GLOBALLY GENERATED VECTOR BUNDLES ON P! x P! x P!
WITH LOW FIRST CHERN CLASSES

E. BALLICO, S. HUH AND F. MALASPINA

ABSTRACT. We classify globally generated vector bundles on P! x P! x P! with
small first Chern class, i.e. ¢1 = (a1,a2,a3), a; < 2. Our main method is to
investigate the associated smooth curves to globally generated vector bundles
via the Hartshorne-Serre correspondence.

1. INTRODUCTION

Globally generated vector bundles on projective varieties play an important role
in classical algebraic geometry. If they are non-trivial they must have strictly
positive first Chern class. The classification of globally generated vector bundles
with low first Chern class has been done over several rational varieties such as
projective spaces [II, 19, 20] and quadric hypersurfaces [4]. There is also a recent
work over complete intersection Calabi-Yau threefolds and a Segre threefold P! x P2
by the authors [5, [7].

There are three types of Segre varieties of dimension 3: P3, P! x P2 and P! x
P! x P!. In this paper we examine the similar problem of classification of globally
generated vector bundles for the Segre variety P! x P! x P!, the product of three
projective lines. Note that the classification is already dealt in the case of P® and
P! x P? in [1} [7, [19].

The Hartshorne-Serre correspondence in [2] states that the construction of vector
bundles of rank r at least 2 on a smooth variety X with dimension 3 is closely related
with the structure of curves in X and it inspires the classification of vector bundles
on smooth projective threefolds. There have been several works on the classification
of arithmetically Cohen-Macaulay (ACM) bundles on the Segre threefold [I1} [12]
and so it is sufficiently timely to classify the globally generated vector bundles on
the Segre threefolds.

Our first main result is on rank 2 bundles on P! x P! x P':

Theorem 1.1. Let £ be an indecomposable and globally generated vector bundle of
rank r at least 2 on X = P! x P! x P! with the Chern classes ¢; = (a1, a9,a3) and
co = (e1,ea,e3). Let s be the number of connected components of associated curve
to £ via the Hartshorne-Serre correspondence. If ¢; € {(1,1,1),(2,1,1),(2,2,1)},
the quadruple (s;e1,eq,es3) and the possible rank r are as follows:
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(r=2) (i) a1(&)=1(2,1,1) : up to permutations on (ea,e3)
{(3;0,3,3),(2;0,2,2),(1;2,1,1),(1;1,1,1),(1; 1,2,0) };

(i) e1(€) = (2,2,1) : up to permutations on (e, ez
{(1;2,1,2),(1;3,1,2),(1;4,1,2),(2;2,0,4),(3;3,0,6) }.

(r>3) (i) «1(&) =(1,1,1): {(1;1,1,1;3<r <N},
(iv) c1(€) =(2,1,1) : up to permutations on (ez,e3)

{(3;0,3,3;3<r <4),(1;2,2,2 ;3 <r<5),
(1;2,3,3;3<r <8),(1;2,4,4 ;3 <r <11)
(I;1,a,0;3<r<a+b)|3<a+b}
Moreover there exist globally generated vector bundles in each case.

Since bundles with ¢; = (a1, az, 0) are pull-backs of bundles on Q = P! x P! with
the first Chern class (a1, az) by Proposition so Theorem gives us a complete
answer for the first Chern class ¢; < (2,2,2) with a1 > ag > a3 > 0. Indeed we give
a complete classification of vector bundles and associated curves with respect to 5-
tuple (s;e1,es,e3;7) in most cases (see Proposition Proposition Theorem
and Theorem . We also give a partial classification of globally generated
vector bundles of rank 2 on X with ¢; = (2,2,2) in Section 6.

Let us here summarize the structure of this paper. In Section 2, we introduce the
definitions and main properties that will be used throughout the paper, mainly the
Hartshorne-Serre correspondence that relates the globally generated vector bundles
with smooth curves contained in the Segre threefolds. In Section 3, we collect several
basic notations and techniques that are used throughout the article, and then we
give a complete classification of globally generated vector bundles of arbitrary rank
with ¢; = (1,1,1) as a warm-up. Together with the results in Section 4 ~ 6, we
complete the classification of globally generated vector bundles of rank 2 with ¢; <
(2,2,2) and also give the classification for arbitrary rank in the case of ¢; < (2,1,1).

2. PRELIMINARIES

Let V4, Vo, V3 be three 2-dimensional vector spaces with the coordinates [x1;], [z2;], [zak]
respectively with ¢, 7,k € {1,2}. Let X =2 P(V}) x P(Va) x P(V3) and then it is em-
bedded into P7 2 P(V;) by the Segre map where Vo = Vi @ Vo ® V3.

The intersection ring A(X) is isomorphic to A(P') ® A(P') ® A(P!) and so we
have

A(X) = Z[tlv t27 t3}/(t%7 t%a t%)

We may identify AY(X) = Z%3 by aity + asty + asts — (a1,az2,a3). Similarly
we have A2(X) = Z%3 by ejtats + eatsty + estita — (e1,ea,e3) and A3(X) =
Z by ctitats + c¢. Then X is embedded into P7 by the complete linear system
|Ox(1,1,1)| as a subvariety of degree 6 since (1,1,1)% = 6.

Here we introduce some basic maps for our later use.

e m; : X — P! is the natural projection to ‘" factor;

e m;j : X — P! x P! is the natural projection to (i, j)-factor;
e o = pw : X — P3is a linear projection to P3 from a 3-dimensional
subspace W C P7 with W N X = (.
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For a curve C C X, write C = C; U--- U Cs with s > 1 and C4,...,Cs the
connected components of C. Set

€1 = deg((’)(;(l, 0; O)) , €2 = deg(OC(O, 17 0)) , €3 = deg(Oc(O, Oa 1))
and call (eq, eq, e3) the multidegree of C'. For each i =1,...,s, we also set
€[i]1 = deg(@ci(l, 0,0)) ) e[i]Q = deg(Oci (Oa 170)) ) 6[i]3 = deg(@ci (Oa 0, 1))
We also set deg(C) := C - Ox(1) and call it the degree of C. Then deg(C) is the
degree of C as a curve in P7 and it is the sum of the factors of multidegree of C.
For a coherent sheaf € with the second Chern class co(£) = ejtats+eatsts+estita,
we say that ca(€) = (e1, ea,e3) or that £ has multidegree (e1,eq,e3). Let € be a

globally generated vector bundle of rank  on X with the first Chern class ¢;(€) =
(a1,a2,a3). Then it fits into the exact sequence

(1) 0— 0% & — To(ar, ag, a3) — 0,

where C' is a smooth subscheme of dimension 1 on X by [I7, Section 2. G]. If C is
empty, then £ is isomorphic to O??(T_l) @ Ox (a1, a9,as).

Proposition 2.1. [I§] If £ is a globally generated vector bundle of rank r on
X with the first Chern class ¢ such that H°(E(—c1)) # 0, then we have £ ~

02V 4 0x(er).

In particular, in the classification of globally generated vector bundles on X, we
may assume that C' is not empty and H°(E(—c1)) = 0.
We recall from [7] the following elementary observations.

Proposition 2.2. [7, Proposition 2.3] For ¢; = (a,b,0) € Zgg, there is a bijection
E > i4(E) between the set of spanned vector bundles € of rank r on P1 x P! with
c1(€) = (a,b) and the spanned vector bundles of rank r on X with the first Chern
class ¢1. Moreover we have
(1) WP x PL,E) = hi(X, w5 (E)) for alli > 0;
(2) for any spanned bundle G on X with ¢1(G) = (a,b,0), we have G =
735 (734(G)) with m12,(G) a spanned bundle on P! x PL.

Notice that we have c3(m3*(€)) = 0 even when r > 3. By Proposition it is
now sufficient to check the case of ¢; = (a1, a2, as) with a; > 0 for all .

Remark 2.3. Assume that C is a curve with we = O¢(c; — ¢1(X)). If C has s
connected components, then we have h°(wo(c1(X)—c;)) = s and so the Hartshorne-
Serre correspondence shows that C' gives a vector bundle £ with ¢;(£) = ¢; of rank
r with no trivial factor if and only if 2 < r < s+ 1.

Remark 2.4. On a smooth threefold X, let us fix a very ample line bundle £ and
a smooth curve C' C X. Assume that Zo ® L is globally generated and take two
general divisors M1, Ms € |Z¢c ® L|. Set Y := M; N M. Since L is very ample,
each connected component of C' appears with multiplicity 1 in the locally complete
intersection curve Y By the Bertini theorem we have Y = C'U D with either D = ()
or D a reduced curve containing no component of C' and smooth outside C' N D.

Example 2.5. On a smooth and connected projective threefold X, let us fix a
globally generated line bundle £ with h°(L£) > 2 and set ro := h°(L) — 1. Since £ is
globally generated, so the evaluation map ¢ : H%(£) ® Ox — L is surjective and
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ker(z)) is a vector bundle of rank 79 on X. The vector bundle F := ker(¢)V fits in
an exact sequence

(2) 0— LY — o;'@“”” — F—0

and it determines the Chern classes of 7. If h'(LY) = 0, e.g. L is ample, then
the sequence gives hO(F) = 1o+ 1. If Y C X is the complete intersection of
two elements of |£], then we get Y as the dependency locus of a certain (rg — 1)-
dimensional linear subspace of H?(F).

Example 2.6. Let us apply the construction in Example[2.5]to X = P! x P! x P,
If £ := Ox(a1,a2,a3) with a; > 0 for all ¢ and a; + as + ag > 0, then we have
ro+1:=h%(L) = (a1 +1)(az+1)(az+1). Let Y be the complete intersection of two
elements of |Ox (a1, as,a3)|. Since (ai1t; + asts + azts)? = 2ayasti1ts + 2a1ast1ts +
2azastats, Y has multidegree (2azas, 2a1a3,2a1a2). By the adjunction formula, we
also have wy = Oy (241 — 2,2a2 — 2,2a3 — 2) and 8o wy (2 — a1,2 — a2,2 —a3) =
Oy (a1, az2,a3). In particular wy (2 — a1,2 — as,2 — ag) is spanned and we have
RO (wy (2 —a1,2 — az,2 —a3)) =ro — 1.

Now we assume that Y is smooth, e.g. take as Y the complete intersection of two
general elements of |Ox (a1, az,a3)|. Since dim(Y) = 1, and wy (2—aqy,2—as,2—a3)
is a spanned line bundle, so wy (2 — ay,2 — as,2 — as) is spanned by a general m-
dimensional linear subspace of H®(wy (2 — a1,2 — as,2 — a3)) for every integer m
with 2 < m < rg — 1. The Hartshorne-Serre correspondence gives the existence of
a globally generated vector bundle £ with Y as a dependency locus and no trivial
factor (see [3, Lemma 4.1]) for all ranks r with 3 <r <.

If a; > 0 for all i, i.e. Ox (a1, as,as3) is ample, then a standard exact sequence and
a vanishing theorem give that h°(Oy) = 1 and in particular each Y is connected.
The same proof works if and only if at least two among a1, as, az are positive or if
(a1,a2,a3) = (1,0,0). In the case r = rg, Example shows that there is a unique
bundle £ with rank r¢ and associated to some complete intersection curve. Since & is
unique, we have g*(£) = € for each g € Aut’(X) = Aut(P!) x Aut(P') x Aut(P!),
i.e. & is homogeneous for the action of Auto(X). If a1 = as = az, then & is
homogeneous for the action of Aut(X).

Remark 2.7. Let Y C X be the complete intersection of two divisors of type
|Ox (a1, az,a3)| containing C. We have deg(Y) = 2(ajas + asaz + aszay), where
deg(Y) is the degree of Y as a curve in P”. By the Bertini theorem Y is a curve
containing C' and smooth outside C. Note that C occurs with multiplicity one in
Y, because Z¢ (a1, az,a3) is spanned and so, affixing p; € C;, 1 < i < s, we may
find a divisor T' € |Z¢(aq,az,as)| not containing the tangent line of C; at p;. Y is
also connected since we have h°(Oy) = 1 by a vanishing theorem. The adjunction
formula gives wy = Oy (2a; — 2,2as — 2,2a3 — 2) and so we have

20a(Y) — 2 = (arty + aoty + ast3)*((2a1 — 2)t1 + (2a9 — 2)ts + (2a3 — 2)t3)
= 12ayaza3 — 4(a1as + asas + azaq).
Hence we have p,(Y) = 6ajaza3 — 2(ajas + azas + azay) + 1.
Remark 2.8. Let D be an integral projective curve. By the universal property
of P! there is a bijection between the morphisms v : D — X and the triples

(u1,u2,uz) with u; : D — P! any morphism. The set u(D) is contained in a
2-dimensional factor of X if and only if one of the wuy,us,us is constant. We say
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that a constant map has degree zero. With this convention to any uw we may
associate a triple (deg(u1),deg(uz),deg(uz)) € ZZ3 and u(D) is a curve if and only
if (deg(uy),deg(uz),deg(us)) # (0,0,0). Now assume that u is birational onto its
image. With this assumption for all (a1, az, a3) € Z* we have u(D)-Ox (ay, az,a3) =
ay deg(u1) + as deg(uz) + az deg(us). In particular the degree of the curve u(D) is

deg(u1) + deg(uz) + deg(us).

