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Abstract

The aim of this work is to analyze different formulations of the voltage excitation
problem and the current intensity excitation problem for the time-harmonic eddy-current
approximation of Maxwell equations in the case of a conductor with electric ports. Two
formulations based on the introduction of a vector magnetic potential and their finite

element approximation are analyzed.

Keywords: Eddy current model, voltage and current excitation, vector
magnetic potential, continuous vector nodal elements, edge elements.

AMS Subject Classification: 65N30, 35Q60, 35J57

1. Statement of the problem.

Let us consider the eddy-current approximation of Maxwell equations
in the time-harmonic case:

Ampere law: curlH =J
Faraday law: curlE +iwB =0.

Here H and E are the magnetic and electric field respectively, B is the
magnetic induction, J is the electric current density and w # 0 is a given
angular frequency. Assuming linear materials B = pH where p is the mag-
netic permeability that is a symmetric tensor, uniformly positive definite
with entries that are bounded functions of the space variable. The classic
Ohm law, based on physical observations about electrical circuits, states
that J = oE where o is the electric conductivity that is vanishing in in-
sulators while in conducting regions it is a symmetric tensor, uniformly
positive definite with entries that are bounded functions of the space vari-
able.
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We study the coupling of the eddy-current model

(1) curlH—ocE =0
curl E +iwpH =0

with a formulation in terms of a electric circuit through the “electric
ports”. We consider a computational domain  C R? simply-connected
and bounded with connected boundary 9€). It is composed by two parts,
a conductor Q¢ and an insulator Qp := Q \ Q¢. For the sake of sim-
plicity we will assume that both the conductor and the insulator are con-
nected. The conductor Q¢ is not strictly contained in €2; we assume that
Lo := 0Qc NN # () has at least two disjoint connected components, the
so-called “electric ports”: Ufzofc,k = I'c with K > 1. The coupling of the
eddy-current model and the electric circuit is modelized assigning a volt-
age or a current intensity on the electric ports. We impose the following
boundary conditions:

(2) pH-n=0 on 09, Exn=0 onl¢.

Since pH - n = 0 from Faraday law follows that div,(E x n) = 0 on 09,
hence E xn = V¢ x n for some ¢ € H'(2). The second boundary condition
ensures that ¢ is constant on each connected component of I'c. In particular
we can consider @r., = 0. In the voltage excitation problem the constant
value of ¢ in the electric ports I'c ;. is assigned:

(3) Oro, =Vi, k=1,...,K.

On the other hand, the current excitation problem impose the current in-
tensity through the electric ports

(4) / crlH-n=1;,, k=1,..., K.
Lok

(As usually n indicates the unit outward normal vector on 0f2.)

The set of equations (1), (2) and (3) or (4) do not determine univocally
the electric field in the insulator 2p but the magnetic field H and the
electric field in the conductor E¢ are unique. In fact, integrating by parts
Faraday law one has

—iw/uH-H:/curlE-H:/E-curlH— Exn-H.

Q Q Q o0

Using Ampere law and the fact that E x n = V¢ x n on 0f) for some
¢ € H'(Q)

/E-curlH— Exn-H:/ E.oE+ | Hxn Vo
Q a0 Qo a0
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:/ E-crE—/ curlH 0o,
Qc o0

Finally since curlH = 0 in Q2p and ¢ is constant on each connected com-
ponent of I'c with ¢, , = 0, we obtain the power law

K
(5) iw/p,H-H—i—/ EC'UEC:Z¢|FCk/ curlH -n.
@ Qo =1

C.k

Since p and o are uniformly positive definite in {2 and Q¢ respectively, if
the right hand size term is equal zero then H = 0 and E¢ = 0.

It is possible to give a characterization of the voltage in terms of H and
Ec¢. For each k =1,..., K let v be an oriented path on I' := 0Q¢ N 0Qp
connecting a point on the boundary of I'g with a point on the boundary
of I'.. Let as assume that there exists an orientable surface ¥, C Qp such
that v, C 0%k and 0% \ v, C 99 (see Figure 1). Then from Faraday law

Iy

PN
Qc it

.

j f %&7\
. .

r
Ty

Figure 1. The computational domain with electric ports.

and the Stokes theorem

iw/ uH'n:/ curlE-n =
Tk Tk

Hence
Vk—/EC-T—i—iw/ pH-n.
Vi P

So we can consider a reduced problems where Faraday law is required

S—

E-T:/ Ec-7-V;.
0%y, Vi
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only in Q¢, namely, we look for (H, E¢) such that

curlH —ocEc =0 in O
curl E¢c +iwpH =0 in Q¢

(6) pH-n=20 on Of)
Ecxn=0 on I'p
and
(7) /EC-T—i—iw/ pH-n=V,. k=1,...,K
Tk Xk

being V a given vector in C¥, or

(8) /curlH-n:Ik, k=1,....K
I

with I a given vector in CX.

