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A B S T R A C T

In this work, a finite energy-based formulation of the J-integral is proposed and applied to atomic-scale defects to 
investigate the breakdown of continuum fracture mechanics. The J-integral is evaluated through molecular 
statistics simulations as the potential energy difference between two identically deformed configurations with 
neighbouring crack lengths, where the finite crack advance corresponds to a single atomic bond break. Single- 
edge cracked single-crystal silicon specimens are analyzed by progressively reducing the specimen width from 
the macroscale to approximately 10 nm. The results show that the critical atomistic J-integral remains essentially 
constant (2.5 J/m2) across all considered sizes, demonstrating scale independence and confirming that localized 
bond-breaking events govern brittle fracture. The spatial extent of the fracture process zone is quantified through 
atomic displacement fields and is found to be approximately constant (≈0.5 nm), independent of specimen size. 
In contrast, the conventional continuum J-integral progressively deviates from the atomistic value when the 
specimen width approaches the characteristic size of the fracture process zone, indicating the breakdown of the 
infinitesimal crack-extension assumption. The proposed formulation provides a simple and computationally 
efficient framework for extending fracture mechanics concepts to the atomic scale and clarifies the physical 
origin of the breakdown of continuum-based fracture mechanics.

1. Introduction

Fracture mechanics has undergone significant evolution over the 
past decades. Central to this evolution is the concept of fracture criteria, 
which provides crucial insights into the initiation and propagation of 
cracks. Among these criteria, the J-integral, theoretically conceptualized 
by Eshelby in 1951, Cherepanov in 1967, and finally proposed in its 
modern form by Rice in 1968 [1–3], is an effective tool for character
izing crack tip fields and fracture behavior. Among its advantages: it can 
characterize elastic and elastic-plastic behavior; it is path-independent 
and, therefore, can be conveniently employed in numerical simula
tions; it has physical meaning given that the critical J-integral can be 
related to fracture toughness.

Historically, the J-integral has primarily been applied within the 
framework of continuum mechanics, assuming homogeneous material 
behavior at the macroscopic scale. However, the landscape of fracture 
mechanics is rapidly changing. Modern technological advancements 
have pushed the size of components to smaller and smaller scales, 
seeking high-level integration (e.g., Nano-Micro-Electromechanical 

Systems, nanostructured materials). In this new framework, new appli
cations have emerged where the hypothesis of homogeneous material 
behavior of classical continuum mechanics is questioned. These ad
vancements present challenges and opportunities, sparking intrigue and 
inspiration. Advancements in small-scale experimental techniques [4]
and atomistic simulations such as molecular dynamics/statistics (MD/ 
MS) [5,6] have supported researchers to explore fracture mechanisms at 
these increasingly smaller length scales, providing fascinating insights.

In particular, MD and MS simulations (as well as Density Functional 
Theory-DFT) have been extensively used to investigate fracture behavior 
at the atomic scale, primarily focusing on stress intensity factors and 
fracture toughness [7–13]. More recently, atomistic simulations have 
been extended to other well-known fracture mechanics concepts, such as 
energy release rate [14–17] and strain energy density [18,19]. These 
works show that for large samples, the conventional framework of linear 
elastic fracture mechanics holds well. However, when the sample's 
dimension is further reduced beyond the breakdown of continuum- 
based formulation, the strong nonlinearity that develops in a few 
atoms near the crack tip must be considered. In this regard, the J- 
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integral is one of the most popular concepts used for characterizing 
nonlinear fracture behavior.