Now let us collect several observation concerning the case ¢; = (a,b,1) with
a,b>0.

Lemma 2.9. IfZc(a,b,1) is globally generated, then the map T2, : C — P! x P!
is an embedding.

Proof. For a point p € P! x P!, set J := szl (p). Assume for the moment that .J
is a connected component of C. Since O;(2 — a,2 — b, —1) has degree —1 and w;
has degree —2, so w;(2 — a,2 — b,—1) is not spanned and in particular J is not a
component of C. Since Zx(a,b,1) is globally generated and deg(Oj;(a,b,1)) = 1,
so we have deg(J N C) <1 and the assertion. O

Remark 2.10.

(1) 'Y is the complete intersection of two general elements of Z¢(a, b, 1), the
curve C' is contained in Y, and in particular we have e; < 2b, eo < 2a and
e3 < 2ab.

(2) Assume s > 2. Since the map 72|, is an embedding, there is an integer
J € {1,2} such that e[i]; = 0 and e[i]3_; =1 for all i. Let us assume j =1
without loss of generality. Each C; is smooth and rational and so we have
we, 2 Oc¢,(a—2,b—2,-1) (resp. we,(2 —a,2 —b,1) is spanned but not
trivial) if and only if b — 2 — efi]s = —2, i.e. e[i]s = b (resp. ei]s > b).

3. WARM-UP AND CASE OF ¢; = (1,1,1)

Let us deal with the globally generated vector bundles with ¢; = (1,1,1). In this
case Y has multidegree (2,2,2) and p,(Y) = 1. Since Y = C' U D is connected, we
have p,(C;) = 0 for all 4, unless C =Y. Since we(1,1,1) is globally generated, no
component of C'is a line.

Proposition 3.1. Let € be a globally generated vector bundle of rank 2 on X with
1 = (1,1,1) and no trivial factor. Then its associated curve C is a smooth conic
and & is isomorphic to Ox(1,0,0) ® Ox(0,1,1), up to permutation of factors.

Proof. Since £ is assumed to have no trivial factor, then C' # ). From the sequence
(1) we have we = Oc(—1) and so each connected component of C' is a smooth
conic, i.e. it is a fiber of one of m;. Let s be the number of connected components
of C' and write C = C1 U --- U C, with each C; a smooth conic. Since the sheaf
Zc(1) is spanned, we have deg(C) < 6. The equality holds if and only if C' is the
complete intersection of X with two hyperplane sections, which is not possible since
we would have we = O¢ from the minimal free resolution of Zp. Thus we have
1<s<2.

If s =1, C is a connected and smooth conic and so it is a hyperplane section of
a fiber of a projection. For instance, if C = {01} x C" with C” a smooth conic in
P! x P!, we can take [z11, 712] so that o, = [1,0]. Then, using that {01} x P! x P!
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is defined by the 4 linear equations

{z12221 = T12222 = 12731 = 12232 = 0},
we get that Zo(1) is spanned. Since Ox(1,0,0) @ Ox(0,1,1) has (1 + ¢1)(1 +
to +t3) = 1+ (t1 + ta + t3) + (t1t2 + t1t3), it is associated to a connected curve
C’ of multidegree (0,1,1). Take f € Aut(X) with f(C) = C’ and get that & =
FH(0x(1,0,0) @ Ox(0,1,1)) = Ox(1,0,0) & Ox (0,1, 1).

Now assume s = 2 and then we have e[1]; +e[l]a+e[1]s = e[2]1 +e[2]2 +€[2]3 = 2.
Since 712, is an embedding, 712 (C) is the disjoint union of two lines of P* x P! and
so we have either e[1]; = e[2]; = 0 or e[l]s = e[2]z = 0. With no loss of generality
we may assume e[l]s = e[2]s = 0. Since each m13(C;) is a curve of type (1,1), we
get m13(C1) Nm13(Cs) # @ and so T13| is not an embedding, a contradiction. [

Now we consider the higher rank case.

Lemma 3.2. Let C C X be a smooth curve such that we(1,1,1) and Ze(1,1,1)
are globally generated. If we(1,1,1) is not trivial, then C is connected and it is one
of the following:
(i) a linearly normal elliptic curve of degree 6 with multidegree (2,2,2),
(ii) a normal rational curve of degree 3 with multidegree (1,1,1),
(iii) @ normal rational curve of degree 4 with multidegree (2,1,1), up to permu-
tations.

In each case we have h®(wc(1,1,1)) = 6,2 and 3, respectively.

Proof. We have deg(C) < 6 and the equality holds if and only if C' = Y, the
complete intersection of two elements in |Ox(1,1,1)]. Here C has s = 1 and
multidegree (2,2,2). Example 2.6 gives h%(we(1,1,1)) +1=7.

From now on we assume deg(C) < 5. Let Y be the intersection of two general
elements of |Z¢(1,1,1)]. By Remark we have Y = C'U D with D a reduced
curve, C'N D finite and D smooth outside CND. If T is a smooth elliptic curve and
D is a reduced curve with DNT # (), then we have wrup|, F Or. Since D # ¢ and
wy = Oy, each C; is smooth and rational. Since wc(1,1,1) is globally generated,
no connected component of C is a line. If deg(C') = 5, then D is a line. Since
pa(Y) =1, we have deg(D N C) > 2 and so D is in the base locus of Zx(1,1,1), a
contradiction. Thus we have deg(C) < 4 and s < 2 since no component of C' is a
line. If s = 2, then we have deg(C;) = 2 for all ¢ and so deg(wc(1,1,1)) = 0. In
particular we have we(1,1,1) 2 Og, contradicting our assumption.

From now on we assume s = 1. We have deg(C) # 2, because we assumed that
we(1,1,1) # O¢. Since C is rational, we have h°(wc(1,1,1)) = deg(C)—1. Since C
is rational and T2 IS an embedding, so we have either e; = 1 or e; = 1. Similarly
since 13|, and T3, are embeddings, we have ey = 1 or e3 = 1, and e3 = 1 or
es = 1. In particular two of the integers ej, es, e3 are ones. Hence if deg(C) = 3,
then C' has multidegree (1, 1,1), while if deg(C) = 4, then C has multidegree either
(2,1,1), (1,2,1) or (1,1,2). By symmetry one of them occurs if and only if all the
three possibilities occur, but they give different families of bundles. [

Remark 3.3. Since all vector bundles of rank at least 2 on P! are decompos-
able, Proposition 2.2 shows that the decomposable vector bundles £ without trivial
factors, are obtained in the following way:

Take ¢ € {1,2,3} and an integer r such that there is a globally generated bundle
F of rank r — 1 on P! x P! = @ with ¢;(F) = (1,1) and no trivial factor. Take
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{g.k}t = {1,2,3} \ {1} with j < k and set & := 7;(Op1(1)) & 7}, (F). From [6]
Propositions 3.5 and 5.4] the possible F is as follows:

(1) Oq(1,0) ® Og(0, 1),
(2) @;TP?*(—1), where ¢, : Q@ — P? is the linear projection with the center
peP\Q, or

(3) TP3(—1),-
In case (2) we have h%(@3TP?(—1)) = 3 by [6, proof of Proposition 3.5] and so F
has rank 3 and h?(F) = 5. It is the case (iii) of Proposition On the other hand,
we have hO(TP?(—1)|,,) = 4 by [6} proof of Proposition 5.4] and so h?(F) = 6. It
is as in case (iii) of Proposition [3.5|for r = 4.

Remark 3.4. Take £ = Ox(1,1,1) in Remark Any bundle £ of rank r
corresponds to an (r + 1)-dimensional linear subspace of H(Ox(1,1,1)) spanning
Ox(1,1,1). Indeed if r = 7, it gives TIP”(fl)‘X, while if 3 < r < 6 it gives the
bundles ¢, TP"(—1) with ¢y : X — P" the restriction to X of a linear projection
from a linear subspace W C P7 with dim(W) =6 —r and W N X = (.

Proposition 3.5. Let £ be a globally generated vector bundle of rank r > 3 on X
with ¢y = (1,1,1) and no trivial factor. If C is a general dependency locus of &,
then (pq(C); e, ez, e3;7) are as follows:

);
(i) (1;2,2,2;3<r<7);C=Y and £ is as in Remark.
(i) (0;1,1,1;3); €= Ox(1,0,0) ® Ox(0,1,0) & Ox(0,0,1).
(iii) (0;2,1,1;3 <r <4), up to permutations on (e1,es,€3);

C is linearly normal in its linear span and £ is as in Remark (2) and
3) with h°(E) =r + 2.

In case (i) for each 3 < r < 7 the bundles are parametrized by an irreducible family.
In case (iil) for each 3 < r < 4 the bundles are parametrized by three irreducible
families, each of them corresponding to one of the possible multidegrees of C' and
hO(E) =r+2.

)

)

~

Proof. In the case r = 2 we saw that there is no example with s > 2 and we = O¢.
Thus we only need to check which dependency loci with we(1,1,1) spanned and
we(1,1,1) 2 O¢ arises for some bundle £. Lemma gives a list of the potential
curves C'. If a certain C exists, then it is dependency locus of a globally generated
€ of rank r if and only if we have 3 < r < h®(w(1,1,1)) — 1. For the case C =Y,
see Remark [3.41

(a) Since & = 0x(1,0,0) ® Ox(0,1,0) ® Ox(0,0,1) has (1 +t1)(1 +t2)(1+
t3) =1+ (tl +to + tg) + (tltg + t1t3 + t2t3) + titots, it is associated to a curve
C’ of multidegree (1,1,1). Lemma gives that C’ is connected. Take any &
associated to a curve C' with multidegree (1,1,1). There is f € Aut(X) such that
f(C") = C. Since f*&y =2 &, € has rank 3 and h°(wc(1,1,1)) = 2, the Hartshorne-
Serre correspondence gives £ = &.

(b) Let us check that h' (33 (¢35 TP?(—1))¥(1,0,0)) = 0 and also that h' (753(Qps (1),0)(1,0,0)) =
0,i.e. that there are no non-trivial extension of either 733 (psTP?(—1)) or w53 (TP?(—1)),)
by Ox(1,0,0). Taking the pull-back first by by ¢, and then by 735 of the dual of
the Euler’s sequence of TP?, we get the exact sequence

0 — Ox(0,-1,-1) — Ox(1,0,0)%* — 7w34(sTP?(~1)")(1,0,0) — 0.
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Since h?(Ox(0,0,—1)) = h'(Ox(1,0,0)) = 0, we get
h'(m35(¢, TP (—1))"(1,0,0)) = 0.

Taking the pull-back by a3 of the dual of the Euler sequence of TIP3, we get the
exact sequence

0 — Ox(0,—1,-1) — Ox(1,0,0)%* — 7},(Qps(1))¢)(1,0,0) — 0
) =

and so we have h'(m55(Qps (1)),)(1,0,0)) = 0.

(¢) Take C with multidegree (2,1,1 ) Since deg(O¢(0,1,1)) = 2, we have
h°(O0¢(0,1,1)) = 3 and it implies h°(Z¢(0,1,1)) > 0 and so we get a non-zero map
u: Ox(1,0,0) — €. Since h®(Zc(—1,1, 1)) = h%(Zc(0,0,1)) = h%(Zc(0,0,1)) = 0,
so the sheaf Im(u) is saturated in € and G := coker(u) is torsion-free. Since £ is
spanned, h'(Ox(1,0,0)) =0 and h°(E) = r + 2, so the sheaf G has rank r — 1 and
h%(G) = r. Since £ has no trivial factor, G has no trivial factor. Therefore G is the
cokernel of a map v : Ox(0,—1,—1) — O with v induced by an r-dimensional
linear subspace V of H®(Ox(0,1,1)). The map v and the linear space V correspond
to a map v' : Opiyp1(—1,—1) — OEETXW and an r-dimensional linear subspace V'
of HY(Op1yp1(1,1)). G is locally free, i.e. it is as in the last two cases of Remark
if and only if G’ is locally free. Every V'’ with no common zero defines a locally
free G’ and hence a locally free G. Assume for the moment that G is locally free.
Since G is spanned and £ is not a direct sum of three line bundles, so we get that G
is either as in case (2) with r = 3 or as in case (3) with r = 4 of Remark Any
V' gives an injective map v’ of sheaves, while every G’ is locally free if and only if
V' has no common zero. If r = 4, then this is true, because V = H®(Op1 yp1 (1, 1))
in this case. Hence by case (3) of Remark [3.3|is the only bundle with r = 4 in case
(iii), while if r = 3 case (2) of Remark es the only bundles £ with G’ locally
free. Every £ with G’ not locally free is the flat limit of a family of bundles with G’
locally free, i.e. of bundles as in case (2) of Remark To conclude the proof of
Proposition it is sufficient to exclude the existence of £ with C of multidegree
(2,1,1) and which cannot be associated to a locally free G.

Claim 1: For £ with r = 3 associated to C, we have h°(£(—1,0,0)) =

Proof of Claim 1: Tt is sufficient to check that h°(Zc(0,1,1)) = 1. This
is true, because there are o € P' and a unique C’ € \Oplxp1(171)| such that
C={o} x(C". O

By Claim 1, G is uniquely determined by £ and hence to complete the proof of
Proposition [3.5] it is sufficient to prove that G is locally free for every £.

Claim 2: For any &£ with r = 3 we have h}(£Y) = 1.

