply applying a

maximum search procedure to the DFT samples [Xw(r)|, r =0, 1,.., M/2 - 1 [29], [30].
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The IpDFT method estimates the term & of the number of observed signal cycles by firstly

determining the ratio:

X, (+s)| ©)
X, -1+9)’

where s = 0 if [Xw(l = 1)| > [Xu(I +1)| and s = 1 if [Xu(l = 1)| < [Xu(l +1)|.
By considering negligible the contributions of the image component and harmonics in (5) are negligible, it

follows that:

W(-5+s) (10)

“EWCL-s+s)

N

which, using (8), for the H-term MSD window becomes:

3:(H ~1+8)a—H +s (11)
a+l '

In the following the effect of the fundamental image component, harmonics and wideband noise on
the frequency estimator provided by the IpDFT method based on the MSD windows are separately
analyzed in the case of harmonically distorted sine-waves or noisy and harmonically distorted sine-waves,
respectively.

a) harmonically distorted sine-waves
Due to the spectral interference from both the fundamental image component and harmonics (whose

effect has been neglected in (11)), the returned values are affected by an error (see (A.16) in the

Appendix):
K 12
AS= A8, + ) AS, (12
k=2
where:
2(-1)**(H + (-1)°5)1 + 5)W (21 + 5)
Ady = cos(2¢,), (13)

21+ 5+ (-1)°*H W (5)

represents the contribution of the fundamental image component, while:
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AS, = (-1)° (k -1) 2 (H+(D°5)1+5) W(k-1I k)
A k=Dl +ko+(-1)°H W ()

os(o, — @), k=23,...,K (14)
is the contribution of the k-th harmonic.
It is worth noticing that:

- the errors A& and Ad are sinusoidal functions of the related tone phase; the corresponding maximum

value are respectively:

C2H + (<)) + 5)W (2 + )

e T o s+ (<) H . W) (15)
and
85, (k1) (H+(1)6)1+8) W(k-1)I+ks) k23 K .
A, (k-DI+kS+(-1’H  W(5)

- the error Ad depends on §and it is null when coherent sampling occurs (since the related value of the
window transform is null) or the phase difference ¢x - ¢1 = +n/2 rad;

- the error A& increases as the amplitude Ay increases, | decreases, or k decreases.

b) noisy and harmonically distorted sine-waves
To evaluate the contribution of noise e(:), the number of acquired signal cycles v is assumed high
enough that the contributions of the fundamental image component and harmonics can be neglected. In

this case the variance of the estimator & due wideband noise is given by [9]:

2 _(H=|5])°[2(4H -3)(6*~|5|)+2H* —1] ENBW 1
an (2H -1)° SL?(5) M -SNR’

17

where ENBW and SL(9) are the Equivalent Noise BandWidth and the Scalloping Loss of the adopted
window, given by [9]:

sin(zo) [(H -

5 Hd ’
& (h? — 52)

1

ENBW =

cii
>, and SL(J) =

Sy

I

=g
I
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and SNR = A? /(252) is the Signal-to-Noise Ratio.
Since noise and signal components are related to different physical phenomena, their effects can be

considered statistical independent. Thus, by considering the phases of the fundamental component and

harmonics uniformly distributed in the range [0, 2x) rad, the combined variance of the estimator 5 is

[31]:

K K
o-§ = Po +kz;‘pk +O—§,n - 05(A50ma><)2 +O'52(A6kmax)2 +O-§,n’ (18)

= k=2

where p, = AS;, 12, k=2,3,...,K are the variances of the contributions of the

0max

/2 and p, = AS?

k,max

2

fundamental component and the kth harmonic to the frequency estimation error, and o5 is given by (17).

From (18) it follows that the contribution of spectral interference from the fundamental image

component and harmonics becomes negligible as compared with the effect of wideband noise when:

(H-|8])?[2(4H -3)(5%~|5|)+ 2H? —1] ENBW 1
13 2 K )
(2H -1)*M SL%(5) o+ o

k=2

SNR <<

(19)

Conversely, when wideband noise prevails, (17) and (18) show that the maximum of 02 occurs when

coherent sampling occurs [9].