Each one of these two problems has a unique solution. It will be part
of solution of the complete eddy current problem if there exists an electric
field in Q2p that extends the electric field defined in the conductor and such
that Faraday law holds in the whole computational domain €2, i.e., if there
exists Ep such that

) curlEp = —iwpuHp on Qp
Epxn=Egxn onlI.

Clearly a necessary condition for the existence of solution of (9) is that for

any function wp € (L?(2p))? such that curlwp = 0 and wp x n = 0 in

op\T

(10) —iw/ uHD-WD:/EcxnC-wD.
Qp r

( nc = —np denotes the unit normal vector on I', directed towards p.)
This if in fact also a sufficient condition for the existence of solution of
(9). To show it let us introduce some notation. The space H (curl; Q) (re-
spectively H(div;(2)) indicates the set of functions w € (L?(Q))? such that
curlw € (L%(Q))? (respectively divw € L2()). Ho(curl;2) denotes the
space of functions w € H(curl;2) with vanishing tangential trace in 9f.
By H?(div; Q) we denote the set of functions belonging to H(div; ) with
vanish divergence in 2. Given a certain subset A C 02, we denote by
Hy p(curl; ) the space of function belonging to H (curl; ) with vanishing
tangential trace in A and by Hp A (div; ) the space of function belonging
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to H(div; Q) with vanishing normal component in A. Here and in the fol-
low, for easy of reading we express duality pairing by (surface) integrals. In
particular, for all s, w € H(curl; Q)

/(s-curlw—curls-w):/ SXn-w.
Q 19)

If fQD Fp-wp = — A -Wp for all wp € HgyFD(curl,QD) =
HO(curl; Qp) N Hor,(curl; Qp) then the system

curlvp = Fpin Qp
divvp =0 in Qp
VDXIIDI)\OHF
VD-IIDZO OHFD

has a unique solution vp € H(curl; QD)DH&FD (div; Qp)N [H&F(curl; Qp)N
H(()),FD (div; Qp)]*. For the proof see, e.g., [1]; the main idea is to write vp =
curlqp withqp € V := Hyr, (curl; Qp)NHp r(div; QD)O[H(())ID (curl; Qp)N
Hg’r(div; Qp)]* such that

/ [curlqp - curl pp + divgp divpp] :/
Qp

FD'pD—/XPD
Qp r

for all pp € V.

Notice that H{p (cuwrl;Qp) = VHjp (Qp) & H(Tp,[;Qp) where
H(Ip,I;Qp) = ngD(curl; Qp)N ng(div; 1p). Hence (10) is equivalent
to

(11) div(uHp) =0, pHe - n=pHe-n onT

and
(12) —z'w/ vHp - pp = / Ec xng-pp forall pp € H(Tp,T;0Qp).
Qp r

In conclusion, the solution of (6) and (7) or (8) can be extended to a solution
of (1), (2) and (3) or (4) if and only if div(pH) = 0 in  and (12).

Several formulations have been proposed in recent years for the voltage
and current excitation problem. For instance in [2] the problem with electric
ports is formulated in terms of the magnetic field and the input current
intensity is imposed by means of a Lagrange multiplier. In [3] the main
unknowns are the electric field in the conductor an the magnetic field in the
insulator. In [1] and [5] the problem is described in terms of a current vector
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potential and a magnetic scalar potential, using the so-called T — Ty — ¢
formulation.