Proof of Claim 2: This is implicit in the Hartshorne-Serre correspondence.
We have Ext'(Z¢(1,1,1),0x) = H%we(1,1,1))Y and € is just given by a 2-
dimensional linear subspace V of the 3-dimensional space H%(wc(1,1,1))Y, while
H%wc(1,1,1))Y/V represents HY(EY). O

Let F be the only non-trivial extension of & by Ox. By step (b) we have
F = 0x(1,0,0) & 733TP3(—1),. Hence any £ is the cokernel of a non-zero
map m : Ox — Ox(1,0,0) @ 33 TP?(—1),,. Write m = (my,my) with m; €
H°(Ox(1,0,0)) and my € H°(m33TP?(—1)|,). We see that G is locally free if
and only if ms has no common zero. Assume that mo has a common zero at
p = (p1,p2,p3) € PLxPLxP! for some £. We get that my vanishes on P! x {(p2, p3)}.
Since m; has at least one zero on P! x {(p2, p3)}, we get a contradiction. O
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4. CASE OF ¢; = (2,1,1)

In this section we handle the globally generated vector bundles of rank r on
X with ¢; = (a1,a2,a3) with a; > 0 for all ¢ and ay + as + a3 = 4. Up to a
change of the ruling it is sufficient to do the case ¢; = (2,1,1) with the sequence
(1). Since we only look at bundles with no trivial factors, we have C' # ). Note
that we(0,1,1) is globally generated and that we & Oc(0,—1,—1) if r = 2. Since
we,; (0,1,1) is spanned, so C; is not a line. By the case b = 1 of Lemma both
T2, and 3|, are embeddings. We have (1 + 2t; + to +t3)(1 + 2t + to +t3) =
144t +2to+2t3+4t1to +4t1t3+ 2tot3. Therefore any scheme-theoretic intersection
Y of two elements in |Ox(2,1,1)| with dim(Y") = 1 has multidegree (2,4,4). We
also have h%(Oy) = 1. Since wy = Oy (2,0,0) by the adjunction formula, so we
have deg(wy) = (4t1te + 4t1ts + 2t2t3)(2t1) = 4, i.e. Y has genus 3, i.e. Ox(2,1,1)
has section genus 3. Hence C' has multidegree (e1,ea,e3) with e; < 2, e < 4,
es <4 and (eq,es,e3) = (2,4,4) if and only if C =Y, i.e. £ is as in Example

Lemma 4.1. Assume s > 1. Then we have

(i) 2<s<3
(ii) e1 =0, efi]a = e[i]a =1 for all i, and
(iii) wc(o, 1, 1) =~ O¢.

Proof. Note that 7|, is an embedding and any smooth curve of P! x P! with s > 2
connected components has either bidegree (s,0) or bidegree (0,s). Thus we have
either ey = 0 or e3 = 0. If e; = 0 (resp. ez = 0), then efi] = 1 (resp. e[i]; = 0)
for all 7. Since 73, is an embedding, we get in the same way that either e; = 0 or
es =0 and if e; = 0 (resp. e3 = 0), then e[i]s = 1 (resp. e[i]; = 0) for all 4.
Assume for the moment e; > 0 and then we get e; = e3 = 0, i.e. C' is the disjoint
union of s lines of multidegree (1,0,0). Thus wc,(1,0,0) has no non-zero section,
a contradiction. Hence e; = 0, e[i]s = efi]s = 1 for all 4, and we(0,1,1) = O¢.
Since Y has multidegree (2,4,4), we have s < 4. Assume s = 4. We get that D
has multidegree (2,0,0), i.e. that D = D; U Dy with each D; a line of multidegree
(1,0,0). Since Z¢(2,1,1) has not D; in the base locus, then deg(C'N D;) < 2.
Since C'U D has 6 irreducible components, each of them smooth and rational, we
get p,(Y) < —1, a contradiction. O

Remark 4.2. Assume that £ has no trivial factor. Then £ is decomposable if and
only if £ is isomorphic to one of the following, up to reordering of the second and
the third factors.

(1) Ox(2, 0, 0) ©® OX(O, ]., 1), 02(5) = 2t1t2 + 2t1t3.

(2) Ox(Q,l,O) EBOX(O,O, 1); 02(5) = tot3 + 2t1t3.

(3) Ox(l, 1, 1) ©® Ox(l,o, 0); 62(8) = tots + t1t3 + t1ta.

(4) Ox(l,l,O)@Ox(l,O, 1); 62(5) =t1to +titg + t.

(5) OX(2,0,0) &b OX(O, 1,0) S5 OX( ,0, 1), 62(8) = t2t3 + 2t1t3 + 2t1t2 and
63(5) = 2.

(6) Ox(1,1, 0)@0){(1,070)@0)((0, 0,1); ca(&) = tats+2t1t3+1t1ts and c3(E) =
1.

(7) Ox(l,O,O)@Q D Ox(o, 1, 1), 02(8) = tot3 + 2t1t3 and 63(5) =0.

(8) OX(L ,0)692 (&) OX(O, 1,0) © OX(0,0, 1), 62(5) = t2t3 + 2t1t3 + 2t1t2 and
63(5) =2
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In each case of r = 2 except (1), the associated curve C' is a connected, normal and
rational curve of multidegree (e, ez, e3) with c2(€) = ertats + eatits + estita. Note
that

dim Ext*(0x(2,0,0),0x(0,1,1)) = ' (Ox(-2,1,1)) = 4.

So there are non-trivial extensions, which cannot be decomposable. In the other
cases of r = 2, such extensions are always trivial.

Example 4.3. We have dim Ext'(Ox(2,0,0),0x(0,1,1)) = 4 and so we have a
family {€} of extensions of Ox(2,0,0) by Ox(0,1,1) with A € Ext'(Ox(2,0,0), 0x(0,1,1)).
Each extension shares the same Chern number and the same number of linearly
independent sections. Any &, is isomorphic to U4(0,0,—1), where I is an Ulrich
bundle arising from an extension of Ox(2,0,1) by Ox(0,1,2) (see [11] Section 7).
So if £ = &, with A # 0, then £ is indecomposable.

Claim 1: For €& = &, with X # 0, we have h'(E(t,t,t)) = 0 for all t € Z.

Proof of Claim 1: For every t € Z we have h'(Ox (2 +t,t,t)) = h(Ox(t, t +
1,t+1)) = 0 and so h'(E(t,t,t)) = 0. O

Claim 2: For & = &, with A # 0, we have h?(£(—2,-2,-2)) = 1 and
h2(E(t,t,t)) =0 for all t # —2.

Proof of Claim 2: For every t # —2, we have h?(Ox (2+t,t,t)) = ((’)X(t, t—|—
1,t+1)) = 0 and so h%(&(t,t,t)) = 0. For t = —2, we have h?(Ox (—2,—1,-1)) =
h3(Ox(—=2,—-1,-1)) = 0 and h?(Ox (0, —2,—2)) = 1. Hence we have hz(é’( 2,-2 —2)) =
1. (Il

Fix any non-trivial extension £, of Ox(2,0,0) by Ox(0,1,1) and then &) is
semistable, but not stable, with respect to the polarization H = Ox (1,1, 1). More-
over the line bundles Ox(2,0,0) and Ox (0, 1,1) appear in any Holder-Schreier (or
Harder-Narasimhan) decomposition of £, with respect to H-stable sheaves.

We also see that each automorphism of £, respect the extension defining &)
and it implies that &£, is simple. This is true also for the following reason: Since
hO(Ex(—2,0,0)) = h°(Ex(0,—2,0)) = h(Ex(0,0,—2)) = 0 and

OC(Qa Oa 0) ' OX(2a la 1) ' OX(2a15 1) =4
<8=0x(0,1,1)- Ox(2,1,1) - Ox (2,1, 1),
&y is stable with respect to the polarization Ox(2,1,1).

Lemma 4.4. Let £ be a globally generated vector bundle of rank r > 2 on X with
c1 = (2,1,1) and no trivial factor. Then co(E) = (0,2,2) if and only if we have
etther

(i) € =&\ as in Example or

(ii) £~ 0x(1,0,0)%2® Ox(0,1,1).

“

Proof. Since the “ if 7 part is obvious, so we only need to check the “ only if ”
part. Take C associated to €. Since C' has multidegree (0, 2, 2), for each connected
component C; of C, there are 0; € P! and C! € |Opiypi(eli]s,eli]2)| such that
C; = {o;} x C!. Since Z¢:(2,1,1) is spanned, we get e[i]a < 1 and e[i]s < 1 for all .
Since we(0,1,1) is spanned, no connected component of C' is a line. Hence s = 2
and each C; is smooth and rational with (e[i]1, e[i]a, efi]s) = (0,1,1) for i = 1,2. In
particular we have we(0,1,1) =2 O¢ and so we have r < 3.

Assume r = 2. Since h°(0x(2,0,0)) = 3 > 2 = h%(Oc(2,0,0)), we get
the existence of a non-zero map f : Ox(0,1,1) — &. Since h°(Z¢(1,0,0)) =
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h°(Zc(2,-1,0)) = h%(Z(2,0,—1)) = 0, so f induces an exact sequence
0— 0x(0,1,1) — & — Zr(2,0,0) — 0

with T a locally complete intersection 0-dimensional subscheme of codimension 2.
Since c3(€) = 2t1t3 + 2t1ta, we get T = () and so £ = &, as in Example
Assume r = 3. We have h°(€) = 2 + h°(Z¢(2,1,1)) = 8. As in the case
r = 2, we get an injective map f : Ox(0,1,1) — & with globally generated
cokernel F := coker(f). From h'(Ox(0,1,1)) = 0, we get h°(F) = 4. Note that
hO(E(—1,-1,-1)) = h°%(£(0,—2,—1)) = h°(£(0,—1,-2)) = 0 and so F is torsion-
free. Since h°(Zc(1,1,1)) = 2 and h'(Ox(—1,0,0)) = 0, we first get an injective
map Ox(1,0,0)®2 — £ and then a non-zero map w : Ox(1,0,0)®2 — F. First
assume that w is injective. Since ¢1(F) = (2,0,0), w is an isomorphism (even
if a priori F is only torsion-free). Since h'(Ox(—1,1,1)) = 0, so the extension
induced by f is trivial and £ = Ox(1,0,0)®2 & Ox(0,1,1). Now assume that w
is not injective. We claim that Im(w) = Ox(2,0,0). Indeed, Im(w) is a spanned
torsion-free sheaf of rank 1 with ¢; = (x,b,¢), b > 0, ¢ > 0. Since Im(w) C F and
F/Im(w) is spanned, we have z < 2, b < 0 and ¢ < 0. Since Im(w) # Ox(1,0,0),
we get z =2 and b = ¢ = 0. Since F is spanned, h°(F) = 4, F/Im(w) is spanned
by the cokernel of the injection H°(Im(w)) — HY(F) and F has no trivial factor,
we get a contradiction. O

Remark 4.5. For any non-trivial extension € in Example [£.3] we can compute
h'(€Y) = 1 and so we have a unique non-trivial extension Gy of £, by Ox. By
Lemma [4.4] we get G = Ox(1,0,0)%%2 @ Ox(0,1,1) for any A # 0.

Proposition 4.6. Let £ be a globally generated vector bundle of rank r > 2 on X
with ¢1(€) = (2,1, 1), multidegree (1,2,0) and no trivial factor. Then we have

E=0x(2,1,0) ® 0x(0,0,1).

Proof. Since no connected component of the associated curve C is a line and
deg(C) = 3, then s = 1. Since Z¢(2,2,2) is spanned, C is not a plane cubic. Hence
C' is a connected and rational curve of degree 3. Since we(0,1,1) =2 O¢ and s = 1,
we have r = 2 (see Remark. Since h°(0x(0,0,1)) =2 = h%(O¢(0,0,1))+1, so
we have h%(€(—2,—1)) = 1. Since h®(Z¢(-1,0,1)) = h%(Zc(0,-1,1)) = h%(Z¢)) =
0, so we get an exact sequence

0— 0x(2,1,0) - & — Zr(0,0,1) — 0

with T" a locally complete intersection 0-dimensional subscheme of codimension 2.
Since co(Ox (2, 1,0)®0x(0,0,1)) = (1,2,0), so we have T = ). Since h!(Ox(2,1,-1)) =
0, so the extension is trivial. O

Lemma 4.7. Let £ be a globally generated vector bundle of rank r > 2 on X with
no trivial factor, ¢1(€) = (2,1,1) and multidegree (0, ea,e3) with ea+e3 < 2. Then
we have € =2 Ox(1,1,1) ® Ox(1,0,0).

Proof. Since deg(C) = e1 + e3 4+ e3 < 2 and no connected component of C'is a line,
then s = 1 and C' is a smooth conic. Since we(0,1,1) 2 O¢ and s = 1, then r = 2
(Remark 2-3).

