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SUMMARY

The asymptotic behavior of a linearly elastic composite material that contains a thin in-
terphase of thickness € is described and analyzed by means of two complementary meth-
ods: the asymptotic expansions method and the study of the weak form using variational
methods on Sobolev spaces. We recover the solution of the system of linearized elasticity
in the two dimensional vectorial case and we find limit transmission conditions.

The same steps are followed for harmonic oscillations of the elasticity system, and
different solutions are found for concentrated mass densities. The cases in which the
elastic coefficients depend on &, for soft as well as stiff materials are considered. An
approximated solution is found for harmonic oscillations of the elasticity system and limit
transmission conditions are derived.

Considering a bounded rectangular composite domain, with an &-dependent subdo-
main, we describe the weak formulation of the linearized system of elasticity. In the case
of constant elastic coefficients, we estimate the bounds of the strain tensor and so, the
energetic functional in the rescaled domain. We perform a variational formulation of the
system of linearized elasticity and find estimates for the energetic functional of the system.
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Notation

(0, 9) coennn. generic position of a point in R? described in Cartesian coordinates
XY e e rescaling variables
() generic position of a point in R? described in polar coordinates
R fixed value of radius
D rescaling variable
€€ (0, 1) ettt small parameter
Wos 0 E{b,c,a} oo rescaling mappings
QECR . ... domain that contains an €-dependent subdomain
QCR?. . the rescaled counterpart of the above defined Q
U:QF R2....... displacement on the £-dependent domain
Q- RX displacement on the associated rescaled domain
div . divergence operator
L5 AP trace operator
N Laplace operator
A gradient operator
F o deformation gradient
11 displacement vector field
PP time parameter
~ Jdu . .

u= Sy velocity of displacement vector field
i= g—?; ............................. acceleration of displacement vector field
§= [ﬁ, E, S] ................................... kinematically admissible state
s D boundaries

On .7 we consider displacement boundary conditions, whereas on .%> we consider
traction boundary conditions.

M M mass density
S stress tensor
B e strain tensor on Q¢
L elasticity operator



L Y base unit vectors in polar coordinates

FEl?(QF) . o force field applied on QFf
FCL?(Q). force field applied on the rescaled domain Q
n:=(n1,12) Or M= (Mp,71g) e o v et normal vector field
CiC¥ € {bycy@} oo elasticity tensor
C,r,C,79,C99;C;‘,,C;‘79,C39 ... components of elasticity tensor in polar coordinates
O T 1 A Lamé constants
U oo strain energy
/A space of admissible displacements on Q°
O o 1-periodic cell
LP(Q) oo space of p integrable Lebesgue functions
L0000 (9 ) Sobolev space
| norm
e e strong convergence
P it e e e e e weak convergence



Introduction

This work brings a twofold approach in the study of the asymptotic behavior of elastic
anisotropic composite materials. The main interest is to describe and analyze the asymp-
totic behavior of an elastic composite material when one of its components is assumed to
be dependent on a small parameter. Not only the geometry, but also some of the phys-
ical variables used in the mathematical modeling of such elastic systems are considered
dependent on the same parameter. More, if the component which is dependent on the pa-
rameter happens to separate completely other components of the same composite, we call
it interphase and its asymptotic behavior, both geometric and density wise plays a crucial
role in the limit description of the system, when the parameter tends to zero.

1

jR—%

An approximated solution is found for the harmonic oscillations of the linearized sys-
tem of elasticity by means of asymptotic expansions method in particular cases of con-
centrated mass densities. In the following, we will call an interphase, a thin domain of
thickness € and an interface the interphase’s limit when € — 0. Transmission conditions
on the boundaries of the interphase are imposed both where the continuity of displace-
ment and tractions are concerned and limit transmission conditions are obtained in the
case when the parameter tends to zero. In the second part of the thesis, a qualitative study
is being performed in order to verify and match the results found by the method of asymp-



totic expansions. In the second part, a bounded, curvature free geometry is imposed for
the system of linearized elasticity.

Estimates are being presented and a limit formulation gives bounds for the solution of
the system. In the first chapter we introduce some basic theory on the linearized system
of elasticity and its strong form and the passing to the weak form. This approach is used
mostly in engineering. In the second chapter we give the mathematical background of
functional analysis defining notions as weak derivative, function spaces like L?(Q), and
the well known Sobolev type spaces. In this chapter we also present some of the most
important theorems in the study of Sobolev spaces: the Sobolev imbedding theorem and
it’s compact version - the Rellich-Kondrachov theorem. The Sobolev imbedding theorem
is presented for the case of bounded as well as unbounded domains. Inequalities like that
of Poincaré and Friedrichs are presented, since they are of great importance in estimating
the elastic energy.

In the third chapter we present existence conditions for the solution of the linearized
system of elasticity. A case of uniqueness for Dirichlet boundary conditions imposed
on a three dimensional bounded elastic body is presented. Korn type inequalities are
crucial for estimating the bounds of the strain tensor. In the fourth chapter we introduce
the Korn inequalities for bounded domains with functions in the spaces W!?(Q) and
WO1 ’Z(Q). For estimating traces of the functions we present several lemmas throughout
the first four chapters pointing how we can find bounds in small neighborhoods of a point
or on parts of a boundary. The fifth chapter is concerned with presenting two problems
that we like to solve in detail by means of asymptotic expansions. We solve the system
of linearized elasticity for statics as well as harmonic oscillations with mixed boundary
conditions in the form of continuity of displacement and continuity of tractions through
the two boundaries of the thin interphase.

When imposing the elasticity operator to this domain with different anisotropy for each
component and considering continuity of displacement and tractions on the boundary lay-
ers, we compute an approximated solution in the thin interphase and we write limit trans-
mission conditions that reflect the direct dependence of the traction components with re-
spect to the small parameter €. The limit transmission conditions describe the asymptotic
behavior of the system when the small parameter € tends to zero. We underline that the
problems solved are multiple in the sense that several variables are € dependent. When
performing the limit we can observe the dependence in the behavior of the system when
the elasticity tensor changes with &, representing a more soft or stiff material that occupies
the interphase. The critical cases of very soft or very stiff materials are sometimes called
in the literature explosion of coefficients (see Attouch [Att]).
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In the case of harmonic oscillations, the system shows a similar behavior as in the static
case unless we considered concentrated mass densities. When considering concentrated
mass densities per unit volume, a solution can be recovered in an explicit way that has
direct dependence on all the parameters of the system. Moreover, different £-dependent
scalings of the mass densities recover the same solution for different types of materials
considered. As in the statical case, the limit transmission conditions depend on €. More-
over, in this case, we observe an explicit dependence of the transmission conditions with
respect to parameters like the frequency w and the mass density M.

The last chapter is devoted to describing and analyzing the asymptotic behavior of a
bounded composite material that contains a thin component of thickness € written in weak
form. A general case for body forces applied on the domain is considered.

1+¢

We estimate the rescaled energetic functional a priori estimates in Sobolev spaces. The
method of asymptotic expansions and the study of the linearized elasticity system in weak
form are complementary. The second approach brings a weak formulation of the limit
problem which reflects the limit boundary value problem while the first one can find an
approximated solution.

In the last part of this introduction we will refer some literature for the various con-
nections of the problems treated. We start by recommending some books on nonlinear
solid mechanics and continuum mechanics. Since the theory needed in this study is that
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of linear elasticity we will not present here any theoretical background on nonlinear elas-
ticity. But we still like to present a theoretical introduction to how to linearize the system
of elasticity in the first chapter. Since the notions used there are of particular detail from
nonlinear theory, we refer to the books of Antman [[Anl], Bigoni [B], Berdichevsky [Ber],
Gaurtin [Gul], Holzapfel [HI, Liu [L], Truesdell and Noll [TN].

Where linear elasticity is concerned we recommend the books of Gurtin [Gul, Ogden
[O]. For asymptotic expansions solutions we refer to Oleinik [Ol] and Ladyzhenskaya
[Lad]. Solutions of the elasticity system under harmonic oscillations for different com-
posites can be found in works like Sanchez-Palencia [SPZ]]. For references on functional
analysis and partial differential equations and Sobolev spaces we recommend the books
of Brezis [Bre]], Adams [Ad], Miranda [Mir]. Some of the books and papers in which
the same type of problems are being treated by means on I'-convergence are Acerbi and
Buttazzo [ABI1]], [AB2]],Braides [Bral], [DM]], Serra-Cassano [SC]. For etimates of Korn
type and elasticity treated in the weak form, we refer to Ciarlet [Cial]], [Cia2], Ciora-
nescu [Cio]] and Oleinik [Ol]. Important articles studying asymptotic behavior of elastic
structures, thin elastic structures, as well as multi-domains containing an &-dependent
components are those of Bigoni et al. [B1], [B2], [B3], Mishouris et al. [M]], Gaudiello
[G1], [G2], [G3], [G4] and Freddi [Erl].
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CHAPTER
ONE

LINEAR ELASTICITY

1.1. Derivation of linear theory of elasticity

We start by presenting a theoretical background on linear elasticity by bringing a point
of view from the nonlinear theory towards the linearized equations of elasticity. We de-
duce the linearized theory of elasticity when the gradient of displacement Vu is small.
Considering the constitutive equation

S = §(F) (1.1

for the Piola-Kirchhoff stress, we start by linearizing this equation.

In order to describe the behavior of this equation when

H=Vu— 0, (1.2)

we consider S( F ) as a function of H using the relation

F=1+H (1.3)

Theorem 1 (Asymptotic form of constitutive relation) Animportant step is to assume that
the residual stress vanishes. Then

13



S(F) = C[E]+0(H) (1.4)

as H — 0, where C is the elasticity tensor and

E=_(H+H) (1.5)

N —

is the infinitesimal strain.

Proof

Since the residual stress vanishes, we conclude that

S(F) = S(I)+DS(1)[H]+0O(H) (1.6)
= C[H|+O0(H) (1.7)
= C[E]+O0(H). (1.8)

Using equation (I.4) we can write the asymptotic form of the constitutive equation as
S = C[E|+0(Vu). 1.9)

If the residual stress in the reference configuration vanishes, then to within terms of
O(Vu)asVu — 0the stress S is a linear function of the infinitesimal strain E . Since
C has symmetric values, to within the same error S is symmetric. |

The linear theory of elasticity is based on the stress-strain law when the order & is
neglected, the strain displacement relation and the equation of motion:

S = C[E]

I T
= — 1.1
E 2(Vu+(Vu)) (1.10)
divS + by = pii
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These equations are expressed in terms of displacement

u(p,t) =x(pt) —p (1.11)

rather than the motion x . It is important to emphasize that the formal derivation of the
linearized constitutive equation (I.10), was based on the following two assumptions.

(a) The residual stress in the reference configuration vanishes.

(b) The displacement gradient is small.

Observation 1 E = S = 0 is an infinitesimal rigid displacement.

Given C, po, bg, (1.10) is a linear system of partial differential equations for the fields
uw E S.
When the body is isotropic, (I.10) can be replaced by

S=2uE+A(trE)L (1.12)

If the body is homogeneous, p,, U, A are constants. If we assume that the body is
homogeneous and isotropic.

div (Vu + (Vu)T> = Au + Vdivu (1.13)
and

trE = divu, (1.14)

the second and third equation in (1.10]) and (1.12) are easily combined to give the dis-
placement equation of motion

wAu+ (u+A)Vdivua + by = poii. (1.15)

In the statical theory, ii = 0 and we have the displacement equation of equilibrium
Alu+ (A+u)Vdivu + by = 0. (1.16)

15



1.2. Linear elastostatics

The system of field equations for the statical behavior of an elastic body, in the frame-
work of the linear theory, consists of the strain-displacement relation

E:%(Vu+(Vu)T>, (1.17)

the stress-strain relation

S = C[E], (1.18)

and the equation of equilibrium

divS +b = 0, (1.19)

where b = bg . The elasticity tensor C, which is a linear mapping of tensors into sym-
metric tensors, will generally depend on the position p in Q ; writing C, to emphasize
this dependence, we assume henceforth that Cp, is a smooth function of p on Q.

Alist [u, E, S| of fields which are smooth on Q and satisfy (1.1),(1.4), (1.5), for a
given body force b will be called an elastic state corresponding to b . By (I.1) and (T.4),
the properties of C, E, S are symmetric.

Assuming that Q is bounded, we have the following theorem:

Theorem 2 (Theorem of Work and Energy)
Let [u, E, S] be an elastic state corresponding to the body force b. Then

/(S(u)).ndA+/b.udv:2%{E} (1.20)
20Q Q

where
%:%/E-C[E]dV (1.21)
Q

is the strain energy.

16



The proof of this theorem is the immediate consequence of the following lemma:

Lemmal Let S be a smooth symmetric tensor field on B, let © be a smooth vector

field on Q, and let

divS + b = 0,
E:E(Vfw(vaﬂ)
2
Then,
/(S(ﬁ))-ndA+/b-ﬁdV - /S-Edv
aQ Q Q
Proof

By the symmetry of S and the divergence theorem,

/(S(ﬁ))-ndA

2Q 2Q

Il
—
-z
=
=
I
b

_ /(ﬁ.divs+s.Vﬁ)dv

Q

S-Vﬁ:S~{

/N
<
=
_l’_
<4

E
€]

N—

—
I
75}
el

1
2

These equations imply (T.24).