Formulations in terms of a magnetic vector potential have been proposed
in [6], [7] and [8]. Hiptmair and Sterz present in [0] a systematic study of
how to take into account voltage and current excitations in the eddy cur-
rent model. They consider two different formulations of the time-dependent
eddy current model: a formulation in terms of the magnetic field and also a
formulation in terms of a magnetic vector potential. In the harmonic regime
Bermudez propose in [7] a formulation for the current intensity excitation
problem in terms of a vector magnetic potential and a scalar electric po-
tential defined in the whole computational domain. More recently Chen et
al. analyze in [8] a formulation for the voltage excitation problem in the
harmonic regime in terms of a vector magnetic potential that do not need
to compute a scalar electric potential.

The aim of this work is to discuss different formulations of the voltage
and the current intensity excitation problem in terms of a vector magnetic
potential defined in 2. For both problems we analyze in detail a classical
formulation, similar to the one proposed in [7] for the current intensity
excitation problem, but that use a scalar electric potential defined only in
the conductor. We also extend to the current intensity excitation problem
the formulation analyzed in [3] that do not compute the scalar electric
potential. From the computational point of view the formulation by Chen
et al. of the voltage excitation problem is the one with the minor number
of unknowns. It extension to the current excitation problem is still the one
with the minor number of unknowns if the conductor has only two electric
ports. In the case of K > 1 the formulation that computes also a scalar
electric potential in the conductor seems to be more convenient.

2. Weak formulation.

For the sake of simplicity in the following we consider a simply connected
conductor )¢ contained in €2 with two electric ports like in Figure 1. It is
worth noting that since Q¢ is simply connected then H(I'p, I'; Qp) is trivial.
So we are interested in solving

curlH—-—o0Es =0 in
curl E¢ + iwpH = 0 in Q¢

(13) div(pH) =0 in Q
pH-n=0 on 0f2
Ecxn=0 on I'c
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and
(14) /EC-T—i—iw/ pH-n=V
71 P}
or
(15) / curlH-n=171
Iy

where V' and I are assigned complex numbers.

Since div(uH) = 0, a classical approach introduces a vector magnetic
potential A such that curl A = pH. This is also accompanied by the use of a
scalar electric potential Ug in the conductor Q¢ satisfying Ec = —iwA o +
VUc where E¢ := E|q, and A¢ := A|q.. In this way Faraday law in Q¢
is clearly verified and Ampere law turns to be

curl(p™t curl A) + o (iwAc — VUg) = 0.

Concerning the boundary conditions, we impose A x n = 0 on Jf) to ensure
pH-n =0 on €. Then, in order to have Ec xn = 0 on ['¢ it must be Ug
constant on I'g and constant also on I';. In particular we take Ugip, = 0
and in this way

/ (—iwAc+VUe) -7+ iw/
71

curl A = / VUC T = Uc|1"1 .
¥ 80!

So, we look for (A, U¢) such that

curl(p=tcurl A) + o (iwAc — VUg) =0 in Q

Axn=0 on 0f)
(16) Uc=0 on I'y
Uc = constant onI'.

In the voltage excitation problem the constant value of Ug on I'; is assigned
s0 (16)4 is replaced by
Uc=Vonly.

In the current excitation problem, given I € C it must be
/ U(—’iwAC + VUc) n=1
I'

and this equation must be added to (16).
Let us consider the space

Hﬁl(Qc) ={Qc € H&FE (Q0) | Qcr, is constant }.
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We are looking for (A,Uq) € Hp(curl; ) x Hﬁl(Q(;) such that for each
w € Hoy(curl; Q)
0= [, [curl(p~t curl A) + o (iwAc — VUc)| - W
(17) = Jo [ptewl A - curl W + o (iwAc — VUe) - W]
= [op teurl A - curl W + iw ! Joo. o (iwAc —VUC) iww.

Moreover, since div [o(iwAc — VU¢)] = 0in Q¢ and o (iwAc—VUg) n =
0 on I', hence for each Q¢ € Hﬁl(QC)

(18) /QC o (iwAc —VUc)-VQ¢ = </F o (iwAc — VUc) - n) Qcyr, -

1

So we are looking for (A,Uc) € Hp(curl; ) x Hﬁl(Q(;) such that for all
(W,Qc) € Ho(cwrl; ) x HJ (Qc)

/ pteurl A - curl W + jw ! / o (iwAc —VUe) - (iww — VQ¢)
Q Qc _
= —iW_IIQC|F1

with I = [ o (~iwAc + VUc) - n.
Let us introduce the sesquilinear form in H(curl; ) x H(¢)