Fix any smooth conic C' with (e1,e2,e3) = (0,1,1). There are p € P! and
C'" € |Opiyp1(1,1)] such that C = {p} x C’. Since Z¢s pxp:(1,1) is globally gen-
erated, so is Z¢(2,1,1). Since O¢(1,0,0) =2 O¢ and h°(Ox(1,0,0)) = 2, we have
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RO(E(—1,-1,-1)) = h°(Zc(1,0,0)) > 0 and so we can pick a non-zero map f :
Ox(1,1,1) — &. Since h°(Z¢(0,0,0)) = h%(Zo(1,-1,0)) = R%(Zo(1,0,-1)) = 0,
we see that f induces an exact sequence

00— 0x(1,1,1) - & —Zr(1,0,0) — 0

with T a locally complete intersection curve. Since (t1 + to + ¢3)t1 = t1ta + t1ts
and c2(£) = (0,1,1), we get T = 0. Since h'(Ox(0,1,1)) = 0, we get & =
Ox(Ll,l)@O)((l,(LO). O

Lemma 4.8. Let £ be a globally generated vector bundle of rank r > 2 on X
with ¢1(€) = (2,1,1) and no trivial factor. If the associated curve C is a curve of
multidegree (e1,es2,e3) = (1,1,1), then we have £ =2 Ox(1,1,0) ® Ox(1,0,1).

Proof. Lemmagives s = 1. Since we(0,1,1) is trivial and s = 1, so we have r =
2. Since deg(Oc(1,1,0)) +1 = 4 = h%(Ox(1,1,0), so we have h°(E(—1,0,-1)) =
h%(Zc(1,1,0)) = 1. Thus £ fits in an exact sequence

0 — 0x(1,0,1) - & — Zr(1,1,0) — 0

with either T'= () or T' a locally complete intersection curve. Since (t1+t2)(t1+t3) =
tita + tats + tat; = c2(€), so we have T = ). The vanishing of H'(Ox(0,—1,1))
implies that the extension is trivial. O

Example 4.9. Let G = 7753(90;;TIP’2(—1)), where ¢, : Q — P? is the linear pro-
jection with the center p € P?\ Q. We have dim Ext*(Ox(2,0,0),G) = h°(G) = 3
and so we have a family {€,} of non-trivial extensions of Ox(2,0,0) by G with
c1 = (2,1,1) and ¢ = (0,3,3). The bundles £, do not split because h(Ey) = 6
and there are no bundles of rank 3 in the list of Remark [£.2 with 6 sections. Lemma
u gives s = 3 and hence h°(£)) = 1 and so we have a unique non-trivial extension
F between Ox and &,. Taking the counter-image A by the subbundle Ox(2,0,0)
of G, we get that F is an extension of G by A. Since A is an extension of Ox(2,0,0)
by Ox, we have either A = Ox(1,0,0)%? or A = Ox @ Ox(2,0,0). In the first
case we get F = 0x(1,0,0)%? & G, because h'(GV(—1,0,0)) = 0 by Kiinneth. In
the second case we get that Ox is a factor of F, because h'(G") = 0 by Kiinneth.

Example 4.10. Since h'(Ox(—2,1,0)) = h'(Ox(-2,0,1)) = 2, there are non-
trivial extensions

(3) 0 — Ox(0,0,1) & Ox(0,1,0) — & — Ox(2,0,0) — 0

and Ext! is a 4-dimensional vector space. In this vector space the origin corresponds
to Ox(2,0,0) ® Ox(0,1,0) ® Ox(0,0,1), while two 2-dimensional linear spaces
correspond to extensions Ox(0,0,1) & F and Ox(0,1,0) & G with F = 77, (F’),
G = m}5(G’) where F’', G’ are spanned on Q = P! x P! and of type (2,1). By [6]
Proposition 3.7] such bundles ' and G’ are in the following list:

(1) 0— Og — 0g(0,1) ® Og(1,0)%%2 — H — 0 ; c2(H) =2

(2) 0— Og(—1,-1) — 0g(1,0) ® OF> — H — 0 ; ca(H) = 3.

(3) 0= 0q(-2,-1) = OF —H —0; ca(H) = 4.

Every bundle £ in is globally generated with h%(€) = 7, h'(£) = 0 and
(&) = (e1,e2,e3) = (1,2,2). Lemma gives s = 1. Hence C is a smooth
rational curve. Let (e1,£2) € H'(Ox(-2,1,0)) x H'(Ox(—2,0,1)) denote the
extension class representing &.
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Claim : If e; # 0 and &5 # 0, then £ is indecomposable.

Proof of Claim : Ox(2,0,0) cannot be a factor of £, because a non-zero map
0x(2,0,0) — & gives a splitting of . Similarly no Ox(a,b,c) with a +b+ ¢ >
2 may be a direct factor of £. Since £ is globally generated, no Ox(ay,as,as)
with a; < 0 is a direct factor of £. To prove the Claim it is sufficient to prove
that neither Ox(1,0,0) nor Ox(0,1,0) is a factor of £. Assume for instance that
Ox(1,0,0) is a factor and call f : &€ — Ox(0,0,1) the associated surjection.
Since h°(Ox(1,—1,0)) = 0, we have flox(,1,00 = 0 and so the associated map
J10x(0,0,1)80x(0,1,0) is either zero or a surjection. In the former case we get a
surjection Ox(2,0,0) — Ox(0,0,1), absurd. In the latter case we get e =0. O

Proposition 4.11. There are globally generated vector bundles £ of rank r with
the Chern classes c1 = (2,1,1), co = (1,2,2) and no trivial factor if and only if
3<r<4.
(1) For each r € {3,4}, the family of such bundles is parametrized by an irre-
ducible family.
(2) For any such a bundle, the associated curve C is connected and we have
h°(E(—-1,0,0)) > 0, h'(€) = 0.
(3) (i) If r =3, then & is as in Example [4.10,
(i) If r =4, then £ =2 Ox(1,0,0)%2 ® 0x(0,1,0) ® Ox(0,0,1).
Proof.  (a) Lemma [4.1] gives that s = 1. Since e; = 1, C is rational. We also
get deg(we(0,1,1)) = 2 and so h%(we(0,1,1)) = 3. Therefore for a fixed C' we get
bundles with no trivial factor if and only if 3 < r < 4 (see Remark .

(b) Let © be the set of all smooth rational curve F C X with multidegree
(1,2,2). The set O is an irreducible variety. Any C coming from a bundle &
as in Example is an element of ©. Since h?(Ox) = 0 and h*(€) = 0 for
such bundle, we get h'(Z¢(2,1,1)) = 0. By semicontinuity the same is true for
all E € © with © a non-empty open subset of ©. Since Z(2,1,1) is globally
generated and this condition gives an open subset for families of ideal sheaves of
smooth curves with constant h°, there is a non-empty open subset ©” of ©’ such
that each E € ©" gives a globally generated vector bundle £ with F as one of its
zero-loci and with h'(£) = 0. Assume h'(€) > 0, i.e. assume h'(Zc(2,1,1)) > 0.
Since the multiplication map H°(O¢(1,0,0))® HY(Oc(1,1,1)) — H°(Oc(2,1,1))
is surjective, we get h'(Z¢(1,1,1)) > 0, i.e. the smooth rational curve C C X C P7
of degree 5 is not linearly normal. Thus its linear span (C) has dimension at most
4. The formula for the number of trisecant lines of smooth curves in P* due to
Castelnuovo and Berzolari [16, Section 1.1] gives the existence of a line D C (C)
such that deg(D N C) > 3. Since X is cut out by quadrics in P7, we get D C X.
Hence D is in the base locus of Z¢(2, 1, 1), a contradiction.

(c) Take any r € {3,4}. Fix C € ©” and then we have h°(O¢(2,1,0)) =5 =
h%(Ox(2,1,0)) — 1. Since h'(Ox(0,0,—1)) = 0, we get h°(£(0,0,—1)) = 1 and so,
up to a scalar, there is a unique injective map f : Ox(0,0,1) — & with cokernel
F := coker(f). Since h°(£(—1,0,-1)) = h°(£(0,—1,—-1)) = h°(£(0,0,—2)) = 0, so
Im(f) is saturated in &, i.e. F is torsion-free.

Claim : F is locally free.

Proof of Claim : F is reflexive if and only if h*(F(—t)) = 0 for ¢ > 0 by [15}
Remark 2.5.1]. This is true, because h!(£(—t)) = 0if t > 0 and h?(Ox (—t, —t, —t—
1)) = 0if t > 0. Assume first » = 3. Since F is a reflexive sheaf of rank 2, so
F is locally free if and only if ¢3(F) = 0 by [I5, Proposition 2.6]. The integer
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c3(F) depends only on the Chern classes of £ and of Ox(0,0,1) and so it may
computed taking as £ any of the bundles in Example For these £ we get
cs(F) = e3(0x(0,1,0) @ 0Ox(0,0,2)) = 0. Now assume r = 4. We take as &’
the quotient of £ by the image of a general section of £. We call F’ the sheaf
E'/O0x(0,0,1). We just proved that F’ is locally free. Since F is an extension of
F' by Oy, it is locally free, concluding the proof of the Claim. O

Similarly as above we have an injective map f : Ox(0,1,0) — F whose cokernel
G := coker(f) is locally free. It gives us an exact sequence

0 — Ox(0,1,0)& O0x(0,0,1) — & — G — 0.

If r = 3, we have G = Ox(2,0,0) and so we are in sequence . If r = 4, then
we have G = Ox(1,0,0)®2. Since h'(Ox(—1,1,0)) = h}(Ox(-1,0,1)) = 0, so the
extension is trivial. ([l

Remark 4.12. Take C as in the proof of Proposition 4.11} i.e. C'C X is a smooth
and connected rational curve with multidegree (1,2,2) such that h'(Z¢(2,1,1)) = 0,
ie. h%(Zc(2,1,1)) =9, and Z¢(2,1,1) globally generated. Since h'(C,TX|) =0,
so the normal bundle N¢|y of C in X satisfies h'(C, N¢|x) = 0. The vector bundle
N¢|x has rank two and degree

deg(TX‘c)—2:2><1—|—2><2—|—2><2—2:8.

Thus we have h?(C, N¢|x) = 10 and so the Hilbert scheme of X is smooth at C
and its unique irreducible component, say H, containing C' has dimension 10. Let
H' be the non-empty open subset of H parametrizing all smooth and connected
rational curves C' with the numerical invariants above, i.e. deg(O¢(1,0,0)) = 1,
deg(Oc(0,1,1)) = deg(Oc(0,0,1)) = 2, A1 (Z(2,2,1)) = 0 and Z(2,1,1) globally
generated. For any C' € H' we have h°(wc(0,1,1)) = 3. If r = 4, then the
Hartshorne-Serre correspondence shows that for each C € H' we associate a unique
globally generated £ with C as the zero-locus of a section and h'(£) = 0. Since
r =4, we get h%(€) = 12 and so PH?(€) = P11

Example 4.13. Let G := o*TP3(—1), where ¢ : X — P? is the linear projection.
We have dim Ext*(G, O(1,0,0)) = h*(GY(1,0,0)) > 4 and so we have a family {F»}
of non-trivial extensions of G by O(1,0,0) with ¢; = (2,1,1) and ¢ = (2,3, 3) with
the exact sequence
(4) 0— 0P — Fr — Ic(2,1,1) — 0,
where C is a smooth curve of multidegree (2, 3,3). From the proof (¢2) of Theorem
we get p,(C) = 2 and in particular C is hyperelliptic. Thus O¢(1,0,0) is
the unique g5 and so canonical. Since we(—1,0,0) = Oc, so the Hartshorne-Serre
correspondence implies the existence of a globally generated vector bundle H fitting
into the sequence

0—O0x —H—1Ic(3,2,2) — 0.
Note that hO(H(—2,—1, 1)) = h°(Zc(1,1,1)) = h°(Fx(—1,0,0)) = 1. From the

sequence (4)), we also have h®(H(—3, —1, 1)) = hO(H(-2, -2, —1)) = hO(H(-2, -1, -2))

0 and so a non-zero section in H%(H(—2,—1,—1)) induces an exact sequence
0—0x(2,1,1) = H—Zr(1,1,1) — 0

with T" a locally complete intersection O-dimensional subscheme of codimension 2.
Since c2(H) = (2,3,3), so we get T = ). Since h'(Ox(1,0,0)) = 0, so the extension
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is trivial. Thus we have H =2 Ox(2,1,1) ® Ox(1,1,1) and Z¢ admits the following
locally free resolution:

0— Ox(-1,-1,-1) —» Ox & Ox(1,0,0) — Z¢(2,1,1) — 0.

Moreover h'(FY) = 4 so we have higher rank bundles up to r = 8 with the same
Chern classes and no trivial factors.

Theorem 4.14. Let £ be a globally generated vector bundle of rank r > 2 on X
with the Chern classes c1 = (2,1,1), ca = (e1,ea,e3) and no trivial factor. If the
associated curve C is not connected with s > 2 components, then each component
of C' has the same multidegree and
(1) (s;er,ea,e3) =(3;0,3,3) ;2 <r <A,
(2) (s;er,ea,e3) =(2;0,2,2) ;2<r<3;
(a) €&\ as in Example or
(b) €= 0x(1,0,0)%2 3 0x(0,1,1).
If C is connected, then (po(C);e1,e2,e3) and the rank r are as follows:
(1) (0;0,1,1) ; £~ 0x(1,1,1) & Ox(1,0,0),
(2) (0;2,1,1) ; €= U(0,0,—1) where U is an Ulrich bundle with ¢; = (2,1,3)
and c2 = (3,3,1) in [II}, Section 7],
(3) (0;1,a,b) witha+b>2;2<r<a-+b,
(i) (a,0)=(1,1) & =2 0x(1,1,0) & Ox(1,0,1)
1

(i) (a,b) =(2,0) & £ =2 0x(2,1,0) ¢ Ox(0,0,1).
(iii) (a,b) =(2,2) &
(a) & as in Example or
(b) €2 0x(1,0,0)%2 @ 0x(0,1,0) ® Ox(0,0,1),
4) (1;2,2,2) ;3<r <5,
(5) (22,3,3) ;3<r<8,
(6) (3;2,4,4) ;3<r<11

Proof.  (a) Assume first that s > 2. By Lemma we have 2 < s < 3 and
(e1,e9,e3) = (0,s,5). If s =2, then we are as in Example due to Lemma
Now assume s = 3.
Claim : Z¢(2,1,1) is always globally generated.