3. The proposed IpDFT-based procedure
Since the sidelobe envelope of the H-term MSD window spectrum has a fast decaying rate (i.e. 6(2H -

1) dB/oct), only the lower order harmonics are expected to provide a significant contribution to Ad and

oi. Fig. 1 shows the theoretical expressions for the maximum errors AS,

: AS

3max’

and

max '

AS

4 max

normalized to Ax/A1, As/A1, and A4/Aq, respectively as a function of swhen | = 3 (Fig. 1(a)) and 1=

10 (Fig. 1(b)). The term & is varied in the range (-0.5, 0.5) with a step of 0.04 cycles and the Hann

window is adopted.
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Fig. 1. Theoretical expressions for the maximum errors AS,, ., Ad; ., and Ad, .. normalized to Ai/A;,
A1/As, and As/As, respectively when (a) | = 3 and (b) | = 10. The Hann window is adopted.

Fig. 1 shows that, for both values of I, the contribution of the 2nd harmonic always dominates the
others when equal amplitude harmonics are considered. Also, the contribution of the 3rd harmonic
overcome that of the 4th harmonic for most values of 6. Moreover, by comparing Figs. 1(a) and (b), it
follows that the harmonic contributions quickly decreases as | increases. This phenomenon is due to the
rapidly decaying sidelobe level of the Hann window spectrum.

Leveraging on the results derived in the previous Section the frequency estimation procedure described
in the following using pseudocode is proposed:

1) Acquire M samples of the analyzed signal x(m), m=0, 1, ..., M -1,

2) Evaluate the windowed signal xw(m)= x(m)w(m), m =0, 1, ..., M = 1, where w(:) is the H-term MSD
window.

3) Evaluate the DFT of the windowed signal xu(-) by (4).

4) Apply a maximum search procedure to the DFT samples to determine the integer part | of the number

of observed cycles.

5) Apply the IpDFT method to determine the estimates for the term Sx,the amplitudes and the phases of

the fundamental and the harmonics, Alx , ¢, and Akx , D kK=2,3,...

6) Apply (14) to determine the contribution of each harmonic to the estimation error Ay, k=2, 3, ....

7) ldentify the harmonic orders py and gy related to the two errors with greatest magnitude

8) Determine v, =/+4, —ASOX —A&Apx _qux
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9) Remove the estimates of the py-th and g.-th harmonics from the signal

~ ~

a Vv, n A V, n
y(m)=x(m)-A4, sin(2mp, ﬁm+¢px )-A4, sin(2m, ﬁm+(pqx ), m=0,1,2,..., M-1

10) Perform steps 5) and 6) on signal y(-) and estimate the term ¢ by the following expression:

5=5,-08, -3 Ab, , (20)

keK,
where 3y is the estimator of & obtained by applying the IpDFT method to the signal y(-), ASOy and ASAkY

are determined by (13) and (14), respectively, using the harmonic parameters returned by the IpDFT

method and K is the set containing the orders of the significant harmonics; the kth harmonic is

considered significant i S 1>|AS e.g. « = 10 or greater), otherwise its contribution is assume
idered significant if |A5, |2|AS, |/ u (e.9. 1= 10 or greater), oth ts contribut d

negligible; in the previous equation py is the order of the harmonic with the greatest contribution to the

estimation error related to the application of the IpDDFT method to the signal y.

As it can be seen the proposed procedure requires to perform two iterations. The aim of each iteration
is to reduce a fraction of harmonics contribution on the estimation of the term &. During the first iteration
(steps 1-8) the two harmonics with the greatest contribution to the estimation error are determined, their
parameters are estimated through the IpDFT method, and the estimate of & corrected from the contribution
of these two harmonics is determined. Then, these contributions are removed from the original signal (step
9), so rejecting the spectral interference from both the harmonics and their images on the estimated value
of &. It is worth noticing that the two harmonics providing the greatest contribution to the estimation error
have been considered in the procedure in order to achieve very accurate results already after a single
iteration also when the signal is effected by one harmonic of significant amplitude and one harmonic with
lower amplitude, but closely spaced in frequency to the fundamental component.

In the second iteration (step 10) the proposed frequency estimation procedure is applied to the achieved
signal. Further removal of harmonics contribution is no more required, since it assumes a negligible value

as compared to the first iteration one; thus the application of (12)-(14) suffices.