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

We can interpret the left side of (I.20) as the work done by the external forces; (I.20)
asserts that this work is equal to twice the strain energy. When C is definite positive,

% {E} > 0, and the work is nonnegative.

17



1.3. Principle of Minimum Potential Energy

Theorem 3 Assume that C is symmetric and positive definite. Let s = [u,E,S] be a solu-
tion of the mixed problem. Then

P{s} < {5} (1.29)

for every kinematically admissible state § = [ﬁ, E, S} and equality holds if 1 = u +w
with w an infinitesimal rigid displacement of .

Proof

Let
w=i-uwE=E-E. (1.30)

Then, since s and 5 is kinematically admissible,

E

S(vw o (wT), (1.31)

w = 0on .. (1.32)

Further, since C is symmetricand S = C[E],

E-C[E] = E-C[E]+E-C[E] +E-C[E] +E-C[E] (133)
= E-C[E|]+E-C[E] +2S-E (1.34)
hence
w{E) - %{E} = %{E}—i—/S-EdV. (1.35)
Q

Because s is a solution, we conclude from , and with @ and E replaced
by w and E that

18



/S-EdV _ /Sn~wdA + /b-de _ /é-wdA + /b~de.
Q Q

2Q Q S
In view of the last two relations,
{5} —P{s} =%{E}.
Thus, since C is positive definite,

®{s} < {5}

and

®{s} = ®{5} onlywhenE = 0;

that is, only when w = 0 — u is an infinitesimal rigid displacement.

(1.36)

(1.37)

(1.38)

(1.39)

The principle of minimum potential energy asserts that the difference between the strain
energy and the work done by the body force and prescribed surface traction assumes
a smaller value for the solution of the mixed problem than for any other kinematically

admissible state.

1.4. Elastodynamics

Given the equations described before:

_ 1 T
E—E(Vu—k(Vu) )
S = C[E]
divS + b = pii

(1.40)

we assume that Q is bounded and p is continuous. Let [u, E, S] be a list of fields on
Q x[0,00) with u of class C? and E and S smooth, and suppose that the equations

hold with b given body force field on Q X [0,00) .

19



[u, E, S] is called an elastic process corresponding to b . Since E is time dependent,
the strain energy

%{E}:%/EC[EMV (1.41)
Q

depends on time. If C is symmetric

1

5(E~C[E})‘ = -(E-C[E]+E-C[E]) = E-C[E] =S'E (1.42)

NI —

Thus,
(% {E}) = /s-é'adv (1.43)
Q

so that the rate of change of strain energy is equal to the stress power.

Theorem 4 (Theorem of power and energy)

Assume that C is symmetric. Let [u, E, S| be an elastic process corresponding to
the body force b. Then

/Sn.udA+/b.udv:(%{EHx{n}) (1.44)
2Q Q
where
H {a} = %/ pu? dV (1.45)
Q

is the kinetic energy.

20



CHAPTER
TWO

SOBOLEYV SPACES

2.1. Weak derivatives

In order to understand the concept of weak formulation of an equilibrium equation, we
must first bring to attention basic notions like weak derivatives. For particular definitions
of some of the notations where functional analysis is concerned we invite to the references
indicated in the introduction as well as in the bibliography provided. We will define first
the concept of a function being the weak derivative of another function.

Let u € L}, (Q). If there exists vq € L},.(Q) suchthat T, = D*7T, in 2'(Q),
then it is unique up to sets of measure zero and is called weak or distributional derivative
of u and denoted by D%u .

D%u = vq in the weak sense, provided vq € L] (Q) satisfies:

/u(x) D% ¢(x) dx = (—1)l /va(x) 0 (x) dx @1
Q

Q

forevery ¢ € 2(Q).

If u is sufficiently smooth to have a continuous partial derivative D* in the usual sense,
the D¥ is also a weak partial derivative of u. D® may exist in the weak sense without

21



existing in the classical sense.
2.2. The L? spaces

In order to introduce the definition of p-integrable function spaces, we will first bring a
few basic definitions from topology.

Definition 1 Ler (Q, .#, 1) denote a measure space, i.e., & is a set and M is a
O -algebrain Q, ie., M is a collection of subsets of Q such that:

1. @oe A
2. Ae M = A e A

3. UA” € M forA, € H,V n.

n=1

W is a measure. The members of M are called measurable sets. We can write either
Al or u(A).

Definition 2 Q is o -finite, i.e. 3 a countable family (Q,) in A such that Q =
U Qn and u(Q,) < o, Va.
n=1

Definition 3 (The L? spaces)
Let p € R with 1 < p <oo; we set

LP(Q) = { f:Q — R; f is measurable and |f|’ € L'(Q) } (2.2)
with
1/p
£ leri@) = 1Al = | [ 1A du 3
Q
Observation 2 ||.||, is a norm.

22



2.3. Definition of W"7(Q)

Definition 4 (Sobolev norm) Let us consider m a positive integer and 1 < p < oo,
Then we can define a functional |||\ p as:

1/p
[llmp = ( Y ||DaM|Z> fl<p<e 24
0<|et|<m
[ullmee = max [[D%ul|e (2.5)
0<|at|<m

for any function u for which the right side makes sense, ||.||, being the norm in LP(Q).

Definition 5 (The spaces H™?(Q) )For any positive integer mand 1 < p < oo we define
the vector space:

H™P(Q) = the completion of { u € C"(Q)| [ullmp < o } (2.6)
with respect to the norm ||.||mp -

Definition 6 (The Sobolev spaces W™ (Q) )For any positive integer m and 1 < p < oo
we define the vector spaces on which ||.||m,p is a norm:

WP(Q) = {u € LP(Q)D%u € LP(Q) for0 < |a| < m} 2.7)
where D% is the weak partial derivative of u .

Theorem 5 (Meyers-Serrin, 1964)
Let Q be an open set in RN. Then:H™P(Q) = W™P(Q).

2.3.The space W'2(Q)

Definition 7 (W!7(Q))
Let Q C R" be an open set and let p € R with 1 < p <oo. The Sobolev space
WP (Q) is defined by

u € LP(Q)|3g1,....,gn € LP(Q) such that
WQ) = 3 9 . @9
[uS? = g9, ¥ € CT(Q), ¥i=1.2,.n
o o Q

23



Also,

" || du
el = Tl + X | 55 ) 2.9)
For p = 2 in the last definition, we get W!?(Q) or H'(Q) .
Proposition 1 Equipped with the scalar product
(u,v) = / (u(x)v(x) + Vu(x) - Vv(x)) dx (2.10)
Q
and with the norm
1/2
lulyroey = | [ ()P + [Vu(ol? ) dx @11)

Q

the Sobolev space W'2(Q) is a Hilbert space.

Proof

It is obvious that is a scalar product in W12 (Q). It therefore remains to show
that W'2(Q) is complete for the associated norm. Let (u,),>1 be a Cauchy sequence
in L*(Q). As L*(Q) is complete, there exist limits u and w; such that u, converges to

u
u and —— converges to w; in L*(Q). Now, by definition of the weak derivative of u, ,

8x,~
for every function ¢ € CZQ, we have

a0 duy,

/ @) 550 dr = = [ S0 () dx. 2.12)
Q Q
Passing to the limit for n — 4o, we obtain
d
/u(x)a—z(x) dx = —/ wi(x)o(x) dx, (2.13)
Q Q

which proves that u is differentiable in the weak sense and that w; is the i'" weak partial
du

ox;’
in Wh2(Q). |

derivative of u, Therefore, u belongs to W'2(Q) and (u,),>1 convergesto u

24



It is very important in practice to know if regular functions are dense in the Sobolev
space Wl*z(Q). This partly justifies the idea of a Sobolev space which occurs very simply
as the set of regular functions completed by the limits of sequences of regular functions
in the energy norm |[ul|y12(q). This allows us to prove several properties easily by es-
tablishing them first for regular functions, then by using a density argument.

2.4. Definition of W;"”(Q)

Definition 8 W, (Q) = the closure of C§(Q) in the space W™ (Q)

For any m, the chain of imbeddings

Wé"’p(Q) — W"P(Q) — LP(Q) (2.14)

holds.

2.4.The space WO1 2(Q)

Let us now define another Sobolev space which is a subspace of W!?(Q) and which
will be very useful for problems with Dirichlet boundary conditions.

Definition 9 Let CZ(Q) be the space of functions of class C™ with compact support in
Q. The Sobolev space WOI’Z(Q) is defined as the closure of C=(Q) in W'2(Q) .

Wol’z(Q) is in fact the subspace of W!?(Q) composed of functions which are zero on

the boundary dQ since this is the case for functions of C*(Q). In general, WO1 2(Q) is
strictly smaller than W'2(Q) since C(Q) is a strict subspace of C:°(€). An important
exception is the case where Q = RY . in effect, in this case & = RY = Q shows
that C=(RN) is dense in W'2(RV), therefore we have W, *(RV) = W'2(RY). This
exception is easily understood as the whole space RV does not have a boundary.

Proposition 2 Equipped with the scalar product of W'2(Q), the Sobolev space WO1 2 (Q)
is a Hilbert space.

Proof By definition WOI’Z(Q) is a closed subspace of WY*(Q) (which is a Hilbert
space), therefore it is also a Hilbert space. [ |

An essential result for the applications of the fifth chapter is the following inequality.
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2.5. Sobolev imbedding theorem

In this section, we will present the well known imbedding theorem of Sobolev. The
proofs will not be presented here since they are very long and can be found in the books
of Brezis [Brel], Adams [[Ad|] or Evans [E].

Observation 3 IfQ has dimension 1, then WP (Q) C L™(Q) with continuous injection,
forall 1 < p <oo. Indimension N =2, this inclusion is true only for p > N . When
p <N one can construct functions in WP that do not belong to L™ Q).

Nevertheless, an important result, essentially due to Sobolev, asserts thatif 1 < p <N
then W'7(Q) C LP (Q) with continuous injection, for some p* € (p,+oo). This
result is often called the Sobolev imbedding theorem. We will show the two cases: when
Q = R" andthecase @ C RV.

2.5.The case Q = RY

Theorem 6 (Sobolev, Gagliardo, Nirenberg) Let 1 < p < oo. Then

whr®N) c L (RY), 2.15)
. 1 1 1 ]
where p* is givenby — = — — N and there exists a constant C = C(p,N) such
p p
that
lull e < ClIVully, Vu € WHP(RY). (2.16)

Lemma2 Let N > 2 and let fi,f>,f3,....fy € IN"Y RN, For xRN and i <
p <N set

~ N—1
Xi = (-x17-x27""7-xi—laxi+17-~-axN) ER ) (2.17)

i.e. x; is omitted from the list. Then the function

f(x) = AE)A(E)...fv(Ey), x € RY, (2.18)

belongs to L'(RN) and
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N
Il vy < TTIillv-r @y (2.19)
i=1
Corollary 1 Let 1 < p <N. Then
whP(RY) < LY(RY), ¥ q € [p,p’] (2.20)
with continuous injection.

Corollary 2 (Limit case p = N )
We have

whP(RN) ¢ LYRY), Vg € [N,+o). (2.21)
Theorem 7 (Morrey) Let p > N. Then

whr(RY) ¢ L=(RY) (2.22)

with continuous injection.
Furthermore, for all u € WP (RN) we have

u(x) —u(y)| < Clx—y|*||Vull, a.e. x,y € RY (2.23)

where o = 1—(N/p) and C is a constant (depending only on p and N).

1 1
Corollary 3 Let m > 1 be an integer and let p € [1,+o0). We have for p = i %
mp (ToN Ny el _m
Wre(RY) C LIRY), if - — = > 0
p
1 m
m, N N 0o R
w P(R ) C Lq(R ),Vq S [P7+ ), lfp N 0 (2.24)
1 m
wmP(RN) ¢ L*(RN), if — — — < 0
(®Y) € L@, i~ % <

and all these injections are continuous. Moreover, if m — (N/p) > 0 is not an integer
set

k=[m— (N/p)land® = m — (N/p) —k(0< 6 <1). (2.25)

We have, for all u € W™P(R)N,
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HDaMHLoo(]RN) S C ||unm,p(RN), VOC With ‘(X‘ S k (2.26)

and

| D%u(x) — D*u(y)| < C ||u||Wm,,,<]RN>|x—y|6 ae x,y € RN, Vo with |o| = k. (2.27)

In particular, W™P(RN) c CKRN).

2.5.The case Q C RY

We suppose that Q is an open set of class C! with bounded boundary or else Q = Rﬁ.

1

1
Corollary 4 Let 1 < p <oco. We have for — = — — N:
p

SR

WP (Q) C 1P (Q), ifp < N
WhP(Q) C LI(Q), Vq € [p,+), ifp = N (2.28)
whr(Q) c L™(Q), ifp > N

and all these injections are continuous. Moreover, if p > N we have, for all u €
whr(Q),

lu(x) —u(y)| < Cllullyip|x—y|*ae x,y € Q (2.29)

with oo = 1 — (N/p) and C depends only one Q,p and N . In particular,

whr(Q) c C(Q) (2.30)
2.6. Compactness. Rellich-Kondrachov theorem

Theorem 8 (Rellich-Kondrachov) Suppose that Q. is bounded and of class C'. Then

1 1
we have the following compact injections, for — = N
p

1
p
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Wir(Q) C L1(Q), Vq € [L,p*), ifp < N
WP(Q) C L1(Q), YV q € [p,+), ifp = N 2.31)

wir(Q) c C(Q), ifp > N.