Proof of Claim : We have e[i]; = 0 and e[i]s = e[i]3 = 1 for ¢ =1, 2,3 (see Lemma
4.1)). Thus there are three distinct points p1, pa, p3 € Pt and C! € |Op1yp1(1,1)] for
i =1,2,3 such that C; = {p;} x C. Write W := {p1,p2,p3} x P! x P! and then it
is the union of three disjoint elements of |Ox(1,0,0)| and so the restriction map p :
H°(Ox(2,1,1)) — H°(W,Ow(2,1,1)) is bijective. Since Zoyprixp (1,1) = Opiypr
via the automorphism induced by an equation of C/, so the line bundle Z¢ w(2,1,1)
is globally generated. Hence the scheme-theoretic base locus of Z¢(2,1,1) is dis-
joint from W and in particular it is disjoint from C. Since Zy(2,1,1) is globally
generated, the scheme-theoretic base locus of Z¢ (2,1, 1) is contained in Y = CUD.
Hence it is contained in D\ (C'N D). Assume the existence of p € D\ (CN D) with
p in the base locus. Since Y 2 m12(Y) € |Op1yp1 (4,2)] and m12(D) € |Opr«p: (1, 2)],
so we have deg(DNC') = 6. Since deg(DNW) = 3-deg(Op(0,1,1)) = 6, we get 2 =
hO(Zoup(2,1,1)) = h0(Zeugpy (2,1,1)) = h0(Zo(2,1,1)). Since h9(O¢(2,1,1)) = 9,
we get h°(Zc(2,1,1)) > 2, a contradiction. O

Now let us assume that C' is connected, i.e. s = 1. Since Y has multidegree
(2,4,4), so we have e; <2 and eg, eg < 4.
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(b) Assume that C is rational. In particular we have deg(wc) = —2 and
deg(we(0,1,1)) = —2 + e3 + e3. Thus we have we(0,1,1) = O¢ if and only if
ez +e3 = 2 and wc(0,1,1) is spanned if and only if e + e3 > 2. Since 712, is an
embedding, we have either e; = 1 or e = 1. Again since T3], 1S an embedding,
we have either e; = 1 or e3 = 1. Thus if e; # 1, then we have es = e3 = 1. Note
that any case, if it exists, must have es + e3 = 2 and so we = O¢(0,—1,—1); so
these cases cannot occur for r > 2 with no trivial factor. Since the intersection Y
of two general elements of |Z(2,1,1)| has multidegree (2,4,4), we have e; < 2. If
e1 = 0, we have £ =2 Ox(1,1,1) ® Ox(1,0,0) by Lemma If e; = 1, we have
E>20x(1,1,000x(1,0,1) by Lemma If e; = 2, the bundle £ exists, because
Zc(2,1,1) is spanned by step (c¢) of the proof of Proposition which is the case
(iii) of Proposition |3.5| with (0;2,1,1). If £ is a globally generated vector bundle of
rank 2 with ¢; = (2,1,1) and ¢ = (2,1, 1), we have the exact sequence

(5) 0—)Ox—>g—>Iy(2,1,].)—>0,

where Y is a smooth curve of multidegree (2,1,1). Then £(0,0,1) is a globally
generated vector bundle of rank 2 with ¢; = (2,1,3) and ¢z = (3,3,1) and the zero
locus of a general section is a smooth curve C of multidegree (3,3, 1) with the exact
sequence

0— Ox —£(0,0,1) = Z¢(2,1,3) — 0.

From its twist by (—1,0,—2), we get h%(E(—1,0,-1)) = h%(Z¢(1,1,1)). But from
(5) twisted by (1,0, —1), we get h°(E(—1,0,—-1)) = h%(Zy(1,1,0)) = 0. It implies
that C' is non-degenerate and so £(0,0, 1) is an Ulrich bundle by [II, Lemma 7.2].

(¢) Assume that C has positive genus ¢ > 0 and hence e; # 1. If Y is
the complete intersection of two general elements of |Z(2,1,1)|, then we have
pa(Y) = 3 and so g < 3. Since T12|o and T13|, are embeddings and e; < 2, so we
have

(2,2,2), ifg=1;
(61762783) = (27373)3 if g = 27
(2,4,4), ifg=3.

Thus the case g = 3 occurs only when C' =Y, i.e. £ is as in Remark 2]

(c1) If g = 1, then we have (e1,eq,e3) = (2,2,2). Since h°(Oc(1,1,1)) =
6, so C is contained a linear subspace V C P7 of codimension 2. First assume
that dim(V N X) = 1. Since deg(X) = 6 = deg(C), we get C = X NV as
schemes. Since Z¢(1,1,1) is spanned, Z¢(2,1,1) is spanned. In this case we also
get h%(E(—1,0,0)) = 2. Now assume dim(X NV) = 2. Take any surface S C X NV
with S € |Ox(b1,b2,b3)]. Since S C V and V C P7, there is i € {1,2,3} with
b; = 0. Since e; > 0, we have C ¢ S. Since deg(S) + deg(C) > 6 = deg(X),
[14, Theorem 2.2.5] gives a contradiction. Since deg(O¢(0,1,1)) = 4, so we have
h9(we(0,1,1)) = 4.

(¢2) Now assume g = 2 and then we have (ej,es,e3) = (2,3,3). Since
deg(C) = 8, we have h°(Oc(1)) = 7. Thus there is a hyperplane H C P7 such
that C C X N H. Let Y C X be the general intersection of two general elements
of |Z¢(2,1,1)|. By the Bertini theorem Y is smooth outside C' and so Y = C U D
with deg(D) = 2 and D reduced. This case cannot occur when r = 2, because
we # Oc(0,—1,—1) since g > 1. Since h®(wc(0,1,1)) = 7, the existence of spanned
Zc(2,1,1) would imply the existence of a bundle with no trivial factor if and only
if 3 <r < 8. Since Y has multidegree (2,4,4), D has multidegree (0, 1,1).
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To prove that this case gives an example we reverse the construction. We start
with a smooth rational curve D C X with multidegree (0,1,1). There are a point
o € P! and a smooth conic E € |Opiyp1(1,1)| such that D = {0} x E. Let Y be
the intersection of two general elements of |Zp(2,1,1)|. By the Bertini theorem
Y is smooth outside D. It is easy to check that D appears with multiplicity one
in Y and thus we have Y = D U C with C a reduced curve with (eq,es,e3) =
(2,3,3). Assume for the moment that C' is smooth, connected and of genus 2. Since
Y is in the intersection of two elements of |Ox(2,1,1)|, so Z¢(2,1,1) is globally
generated, except at most at the points of Y. Let Y/ C X be the intersection
of two general elements of |Z¢(2,1,1)]. We saw that Y’/ = C' U D’ as schemes
with deg(Op(1,0,0)) = 0 and deg(Op/(0,1,0)) = deg(Op:(0,0,1)) = 1, i.e. there
are o/ € P! and E' € |Opiyp1(1,1)| such that D’ = {0’} x E'. If o/ # o, then
DND’ = and so Z(2,1,1) is globally generated. Now assume o’ = o for a general
Y’. Since h°(Oc(2,1,1)) = 10+ 1 — 2 = 9 by the Riemann-Roch theorem, we have
h%(Zc(2,1,1)) > 3. We have deg(C- {0} x P x P!) = e; = 2 and so deg(DNC) < 2
and deg(D'NC) < 2. Since p,(Y) = po(Y’) = 3 and D, D’ are smooth and rational,
we get deg(D'NC) = deg(DNC) = 2. Set Z := CN{o} x P! xP!. Since D'NC C Z
and DNC C Z and deg(Z) =2, weget DNC =D'NC =Z. Write Z = {0} x Z’
with Z/ C P! x P! and deg(Z’') = 2. Since h°(P! x P, Z4/(1,1)) = 2, we get
h(Zc(2,1,1)) < 2, a contradiction. Since h°(we(0,1,1)) = 7, this case gives rank
r bundles if and only if 3 < r < 8. O

5. CASE OF ¢1 = (2,2,1)

Let £ be a globally generated vector bundle of rank 2 on X with ¢; = (a1, as, as)
with 0 < a; < 2 for all ¢ and a1 + az + ag = 5. Without loss of generality we may
assume ¢; = (2,2,1). Any complete intersection Y of two elements of |Ox(2,2,1)]
has multidegree (4,4,8), wy = Oy (2,2,0) and hence p,(Y) = 9. We always take
as Y the complete intersection of two general elements of |Z¢(2,2,1)| and write
Y = CUD with D of multidegree (4—e;,4—e3,8—e3). Since T2, is an embedding
by Lemma so we get that ejeg # 0 implies s = 1 (this is true even for globally
generated bundles with rank r > 2). In other words, if C' is not connected, then we
have either e; = 0 or e; = 0.

Now assume that the rank of £ is 2 and then we have we = O¢(0,0,—1). Thus
each component C; of C has genus at most 1 and C; is an elliptic curve if and only
if e[i]3 = 0. If the rank 2 bundle £ is decomposable with no trivial factor, then it
is one of the following, up to reordering of the first and second factors.

(1) 0x(2,2,0) ® Ox(0,0,1); c2(&) = (2,2,0)
(2) Ox(1,2 O)@OX(LO, 1); (&) =(2,1,2)
(3) OX(2 1 1)@0X(07130); 62(5) (17072)
(4) Ox(2,0,1) ® Ox(0,2,0); c2(€) = (2,0,4)
(5) Ox(1,1,1) ® Ox(1,1,0); c2(&) = (1,1,2)

Note that we have

dim Ext'(0x(1,2,0),0x(1,0,1)) = h'(Ox(-2,0,1))

2
dim Ext'(0x(0,2,0), 0x(2,0,1)) = h'(Ox(2,-2,1)) = 6

and in the other cases such extensions are always trivial.



18 E. BALLICO, S. HUH AND F. MALASPINA

Lemma 5.1. Let £ be a globally generated vector bundle of rank r > 2 on X
with ¢1(€) = (2,2,1), c2(€) = (2,1,2) and no trivial factor. Then it fits into the
sequence

0 — O0x(1,0,1) - & — O0x(1,2,0) — 0.

Proof. Since 713, is an embedding and 712(C) € [Opixp1(2,1)], so C' is connected
and rational. Since deg(w¢(0,0,1)) = deg(we) + 2 = 0, we get we(0,0,1) = O¢.
Since s = 1, so we get r = 2.

Since h°(0¢(1,2,0)) =5 < 6 = h%(O0x(1,2,0) and h*(Ox(—1,0,—1)) = 0, we
get h%(Z¢(1,2,0)) = 1. Since h*(Ox(—1,0,—1)) = 0, we also get h°(£(0,0,—1)) =
1. Thus there is a non-zero map f : Ox(1,0,1) — & and it induces the exact
sequernce,

0 — 0x(1,0,1) - & — Z7(1,2,0) — 0
with T a locally complete intersection subscheme of X with pure codimension 2,
because h®(Zc(0,2,0)) = h%(Zc(1,2,—1)) = 0. Since (t1 + t3)(t1 + 2t2) = 2t1ts +
t1ts + 2tots and co(€) = (2,1,2), so we get T = . O

Remark 5.2. In [I2], the moduli space of indecomposable, initialized ACM semistable
bundles of rank 2 with ¢; = (2,2,1) and co = (2,1, 2) is isomorphic to P*. Indeed it
is isomorphic to PExt'(Ox(1,2,0),0x(1,0,1)). Each bundle in the moduli space
is a pull-back of the bundle on a smooth quadric surface @ fitting into the sequence

0— 0g(0,1) — & — 0p(2,0) — 0
via w35 twisted by Ox(1,0,0).

Proposition 5.3. Let £ be a globally generated vector bundle of rank r > 2 on
X with ¢1(€) = (2,2,1), c2(E) = (2,0,4) and no trivial factor. Then we have
r € {2,3}. To be precise, we have

(i) 0 — 0x(2,0,1) — & — 0x(0,2,0) — 0, if r =2 and

(i) €= 0x(2,0,1) ® Ox(0,1,0)92, if r = 3.

Proof. Since 72|, is an embedding and 712(C) € |Op1yp1(0,2)], so C has two
connected components C; and Cj, both smooth and rational. Since w¢(0,0,1)
is globally generated, deg(wc;(0,0,1)) = deg(we;) + eli]s > 0 for ¢ = 1,2, and
e[l]s + e[2]s = 4, so we get e[l]s = e[2]3 = 2 and wc(0,0,1) = O¢. Since € has no
trivial factor, we get 2 < r < 3 (see Remark .

