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MANIFOLDS WITH TWO PROJECTIVE BUNDLE

STRUCTURES

GIANLUCA OCCHETTA, ELEONORA A. ROMANO, AND LUIS E. SOLÁ CONDE

Abstract. In this paper we classify varieties of Picard number two having two

projective bundle structures of any relative dimension, under the assumption
that these structures are mutually uniform. As an application we prove the

Campana–Peternell conjecture for varieties of Picard number one admitting

C∗-actions of a certain kind.

1. Introduction

Within the class of smooth complex projective varieties, having a projective bun-
dle structure is an uncommon property (see [1]). As a consequence, one does not
expect to find many varieties of low Picard number having more than one of these
structures. Besides the trivial constructions (products), the standard example is
the projectivization of the tangent bundle of Pn, whose second contraction is a
Pn−1-bundle over Pn∨. Looking at this example from the point of view of Rep-
resentation Theory, one may easily construct other examples of the kind among
rational homogeneous varieties. Apart of them, only one example is known, and
it supports a large group of automorphism (see [8]). More generally, one expects
the interplay among the different structures of projective bundle to be the cause
of the existence of automorphisms of the variety. This feature is well understood
in the case in which these structures have relative dimension one and there are as
many as the Picard number of the variety ([15, 16]); the case of projective bundle
structures of higher relative dimension is, to our best knowledge, still unexplored.

Nevertheless, even the simplest case of varieties of Picard number two having
two projective bundle structures appears naturally in different situations. In the
setup of Projective Geometry, we find them in the problem of classifying smooth
projective subvarieties X ⊂ PN having smooth dual (see [2]). Within Birational
Geometry, they appear as the exceptional divisors of simple K-equivalent maps (cf.
[7]), a class containing Mukai flops. Classification results for manifolds with two
projective bundle structures could be useful in the study of this type of maps.

In this paper we will consider the problem of classifying varieties of Picard num-
ber two having two projective bundle structures which are mutually uniform. This
means that the pullback of one of the structures to a line in a fiber of the other is
independent of the chosen line. The tight relation of uniformity with homogeneity
is well documented in the literature (see [12] and the references therein), and in our
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setting allows us to prove the main result of this paper (Theorem 3.2), stating that
a variety satisfying the above conditions is homogeneous. We observe here that the
result is not true without the uniformity assumption: the smooth 5-dimensional
quadric admits a P2-bundle whose second contraction is a P2-bundle (cf. [8, 17]).

Finally, in Theorem 5.4, we present an application of our result in the framework
of Campana–Peternell Conjecture, which states that a smooth Fano variety with nef
tangent bundle is homogeneous. Recently, Li (cf. [10]) has shown that horospherical
varieties with nef tangent bundle are homogeneous; after reducing to the main case
of horospherical varieties of Picard number one, the author uses the classification
due to Pasquier (see [18]), and shows that none of the non homogeneous examples
has nef tangent bundle. Horospherical varieties of Picard number one admit a C∗-
action of bandwidth one (the bandwidth of an action is a measure of its complexity,
see Definition 5.1). Using our main result we deduce Theorem 5.4, which states
that smooth varieties of Picard number one with nef tangent bundle admitting a
C∗-action of bandwidth one are rational homogeneous.

Outline: We start the paper with some background material (Section 2) on rational
homogeneous varieties and bundles. We recall the definition of tag of a flag bundle
on the projective line, a concept that allows us to talk about uniformity of rational
homogeneous bundles. We finish the section by recalling the concept of nesting
of a rational homogeneous bundle, and a result about them, that we will use in
our proof to detect symplectic structures on projective bundles. In Section 3 we
state our Main Theorem and present the notation we will use along its proof. We
prove the Theorem in Section 4; starting with some preliminary results, we show in
Section 4.2 how to construct a variety dominating our initial variety Y , and having
as many P1-bundle structures as its Picard number. Then by [16, Theorem A.1]
this is a flag manifold, and the homogeneity of Y follows. Finally, Section 5 is
devoted to the application to the Campana–Peternell conjecture mentioned above.

2. Preliminaries

Throughout the paper we will work with complex projective varieties. We denote
by ρX := dim N1(X) = dim N1(X) the Picard number of X. Given a vector bundle
E on a variety X, P(E) denotes the Grothendieck’s projectivization of E , that is
Proj(

⊕
m≥0 S

mE).

2.1. Notation on rational homogeneous varieties. We introduce some nota-
tion regarding semisimple algebraic groups and their projective quotients; we refer
to [4, 5] for details on this topic. Along the paper G will denote a semisimple al-
gebraic group, B a Borel subgroup B ⊂ G, and H a Cartan subgroup H ⊂ B (i.e.,
a maximal torus contained in B). The torus H determines a root system Φ, whose
Weyl group W is isomorphic to the quotient N(H)/H of the normalizer N(H) of H
in G. Within Φ, B determines a base of positive simple roots ∆ = {αi, i = 1, . . . , n}
whose associated reflections we denote by si. Let D be the Dynkin diagram whose
set of nodes is ∆. When G is simple, the nodes of the Dynkin diagram will be
numbered as in the standard reference [6, p. 58] and we will identify each node
αi ∈ ∆ with the corresponding index i.