In particular, WP C LP with compact injection for all p and all N.
2.7. Poincaré inequality

Theorem 9 (Poincaré inequality) Let Q be a bounded, connected, open subset of R"
witha C' boundary 9. Assume 1< p < co. Then there exists a constant, depending
only on n,p and Q such that

lu = (Wa llr@) < CllDullg) (2.32)
for each function u € WP (Q).

Proof

We argue by contradiction. If the stated estimate is false, then
3, for each integer k = 1,2, ... a function uy € WP (Q) (2.33)
satisfying

| ux — (u)a || > k||Dukl|rr(q)- (2.34)

We renormalize by defining

= M=o (2.35)

| we — () e @)

Then

e = 0, vi [|zr@) =1 (2.36)

29



and (2.3

RN

1
implies ||Dv|p(q) < Pk: 1,2,..

In particular, the functions {vi};_, are bounded in WP (Q).
From the Rellich-Kondrachov theorem we have

F{v; Himr € {oe i (2.37)

and a function v € LP(Q) such that
vk, — vinLP(Q). (2.38)
From (2.33) it follows that
Wa = 0, vllr@ = 1. (2.39)

Foreach i = 1,2,....,n and ¢ € C*(Q) that

/V¢x,~ dx = lim /Vkv¢x,~ dx = — lim /vk,.x[q) dx =0 (2.40)
kj*)w o J kj*)w o 7
Q

Consequently, v € W1=P(Q) , with Dv = 0 a.e..

Thus v is constant, since S is connected. However, this conclusion is at variance
with (@) since v is constant and (v)q = 0, we must have v = 0 in which case
[v[lzr@) = 0. This contradiction establishes estimate (2.32). |

2.8. Generalized Poincaré inequality

Theorem 10 ( Poincaré inequality on a ball) Assume 1 < p < oo. Then there exists a
constant C, depending only on n and p such that

u — Wxr o) < Crll Du | B (2.41)

for each ball B(x,r) C R" and each function u € W' (B%(x,r)).
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Proof The case Q = B%(0,1) follows from the Poincaré inequality. In general, if
u € WhP(BO(x,r)) we have

v(y) ;= u(x+ ry),y € B(0,1). (2.42)

Then v € W'P(B%(0,1)) and we have

[v=0)o1llLe0,1)) < CIIDVI Lo B(0,1))- (2.43)

Changing variables, we can recover estimate (2.4 1). |

2.9. Friedrichs inequality

Theorem 11 Friedrichs Inequality Let Q. be a bounded Lipschitz domain and let 7y be
a subset of its boundary 9. Suppose that 'y has a positive Lebesgue measure on 9.
Then for any @ € WY2(Q,7) the inequality

lolze < 11Ve e (2.44)

holds with a constant C independent of @ . If ¥ = dQ then the inequality holds for any
bounded domain Q and any ¢ € Wol’z(Q).

W_’"*Z(Q7 Y), for m > 0 is the completion with respect to the norm of the subspace of
C(Q) formed by all functions vanishing in a neighborhood of 7y .

2.10. Traces

Theorem 12 (Trace) Let Q be an open bounded regular set of class C', or Q = Rﬁ.
We define the trace mapping

{WI'Z(Q) N CQ) — L*(9Q) N C(IQ) (2.45)

v = nv) = V’ag
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This mapping Y is extended by continuity to a continuous linear mapping of W'?(Q)
into Lz(aﬂ), again called 7y . In particular, there exists a constant C > 0 such that,
for every function v € W12(Q), we have

[vilzee) < Cllviweg): (2.46)

Proof

Let us proof the result for the half-space Q = Rﬁ =x€RV xy >0. Let v €
C>(RY). With the notation x = (x',xy), we have

v(x',0)]> = —2/ V(X/,XN);T‘:V(X/,XN) dxy, (2.47)

and, by using the inequality 2ab < a* + b,

o 3 )
v(x',0)]> < / (|v(x’,xN) 1 + ‘ %(x/,XN) > dxy. (2.48)
b N
By integration in x', we deduce
2
/ Iv(@,0) > < / <| v P+ aiv(x) ) dx (2.49)
RN-1 RY W

that is, || v HLZ(aJRﬁ) < v HWI’Z(RX) . By the density of C;"(R_ﬁ') in WI2(RY), we
therefore obtain the result.

For an open bounded regular set of class C', we use and argument involving local
coordinates on the boundary which allows us to reduce it to the case of Q = Rﬁ. [ |
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CHAPTER
THREE

EXISTENCE AND UNIQUENESS

We will consider the elasticity system with mixed boundary conditions:

div 2ue(u))+Atr (e(u)I=f, inQ
u=0, on dQp (3.1)

on=g, ondQy

Theorem 13 (Weak Solution) Let Q be a regular open bounded connected set of class
C' of RN. Let f € L*(Q)N and g € L*(dQn)N. We define the space

vV ={vewQ)" suchthatv = 00n dQp }. (3.2)

There exists a unique (weak) solution u € 'V of (3.1) which depends linearly and contin-
uously on the data f and g.
Proof

The space V , defined by (3.2)), contains the Dirichlet boundary condition on dQp and

is a Hilbert space as a closed subspace of W'*(Q)N. We then obtain the variational

Sformulation: find u € V such that

/Z[Je der/ldtvudtvvdxf/f vdx + /g vds,Vv € V. (3.3)
IQN
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To be able to apply the Lax-Milgram theorem to the variational formulation of the
elasticity system, the only delicate hypothesis to be verified is once again the coercivity of
the bilinear form. In other words, we must show that there exists a constant C > 0 such
that, for every function v € V , we have

[vilwiz) < Clle)llz2q)- (34)

First we note that || e(v) ||;2(q) = O implies that v = 0. Suppose therefore that
[ e(v) [l 2(q) = 0. We check that, if M # 0, then the points x, solutions of b + Mx = 0,

formaline in R? and a point in R*. Now v(x) = 0 on dQp, which has nonzero surface
measure, therefore M = 0 and b = 0. If (3.3) is false, then there exists a sequence
v, € V such that

v llwiz@) = 1 > nlle(va) l12(q)- (3.5)

In particular, the sequence e(v,) tends to zero in L*(Q)N *. On the other hand, as vy is
bounded in W'2(Q)N, by application of the Rellich theorem, there exists a subsequence
v, which converges in L*(Q)N. Korn’s inequality implies that

[V — vy ||2W1,2(Q) < Cllvw — vy ||i2(Q) + le(vw) — e(vy) Hiz(g) (3.6)

from which we deduce that the sequence v, is Cauchy in W"2(Q)N, and therefore
converges 10 a limit v, which satisfies | e(ve) ||2(q) = 0. As this is a norm we deduce
that the limit is zero, v. = 0, which is a contradiction with the fact that

v llwi2) = 1. (3.7)

The mapping (f,g) — u is linear. To show that it is continuous from L*(Q)N x

L2(dQ)N into W'2(Q)N, we take v = u in the variational formulation . By using
the coercivity of the bilinear form and by bounding the linear form above, we obtain the
energy estimate

Clullfizg < 1/ lp@llulze + 18 lzeanll2oa- (3.8)
Thanks to the Poincaré inequality and to the trace theorem, we can bound the term on

the right ()f above by C( I fllz) + 118 200y ) || llw12(q)> which proves the
continuity. |
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The variational formulation is nothing other than the principle of virtual work in me-
chanics. Following this analogy, the space V is the space of kinematically admissible dis-
placements v, and the space of symmetric tensors S € Lz(Q)NZ7 suchthat —divo = f
in Q and Sn = g on dQy is that of tensors of statically admissible stress tensors. For
the Laplacian, the solution of the variational formulation (3.3) attains the minimum of a
mechanical energy defined for v € V by

J(v) = ;é (2u|e(v)|2 + 2| divv|2) dx — éfwdx - aé g-vds (3.9

In mechanical terms, J(v) is the sum of the energy of deformation
1 2 2
5 (2ule)]> + A| divv]|*) dx (3.10)
Q

and of the potential energy of exterior forces (or work of exterior forces up to a given
sign)

—/f-vdx— /g-vds 3.11)
Q QN
Remark 1 When the Lamé coefficients are constant and the boundary conditions are

Dirichlet and homogeneous, the elasticity equations may be rearranged to the Lamé sys-
tem:

{—uAu — (k+ A)V(divu) = f,inQ (3.12)

u =0, ondQ
3.0.Lax-Milgram Theory
We describe an abstract theory to obtain the existence and the uniqueness of the solution

of a variational formulation in a Hilbert space. We denote by V a real Hilbert space with
scalar product <,> and norm || - |. We consider a variational formulation of the type:

findu € V, such thata(u,v) = L(v), for everyv € V. (3.13)

The hypotheses on a and L are:

(1) Continuous Linear Operator
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L(-) is a continuous linear form on V, that is, v — L(v) is linear from V to R
and there 3C > 0 such that

IL(v)| < C||v], forallv € V; (3.14)

(i) Bilinear Form

a(-,-) is a bilinear form on V, thatis, w — a(w,v) is a linear form from V into
R forall v € V;and v — a(w,v) is alinear form from V into R forall w € V ;

(iii) Continuous Bilinear Form

a(-,-) is continuous, thatis, 3M > 0 such that

la(w,v)| < M|w||||v]|, for all w,v € V; (3.135)

(iv) Coercive (or Elliptic) Bilinear Form

a(-,-) is coercive (or elliptic), that is, 3v > 0 such that

a(v,v) > v ||v|)?, forallv € V (3.16)

Theorem 14 (Riesz representation theorem)

Let 'V be a real Hilbert space, and let V' be its dual. For every continuous linear form
!
L € V there exists a unique y € V such that

L(x) = (yx),Vx € V. (3.17)

Further, we have

1Ll = 1yl (3.18)

Proof Let M = KerL. This is a closed subspace of V since L is continuous. If M =V,
then L is identically zero and we have y = 0. If M # 'V, then there exists z € V\ M .
Let 7y be its projection over M. As z does not belong to M, z — zy is nonzero and, by
the theorem of projection over a convex set, is orthogonal to every element of M . Finally,
let

Z— m

= = (3.19)
lz — zumll

20

Every vector x € V can be written
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L(x)

X=w-+ AzgwithA = ———.
| L(zo) |l

(3.20)

We see easily that L(w) = 0, therefore w € M. This proves that V = Vect(zo) & M.By
definition of zyr and of 7o, we have (w,zo) = 0, which implies

L(x) = (x,20 )L(z0), (3.21)

Sfrom where then we have the result with y = L(z0)zo (the uniqueness is obvious). On the
other hand, we have

Iyl = |L(z0)l, (3.22)

and

|L(s)]

<va0>
IL|l,, = sup ———=L(z0) sup .
v x€V x£0 ||X|| x€V x£0 ||X||

(3.23)

The maximum in the last term of this equality is attained by x = zo, which implies that

1Ll = 1yl (3.24)
|

Theorem 15 (Lax - Milgram)

Let V be a real Hilbert space, L(-) a continuous linear form on V , a(-,-) a continuous
coercive bilinear form on V. Then the variational formulation

findu € V, such that a(u,v) = L(v), for everyv € V (3.25)

has a unique solution. Further, this solution depends continuously on the linear form L.

Proof For all w € V, the mapping v — a( w,v) is a continuous linear form on
V:consequently, Riesz representation theorem implies that there exists an element of 'V,
denoted A(w) , such that

a(w,v) = (A(w),v), forallv € V. (3.26)
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Moreover; the bilinearity of a( w,v ) obviously implies the linearity of the mapping
w — A(w). Further, by taking v = A(w), the continuity of a(w,v) shows that

IAW)I> = a(w,A(w)) < MwllIA(w)]: (3.27)
that is, ||A(w)|| < M||w| and therefore w — A(w) is continuous.Another application

of the Riesz representation theorem implies that there exists an element of V , denoted by
f, suchthat | fllv = ||IL|, and

L(v) = (f,v), forallv € V. (3.28)

Finally, the variational problem

findu €V, such that a(u,v) = L(v), for everyv € V (3.29)

is equivalent to:

findu € V, such that A(u) = f. (3.30)

To prove the theorem we must therefore show that the operator A is bijective from V
to V (which implies the existence and the uniqueness of u ) and that its inverse is contin-
uous(which proves the continuous dependence of u with respect to L ).The coercivity of
a(w,v) shows that

vlwl* < a(ww) = (A(w),w) < [JAWw)][Iw], (3.31)

which gives

v|lwl| < [JAW)]|, for allw €V, (3.32)
that is, A is injective.To show that A is injective, that is, Im(A) = V (which is not
obvious if 'V is infinite dimensional),it is enough to show that Im(A) is closed in V and
that Im(A)* = 0. Indeed, in this case we see that V. = 0+ = (Im(A)*)+ = Im(A) =
Im(A), which proves that A is surjective. Let A(w,) be a sequence in Im(A) which
converges to b in V. By virtue of

vlw|| < |AW)||, forallw €V, (3.33)

we have
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Ollwa — wpll < [IAGw) — Aw)] (3.34)

which tends to zero as n and p tend to infinity. Therefore, w, is a Cauchy sequence in
the Hilbert space V ,that is, it converges to a limit w € V.