It is intuitive that extending the J-integral to the atomic scale, where 
the discrete nature of atoms cannot be neglected and where continuum- 
based fracture mechanics breaks down due to the loss of scale separation 
[14,20,21], is not trivial. Early attempts based on replacing the line 
integral with the sum of atom-by-atom evaluation of needed parameters 
(e.g., traction force, strain) led to cumbersome calculation processes 
[22,23]. As an alternative and simpler method, equivalent domain in
tegral approaches were proposed [24,25]. In these approaches, a 
weighting function considers the contribution of each atom based on 
spatial coordinates (examples of similar homogenization processes are 
also seen in non-local theories). Recently, a novel Lagrangian kernel- 
based estimator of continuum fields was applied to the atomic system 
and used to estimate the J-integral [26], showing excellent results and 
consistency with continuum formulation. Other researchers extended 
the concept of continuum J-integral to the atomistic domain by 
addressing challenges such as computing continuous variables from 
discrete atomistic quantities and incorporating nonlocality and entropic 
effects in atomistic computations [27]. The proposed methodology 
revealed many significant effects that continuum-based fracture me
chanics cannot capture. A new integral scheme was recently proposed 
for atomically sharp cracks to push the J-integral concept beyond con
ventional fracture mechanics [28]. The scheme focuses on describing 
the local displacement gradient and stress fields when the system is 
discrete. Interestingly, the proposed J-integral retains path indepen
dence and still characterizes the fracture below the dimensional limit of 
continuum fracture mechanics.

Despite their valuable contributions, these works typically rely on 
complex integration schemes requiring the reconstruction of continuum- 
like quantities (e.g., displacement gradients or stresses) from atomistic 
data. Moreover, when the standard concept of the J-integral is directly 
transposed to atomic systems, the J-integral conceptual validity must 
always be verified.

The current work, instead, employs a straightforward approach to 
evaluate the J-integral at the atomic scale in a similar fashion to that 
proposed by [29] but without explicit calculation of virial stresses, 
displacement fields, and complex simulation schemes. By taking 
advantage of the energy-based definition of the J-integral, the latter is 
defined as a potential energy difference between two identically criti
cally deformed samples (at the onset of crack propagation), but with 
neighbouring crack lengths a and a + da, where da is the smallest 
physically meaningful crack extension. Several single-edge cracked 
models are considered, starting from a model width W of approximately 
200 nm, scaled down to approximately 10 nm. Molecular statistics (MS) 
analyses are then compared with continuum formulation. The validity of 
the continuum-based formulation is then discussed.

In contrast to existing literature, the proposed J-integral does not 
rely on stresses, strains, displacement fields, or contour integration, but 
is defined directly in terms of potential energy differences between two 
neighbouring crack configurations, making it naturally suited for 
atomistic systems. Second, the formulation requires a physically 
meaningful definition of the crack length increment, which is here 
directly linked to the discrete fracture process of single-crystal silicon, 
rather than treated as a numerical parameter. Third, this framework 
enables the identification of the regime in which classical continuum- 
based fracture mechanics ceases to be valid, providing a direct indica
tion of the breakdown of the standard J-integral at small scales. Finally, 
it is shown that the atomically quantified J-integral is still a valid frac
ture criterion well beyond the limit of conventional theories.

2. Methods

2.1. Extension of the conventional J-integral

In 1968 Rice [3] presented the J-integral, a path-independent 

contour integral for characterizing cracks in linear and non-linear ma
terials. By considering a counterclockwise path, Γ, around the crack tip, 
the integral formulation of J is given as 

J =

∫

Γ

(

wdy − Ti
∂ui

∂x
ds
)

(1) 

where w, Ti, ui and ds are the strain energy density, the component of the 
traction vector, the displacement vector components, and the incre
mental length along the path Γ, respectively. While this formulation has 
been extensively used at the macroscale and implemented in many 
commercial FEA software, evaluating the parameters atom by atom is 
cumbersome and challenging. On the other hand, the J-integral can also 
be viewed as an energy parameter [30]. Indeed, J is equal to the energy 
release rate in a nonlinear elastic cracked body, and relates the differ
ence in energy absorbed by specimens with neighbouring crack sizes for 
elastic-plastic materials. Therefore, it can be expressed as a difference in 
potential energy [29,31]: 

J = −
1
B

∂U
∂a

(2) 

where U is the potential energy, B is the thickness of the sample, and a is 
the crack length. It must be kept in mind that the energy release rate and, 
in turn, the difference in potential energy must be determined by 
referring to the crack area, hence the introduction of thickness B in Eq. 
(2). For an infinitesimal crack length da, Eq. (2) can be approximated as 
a finite difference between two identical samples having crack length a 
and a + da under the same critical displacement dc of the crack length a. 
In the present work, dc is defined as the displacement at the onset of 
crack propagation, corresponding to the first irreversible bond-breaking 
event at the crack tip during incremental loading. In atomistic simula
tions of brittle fracture, this event is followed by a rapid loss of load- 
carrying capacity; however, the definition adopted here is strictly 
based on the initiation of crack advance rather than on the subsequent 
global response.

