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Superluminal dispersion relations and the Unruh effect
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In the context of quantum gravity phenomenology, we study the Unruh effect in the presence of
superluminal dispersion relations. In particular, we estimate the response function and the probability rate
for an accelerated detector coupled to a massless scalar field, whose dispersion relation becomes
essentially quadratic beyond a threshold momentum k,. By means of a perturbative analysis, we show
that superluminal dispersion induces a correction to the Planckian spectrum, which tends to vanish as k,

increases.
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I. INTRODUCTION

In recent years, the possibility that Lorentz invariance
does not hold at very small scales has attracted increasing
attention. In fact, the short-distance behavior of the field
propagator is crucial, when extremely high energy phe-
nomena are considered, and field modes probe distances of
the order of the Planck length. Thus, the so-called trans-
Planckian problem has been studied both in the context of
cosmology and black hole physics (see, for example, [1-
3]). A different approach to the trans-Planckian problem
consists in introducing a minimal Lorentz-invariant length
scale, which is the result of a duality symmetry of the path
integral [4]. As we are interested in Lorentz-breaking
theories, we do not consider this possibility here.

One way to implement the breaking of the Lorentz
invariance is to consider modified dispersions, so that
high energy modes propagate faster (or slower) than light.
One motivation for these models is the analogy with super-
fluids dynamics, where low energy (acoustic) excitations
propagate like massless scalar fields on a curved back-
ground, with linear dispersion relation [5]. However, at
high frequency, the dispersion relation is no longer linear
(see, for example, [6]). On the gravity side, modified
dispersion relations can be associated to the existence of
a preferred frame, in such a way that general covariance is
preserved [7]. In general, violations of the Lorentz sym-
metry are considered in several fundamental theories,
such as loop quantum gravity or string theory (for a review,
see [8]).

Modifications of the dispersion relation can be seen as a
phenomenological approach to quantum gravity, as far as
they do not violate experimental bounds or well-
established theoretical results. It is therefore important to
examine such modifications in relation to various physical
models. One example is the Unruh effect. It is well-known
that an inertial particle detector in flat space is not excited
by field quanta when these are in the Minkowski vacuum
state—a direct consequence of the Poincaré invariance of
this state. On the contrary, when the detector follows a
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hyperbolic trajectory, it responds as if it were in equilib-
rium with a thermal bath. In fact, the detector measures
frequencies with respect to its proper time. Thus, the
definition of positive frequency of an accelerated observer
is not equivalent to that of an inertial observer [9]. The
natural question to ask is what happens to the accelerated
detector when the dispersion relation is modified. Is the
thermal character preserved? In particular, as the vacuum is
no longer Poincaré invariant, does the inertial detector see
field quanta?

In this paper, we examine these questions for a simple
superluminal dispersion relation of the form w, = |k|(1 +

|k|2/ k2)!/2, where k,, is of the order of the Planck energy.
This model represents the simplest superluminal disper-
sion, which preserves rotational invariance in momentum
space. The term IIEI2 / k%, can also be seen as the first term of
an expansion of a more complicated, and analytic, disper-
sion function F (|l€|2). In the final section, we briefly discuss
also the dispersion model proposed by Unruh, which dis-
plays a constant frequency above a certain scale (see [10]).

We begin in the next section by constructing the modi-
fied Wightman functions, which are necessary to evaluate
the detector response. As exact solutions are not available,
we expand perturbatively these functions in order to sepa-
rate them in a Lorentz-invariant part plus a correction. To
justify our approach, we stress that Unruh’s effect is a low
energy phenomenon, and this holds also when superlumi-
nal dispersion is considered. As the modified Wightman
function decays very rapidly with k, the largest contribu-
tion to the corrections to the thermal spectrum comes from
the regime 0 < k < k,,.