Then, by continuity of A we deduce that A(wy,) converges to A(w) = b that is,
b € Im(A) and Im(A) is therefore closed. On the other hand, let v € Im(A)* ; the
coercivity of a( w,v) implies that

o> < a(wyv) = (A(),v) =0, (3.35)

thatis, v = 0 and Im(A)~ = 0, which proves that A is bijective.Let A~ be its inverse:
the inequality

viw| < [[AWw)|, for allw €V, (3.36)

with w = A_l(v) proves A™! is continuous, therefore the solution u depends on f .1
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CHAPTER
FOUR

ESTIMATES. KORN INEQUALITIES

4.1. First Korn inequality
Theorem 16 Let Q be a bounded domain of RN . Then every vector valued function
u € Wol‘z(Q) satisfies the inequality

IVl 720y < 2lle@)72q (4.1)

Proof Since C7(Q) is dense in WO1 2(Q) , it is sufficient to prove for functions
Cy (). By virtue of the Green formula we get

2 o 18u, % lau, 8uh
4 le(u)|? dx = 4 <2 R 4.2)
- / SIVuP dx — [ 55y 4.3)
Q Q

L[ 9ui dw,
2 &xi 8xh *
Q

1 3
= 5/ |Vul? dx + (4.4)
Q

forany u € C7(Q). Therefore is valid for u since the second integral in the right
hand side of the last equality is non-negative. |
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4.2. Second Korn inequality

For proving this second Korn inequality we will need some preliminary lemmas that
we will give here without proofs. The proofs can be found in the book of Oleinik [OI].

Lemma3 Let v € C(Q)NL*(Q), p? A\v € L*(Q). Then pVv € L*(Q) and the
estimate

lp¥olz@) < € (Ml + 1P2vI2) ) (45

holds with a constant C independent of v.

2
Lemmad Let w € C* € C*(Q) N L*(Q), p oW € *(Q).
8xi8xj
Then w € W'2(Q) and
v < - 4.6
[VWll2) < C Iwlliz) + ”; ||Pm||y(g) (4.6)

where the constant C does not depend on w.

Theorem 17 (The second Korn inequality) Let Q be a bounded Lipschitz domain. Then
each vector valued function u € W1=2(Q) satisfies the inequality

ey < € (el + le@lliz ) u = (uun, ) € WH(Q) @7)
with a constant C depending only on Q.

Proof

We can restrict ourselves to the case of u € C*(Q). By the definition of the matrix e(u)
we have

9%u; 0 p)
oxt Zaiycjeif(”) - Txl,ejj(”)a (4.8)

with no summation over i and j. Consider the following equations

n 9 d nog
A =Y <2we,-j(u) —axiejj(u)) = ,; %FJ-. (4.9)

j=1 J
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Set Fj’ = 0 outside Q,i,j=1,2,....n. Let v; € WOI’Z(Q be a solution of the equation

o _ o
in a smooth domain Q such that Q C Q. According to the well-known a priori
estimate we have

ill 158, <€ Z 1Fll20) < Colle@)llr2(g)- (4.10)

This inequality can be easily obtained by virtue of the Friedrichs inequality and the
integral identity for solutions of the Dirichlet problem for equation ({#.9).
Set v = (vi,v2,c,vp )5 w = u — w.
Then

A(eij(w)) = 0inQ, e;j(w) € C7(Q), i,j = 1,...,n (4.11)

Due to (#.10) we get

le)llz2i@) < lle(@)llrz@) + lleM)llrz) < Clle()li2q), (4.12)

where the constant C3 does not depend on u. Therefore we find that

[ PVeij(w) ll120) < CalleijW)ll 2y < Cslle(w)l2(q)- (4.13)
We can see that
azw,- d 0 )
Ix,dx;  ax, " (w) + o T aTcl.elP(W)~ (4.14)

Therefore, (#-13) yields the inequality

Py < Colle(w)l| 20 4.15)
i,j=1 l
So we establish
*w
Vwlliz@ < G H P ‘ H + wllz2(q) (4.16)
i,j= 1 L} LZ(Q)
< G (lle)lley + Wl - @.17)
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Since w = u — v the above estimate implies

IVull2) < Co ( le()ll 2@ + llull2@) + [VIlwi2@) ) (4.18)
Therefore, owing to we find that (#.7) is satisfied. [ |

4.3. Third Korn inequality

Theorem 18 (Korn inequality for 1-periodic vector valued functions)
Let @ be an unbounded domain in a I-periodic structure and let @ N Q a domain with
a Lipschitz boundary. Then for any v € W'*(@) such that

/ vdx = 0,0=(0,1)Y (4.19)
[0]al]
the inequality
Vllwi2(wng) < ClleM)llr2(wno) (4.20)

holds with a constant C independent of v.
Proof

Denote by V the linear space consisting of all restrictions to @ N Q of vector valued
functions in Wl’z(a)) satisfying the conditions (@) It is easy to see that V is a closed
subspace of W'2(@ N Q) and that any rigid displacement I-periodic in c is a constant
vector. Therefore if v € V N R then by virtue of (@.19) we have v = 0. |
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CHAPTER

FIVE
ASYMPTOTIC EXPANSIONS
5.1. Elastostatics

Let QFf be an unbounded domain written in polar coordinates as:
Q¢ = {(n0):r>0,0<06<2m} 5.1
Qf = QtuQiuQd (5.2)
Q, = {(n0):1<r<R+€&0<6<2m} (5.3)
Q. = {(n0):1<r<R+e0<06<2r} 5.4
Qf = {(n0):r>R+¢} (5.5)

Consider also, the following boundaries :

Yy = {(n0):r=1,0<06<2n} (5.6)
y© = {(n0):r=R+¢e,0<0<2n} 5.7

We define the displacement field U on QFf in the following way:
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UP, if0<r<R;
U(r,0) = US if I <r <R+e; (5.8)
U2, ifr>R+e.

All displacement fields U?, U¢, U are vector fields, defined as:

v . P R? (5.9)
Ut = (U,”,Ug) (5.10)
U QR (5.11)
U = (U;,Ug) (5.12)
U QIR (5.13)
U = (U,Uf) (5.14)
and

Ut : R-Rae{rd} (5.15)
U, : R>Rae{rb} (5.16)
U, : R=Raec{rb} (5.17)
(5.18)
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Figure 5.1: Thin Cylindrical Interphase

On QFf, we impose the equations of the linearized system of elasticity in the strong
form with transmission conditions on the inner and outer boundaries of Qg in the form
of continuity of displacement and continuity of tractions. For now, no forces are being
considered.

—divS(U) =0, on QF;

U’(R,0) = U°(R,0);

U‘(R+¢€,0) =U“R+¢,0); (5.19)
(S(U%)-n) (R,0) = (S(U) -m) (R,6);

(S(U€)-n) (R+¢€,0) = (S(U)-n) (R+¢,0).

(
(

E:.= % (VU+(VU)T) (5.20)
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In polar coordinates, the strain tensor takes the form:

U, 10U, JU 1 U,
E= a—rr e+ = < 30 + 8:’ rU9> (e,Reg+eg®e,)+ — (399+U)ee®ee
(5.21)
s0, the components of the strain tensor can be written as:
U,
Err - 7U;
' ou
0 .
Foo =1 <99+U’> ’ (5.22)
Eno=E _l l&Ur+%_lU
TR\ 9e T ar )

The constitutive equation for the stress tensor, for a general anisotropic material is:

{S}ij = Cjm{E (5.23)

where C is a fourth order tensor called the elasticity tensor. For an isotropic elastic mate-
rial the constitutive law is knows as Hooke’s law and it is written as:

S = A (tr (E))I+2uE (5.24)
lErr + lE99 + 2.u'Err 2.U-Ere
S= 2UE.g AE;+AEgg +2UEgg (525)

So, the components of the stress tensor are:

Sy =(A+2u )aaU + laa(if 2l —Up;
U, 19Uq 7

Soo = 5 +(A +2H);ﬁ ()“""2“);[]”’ (5.26)
190, Uy

Sr9 =Hu

;a9 TR, T Ue

We want to study the asymptotic behavior of a cylindrical interphase, occupied by an or-
thotropic material of elastic coefficients C,,,C,g,Cgg, Gg, included in an infinite isotropic
elastic material and surrounding an isotropic elastic material. Next, we characterize the
materials that occupy these domains:
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The circular inclusion Q?
Constitutive equations

S= /lb (tl‘ (E)) I+2[JbE

)virr + )*bEBG + 2ubErr 2.ubEr9
- 2E e MoEyr+ ApEge + 215 Egg
ou? 19U
Srr—(lb;-iflb) 9 +A— (39 +l/,
0f 10U% 1
See = le + (A +2Nb)*a79 + (A +2ub);Ur
1 Ul an ,
Sr9 = ~ 70 Hb;Ue-

The equilibrium equations in statics for this material follow the law:

div ($(U")) = div (S (U’)) e+ div (s (Ub))eeg =0

where

O[5 (U)] | 12180 (0)] S0 (1) ~S00 (1)

5 SarUb r 3 Sc99 - r
div [S(U)], = [ ZE ) +% [ e;é ) +%Sre (Ut)

div [S(U")] =

Using the last relations, equilibrium equations for material Q” become

Equilibrium equations

2y 1 9%U? 1 oU? 19U"
(A +21) ——- (92 T 350 *(lb+3,ub)r*28799+(/1b+2#b); 8rr
1 9%2U%
—(/lb+2#b) + (A + up) = P 82 =0
Uk 1 9°U% 1 oU? 19U}
Mo— 5" 2+ (A +20 )zﬁf+(lb+3ﬂb)779r+ b;ire
1o’Up
*#briUg (A + up) — 900r
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(5.30)
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For QP the stiffness matrix % is given by

Ap+20 Ay 0
Ccl = A Ap+2u, O (5.33)
0 0 24

Infinite media Qf
Constitutive Equations

We will denote the set of points occupied by this material by Q%. It is an isotropic
material of Lamé modulus A, and shear modulus t,. The prescribed displacement for

this material will be denoted by U?, which, in polar coordinates can be represented as
(U;l ’ Ug ) :

The constitutive equations for this material follow Hooke’s law for isotropic materials.

S = A, (trE) I+ 2,E (5.34)
ﬂvaErr + )vaEGG + 2I~LaErr z,uaErG
§= 2,uaErG )«aErr + AfaEGG + 2.uaE99 (5.33)
a aUa
Sy = ()Va +2ua)a£ +)~a170 +)LalUra;
U or | geU“ ’ 1
— 3 r 2776 ~rra.

So0 = Aa 5, +(la+2ua)r 58 +(la+2ua)rU,, (5.36)

Lovs  ous 1
S BT ‘HvlaW _.u-a;Ug-

Equilibrium equations

The equilibrium equations are:

div [s (Ub” = div [S(U")], e, + div [S(U")]yeg =0 (5.37)
where
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div [S (Ua)]r — a [Srr (Ua)] + l 8 [Sre (Ua>] + Srr (Ua> - Sgg (Ua)

dJ Pl
J[Se (UY)] rl 9[860 (U)] |, 2 (U:) (5.38)
ar r 00 r ro

div [S (U], =

Using the last relations, equilibrium equations for material Q¢ are

*U¢ 1 92U¢ 1 oU§
U““”“”arza*“arzaez(%”““)rz .
1 U} 1 . 10%U5
+()“a+2l~‘a); or _()‘a+2.ua)r72Ur +(}'a+.ua);arae = 539)
9*Ug 1 9°U§ 1 Jue -
Ha or2 +()~a+2“a)rjw+(ﬂm+3““)rj 30
10U [ 192U
‘H“la;w_.uaﬁUQ‘F(Aa‘F#a);m =0
For Q% the stiffness matrix is given by
)‘a—'_zua )va 0
ci=| A Aat2Ua O (5.40)
0 0 2,

Cylindrical Interphase Q¢
Constitutive equations

The constitutive equations of this material which is orthotropic will be written in what
follows. The prescribed displacement in Q¢ will be denoted by U¢ which, in polar coor-
dinates can be written as (Ur” U, 5) The interphase is an orthotropic material characterized
by elastic coefficients C,,,C,g,Cgg,Gg,. So, the stiffness matrix C for this material is

Cr Co O
cc=|Geo Ceo O (5.41)
0 0 2Ge

Writing the stress and strain tensors in Voigt notation we will have
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S, S o
S_l” VQ]H See (5.42)

ﬁsre
Err
E, E
E= g E;(; Egg (5.43)
I
\/EErG

This way we can write the constitutive equations of material Q¢ by the constitutive law

S =CqE (5.44)

So, in matrix form, using the Voigt notation, we write

Sy Cr G 0 Er
See | — |Cro Cop O Eqg (5.45)
\/ESrG 0 0 2Gg, \/EEVG

Srr = CrrErr + CrGEGG;
Seo = CroErr +CooEgo; (5.46)
S0 =2Go,Erp-

Using the components of the strain in terms of displacement, we can rewrite the consti-
tutive equations of the second material:

dU¢ 1 /dU§
Srr: rr arr +Cr9r<&99+Urc);
dU¢ 1 /U
Sog :CrOT; +C99; <869 +Urc> ; (5.47)
19Us aus 1.
S"’_G"’<r 20 " ar rU0)

In component form the constitutive equations of the elastic material on Q¢, are:
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aUf 19Ug 1

— C.
Spr = Cpr (9]” +Cr9r 20 +C79rUr’
U< 19U .
S0 =Cro—— 5, +Cogp— 0 8 +Coo- U; (5.48)
1 9U¢ aue 1
S0 = Gor— F 90 +Gor—— or G(—)r;Ug.