(a) Assume r = 2. Since h°(0c(0,2,0)) = 2 < 3 = h%(0x(0,2,0) and
hH(Ox(—2,0,-1)) = 0, we get h0(E(—2,0, 1)) = h%(Z¢(0,2,0)) > 1. Thus there
is a non-zero map f : Ox(2,0,1) — £ and it induces the following exact sequence,
because h®(Z¢(0,2,0)) = h°(Zc(1,2,-1)) =0,

0— 0x(2,0,1) - & —Zr(0,2,0) — 0

with T a locally complete intersection subscheme of X with pure codimension 2.
Since (2t1 + t3)(2t2) = 4t 1ty + 2tot3 and 62(5) = (2,0,4), we get T = 0.

(b) Assume r = 3. Since h°(0¢(0,2,0)) = 2 < 3 = h°(0x(0,2,0)) and
h'(Ox(-2,0,—1)) = 0, we get h®(£(—2,0,—1)) > 1. Thus there is a non-zero map
f:0x(2,0,1) — &. Set F := coker(f). Since h°(Z¢(0,2,0)) = h%(Zc(1,2,-1)) =
0, so F has no torsion. If ¢t > 0, then h'(Ox(2 —t,—t,1 —t)) = h?(Ox(2 —
t,—t,1—1)) = 0. The exact sequence defining F gives h'(F(—t)) = 0 for all ¢ > 0.
Hence F is reflexive by [I5, Remark 2.5.1]. We have ¢3(£) = deg(w(0,0,1)) =
c3(0x(2,0,1) ® Ox(0,1,0)%2). The exact sequence defining F gives c3(F) = 0.
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Hence F is locally free by [15, Proposition 2.6]. Since ¢;(F) = (0,2,0), we get F =
Ox(0,1,0)%2. Since h'(Ox(2,-1,1)) =0, we get £ = 0x(2,0,1) ® Ox(0,1,0)%2.
(]

Remark 5.4. For each globally generated vector bundle F of rank 2 with ¢; =
(0,2,1), the bundle £ = F(1,0,0) is globally generated with ¢; = (2,2,1). Note
that F = 73,(G) where G is a globally generated vector bundle on Q = P! x P!
with ¢1(G) = (2,1). Such bundles are given in Example [£.10]or [6, Proposition 3.7].
In particular we have

62(5) = 62(}-(13 070)) = C2(-/_'.) + (tltS + 2t1t2)
= m33(c2(9)) + (tals + 2t1t2),
since Ox(1,0,0) - Ox(0,2,1) = t1t3 + 2t1ts.

Remark 5.5. Using the method in Remark and the results in [6], we may
construct several decomposable bundles of rank r > 3 on X.

(1) For the bundles G on P! x P! as in Remark [5.4] we have £ = O0x(2,0,0) @
m53(G).

(2) If H is a spanned bundle on P! x P! with ¢;(H) = (2,2) and no trivial
factor, then we also have £ =2 Ox(0,0,1) @ 7i5(H). For the list of such
bundles, see [6, Section 4 and 5]. The possible second Chern classes ¢y are
in {3,4,5,6,8).

Our main result in this section is the classification of globally generated vector
bundles of rank 2 on X with ¢; = (2,2,1).

Theorem 5.6. Let £ be a globally generated vector bundle of rank 2 on X with
c1 = (2,2,1), ca = (e1, ea, e3) and no trivial factor. If the associated curve C is not
connected with s > 2 components, then up to permutations on (e1,es) we have
(1) (s;er,ea,e3) =(2;2,0,4) ; € fits into the sequence
0 — O0x(2,0,1) — & — 0x(0,2,0) — 0,
(2) (57 €1, €2, 63) = (37 37 Oa 6)
If C is connected, then up to permutations on (e1,e2) we have
(1) C is an elliptic curve with (e1, ez, e3) = (2,2,0), or
(2) C is a rational curve with e3 =2 and
(i) (e1,ea,e3) =(0,1,2) ; €= Ox(1,2,1) ® Ox(1,0,0),
(11) (61, €2, 63) = (1, 1, 2) ;EE Ox(l, 1, 1) D Ox(L 1, 0),
(iii) (e1,ea2,e3) = (2,1,2) ; & fits into the sequence

(6) 0 — O0x(1,0,1) — & — Ox(1,2,0) — 0,

(iv) (e1,ea,e3) = (3,1,2),
(V) (61,62763) = (4,172)

All these cases are realized by some globally generated bundles .

Proof. Until step (f) we assume that C is connected, i.e. s = 1. Recall that we
have p,(C') € {0, 1}.

If C is an elliptic curve, i.e. e3 = 0, then there are p € P* and C” € |Op1 «p1(2,2)|
such that C = C’ x {p}, because C is connected. An equation of the divisor of C’
in P! x P! gives Zov p1yp1(2,2) 2 O and thus Zer prwpi (2, 2) is globally generated.
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Since Ox(1,2,1) is globally generated and h'(Ox(1,0,0)) =0, so Z¢(2,2, 1) is also
globally generated. In this case we have h?(€) = h%(Z¢(2,2,1)) + 1 = 11.

If C' is rational, then we have e3 = 2 since we = O¢ (0,0, —1). Since 72|, is an
embedding and C is smooth, connected and rational, so we have either e; = 1 or
eo = 1. Without losing generality we may assume e; = 1. Since Y has multidegree
(4,4,8), then we have 0 < e; < 4.

(a) Assume e; = 0 and then we have (e1, ez, e3) = (0,1,2). There are p € P!
and C” € |Op1yp1(2,1)] such that C = {p} x C’. Here we have deg(O¢(1,0,0)) +
1 =2 = h%(0x(1,0,0)), h1(Ox(—1,-2,—1)) = 0 and so h%(E(~1,-2,—1)) =
h°(Zc(1,0,0)) = 1. Hence & fits into an exact sequence

(7) 0— 0x(1,2,1) - & — Zr(1,0,0) — 0

with either T = () or T a locally complete intersection curve. We have T = (),
because ¢2(O0x(1,2,1) ® Ox(1,0,0)) = t1t3 + 2t1ts. Since h'(O0x(0,2,1)) = 0, so
the extension @ is trivial.

(b) Assume e; = 1. Since deg(Oc¢(1,1,0))
1, so we have h°(Z¢(1,1,0)) > 1. Since hl((’)x
HY(E(—1,-1,-1)) # 0. Now since h%(Z¢(1,0,0)) =
0, we get an exact sequence

(8) 0— O0x(1,1,1) - & — Zr(1,1,0) — 0

11 =3 = W(Ox(1,1,0)) -
(—1,0, )) = 0, we also get
]_ =

hO(IC( ) )) (10(171371)) =

with either T = () or T a locally complete intersection curve. We have T = (),
because ca(Ox(1,1,1)B0x(1,1,0)) = tat; +tsta+2t1ts. Since h1(Ox(0,0,1)) =0
we get £ = Ox(1,1,1) @ Ox(1,1,0). In particular we have c2(€) = (1,1, 2).

(c) Assume e; = 2 and then we have (e, ez, e3) = (2,1,2). This is the case in
Lemma [5.11

(d) Assume e; = 3. We have h°(O¢(1,1,1)) = 7 and so h°(Z¢(1,1,1)) > 0.
Since h'(Ox(—1,-1,0)) = 0, we get h%(£(—1,—-1,0)) = 0. Since h%(Z¢(0,1,1)) =
h(Zc(1,0,1)) = h%(Ze(1,1,0)) = 0, we get that & fits in the following exact
sequence

(9) 0— 0x(1,1,0) - & — Ir(1,1,1) — 0

i

with either T' = @ or T a locally complete 1-dimensional subscheme with wp =
Or(—2,—2,1) and multidegree (2,0,0), because of c2(Ox(1,1,1) ® Ox(1,1,0)) =
(1,1,2). Conversely, take two distinct points pi,p; € P! x P! and set T :=
P! x {p1,p2}. Then we get a vector bundle £ fitting into the sequence @ Now
assume that p;,ps are not contained in the same ruling either of |Op1yp1(0,1)| or
of |Op1yp1(1,0)]. Since Ty, poyprxpr(1,1) is globally generated, there are divisors
E1, Ey € |Opiypi (1,1)] with Ey N Ey = {p1, p2} as schemes. Set H; := P! x E; for
i =1,2. Since T = H; N Hy as schemes and H; € |Ox(0,1,1)|, the sheaf Zr(0,1,1)
is globally generated and so is Zp(1,1,1). It implies that any bundle € in ([9) is
globally generated.

(e) Assume e; = 4. If such a curve C exists, then h°(Oc(1,2,1)) = 9 <
12 = h%(Ox(1,2,1)). We also see that h%(Zc(0,2,1)) = h%(Zc(1,2,0)) = 0 and
that h%(Zc(1,1,1)) < 3 < h%(Zc(1,2,1)). Indeed, for a general C, we even have
h(Ze(1,1,1)) = h'(Ze(1,1,1)) = 0. Since h'(Ox(—1,0,0)) = 0, we get that & fits
in the following exact sequence

(10) 0— 0x(1,0,0) - & — Zr(1,2,1) — 0



GLOBALLY GENERATED VECTOR BUNDLES 21

with either T = () or T a locally complete intersection 1-dimensional scheme with
wr =2 Op(—=2,0,—1). Since t1(t; + 2t + t3) = t1ts + 2t1t2 and co(E) is represented
by a curve with multidegree (4, 1,2), we have

deg(Or(1,0,0)) =4, deg(Or(0,1,0)) = deg(Or(0,0,1)) = 0.

To prove the existence of £ we reverse the construction, because any T as above
with Zp(1,2,1) globally generated gives a globally generated bundle £. Take any
complete intersection Z C P! x P! of two elements Dy, Dy € |Opiyp1(2,1)] and
set T =Pl x Z. Z5(2,1) is globally generated and so is Zr(0,2,1). In particular
Zr(1,2,1) is globally generated.

(f) Assume s > 1 and so we have ejes = 0. Without losing generality we may
assume es = 0. We do this case even when s = 1. We have e; = s and e4 < 8. Since
we Z we(0,0,1) and C; is smooth and rational, we have efi]s = 2 and e[i]; = 1 for
all 4. Take the intersection Y C X of two general elements of |Z¢(2,2,1)| and then
each connected component of C' appears with multiplicity one in Y. By the Bertini
theorem we have Y = C' U D with D a reduced curve smooth outside C' N D and

deg(oD(la 070)) =4-—s s deg(OD(O, 1, 1)) =4 s deg(oD(O7O7 1)) =8 —es.

Claim : s < 3.

Proof of Claim : If s = 4, then we have e3 = 8 and so D is the union of
4 distinct fibers of a3, i.e. there are four distinct points pq,ps,ps,ps € P! x P!
with D = P! x {py,p2,p3,pa}. If D;’s are connected components of D, then we
have deg(C N D;) < 2, because Z¢(2,2,1) is globally generated. Since C'U D
has 8 irreducible components and each of them is smooth and rational, we have
pa(Y) <1, a contradiction. Thus we have s € {2, 3}. O

(f1) If s = 2, then we have (ej,ea,e3) = (2,0,4) and we are in the case of
Lemma [5.3]

(f2) If s = 3, then we have (e, ez,e3) = (3,0,6) and we may use the case
s =1 and (e, eq,e3) = (1,4,2) proved in step (e); it gives bundle for all ranks at
most h®(we(0,0,1)) + 1. Let G be a spanned bundle of rank 3 with ¢ (G) = (2,2,1)
and with associated curve with multidegree (1,4,2). Then we have h°(G) > 6. Let
V C HY(G) be a general 6-dimensional linear subspace. Since dim(X) = 3, the
evaluation map 7 : V ® Ox — G is surjective. Set H := ker(7)" and then H is a
spanned bundle of rank 3. The value of ¢2(G) gives that H is associated to a curve
C with multidegree (3,0,6). Since Z¢(2,2,1) is spanned and C' has multidegree
(3,0,6), it has s = 3 and so this case is realized. O

By Remark [2.3] the case s > 2 in Theorem [5.6] gives the list of all spanned £ with
r > 2, c3(€) = 0 and no trivial factor; they have r < 3 if s =2, and r < 4 if s = 3.
The proof of Theorem gives that some families of bundles are parametrized by
an irreducible family of curves C'; the case with s = 2, the case with C' an elliptic
curve and case (i) and (ii) for a rational curve. In the other cases the proof gives
that the family is irreducible; see step (e) for (e1,es,e3) = (4, 1,2) and step (£2) for
the case s = 3.

Remark 5.7. Take £ as in Theorem [5.6] with s = 1 and (e, ez,e3) = (2,1,2).
From @ we get hl(E(t,t,t)) = h2(E(t,t,t)) = 0 for all t € Z. Hence & is ACM.
The indecomposable ones, i.e. the ones for which @ does not split, are the ones in
case (5) of [I1, Theorem B].
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Remark 5.8. Take £ as in Theorem [5.6] with s = 1 and (e, ez,e3) = (3,1,2).
From @ we get h'(E(—1,—1,—1)) > 0. Look at step (d) of the proof of Theorem
[5.6] and assume that 7" is induced by two distinct points pi,ps. Since we have
(T) = P23, we get h'(E(t,t,t)) =0 for all t # —1 and h'(E(-1,—1,-1)) = 1.

