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Abstract: This study presents a novel fully non-stationary stochastic model for
simulation of synthetic arrays of ground motion. The model employs a modu-
lated and filtered white-noise process defined via spectral representation. This
study is an extension of and improvement upon the previous work of Rezaeian
and Der Kiureghian. The proposed model preserves the key advantage of sep-
arating the temporal and spectral non-stationary characteristics of the process,
thus simplifying the modeling and parameter estimation. Moreover, the spectral
representation used here allows added flexibility in the choice of the filter. Ad-
ditionally, we propose a novel non-parametric time-modulating function based
on a monotonic cubic interpolation and that has the following advantages: (i)
it is directly defined by physically meaningful parameters related to time inter-
vals of the buildup of Arias intensity of the recorded ground motion, thus sim-
plifying the fitting procedure; (ii) it allows for a more flexible range of shapes,
thereby accommodating multiple peaks. To ensure zero residual velocity and dis-
placement, a high-pass filter is applied according to the evolutionary theory of
Priestley. This, together with an energy correction factor, eliminates a bias on the
cumulative energy of the post-processed simulated motions, which is implicitly
present in most stochastic simulations of ground motion.

1 Introduction

There has been growing interest in modeling earthquake ground motions and in developing
methods for generation of synthetic ground motions, which can be used in performance-based
earthquake engineering in addition to or in place of recorded motions. Obviously, it is crucial
that such synthetic motions be realistic and have characteristics that are consistent with recorded
ground motions. In this paper, we propose a site-based stochastic ground motion model which
directly describes the ground motion time-series recorded at a site. Such models are attrac-
tive to design engineers because they are computationally-efficient, have simple formulations,
and only require readily available knowledge of the earthquake source and site characteristics
such as earthquake magnitude, source-to-site distance, shear-wave velocity of the site [8, 9]. Re-
cent examples of site-based stochastic ground motion models include the non-stationary filtered
white-noise model for far-field ground motions [8, 9], a wavelet-based model [13], and a multi-
modal non-stationary spectral model [12]. Model parameters in all three cases are estimated
by fitting to a database of recorded motions. These three models account for both temporal
and spectral non-stationarity, which is an important feature of earthquake ground motions. In
this paper, we develop a spectral-based parameterized stochastic model of broadband ground
motion. The model employs a modulated and filtered white-noise process defined via Evolu-



tionary Power Spectral Density (EPSD). For the time-modulating function, we propose a novel
non-parametric function based on a monotonic cubic spline interpolation. The spectral non-
stationarity is described by a time-frequency modulating function defined by four meaningful
engineering parameters, namely main frequency and bandwidth of the motion in the strong
phase, and their rates of change with respect to time. This study is an extension of and im-
provement upon the previous work of Rezaeian and Der Kiureghian [8, 9]. The proposed model
preserves the key advantage of separating the temporal and spectral non-stationary character-
istics of the process, thus simplifying the modeling and parameter estimation. Moreover, the
spectral representation used here allows added flexibility in the choice of the filter. To ensure
zero residual velocity and displacement, a high-pass filter is applied according to the evolution-
ary theory of Priestley [7]. This in conjunction with an energy correction factor eliminates a bias
on the cumulative energy of the post-processed simulated motions, which is implicitly present
in stochastic models of ground motion. The proposed model is fitted to recorded far-field ground
motions. Example synthetic motions are then generated using the fitted model parameters, and
are compared with the corresponding recorded motions.

2 Formulation of the ground motion model

Earthquakes are non-stationary in both the intensity and frequency content. The temporal non-
stationarity arises from the evolution of the ground acceleration intensity over time. Typically
for far-field motions (which are the focus of this study), the intensity increases from zero to a
nearly constant value during the “strong motion” phase, followed by a gradual decrease back to
zero. The spectral non-stationarity arises from the different arrival times of the seismic waves,
which depend on the wavelength and propagation speed. Typically, P waves dominate the initial
phase of the motion, and they are characterized by high-frequency content. These are followed
by § waves, which usually dominate the strong phase of the motion. Finally, surface waves
dominate the last phase of the motion, and they are characterized by low-frequency content.
Consequently, a typical earthquake time history is a mix of these waves, with predominant
frequency content that tends towards lower values with time.