Equilibrium equations

Using these last relations and replacing them in the equilibrium equations for an elastic
material, when no forces are applied, we get:

2 2
+1C’QaaU * IGG’aae()]z +G9’§ aUg iGefaalge
+%(Crr—cre)%+ri(c Cee)aaLée .

IGe,aaUeC 1G9r32;]; +Gera; 0y 1Gg,U6

29U %_z%%:o
r

—(Cro —Co0)Uf =0
(5.49)

In order to perform an asymptotic study of this system, we need to rescale the thin
interphase to a domain of normal dimensions. By that we mean that we need to move the
parameter € from the geometry of the system into the elasticity operator.

—R
Defining the fast variable p = r7 then we will have to change from U(r,0) to

U(p,0), where R is the radius of the circular inclusion and € is the thickness of the
interphase.
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<

p
Qa
QC
ﬁ
X
kj R+1
Figure 5.2: Rescaled Cylindrical Interphase
r—
p= - =r=(pe+R)
17 1 (5.50)
r (pe+R)
By the chain rule, we will have the transformations:
UL 9 Usdp dp , 0 OUSdp 96 9 QUS8 dp 0 IUS 0
or2  dp dp Ar’dr 9O dp Ar’dr Ip 9O Ir’ dr 9O IO Ir
_ Loy
g2 9p?
Us 0 9Ugdp dp 0 ULIp 06 0 QUS98 0p 0 OU: 06
002  dp dp 00790 9O Ip 6’ A6 Adp 26 d6 A6 96 IO IO
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_0°Uf

062
?Us 9 dUgdp.dp 9 0U5Ap 90 9 QU590 dp = 9 ,dU5 96 90
990 9p' ap ar'96 T390 3p ar)36 "3p 90 - )26 "6 6 ar'a6
~19%U§
T £ 002

oUS  QUEAp AUCIO  19Uf
dr  dp or 96 dr € dp
U  JdUSdp dUS A0 AU
90 Jp 96 ' 96 96 96

?U5 9 (aUgap)ap d (8U58p)89+ d (8U586)8p d (8U589)89

orr  dp dp dr’'dr 90 dp Ir’dr Jdp 00 Ir’'dr 90" 900 Ir’ Jdr
1 02U§

e ap?

A*Us 9 dUgdp dp d JUdp. 960 d dUsd8 dp d UGS A6 96

562 ~9p'ap 90)96 36 ap 9630 " 9p' 56 90'56 " 56 90 5030
*Ug

T 062

?Us 9 9Uf o ,19Uf¢ d 19U¢ dp 9 19U 96
996 306 ar ) " 36'c ap) " 3p'c ap 36 T 36'c p 30

1 9%U¢

" £0pdbd

Uy _ 9 9U;dpdp , 9 0U7dp 06 0 9Ufd6 0p 0 dUrd8 06
rd0 dp dp Ir'90 96 dp ar'de ap a6 ar'de a6 3o ar’ a6
1 9%Uf

T e£dpde

U UG ap UG A6 19U

dr  dp dr 00 dr € dp

JUS  QUSIp QUSA8  JUF

06 dp 06 06 96 96
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With the change of coordinate, we will also introduce the asymptotic expansions:
US= Y e(US)
n=0

Us = ¥ " (US)n
n=0

a;;fzf - afZUrc = apzz <n>§08"(Uf)n) :ngo <8";2(Uf)n> :20 <8n92;l;§)n>
a;ng - ai;w - aaT; <n>§08"(Ur‘)n) :20 <e"a;2(u;‘)n> :nio (Sn 928(155),1)
aa(,]f = aap ;= ;p (nfos"(Uf)n) =n§0 s”aap(U;)n) :go (8,18((‘;];)”)
%= 5% =3 (,3;08"(!]5)") -1 (8”399«15)”) - £ (gﬁ(gg)n)
G = apti= 35 (Eere) = £, (e p00n) = £ (758"
= giti= 35 (Eewn) = £ (= g5wn.) - £ (+ 2550
e U= (ﬁos"wg)n) -1 (s”;;(Ug)n> = (En 9251;5»)

Puc PP o SNV LA = (UL,
2p36 ~ 9pa6"" ~ 3pao (Pog (wr )"> —E (8 3p30 “’”") - (8 a0 >
ang 82 c 82 - n c s n 82 c - naz(Ué)”
2p26 ~ 3pa6 "~ 3pao (,Fos “’“") =L (g 2p36 W") =L <8 2p6 >

1 1 1 e (P _ L& i (PY
(pe + R) _R<E+1) AR (R) gL, (e (R)

R

1 - 1 1 7i S P\" _u

(pe+R)* 7ﬁ(ﬁ+1)2 7R2n§o( b (nJrl)(R) €
R

Taking in account the change of variable and the asymptotic expansions,
the system can be written as:
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1
C

o?Uf 1 1 82U9 1 1 ous 1. QU
r_|_ P

202 T e iR apae e P pe iR op Gfm+

1

E(Crrfcr )

1

?Ger

1

2G9r ap Ggr(

+Coo

1 Juf 1 8U§7C 1 G 1 9*Ur
Voetrr) ap etk 00 lperRrE T e rR) 202
1 aUQ 1 U 1

o pe+R) 06 (Cr(-)—Cee)mﬁﬂ-(ag—cw)ml}fzo
82U§ 1 1 asz 1 1 aug : | 82Ur"
902 T e0 et R 9p90 e (pe+R) dp | e (pe +K) 9pab
)Gtz R 96 O G U 0 o g

1 9u; 2 JUf 2
(pe+R2 00 P perR) 36 U (pe+R)

U =0

(5.51)

1 aZUrc 1 1 aZUc L 1 8Uﬁ
2 ”592;;]26 e " (pe+R) fpaeaUC " (pe+R) alp .
+G9’8p78%+(c”_Cr9)MWH[ C e 1 R) 56

1 9*Uf 1 U

(pe+R) 96> " (pe+R) 96
1 oUg
(pe+R)? 96 (Pe+R?
: %+E[Ger A/ oy 9Ug
dp? & "'(pe+R)Ipdb (pe+R) dp
82U° 8UC 1 U¢

1
Yoo tpermapae 20 ap 1O e rE g6
2*U§ 19Ut

1
(pe+R)? (pe+R)* 062 +Co % (pe+R)? 96
2 U G2y
(pe+R) 96 " (pe+R) °

Ger

+(Cro —Cop) U] =0[e?

(5.52)

U5+C99

=0l¢?
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?U¢ 9*U; 1 9U¢

ol

9*U;

1
“apr O ek

c

1p8+81§1) 20p00 +Cro (pel+R) %pc +
H(Crr = Crp) e = L]+ EC ;-

7 9pa6
1

(pe+R) dp "% (pe+R) 20
1 ’Uf 1 dU§
(pe+R) 962 % (pe+R) 90
1
Cro— Coo) ———— U] =0
+( 0 99)(p£+R)2 }
*U§ 1 9%Uf 1 9dU§

+Gg,

+ (Cre _CGB)

Ue
re(p8+R)2 r

1 AUg

(pe+R)? 006

1 J°U¢

Z 78 _
Gor g2 +el0o R apae O (pe+ k) ap
1 U 1

U
2Gg,—2]+€2[—Go,
+2Gy ap]+ [—Go

1 oUf 2 JUf 2
+Coo——5 =2 +Gor—— =4

and

Ut =Y e ),
n=0

(pe+R)2 96 +Gor (pe+R)?

(pe+R)2 96 (pe+R) 960 " (pe+R)

9 (pe+R) Ipdb
0T he rR)? 002

1

Ugl =0

then, using the Cauchy product for formal power series, we get

1 1 &
US =~ Y cpe”
(pe+R) " R&5

where

With the same formula, having

(pe+R) :n;gn <_%)”

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)



and

U5 & 29 (Ug)n
8p86_n§68 9pa0

(5.59)

we get

1 Uy &
— = n€" 5.60
(pe+R) dpdo n;o“ € (5.60)

where

o kgz(UC)n—k
=§( z) 9pa6 (5.61)

I 82(Uc)k 1
k r n n
C,,n);0 (s 2’ > +€[Cro g L ):A € +C,9 Z B..€
9*(Ug)n
dpdo

1 = 1 1
+£2[—Creﬁ L Due" = Cro s Z Ene" +Gorp Z Fe"
n=0

+G9r Z e" + (Crr - Cre) Z Cng”]
n=0

1 o
—Gor7 X Gu€" +(Cro — Cee)j Z H,€" + (Crg — Coo) 55
Ry=o R*,=0

o 92 (U¢ 1 1 (5.62)
GOrZ (8k ( g)k>+8[ Z‘IE _GQr Z[(ng”
k=0 ap
+C 1 f L,&"+2Gy, ¥, 8"73([]5)"
r9R n Brn ap

] + 82[7G6rﬁ ZOMnSn
n=

1 1
+G9rR2 ZN &'+ Coo— 72 Z 0,¢&"

1 1 )
Cop—= Y P.e"+Gg,—= Y R €"—Gg,—= Y S,€" =0
* GeRanO ne+Go Rngo " 6 RHEO " }

Written in more detail, which is necessary for separating £-dependent components, we
get:
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2(r7¢€ 2(17¢€
Crr[<608(U’)0) + (81 J (U’)l) +...] +C,9%[A061 +A1€2+..]

op? op? 2 2
1 2 19°WUgo | ,9°(Ug)
+Crg—= [B()E +Bie*+...]+Gg, e 9p90 £ 990 +..]

1 1
+(Cyr —Cre)[C()Sl +C1e2+ ..]=C QE[DOEZ +De3+ o —Cr@ﬁ[EOEZ-F .

+G9, [F082+F1£3 )= Gg, [G082+G183+...]

1 1
+(Cro —Cgo) 2[H082+H183 ]+(Cr9—Cee)ﬁ[1082+1183+...]=0

o7 (2P (T

1 1 1
-i-[GerE[JoEl —|—]1£2 + ] —GQ,E[K()el +K182 + } —I—CrQE[L()Sl —I—L182 + ]

9(Uglo | »9Ug)n
1 6 29Yg
ap TE ap

1
+N1£3+ ]+C99 5[00e? + 018 + .. ]+C99 s[Pog? +Ped + ..

+2G9r[8

1 > 1 2
+ ]+ [~ Gor s [MoE? + ... + Gor 5 [Noe

1
+G9, [R082+R183 )= Ger [Soe?+..] =0
(5.63)

Well known is, that even if divergent, asymptotic expansions give good approximation

at a local level. This is also why, we perform a study of the solution in the thin domain.
Nontheless, a higher order approximation can be performed, but the output would be less
explicit.

€0 (Cr,aigg’;)o) +e! <C,,aza(p 2l +Cro Ao 1 Crp— Bo+
+€2 (Crraza(ggc)z +Ger%A1 Gory Lp. >+£3 <Crra ;ggc) +) —0
£l (Ge,ai;p;c) )+el (Gera(;;ﬂ) —i—Gg,RJo—i—Ge,;Ko—i—...)

£ (GeraZ(gzg)z +G9, ~Gor LK+ ) +é (Geraza(gg)S +) =0

(5.64)
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Here, we choose to approximate the functions in the first term, for a clearer output of
the approximated solution. The system thought, at this point, reduces to the form:

9*(Uy)o
80 <Crrap2 = O
2

c (5.65)
&’ (Ge,aa(g;)o> =0

which obviously gives

9*(U5)o

87;)2 =0

aZ(Urc)O o (5.66)
op?

Crr

G9r

and so, the solution can be written in an approximated form as:

(U)o = A(8)p +B(6)
(5.67)
(U)o = A(0)p +B(6)

Stiff Material

Considering on the thin subdomain, an elastic material with elastic properties being
e-dependent, we can obtain two critical cases for the elasticity of the system: that of the
material occupying the thin domain either as extremely soft or extremely thin. This type
of study is sometimes called in the literature explosion of coefficients.