Al(s, Z¢c), (w,Qc)]:= /Qul curls - curlw

(19) —
+iw™! / o(iws —VZc) - (iww — VQc¢) .
Q¢

In the voltage excitation problem given V' € C we seek (A,Uq) €
Hy(curl; ) x Hﬁl(ﬂc) such that
Uc‘rl =V
A[(Aa UC)7 (Wv QC)] =0

for all (w,Q¢) € Hy(curl; Q) x H&FC(QC).
In the current intensity excitation problem given I € C we seek
(A,U¢) € Ho(curl; Q) x Hﬁl(QC) such that

‘A[(Av UC)a (W’ QC)] = _iw_l I@Cﬁ‘l .

for all (w,Q¢) € Ho(curl; Q) x Hﬁl(Qc)
It is worth noting that in both problems the vector magnetic poten-
tial is not unique. Different gauge conditions to identify a unique A can



DOI: 10.1685/journal.caim.000369

be imposed. One possibility is to look for a vector magnetic potential A
such that div A = 0 (Coulomb gauge). Another possibility is to choose a

particular function U}, € H'(Q¢) such that Ufyr, = 0 and Uy =1 and

to look for Uc = VU and A € Hy(curl; Q) such that divA = 0 on Qp.
In the voltage excitation problem V is a data while in the current intensity
excitation problem it is an unknown.

2.1. Coulomb gauge in the whole computational domain.

Theorem 2.1. The sesquilinear form A(-,-) defined by (19) is continuous
and coercive in [Ho(curl; Q) N HO(div; Q)] x HY(Q0).

Proof. First we will show that there exists a positive constant « such that

AW, Qc), (w, Qo)l| = a ([leurl wl[§ o + VQclIF o)

for all (w, Q¢) € [Ho(curl; ) N HO(div; Q)] x HY(Q¢).

Since p and o are symmetric tensors with entries in L>°(€2) and L>(¢)
and uniformly positive definite in  and Q¢ respectively, there exists a
positive constant K such that for all (w, Q¢) € H(curl; Q) x H'(Q¢)

|A[(W7 QC)? (W7 QC)”

(20) .
> K[| ewrlw|3 g + ol Hiww — VQol3 .

Using that

. 1
liww + VQc|2 o, > o (1 - 7) IwlZa, + (1 = )IVQe|Za,
for any v > 0 one has

|Al(w, Qc), (W, Qo)

1 _
> K || carlwiBo + | (1 - ,Y) IwlZa + (1 - 1) VQe

2
0,Q¢
Since 0f) is connected there exists a positive constant C' such that

(21) IWlIg.0 < C (|l curlw|§ o + || divw]3 o)

for all w € Hy(curl; ) N H(div; ) (see [9]). Hence if w € Hp(curl; 2) N
HO(div; Q) and v € (0,1)

|A[(W7 QC)a (Wa QC)”

1 _
> K [1 wem (1 - W)} JeurlwiBo + Klol (1 - 1) VQcl2o,
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In particular taking v such that % < 7 < 1 one has

a =K min [1 + Clw|(1 = 1/9), |w| (1 =4)] > 0.

From (21) and Poincare inequality follows that the sesquilinear form
A(:,+) is coercive in [Ho(curl; Q) N HO(div; Q)] x H&,FC(QC) and also in
[Ho(curl; Q) N HO(div; Q)] x Hﬁl(Qc) (because Hﬁ1 (Qc¢) is a closed subspace
of Hyr,(20)).

The continuity follows from the fact that both p and o are symmetric

tensors with entries that are bounded functions of the space variable in €2
and Q¢ respectively. O

As a direct consequence of Lax-Milgram lemma, given V' € C there
exists a unique (A, Uc) € [Ho(curl; Q) N HO(div; )] x Hﬁl(Qc) such that
UC\F1 =V
A[(Aa UC)> (Wv QC)] =0
for all (w,Qc) € [Ho(curl; ) N HO(div; Q)] x Hy . (Q0).

Analogously given I € C there exists a unique (A, Uc¢) € [Hp(curl; Q) N
HO(div; Q)] x Hﬁl(Qc) such that
(23) Al(A,Uc), (w, Q)] = —iw™" I Qcyr, -

for all (w, Qc) € [Ho(curl; Q) N HO(div; Q)] x Hﬁl(Qc).
Now we will show that if (A, U¢) is the solution of (22) or (23) then

(22)

curl(p™t curl A) + o (iwAc — VUg) = 0.