From now on we take a smooth dependency locus C C X of a globally generated
bundle £ of rank r > 3. The Hartshorne-Serre condition says that w¢ is globally
generated and so we have p,(C;) > 0.

Theorem 5.9. For globally generated vector bundles of higher rank on X with
c1 = (2,2,1) we have the following:

(1) There exists a globally generated vector bundle € of rank r with no trivial
factor if and only if 2 <r < 17.

(2) For each r with 3 < r < 17 there is a bundle as in Ea:ample or Remark
[27]  In particular a general dependency locus C' is connected and with
multidegree (4,4,8), i.e. ca(E) = 8tity + 4t1ts + 4iats.

(3) If r € {14,15,16, 17}, then each & comes from Remark .

Proof. The case r = 2 is covered by Ox(2,2,0) ® Ox(0,0,1). If 3 < r < 17, the
existence is given either by Example or Example

Fix r € {14,15,16,17} and assume the existence of £ not coming from Remark
with a dependency locus C' C X of r — 1 general sections of £. Let Y = CU D
be the intersection of 2 general elements of |Z¢(2,2,1)|. By the Hartshorne-Serre
correspondence it is sufficient to prove that h°(wc(0,0,1)) < 12 if £ does not
come from Remark ie. if D # (. Note that D is reduced with multidegree
(4—61,4—62,8— 63).

(a) Assume s = 1 and set g := po(C). Since m2(C) = C, we have g =
erea —e1 — ez + 1. Since we(0,0,1) is spanned, we have e3 # 1. If e3 = 0, then
we get h0(wc(0,0,1)) = h%(we) = g < 9. If e3 > 2, then Riemann-Roch gives
h%(we(0,0,1)) =g +e3— 1 =ejea —e; — ez + e3.

(al) Assume (e, e3) = (4,4). In this case D has multidegree (0,0,8 — e3). So
D has 8 — e3 connected components D1, ..., Ds_., and there are o; € P! x P! for
each 1 < j < 8 — e3 such that D; = {o;} x P'. We have o; # o, for all i # j.
Since C'U D is a complete intersection of two ample divisors, it is connected. Since
Pa(C) = po(CUD), each D; meets quasi-transversally C at a unique point, say Q;.

Claim : A general S € |Z¢(2,2,1)| is singular.

Proof of Claim : Assume that S is smooth. We have C' U D € |0g(2,2,1)]
and {Q1} is the scheme-theoretic intersection of D; and Y — Dy, i.e. Dy - (Y —
D) =1 the intersection number in the smooth surface S. Hence the very ample
line bundle Og(2,2,1) is not 2-connected in the sense of [8, 10, 21, @]. We have
05(2,2,1) - 05(2,2,1) = (2t; + 2t5 + t3)® = 12 > 4. Since S contains only finitely
many curves {0} x P! with o € P! x P, so the pair (S, 0s(2,2,1)) is not a scroll
in the sense of [10, 21I]. Since (S, 0s(2,2,1)) is not 2-connected, [I0, Theorem A]
gives a contradiction. O

Since C' is a smooth curve, dim(X) = 2 + dim(C) and C is the scheme-theoretic
base locus of Z¢(2,2,1), Claim contradicts a strong form of Bertini’s theorem for
linear systems with a smooth base locus in [I3] Theorem 2.1]. In summary, this
contradiction rules out all the cases with s = 1 and multidegrees (4,4, e3) with
0 S €3 S 7.
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(a2) If (e1, e2) # (4,4), then we have g < 6 and so h°(wc(0,0,1)) < 6+e3—1 <
13, with equality only if (e1,e2) € {(3,4),(4,3)} and e3 = 8. In this case D has
either multidegree (1,0, 0) or (0,1,0). In particular D is smooth and rational. Since
pa(CUD) =9, we have deg(DNC') > 2 and so Z¢(2, 2, 1) is not globally generated,
a contradiction. Thus this case may give solutions only with r < 13.

(b) Assume s > 1. We saw that each C; is smooth and rational with e[i]s > 2
for all .. We have h%(wc(0,0,1)) = >0 ,(e[i]ls — 1) < 8 —s < 6. If C is not
connected, we get r < 7. (]

We give several examples of globally generated vector bundles of rank at least 3
on X with ¢ = (2,2,1).
Example 5.10. Since h'(Ox(-2,1,0)) = 2 and h'(Ox(-2,1,1)) = 4, there are
non-trivial extensions
(11) 0— 0x(0,1,1) ® Ox(0,1,0) — & — Ox(2,0,0) — 0
and Ext! is a 6-dimensional vector space. So we get indecomposable bundles with
c1=(2,2,1) and c2 = (2,1,4). We may construct these bundles also as extensions
of £ in Example [1.3] by Ox(0,1,0).
Example 5.11. Since h'(Ox(-2,0,1)) = 2 and h'(Ox(-2,2,0)) = 3, there are
non-trivial extensions
(12) 0 — 0x(0,0,1) ® 0x(0,2,0) — & — O0x(2,0,0) — 0
and Ext! is a 5-dimensional vector space. So we get indecomposable bundles with
1 =1(2,2,1) and ¢ = (2,2,4).

Example 5.12. For the bundles F in Example|4.13] we may compute ' (FY (0,1,0)) >
4 so we have a family {#,} of indecomposable bundles with ¢; = (2,2,1) and

s = (3,3,5).

Example 5.13. Let G = o*(TP3(—1)), where ¢ : X — P?3 is a linear projection
from a linear subspace W C P7 with dim(W) = 3 and W N X = (). From the Euler
sequence of TP? we get an exact sequence

(13) 0—G¥ — 0% — 0x(1,1,1) — 0

From (13) we get dim Ext!(G, O(1,1,0)) = h*(GY(1,1,0)) > 18 — 16 = 2 and so we
have a family {F,} of non-trivial extensions of G by O(1,1,0) with ¢; = (2,2,1)
and ¢y = (3,3,4) with the exact sequence

(14) 0— OF — Fr — Ic(2,2,1) — 0,
where C' is a smooth curve of multidegree (3,3,4), and the exact sequence
(15) 0 — O0x(1,1,0) — Fy — G — 0.

Since h?(Ox(—2,—-2,—1)) = 0, from the dual of (13) we get h°(G(—1,—-1,0)) =
h*(G(—1,-1,0)) = 0. From (15 we also get h®(F(—1,—1,0)) = L and h'(Fx(—1,—1,0)) =
0. From the sequence we get h°(Zo(1,1,1)) = 1, kY (Ze(1,1,1)) = 1 and so
h%(Oc(1,1,1)) = 7. Tt implies p,(C) = 4. Let £ := wc(—1,—1,0)) be a line bundle

on X of degree 0. From the exact sequence

0 — Ze(1,1,0) — Ox(1,1,0) — Oc(1,1,0) — 0

together with h°(Zc(1,1,0)) = 0 from (14), we have h°(Oc(1,1,0)) > 4. B
Riemann-Roch, we have h%(£) — h'(£) = 3 and so h°(L) > 1 since h'(L) =
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h°(Oc(1,1,0)). Thus we have h°(£) = 1 and we(—1,-1,0) = Oc. Now the
Hartshorne-Serre correspondence implies the existence of a globally generated vec-
tor bundle H fitting into the sequence

0—0x —H —Zc(3,3,2) — 0.

Note that h®(H(-2,—2,—-1)) = h%(Zc(1,1,1)) = h°(Fa(—1,-1,0)) = 1. From the
sequence ([14), we also have h®(H (-3, 2, —1)) = hO(H(-2, -3, —1)) = hO(H(-2, -2, -2)) =
0 and so a non-zero section in H°(H(—2,—2,—1)) induces an exact sequence

0— O0x(2,2,1) = H —ZIp(1,1,1) — 0

with T a locally complete intersection O-dimensional subscheme of codimension 2.
Since c2(H) = (3,3,4), so we get T = ). Since h'(Ox(1,1,0)) = 0, so the extension
is trivial. Thus we have H = Ox(2,2,1) & Ox(1,1,1) and Z¢ admits the following
locally free resolution:

0— Ox(—l,—l,—l) — Ox @Ox(l,l,()) —)10(2,2,1) — 0.

Moreover h'(FY) = 4 and so we have higher rank bundles up to r = 8 with the
same Chern classes and no trivial factor.

6. CASE OF ¢; = (2,2,2)

Let £ be a globally generated vector bundle of rank r > 2 on X with ¢;(€) =
(2,2,2) and the associated curve C = Cy U --- U Oy where each C; is a smooth
and connected component. If Y is the complete intersection of two elements in
|0x(2,2,2)|, then it has Chern polynomial (1+2t; +2t2+2t3)? and hence it has has
multidegree (8,8,8). We also have wy = Oy (2,2,2) and so h*(Oy) = p,(Y) = 25.
The Hartshorne-Serre condition says that we is spanned, i.e. p,(C;) > 0 for all 4.
If r = 2, then we = O¢ and hence each C; is an elliptic curve.

From now on we take a smooth dependency locus C C X of a globally generated
bundle £ of rank r > 3. The Hartshorne-Serre condition says that w¢ is globally
generated and so we have p,(C;) > 0.

Theorem 6.1. For globally generated vector bundles of higher rank on X with
c1 = (2,2,2) we have the following:
(1) There exists a globally generated vector bundle € of rank r with no trivial
factor if and only if 2 < r < 26.
(2) For each 3 < r < 26, there is a bundle as in Example or Remark .
In particular a general dependency locus C' is connected with multidegree
(8,8,8), i.e. 62(5) = 8ttty + 8t1t3 + 8tats.
(3) If r € {24,25,26}, then each € comes from Remark[2.7

Proof. Note that the case r = 2 is covered by Ox(2,2,0) ® Ox(0,0,2). If3 <r <
26, the existence is given either by Example 2.5 or by Remark 2.7

Fix r € {24,25,26} and assume the existence of € not coming from Remark
with a dependency locus C' C X of » — 1 general sections of £. Let S be a general
element of |Z¢(2,2,2)|. Since C is a smooth curve, we get that S is a smooth
surface by Diaz-Harbater form of the Bertini theorem in [I3] Theorem 2.1]. The
adjunction formula gives wg = Og. Let T C S be a line of S C P7, if any. The
adjunction formula gives wr = Og(T),,.. Since deg(wy) = —2, we get T? = —2 <0
and so S contains only finitely many lines.
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Let Y = C' U D be the intersection of S with a general element of |Z¢(2,2,2)].
By the Hartshorne-Serre correspondence it is sufficient to prove that h%(we) < 22
if £ does not come from Remark i.e. D # (). Now by duality it is sufficient to
prove that h'(O¢) < 22 if D # (). We have h'(Oc) = >;_, h'(O¢,). Note that D
is reduced with multidegree (8 — e;,8 — e2,8 — e3). Recall that h'(Oy) = 25 and
so it is sufficient to prove that h'(O¢) < h'(Oy) — 3.

Claim : The line bundle Og(2,2,2) is 4-connected.

Proof of Claim : Set L := Og(1,1,1). Since S € |0Ox(2,2,2)|, so we have
05(2,2,2) - 05(2,2,2) = (2t + 2t5 + 2t3)3 = 24 > 17. Since L is very ample and
05(2,2,2) = L% for every irreducible curve T C S we have

2<T -05(2,2,2) =0 (mod 2),

and T+ 0g(2,2,2) = 2 if and only if T is a line contained in S. Since T - Og(2,2,2)
is an even integer, the pair (S, 05(2,2,2)) is neither a P-bundle over a curve nor
a cubic scroll over a curve. By [10, Theorem A], the line bundle Og(2,2,2) is
2-connected. Since T? = —2 for each line T of S and deg(T - 05(2,2,2)) > 4
for each curve T' C S, which is not a line, so [10, Theorem B] and [9] give first
that Og(2,2,2) is 3-connected and then [I0, Theorem C] gives that Og(2,2,2) is
4-connected. g

Write D[0] := D and D[s — 1] :=DUC, U---UCs_q if s > 2. Let Fy,..., E;
be the connected components of D[s — 1]. Since Og(2,2,2) is 4-connected by the
Claim and E; N E; = () for all ¢ > j, we have deg(D[s — 1] N Cs) > 4t. Since
hO(OD[S,l]) =t and h?(Oy) = 0, the Mayer-Vietoris exact sequence

0— Oy — Opls—1)® Oc, — Op[s—1jnc, — 0

gives h'(Oy) > 4t—t+h'(Oc,)+h*(Opjs_1)) = 3+h (Oc,)+h (Ops—1))- If s =1,
then we use that h'(Op) > 0. Now assume s > 2. Let A, B be projective curves
with A C B. Since Z, p is supported by a subscheme of B, we have h?(B,Z4 5) = 0.
Hence the exact sequence

0 —=Zap —0 —04—0

gives that the natural map H*(Op) — H'(O,) is surjective. With A = Cy U
++UCs_1 and B = Dls — 1], we have h*(Op[,_1]) > h'(Oc,u..uc._,) and so
h'(Oy) >3+ h*(Oc). 0

Remark 6.2. Take a smooth C' with Z¢(2,2,2) and we globally generate. Each
C; has positive genus. Since C; is not rational, we have e[i]; # 1 for all j = 1,2, 3.
For fixed ¢ € {1,...,s}, assume for the moment e[i]; = 0 for some j € {1,2,3}.
Just to fix the notation we assume j = 1. Then there are p € P! and C! €
|Op1 «p1 (€[i]3, e[i]2)| such that C; = {p} x C!. Since C! C P! x P! has positive genus
and {p} x P! x P! is not in the base locus of Z¢(2,2,2), we get eli]a = eli]z = 2.
Now assume e[i]; # 0 for all j. Then we get e[i]; > 2 for all j.
Assume s > 2 and e[l]3 = 0.