In other words, the potential energy Ua of the system at the critical 
displacement for crack length a is first determined; then, the potential 
energy Ua+da for crack length a + da is evaluated by applying dc 
determined previously; finally, the J is given as the difference of these 
potential energies, i.e.: 

J = −
1
B

(
Ua+da − Ua

da

)

(3) 

The crack increment da is assumed to be small but finite (i.e., a single 
bond break at the crack tip as explained in the next section) and, 
therefore, accounts for the discrete nature of the system. This contrasts 
with the conventional J-integral formulation, which assumes a contin
uum body and infinitesimal crack advancement. Under these conditions, 
from a rigorous perspective, since a finite difference approximates the 
energy derivative, this quantity is referred to as the finite J-integral and 
is defined as 

JAFM = −
1
B

(
Ua+Δa − Ua

Δa

)

= −
1
B

(
ΔU
Δa

)

(4) 

where AFM stands for Atomistic Fracture Mechanics, as defined by 
Shimada and co-workers [14,16].

Fig. 1 provides a graphical representation for the sake of clarity. With 
this procedure, evaluating the J-integral at the atomic scale reduces to 
evaluating the potential energy of two systems at the critical displace
ment, avoiding challenging integration schemes. Potential energy is a 
standard variable easily obtained from MD codes or explicitly from the 
potential functions.

Similarly, the critical load could be considered in substitution for the 
critical displacement. However, in load control, the contribution from 
work done by external forces is not zero and, therefore, non-negligible at 
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such a small scale. For this reason, the critical displacement approach is 
simpler and straightforward.

2.2. Geometries, mechanical properties, and molecular statistics 
simulation

The present work has considered single-edge cracked samples made 
of single-crystal silicon. By referring to Fig. 2, several models have been 
realized, varying the width W of the sample from approximately 200 nm 
to 10 nm. The crack length a is kept as W/3 while the height is 2 W, i.e., 
the samples are “scaled” down. The crack is achieved by artificially 
removing interactions between the atoms on pre-crack surfaces.

In general, for an atomic structure, the crack extension Δa is the 
minimal crack extension physically possible. In the present formulation, 
it is therefore defined based on the discrete nature of fracture in single- 
crystal silicon, where crack advance occurs through successive bond- 
breaking events as demonstrated by several authors [10,14,18]. As a 
result, Δa corresponds to a single bond break at the crack tip, i.e., ≈ 0.33 
nm. This is, indeed, the smallest physically meaningful increment 
associated with the underlying atomic structure.

The molecular statistics (MS) simulations are realized by using the 
well-known Large-scale Atomic/Molecular Massively Parallel Simulator 
(LAMMPS) molecular dynamics code [32], and the modified Stillinger- 
Weber (SW) interatomic potential is used [12,33,34]. SW potential is 
particularly suited to investigating ideal brittle fracture in silico. The 
orientation of the sample is depicted in Fig. 2, i.e., the crack plane co
incides with the cleavage plane (111), and it is perpendicular to the 
direction [111]. Table 1 details the mechanical properties, lattice con
stant, ideal material strength (i.e., the strength of the material that is 
ideally defect-free), and equivalent Young's modulus E111 associated 
with the [111] direction generated by the SW potential. Several re
searchers have corroborated these values [16,35], which MS simulations 

of uncracked samples can easily verify [18].
A gradual strain increase, ε, is applied to the specimens' upper and 