Notice that in both cases A[(A,Uc), (w,Qc)] = 0 for all (w,Q¢c) €
Hy(curl; ) x H&FC(QC). In fact if w € Hoy(curl; Q) let us consider
¢ € HE(Q) such that fQVqS VY = fQW -V for all ¥ € HHQ).
Then w — V¢ € Ho(curl; Q) N HO(div; Q). Tt is easy to see that for each
(s, Zc) € H(curl; Q) x HY(Q¢) and v € HE(Q)

Al(s, Zo), (Vib,0)] = /Q o(iws — VZ¢) - Vi = iwAl(s, Z¢), (0, 60)]

where Yo = g, € H&FC(Q). Then for each (w,Qc) € Hp(curl; ) x
Hgp,.(Qc)

0= 'A[(Av UC)? (W - v‘bu QC)]
= A[(Aa UC)7 (Wv QC)] - 'A[(A7 UC)? (Vd), 0)]
= 'A[(Av UC)? (W, QC)] - ZWA[(Av UC)') (07 ¢C’)]
= A[(Av UC)7 (Wv QC)]

10
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Since (C§°(2))? C Hy(curl; ) on has
/ pteurl A - curlw—i—/ o (iwAc —VUe) - Ww=0
Q Q0

for all w € (C5°(Q))3, then curl(p~! curl A) + o (iwAc — VU¢) = 0 in the

sense of distributions and also in (L?(£2))3.

2.2. Coulomb gauge in the insulator.

Let us introduce the space
X% := {w € Hy(curl; Q) : wp € H'(div; 2p)}

and a function U} € H'(Q¢) such that Uir, = 0 and Ugyp, = 1. The

formulation presented and analyzed in [8] of the voltage excitation problem
reads: find A € X° such that

(24) / pteurl A - curl w + iw/ oA -w= oV VU;-W
Q Qc Q¢

for all w € XY.
Since the sesquilinear form af(-,-) defined

a(s,w) ::/ulcurls~curlw+iw/ oS- W
Q Q¢

is continuous and coercive in X% (for the proof see [3], [10], [11]), from
Lax-Milgram lemma problem (24) has a unique solution. Moreover is easy
to see that (24) holds in fact for all w € Ho(curl; ) hence H = p~! curl A
and E¢ = —iwAc + VVU{ satisfy Ampere law and they are the solution
of (13) and (14).

The same approach can be used for the current excitation problem. The
weak formulation reads: find (A, V) € X° x C such that

(25) / pteurl A - curlw + / o(iwA — oV VUL -wW=0
Q Q¢

for all w € X° and

(26) / o(—iwAc+VVU:) -n=1.
ry
We notice that there exists a unique function A* € X° such that

/u_lcurIA*-curlw+iw/ O'A*-w:iw/ oVU: - W
Q Qo Qc

11
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for all w € X° and H* := p~'curl A* and E¢ = —iwAy + VU( are
solution of the eddy current problem with assigned voltage V' = 1 that is
not trivial; hence from the power law (5)

I ::/ o (—iwA*+VU;) - n#0.
1N

Then the solution of (25) and (26) is (VA*,V) with V = I/T*.

Remark 2.1. This approach can be extended to the case of many electric
ports considering K functions Uf . € HY(Q¢), k = 1,...,K, such that

Uckr, =1 and Ug yyrear, = 0-

In the current intensity excitation problem we need also the correspond-
ing functions Aj € X0 such that

/;I,_ICUI“IA}:,'CUI"]W+Z.W/ oAl -W= o VUG - W
Q Qc Q¢ ’

for all w € X°. Problem (25), (26) now reads: given I € C¥ find (A, V) €
X% x CK such that

K
/u_lcurlA-curlw—i—iw/ oA -w= o ZV}-VUaj -W
Q

Q¢ Q¢ j=1

for all w € X° and

K
/0' —iwAc+ > V;VUs; | n=1, k=1, K.
Ty e

The solution is given by (Z]K:l VjA3, V) with V solution of the linear
System

Zvj/ o (—iwAL; +VUS,) n=1I, k=1,... K.
It remains to verify that the matrix I* with coefficients
iy = [ o (-iwAL; +VUz,) n

Ly

is not singular but this is again a consequence of the power law (5) because if
I*x = 0 then ZJK:1 z; ka o (—iwA*CJ + VU57j>-n =0forallk=1,... K.
Notice that this is the current intensity on I'y of the solution of the eddy
current problem with voltage data given by x hence if the current intensity
through each electric port is equal zero, from (5) both H and E¢ solution
of the eddy current are equal zero but then also x = 0.

