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SEGMENTS AND HILBERT SCHEMES OF POINTS

FRANCESCA CIOFFI, PAOLO LELLA, MARIA GRAZIA MARINARI, AND MARGHERITA ROGGERO

ABSTRACT. Using results obtained from the study of homogeneous ideals sharing the same initial
ideal with respect to some term order, we prove the singularity of the point corresponding to
a segment ideal with respect to the revlex term order in the Hilbert scheme of points in P".
In this context, we look inside properties of several types of “segment” ideals that we define
and compare. This study led us to focus our attention also to connections between the shape
of generators of Borel ideals and the related Hilbert polynomial, providing an algorithm for
computing all saturated Borel ideals with the given Hilbert polynomial.

INTRODUCTION

The Hilbert scheme can be covered by some particular affine varieties [3, 7, 19, 23, 12] that
have been called Grébner strata in [12] because they are computed from a monomial ideal by
Grobner basis techniques. The behaviour of Grébner strata can give interesting information on
the Hilbert scheme itself. Very recently, in [22] M. Roggero showed that an open covering of
the Hilbert scheme can be constructed from Borel ideals by avoiding to involve any term order,
that is instead needed for Grobner strata. This fact gives us further reasons to investigate Borel
ideals and their very particular features.

Among Borel ideals there are several types of “segment” ideals, the definitions of which are
already well known or arise from some interesting properties of Grébner strata studied in [12]
(Definitions 3.1 and 3.7). In section 3 we characterize the existence of this kind of ideals in terms
of the corresponding Hilbert polynomial, in some cases. In this context we need to focus our
attention also to the shape of admissible polynomials.

In [10] the coefficients of Hilbert polynomials are completely characterized by the numbers of
components of certain subschemes defined by very particular ideals called fans. In [21] these num-
bers of components are described by the shape of minimal generators of Borel ideals. Although
the geometric meaning is contained in the fans, in section 4 we observe that this connection be-
tween coefficients of Hilbert polynomials and minimal generators of Borel ideals can be described
without using fans, but directly by the combinatorial properties of Borel ideals themselves. This
study led us to project an algorithm to compute all saturated Borel ideals with a given Hilbert
polynomial. In section 5 we describe this procedure.

In [20] and in [17] the smoothness of points of Hilbert schemes is studied by means of the
dimension of the vector space of the global sections of the normal sheaf to the corresponding
projective subscheme. In section 6, applying results of [12] about Grobner strata, we make some
new consideration (Theorem 6.2) on smoothness of points in the Hilbert scheme Hilb]; and, in
particular, prove the main result of this paper, i.e. the point of Hilb]] corresponding to the
segment ideal with respect to the revlex term order is singular (Theorem 6.4). In literature we
have not found any proof of such a result.
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1. GENERAL SETTING

Let K be an algebraically closed field of characteristic 0, S := KJzo,...,x,] the ring of
polynomials over K in n + 1 variables endowed so that zo < z1 < ... < z,, and P} = Proj S the
n-dimensional projective space over K.

A term of S is a power product z® := xy°z{" ... 25", where ag, o, ..., q, are non negative
integers. We set min(z®) := min{i : oy # 0} and max(z®) := max{i : a; # 0}. We also let
T:= {z§°2" ...29" | (g, ..., 0y) € N*T1} be the monoid of all terms of S.

A graded structure on S is defined by assigning a weight-vector w = (wy, ..., wy,) € R’}FH and

n
imposing v, (%) = Y w;a;. For each non negative integer ¢, S; is the K-vector space spanned
i=0

by {z* € T : vy(xz®) = t}. The standard grading corresponds to w = (1,...,1) and, unless
otherwise specified, we will always consider it.

For any N C T, N is the set of the t-degree elements of N and X\;(N) = [{z% € N; :
i < min(xz®)}| denotes the cardinality of the subset of terms of N; which are not divided by
rg,...,Ti_1. For any homogeneous ideal I C S, I; is the vector space of the homogeneous
polynomials in I of degree ¢; I<; and I>; are the ideals generated by the homogeneous polynomials
of I of degree <t and > t, respectively.

S
Fixed any term-order < on T, each f € S has a unique ordered representation f = > ¢(f, )7,
i=1

where ¢(f, ;) € K*, 7, € T,7y »= -+ = 75, T(f) := 71 is the maximal term of f. For any
FcCST{F}={T(f): feF}, T(F) ={rT(f): f € F,teT}and N(F) := T\ T(F).
For any ideal I C S, T{I} = T(I) and N(I) is an order ideal, often called sous-éscalier or
Grobner-éscalier of 1. A subset G C I is a Grébner-basis of I if T(G) = T(I) (see for instance
18]).

For a monomial ideal I, G(I) denotes the unique set of minimal generators of I consisting of
terms.

Remark 1.1. (1) In our setting, we consider on T mainly (standard) graded term orders. In
particular, given two terms z® and 2 of T of the same degree ¢, we say that z® is less than
with respect to:
(i) lex order if ay < B, where k = max{i € {0,...,n} : a; # B;};
(ii) revlex order if ayp, > By, where h = min{i € {0,...,n} : a; # B;};
B

(07

(iii) a reverse order if ag > fp or ap = By and —5 = 5o where < is any graded term order
T
0 x

on TN KJz1,...,x,]. Recall that a reverse order is well suited for the homogeneization
of a Grobner basis [5] and that revlex is a particular reverse order.
(2) With respect to the term orders introduced in (1), for every positive integers j and n > 2,

T; can be decomposed in increasing order as follows, where we let T(n) := TN Klxo, ..., Zp—1]:
lex:
j .
Tj = ']T(n)] (] Tj—1$n = ’]I‘(TL)J (| $n[T(n)j_1 (| T(n)j_2$n] =...= |_| T(’I’L)J_Zl‘;'l (*)
i=0
revlex:

T; =2oTj—1U{r € Tj : min(r) > 1} = 2oTj—1 Uai{r € Tj—1 : min(7) > 1}
o N . . (%)
U{r € T; :min(r) >2}=... = |_|332{7' € Tj_1 : min(7) > i}
i=0
reverse:
T; =2oTj—1 U{r € Tj : min(7) > 1} ( * %)
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(3) For each positive integer j and w € {1,..., (”jj) — 1}, let A, := A, j be the set of the w
smallest terms of T; w.r.t. revlex order. Thus, from (%) of (2) it follows straightforward that

¥(w)
A, = U xi{T S Tj_l : min(T) > Z} (] x'y(w)+1{7—la - 7Tﬁ(w)}
=0
1+n l 1) j—1+n—~¢
where, y(w) + 1 = min{t € N: w < Z (J )} Bw) =w— > ( i ) and 71, ... T5()
(=0

are the smallest (w) terms of T;_; satlsfylng min(7;) > y(w) + 1, for every 1 <i < fB(w).
(4) Fixed any term order < on T and any weight vector w, the weighted term order <, is
defined as follows:

2% <y 27 if vy (2%) < vy (2P) or vy (zY) = vy (2P) and z® < 2P,
Speaking of w-term order we understand < to be the graded lex order.

Let I C S be any homogeneous ideal. Then, Hg/(t) denotes the Hilbert function of the
graded algebra S/I. It is well known that there are a polynomial pg/;(2) € Q[z], called Hilbert
polynomial, and positive integers py := min{t € N | Hg/;(t') = pg/;(t'),V t' > 1}, ag := min{t €
N | H syr(t) < ("jt)} called respectively regularity of the Hilbert function H and initial degree
of H (or also of I). For convenience, we will also say that pg/;(z) is the Hilbert polynomial for
I or that [ is an ideal with Hilbert polynomial pg/;(2). If I is not Artinian, set AHg//(t) :=
Hg(t) — Hg/r(t — 1), for t > 0, and AHg,;(0) := 1; we use an analogous notation for Hilbert
polynomials. If h is a linear form general on S/I, then it is easy to prove that pg/(rn) = Apg/r-

Polynomials p(z) € Q[z] that are Hilbert polynomials of projective subschemes are called
admissible and are completely characterized in [10] by the fact that they can be always written
in a unique form of the following type (see [10, 13]), where ¢ is the degree of p(z) and mg > mq >

-+ > my > 0 are integers:
¢ . :
_ z+1 z+1—my
p(z)_;;(iﬂ) ( i+1 >

The saturation of a homogeneous ideal I C S'is I** := {f € S |Vi€0,...,n,3 k; : :Efif €
I} = Upso(I : m"), where m = (zq,...,2,), and I is saturated if [ = I°%.