The goal is to describe in a formal way the asymptotic behavior of a system of linear
elasticity when one of the components reaches an extremal high or low elasticity. The
first one considers extremely stiff materials whereas the second one take in account very
soft materials. We intend to show in these two critical cases, the direct dependence on
our small parameter in the asymptotic behavior of the system. We show that the tractions
which are imposed continuous in our boundary value problem, to have different limit
behaviors.
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Figure 5.3: Thin Stiff Cylindrical Interphase

Considering that the second material becomes stiffer than the inclusion and infinite
media, we will consider the proper rescaling of the elastic coefficients, as

Cy = éc;;
re = écje
| (5.68)
Cog = ECGG
Go, = 1G’ér
S

we get the solution
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and so,

Soft Material

9*(U)o _
ap? =0

9*(Ug)o _0
opr

Figure 5.4: Thin Soft Cylindrical Interphase
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Considering that the second matrial becomes softer than the inclusion and infinite me-

dia, we will consider the proper rescaling of the elastic coefficients, as

Cr=e€C},

Co= EC;FG
C@g = ECEG
Gy, = EGZV

In the leading term, this system can be written as:

. 92(U)o

rr gpz *0
. 9°(Ug)o
GGr apg =0

And so, a solution from this, can be written as:

9*(Uy)o _
dp? =0

gl _,,
dap?

and so, the solution we recover in the statics case is:

1 C”a(g,;)on’ 1
S(U ) n:g Gera(Ug)One :E
dp

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

The stress-strain relation, in the limit can be written in terms of definition of the deriva-

tive:
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£ (U¢ (U)ol ,2pre — (U)ol =
Fsrr((Uf)O): (a;)o :£%< r)O‘r R-‘r&‘g ( r)0|r R
Sy ((Ug)o) = U)o _ ;i Wololr=rie = (Ug)olr=r (5.76)
Ger ro 6/0 8r £—0 £
€ c a b
8, ((U9)0) = (U olp=1 — U olp0
5 (5.77)
G50 ((U§)o) = (Ug)olo=1 = (Ug)olp=o
or
c c J U)o
(U )olp=0 = (UF)olp=0+ € (8r) lp=0+0 (€%)
. . d(Ug)o 5 (5.78)
(Ug)olp=0 = (U§)olp=0+ € ar lo=0+ O (€2)
Taking only the first term in this expansion we have
€
c. S ((UP)olp=0) = (U olp=0— (U)olp=0 = [(U)o]
g , (5.79)
asre ((Ug>0‘p:0) = (U3)0|p=0 - (Ug)0|P=0 = [[(Ué)()]]
-
Stiff Material
(U)o 1
C r 2 y
S(U() _l rr ap ny B 1 SCrrA(G)nr B i CrrA(G)nr (5.80
n=g US| T & |l =2 |G5,C(0)ng -80)
Ggr ap ng EGerC(e)ne r

The stress-strain relation, in the limit can be written in terms of definition of the deriva-
tive:

12 CrSr ((UF)o) = 3(8Uf)o = 5%((U5)0)r:mgg_ ((Uf)o)—r
0 6 —((Ug (5.81)
2G§rsr9 ((Ug)o) = a(UB)O = lim ((Ue)o)r:RJre ((Ue)o)r:R

or £—0 €



82

Esrr((Uﬁl)O) = (UMolp=1— (U")olp=0
g2 (5.82)
Sr6 (Ug)o) = (Ug)olp=1 — (Ug)olp=0

ad(U¢
(U )olp=0= (Uf)olp=0+ € (ar o lp=0+ 0 (%)
r,
2(U§)o ) (5.83)
(Ug)olp=0 = (U§lolp=0+ € lp—0+ 0 (€%)

or

Taking only the first term in this expansion we have

—S (UD)olp=0) = (UHolp=0 — (UP)olp=0 = [(Uf)o]
% (5.84)

S .
GTSrO ((Ug)o\pzo) = (Ug)olp=0— (Ug)0|p:0 =[(Ug)o]
or
Soft Material
Crra( r)O ny % *
c 1 aP 1 £CrrA (e)nr CrrA (6)11,«
SWU) =21 AU | = ¢ |eGy,CO)ng| = |Gy C(0)ng| O3

Gg, p ng

The stress-strain relation, in the limit can be written in terms of definition of the deriva-
tive:

! c 8(Urc 0 . (Uﬁ)O r=R+€e — UrC)O r=R

g S (U0 = £ 51 — g (oo =00

r ey 98 . (Ugolr=r+e — (U§)olr=r (5.86)
Gy, 5o (Uako) = =5, = = [in :

—S-(US)o) = (Ufolp=1 — (U )olp=0
T ) (5.87)
Esre ((U§)o) = (Ug)olp=1 — (U§)olp=0
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2(U¢
(U)olp=0 = (Uf)olp=0 +& (8;)0 =0+ (€)
| | (U)o X (5.88)
(Ug)olp=0 = (Ug)olp—o +&—=" =0+ (€?)

Taking only the first term in this expansion we have

—S (UD)olp=0) = (UHolp=0 — (UP)olp=0 = [(Uf)o]
v (5.89)
— S0 ((Ug)o\pzo) = (U3)0|p:0 - (Ug)0|p:0 = [[(U5>o]]

New Elastic Coefficients

The elastic coefficients in the new formulation for the stiffer, respectively, for the softer
material considered, can be written in dependence to their initial counterparts.

Stiff Material
C.=¢€Cy
C;fe =¢€Cyy
e 5.90
C69 = €Cyp ( )
Gzr = Gy,
Soft Material
y 1
Crr = EICN’
Cly=—
ro EC”G
| (5.91)
Cyo = —C
L] P 06
y 1
G9r = EGGV
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5.2. Harmonic oscillations

Starting from the wave equation

2°U(r, 0
div S(U(1,0,1)) = M% (5.92)
and applying a Fourier transform as:
U(r,0,1) = e '0(r,0) (5.93)

where we denoted by M the mass density of the material and w represents the frequency.

We denoted the mass density by M for simple practical reasons,since p has already
been used as the rescaling variable.

divS(U(r,0)) = —Mo*U(r,0) (5.94)

This last system represents the system of linearized elasticity in the frequency domain
and which can be written in vectorial form, on the cylindrical interphase as:

%0¢ 1, 05 1, 2’5 1 ., - 1. U
"o 05 G0 g~ pCol Gl
1 82U” 82U6 1 8U9 1 oU¢
G0 g TCurg59 ~ 0o gg T Cr=Cro) 5
f 905 , 1 _ _
+-3(Cro —Coo) 55 + (Cre—Cee)UCZ—M(DQUf

19U |1 82UC 20¢ 1 1 oU¢ (5.95)
G G G b+ =G, Uy — ~Go—2
Gr ae + Qra ae + Gr a 2 + Gr r 9" ar
1 9°U¢ 1 22U¢ 1 auc oU¢
C —C 0 4 C
0590 TR0 g2 T aCen 5 Gy
7C

oU§
+2Go,—— 3,

<

2
G9r

2
—~Go,Uj = ~Mw?*U§

. . . r—R .
As in the statical case, for the fast variable p = — then we will have to change from

u(r,0) to u(p, ), where R is the radius of the circular inclusion and € is the thickness of
the interphase.
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£ (5.96)

For the change of variable, the system becomes:

1 oue

1. *U¢ 1 1 0°U§
82

1
o2 Te e+ R) 9pae e (pe+R) p
te 6’8p86+£( " re)(peJrR) ap  "®(pe+R) 90
2%U¢ G 1 90
(pe+R) 962 " (pe+R) 90
1 JU§ 1 _

o — - Y o — C— _Mw?U¢
+(Cro Cee)(p£+R)2 o T (Cro Cee)(p£+R)2U, *0¢

1. 9205+1G 1 22U 1. 1 90§
€2 9p2 T e (pe+R)Ipd6 € " (pe+R) dp
1 1 9%0¢ 1 U 1 9U¢
—Crp——r ——== + =2Gg, =2 — Gy, —L
te (pe+R) 8p89+e " 9p  (pe+R)? 96
| I 1 0°U§ 1 JUf
pe+R2 6 T e R 902 T (pe R 90
2 90 2
(pe+R) 90 " (pe+R)

Urc +Gor

—Cg——
®(pe+R)?

(5.97)

+G9r

+Go, Ug = fMa)ng

In the following, going through the same steps as we did in the statical case, only taking
in account the left-hand side component of the system, we arrive at the form:
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9*(T5)o 9*(Uf)
0 r 1 A B
3 Crr a B +€ |:Crr ap +Cr9 O+Cr0 0+ -
82(U‘) 1 1 82(U‘)
2 rr r —A r —B 3 rrir
+& |:C a = + Gy 1— Gy 1+ :|—|—€ |:C apz + }
Mszwz[ Yo+ € (UC)1+8 (Uc)2+83(06)3+ ]
Uc c) (5.98)
el l:GGr 5 } [Ger +Gor Jo+G9r K0+ ]
U¢ L, 1 d%(U¢
+&? {Gg, (g) +G9, Ger Ky +.. }+e3 |:G9,,(§p3)3+...:|
= —Me*w? [e°(Ug)o+ &' (Ug)1 +&*(Ug)2+ & (Ug)s + ...
In the leading term, the system can be written as:
2(17¢
g0 Cﬂm = —Me2w? [gO(UrC)O]
dp?
0 2*(U5)o 202 [20(77 (.99)
€ [GQ, 202 }——Ms w* [€°(Tg)o)
2(r7¢
Crra 552)0 = -Me?w?(U¢)y
9*(U5)o 2 277 (5-100)
Go, apz =-Me (Ug)()
>0 _,
dp?
82(06)0 (5.101)
8= =0
dp?
and so, the solution is, like in the static case
J)o =A(0)p +B(6
(O5)0 =A(O)p-+B(6) 5100
(Uglo=A(6)p+B(6)
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For the rescaling of the mass density as

1
M= M
€
1 (5.103)
82(0;)0 % 2 (TTC
Cyr 9 —M*o*(Uf)o
(92(05)() e e (5104)
Gﬂr 8[)2 =-Mo ( 9)0
We get the solution
* M*
(U)o =Cjcos +Czsinpw
i} e g” * (5.105)
(Ug)o = C3cos » +Cysin Go.
Stiff Material

Considering that the second material becomes stiffer than the inclusion and infinite
media, we will consider the proper rescaling of the elastic coefficients, as

1
Cr = Ecjr
1 *
Cro = gCrO
1 (5.106)
Cop = gcee
1 *
Gor = EGGr

In the leading term, this system can be written as:

2(77C
¢, 290 — _emer )y

az(pljg)o o (5.107)
G’éraipz = —&Mw*(Ug)o
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And so, a solution from this, can be written as:

9*(Uf)o
dp? =0

82(05)0 o (5.108)
op?

and so,

Jo =A(0)p+B(6) (109

M=ZM
S
1 (5.110)
£
82(0;)0 OP) c
Cr( 352 )= -—-M*0=(Uf)o
p
(92([75)0 - (5.111)
Ger(ﬁ) =-—M"0"(Ug)o

So, we get the solution

_ oM oM*
UHo=0C, cos P +C2sinpc
(Ug)o:C3cosp +C4sinp

or or



Figure 5.5: Cylindrical Interphase. High Mass Density

Soft Material

Considering that the second material becomes softer than the inclusion and infinite
media, we will consider the proper rescaling of the elastic coefficients, as

Cr=e€C},

Co= EC:G

Coo = €Cjy (5.113)
Go, = EGZr

we get
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* az(UrC)O c
(o §P2 = —eMw* (U)o
0*(U§ -
G, ;pg)o = —eMa*(U§)o

*(Uf)o
28p2 -

0 (Ug) B
ap? 0

and so,

For the rescaling of the mass density as

1
M=—-M*
M= -M
€
*az(UrC)O * 32 (T7C
Crr gpz =-Mo (Ur)()
* & (05)0 * 2 (TTC
GrT’ﬂ:_M o ( 9)0

we get the solution

- oM™
(Uf)o =Ccos +Czsinp
(U§)o = C3cos +Cysin?

or or

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)



5.2.Limit Transmission Conditions

(5.120)

The stress-strain relation, in the limit can be written in terms of definition of the deriva-

tive:
2(Tf)o
ap
9(Ug)o
dp
So,
Srr =
_|_
Sre =
and

C d (U 1 _
S N’ ( (UC)
p£+1
a(?fe )
e p£+1 (U)o
M*w M*® o
= C. {—Cz sin rrp +Cjcos Crrp}
M*w M*® M*
= {—C4 sin p + C5cos a)p}
Gor or Gor

e | Co .
p?—il {Clc p » i +C231np2i4*}
Gger {]lé’;(:) {—C4 *Gr +C3cos M;Zip }}
pfj—rl {C cos pggf* +Cy4sin pg)j;[* }
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(5.122)

(5.123)

(5.124)

(5.125)



. M*op
Sy = —C C 5.126
r c { 2 sin c. + Cj cos c. } ( )
C, oM* . poM*
+ pb‘il{clcospcrr +Czslnpcrr }
Mo o) Mo
Se = {—C4sin Pt Cycos = OP } (5.127)
) Or Or
G * *
— or {C3cos +C451np }
p8+1 or or
When € — 0 we get
* M*
S, = C,g{Clcos +C2sinp }
rr rr
S = Gg,{C3cos + Cysin }
or G9r
Stiff Material
- 1 Srr((UrC)O)nr
c - Z
SO 0= |5 (0 512
for
1
Crr*gc;ﬂr
1 *
refgcrg
1 (5.129)
Coo = —-C
06 e 06
1 *
Gor = EGGr
we get
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Syr
S0
Soft Material
for
we get
Sir
Sro

New Elastic Coefficients

M*® * eEM*®
{—Czs " + Cj cos " P}
8 rr Crr
Cly epoM* epoM*
C C
pe+1{ 1T, e
M*w M* eEM*®
{—C4S " + C3cos " P}
€ Or GGr
G EpOM* epwM*
or {C3 P " + Cysin P " }
pe+1 or or
= 1| S ((TF)o)nr
c _ _
S(U)m = | So, (G0 e
C,r = €C},
Cro= SC;FG
Cop = ECZF)O
Go, = EGZV
M*® o M*w
) +Cjcos p
£ eCy, eCy,
C* M* *
ro {Cl cos +Czsinpw }
pe+] C;, eC;,
M*w * o
{—C4 sin ——— +C3 cos *p }
0 €Gy,
eGy, * . poM*
C C.
p8+1{ 3 COS Gg + (4 81n SGZr

Tl

(5.130)

(5.131)

(5.132)

(5.133)

(5.134)

(5.135)



The dependence of limit transmission conditions with respect to new elastic coefficients
considered as imposing a stiffer or softer material in the thin interphase, is written in an
explicit way and also the new elastic coefficients, like in the static case, can be written in
terms of the initially imposed coefficients.