10
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4. Computer simulations and experimental results

In this Section the accuracies of expressions (12) and (18) are firstly verified by means of computer
simulations. Then, the accuracies of the proposed procedure, the classical IpDFT method [3-10], the
IpDFTc procedure [22, 23], and the MHSF method [24] are compared through both computer simulations
and experimental results. It is worth noticing that in [23] it has been shown that the IpDFTc procedure
provides more accurate frequency estimates than the classical three- and five-point IpDFT methods [19,
20]. The MHSF method is considered in the comparison since simulations showed that it provides a
minimum variance estimator when the analyzed waveform is corrupted by additive white Gaussian noise
and the number of harmonics is a-priori known [29]. Conversely, when the number of harmonics is
unknown the MHSF method, unlike the IpDFT methods, may provide low accuracy estimates. In addition,
it requires a significantly higher processing effort than the considered IpDFT methods. These two aspects

will be also analyzed in this Section.

4.1. Simulation results

Computer simulations were performed by considering, for each value of v, the fundamental tone
amplitude A; = 1, phases of the fundamental and harmonics chosen at random in the range [0, 2x) rad, and
M =512 samples long data records. The two-term MSD window was adopted and a coefficient = 10 was
considered in the proposed procedure. Three iterations were employed in the MHSF method since no
significant accuracy improvement was achieved when using a higher number of iterations. All methods
were applied to the same signal. The noise variance was chosen in such a way to achieve SNR = 50 dB.

When considering harmonically distorted sine-waves the maximum absolute value of the frequency
estimation error is adopted as accuracy parameter. Conversely, a statistical parameter, i.e. the combined
standard deviation of the frequency estimator, is used when waveforms corrupted by wideband noise are

considered.

11
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Fig. 2 shows the maximum absolute value of the frequency estimation errors, |[Admax, returned by
simulations and (12)-(14) as a function of v for two different signals with harmonics up to the fourth
order. In the first signal the 2nd harmonic prevails (A2 = 0.5, A; = 0.25, and A, = 0.125), while in the
second one the 3rd harmonic overcomes the others (A; = 0.2, Az = 0.6, and As = 0.4). These signals were
considered since situations in which the 2nd or the 3rd harmonics prevails are often encountered in
practice. The normalized frequency v was varied in the range [2.01, 12) cycles with a step of 0.04 cycles.
For each value of v, 1000 runs were performed.

As we can see, for both considered signals a very good agreement is achieved between the simulation and

theoretical results.

¥ simulated 3 #® simulated
theoretical

theoretical

(a) (b)

Fig. 2. Maximum errors |Ad|max Versus v returned by simulations (crosses) and (12)-(14) (solid lines)
when analyzing a sine-wave with amplitude A; = 1 corrupted by 2nd, 3rd, and 4th harmonics with
amplitudes (a) A2 = 0.5, A3 = 0.25, and A, = 0.125 or (b) A, = 0.2, A; = 0.6, and A4 = 0.4. The phases of the
fundamental and harmonics are chosen at random and the number of analyzed samples is M = 512. The
Hann window is adopted.

Fig. 3 shows the combined standard deviation of the frequency estimator achieved o, returned by

simulations and (18) as a function of v for the same signals as in the previous analysis and using the same

simulations conditions.

12
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Fig. 3. Combined standard deviation of the frequency estimator versus v returned by simulations (crosses)
and (18) (solid lines) when analyzing a sine-wave with amplitude A; = 1 corrupted by 2nd, 3rd, and 4th
harmonics with amplitudes (a) A2 = 0.5, A3 =0.25, and A, =0.125 or (b) A2 = 0.2, A3 = 0.6, and As = 0.4.

The phases of the fundamental and harmonics are chosen at random, the number of analyzed samples is M

=512, and SNR =50 dB. The Hann window is adopted.

Even in this case a very good agreement is achieved between simulation and theoretical results. Also, in
Fig. 3(a) the combined standard deviation exhibits small oscillations when v > 8 since the effect of wideband
noise prevails on harmonics. The same behavior can be observed in Fig. 3(b) when v> 7. Moreover, as we
expected from the theoretical analysis, in the above situations the standard deviation exhibits maxima
when coherent sampling occurs. Conversely, harmonics contribution prevails for small values of v,
especially when v < 5. However, this threshold decreases as SNR decreases.

The combined standard deviations of the frequency estimates returned by all the considered methods are
compared in Fig. 4 considering the same noisy and harmonically distorted sine-waves as in Fig. 3. To
analyze the influence of the number of harmonics ny in the MHSF method accuracy, the result obtained

using either n,= 2 or 3 were analyzed. For each value of v 1000 runs were considered.