If X C P} is a projective subscheme, reg(X) is its Castelnuovo-Mumford regularity, i.e
reg(X) = min{t € N | H(Zx(t' —14)) =0,V ' > t}.

An ideal I C S is m-regular if the i-th syzygy module of I is generated in degree < m + 4 and
the regularity reg(I) of I is the smallest integer m for which I is m-regular. If I is saturated and
defines a scheme X, then reg(l) = reg(X) and we set Hx(t) := Hg/;(t) and px(z) := pg/1(2)-

For an admissible polynomial p(z), the Gotzmann number r is the best upper bound for the
Castelnuovo-Mumford regularity of a scheme having p(z) as Hilbert polynomial and is computable
by using the following unique form of an admissible polynomial:

= () () ()

where a; > as > ... > a, > 0. We refer to [8] for an overview of these arguments.

Example 1.2. If p(z) = dz + 1 — g is an admissible polynomial, then its Gotzmann number is
r= (g) + 1 — g. Indeed, we get

p(z) = <z—1kl>+m+<z+1—1(d—2)>+<z+0—0(d—1)>+m+<z—|—0—(()d§2)+g>.
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2. RESULTS ON BOREL IDEALS AND GROBNER STRATA

Definition 2.1. (1) For any z“ € T such that a; > 0, the terms obtained from z® via a j-th
elementary move are:

(i) ej(xa) = xg°. ..x?j_lx?iﬁl+l a9 for any j € {0,...,n —1};
(i) e (z) := x°. ..x?ﬂiﬁlzﬁjj_l ..x2n for any j € {1,...,n},

and for each positive integer a we will denote by (ej_)“, (ej)“ the corresponding elementary move
applied a times.

(2) For any positive integer ¢, <p denotes the partial order on T; given by the transitive
closure of the relation: e (2P) < 2P, ie 2% <p 2P if 2% is gotten from 2 via a finite sequence

of elementary moves e; .

(3) A set B C Ty is a Borel set if, for every 2% of B and 2 of Ty, ® <p x® implies that ="
belongs to B.
(4) A monomial ideal J C S is a Borel ideal if, for every degree ¢, J N Ty is a Borel set.

The combinatorial property by which Borel ideals are defined is also called strong stability. It
has been first introduced in [9] and later in [10], where the ideals satisfying it are called balanced.
In characteristic 0 it is equivalent to the property for an ideal J of being fixed by lower triangular
matrices, from which the name Borel ideals derives.

From the definition it follows immediately that, if B C T, is a Borel set, then the set NV := T;\ B
has the property that for every 7 € N and z° € T, with 2° <p 27 it holds % € N, that is N

is closed w.r.t. elementary moves e; - In particular, if J is a Borel ideal, then for every integer

¥
T

2 and J; is closed w.r.t. elementary moves e

t >0, N(J); is closed w.r.t. elementary moves e

Remark 2.2. Note that, for every term order =<, if ®, 2% € T, satisfy z® <p 2® then 2@ < 2.
Namely, as * <p 2” means that there is a finite number of elementary moves e; connecting

J
2% to x®, assuming that zj | x? for a suitable 0 < j < n, we can verify our contention for

= ej_(xﬁ). Setting 7 := fc—f and writing 2 = ej_(xﬁ) =zj17, 2’ = 2;7, we get 2 < 2P as
Tj—1 <X Tj.
Proposition 2.3. For a Borel ideal J C S,
(i) in our notation J*® is obtained by setting xo = 1 in the minimal generators of J;
(ii) the Krull dimension of S/J is equal to min{max(z®) : z* € J} = min{i € {0,...,n} :
zt € J, for some t};

(iii) the regularity of J is equal to the maximum degree of its minimal generators.
Proof. (i) For example, see [21, Property 2].

(ii) This result follows straightforward from Lemma 3.1(a) of [11] or from Corollary 4, section
5, chapter 9 of [5]. Thus, if J is saturated and ¢ is the degree of the Hilbert polynomial of .J, we
get £ = min{i € {0,...,n}: 2! € J, for some ¢t} — 1.

(iii) See [2, Proposition 2.9]. O
Remark 2.4. Let B C Ty be a non-empty Borel set, N := T; \ B and J = (B) the Borel ideal
generated by the terms of B, so that N (J); = N. Thus

N(J)i41 = 2oN Uz{z* € N : 1 < min(z*)}J
Uzo{z® € N :2 <min(z®)} U...Uzp_1{z* € N:n —1 < min(z*)}
and Ty11 \ N (J)¢+1 is a Borel set. In particular, if J is a Borel ideal and N := N (J);, for every
degree t we have (see [16, Theorem 3.7]):
N( )41 SN (J<t)i41 = zoN Uz {z® € N : 1 < min(z*)}U
Uzo{z® € N :2 <min(z®)} U...Uzp_1{z® € N:n —1 < min(z*)}
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n—1
from which [ V()1 [SIN (J<t)ir [= 2 Mig(N(J<e)) and G(J)e1 = N (J<p)is1 \ N ()41
=0

Definition 2.5. For each Borel subset A C T; the minimal elements of A, w.r.t. <pg, are the
terms 2% € A such that e; (z%) ¢ A for every j > 0 with a; > 0 and the mazimal elements

outside A, w.r.t. <p, are the terms z° ¢ A such that ej(:z:ﬁ) € A for every j > 0 with 3; > 0.

Remark 2.6. Let B C T, be a Borel subset, if 2* € B,2” ¢ B are respectively a minimal
element of B and a maximal element outside B w.r.t. <g, then both B\ {z®} and BU {z”} are

Borel subsets of T; as by definition both are closed w.r.t. elementary moves ej.

Proposition 2.7. Let p(z) be an admissibile polynomial with Gotzmann number r and let J C S
be a Borel ideal with p(z) as Hilbert polynomial. Then, for each s > r, a minimal term of Js
w.r.t. <p is divided by xg.

Proof. As s > r > reg(J), for each ® € Js it holds 2% = 7 - 27 for some 27 € G(J) and 7 € T
with deg(7) > 0. If o { 2, let j > 0 be such that x; | 7, then z® =7 27, with 7/ = T2,

Ty

satisfies 2 € J; and 2 <p x°, contradicting the minimality of z°. O

Given an admissible polynomial p(z), a term order < and a monomial ideal J with p(z) as
Hilbert polynomial, the Grébner stratum St(J, <) in the Hilbert scheme ’Hilbz(z) of subschemes
of P" with Hilbert polynomial p(z) is an affine variety that parameterizes the family of ideals
having the same initial ideal J with respect to < [23, 7, 12, 3, 19]. When only homogeneous
ideals are concerned, we write Sty (J, <). Now, we recall briefly the construction of St(J, <), and
hence of St (J, <), referring to Definition 3.4 of [12], although here we omit many details that
make the procedure more efficient.

For any term 2 of G(J) we set Fo := 2% + 3 1 scn(g) : abego} Capt?, considering cnsz as
new variables. Then, we reduce all the S-polynomials S(F,, F,/) with respect to {F,}zacy.
The ideal A(J) generated in Klcyg] by the a-coefficients of the reduced polynomials is the
defining ideal of St(J, <) and does not depend on the reduction choises. If in particular we set
Fo = 2%+ 3 08en () 2f<ao) capx?, where t is the degree of 2%, then we obtain the ideal of
Sth(‘]a j)

For properties of Grobner strata we refer to [23, 7, 12], but it is noteworthy to point out
an unexpected feature of Grobner strata, i.e. they are homogeneous varieties with respect to
some non-standard graduation [7, 12]. Thus, the embedding dimension of St;(J, <), denoted
by ed(Stn(J,=)), is the dimension of the Zariski tangent space of the stratum at the origin and
can be computed by the same procedure which produces Grobuer strata. In fact, the ideal £(J)
generated in K|c,s] by the linear components of the generators of A(J), as computed above,
defines the Zariski tangent space of the stratum at the origin (Theorems 3.6(ii) and 4.3 of [12]).
This fact gives a new tool for studying the singularities of Hilbert schemes.