In Sec. III, we evaluate the detector’s response function
and the probability rate of absorption. First, we look at the
inertial case, and we check that the response vanishes
identically for any superluminal dispersion. This a simple
but crucial check. In fact, if the inertial detector registers
field quanta, then one could have continuous particle cre-
ation in an adiabatic expanding Universe, and the existence
of superluminal dispersion relations would be seriously
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questioned. Finally, we evaluate the response function for
an accelerated detector, and find that superluminal disper-
sion yields deformations of the Planckian spectrum, which
vanish as the threshold k, increases. The calculations are
shown in detail in the two-dimensional case, and we only
report the results for the four-dimensional case, as they are
obtained in a very similar way.

In the last section, we discuss our results, and we show
how they are consistent with the robustness of Hawking
radiation against modifications of the dispersion relation.

II. MODIFIED WIGHTMAN FUNCTIONS IN
MINKOWSKI SPACE

In this section we compute the Wightman functions for a
massless, minimally coupled scalar field ¢ (¢, X), in the case
when the relation dispersion has the form

o, = k1 + [kI?/K2. (1)

An exact analytic form is hard to find. However, when the
momentum is much smaller than the cutoff k,,, an approxi-
mate expression exists in the form of a correction to the
Lorentz-invariant two-point function. In two dimensions,
and in flat space, the positive frequency Wightman func-
tions are defined as the Fourier transform

G5 (x#, x'*) = (0l (x*#), (x'*)|0)
_ dk
NZYo
which can be written as

+oo  dk
G+ l, ;l/, / :f T
2 (651, X) A 2TTwy

o~ iOKt—1)+ik-(F-¥) 2)

e @A cos(kAx), (3)

where At =t — ¢, Ax = x — x/, A is an infrared regula-
tor, |1€| = k, and the usual “ —je” prescription is under-
stood. In the Lorentz-invariant case (i.e. w; = k), and for
small A, the above integral yields

1
Gyt x 1", x') = — yps In|(At — i€)> — Ax2| + const.
T

4

When w, has the form (1), the integrand in Eq. (3) falls off
rapidly as k — k,. Therefore, in the regime k < k,, we
can expand the integrand for small k/k,,, so that the modi-
fied Wightman function can be written as

L dk
= —H(y, k
G =[5 HOb, )
where
1 i k . —ikA
H(y, k) = cos(kAx)| e ™ — — (1 + ikAt)e ™ 2" |,
k 2k,

(6)
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The first term corresponds to the Lorentz-invariant part of
the propagator; hence we can extend the & integration up to
L — +o00 to find the expression (4), which we call G0+, 2
The second term is integrated over k in the range [0, L <
k,], as it vanishes for k — 0, and yields the correction

1 (A + 6AFRAX2 — AxY)
(A2 — Ax?)3

+ =
kp.2 47Tk?,

+ f2(L), (D)

where f is an oscillating function of the arbitrary parame-
ter L. As a result, we can write the modified Wightman
function as the sum of the relativistic expression and a first-
order correction, according to G; = G, + G} ,.
, »
In four dimensions, very similar calculations give the
result

1 (15A7 + 10A2Ax? — Ax?)

+ — + L
Gk,7,4 4772]{%, (At2 _ AX2)4 f4( )r
®)

where, again, f4 is an oscillating function of k,. We
observe that, due to the modified dispersion relation, the
corrections to the Wightman functions are no longer a
function of the Lorentz-invariant distance (A2 — Ax?).

III. PARTICLE DETECTOR

In the standard treatment, a particle detector following a
trajectory parametrized by the function x*(7), where 7 is
the detector’s proper time, shows a transition amplitude to
the first excited level given by the formula

A=g f ™ dre (1L B (10). ©)

The parameter g represents the coupling between the de-
tector and the field, and the above expression is valid when
g is sufficiently small [9]. Also, AE = E — E; >0 is the
energy gap between the first excited state and the ground
state of the detector, and |1 ) is the one-particle state. With
the help of the usual commutation rules, and in » dimen-
sions, one finds

(Ll d(x)10) = Qe (2m)n~1)~1/2e-ikT+ion — (10)

and the amplitude is given by
A~ 82 [+Oc dTeiAETe—iE~)?+iwkt_ (11)
(2wk(277)”71)1/2 —o00
This integral vanishes identically for an inertial detector in
the Lorentz-invariant case. As discussed in the introduc-
tion, it is important to check that this property holds also
when the dispersion is modified. So let X = X, + v(1 —
v) 21 =%, + yrD, where [9| <1 and 0<y<1. It
follows that the 7 integral is proportional to a delta func-
tion, and

A o S(AE + y(w, — k- D). (12)
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In the Lorentz-invariant case, w; = k| > k5] >k -
hence the above function vanishes identically [9]. It is
easy to see that whenever the dispersion has a form such

that w; > |k|, the amplitude vanishes [11]. Therefore, the
amplitude is zero also for the dispersion (1).