lower atomic layers, as illustrated in Fig. 2, namely mode I loading. At 
first, large strain increments, e.g. 0.01, are used to obtain an approxi
mated value of the critical displacement. Subsequently, smaller strain 
increments, e.g. 0.0001, are employed close to the critical state to get an 
accurate value of the critical displacement. This approach ensures the 
simulations are run efficiently with a reasonable trade-off between ac
curacy and computational time. Periodic boundary conditions are 
implemented along the z-direction, equivalent to plain-strain state. The 
simulation box, therefore, has a finite thickness, t, in the z-direction of 
approximately 0.384 nm, and this is the value assumed by B in Eq. (4). 
At the start of the simulation and after each strain increment, relaxation 
is ensured using the damped dynamics method Fast Inertial Relaxation 
Engine (FIRE) [36] until all forces on atoms become less than 1.0 ⋅ 10− 5 

μN.
The analysis is first done for the sample with crack length a and 

subsequently for the sample with finite crack advancement a + Δa. The 
difference in potential energy is measured when one model (crack length 
a) reaches a critical state (i.e., fracture) while the other model (a + Δa) 
maintains the same displacement under tension.

2.3. Finite element analyses (FEA)

Ansys APDL 15.0 was utilized to create sample models with a single- 
edge crack, as shown in the previous section. Plane strain conditions 
were assumed, and a 2D 8-node element-type PLANE183 was employed 
[37].

To ensure precision, the crack tip is represented with a “concentra
tion key-point” [37]. A highly refined mesh was adopted in the vicinity 
of the crack tip, with element sizes for the smallest specimen on the 
order of a/105. This refined region, including the discretization used for 
the J-integral evaluation, was kept identical for all specimen sizes to 
ensure consistent resolution of the crack-tip fields. As a result, the 
relative refinement with respect to the crack length increases for larger 
specimens, leading to progressively improved resolution from the crack- 
tip perspective.

A mesh convergence analysis was performed for both the smallest 
and largest specimen sizes. The results confirm that the adopted dis
cretization provides stable J-integral values, with no significant varia
tion upon further refinement. Details of the mesh design and 
convergence study are provided in the Supplementary Material.

A linear elastic anisotropic material model was employed, and the 
stiffness matrix was derived from the three material constants listed in 
Table 1, i.e., C11 = 201 GPa, C12 = 51.4 GPa, C44 = 90.5 GPa. These 
constants correspond to an orientation identical to that used in atomistic 
simulations (see Fig. 2).

Fig. 2 illustrates the model's constraints configuration. The critical 
displacement dc obtained from MS simulations for the sample with crack 
length a was applied, and the J-integral was evaluated according to the 
integration scheme of Eq. (1).

3. Results

Table 2 summarizes the results obtained for the considered samples. 
The analyses focus on W = 198.480 nm as representative of “large scale” 
and on W smaller than 50 nm as representative of small-scale samples. 
This range is defined based on conclusions from other authors showing 

Fig. 1. Schematic representation of the potential energy difference at critical 
displacement dc of two samples having neighbouring crack lengths.

Fig. 2. Schematic representation of the sample geometry (left), the simulation 
box (center) at critical displacement (the crack is therefore opened for better 
visualization), and the FEA constraints configuration (right); W is varied from 
200 nm to 10 nm approximately; t = B is constant and equal to 0.384 nm 
approximately.

Table 1 
Lattice constant, material constants, and mechanical properties generated by the 
modified SW potential.

Lattice constant 
(Å)

C11(GPa) C12 

(GPa)
C44 

(GPa)
E111 

(GPa)
σIS 

(GPa)

5.431 201 51.4 90.5 209 35.2
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that for W approaching 40 nm, the continuum-based formulation breaks 
down [14,18]. The table includes the considered geometries and the 
related critical quantities, i.e., boundary displacement at failure dc, 
external stress at failure σ, difference of potential energy ΔU, and the 
finite J-integral at failure JAFM, evaluated via MS simulations. For 
clarity's sake, JAFM always refers to the atomistic J-integral, while JFEA 
refers to the values obtained from FEA (continuum formulation).