3. SEGMENTS

Definition 3.1. A set B C T; is a segment with respect to (w.r.t., for short) a term order <
on T if, whenever a term 7 belongs to B, all the t-degree terms which are greater than 7 belong
to B. A monomial ideal I is a segment ideal w.r.t. <, if I N'T; is a segment w.r.t. =<, for every
t > 0.

Lemma 3.2. Let I C S be a saturated Borel ideal, <X any term order on T and p > q integers.
If I, is a segment then 1, is a segment too.

Proof. Let z* be a term of I, and 2P a term of T, such that z < xﬁ, hence xg_qzno‘ < :Eg_q:EB

and, since I, is a segment, xg_qazﬁ belongs to I,. Recalling that I is saturated, 2 belongs to 1,
and we are done. (]



6 F. CIOFFI, P. LELLA, M. G. MARINARI, AND M. ROGGERO

Remark 3.3. A segment is a Borel set and a segment ideal is a Borel ideal. Indeed, by recovering
the arguments of Remark 1.1(2), z;2® < xpa® if i < h, thus 2% <p 2% implies that 2 < 2,
for any term order <. In particular, if < is the lex order and [ is a monomial ideal generated in
degree < g such that I, is a segment w.r.t. <, then I, is a segment too, for every p > q.

Remark 3.4. (1) To each admissible polynomial p(z) of degree 0 < ¢ < n corresponds a unique
saturated segment ideal L(p(z)) w.r.t. lex order (see [1, 13]). In particular for a constant
polynomial p(z) = d we have the following, where T(2) := T N K|z, 1],

L(d) = (zn, Tp—1,- .- ,x2,:pcll)7

T(2), ifo<j<d
' Ty, abe T i j=d i, V>0,

(2) A segment ideal w.r.t. the revlex order exists if and only if the Hilbert polynomial is
constant and the Hilbert function H is non-increasing, i.e. AH(t) < 0 for every t > ay =
min{t € N|H(t) < ("I")} [6, 15].

(3) The same reasoning of [6, 15] shows that, more in general, a segment ideal J w.r.t. a reverse
term order exists if and only if the Hilbert polynomial is constant and the Hilbert function H
is non-increasing. Namely, if oy is the initial degree and z{" € N(J) it must be 27 ey
otherwise, letting 7 = z{* be the smallest degree apy term in J, it would be x]* e N(J) with
a:‘leH = x0T € J.

Proposition 3.5. If an ideal J C S of initial degree avgr has the property that there exist an
integer t > ay and four terms x®,xP € N(J), 2,20 € J, with 18 = 2719 then J is not a
segment ideal w.r.t. any term order <.

Proof. If J were a segment ideal w.r.t some =<, by the given assumptions we would have in
particular both N'(J); > 2% < 2% € J; and N(J); > 2 < 27 € J;. From these it would follow
xotB < ot < 27+ contradicting a8 = 2719, O

Example 3.6. (1) The (saturated) Borel ideal J = (23, 2323, 2579, 2%) C K[zo, 71,22 is not a

segment ideal w.r.t. any term order as it satisfies the condltlons of Proposition 3.5. Namely, its
initial degree is 3 and, for t = 6 > 3, we have: Js 2 2323, 2 and 232323, xoxizs € N(J)g with
w3rd - af = 232223 xozni‘:ng

(2) Here we show that Proposition 3.5 cannot be inverted. The Borel ideal J = (23, 2123, 2312,
2373, 231179, 2312, 2]) C K10, 71, 72] Of [4, Example 5.8] has the property that J3 is a segment
w.r.t. revlex order while J; is a segment w.r.t. lex order, for every ¢ > 4 so that at each degree
it does not satisfy the conditions of Proposition 3.5. Nevertheless J is not a segment w.r.t. any
term order =<, namely if it were, from :E%l‘Q € J3 and xox% € N(J)s, it would follow zgzo < :17%
contradicting (zox2)? € Jy, 2 € N(J)4. Note also that J*¥ = (x5, 2]) is the saturated lex
segment.

Definition 3.7. Let I C S be a non null saturated Borel ideal and < a term order on T.

(a) [12] I is a hilb-segment ideal if I, is a segment, where r is the Gotzmann number of the
Hilbert polynomial of I;

(b) I is a reg-segment ideal if Iy is a segment, where § is the regularity of I;

(c) Iis a gen-segment ideal if, for every integer s, G(I)s consists of the greatest terms among
the s-degree terms not in (I;_1).

Remark 3.8. The criterion given by Proposition 3.5 can be adapted also to hilb-segment ideals
and to reg-segment ideals I, by simply verifying it at degree r = Gotzmann number and at degree
d = reg(I), respectively. Computational evidence suggests that the condition of this criterion is
also necessary for reg-segment and hilb-segment ideals.
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The following results about Grébner strata motivate the definitions of reg-segment ideal and
of hilb-segment ideal, respectively.

Proposition 3.9. (i) Let I C S be a Borel saturated ideal generated in degree < r. If s is the
mazimum degree of terms in G(I) in which x1 appears, then Sty(Isp) = Stp(I>s), for every
m > s. In particular, if x1 does not appear in any term of G(I), then Stp(I>m) = Stp(Iss) for
every m (Theorem B and, also, Corollary 4.8(ii), (iii) of [12]).

(ii) An isolated, irreducible component of ’Hilbg( 2) that contains a smooth point corresponding
to a hilb-segment ideal is rational (Theorem D and, also, Corollary 6.8 of [12]).

Proposition 3.10. Let I C S be a saturated Borel ideal and =< a term order on T. Then

(i) I segment ideal = I hilb-segment ideal = I reg-segment ideal = I gen-segment ideal.
(ii) =< is the lex order < the implications in (i) are all equivalences, for every ideal I.
(iii) If the projective scheme defined by I is 0-dimensional, then: I segment ideal < I hilb-
segment ideal < I reg-segment ideal.

Proof. (i) The first implication is obvious. For the second one, it is enough to apply Lemma 3.2
since r > . For the third implication, recall that I is generated in degrees < §, by definition.
Moreover, if I is a reg-segment ideal, by Lemma 3.2 I; contains the greatest terms of degree t,
for every t < §. Thus, in particular, minimal generators of I must to be the greatest possible.

(ii) First, suppose that =< is the lex order. Then, by (i), it is enough to show that a gen-segment
ideal is also a segment ideal. Indeed, by induction on the degree s of terms and with s = 0 as
base of induction, for s > 0 suppose that I;_; is a segment. Thus, by Remark 3.3, we know that
(Is—1)s is a segment and, since possible minimal generators are always the greatest possible, we
are done.

Vice versa, if < is not the lex order, let s be the minimum degree at which the terms are
ordered in a different way from the lex one. Thus, there exist two terms 2% and z® with maximum
variables x; and xj,, respectively, such that 28 < 2% but xp, = ;. The ideal T = (Thy ... 2p) IS A
gen-segment ideal but not a segment ideal, since z® belongs to I and 2 does not.

(iii) It is enough to show that, in the O-dimensional case, a reg-segment ideal I is also a
segment ideal. By induction on the degree s, if s < §, then the thesis follows by the hypothesis
and by Lemma 3.2. Suppose that s > § and that I,_; is a segment. At degree s there are not
minimal generators for I so that a term of I, is always of type z%x) with ® in I,_;. Let zf
be a term of degree s such that z® = 2%z, thus 2° = %z¢. By Proposition 2.3, we have that

(x1,...,2,)° C I. So, if 27 is not divided by xg, then z” belongs to I, otherwise there exists
a term 2z such that 2% = z7zy. Thus 27 > z% and by induction x7 belongs to Is_; so that
2P =2z belongs to I. O

Example 3.11. Let < be the revlex order.