13
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proposed procedurs proposed procedure
— |pDFTc procedure — IpDFTc procedure

s — |pDFT method i il — IpDFT method

MHSF (n, = 2) method

MHSF (nh = 2] method
— MHSF (, = 3) method \ ——MHSF (n, = 3) method
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Fig. 4. Combined standard deviations of the frequency estimators versusv returned by the classical
IpDFT method, the proposed procedure (x = 10), the IpDFTc procedure, and the MHSF method with ni =
2 or 3, respectively. The signal parameters are: (a) A1 =1, A2 = 0.5, A; =0.25,and A, = 0.125 and (b) A1 =

1, A, =0.2, A;=0.6, and A, = 0.4 .The phases of the fundamental and harmonics are chosen at random,
the number of analyzed samples is M =512, and SNR = 50 dB. The Hann window is adopted.

Fig. 4 shows that the proposed procedure outperforms the IpDFT method and exhibits better
performance than the IpDFTc procedure in most situations when v < 3.5, while almost the same
performance are achieved for the remaining values of v (i.e. v > 3.5) where the parameter estimates are
accurate. Moreover, for 2.5 < v < 3.5 the combined standard deviation related to the proposed method is
almost constant and has a maximum when J'is close to 0 due to the behavior of the wideband noise effect,
thus confirming that the harmonics have been effectively removed by the proposed procedure. Conversely,
for v > 3.5 both the proposed and the IpDFTc procedures have almost the same effectiveness in reducing
harmonic contribution. Indeed, in these situations the frequency estimation accuracy is mainly limited by
wideband noise. It is worth noticing that, unlike the IpDFTc procedure, the proposed one is based on the
theoretical contribution of each harmonic to the frequency estimation error.

Many other simulations were performed for different values of harmonic amplitudes. It has been
observed that the proposed procedure outperforms the IpDFTc one in most situations when the harmonic

amplitudes are higher than 10% of the fundamental and v < 3.5. Only, when the effect of the fundamental

14
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image component prevails over the harmonics one, the accuracy of the proposed procedure is almost equal
to that ensured by the IpDFTc¢ method when v < 3.5.

As for the comparison with the MHSF method, the proposed procedure outperforms it when n = 2,
while it is less accurate when nn = 3. Indeed, the variance of this latter frequency estimator reaches the
asymptotic Cramer-Rao lower bound [29] as soon as v > 2.5 since no windowing is performed [26]. It is
worth noticing that applying the MHSF method with n, > 3 no further accuracy improvement is achieved,

despite a significant increase in the processing effort.

4.2. Experimental results

The accuracy of the proposed procedure was compared with the other considered state-of-the-art
methods also through experimental results. In the experimental run, the harmonically distorted sine-waves
are provided by an Agilent 33220A signal generator and acquired using a National Instruments 12-bit data
acquisition board NI 6023. It should be noted that the adopted signal generator employs a 14-bit digital-to-
analog converter (DAC) [32]. For sine-wave frequencies smaller than 20 kHz the Total Harmonic
Distortion ratio (THD) is smaller than 0.04% (-68 dBc) and the Spurious Free Dynamic Range (SFDR) is
smaller than -70 dBc [32]. The NI-6023 acquisition board is equipped with a 12-bit successive
approximations analog-to-digital converter (ADC) [33]. The maximum full-scale range and sampling
frequency of the acquisition board are 20 V and 200 kHz, respectively [33]. The full-scale range and the
sampling frequency were set to 10 V and 100 kHz, respectively. The generated sine-waves were affected
by 2nd, 3rd, and 4th harmonics, and additive wideband noise. The fundamental component amplitude was
set to 2 V and the signal frequency was varied in the range [497, 677] Hz with a step of 20 Hz. For each
frequency value, 1000 runs of M = 512 samples each were considered. Thus, the number of acquired sine-
wave cycles is in the range v € (2.5, 3.5), so that | = 3. This range has been chosen to compare the
performances of the considered methods when v assumes small values, i.e. when the contribution of

harmonics prevails over wideband noise. Two signals were generated, with 2nd and 3rd dominant
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harmonics, respectively. The amplitudes of the fundamental component and the first three harmonics were
estimated by the MHSF(n, = 3) method. These parameters and the Signal-to-Non-Harmonic Ratio

(SNHR) [34] and THD of both these signals are provided in Table 1.

Table 1. Amplitudes of the fundamental component, significant harmonics, SNHR and THD for the two
considered signals.