Stiff Material

Soft Material

C.=¢€Cy
C;fe =¢€Cyy
CZO = ¢€Cygy
Er = SGGr
1
G, = gCrr
" 1
70 —Lro
Cho = 1C
60 — 00
1
*
=-G
Or € or
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(5.137)



CHAPTER
SIX

VARIATIONAL METHOD

6.1. Description of Problem

We consider the linearized system of elasticity in R? on a bounded open domain com-
posed of three subdomains, of which one is dependent of a small parameter €. We will
denote the domain with QF and define it like:

QfF = QtuQiuQd (6.1)
@ = {X,Y)eR0<X<1,0<Y <1}

Q = {X,)eR0<X<1,1<Y<l+e}

Q = {(X,Y)eR|o<X<I,1+e<Y <3}
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In this domain, we solve the weak form of the following boundary value problem:

— div S(U%)
U’ (X,0)=0
U%(0,Y) =U%1,Y);a € {b,c,a}
U%(X,3) =0

=F% on Q% o € {b,c,a}

Transmission conditions in thin domain 6.2)
U(X,1) =U°(X,1)
U‘(X,14+¢€)=U%X,1+¢)
(S(U”) ) (X, 1) = (S(U) -m) (X, 1)
(S(U°)-n) (X,1+¢€)=(S(U*)-n)(X,1+¢).

1+¢

QS

Figure 6.1: Thin Rectangular Interphase
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v’ . QPR R?
v = (UlbﬂUf)
U° : QCCR*-R?
U = (Ui,03)
U QCR>-R?
Ut = (Uf,Uy)

Also, the strain tensor is defined separately for each subdomain.

oup 1 <8U1” 8U2b>
X 2\ dy ' X
by _
W= oy v au
2\ dY JX aY
e(Ub) c (LZ(Qb))2x2
oUs 1 (oUf  JUS
= +
X 2\ 9y = JXx
e(U) =
1 /9Uf  9Us oUs
2\ JdY JX aY
e(U°) € (L*(2¢))>
us 1(9Uf | oUs
X 2\ dY JX
e(U%) =
1(9Uf  dUs QU
2\ dY oJX aY

e(U%) € (L*(©¢))>*
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The displacement vector field in the "thin’ domain splits depending on the subdomain

(6.3)

(6.4)

(6.5)

(6.6)

6.7)

(6.8)



So, in the domain QF we solve the weak form of the elasticity system:

Find U € V¢ such that

/ [Ce(U),e(V)]dXdY = / F.Vdxdy 6.9)
QE QS
forany V € ¥

where

U:= (U, U¢,U%) € (H'(Q0))? x (H'(Q))? x (H'(Q2))? such that
¥ = U’(X,0) =0,U%(0,Y) =U%(1,Y);& € {b,c,a} (6.10)
U%(X,3) =0,U°(X,1) = U(X,1),U%x,1+¢&) = U%(X, 1 +¢)

We consider C the 4" order elasticity tensor with constant coefficients satisfying the
symmetry and coercivity conditions:

3C > 0,VE € R, [CE,E] > CIEI (6.11)
((Cé)ij = Z%’jhkéhk (6.12)
hk

The scalar product [.,.] in R?*? is defined by:
¢,¢] = E Cijﬁij (6.13)
ij

We also consider the forces

FP € L2(QP)2, if (X,Y) € @
F=/!F el?(Q5)? if(X,Y) e Qs (6.14)
F* e L?(Q%)2, if (X,Y) € Q¢
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The weak form of this problem can be written in more detail as:

Find U= (U, U°,U") € ¥; such that

QI;

- / ¥ . VPaxay + / FC.VedXdy + / F. VdXdY
Qb Q¢ Qa

forany V= (V0 Ve V) e ¥,

6.2. Rescaling

/ [Ce(u?) e(v?)] axar + / [Ce(U°), e(V)] dXdY + / [Ce(UY), e(V¥)] dXdY =
Q< Q4

In the following, we will rescale the domain, the displacement field and the strains in
order to be able to write the problem in a fixed domain independent of €. However, by
rescaling the problem we basically move the small parameter from the geometry to the
system of elasticity, step that allows us to understand how the mechanics of the system is

dependent of the small parameter.

Q = QPuoruQs
Q" = {(xny)eRN0<x<1,0<y<1}
Q= {(xvy)€R2|0<x<l,l<y<2}
Q= {(xvy)€R2|O<X<l,2<y<3}

u’ o c R? 5 R?

u o= (i)

¢ o Q°CR? R

u’ = (uf,up)

u’ Q' c R? 5 R?

u' = (uf,up)
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(6.15)

(6.16)

(6.17)

(6.18)

(6.19)



Q

3

Qd
2

QC
1

Qb

0 1

Figure 6.2: Rescaled Rectangular Interphase
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At this point we can see the dependence of the displacement and strain vector fields in
the fixed domain through the parameter € of the displacement and strain in the domain
that contains an €-dependent subdomain.

Using the dipslacement rescaling

M =

y=2)2—¢e)+1+

with the change of variable

VEUS(x,(y—1)e+1)
eVeUs(x,(y—1)e+1)

Y
Ui (x,(y—2)2—€)+1+¢)

oup
X
oup
aY
U
0X
ou?
aY
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au}l’
ox
814!1’

3143
ox
aug

(6.20)
6.21)

6.22)
(6.23)

(6.24)
(6.25)

(6.26)

6.27)

(6.28)

(6.29)



Ut
X
Ut
oY
QUS
X
QUS
oY

oUe
X
U
oY
QU
X
U
oY

we get the rescaling of the strain:

1 duf
VE Ox
1 Jduf
£y/€ dy
1 duf
£\/€ Ox
1 Ju§
g2/ dy
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(6.30)

6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

6.37)

(6.38)

(6.39)

(6.40)



Also, when moving the transmission conditions onto the normal domain, we get:

b ue
VP (X, 1) = US(X,1) = Veui(n 1) =ui(x1) 6.41
1) (1) {E\fuz(x 1) =u§(x,1) 641)
U'(X,14+¢)=U%X,1+¢) A2 = vedin?) (6.42)
Jd4e)= Jd+e)=< .
us(x,2) = % u§(x,2)
For the rescaling of the forces:
fxy) = FXY)
By = BEX.Y)
fikky) = F(X)Y)
efs(xy) = K(X)Y)
filey) = F'(X.Y)
2-e)fixy) F(X.Y)
we get:
/(C|e 2dxdy—|—/(C|e V| dxdy + (2 —¢ /(C|e )| 2dxdy
/fbubdxdy+\f/f'cucdxdy+ 2- S/i“u“dxdy
Qb
(6.43)

6.3. Estimates

Theorem 19 (Korn Inequality)
Wl < € (Il + etz ) ¥ e H (@)
Corollary 5 Let Q be an open set and I a part of its boundary. Then

3C>0 suchthat  |Vl|yq <C(||()||L2(Q)+Hv|r||Lz(r)>,VVGHI(Q)
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Observation 4 [fe(u) =0 on Q and u =0 on a part of IQ then u =0 on all Q.

Corollary 6 Ler Q be a rectangle and I a part of its boundary. Then

>0 5 Wl <€ (leMlz@ + IVl ) ¥ € H(Q)

Proof Suppose 3{v, }en CHY(Q)

L= Il >u(|\ (vn)HLZ(Q)-|-HV,,’FHL2(Q)),VnEN (6.44)

For a subsequence
Ve = vEH(Q),vy =€ L*(Q),e(vy) = 0€ L*Q)

valp = 0€LX(T) =e(v)=0,v|.=0=v=0.

Moreover,

Korn Inequality
o =valingy = C(Ivn=villiz) + le(vn) = evm) 120y

{Vn}nen is Cauchy in H'(Q)

=
= v, > veEH(Q)
= lv|]| = 1. False.
= v=0
|
In the following we will estimate each of the energetic integrals on Q°, Q¢, Q4.
Korn Inequality 2
[lectus) / le(u > e g (6.45)
Qll
Corrolary
2
12 < C (Jle(w) 200y + 0 sir, ) )
< C (e (W) 22 00 + 02, )
Transmission conditions c 30 an2
C (11 () 2 e + €l 1Faqr, ) + €082, )
from(6.43))
2
&3 C (€& (u)132 ) + llec(u >||Lz(ga)) (6.46)
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g Korn Inequality
Jiewr = fle@)P = g (647)
Qb Qb

Choosing u as test function in the variational formulation and using the estimates (6.43)),
(6.46), (6.47)we obtain that the displacement is bounded in H' (Q"), H'(Q°),H' (Q%).

ol < C (6.48)
gy < C (6.50)
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APPENDIX
A

FUNCTION SPACES

C.(€) = the space of continuous functions with compact support in Q
C*(Q) = the space of k times continuously differentiable functions on Q,k > 0

C=(Q) = kQOCk(Q)

C*(Q) = functions in C*(Q) such that for every multi-index o with |e| < k, the
function x — D%u(x) admits a continuous extension to

C(Q) = kQOC"(Q)

ju(x) —u(y)|

CO%(Q) = L ueC(Q)| sup e < with0<a <1
x,yeQ |x_y|
X7y

ct(Q) = {uec(Q)|Diuec CO*(Q)Vj,|j| <k}
LP(Q) = {u 1 Q — R|u is measurable and [|ul? < 00} 1< p<oo
Q

L*(Q) = {u: Q — R|u is measurable and |u(x)| < C a.e. in Q for some constant C}

WP (Q), WP (Q), W, P (Q), W2 (), W, (Q), H™(Q) = Sobolev spaces
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APPENDIX

B
HOLDER INEQUALITY
Theorem 20 (Holder inequality)
Assume that f € LP and g € LP with 1 < p < oo. Then fg € L' and
17 < 171l lgl- B.1)

Proof The conclusion is obvious if p = 1 or p = oo; therefore we assume that 1 < p < oo,
We recall Young’s inequality:

1 1
ab < —a” +—b" Na > 0,Yb > 0. (B.2)
p p
1 1 1 1 /
log | —a’+ —b" | > —loga” + —logh” = logab. (B.3)
p p p p
We have
1 » 1 I
|f(x)gx)| < I;If(X)l + ?Ig(X)\ sa.ex € Q. (B.4)

It follows that fg € L' and
| T
J Vel < 1+ el ®3)
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Replacing f by Af(A > 0) in (B.3)), yields

p—1 ,
Just <2t e, ®.6)
p Ap o

Choosing A = ||f], ||g||ﬁ//p (so as to minimize the right-hand side in @ we obtain
) |
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APPENDIX
C

STRAIN TENSOR IN POLAR COORDINATES

In this small appendix we like to present the transformation of the strain tensor from
Cartesian to polar coordinates: Given the strain tensor, by definition as the symmetric part

1
of the gradient, in Cartesian coordinates, e(u) = 3 (Vu—i— (Vu)T) we compute first the

gradient in polar coordinates:
Vu = Vi (C.1
1, 4 A N N
— (fa,+raee)®(urf+u90)+f(u9,,®9+u9®9,,)
~ (1 1 ~\a/l A 14
+ 0 —“Ug QT+ —u,Qrp 0 7u979®0—|—u9®7079
rv r r r
. ~ . A ~ (1 o1 N
= Flup, @) +7(ug,®0)+0 ;un9®r+;ur®9
~ (1 A 1,
+ 0 7u979®9—u9®7r
r r
R oA 1 S BN | A
= ur’,r®r+u97rr®6+;un96®r+;u,6®9+;u9’99®6
| N
— —ugb 7
r
1
’

~ 1 o PO
= u,,rf®f—|—ur,rf®9+;(u,vg—u9)6®?+ (ur+ugp)0®6 (C2)

where
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. 7

ri= -
7]

7l =1

. 5 (C.3)
6|

6]=1

are the unit base vectors for polar coordinates.

it = uf+uph
= 1 ~
V = 0,7+ —dgb
r (C.4)
7= (cos0,sin0)
6 = (—sin8,cos 6)
Also, we know that:
o7
Z—o
or
06
70
or
(C.5)
or =
28
20
2% _
0
Urr Uug r
Vu(r,0) = (C.6)

[y

1
v (ur,e - ue) - (Me,e +Mr)

1
Up,r ; (urﬁ - MG)
(Vu(r,0))" = (C.7)

1
ug r - (Me,e + Mr)
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1 (1 1 )
Uy = | —Uretue,— —uo
2\r r

e(u) = (Vu—i— (Vu)T) =

N —

1 1 1
—Urg+ug,— —Ug - (Me,e + ur)
ro r r

N =

97



98



BIBLIOGRAPHY

[AB1] Acerbi, E., Buttazzo, G., Limit problems for plates surrounded by soft material,

Arch. Rational Mech. Anal. 92, 355-370, 1986.