(1) The ideal I = (23, 7122) C K|wo,71,72] is a hilb-segment ideal, but it is not a segment
ideal. In this case, the Hilbert polynomial is p(z) = z + 2 with Gotzmann number 2 and
reg(I) = 2. We have xi{’ € N(I) and xox129 € I with :Ei{’ = ToT1T2.

(2) I' = (23, 7123, 2322) C K[zg, 1, 72] is a reg-segment ideal, but not a hilb-segment ideal.
In this case, the Hilbert polynomial is p(z) = z + 4 with Gotzmann number 4 and reg(I’) = 3.
We get zoz3 € I’ with zox3 <2t ¢ I'.

(3) I" = (23, x324,73) C Ko, ...,74] is a gen-segment ideal but not a reg-segment ideal.
In this case, the Hilbert polynomial is p(z) = 222 + 2z + 1 with Gotzmann number 12 and
reg(I") = 3. We get xoz3 € I" with zoz3 < 23 ¢ I".

Remark 3.12. If [ is a saturated Borel ideal and also an almost revlex segment ideal, as defined
in [6], then it is a gen-segment ideal w.r.t. revlex order.

Theorem 3.13. To the ideal J generated by a Borel set B C T4, consisting of all but d terms
of degree d, corresponds a projective scheme with Hilbert polynomial p(z) = d.
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Proof. By the Borel condition, we have that x¢ belongs to .J, otherwise |N(J)4| > d+1 > d
by Remark 2.4(1), so that by Remark 2.4(2) we have |N'(J):| = d, for every ¢t > d. The ideal
I = J*% is the saturated ideal of a projective subscheme with Hilbert polynomial p(z) =d. O

Remark 3.14. (1) For every positive integer d and any term order < on T, there exists a unique
saturated segment ideal I C S, with Hilbert polynomial p(z) = d. This is a straightforward
consequence of Theorem 3.13: it is enough to take the ideal J generated by all but the least d
terms of degree d.

(2) In [15] for the revlex order and then in [4] for each term order, it is shown that the generic
initial ideal of a set X of d general points in P" is a segment ideal with Hilbert polynomial
p(z) = d. As the Hilbert function of X is the maximum possible, that is Hx(t) = min{(“}"), d},
we deduce that this is the Hilbert function of the saturated segment ideal of (1).

(3) For the revers term orders it is possible to give a direct and constructive proof of (1). If
J C S is a segment ideal w.r.t. a revers order with Hilbert polynomial p(z) = d, its Hilbert
function must to be non-increasing by Remark 3.4(2) and strictly increasing until it reaches the
value d, after which it is always equal to d, because J is a saturated ideal of Krull dimension 1.
Thus, Hg,;(t) must to be the maximum possible and we have two items:

(i) ag = pg + 1, so that J = (x1,...,x,)%;
(ii) ay = pm, so that J is generated only in degrees ay and apy + 1; more precisely, the

minimal generators of degree ay are the greatest (ag:;") — d terms of T,, (so that in

N (J)ay there are d — (aH+"_1) terms 2” with min(z?) > 1) and the minimal generators

n—1
of degree avr + 1 are the all terms 7 = z7# *1 Which are not multiples of terms in J,,,
(these terms are at least d — (O‘g;irn), by Remark 2.4).

It follows that in case (i) we have |G(J)| = (°#7") and in case (ii) |G(J)| > (") —d+d —

1
() =),

3.1. On hilb-segment ideals. Let < be any term order and p(z) an admissible polynomial
with Gotzmann number r. We want to see under which conditions there exists a hilb-segment
ideal for p(z). In this context, it is immediate to see that, if » = 1, then p(z) = (z;z), where £ < n
is the degree of p(z), so that I = (zg11,...,2,) is the hilb-segment ideal for p(z). Moreover, we

have already observed that a hilb-segment ideal exists always for a constant polynomial p(z) = d.

Example 3.15. The following saturated Borel ideals are not hilb-segment ideals for any term
order:

1) J = (23,2320, 2%) C K[zg,21,72], (see [4]) as H = (1,3,5,7,...,p(z) = 7,...) we have
r = T so, if J were a hilb-segment ideal w.r.t. some =, at degree 7 we should have NV(J); >
zdadzy < 232l € Jr and N(J)7 3 afalzy < adz] € Jr contradicting (zgaize)? = x523 - 2.

2) J = (23,7123, 2329) C Kz, 21,72, as H = (1,3,6,7,...,p(2) = z +4,...) we have
reg(J) = 3 and r = 4, so we can repeat the same reasoning of 1) with xgz3zs € Jy and z7,
x323 € N(J)4.

Proposition 3.16. In K[z, 1, 2] every saturated Borel ideal with Hilbert polynomial p(z) =
d < 6 is a hilb-segment ideal. Whereas for every p(z) = d > 7, a saturated Borel ideal, which is
not a hilb-segment for any term order, always exists.

Proof. We give a direct constructive proof of the result, based in part on the characterization of
the Borel subsets in three variables of [14].

d < 2 there exists a unique saturated Borel ideal (z2, a;‘ll), which is the hilb-segment ideal w.r.t.
lex order;

d = 3 there are only two saturated Borel ideals: the hilb-segment ideals (wg,2}) (w.r.t. lex)
and (23, 7172, 23) (w.r.t. revlex);
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d = 4 there are only two saturated Borel ideals: the hilb-segment ideals (xg,27) (w.r.t. lex)
and (23, z179,23) (w.r.t. revlex);

d =5 there are three saturated Borel ideals: the hilb-segment ideals (z2,23) (w.r.t lex), (3,
T172, 2F) (Wrt. (4,2,1)-term order) and (23, 7229, 23) (W.r.t revlex);

d = 6 there are four saturated Borel ideals: the hilb-segment ideals (w2,2$) (w.r.t. lex),
(23, 129, 77) (wr.t. (5,2,1)-term order), (z3, 2229, 27) (w.r.t. (3,2,1)-term order) and
(23, 1122, 2339, 23) (W.r.t Teviex);

d> 17 (i) Let us firstly consider the case d = 2a + 1,a > 3 and the ideal J = (22, z{xo,
x‘f"'l). It has Hilbert polynomial p(z) = 2a + 1, in fact in degree 2a + 1, the 2a + 1

. 1 —1 +1 —1 . . .
monomials {z3t'z{ ng,:EgﬂJr z{77,i=1,...,a, 5 =0,...,a}, belong to the quotient.
2a—1_2 a+1 2a—2_2 a+1 _a—1 2a—1_2 at+l
Moreover xy" x5, x§z{"" € J and xy" “xixe,xy @] w2 ¢ J, but xg" as - afzr{T =

220 293wy - 20 2wy (if @ = 3 this is exactly the ideal of Example 3.15 1)).
(ii) In the case d = 2a, a > 4, let us consider the ideal J = (xg’,xlx%,:ﬁ:pg,x%“_g).

It has Hilbert polynomial p(z) = 2a, namely N (J)2, = {:Ega_%%,x(z)“_2:171:172,x(2)“_1x2,

x%;”_lgil,z 7 :20, o 2;1 g 4}2 1\/£or4eover :133“_%%:172 € Jog, x%a_zzn%,x%“_‘lxil € N(J)2q, and
a— a— a—
(" aiae)” = xy" "5 - g’ al. O

Proposition 3.17. Let <X be any reverse term order and p(z) an admissible polynomial of positive
degree with Gotzmann number r.
(1) If p(r) < (T_}f"), then there is not the hilb-segment ideal for p(z).
(2) If p(z) =dz+ 1 — g, there exists the hilb-segment ideal J for p(z) if and only if
(i) r=dorr=d+1, whenn=2;
(ii) r=d =1, whenn > 2.

Proof. (1) By the hypothesis we have that =] belongs to the ideal, hence the Krull dimension
must to be 1 by Proposition 2.3, and we are done.