Signal with: A1 [V] A [V] Az [V] As[V] SNHR [dBc] THD [%)]
dominant 2nd harmonic 1.35 0.67 0.44 0.24 58 55
dominant 3rd harmonic 1.11 0.22 0.71 0.62 58 75

It is worth noticing that the inaccuracies of the signal generator are negligible as compared with the
considered harmonic amplitudes. Moreover, since the acquisition board has a lower resolution than the
signal generator DAC it is expected that wideband noise superimposed to the acquired signal is mainly
due to the acquisition.

The combined standard deviations of the achieved frequency estimates are shown in Fig. 5 as a
function of the number of observed cycles v, whose value was determined as the sample mean of the
estimates provides by the MHSF (nn = 3) method.

Like in computer simulations, Fig. 5 shows that the proposed procedure outperforms the IpDFT and the
MHSF(n, = 2) methods in all analyzed conditions, while the IpDFTc procedure is outperformed in most
analyzed conditions. However, the proposed procedure exhibits a lower accuracy than the MHSF method
based on the exact number of harmonics n, = 3. Also, curves in Figs. 4 and 5 show a very similar

behavior, so validating the performed computer simulations.
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Fig. 5. Combined standard deviations of the frequency estimates versus v returned by the proposed
procedure, the IpDFTc¢ procedure, the classical IpDFT method, and the MHSF method with n, = 2 or 3,
respectively. Sine-wave corrupted by 2nd, 3rd, and 4th harmonics with tones amplitudes: (a) A1 = 1.35, A,
=0.67,A3=0.44,and A, =0.24 V or (b) A1 =1.11, A, =0.22, A3 =0.71, and A4 = 0.62 V. The number of
analyzed samples is M = 512 and the sampling frequency is 100 kHz. The Hann window is adopted.
4.3. Computational complexity

The processing times required by all the considered methods were also compared. A Matlab 7.1
environment running on a portable computer provided with a 2-GHz processor, 4G - RAM memory, and
equipped with a Microsoft Windows 8.1 operating system was employed. The DFT samples were

calculated directly, i.e. using (4) instead of the fft(:) function of Matlab. When considering the signals

analyzed in Fig. 4, the average processing times over 1000 runs are given in Table 2.

Table 2. Average processing times over 1000 runs required by the considered methods.

Average processing
time (ms)
classical IpDFT method 0.27
IpDFTc procedure 0.44
proposed procedure 0.94
MHSF method 13.1
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Table 2 shows that the processing time required by the proposed method is about 2.1- and 3.5-times
higher than the IpDFTc procedure and classical IpDFT method, respectively. Conversely, the proposed
procedure is 14-times faster than the MSHF method and this ratio is expected to increase when the number
of significant harmonics is higher. In addition, to achieve accurate frequency estimates, the MHSF method
needs the a-priori knowledge of the number of significant harmonics, so further increasing the processing
effort. Thus, we can conclude that the proposed procedure can be advantageously used in the real-time

applications requiring accurate frequency estimates.

5. Conclusions

In this paper the expressions for the frequency estimation error due to the spectral interference from
the fundamental image component and harmonics and the estimator combined standard uncertainty due to
the above disturbances and wideband noise have been derived when the MSD windows are adopted in the
IpDFT method. The derived expressions allow us to determine the effect of each harmonic on the
estimated frequency and, as a consequence, to identify which harmonics provide the most significant
contribution. Based on the derived expressions a procedure capable to compensate all the significant
effects of harmonics on the returned frequency estimates has been proposed. The accuracies of the derived
expressions have been verified through computer simulations. It has been shown that the procedure
proposed in this paper outperforms the classical IpDFT method and the IpDFTc procedure when few
signal cycles are analyzed, i.e. when harmonics contribution dominates the effect of wideband noise.
Moreover, despite the proposed procedure exhibits a lower accuracy than the MHSF method when applied
on the exact (or higher) number of harmonics, it requires a much lower processing effort and so it can be

advantageously employed in real-time high-accuracy applications.
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APPENDIX

Derivation of the analytical expression of the error AS

Using (5) and remembering that the window transform (6) is real-valued, it follows that:

K
AfWZ(r—v)+AfWZ(r+v)+ZA,?WZ(r—kv)—ZAfW(r—v)W(r+v)cos(2¢1)

k=2

|XW (r]2 =~

N

K K
+2) " A AW(r—vIW(r—kv)cos(p, -9, )2 A AW (r+vIW(r—kv)cos(p; +@,)
k=2 k=2 (Al)