We now consider a noninertial detector. By squaring the
amplitude and by integrating over all k, one finds the
detector response function, given by [9]

T T )
F=g fo dr fo dr'e BEATGT (x# (1), xH (7). (13)

In the Lorentz-invariant case, G* is a function of A7 only.
Hence, differentiation with respect to T yields the proba-
bility rate of absorption per unit proper time, namely

+ o0 3
R_ = ng d(AT)e AEATGH (AT — je). (14)

As we have seen in the previous section, when the
dispersion is modified, the corrections to the Wightman
function are no longer a function of the Lorentz-invariant
distance A#> — Ax?. Therefore, when we choose the hyper-
bolic trajectory

x=(2+ a2 t = sinh(7a)/a, (15)
where « is the acceleration, the Wightman function is not a
function of A7 only; thus we need to compute explicitly the
response (13) before finding the probability rate [12]. In the
Lorentz-invariant case instead, the probability rate of ab-
sorption can be found directly from Eq. (14). In two and
four dimensions, one finds, respectively, [9]

2
RO = S (@maE — 1)), (16)
and
’AE
R(f) = %(eZWAE/OZ — 1)—1' (17)

Let us look at the two-dimensional case, and consider
the correction (7). When the detector follows the hyper-
bolic trajectory (15), the response function associated to
the correction becomes

(8C* - 4c2 -1

2 I kz[ f IAE(T*T/)’
(18)
where
+ / 2 _
c:cosh(M), s :_smh(M).
2 o 2

19)

In these calculations, we have ignored the boundary terms
coming from f,(L), as they yield infinite oscillating func-
tions. We now change variables
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r+s=2r, r—s =27, (20)

and we extend the integration over s to *oo, as the main
contribution to the integral comes from s = O(AE™") [9].
Thus, we find

_ZAES

F, = 7,
2 sinh?(%* — ie)

kz fz(aT)/ ds (1)

where —ie is added to cope with the pole, and where we
defined

folaT) = cosh(%T) sinh(%T)l:%oshz(%T) + 1].

(22)
By integrating in s, we find

AEg? f>(al)

2k2 (eZwAE/oz _ 1)71‘ (23)
o
P

F2:

To compute the probability rate per unit proper time, we
divide by T, and choose aT small enough so that

folaT) _
aT

=5 + O(a®T?). (24)

Thus, by adding also the Lorentz-invariant rate of absorp-
tion (16), we find the total rate

RO ~ 8 <1 3AE?

AE 4k2 )(eZn'AE/a _ 1)71' (25)

In four dimensions, we analyze the correction (8).
Analogous calculations lead to

—tAMs
Fa= of) [ ds—S—s, (26
4= 73 k2f4( )/ s Snh (@ — i) (26)
where now
2 T T aT
falaT)=4T +— Sinh(a—) cosh(a—)[6cosh2< ) + 5].
o 2 2 2

27)

By integrating by parts, and discarding infinite oscillating
terms, we find

—zAMs
1= d
[ S Gnh* (& — je) sinh*(% — ie)

4iAM [+oc e iAMs cosh(%)  2AM?
W sinh(%* — ie) 3a?
—zAMs
d 28
[ S Snh2(Z — je) sinh?*(%* — ie)’ (28)
which is a sum of Planckian-type integrals, and gives
l67mAE AE?
1=--22 (1 + )( 2mAEfe — )71 (29)
3a a?
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To compute the rate of absorption, we again divide F, by T
and take T small, so that

fa(aT) =15+ O(a>T?). (30)