(2) In this case, the hilb-segment ideal J exists if and only if p(r) = ("+;_1) + d. Infact, the
sous-éscalier of (J, xg), contains the least d terms not divided by z( and, since the term order is
reverse and r > d, also the sous-éscalier of .J,. must contain the same least d terms not divided by
xo. Hence, by the Borel property, all the terms divided by zy must to belong to the sous-éscalier
of J,., too. Thus, since r = (g) + 1 — g by Example 1.2, we get:

dr+r—<d> - <n+r_1>+d<:>d:1<2r—1i\/8<r+1>—8<r+n_1>+1)
2 n 2 2 n

so that J exists if and only if the argument A under the square root is not negative. By an easy
calculation we obtain the thesis. O

3.2. On gen-segment ideals for revlex order. We describe some procedure to construct
gen-segment ideals w.r.t revlex order with a given admissible polynomial p(z). We have already
observed that a hilb-segment ideal exists always and, thus, also a gen-segment ideal for a constant
polynomial p(z) = d.

Lemma 3.18. If p(z) = dz + 1 — g is an admissible polynomial with Gotzmann number r, there
exist two integers n > 2 and j(n) > 0 such that (j(");H") < p((n) —1) and p(j(n) + h) <
(j("):}H’”) for every h > 0.

Proof. Any projective scheme of dimension 1 with Hilbert polynomial p(z) has regularity < r, so
that p(r) < (T:”), for any n > 2. Now, it is enough to show that there exist integers n > 2 and
t < r such that p(t) > (') Since in the plane, i.e. for n = 2, it holds g < 3(d — 1)(d — 2), then
p(t) = dt+1—g > dt+1—21(d—1)(d—2) and, for t = d—1, we have d(d—1)+1—3(d—1)(d—2) =
(d_;+2). Thus,n=2,d < j(n) <r. O
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Proposition 3.19. Let p(z) = dz + 1 — g be an admissible polynomial. For any n > 2 there
exists a gen-segment ideal I(n) C S w.r.t. revlex order with Hilbert polynomial p(z).

Proof. By Lemma 3.18 we can take an integer n > 2 for which there exists j(n) > 0 such that
(j(");H”) <p(j(n)—1) and p(j(n)+h) < (j("):}H’”) for every h > 0. First, we prove the thesis
in this case.

Under the given assumptions we have p(j(n)) — (j(”);H") >d=p(jn)) —p(j(n) — 1), thus,
by Remark 2.4 (3), in Ay¢j(n)) j(n) there are at least d terms z® such that min(z®) > 1 and
we let 71 < .-+ < 74 be the least w.r.t. revlex order among them. We also set N(t) := Ty,
for every 0 <t < j(n), N(j(n)) := Apiin)),jn)> N(t) := 20 - Np—1 U - {r, ..., 74}, for every
t=j(n)+h,h>1and N := Li>oN(t). By construction N C T is such that Ny = N(¢),V ¢ >0
and | Ny |= p(t),V t > j(n). Thus, the monomial ideal I(n) C S such that N(I(n)) = N is,
by construction, a gen-segment ideal with Hilbert polynomial p(z). Moreover G(I(n)); = 0, for
t < j(n)and t > j(n) + 1, so that reg(I(n)) < jn)+1<r.

Now, suppose that n is such that p(t) < (tfln) for every t > 0 and let ng := max{n’ | 3j(n’) :
(j("l);,H"/) <p((n')—1) and p(j(n')) < (j("gf"/)}. Above we proved that for such an ng there

exists a gen-segment ideal I(ng) C Klzo,...,Zn,] w.r.t. revlex order with Hilbert polynomial
p(z). Now, it is enough to observe that I(n) := (I(ng), Tng+1,---,&n) C S is a gen-segment ideal
w.r.t. revlex order as claimed. (]

Remark 3.20. Given an admissible polynomial p(z) = dz + 1 — g, if n > 2 is such that
p(t) < ("I") for every t > 0 and “there exists [(n) := min{l € N : St Ni(N) > dY?, by a
similar procedure we can construct a gen-segment ideal J(n) C S w.r.t. revlex order with Hilbert
polynomial p(z) different from those coming from the smaller n’’s as in the proof of Proposition
3.19. Indeed, under the given assumptions, Ay, qn))in) C Tin) does no longer contain at least
d terms z® with min(z®) > 1, but surely its expansion in degree I(n) + 1 does it and we let
71 < --- < 74 be the least w.r.t. revlex order of them. Similarly as before, we take M (t) := T,
for every 0 < t < I(n), M(l(n)) := Apumy)in)s M(U(n) +1) := xo - M(I(n)) U {71, .., Ta},

M(t) :=mzo-M(t—1)U xi_l(n)_l{ﬂ, ..., Ta} for every t > I(n) + 1. We finally let J(n) be the

gen-segment ideal such that N'(J(n)) = M := U;>oM(t) and note that it has p(z) as Hilbert
polynomial and regularity < I(n) + 2.

Example 3.21. (1) The Gotzmann number of the admissible polynomial p(z) = 6z — 3 is 12
and we obtain the following gen-segment ideals:

(i) if n = 2, we can apply the procedure described in the proof of Proposition 3.19 with
§(2) = 9 and construct the ideal I(2) = (23, 7125, 2327, 325);

(ii) if n = 3, there is not a j(3), yet we can apply the procedure described in Remark 3.20
with [(3) = 2, since p(t) < (34:&)7 for every ¢t > 0, obtaining J(3) = (22, #3x3, ¥3) besides
(1(2),z3);

(iii) if » > 4, neither j(n) nor {(n) exist and we have only (I(2),z3,...,x,) and (J(3),z4, ...,

(2) The Gotzmann number of the admissible polynomial p(z) = 7z + 1 is 22 and we have
J(2) =12, j(3) =4, j(4) = 3, j(5) = j(6) = j(7) = 2, while for n > 8, there is not a j(n).
Moreover, by definition of j(n), we have a(n) := p(j(n)) — (](");H") > 7, thus we can apply the
procedure described in the proof of Proposition 3.19 and

(i) for n =2, as a(2) = 85—78 = 7, we obtain I(2) = (232, 123!, ... 232]) (reg(1(2)) = j(2));

(ii) for n = 3, as a(3) = 29 —20 = 9 > 7, we obtain I(3) = (a3, 2923, 2323 2323, 23,
1123, 23w0x3, 23w3x3) (reg(1(3)) = j(3) + 1), besides (I(2), x3);

(iii) for n =4, as a(4) = 22 — 15 = 7, we obtain I(4) = ((w4,z3,72)%, 71 (24, 73)?) (reg(1(4)) =
j(4)), besides (I1(2),x3,x4) and (1(3),x4);
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(iv) for n = 5, as a(5) = 15— 6 = 9 > 7, we obtain I(5) = ((z5,74,73)?, 2325, 112275,
w37y, T10074, 33, 73)  (reg(I(5)) = j(5) + 1), besides (I(2),z3,74,25), (I(3), 24,75),
(1(4), z5);

(v) for n = 6, as a(6) = 15 —7 = 8
ToTy, T3T3, T1T273, 73), (reg(1(6)) =
(I(4),x5,26) and (I(5),x¢);

(vi) for n = 7, as «(7) = 15 — 8 = 7, we obtain I(7) = (v7,x¢, 5, 74,23, 72)%, (reg(I(7)) =
§(7)), besides (I(2),x3, 24,5, 76,27), (I1(3), 24,75, 76,27), (I(4),25, T6,27), (I(5),76,27)
and (1(6),x7);

(vii) for n > 8, j(n) does not exist yet, as A1,1(Ap1),1) = 7 we have J(n) = (J(8),79,..., Tp)
besides the ideals coming from I(m),m < 7.

> 7, we obtain I(6) = ((ws,xs,24,73)%, 226, 25,
j(6)+1), besides (1(2), x5, x4, x5, z¢), (1(3), 24, x5, T¢),

Proposition 3.22. The saturated segment ideal L(p(z)) C S w.r.t. lex order with Hilbert poly-
nomial p(z) is a gen-segment ideal w.r.t. the revlex order if and only if deg(p(Z)) < 1 or there
are only two generators of degree > 1.