Sample W = 9.924 nm is selected as an example to show the external 
load versus the boundary displacement and variation of potential en
ergy; see Figs. 3 and 4, respectively. The same trend is found for all the 
samples, and redundant pictures are omitted for the sake of brevity.

It is clear from the results of JAFM in Table 2 that the critical (at 
failure) finite J-integral is constant among different samples, regardless 
of the size and crack length. Even though the sample is scaled down from 
a crack length of 66.160 nm to 3.308 nm with a drastic reduction in the 
number of atoms (from 1,526,400 to 3780, respectively), the critical 
JAFM is still, on average, 2.5 J/m2. For a better visualization, this result is 
also depicted in Fig. 5. If the finite J-integral for the largest sample is 
taken as a reference, all the values lie within a scatter of ±5%. This 
result demonstrates that the JAFM evaluated on atomic systems by using 
its potential energy formulation is constant and scale-independent when 
applied to single-crystal silicon, i.e., ideally brittle materials. By 
contrast, the J-integral values obtained from FEA and summarized in 
Table 3 progressively deviate from the constant trend as the specimen 
size decreases. It should be noted that the objective is not the direct 
comparison of absolute values between the two formulations, but rather 

the comparison of their respective trends across scales. However, in this 
respect, a good agreement is observed at large specimen sizes, while 
systematic deviations emerge as the size decreases.

To better underline the trend and compare the results within the two 
formulations, Fig. 6 shows JAFM and JFEA normalized with respect to the 
J-integral obtained for the largest sample W = 198.48 nm. While the 
atomistic results remain essentially constant, the continuum values 
progressively deviate from unity as the specimen size decreases, indi
cating a loss of consistency of the continuum formulation at small scales. 
This result is further discussed in the next section.

4. Discussion

The extension of fracture mechanics concepts to length scales at 
which the discrete nature of matter (i.e., atoms) becomes relevant re
mains a central challenge in solid mechanics.

In the present work, the J-integral has been studied from an atomistic 
perspective by using its energy-based definition rather than its classical 

Table 2 
Geometrical properties, boundary displacement, and external load at critical 
displacement for the crack length a and a + Δa; difference of potential energy 
and critical finite J-integral from MS simulations; the crack increment Δa is 
constant and equal to ≈0.33 nm (single atomic bond).

W (nm) a (nm) dc 

(nm)
σa 

(GPa)
σa+Δa 

(GPa)
ΔU (J) JAFM (J/ 

m2)

9.924 3.308 1.025 8.1773 7.8334
− 3.1883E- 

19 2.51

19.848 6.616 1.422 5.8386 5.7184
− 3.0655E- 

19 2.41

29.772 9.924 1.746 4.7706 4.7057
− 3.0671E- 

19 2.41

39.696 13.232 1.999 4.1402 4.0981
− 3.1507E- 

19 2.48

49.620 16.540 2.305 3.8348 3.8020
− 3.1895E- 

19 2.51

101.225 33.742 3.143 2.7488 2.7001
− 3.1436E- 

19 2.48

198.480 66.160 4.352 1.9042 1.9004
− 3.1814E- 

19 2.50

Fig. 3. Whole external (boundary) load vs. the boundary displacement for the 
sample W = 9.924 nm and the crack lengths a = 3.308 nm, a + Δa =
3.638; Δa≈0.33.

Fig. 4. Potential energy vs. the boundary displacement for the sample W =
9.924 nm and the crack lengths a = 3.308 nm, a + Δa = 3.638; Δa≈0.33.

Fig. 5. Critical (at failure) JAFM vs. sample width W; the dashed lines indicate 
the reference value for W = 198.480, and the scatter from this value (± 5%).

Table 3 
J-integral values evaluated via MS simulations and FEA.