K
+2 DA A W(r—k,v)W(r—kyv)cos(p, —@,,) |

ky, ky=2
ky <k,

Let’s assume that the amplitude of the fundamental component is higher than harmonics and that the
number of observed signal cycles v is higher than the window’s number of terms H. Thus, (6) shows that
the terms containing the factor A,W(r—-v) dominate the others. As a consequence, the contributions to

(A.1) due to the second, third, sixth, and seventh terms are negligible and:

2

1X,,(r) s%[Afwz(r—v)—2AfW(r—v)W(r+v)cos(2¢l)

’ (A2)
+2) " AAW (r —v)W (r —kv)cos(p, —(pl)}.
k=2
which can be written as:
1 W(r+v) AW (r—kv) (A3)
X (P 2= A2W2(r—y)| 1-2 Y o652 2 cos(p, —,) |
X =2 AW V)[ —y oo+ ZAl Wy o col)}
. W(r+v) .
Since |———— , | — 1, 2 <1, and - <1it follows that
W) < 4, Wi | ese) [cos(p ~ 1)

W(r+v) A, W(r—kv) . . , .
2 2 2 —_— 7 - 1. By applying the first-order Taylor’s series
‘ Wir—y) 51 th Wiy S0P~ 1) <<1.By applying y

1/2 1/2

expansion of (1—x)"/ (i.e. using the approximation (1-x)/“ =1-x/2) we achieve:

19



380

381

382

383

384

385

386

387

| >

|XW( );

Using the substitutions v=1+ ¢ and r = | + p, (A.4) becomes:

X1+ p) = %w =5+ ) —%vv 2145+ p)cos(2p,) +ZK:%W (k=D + k5 — p)cos(p, — ),
k=2

W@l+s-1+s)| __,

and
| W(-1-6+s) |

Since

A W(1-6+s) |

— K — f—
\w(i+s 149) sz, _ZﬁW((k DI+k5+1-5)
| W(-1-6+5) A W(-1-6+5)

cos(¢; —¢,)

that difference with respect to 1, (A.5) provides:

X, (1+3)] _ W(-5+5s)
X (=148 T W(-1-5+

)(1+g),

where:

_ |W@I+o+s) W(2l+5-1+5) cos(20,)

TlW(srs)  W(1l-46+9) ?

+ii W((k-DI+ks-s) W(k-DI+ks+1-5)
W (-5 +5) W(-1-6+5)

in which s = 0 if [Xu(l = 1) > [Xu(l +1) and s = 1 if [Xu(l = 1)| < [Xu(l +1)).

Using (8) the following equalities can be achieved:

W(1+(—1)55)=%_(1‘)1355W(5),
21+5+ (=) (H-))
2 +5+(-1)**H

W2+ 8+ (-1))= W(21+5),

(k=D +ks+(-D)*"(H -1)

W((k_1)|+k6+(—1)s)= (k=D +ks+(-1)°H

Using (A.8) — (A.10) after some algebra (A.7) becomes:

20

W(r V) - AlW(ur+v)cos(2(p1)+ZiW(r—kv)cos(qpk o).

A_kW((k—1)1+k5+1—s)|<<1

}COS(% - @)

W((k =21 +k&).

(A4)

(A.5)
p=-10,1

we have

<< 1. From (9), and neglecting

(A.6)

(A7)

(A.8)

(A.9)

(A.10)



388

389

390

391

392

393

394

395

396

397

398

_ (H=-D(+9) 2(-1)
T (H =1+ (=D)*SW(S) | 21 + 5 + (-1)*'H

W (21 + ) cos(2¢,)

S D°k-D) A, i
+kZ=;(k—1)|+k5+(_1)SH a (DI kd)coso —o,) |

Linearizing (11) we can write:

~

Ad = @Aa.
oa

X, 049 W(-5+s)

where Aa =
X, (1=1+5) W(-1-5+5)

H+6-5s
Ao = ———z¢,
H-6-1+s

while from (11):

95 (H-5-1+5)
da 2H-1

By replacing (A.13) and (A.14) into (A.12) we achieve:

AS = (H+0-s)(H-0-1+5) .
2H -1

Finally, using (A.11), (A.15) becomes:

H+ () sl+8)]  2(-1)°"

AS = (
W (5) 21+ 5+ (-1)°*H

W (2l + ) cos(2¢,)

CR-DEDT A )
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21

. From (A.6) and (A.8) it follows that:
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