Proof. In section 1 we have already recalled that, given an admissible polynomial p(z) of degree
¢, there exist unique integers mg > mj > --- > my > 0 such that p(z) = Zfzo (sz:ll) — (Ztrlml)
[13, 10, 1]. Let ay := my,ap—1 := my_1 — my, ..., a9 := my — my. Note that L(p(z)) C S has
the n + 1 — £ — 2 greatest variables as generators of degree 1, i.e. N(L(p(2)))1 = {20, .., Tet1}-
Thus, for every j < ay, the greatest term of N'(L(p(z))); is x7,,, w.r.t. both lex and revlex

orders (namely N(L(p(z))); = T; N K|[xo,...,x¢+1]). In degree a; + 1 the ideal L(p(z)) has a

new generator :E?_‘Sl, so that N(L(p(2)))ap+1 = (Taps1 N Klzo, ..., ze41]) \ {:E?_‘Sl}, therefore
its greatest term, w.r.t. both lex and revlex orders, is zyz},, and so on until there is a new
it test t t. both 1 d revl ders, i v41, and til there i

generator in degree ay + ay_1 + 1 if a;_o # 0, which is x?zflﬂzngil (or, if ay_o = 0, the new
generator is ," ' zy% ). At this point, the greatest term in N (L(p(2)))as+ap_,+1 1 x?f’lﬂx‘;ﬁl

w.r.t. revlex order and xg_lzn?l’lznﬁl w.r.t. lex order (similarly for the case in parenthesis).

. s a2+l ap1_ap
Moreover, since the new generator of L(p(z)) at degree ay + ap—1 + ag—o + 1 alS :Eéal T, wt
(if £ = 2 the third generator of degree > 1 is 2{°xy' 5> or, if ay_3 = 0, is "z, "2y’ ), it is

not the greatest term w.r.t. revlex order.

Example 3.23. (i) The ideal L(p(z)) = (w4, 23, 2323, 252223) is the saturated segment ideal

w.r.t. lex in K[zo,...,z4], with Hilbert polynomial p(z) = 222 4+ 2z + 1 and Gotzmann number
12, but is not a gen-segment ideal w.r.t. revlex order.
(ii) The ideal L(p(z)) = (x5, 23, ¥321) is the saturated segment ideal w.r.t. lex in K[z, ..., z5],

with Hilbert polynomial p(z) = 2/32% + 222 — 11/3z + 10 and Gotzmann number 6, and is also
a gen-segment ideal w.r.t. revlex order.

4. SATURATIONS OF BOREL IDEALS AND HILBERT POLYNOMIAL

Let J C S be a Borel ideal. Recall that in our notation the (Borel) ideal J*% is obtained
by setting xp = 1 in each minimal generator of J (Proposition 2.3(i)). In this section we let
o = J¥% and denote J,,,, the Borel ideal obtained by setting g = x; = 1 in the minimal
generators of J. We call J, ., the xi-saturation of J and say that J is x-saturated if J = Jyy4,,
so that an ideal J xi-saturated is also saturated.

Remark 4.1. Anideal J C S, which is 1-saturated and has Hilbert polynomial p(z) := pg/;(2),
has the same minimal generators of the saturated Borel ideal J N K{z1,...,2,] C K[z1,...,2y],
for which the Hilbert polynomial is Ap(z).

The following result is analogous to Theorem 3 of [21], where the notion of “fan” is used. Here
we apply the combinatorial properties of Borel ideals only.
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Proposition 4.2. Let J C S be a saturated Borel ideal with Hilbert polynomial p(z) and Gotz-
mann number r. Let I = Jy,z, be the xi-saturation of J and let q := dimg I, — dimg J,.
Then

(i) ps/i(z) =p(z) —a;

(ii) ¢ is equal to the sum of the exponents of x1 in the minimal generators of J.

Proof. (i) We show that if ¢ = dimg I — dimg Jg then ¢ = dimg Isy1 — dimg Jsy1, for every
s >r. Let :EBl, .. ,:175‘1 be the terms of I\ Js. Thus, xoznﬁl, .. ,:170:175‘1 are terms of gy \ Jsy1
and so dimg I441 — dimg Js41 > ¢, since zozi belongs to Js41 if and only if zbi belongs to J;
being J saturated. Now, for obtaining the opposite inequality it is enough to show that every
term of Igyq1 \ Js41 is divided by xg. Let 7 € I;4q be such that min(zY) > 1 and let ¢ be a
minimal generator of I such that 27 = 2®z°. Since J is saturated and I is the x1-saturation of .J,
x%z{ is a minimal generator of J for some non negative integer a. Hence, for every 2% of degree
s+ 1 — |a| and with min(m‘s,) > 1, by the Borel property oz belongs to Js. In particular,
7 € J5+1.

(ii) Let *1 27, ..., 2% z]" be the minimal generators of J, with 1 not dividing z%,V1 < i <
h. Asthe > s; terms xaixfi_tazg_‘ail_sﬁt, 1<t<s;arein I\ J,, one has ¢ > > s;. Vice versa,
we show that each term z° in I, \ J, is of the previous type. We can write 20 = xﬁazg_w_uﬂf,
with min(2”) > 2 and u < s;. Let s be the minimum non negative integer such that z°zf is in
J. Then there exists i such that x®z}’|2P25, i.e. 2%|2”% and s; < s. By the definition of s, we
get s; = s and there exists 27 with min(z?) > 2 such that 2# = %27, Since 2° does not belong
to J we have |y| < s; = s, otherwise xaix‘lw and hence, by the Borel property, 2 = %27 should

belong to J. Now we can take x‘;_M and observe that this term belongs to J because it follows

x%z$ in the Borel relation. Thus s < s — ||, so that v = 0, i.e. 2% = 2% as claimed. O

Proposition 4.3. Let J C S be a saturated Borel ideal with Hilbert polynomial p(z) and Gotz-

mann number r. Let 2Pxq be a term of J of degree s > r which is minimal in J w.r.t. <p. Then
the ideal T := (G((J5)) \ {zPx0}) is Borel and psyr(z) =p(z) + 1.

Proof. First, note that I is closed w.r.t. <p by Remark 2.6. We show that, for every ¢t > 0,
B x(l)“ is the unique term in Jsy; \ Is1¢. For t = 0 we have the hypothesis. For ¢ > 0, note that
P x(l)ﬂ cannot belong to I. On the contrary, there would be a term 7 € I, such that 7 # 2z
and z7 | a:ﬁx(l)H. But every degree s factor of 2 x(l)“ different from x%z is lower w.r.t. <p and
so it cannot belong to I;. Then, xﬁxéH ¢ Isiy. If 2% is a term of Jgpy \ I54¢, there exists a term
of Js¢—1 \ Is+¢—1 which divides ®. By induction, this term is 2P xf) and the thesis follows from

the fact that every multiple of degree s +t of 2 z}, different from P xé“, belongs to Isy;. O

Proposition 4.4. Let I and J be Borel ideals of S. If for every s > 0 we have I, C Js and
ps/1(2) = pgys(2) +a, with a €N, then I and J have the same x1-saturation.

Proof. Let s > max{reg(I),reg(J)}. In case a = 1, there exists a unique term in Jsi¢ \ Is4¢, for
every t > 0. Let z be the unique term in J \ Is. Then, both 2%z and x®z1 belong to Js11. By
the Borel property, 2®x1 must be in I;41 and so the unique term in Jois \ Js4¢ is 2%}, This is
enough to say that I and J have the same z1-saturation. If @ > 1, the thesis follows by induction
applying Proposition 4.3. U

Corollary 4.5. Let p(z) be an admissible polynomial of degree h < n and P := {q(z) = p(z) +
u | u € Z and q(z)admissible} the set of all admissible polynomials of degree h which differ from
p(2) only for an integer. Then
(i) there is a polynomial p(z) in P such that, for every q(z) in P, q(z) = p(z) + ¢ with ¢ > 0;
(ii) every saturated Borel ideal I with Hilbert polynomial pg/; = p(z) is x1-saturated.
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Proof. (i) Every admissible polynomial p(z) has a unique saturated lex segment ideal L(p(z)).
If H is the saturated lex segment ideal of p(z) + u, then we have H C L(p(z)) if u > 0 and
L(p(z)) € H if u < 0. Thus, we can apply Proposition 4.4, obtaining that L(p(z)) and H
have the same z1-saturation I. We claim that p(z) is the Hilbert polynomial of I. Indeed, by
Proposition 4.2 the Hilbert polynomial of I is of type p(z) — ¢. If p(z) = p(z) — ¢ — t with
t > 0, then the saturated lex segment ideal of p(z) should have I as x;-saturation and should be
contained in I, that is possible only if ¢t = 0.