In this study, we propose a site-based stochastic ground motion model which aims to represent,
separately, both the temporal and spectral non-stationarity. The model builds on a filtered white
noise process in the frequency domain; it can be seen as the frequency domain counterpart
of the time domain formulation proposed by [8]. As was done in [8], the proposed synthetic
ground motion model is defined in terms of a limited number of parameters. These parameters
describe important physical characteristics of the ground motion that are of interest for engi-
neering applications. The selected physical characteristics are related to duration, frequency
content characteristics, and cumulative energy of the acceleration ground motion. In this sec-
tion, we present the time and frequency modulated white noise model that is used to represent
the ground acceleration process. We start by formulating and discretizing the process in the fre-
quency domain. Then, we introduce: (1) the novel time-modulating function that describes the
temporal non-stationarity of the ground motion; and (ii) the evolutionary power spectral density
that describes the spectral non-stationarity of the ground motion.

2.1 Formulation and discretization in the frequency domain

A spectral representation of a zero-mean stationary stochastic process can be written as
X(t) = / e 47 (), (1)

where dZ(w) is a zero-mean complex valued incremental process, i.e. E[dZ(w)] = 0,
E[dZ(w)dZ" (y)] = 0 for @ # 7, and E[|dZ(®)|?] = Sgg(®)dw, where Sgx () is the two-



sided Power Spectral Density (PSD) of the process. If Sy (@) is discretized at equally spaced
frequencies, i.e. Sgx (@) = Y Sy (®)d|® — @], where o = kAw, and §[x] = 1 for x =0 and
0 otherwise, equation (1) can be approximately rewritten as [10, 11]

K
X(l‘) = Z Gk[uk sin(a)kt) + uK_|_kCOS((1)kt)], )
k=0

where u; and ug . are statistically independent standard normal random variables, and oy =
\/285 % (@)Aw. The process in (2) is periodic with period T = 27 /Aw, and it has a cut off
frequency Q = (K + 1)A®@. Moreover, it is a simple matter to show that E[X(¢)] = 0 and
E[X%(t)] = G}% = ZkK:() sz. Equation (2) can be used to simulate both stationary band-limited
white-noise processes by selecting Sgx (@) = S, or stationary band-limited colored-noise pro-
cesses by selecting Sy (®w) = A(®)Sp, where A(®) is a frequency modulating function. This
formulation can be extended to simulate weakly non-stationary excitations via Priestley’s evolu-
tionary theory of oscillating processes [7]. Specifically, Priestley defines a modulated oscillatory
process as

X(t) = / ZA(t, w)e "dZ(w), (3)

where A(f,®) is a time-frequency modulating function, and Sxx (t,®) = |A(t, ®)|*Szz (@) is
defined as the two-sided EPSD of the process. Selecting for convenience Sgy(®) = 1, equation
(2) can be rewritten as

K

X(t) =Y ox(t)[wsin(@xt) + ug i cos(ant)], “4)
k=0

where o (t) = \/2|A(t,a)k)|2Aa), Alt,0) = YAt 0)8[0 — ay], Sxx(t,®) = |A(t,®)|?, and
E[X?(t)] = o6}(t) = Y& ,02(t). Observe that a unit variance process with spectral non-
stationary is obtained by imposing

0, )

. (¢
A(r, 0)> = - :
2ZE:O|¢ tvwk)|2Aw

®)

where ¢(f,w) is a generic time-frequency modulating function, and ¢(r,®) =
Yi0(t,0)3[®w — ay]. A fully non-stationary process with separable time and frequency
non-stationarity can be obtained by selecting

A 2
Alr0)P = (0 PO ©®
Yio02l9 (1, @) *Aw
where ¢(t) is a time modulating function. Equation (4) with |A(z, )| defined as (6) completely
separates the spectral non-stationarity, which is completely defined by the modulating function
o (t,®), from the temporal non-stationarity which is completely defined by ¢(¢). Given this, it
is a simple matter to show that E[X?(¢)] = ¢*(t).

2.2 Formulation of the time-modulating function

In this study, the temporal non-stationarity of the process is defined by a non-parametric time
modulating function ¢(z). Several models for the parametric modulating function have been
proposed in the past (e.g. [2, 8, 9, 5, 12]). All these models are parameterized; the shape of the



evolution of the ground motion amplitude is constrained by the function selected. These func-
tions usually consider a single strong-motion phase preceded by a buildup phase and followed
by a decay phase. To account for multiple strong motion phases, more complex formulations
can be used but at the expense of a larger number of parameters. The parameters defining exist-
ing modulating functions do not all have straightforward physical interpretations (e.g., the rates
of buildup and decay of strong ground motion in [5, 8], or the parameters of the “gamma” mod-
ulating function in [2, 9]). Moreover, fitting them to recorded ground motions requires solving
an optimization problem. For example in [35, 8, 9], fitting is performed numerically by matching

the expected cumulative energy of the process (E [% foX*(r)dz =7% 0 g*(t)d7) with the cu-

mulative energy contained in the motion ( % I 12§7,ec(r)d 7 also known as its Husid plot) over

the duration of the ground motion. In [8], the integrated squared difference between the Husid
plot of the modulating function and that of the recorded motion is minimized. In [5, 9], the
two Husid plots are matched at a number of selected points equal to the number of modulating
function parameters. The fitted modulating function parameters are calculated numerically by
relating them to physically-based variables that describe the Husid plot.