W (nm) JAFM (J/m2) JFEA (J/m2)

9.924 2.51 2.78
19.848 2.41 2.67
29.772 2.41 2.68
39.696 2.48 2.64
49.62 2.51 2.8
101.225 2.48 2.48
198.48 2.5 2.52
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contour formulation. The proposed formulation is consistent with the 
classical energy interpretation of the J-integral as an energy release rate, 
since it is directly evaluated from the potential energy difference be
tween two equilibrium configurations with neighbouring crack lengths. 
The results clearly show that, when evaluated as a difference in potential 
energy associated with an elementary but finite crack advance, the 
critical J-integral remains essentially constant over a wide range of 
specimen sizes, from the macroscale down to a few nanometers. Despite 
the drastic reduction in the system size and number of atoms, the critical 
value converges to approximately 2.5 J/m2 as shown in Fig. 5. This 
result indicates that fracture is governed by atomic bond breaking and 
that the proposed discrete formulation captures the intrinsic fracture 
mechanism of ideally brittle silicon. This value is also consistent with 
Griffith-type energetic arguments when the appropriate crystallographic 
orientation is considered. In the present study, fracture occurs along the 
Si(111) cleavage plane. Literature surface energy, γ, values for Si(111) 
typically lie in the range of approximately 1.0–1.3 J/m2, depending on 
reconstruction and computational methodology [12,38]. According to 
Griffith's condition, i.e. Gc = 2γ, this range corresponds to a critical 
energy release rate of approximately 2.0–2.6 J/m2, in excellent agree
ment with the JAFM obtained here. By contrast, higher values reported 
for other orientations, such as Si(110) [14], reflect the larger surface 
energy of that plane rather than a discrepancy in fracture formulation. 
When the proper cleavage plane is accounted for, the present results are 
quantitatively consistent with Griffith's critical energy release rate.

These observations require a careful interpretation, particularly in 
relation to the discrete nature of the fracture process and the role of the 
crack length increment Δa in the proposed formulation. In the present 
framework, Δa is not introduced as a numerical or tunable parameter, 
but is directly grounded in the discrete nature of fracture in single- 
crystal silicon. As demonstrated in the given references, crack advance 
occurs through successive bond-breaking events [14], and Δa corre
sponds to the smallest physically admissible increment associated with 
this mechanism, i.e., one atomic bond length (≈ 0.33 nm). This has 
important consequences for the interpretation of the results. In contrast 
to conventional continuum or numerical formulations, where Δa may be 
varied to assess convergence, in the present context, it is tied to the 
definition of an elementary crack advance. Choosing a larger Δa would 
imply considering multiple bond-breaking events within a single incre
ment, which is no longer representative of the underlying fracture 
mechanism and departs from the definition adopted in this work. 
Conversely, smaller values are not physically admissible within the 
atomic structure. For this reason, a standard parametric sensitivity 
analysis with respect to Δa is not directly meaningful in the present 
context.

Although Δa≈0.33 nm is negligible at the macroscale, it becomes 
comparable to characteristic dimensions as the system size decreases. As 
a result, the assumption of an infinitesimal crack extension, implicit in 

continuum fracture mechanics, no longer holds. This reflects the loss of 
validity of the continuum formulation as the separation of scales is 
reduced. In this sense, the observed discrepancy does not reflect a failure 
of the J concept itself, but rather a breakdown of its continuum 
formulation when scale separation between crack advance, fracture 
process zone, and stress singularity length is lost.

To further clarify the physical origin of this breakdown, it is useful to 
investigate the spatial extent of the atomistic fracture-dominant zone. 
Fig. 7 compares the atomic displacement fields in the vicinity of the 
crack tip for both the largest and the smallest specimens. In detail, the 
atomic displacement at the onset of crack propagation, Δz, was evalu
ated along the crack plane as a function of the distance from the crack 
tip, using the unloaded configuration as a reference. Considering only 
the upper crack-plane atoms, Δz was normalized by its maximum value 
at the crack-tip atom. The resulting profiles for the smallest and largest 
samples show that the displacement rapidly decays with increasing 
distance from the crack tip and becomes negligible beyond a charac
teristic distance. This distance defines the fracture process zone length, 
Λf. Importantly, Λf is found to be essentially independent of specimen 
width. The estimated value of Λf (≈ 0.5 nm, see Fig. 7) is in good 
agreement with previously reported atomistic analyses of brittle fracture 
in silicon [10,14,16,18], which place the fracture-dominant zone within 
a few atomic spacings (on the order of 0.3–0.6 nm). This confirms that 
fracture at the nanoscale remains governed by a localized bond-breaking 
process whose spatial extent does not scale with specimen size. The fact 
that Λf is constant across scales further supports the interpretation that 
the critical J-integral obtained here reflects an intrinsic material prop
erty associated with atomic bond breaking, rather than a geometrical or 
structural size effect.