(ii) Let J be a Borel ideal with p(z) as Hilbert polynomial. If J were not x;-saturated, by
Proposition 4.2 the zj-saturation of J should have a Hilbert polynomial of type p(z) — ¢, with
g > 0, against the definition of p(z), O

Definition 4.6. The polynomial p(z) of Corollary 4.5 is called minimal polynomial.

Remark 4.7. An alternative proof of the previous statement can be obtained by following the
construction of the Gotzmann number.

Example 4.8. By Proposition 4.2, a Borel ideal with a minimal Hilbert polynomial is x1-
saturated. The vice versa is not true. For example, the ideal I = (23, xox3,23) C K|z, 71, T2, T3]
is xi-saturated and is a reg-segment ideal w.r.t. the revlex order. The corresponding Hilbert
polynomial is pg/;(z) = 3z + 1 which is not minimal because the Borel ideal (3, z3) has Hilbert
polynomial 3z.

Remark 4.9. From the proof of Corollary 4.5 we deduce the following fact. Let I C Kz, ...,
xp] be a Borel ideal with Hilbert polynomial p(z). If I = I, - K[zo,...,zy], where I, C
Klxy,...,2,] is the segment ideal w.r.t. lex order with Hilbert polynomial Ap(z), then p(z) =
p(2)-

5. AN ALGORITHM TO COMPUTE SATURATED BOREL IDEALS

In this section, by exploiting the arguments of section 4, we describe an algorithm for comput-
ing all the saturated Borel ideals with a given Hilbert polynomial p(z). We first give an efficient
strategy to find the minimal elements in a Borel set B, that consists in representing B by a
connected planar graph, in which the nodes are the terms of B and the edges are the elementary
moves which connect the terms. In Figure 1 we give some examples showing that it is easy to
single out the minimal terms looking at these graphs.

Let 0 < k < n be an integer. Recall that, if I C Klzg,...,x,] is a saturated Borel ideal

which has a non null Hilbert polynomial p(z) with Gotzmann number r, then J := (‘(r:’ci’;) C

K|xgy1,-..,x,] has Hilbert polynomial Ap(z), being zj a non zero-divisor on Klek:en]

This fact tells that every saturated Borel ideal I C K|z, ..., z,] with Hilbert polynomial p(z)
“comes from” a Borel ideal J C K[xgi1,...,z,] with Hilbert polynomial Ap(z) and generated
in degrees < r. So, our idea to construct all saturated Borel ideal with given Hilbert polynomial
p(z) consists in applying a recursion on the number of variables: in the hypothesis of knowing
all Borel ideals J in n — k variables generated in degrees < r with Hilbert polynomial Ap(z), we
construct the saturated Borel ideals I in n — k + 1 variables such that J := % for some of the
ideals J.

Let J C K[Zpy1,--.,%,] be a Borel ideal with Hilbert polynomial Ap(z) and I := (J%¢ .
Klzg, ..., 7))y, where 7 is the Gotzmann number of p(z). Let N be the set of terms 2% of
K[xg,...,x,], such that there exists a composition F' of elementary moves of type e; and a
term 7 of N(J), such that F(7) = x® Hence, by construction, the terms of N \ N'(J) are
not maximal and N is contained in the sous-éscalier of any ideal of K[z,...,x,] having J
as hyperplane section. Note that the Gotzmann number of Ak+1p(z) is not higher than the
Gotzmann number of AFp(z).
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graph of (73, x973,73)3, where we coloured the minimal elements, on the right
the graph of (22, z123,23)3 which is not Borel (the terms in the ideal are the

boxed ones).

Lemma 5.1. N(I), = N.

Proof. Tt is enough to show that K|z, ..
The term 2° = (
N(J)p. If 27 is in J,., then 2} -

be in K|xg, ..., Ty

isin N.

FIGURE 2. Partition of Klxg,...

~

@yl = (I, N) (Figure 2). Indeed, let z7 = z]* - - 2"
e )'Yk (z7) belongs to K[xgi1,...
x;" belongs to J5% hence to I, otherwise 7 =

, Tp]r, hence is in J,. or in
(eiﬂ)“ (375)

(]
j/\/’('])r

=

, Tn).
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Proposition 5.2. With the above notation, the Hilbert polynomial p(z) for I differs from p(z)
only for a constant. If ¢ = p(r) — p(r) > 0, execute the following instruction q times: select a
minimal term 7 in I, and set I := (G((I.)) \ {7}). After these q steps, the new ideal obtained
has Hilbert polynomial p(z).

Proof. The theses follow from the results presented in section 4. O

Proposition 5.2 suggests the design of the following two routines BORELGENERATOR and
REMOVE, that have been implemented by the second author in a software with an applet available
at http://www.dm.unito.it/dottorato/dottorandi/lella/borelEN.html.

procedure BORELGENERATOR(n,p(z),r,k) — F
if p(z) =0 then
return {(1)};

else
& < BORELGENERATOR(n,Ap(2),r,k + 1);
F + 0;
for all J € £ do
I« J-klrg, ... z);
q + p(r) — dimy, k[zy, . .., 2], + dimg I

if ¢ > 0 then
F < F U REMOVE(n,k,r,1,q);
end if
end for
return F;
end if
end procedure

procedure REMOVE(n,k,r,I,q) — &
E«—0;
if ¢ =0 then
return & U [5*;
else
F + MINIMALELEMENTS(I,r)
for all z“ € F do
& « & U REMOVE(n,k,r,(G((I;)) \ 2%),q — 1);
end for
return &;
end if
end procedure

Remark 5.3. The terms removed by our strategy are minimal in I. An alternative strategy
could consists in adding to J,. K|z, ..., x,] maximal terms of I, \ J. In this case, since we want
that dimg I, = ("_err) — p(r) and we have already ("_(k:fl)“’) — Ap(r) terms of J, we should
add
n—k+r n—(k+1)+r n—k—1+r
(= (") e (T e = ) st

r T r—1

terms for any J, where ¢’ depends only on r, n —k and p(z); hence, we will write ¢'(r,n—k, p(z))
instead of ¢’. On the other hand, the value of § = p(r) — [N,| = p(0) — p(0) depends on .J. Note
that ¢ + ¢ = dimg I, — dimg J,.. Anyway, we observe that if n — k > deg(p(z)) + 1 then ¢’ > @.


http://www.dm.unito.it/dottorato/dottorandi/lella/borelEN.html
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The minimal polynomial p(z) of Definition 4.6 can be recovered from Ap(z) by the decomposition
of Gotzmann in the following way. If

= (L) () (05

Withblzbgz...thZO,theH

B(z) = <z—;a1> N <z+zz—1> I <z+at;t(t—1)>

where a; = b; + 1. The Gotzmann number of Ap(z) is also the Gotzmann number 7 of p(z). If
r is the Gotzmann number of p(z), then r — 7 = p(0) — p(0) > p(0) — p(0) = g. We prove that
¢’ > @ by induction on ¢ = r — 7. If ¢ = 0 then we get ¢ = 0. If ¢ > 0, by induction we have that
¢(r—1,n—k,p(z) —1) >q—1, hence

(ko) = ("7 T a0 =

_ r—2+4+n-—k r—l+n—-k-1Y) (r—1)
A

:q’(r—l,n—k,p(z)—l)—i—<T_711+n_k_1> —Ap(r—1)—-1>

r—14+n—-k—-1
>7q —Ap(r—1) -2
_q+< n k1 > p(r—1)

and (T’_}:?C:I{_l) — Ap(r —1) > 2 since r — 1 is a bound from above of the Gotzmann number of
Ap(z) and J is not a hypersurface because n — k — 1 > deg(Ap(z)) + 1.