12
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3. Finite element approximation.

We analyze two different ways to deal with the divergence free constrain
in the case of Coulomb gauge in the whole computational domain. The
first one is to impose it by penalization adding a term to the sesquilinear
form. When adopting this approach the natural finite element space for
the approximation of the vector potential A is the space of continuous
nodal elements. The second one is to introduce a Lagrange multiplier in
which case the finite element space used for the approximation of A is the
space of curl-conforming edge elements. We will present the results for the
current intensity excitation problem but the same results hold true for the
voltage excitation problem. The finite element approximation of the voltage
excitation problem with Coulomb gauge in the insulator has been analyzed
in [8] where the authors derive also a posteriori error estimates for the
ungauged formulation.

3.1. Approzimation using nodal finite elements.

In order to work with unconstrained spaces, the gauge condition can
be incorporated in the Ampere equation adding a penalization term: let
s > 0 be a constant representing a suitable average in ) of the entries of
the matrix p then

curl(p™tcurl A) — p; 'V div A + o (iwAc — VUg) = 0.

Let us consider the sesquilinear form in [H (curl; ) N H(div; Q)] x H(Q¢)

Al(s. Ze), (w,Qc)] = Als, Zc), (w,Qc)] + /Q p divs diver.

Proceeding as in Theorem 2.1 it is easy to prove the following result.

Theorem 3.1. There exists a positive constant & such that
(27) [ Al(w. Q). (w.Qc)l| = & (lewtwiR g + ldivwlZ o + [VQe [ a,)

for all (w,Q¢) € [Ho(curl; Q) N H(div; Q)] x HY(Qc).
Let us now consider the following problem:
Given I € C find (A, Uc) € [Ho(curl; Q) N H(div; Q)] x Hﬁl(Qc) such that

(28) Al(A,Uc), (w,Qc)] = —iw™ I Qcrr, -

for all (w,Q¢) € [Ho(curl; Q) N H(div; Q)] x Hﬁl(QC)

13
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It is easy to see that this problem is equivalent to (23). We only need
to verify that if A is solution of (28) then div A = 0. Taking test functions
of the form (0, Q¢) with Q¢ € H&,FC(QC) in (28) we obtain

0 = A[(A, Ue), (0,Q0)] = —iw=" /Q o L(iwA — VU)VOG.

Given f € L%(Q) let ¢ € HE(Q) be such that A¢ = f. Then V¢ €
Hy(curl; Q) N H(div; Q) hence we can take (V¢,0) as test function in (28)
obtaining

/ divA f+ iw_l/ o (iwA — VU:)iwVe = 0.
Q Qc

Since ¢jq. € H&,FC(QC) the second integral on the left is equal zero and
one has [, divA f =0 for all f € L*(Q) hence divA = 0.

The finite element approximation of (28) is naturally based on nodal
finite elements. In the sequel we assume that Q and )¢ are Lipschitz poly-
hedral and that 7 is a regular family of triangulations of £ that induces
a regular family of triangulations of Q¢. Let P, k& > 1, be the space of
polynomials of degree less than or equal to k. For r > 1 and s > 1 we
introduce the discrete space of Lagrange nodal elements defined as

W= {wy, € (C°(Q))? | Wik € (P)3VK €T, wp xn=0on N},

and
X&p =1{Qcn € C°Qc) | Qopx € PVK € Ton}

Let us denote LE ), := X&, N Hyr (Qc) and 2§, the function in X,
that take the value one in all the nodes of T'; and the value zero in all the
remaining nodes.

The finite element approximation of (28) is:

Given I € C find (Ay, Ugyh, Vvhy e Wi x Lg,, x C such that

(29)  Al(AR UL, + V" 284), (Wi, QL+ R2by)]) = —iw ' TR
for all (Wh,nghaR) €Wy x Lg,, x C.