Claim 1: e3 =0, i.e. efi]s =0 for all 4 > 1.

Proof of Claim 1: Assume for instance e[2]s > 0. Since e[l]3 = 0, there are
p € P! and Cf € |Opiyp1(2,2)| such that C; = C] x {p}. Since e[2]3 > 0, the scheme
Z := CyNPL x P! x {p} is non-empty (if O-dimensional, it has degree e[2]3). Write
7 = Z/X{p} Since ClmCQ = @ and Z/ # @7 we have hO(]P)l X]PleIZ/UC{,]P’X]P’l (2, 2)) =
0. Hence P! x P! x {p} is in the base locus of Z¢(2,2,2), a contradiction. O
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By Claim 1, if there are 4, j such that 1 <i < sand 1 < j < 3 with e[i]; = 0,
then we have e; = 0 and e[i], = 2 for all 4 and k # j. If e[i]; # O for all ¢, j, then
we have e[i]; > 2 for all ¢, j.

Claim 2: Assume e[i]; # 0 for all 4,j. Then s < 3.

Proof of Claim 2: Since e[i]; > 2 for all 4, j by Claim 1 and Y has multidegree
(8,8,8), so we have s < 4 and if s = 4, then C' =Y. This is not possible, because
h%(Oy) =1 (see Remark [2.7). O

Claim 3: We have s < 3.

Proof of Claim 3: By Claim 2 we may assume e[i|; = 0 for some 4, j, say
e[l]s = 0. By Claim 1 we have e[i]3 = 0 and e[i]; = e[i]z = 2 for all ¢ and there are
0; € P! and C! € |Op1xp1(2,2)] such that C; = C! x {0;}. Since Y has multidegree
(8,8,8), we get s < 4. Assume s = 4 and write Y = C'U D. We get that D is the
disjoint union of 8 lines with multidegree (0,0,1), say D = D; U---U Dg. Since
Zc(2,2,2) is globally generated, we get deg(D; N C) < 2 for all i. Hence we have
pa(Y) < =3+ 8, a contradiction. O

Example 6.3. Let Z C P! x P! be any 0-dimensional subscheme of degree 2 and
set T := Z xPL. Since wr = Op(—2, -2, —2), the Hartshorne-Serre correspondence
gives a unique bundle £ fitting into an exact sequence

(16) 0— Ox(1,1,1) - & —Zr(1,1,1) — 0.

Any such a bundle € is globally generated if and only if Z is the complete intersec-
tion of two elements of |Opiyp1(1,1)], i.e. Z is not contained in one of the rulings
of P! x PL.

Proposition 6.4. We have c2(E) = (4,4,0) if and only if we have either

(i) r=2 and 0 — 0x(2,2,0) — & — 0x(0,0,2) — 0, or
(i) r=3 and £ =2 Ox(2,2,0) ® Ox(0,0,1)%2.

Proof. The “if ” part is obvious, because (1+t3)* = 1+2t5 and (1+2t; +2t2)(1+
2t3) = 1+ 2ty + 2to + 2t3 + 4t1t3 + 4tats. Now assume (eq, eq,e3) = (4,4,0). Since
eli]3 = 0 for all i, Remark [6.2] gives s = 2 and e[i]; = 2 for all 4,j € {1,2}. Hence
each connected component of C'is an elliptic curve and so we =2 O¢ and ¢3(€) = 0.
Since s = 2, Remark [2.3] gives r € {2,3}.

First assume r = 2. Note that 2 = h%(0x(0,0,2))—1 = h°(O¢) = h°(0¢(0,0,2))
and so we have h?(Z(0,0,2)) > 0. Since s > 2 and C; # P!, we have h®(Z¢(0,0,1)) =
0. Since h%(Z¢(—-1,0,2)) = h%(Zc(0,—1,2)) = 0 and c2(&) = 4tats + 4t t3, we get
that £ fits in an exact sequence

0 — 0x(2,2,0) - & — Z7(0,0,2) — 0

with either T = @ or T a locally complete intersection curve with multidegree
(0,0,0). We get T'= ) and hence £ fits in the sequence in (i).

Now assume r = 3. As in the case 7 = 2 we get a non-zeromap h : Ox(2,2,0) —
& with torsion-free cokernel. Let G be the quotient of £ by a general map Ox — &
with v : &€ — G the quotient map. By the case of r = 2, the map wo h :
0x(2,2,0) — G has locally free cokernel and so F := coker(h) is locally free. F
is a spanned bundle of rank 2 with no trivial factor and ¢;(F) = (0,0,2). Thus
we have F = 0x(0,0,1) ® Ox(0,0,1). Since h'(Ox(2,2,-1)) = 0, we get & =
Ox(272,0)@0)((0,071)®2. O
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Proposition 6.5. Let £ be a globally generated vector bundle of rank 2 on X with
c1=(2,2,2) and c2 = (2,2,4).
(i) Its associated curve C' is connected if and only if € is a spanned flat limit
of the family of Ulrich bundles in [11, Theorem 6.7].
(ii) Non-Ulrich bundles £ exist and they are all as in Example .

Proof. Since the “ if ” part is obvious by the description in [IT, Theorem 6.7], we
only need to prove the “ only if 7 part. Since C is connected, so C' C P7 is a smooth
elliptic curve of degree 8.

First assume that C is linearly normal. The homogeneous ideal of C' in P7 is
generated by quadrics and so Z¢ p7(2) is globally generated. Thus Z¢(2,2,2) is also
globally generated and any such a curve gives a globally generated bundle. Since
h*(Zopr(t)) = 0 for all ¢, we also get h'(Z¢(t,t,t)) = 0 for all t € Z. Since ¢1(€) =
(2,2,2), we have £V = £(—2, —2, —2) and so the Serre duality gives h?(E(t,t,t)) = 0
for all t € Z. Thus £ is ACM in this case and we have the description of such a
bundle in [I1 Theorem 6.7].

Now assume that C' C P7 is not linearly normal. Since C' has multidegree (2,2, 4)
and any such an embedding C C P! x P! x P! is induced by three base point free
line bundles on C, two of degree 2 and the other one of degree 4, so we get that C'
is a flat limit of a family of linearly normal elliptic curves {C)}rea with Cy C X.
The Hartshorne-Serre correspondence gives that £ is the limit of a family of &,
with each £, Ulrich and in the family [I1, Theorem 6.7]. Since C' is not linearly
normal, we have h®(Z(1,1,1)) > 0. Since s = 1 and e; > 0 for all i, we also have
h%(Zc(0,1,1)) = h%(Z(1,0,1)) = h%(Ze(1,1,0)) = 0. Thus £ fits into an exact
sequence with either T = @ or a locally complete intersection curve. Since
(t1 + ta + t3)% = 21ty + 2t1t3 + 2tot3, so T has multidegree (0,0,2), i.e. there is a
0-dimensional subscheme Z C P! x P! of degree 2 such that T = Z x P!. We get
that £ is as in Example [6.3 (]

Remark 6.6. An example of rank two globally generated vector bundle with ¢; =
(2,2,2) and ¢ = (2,3, 3) is given as the first type of Ulrich bundles in [I1, Theorem
6.7].

Proposition 6.7. Let £ be a globally generated vector bundle of rank r > 2 on X
with ¢1 = (2,2,2). Then we have co = (0,2,2) if and only if £ = Ox(0,0,1) ®
0x(2,2,1).

Proof. Since t3(2t1 + 2ty + t3) = 2t1ts + 2tats, the “ if 7 part is obvious. Take
a globally generated bundle £ with multidegree (0,2,2) and let C' be any smooth
curve which is a zero-locus of a general section of £. By Remark we have
s =1, C is an elliptic curve and there are p € P! and C’ € |Op1 «p1 (2, 2)| such that
C = {p} xC". Since we = O¢ and s = 1, so we have r = 2 (see Remark. Since
h%(0c(0,0,1)) = R%(O¢) = 1 < 2 = h°(Ox(2)), we get H(E(-2,-2,—1)) # 0.
Since h°(Z¢(0,0,0)) = h%(Ze(—1,0,1)) = h%(Zc(0,—1,1)) = 0, we get that £ is an
extension of Ox(0,0,1) by Ox(2,2,1). Since h!(Ox(2,2,0)) = 0, so the extension
is trivial. O

Remark 6.8. Since h'(Ox(0,0,—2)) = 1, so up to isomorphism there is a unique
non-trivial extension F of Ox(1,1,2) by Ox(1,1,0) and we have F = Ox(1,1,1)&®
Ox(1,1,1).
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Remark 6.9. Let W C P7 be a 3-dimensional linear subspace such that WNX = (.
Let £y : PT\ W — P3 be the linear projection from W and set ¢ := lw - For a
null-correlation bundle Nps (1) of P? twisted by 1, set F := £*(Nps(1)). A general
zero-locus T of a section of Aps(1) is a disjoint union of two lines. Thus F is
a globally generated bundle on X with ¢; = (2,2,2), multidegree (4,4,4) and
s = 2. Let C be a general zero-locus of a section of F. We have h%(O¢(2,2,2)) =
24 = h°(0x(2,2,2)) — 3. Since h%(P3,Z7(2)) = 4, we get h°(Zc(2)) > 4 and so
h'(F) > 0.

Lemma 6.10. Let T C X be an elliptic curve of deg(T) = 6. Then the linear span
(T) C P7 has dimension 5 and T = X N (T) as schemes.

Proof. We have dim((T")) < 5 and equality holds if and only if C'is linearly normal in
(T). Since P* x P! contains no elliptic curve of degree 6, T has multidegree (2,2, 2).
Assume for the moment the existence of an irreducible surface U C X N (T) with
C C U and say U € |Ox(ay,az2,a3)|. Since no component of the multidegree of T
has degree 0, we have a; > 0 for all i. Thus we have dim((T")) > dim({U)) > 6, a
contradiction.

Therefore each irreducible component of (T') N X has dimension at most 1. As-
sume for the moment dim((7)) < 4. Fix a general p € X \ T and let V C P7 be
a general 5-dimensional linear space containing 7'U {p}. Since deg(T") = deg(X),
[T4, Theorem 2.2.5] gives a contradiction. Now assume dim({(7T")) = 5. Since each
irreducible component of (T') N X has dimension at most 1 and deg(7") = deg(X),
we get T = X N (T) as schemes. O

Proposition 6.11. Let £ be a globally generated vector bundle of rank r > 2 on
X with 1 = (2,2,2), ¢ca = (2,2,2) and no trivial factor. Then we have r = 2 and
£ 0x(1,1,1)%2

Proof. Since deg(C) < 8, Remark gives s = 1 and that C is a smooth ellip-
tic curve. Since we = O¢, s = 1 and £ has no trivial factor, we get r = 2. Since
deg(C) = 6, we have h°(Z¢(1,1,1)) > 2. Since h!(Ox(—1,—1,-1)) = 0, a non-zero
section of £ induces a non-zero map f : Ox(1,1,1) — &£. Since no entry of the mul-
tidegree of C' is zero, we have h%(Z¢(0,1,1)) = h°(Z¢(1,0,1)) = h°(Zc(1,1,0)) = 0.
Hence f has torsion-free cokernel, i.e. coker(f) = Zr(1,1,1) with either = @) or
T a locally complete intersection curve. Since co(E) = 2t1ts + 2tats + 2t1t3, we get
T=0andso &= 0x(1,1,1)%2 O

Proposition 6.12. Let £ be a bundle of rank 2 on X with ¢ = (2,2,2) and the
associated curve C has two connected components with deg(C;) = 6 for eachi. Then
& is globally generated if and only if it arises as in Remark[6.9, i.e. € = £*(Nps(1))
for some 3-dimensional linear subspace with W N X = 0 and a null-correlation
bundle Nps(1) on P2. In particular we have h°(€) =5 and h*(€) = 1.

Proof. Since the “if ” part is obvious, it is sufficient to prove the other implication.
Call C = C1UCs C X be the zero-locus of a general section of £. Setting M; := (C;)
for i = 1,2, we have M; N X = C; as schemes by Lemma [6.10] Set W := M; N M.
Since dim(M;) = 5 for each 4, so the Grassmann formula gives dim(W) > 3. Note
that we have M; N My N X = () since C; N Cy = (. Let fy : PP\ W — P3
be the linear projection from W. Set { := ly |, T; := £(C;) and T := ((C). T
is the disjoint union of two lines. Call Nps(1) the twisted null-correlation bundle
associated to T. We have Z¢(2,2,2) = £*(Zrps(2)). Since £ is the unique bundle
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induced by C using the Hartshorne-Serre correspondence, we have £ = £*(Nps(1)).

Th

e last assertion follows from our proof, since we proved that any zero-locus C is

the pull-back of a (obviously unique) disjoint union 7' C P? of two lines and hence
h(Zc(2,2,2)) = hO(P3,Zr(2)) = 4. O
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