Example 5.4. (a) If p(z) =d, thenr =dand 7 =0,s0 ¢ =d and ¢’ = (d_ifn) —d. If moreover
n = deg(p(z)) + 1, then ¢’ = 0.

(b) The Gotzmann number of p(z) = 3z + 1is r = 4 and, if n = 3 and k£ = 0, then
¢ (ryn,p(z)) = (T_if”) —p(r—1) =20-10 =10 and r — # = 1. If J; = (x3,23)4 we get
IN,| =12 and § = 1, meanwhile if Jy = (23, z2x3,73) we obtain |[N,| = 13 and g = 0.

6. REVERSE LEXICOGRAPHIC POINT

In this section exploiting results of [12] we study the points corresponding to hilb-segment
ideals in the Hilbert scheme Hilb]] of subschems of P™ with Hilbert polynomial p(z) = d, where
d is a fixed positive integer. Recall that for p(z) = d the Gotzmann number is d itself.

From now, J C S is a hilb-segment ideal with respect to some term order < and with Hilbert
polynomial p(z) = d and let B := {2° € N'(J)q : z12° € J}. Recall that G(I) denotes the set of
minimal generators of I and ed(St,(J, <)) is the embedding dimension of the Grobner stratum

Stp(J, X).
Lemma 6.1. With the notation above, we obtain that ed(Sty(J,=)) > |G(J)| - |B|.

Proof. With the same notation introduced in section 2, by Corollary 4.8(i) of [12] it is enough
to look at the variables c,s appearing in the polynomials F,, such that @ = a;“/a:g_w‘, where x7
belongs to G(J). More precisely, we need to count the number of such variables which do not
correspond to a pivot in a Gauss reduction of the generators of L(.J) (see also Theorem 4.3 of
[12]).

First we note that in every S-polynomial which involves such an F,, the polynomial F,, itself
is multiplied by a term in which at least a variable z; appears, with A > 0 (otherwise the
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other polynomial involved in the S-polynomial should have azg as initial term). It is enough to

investigate the terms Pz, where 2P belongs to B, because, if 2By belongs to Jg41, then 2By,
belongs to Jgyq for any h > 0. Since J is a hilb-segment ideal, every term 2? of B is less than
x®. By the definition of B, every term 2° of B is always involved in a reduction step so that it
does not appear in any generator of L(J) (see Criterion 4.6 of [12]). The number of such terms
is at least |G(J)| - |B| and we are done. O

Theorem 6.2. If for the hilb-segment ideal J we have |G(J)| - |B| > nd, then J corresponds to
a singular point in Hilby.

Proof. Let Hrg be the unique irreducible component of Hilb]; containing the lexicographic point
[20]. Recall that Hpg has dimension equal to nd and that every Borel ideal belongs to Hrg [21].
Since J is a hilb-segment ideal w.r.t. =<, the Groebner stratum St;(J, <) is an open subset of
Hprg (Corollary 6.7 of [12]) and hence dim Stp(.J, <) = nd. The point J is smooth for Hilb} if
and only if it is smooth for the Groebner stratum St,(J, <) (see Corollary 4.5 of [12]). Thus, J
is smooth if and only if ed(St,(J, <)) = nd (Corollary 4.5 of [12]). By Lemma 6.1 the thesis is
proved. O

Example 6.3. Let I be the generic initial ideal of 7 general points in P3? w.r.t. revlex order,
i.e. the (saturated) hilb-segment ideal with Hilbert polynomial p(z) = 7. We obtain G(I) =
{23, xows, 23, 233, 2320, 23} and B = {2523, xjx129, 2323} Thus |G(I)|-|B] =6-3 =18 < nd =
21. But, as it is shown in [12], we can compute directly the Grobner stratum of I>7 showing that
its embedding dimension is 27 > nd = 21. Actually, in [12] the authors construct the stratum of
I>3 which is isomorphic to the stratum of I>7, obtaining a big improvement of the computation.

For 8 points in P?, we have N'(I)g = {xg, xga:l, azgazg, Ll'gl'g, a:ga;%, xgxlxg, a:ga:lxg, xga:%}, so that
B = {2823 x§x129, 283173, 2523} and |B| = 4. Since |G(I)| = 7, we get |G(I)|-|B| =7-4 =28 >
3-8=24.

Theorem 6.4. For every d > n > 3, the hilb-segment ideal J w.r.t the revlex order corresponds
to a singular point in Hilbj.

Proof. In Remark 3.14 we observed that J must have maximal Hilbert function, so that the
regularity py of its Hilbert function is the integer such that (°¥ _nH") < d < (P2F™). Moreover,

if d = (P1*") then |G(J)| = (7*1"), otherwise |G(J)| > (" h).

If d =n+1then py =1and J = (z1,...,2,)%, so that |G(J)| = (2+” 1) = (”42'1) Moreover,

B consists of the terms of type xd L2; with i > 0, thus |B| = n and the statement is true because

(néﬂ) n > n(n+ 1) for every n > 3.
If d > n +2 then py > 2.
If d = (P#*™), we show that |B| > py + 1. If we multiply every term of degree py in the

variables x1,...,z, by xg_p " we obtain terms of degree d that multiplied by xr1 give (pHan‘l_l)

terms which belong to B. Thus |B| > (°""~1) > py + 1 and |G(J)|- |B| > pH+1 (pg +1) =dn.
If d < (P27") and py > 3, we show that |B| > py +n. Let 27 any of the (° H;'_"l_2) terms of
degree pg — 1 in the variables 1, ..., x,. Thus, if 2%z belongs to J, then xﬁa:g_pHH belongs to

B; otherwise, if zz; does not belong to I, then xﬁzng_pHxl belongs to B. Anyway, the term l‘BJE%
belongs to J because it is not divided by = and has degree py +1 and the terms of N'(I),,, 41 are
all divided by zg. Such terms are all distinct, so that |B| > (p HA= 2) Now it is easy to check that

(Prn= 2) > pg +n, for every pg > 3 and n > 3. Thus, |G(J)| - |B| > (P 1) (p +n) > nd,

n—1
by Remark 3.14(3).
It remains to study the case py = 2 in which |G(I)| > (”;’1) and |B| > n, because of

the arguments above, with n = ("H) <d< (2+"). If d < (";rl), then we get immediately

n n

|G(J)| - |B| > nd. If (";1) <d< ("'2“), all the d terms of NV (J)q are in B except at most the
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n + 1 terms divided by z3~'. Thus, in this case |B| > d — (n + 1), which is > n + 2 except for
n =3 and d = 7,8. These last two cases have been directly studied in Example 6.3. O

Observing that:

(i) a segment ideal w.r.t. revlex order gives rise to a singular point in Hilb]} and defines a
scheme not contained in any hyperplane;

(ii) a segment ideal w.r.t. lex order gives rise to a smooth point in Hilb}; and defines a scheme
contained in some hyperplane;

one might guess that there is a relationship between the smoothness of a point in #ilb}; corre-
sponding to a (saturated) monomial ideal and the presence of linear forms in the ideal. But, the
next example (for which we are indebted to G. Floystad) shows that this is not the case.

Example 6.5. (i) Let I = (z{*,...,2",...,2%") be a (saturated monomial) complete intersec-

tion ideal defining a 0-dimensional scheme X of degree d = [[;a; in P" and let z denote the
corresponding point of of Hilb);. Being I a monomial ideal, zj lies in the closure of the lexico-
graphic point component of Hilb]] (see for example Corollary 18.30 of [17]). Using the normal
sheaf to X, we get that the dimension of the tangent space to Hilb}; at z; is nd, coinciding with
that of the lexicographic point component. Thus I gives an example of a monomial ideal which
does not contain linear forms and corresponds to a smooth point in Hilbj;.

(ii) Let J C Klz1,...,x,] be a saturated monomial ideal giving a singular point z; of Hilbg‘l,
so that the dimension of the tangent space to Hilb7 ! in zj is @ > (n — 1)d. Taking J = ((z0) +
J) C Klxo, ..., xy], the dimension of the tangent space to Hilby in z5is a+d > (n—1)d+d = nd,
hence z5 is singular too.
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