Let us denote Ugj, = Ug’h + thah. Since

Al(A — Ay, Uc — Ucp), (Wi, Q%) + Rz ,)] = 0

14
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for all (wyp, Q(()),h’ R) e Wy x Lsc,h x C from Céa Lemma one has

| curl(A — An)[3g + | div(A — Ao + 9 (WUe — U3 g,
< C (Jlewl(A = wp)[3 o + || div(A - wa)[3,

HIVIUe — Q%+ Rt )., )

for all (wh,Q%Jl,R) e Wy x L¢, xC.

Provided that A and Ug solution of (28) are regular enough, taking
w), the interpolation of A, Q%’h the interpolation of Ugo — UC‘]_"lz:’h and
R = Ugr,, from well know interpolation results we obtain optimal error
estimates. However the regularity of A is not ensured if €) is a non-convex
polyhedron. In that case the space (H())? N Hy(curl; Q) turns out to be
a proper closed subspace of Hp(curl; Q) N H(div;2) (see [12]). Hence the
nodal finite element approximation Aj cannot approach the exact solution
if it does not belong to (H'(Q))? N Ho(curl; Q).

3.2. Approzimation using edge elements.

Another way to impose the gauge condition is to introduce a Lagrange
multiplier. The current intensity excitation problem can also be formulated
in the following way:

Find (A,Uc, ¥) € Hy(curl; Q) x Hﬁl(Qc) x H}(£2) such that

Al(A,Ug), (W, Qo) + [o V- W = —iw ' T Qcyr,

(30 JoA -V =0

for all (w,Qc, ®) € Hy(curl; ) x Hﬁl(Qc) x HE ().

It is easy to see that the following inf-sup condition is verified: there
exists a constant 3 > 0 such that for all ® € H}(2)

sup UQ Vo 'W‘

> Bl®lle;
weHp(curl;) ”WHH(curl;Q)

it follows from Poincare inequality taking w = V®. Hence (30) have a
unique solution. Moreover is clear that if (A, Uc) is the solution of (23) then
(A,U¢,0) is the solution of (30). This means that the Lagrange multiplier
¥ is equal zero.

The natural spaces for the finite element approximation are edge ele-
ments for Hy(curl; 2) and scalar nodal elements for H&FC (Qc) and HE ().

15
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Let us consider the first family of Nédélec curl-conforming finite ele-
ments
Ny = {wyp, € Ho(curl; Q) |wy g € R, VK € Ty}

where R, := (P,_1)3 @ S, and S, := {q € (P,_1)%|q(x) - x = 0} (see [13]).
And let us denote
Lj, := {¢n € Hy(Q) | €PsVE € Th}

The finite element approximation of problem (30) reads: find
(Ap, UL, V", 0y) € Nj x LE, ), x C x Lj such that

Al(Ap, ULy + V28 ), (Wi, QQ, + R2E )]
(31) + fQ VU, -wy, = —iw IR
Jo A -V, =0
for all (Wh,QQh,R, Q)h) € N;{ X LSC,h x C x LZ'
If r < s it is easy to see that this problem has a unique solution; in fact
it is enough to prove the uniqueness. First we show that for any I € C the

discrete Lagrange multiplier is equal zero: for all Q¢ , € L¢ ), testing the
first equation with (0, Q¢ 4,0) we obtain that

iw/ [mAC,h -V (U, + V" zah)} VQcn=0.
Q¢
Hence testing with (V¥p,,0,0) we obtain
iw/ [iquh — VUL, + V" zah)} WV, +/ VT, VT, =0.
Qc Q

Since Wy € Ly, if 7 < s the first integral on the left is equal zero hence
follows that [, V¥ - VU, = 0.

If I =0, from (20) follows |iwAc — V(Ug’h + Vh 26 ) oo = 0 and
|| curl Ap|| = 0. This means that there exists ¢, € L} such that Ay = Vo,
(see, e.g., [11], Lemma 5.28) but then Aj, = 0 because [, Ap, - Vo, =0 for
all ®;, € L} . As a consequence U&h +Vh zah = 0.