In this study, the time-modulating function is directly defined by carefully selected physically
meaningful parameters that describe the buildup of cumulative Arias intensity of the ground
motion time series. Such a formulation simplifies the fitting procedure and allows for a more
flexible range of shapes including multiple peaks. Instead of modeling the modulating function
directly, we model the expected cumulative energy (or Husid plot) of the process, which is
equal to the cumulative energy of the modulating function. The cumulative energy of a ground
motion is a smooth, continuous, and monotonically increasing function. Therefore, we describe
the cumulative energy of the modulating function using a smooth, continuous and monotone
piecewise cubic interpolator or cubic Hermite spline [6]. This function can easily be fitted to
pass by any number of discrete points on the cumulative energy function of a recorded ground
motion. The first derivative of the function is continuous and corresponds to %qz(t).

2.3 Formulation of the time-varying frequency modulating function

In this study, the spectral non-stationarity of the process is defined by a parametric time-
frequency modulating function ¢(t,®;64). Within the class of parametric functions, differ-
ent choices can be made for selecting ¢ (¢, ;0 ). For instance in [2], Broccardo and Der Ki-
ureghian proposed a second order filter with time varying parameters, while Vlachos et al. [12]
proposed a mixture of Kanai-Tajimi filters with time varying parameters. In this short study, we
build on the study in[2] by selecting a second order filter, which essentially is the frequency-
domain counterpart of the time-domain filter used in [8]. In particular, we can write

0(1,0:0,()) = % &
ORI T (02(1) — 02)2 +- 48, ()2 @ (1) 20
where 0 (1) = [w,(1), C,(?)], and wg(¢) and C(¢) are the main frequency and the bandwidth of

the filter, respectively. We choose a simple linear model to describe the evolution of the model
parameters with time

g (1) = Opig + O (t — tyig), ®)

Co(t) = Gnia+ ' (t — tia). )

It follows that the complete set of model parameters describing the spectral evolution is
0y = [Omid, @', Gnig, §']. Observe that the stationary version of (7) (i.e. when the filter param-
eters are time invariant) is a differentiable (only once), but not integrable process. In fact, the
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Figure 1: a) Intermediate component of 1999 Hector Mine earthquake acceleration time series and fitted
non-parametric and gamma function. Station Anza - Pinyon Flat. NGA RSN 1763, b) Corresponding
cumulative energy

Power Spectral Density (PSD) has non-zero value at @ = 0. Non-integrability is also a prop-
erty of the more classical Kanai-Tajimi filter. To overcome this caveat in the stationary case,
Clough and Penzien [3] introduced a high-pass filter to enforce zero value of the PSD at @ = 0.
However, because (7) describes a non-stationary process (like any filter with time varying pa-
rameters), we apply the high-pass filter via Priestley’s evolutionary theory [7]; see Section 4.
This is shown to be convenient because the high-pass filter can also be used to ensure zero
velocity and displacement residuals.

3 Parameter identification

In this study, we focus only on fitting the proposed parametric stochastic model to a given
target ground motion. In this section, we describe the fitting procedure for estimating the model
parameters. We choose as target ground motion the intermediate component of the 1999 Hector
Mine earthquake recorded at station Station Anza - Pinyon Flat.; see Figure 1a). Since the time
non-stationarity is completely decoupled from the spectral non-stationarity, we first introduce
the fitting procedure for 6, followed by the fitting procedure for 6.