The final result, which includes the Lorentz-invariant con-
tribution (17), reads

2
—gAE[H

R =
27

5ma? AE?
(1 4
a

(eZWAE/oz _ 1)71.
4K2 2 )]

€29)

IV. DISCUSSION

In the previous sections, we estimated the modifications
induced by superluminal dispersion relations to the
Planckian spectrum detected by an accelerated observer.
As an exact calculation is hard to perform, we approxi-
mated the integrals over the momentum by integrating up
to a cutoff L. The dispersion relation studied in this work
becomes essentially quadratic as k is of the order of k), >
L. However, the modified Wightman function has a peak
for k << L, and the biggest contribution to the probability
rate comes from the low-momentum regime, just as in the
Lorentz-invariant case. Thus, Unruh’s effect remains a low
energy phenomenon also when superluminal dispersion is
present. The corrections that we have found to the
Planckian spectrum are proportional to 1/ k%,. Hence,
when k, is large, these corrections become very small.
For example, in four dimensions, the correction (31) es-
sentially depends on the ratio a?/k3. If a is of the order of
AE (few eV), so that the Planckian factor is not trivial, and
k,, is of the order of the Planck energy ~10' GeV, we see
that the corrections become negligible.

This result is not surprising, in light of the well-known
robustness of Hawking radiation with modified dispersion
relations. It is known that the near-horizon region of a
black hole can be mapped to a Rindler space. Therefore,
a detector placed just outside the horizon behaves as a
static detector in Rindler space. In turn, this is equivalent
to a detector in Minkowski space, moving along the hyper-
bolic trajectory defined by Eq. (15) [13]. Thus, the thermal
bath detected by the accelerated observer is essentially
equivalent to the Hawking emission near the horizon.
When the dispersion relation is modified, the latter shows
a negligible deviation from thermality. The proof of this
result, presented in [3], requires that the surface gravity «
of the black hole and the distance x from the horizon satisfy
the constraints k << Ky and |x|kgyops => 1, Where Kgyofr
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is the scale at which the dispersion relation departs from
linearity. As, in the near-horizon region, the acceleration of

a static observer is given by a = m these constraints
imply a/keyofr << 1. In our setup, ke is the same as k,,
and « is the acceleration of the detector moving in flat
space along the trajectory (15). Therefore the comparison
between the radiation emitted near the horizon and that
detected by an observer in flat space only makes sense
when the acceleration of the latter is such that a// k, < 1.
In this regime, on one hand, we find that the deviation from
thermality in Eq. (31) is in fact negligible, and this is fully
consistent with the robustness of the Hawking radiation.
On the other hand, our results also enforce the similarity
between the Unruh effect and the Hawking evaporation.
These effects are known to be related in the case of linear
dispersion relations. Our calculations show that the rela-
tionship between the Unruh and the Hawking effect holds
also in the presence of modified dispersion relations.

We finally comment on the dispersion relations studied
in [10]. In these models, the frequency w becomes constant
above a certain scale; therefore the energy is bounded from
above even in the limit of infinite momenta. This possibil-
ity must be distinguished from the models mentioned in the
introduction, which assume a maximum momentum, cor-
responding to a minimal, covariant length [4]. In the con-
text of our calculations, we could model the dispersion of
[10] as being linear or superluminal for k¥ < L and constant
for k> L, where L was defined in Sec. II. Thus, the
Wightman function (3) would be modified and, in the range
[L, co], we would have w; = const. As a result, the integral
is no longer well defined, as the exponential damping
factor becomes constant. On a physical ground, one can
interpret this infinite oscillating function in the same way
as the function f,(L) defined in Eq. (7), in the sense that the
net contribution to the Unruh effect is vanishing on the
average. This interpretation would be consistent with the
relationship between the Unruh effect and the Hawking
evaporation, as the constant @ at high momenta does not
alter the spectrum of the radiation [10]. Finally, in the case
of a dispersion, which is subluminal for kK < L and linear
for k > L, one might encounter the stability problem men-
tioned above, and discussed thoroughly in [8,14].
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