Now we will show that the solution of the discrete problem converges
to the solution of the continuous problem. Since ¥;, = 0, denoting Uc;, =
Ug’h + thah one has

Al(An, Ucp), (Wh, Qe + Rz )] = —iw ' IR
for all (wy,, Q% ,,R) € NI x L? x C. Recalling that
C,h h h

Al(A,Uc), (W, Q% + Refy,)] = —iw ' IR

16
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for all (wh,Q%’h,R) € NJ x Lj x C one has

Al(A = Ap,Uc — Ucp), (Wh, Qe + R25 )] =0
and then using (20)
K [H curl(A — Ap)[[5 o + [w| HliwAc — VUe = (iwAcp — VUC,h>H%,QC]
< JA[A = Ap,Uc —Ucp), (A = Ay, Uc — Ucyp)]|
= ‘A[(A — A, Uc = Uon), (A —wn,Uo — (Qg, + Rzah)]‘

for all (wy, QOC n R) € Ny x L, xC. From the definition of the sesquilinear
form A[-,-] is easy to see that there exist a positive constant C' such that

[ALA = A, U = Uca), (A = wi Ue = (Q%y, + B,y
< C|llcurl(A — Ap)llo0llcurl(A = wa) o
+Hw| T liw(Ac = Acn) = V(Ue = Uop)llo.oc
liw(Ac —wepn) = V[Ue = (Q¢y, + Rzé)]llo0c

where wg j, = Who. - Hence

[ curl(A — Ap) [l o + || HliwAe — VUG = (iwAcn — VUe)§ g
2
< & (lleurl(A — w3

ool i Ac = won) = V(Ue = (Q¥y, + Regy)) o ) -

for all (wp, Q% ,, R) € NI x L, x C.

Provided that A and Uc are regular enough, namely if A and curl A
belong to (H4(2))? with 1/2 < ¢ < r and Us € HP(Q¢) with 3/2 <
p < s, we can take wp the interpolation of A, ro,h the interpolation of
Uc — Uc‘r‘lzéyh and R = Ugr,. Denoting By, := curl Ay, and E¢), =
—iwAcp + VUg, one has:

IB = Buliq + vl IBe — Ecnlgon < O™ + Jw|~'h%).

Comparing with the finite element approximation using continuous vec-
tor nodal elements this approach has an additional unknown, the Lagrange
multiplier, defined in the whole computational domain 2. However, since it
is zero it is possible to eliminate it. In fact, let {zj}é-\[:1 be a real base for

the space N7, {q]}]]\ici a real base for L{,, and {qu}j]\il a real base for Lj.

17
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Let us set quo+1 = 25, The linear system obtaining from (30) has the

S+iwM —BT DT1TA 0
B iw 'R Ul =|a
D ¥ 0

where, with obvious notation, sy, ; = [, p ™! curlz;-curlzy, my j = fﬂc o0z
zy, 1 < k,j < Nyrgy = [q,0Va -V, 1 < kj < Mo+ 1; by =
fQCUZj'quv 1<k<Mc+1,1<j<Nidyj= [q2; - Vi 1<k <M,
1 < j < N. Concerning the right hand size term g =0 for k =1,..., M¢
and gyo+1 = —iw™ .
The unique solution of this system has 1) = 0. Moreover A and U are
also solution of the reduced system
S+iwM+~yD'D —BT | TA] [F
B iw lR||U| |G
for any « > 0. Notice that this reduced system has a unique solution. In

fact, if W and P are solution of the homogeneous problem then both the
real part and the imaginary part of

— —. [S+iwM +~D"D —BT w
(W P] [ B iw 'R| | P
are equal zero, that is
(32) W(S+~DI'D)W =0
and
— —+ [iwM —BT w
(33) [WP][ . Z.w_lR][P]_O.

From (32) one obtains curlwj, = 0 and [, wy - Viby, = 0 for all ¢y, € L.
Since € is simply connected

{z}, € Nj, |curlzy, =0} = {V |V, € L} }

hence W = 0. Then, from (33) one has iw ™" fQC oVPcy - VPcy =0 and
then also P is equal zero.

The elimination of the Lagrange multiplier has the obvious advantage
of reduce the dimension of the linear system to be solved but the choice
of the parameter -y is critical because it influence the condition number of
the reduced matrix. In [15] a similar approach has been adopted for the
formulation of the eddy current problem driven by an applied current in
terms of the magnetic field in the conductor and the electric field in the
insulator. In that work some numerical results show the sensitivity of the
condition number of the reduced system to the choice of the parameter ~.
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