3.1 Identification of the parameters of the time modulating function

Let Iy ec(t) = % éii;rec(f)df be the cumulative energy contained in the recorded ground
motion, and let t,4, be the time at which z% of the total Arias intensity of the com-
ponent in question is reached. To overcome the arbitrariness in the start and end times
of a ground motion record, we define the start time #; = #9014 and the end time
Iy = t99.999%. We match the Husid plots of the modulating function and recorded mo-
tion at seven discrete times namely [y, t50,,130%, 45%, 175%, f95%, tr]. Within each inter-
val [Dy_59,D5930%, D30%—45% Da5%—75%, D75%—95% Dosas— ], where Dy_.q, = t,q, — tyg,, a
third-degree polynomial specified in terms of Hermite basis functions is fitted and constitutes
a piece of the cubic Hermite spline. The coefficients of these basis functions are the values
and first derivatives of the piecewise cubic function at the end points of the corresponding do-
main interval. The values of the function at the end points, I, ye(f;) and I, y.c(t,), are directly
specified. The derivatives are calculated using an algorithm proposed by [6] that yields a mono-
tone piecewise cubic interpolant. For more details, see [6]. The fitted cubic Hermite spline is
smoothed by a normalized Hann function with a time lag 3[s] to guarantee a higher differ-
entiability and to be consistent with Priestley’s evolutionary theory. Given the start time #; of a
recorded motion, the fitted and smoothed cumulative Arias function, ,(¢), is completely defined
by 68, = [lurec(tf), Ds—5%,D5%—30%> D30%—45% D45%—75%> D75%—95%, Dos%— |. The derivative
of the fitted cumulative Arias intensity gives 2_7;‘12 (t;04). Observe that 0, is not a set of param-



eters to be estimated, but rather a set of coefficients directly available from the Husid plot of
the target recorded ground motion. Figure 1a) shows the smoothed cubic Hermite spline (solid
line) that is fitted to the selected target motion. Observe that the proposed modulating function
is able to capture the two distinct strong motion phases, which is not possible when a “gamma’
modulating function [2, 9] is used (dashed line). The Husid plots of the recorded motion and of
the two fitted modulating functions are shown in Figure 1b).

3.2 Identification of the parameters of the time-variant frequency modulating
function

The set of parameters é¢ is estimated so that (])(t,a);é¢) “best fits” an empirical EPSD,
Sxx (tn, @) with n € [0,...N] and t, = nAt, estimated with a variation of the classical short-
time Fourier transform of the target ground motion. As suggested by [12], we use the short-
time Thomson’s multiple-window (STTMW) spectrum estimation technique introduced by [4].
Then, Sxx (t,, @) is normalized at each instant of time to obtain

10 (tn, @) |* = Sxx (tn, )

— S . (10)
22sz0 Sxx (l‘n, (!)k)A(I)

Equation (10) represents the EPSD estimation of a unit variance process, but with the same
spectral evolution of the target record. Moreover, equation (10) can be interpreted as an evolu-
tionary probability density function (since at each instant of time the area of the instantaneous
EPSD is one). At each t,, the set of parameters 8 (1) = [@,(t), G (¢)] is estimated as follow

K M/2

2
04(tn) = argmin Y é(tn,wk;éon))%(tn)—( Y n(m)é(rn+m,wk>)] , (D

0 (tn),90(tn) k=0 m=—M/2

where ¢(t,0;0, (1)) = L 9(t,0;04(¢))5[ — @], ¢o(t) is a scaling factor introduced only
for the optimization, (m) is a normalized (Y, 7(m) = 1) Hann window function, and M is an
even number. In this study, we select M such that (M + 1)Ar = 3[s]. We choose to perform the
optimization (11) with a weighted sum of neighboring spectra in order to guarantee a smooth
transition of the filter parameters. Finally, given the set of é(p(tn) we fit the parametric model
described in (8) and (9) using weighted least squares optimization,

L
[@ia, @] = [afg mif? Y witr) [@(11) — (@mia + @' (1 _tmid))}za (12)
Opig, O] 1=0
A A L 2 2
Goia: £ = g min 3. w(0) oltr) = (Guia+ €'t — twia)) | (13)
mids 6] 1=0

where fy = t59, and 17, = tysq,, and w(z;) is given by

q(t; éq)
L q(t;6,)

The optimization is performed over the interval Dsq, 959, to improve the accuracy of the fitting
at the strong shaking phase of the motion. Moreover, we handle the boundary intervals Dy sg,

and Dose,_ ; by imposing @ (1) = @ (#5¢,) and Co(t) = &y(t59,) for Dy_sg;, and @y (1) = @y (1959,)
and (, (1) = {,(t959) for Dosg, ¢. This eliminates undesired and unphysical estimation of the

w(t;) = (14)
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Figure 2: a) Empirical EPSD estimated via STTMW, b) Fitting procedure for @, (t)

filter parameters outside the Dsg, 959, interval. Figure 2 shows the estimated filter parameters
for the target ground motion. Observe that we smooth the final version of @,(¢) and fg (1) to
avoid abrupt changes in the spectrum. Finally, we combine ¢ (7, ®; éq)) with ¢(z, @q) to obtain
the EPSD Sxx (t,®) = |A(®,)|* from equation (6). Figure 3 a) shows Sxx (¢, ®) for the given
target motion.