The transition from continuum to atomistic behavior can be further 
quantified by examining the consistency of the continuum J-integral 
across different specimen sizes. To this end, the J-integral values ob
tained from FEA are normalized with respect to the value corresponding 
to the largest specimen (see Fig. 6). For large specimen widths, the 
normalized values remain close to unity, indicating that the continuum 
formulation provides a consistent description of fracture. However, as 
the specimen width decreases below approximately 50 nm, a systematic 
deviation emerges and progressively increases with further size 
reduction.

This transition can be interpreted in relation to the ratio between the 
specimen width W and the characteristic fracture process zone size Λf ≈

0.5 nm. When W ≫ Λf, a clear separation of scales exists, and the con
tinuum formulation remains valid. As W decreases and this separation is 
progressively lost, deviations emerge, and the continuum J-integral 

Fig. 6. Normalized critical J-integral and schematic trend for FEA results.

Fig. 7. Upper atoms of crack plane displacement normalized by the maximum 
displacement at the crack-tip, for the largest and smallest samples.
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progressively loses its accuracy in describing fracture. In the present 
results, this transition occurs for W/Λf on the order of 102 (corre
sponding to W ≈ 50 nm), and becomes increasingly pronounced as this 
ratio further decreases. The consistency of the FEA results with respect 
to mesh refinement (see Supplementary Material) confirms that the 
observed deviation at small scales is not a numerical artifact.

This provides a direct physical interpretation of the underlying 
physical assumptions of fracture mechanics. The observed deviation of 
the continuum J-integral should be interpreted considering the loss of 
scale separation between the specimen size and the fracture process 
zone. In the present results, the atomistic J-integral and the fracture 
process zone remain constant, indicating that fracture is governed by an 
intrinsic material length scale (i.e., atomic bond). As the specimen size 
approaches this characteristic length, the assumptions underlying con
tinuum fracture mechanics are no longer satisfied. In this sense, the 
deviation of the continuum J-integral is not taken as evidence of 
breakdown per se, but as a consequence of the loss of validity of the 
continuum approximation.

The size range over which the continuum formulation ceases to be 
valid is consistent with previous studies addressing the breakdown of 
continuum fracture mechanics using alternative criteria such as stress 
intensity factor, energy release rate, and strain energy density 
[14,16,21,39]. These works have shown that continuum descriptions 
fail when the characteristic length associated with the crack-tip fields 
becomes comparable to the extent of the fracture process zone, i.e., 
when the required separation of scales is lost. Experimental evidence 
supporting this interpretation has also been reported, indicating that the 
breakdown is not an artifact of atomistic modeling but a fundamental 
physical limitation [40].

The present results confirm that the same physical limitation applies 
to the J-integral. Importantly, this conclusion is reached here through a 
purely energy-based formulation, without relying on the evaluation of 
stress fields, yet leading to a consistent identification of the transition 
regime. This reinforces the view that the breakdown is not specific to a 
particular fracture parameter, but is instead rooted in the fundamental 
assumptions underlying continuum mechanics.

Different fracture parameters also exhibit different sensitivities to 
how precisely the critical displacement is determined. Previous studies 
have shown that critical stress intensity factors extracted from virial 
stresses are often less sensitive to numerical resolution, whereas energy- 
based quantities such as J or G are more sensitive to discretization effects 
[20,41]. This behavior is consistent with the present findings and 
highlights the importance of carefully defining fracture criteria when 
transitioning from continuum to atomistic descriptions. The critical 
displacements obtained in the present simulations (Table 2) are in good 
agreement with those reported in previous works on silicon [10,18]. 
Minor discrepancies can be attributed to differences in strain resolution 
close to the onset of crack propagation. Such differences, however, 
cannot be used to assess which approach is more accurate. Each study is 
internally consistent with respect to its specific objective, whether it is 
the evaluation of the J-integral, the stress intensity factor, or other 
fracture parameters. Numerical resolution and modeling choices must 
therefore be evaluated in relation to the fracture quantity of interest, 
rather than through direct comparison of critical displacements alone.