[AB2] Acerbi, E., Buttazzo, G., Reinforcement problems in the calculus of variations,

[Ad]
[All]

[An]
[Ap]
[Att]

[Ben]

[Ber]

[B2]

[B3]

Annales de 1I. H. P, section C, tome 3, n° 4, p. 273-284, 1986.
Adams, R. A., Sobolev spaces, Academic Press, 1975.

Allaire, G., Numerical Analysis and Optimization, Oxford University Press, USA,
2007.

Antman, S., Nonlinear problems of elasticity, Springer, 2005.
Apostol, T. M., Mathematical Analysis, Addisonleesley, 1974.

Attouch, H., Variational convergence for functions and operators, Boston : Pitman
Advanced Pub. Program, 1984.

Bensoussan, A. and Lions, J. L., Applications of Variational Inequalities in
Stochastic Control, North-Holland, Elsevier, 1982.

Berdichevsky, V. L., Variational Principles of Continuum Mechanics, Springer-
Verlag Berlin Heidelberg, 2009.

Bigoni, D., Non Linear Solid Mechanics. Bifurcation theory and material instabil-
ity, Cambridge University Press, (to appear, June 2012).

Bigoni, D., Bertoldi, K., Drugan, W.J., Structural interfaces in linear elasticity.
Part I: Nonlocality and gradient approximations, Journal of the Mechanics and
Physics of Solids 55, 1-34, 2007.

Bigoni, D., Bertoldi, K., Drugan, W.J., Structural interfaces in linear elasticity.
Fart 1I: Effective properties and neutrality, Journal of the Mechanics and Physics
of Solids 55, 35-63, 2007.

Bigoni, D., Serkov, S. K., Valentini, M., Movchan, A. B., Asymptotic Models of

99



Dilute Composites with Perfectly bonded inclusions Int. J. Solids Structures, Vol.
35, No. 24, pp. 3239-3258, 1998.

[JB] J.M. Ball. Existence of solutions in finite elasticity. In D.E. Carlson and R.T. Shield,
editors, Proceedings of the [IUTAM Symposium on Finite Elasticity. Martinus Ni-
jhoff, 1981.

[Bra] Braides, A., I'-convergence for Beginners, Oxford University Press, 2002.

[Bre] Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equa-
tions, Springer Science+Business Media, LLC, 2011.

[Bu] Buttazzo, G., Homogenization for thin structures, Proc. of the XII Summer School,
"Applications of Mathematics in Engineering", Varna, Bulgaria, 1986.

[Caff] Caffarelli, L. A., Friedman, A., Reinforcement problems in elasto-plasticity,
Rocky Mountain J. Math. 10, 1980.

[Car] Carbone L., De Arcangelis, R., I'-convergence of integral functionals defined on
vector valued functions, Partial Differential Equations and the Calculus of Varia-
tions, Essays in Honor of Ennio de Giorgi, 261-284, Birkhéuser, Boston, 1989.

[Cial] Ciarlet, P. H., Mathematical Elasticity. Volume I: Three dimensional elasticity,
Elsevier Science Publishers B. V., 1993.

[Cia2] Ciarlet, P. H., Mathematical Elasticity. Volume II: Theory of plate, Elsevier Sci-
ence Publishers B. V., 1997.

[Cio] Cioranescu, D., Donato, P., An introduction to homogenization, Oxford University
Press, 1999.

[CH] Courant, R., Hilbert, D., Methods of Mathematical Physics, Wiley Classics Edi-
tion, 1989.

[CCS] Craciun, M. E., Cristescu, N. D., Soé6s, E., Mechanics of Elastic Composites,
Chapman and Hall/CRC, 2003.

[Dac] Dacorogna, B., Introduction to the Calculus of Variations, Imperial College Press,
2004.

[DM] Dal Maso, G., An introduction to I'-convergence, Birkhduser Boston, 1993.

[DG] De Giorgi, E., Ambrosio, L., Dal Maso, G., Forti, M. et al., eds. (in English and
Italian), Selected papers, Springer-Verlag, 2006.

[DV] Damlamian, A., Vogelius, M., Homogenization limits of the equations of elasticity
in thin domains, SIAM J. Math. Anal. 18, 1987.

[DD] De Arcangelis, R., Donato, P., Homogenization in weighted Sobolev spaces,
Ricerche Mat. 36, 1985.

[DSC] De Arcangelis, R., Serra Cassano, F., On the homogenization of degenerate ellip-
tic equations in divergence form, J. Math. Pures. Appl., 1990.

100



[DMe] Duvaut, G., Metellus, A. M., Homogénéisation d’une plaque mince, C. R. Acad.

[E]

[EG]

[F1]

[F2]
[Fr1]

Fd1]
Fd2]
Fd3]
F

_ —_= —_. —
—

[G1]

[G2]

[G3]

[G4]

[Lad]

[Lax]

Sci. Paris Sér A 283, 1976.

Evans, L., C., Partial Differential Equations, American Mathematical Society,
1998.

Evans, L. C., Gariepy, R. F., Measure theory and fine properties of functions, CRC
Press, Inc, 1999.

Fonseca, 1., Leoni, G., Modern Methods in the calculus of variations: LP-spaces,
Springer Science+Business Media, LLC, 2007.

Folland, G. B., Introduction to Partial Differential Equations, Princeton University
Press, 1976,

Folland, G. B., Real Analysis, Wiley, 1984.

Freddi, L., Morassi, A., Paroni, R., Thin walled beams: the case of the rectangular
cross-section, 2001.

Friedman, A., Partial Differential Equations, Holt Rinehart Winston, 1969.
Friedman, A., Foundations of Modern Analysis, Holt Rinehart Winston, 1970.
Friedman, A., Variational Principles and Free Boundary Problems, Wiley, 1982.

Friedrichs K. O., On the boundary value problems of the theory of elasticity and
Korn’s inequality, Annals of Mathematics, Vol. 48, No. 2, April, 1947.

Gaudiello, A., Blanchard, D., Griso, G., Junction of a periodic family of elastic
rods with a thin plate. Part I, J. Math. Pures Appl. 88, 2007.

Gaudiello, A., Blanchard, D., Griso, G., Junction of a periodic family of elastic
rods with a thin plate. Part II, J. Math. Pures Appl. 88, 2007.

Gaudiello, A., Sili, A., Asymptotic Analysis of the eigenvalues of a Laplacian
problem in a thin multidomain, Indiana University Mathematics Journal, Vol. 56,
No. 4, 2007.

Gaudiello, A., Monneau, R., Mossiono, J., Murat F, Sili, A., Junctions of elastic
plates and beams, ESAIM: COCYV, Vol. 13, No 3, 2007.

Gurtin, M. E., An introduction to continuum mechanics, Academic Press, 1981.

Holzapfel, G. A., Nonlinear Solid Mechanics. A continuum Approach for Engi-
neering, JOHN WILEY & SONS, LTD, 2000.

Itskov, M., Tensor Algebra and Tensor Analysis for Engineers. With Applications
to Continuum Mechanics, Springer Berlin Heidelberg, 2007.

Ladyzhenskaya, O. A., The boundary Value Problems of Mathematical Physics,
Springer-Verlag New York Inc, 1985.

Lax, P. D., Functional analysis, Whiley-Interscience, 2002.

101



[LDa] Lions, J. L., Dautray, R., Mathematical Analysis and Numerical Methods for
Science and Technology.

[LDe] Lions, J. L., Deny, J., Les espaces du type de Beppo Levi, Annales de I’institut
Fourier, tome 5, 1954.

[L] Liu, L-S., Continuum Mechanics, Springer-Verlag, 2002.

[Ma] MazSja, V. G., Sobolev Spaces, Springer, 1985.

[Mi] Mikhlin, S., An Advanced Course of Mathematical Physics, North-Holland, 1970.
[Mir] Miranda, C., Partial Differential Equations of Elliptic Type, Springer, 1970.

[

M] Mishouris, G., Movchan, N.V.,, Movchan, A.B., Steady-state motion of a Mode-I1I
crack on imperfect interfaces, Quarterly Journal of Mechanics and Applied Math-
ematics 59(4) pp.487-516, 2006.

[Morr] Morrey, C., Multiple Integrals in the Calculus of Variations, Springer, 1966.

[Ne] Necas, J., Hlavacek, L., Mathematical theory of elastic and elastoplastic bodies.
An introduction, Elsevier, 1981.

[O] Ogden, R. W., Non Linear Elastic Deformations, Dover Publications Inc., 1997.

[O1] Oleinik, O. A., Shamaev, A. S., Yosifian, G. A., Mathematical Problems in Elas-
ticity and Homogenization, North-Holland, 1992.

[R] Rockafellar, R. T., Wets, R. J.-B., Variational Analysis, Springer, 1997.
[Roy] Royden, H. L., Real Analysis, Collier-Macmillan, New York, 1968.
[Rul] Rudin, W., Functional Analysis, McGraw Hill, 1973,

[Ru2] Rudin, W., Real and Complex Analysis, McGraw Hill, 1987.

[

SPZ] Sanchez-Palencia, E., Zaoui, A., Homogenization Techniques for Composite Me-
dia,Lectures delivered at the CISM International Center for Mechanical Sciences,
Udine, Italy, July 1-5, 1985.

[SP1] Seppecher, P., Pideri, C., Asymptotics of a non-planar beam in linear elasticity,
preprint ANAM-Toulon no. 10, 2005.

[SP2] Seppecher, P., Pideri, C., Asymptotics of a non-planar rod in non linear elasticity,
Asymtotic Analysis 48, pp 33-54, 2006.

[S] Sobolev, S. L., Applications of functional analysis in Mathematical Physics,
Leningrad, 1950 [English translated, 1963].

[SN] Sobolev, S. L., Nikol’skii, Imbedding theorems, lzdat. Akad. Nauk SSSR,
Leningrad, 1963 [English translated, 1970].

[SC] Serra Cassano F., Un’estensione della G-convergenza alla classe degli operatori
ellittici degeneri, Ricerche Mat., 38, 167-197, 1989.

[Si] Sili A., Homogenization of the linearized system of elasticity in anisotropic het-

102



[Sil]

[Sta]

[Ste]

[Tal]
[Tar]

[T1]
[T2]
[Ti]

erogeneous thin cylinders, Math. Meth. Appl. Sci. 2002.

Silhavy, M., The Mechanics and Thermodynamics of Continuous Media, Springer-
Verlag, 1997.

Stampacchia, G., Kinderlehrer, D., An Introduction to Variational Inequalities and
Their Applications, Academic Press, 1980.

Stein, E., Weiss, G., Introduction to Fourier Analysis on Euclidean Spaces, Prince-
ton University Press, 1971.

Talenti, G., Best constant in Sobolev Inequality, 1975.

Tartar, L., An introduction to Sobolev spaces and interpolation spaces, Pittsburg,
2000.

Taylor, A., Lay, D., Introduction to Functional Analysis, Wiley, 1980.
Taylor, M., Partial Differential Equations, , Springer, 1996.

Timoshenko, S., Goodier, J., N., Theory of elasticity, McGraw-Hill Book Com-
pany, Inc., 1951.

Truesdell, C., The elements of continuum mechanics, Springer-Verlag, 1966.

Truesdell, C., Noll, W., The non-linear field theories of mechanics, third edition,
edited by Antmann, S. S., Springer-Verlag, 2004.

Truesdell, C., Toupin, R. A., The classical field theories, in Encyclopedia of
Physics, edited by Flugge, S., Volume I1I/1, Principles of classical Mechanics and
Field theory, Springer-Verlag, 1960.

Weinberger, H., A First Course in Partial Differential Equations, Blaisdell, 1965,
Ziemer,W., Weakly Differentiable Functions, Springer, 1989.

103



	FirstPageThesisPDF
	B5VersionOrganized
	Linear Elasticity
	Derivation of linear theory of elasticity
	Linear elastostatics
	Principle of Minimum Potential Energy
	Elastodynamics

	Sobolev spaces
	Weak derivatives
	The Lp spaces
	Definition of Wm,p()
	The space W1,2()

	Definition of Wm,p0()
	The space W1,20()

	Sobolev imbedding theorem
	The case = RN
	The case RN

	Compactness. Rellich-Kondrachov theorem
	Poincaré inequality
	Generalized Poincaré inequality
	Friedrichs inequality
	Traces

	Existence and uniqueness
	Lax-Milgram Theory

	Estimates. Korn inequalities
	First Korn inequality
	Second Korn inequality
	Third Korn inequality

	Asymptotic expansions
	Elastostatics
	Limit Transmission conditions

	Harmonic oscillations
	Limit Transmission Conditions


	Variational method
	Description of Problem
	Rescaling
	Estimates

	Function spaces
	Hölder inequality
	Strain tensor in polar coordinates