4 Definition of the complete Evolutionary Power Spectral Density

Using the process X (¢) defined in equation (4) with the EPSD of equation (6) to represent a
ground acceleration process has two drawbacks. First, the process is not integrable because
Sxx(¢,0) # 0; second, realizations of this process have non-zero residual velocity and dis-
placement. Generally, to overcome the first problem a high-pass filter is applied to ¢ (7, ®), i.e.
|H(»)[>¢(t, ) [2, 12], as suggested by Clough and Penzien [3] for stationary processes. The
second problem is solved either by applying a second high-pass filter to each of the simulated
realizations of the process, or by base-line correction [1]. In this study, we apply a single high-
pass filter directly to the EPSD of the process, Sxx (¢, ), using the Priestley evolutionary theory.
In particular, we apply a critically damped filter as used in [8]. Let x(¢) be a realization of X ()
and let h(t; wy) = wa sin(@yt) be the impulse response function of a critically damped oscilla-
tor, where @y is the cut off frequency. Then, the ground displacement time series is obtained as
ug(t) = h(t; wr) *x(t) (where x denotes convolution for # € [0, 4-00)), the velocity time series as
lig(t), and the acceleration time series as iig(t). In this study, instead of applying the filter to each
time series x(¢), we derive the EPSD of the displacement process as Sy,u, (t, ®) = [M(t, ®)|,
where

M(t,0) = /O A =7, @) h(T: )@ d. (15)

The EPSD Sy,u,(t,®) can be used directly to simulate u,(¢), by using equation (4) with

ox(t) = \/ 2Sy,u, (¢, @k )A®, and consequently iig(¢) and iig(¢) by differentiation. Observe that

this procedure yields an acceleration process that is twice integrable and with zero residual
velocity and displacement. Moreover, applying the filter as in (15) is computationally more effi-
cient because the filter is applied once, and the complete set of time series [iig(t), tg(), ug(t)] is
given by differentiation rather than integration. It can be shown that the EPSDs of the velocity
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Figure 3: a) Sxx(t, ®), and b) Sy y (1, ©)

and acceleration processes can be written as

S0, (1:0) = |M(1, ) +ioM(t,0)[*, (16)

Su,0, (1, @) = |M(1, ) + 2i0M (1, ©) — 0*M(1, @) *. (17)

It is clear that although similar, Sy ;7. (t,0) # Sxx(t, ). In fact, the high pass filter eliminates
part of the low frequency content of the process. As shown in Figure 3, this does not affect
the predominant frequency content of the process; however, it does affect the energy content.
In fact, the exclusion of the low-frequencies decreases the total energy of the process. This
effect can be seen in Figure 4a), where the mean cumulative energy of the simulated process
is lower that the target motion. This energy bias is inherently present in all synthetic ground
motions which are either filtered or base-line corrected. To account for this effect, we introduce
an energy correction factor, K, defined as follow

Ko La(ty) _ (18)

1
Of ZkK:O ZSUgUg (l‘, (Dk)A(D

Then, we can define the energy consistent EPSDs as Sp, (t,0) = KSy,u,(t, 0), S;, , (t,0) =
8¥8

KSy,y, (t,0), and S, , (1, 0) = KSy,0, (t,). Figure 4b) shows the energy consistent simula-

tions, while Figure 4c) shows a simulated ground motion versus the target motion.

Conclusion

A novel fully non-stationary stochastic model for simulation of synthetic arrays of ground mo-
tions has been developed. The model is formulated in the frequency domain and in terms of
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seven time modulating parameters and four frequency parameters. As its earlier time-domain
counterparts [8, 9], the proposed model has separate temporal and spectral non-stationarity
characteristics. In the current model, we propose a novel time-modulating function based on
a monotonic cubic interpolator. This modulating function is completely defined by the Arias
intensity intervals, which are of great importance for engineering applications. The new model
accommodates a broader range of shapes and it is completely defined without any optimization
procedure. The spectral non-stationarity is obtained by a second-order filter with time-varying
parameters. The model is fitted to a normalized empirical evolutionary power spectral density,
estimated via short-time Thomson’s multiple-window spectrum estimation. A high-pass filter
is applied via Priestley’s evolutionary theory. It is shown that this procedure guarantees both
integrability of the acceleration process and zero residual velocity and displacement. Finally,
an energy correction factor is introduced to eliminate a bias in the cumulative Arias intensity.
Such bias is inherently present in all stochastic models for generating ground motions that rely
on high-passed filtering.
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