In this context, the proposed finite J-integral formulation provides a 
simple and robust alternative to integration-based atomistic J-integral 
approaches, as it avoids the explicit reconstruction of local stress or 
displacement fields while retaining a clear physical meaning. Indeed, 
while explicit integration schemes and reconstruction of continuum-like 
fields at the atomic scale provide valuable insight and retain important 
properties such as path independence, the evaluation of local stresses 
and displacement could introduce an additional source of uncertainty. 
By contrast, the energy-difference formulation adopted here avoids 
these complexities and offers a straightforward and computationally 
efficient route to quantify fracture at the atomic scale.

Finally, some limitations of the present study should be 

acknowledged. The analysis is restricted to ideally brittle single-crystal 
silicon under mode I loading. While this allows for a clear interpreta
tion of the fundamental mechanisms governing ideal brittle fracture at 
the atomic scale, extension to more complex materials and loading 
conditions would be useful to assess the broader applicability of the 
proposed approach. In particular, for materials exhibiting more ductile 
behavior, the definition of a physically meaningful crack length incre
ment becomes less straightforward, as fracture involves distributed 
mechanisms such as plastic deformation, rather than a single bond- 
breaking event. Similarly, while the proposed formulation is not inher
ently restricted to mode I loading, its extension to mixed-mode condi
tions requires verification of the underlying fracture mechanisms and 
the associated crack advance at the atomic scale. Moreover, the MS 
analyses are conducted under 0 K conditions, enabling a clear identifi
cation of the energy associated with elementary crack advance; the in
fluence of thermal fluctuations is not considered here and is left for 
future investigation.

Nevertheless, the results demonstrate that the proposed finite, 
energy-based J-integral formulation provides a consistent and physically 
meaningful fracture criterion well beyond the limits of conventional 
continuum theories.

5. Conclusions

This work investigated the applicability of the J-integral as a fracture 
criterion at the atomic scale through a finite, energy-based formulation 
within molecular statistics simulations of single-crystal silicon. By 
defining the J-integral as the potential energy difference between two 
critically deformed configurations with neighbouring crack lengths, 
fracture behavior was consistently characterized from the macroscale 
down to nanometric dimensions.

The main conclusions are: 

• The atomistic finite J-integral JAFM remains essentially constant (2.5 
J/m2) over a wide range of specimen sizes, demonstrating scale in
dependence and confirming that brittle fracture in silicon is gov
erned by atomic bond breaking.

• The crack length increment Δa is defined as the smallest physically 
admissible crack advance (single bond-breaking event of ≈0.33 nm 
for single-crystal silicon), ensuring that the formulation is grounded 
in the underlying fracture mechanism rather than in a numerical 
parameter choice.

• The spatial extent of the fracture process zone, quantified through 
atomic displacement fields, is approximately constant (Λf ≈ 0.5 nm) 
and independent of specimen width. This confirms that fracture is 
controlled by a localized bond-breaking mechanism whose charac
teristic size does not scale with geometry.

• The loss of scale separation between significant quantities (e.g. 
fracture process zone, specimen width) rather than the failure of a 
specific fracture parameter, is the fundamental reason for the devi
ation of continuum predictions at the nanoscale.

• The conventional continuum formulation of the J-integral progres
sively deviates from the atomistic results as the specimen size de
creases and ultimately fails to characterize fracture at the nanoscale.

• The proposed finite difference formulation provides a simple, phys
ically transparent, and computationally efficient alternative to 
integration-based atomistic J-integral approaches, preserving a 
direct link between fracture energy and atomic bond breaking.
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