For every nonempty subset I ⊂ ∆, denoting by Ic its complement ∆\ I, we may
consider a parabolic subgroup P (Ic) defined as P (Ic) := BW (Ic)B, where W (Ic) ⊂
W is the subgroup of W generated by the reflections si, i ∈ Ic. Quotienting
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by the subgroups P (Ic) we obtain the rational homogeneous varieties G/P (Ic)
(cf. [4, § 23.3]), so that an inclusion I ⊂ J ⊂ ∆ provides a smooth contraction
G/P (Jc) → G/P (Ic). Given I ⊂ ∆ it is standard to represent G/P (Ic) by the
Dynkin diagram D marked on the nodes I. For this reason, and in order to have a
unified notation within the class of rational homogeneous varieties, we will set:

D(I) := G/P (Ic).

The variety G/B = D(∆) is called the complete flag manifold associated to G.

2.2. Generalities on flag bundles.

Definition 2.1. LetX be a complex smooth projective variety, andG be a semisim-
ple group with Dynkin diagram D. A rational homogeneous bundle (or G/P -bundle)
p : Y → X is a smooth morphism whose fibers are isomorphic to G/P , where P is
a parabolic subgroup of G. If P = B is a Borel subgroup of G, we say that p is a
flag bundle of type D (also called D-bundle, or G/B-bundle).

Throughout the paper we will be mostly interested in the case in which X is
rationally connected and, in particular, simply connected. It then follows that a
G/P -bundle p : Y → X is completely determined by a cocycle θ ∈ H1(X,Gad),
where Gad is the adjoint group of the Lie algebra g of G. Since G/P can be seen
as a quotient of Gad, it is harmless to assume that G = Gad (see [12, Section 2] for
details). Moreover, if E → X is the G-principal bundle defined by the cocycle θ,
the G/P -bundle p : Y → X will be isomorphic to:

E ×G G/P := (E ×G/P )/ ∼, (e, gP ) ∼ (eh, h−1gP ), ∀h ∈ G.
In a similar way, for every I ⊂ ∆ we construct a D(I)-bundle denoted by πI :
Y(I) := E ×G D(I)→ X. Note that this notation is slightly different from the one
used in [12], where the D(I)-bundle Y(I) is denoted by Y∆\I .

In particular, setting π := π∆, Y := Y(∆), we get a flag bundle π : Y → X,
whose projection factors by πI , for every I ⊂ ∆:

Y

π

((
ρIc
// Y(I)

πI

// X

Note that ρIc is a flag bundle over Y(I), with fibers isomorphic to DIc(Ic), where
DIc is the Dynkin subdiagram of D supported on the set of nodes Ic.

Definition 2.2. Given a subgroup G′ ⊂ G, and a flag bundle π : Y → X as above,
we say that π reduces to G′ if the cocycle θ ∈ H1(X,G) defining π belongs to the
image of the natural map H1(X,G′)→ H1(X,G).

We will be mostly interested in the case in which G′ is semisimple, so that θ
defines a flag bundle π′ : Y ′ → X, where Y ′ is contained in Y.

Example 2.3. In the case in which π is a flag bundle of type Ar, with r odd,
saying that π reduces to PSp(r + 1) ⊂ PGl(r + 1) is equivalent to say that the
Pr-bundle π1 : Y(1) → X supports a relative contact structure, so that Y ′ is the
subvariety Y ′ ⊂ Y parametrizing flags in the Pr’s, isotropic with respect to the
contact structure. In this case Y ′ is a flag bundle of type C(r+1)/2.

Definition 2.4. A flag bundle π : Y → X is called diagonalizable if its defining co-
cycle θ ∈ H1(X,G) belongs to the image of the natural map H1(X,H)→ H1(X,G),
where H ⊂ G denotes a Cartan subgroup.
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The next statement provides a geometric criterion for the diagonalizability of
flag bundles (cf. [12, Corollary 3.10]).

Proposition 2.5. Let π : Y → X be a flag bundle, and assume that X is a Fano
manifold of Picard number one. Then π is diagonalizable if and only if it admits a
section.

2.3. Flag bundles on P1. The case of flag bundles on the projective line P1 is
particularly simple. In fact, following [12, Section 4], any G/B-bundle π : Y → P1

is completely determined by the Dynkin diagram D of G, together with a map
δ : ∆ → Z, sending i to di = Ki · Γ0, being Ki the relative canonical of the
elementary contraction ρi : Y → Y(ic) := Y({i}c) with i ∈ ∆, and Γ0 a minimal
section of π, i.e., a section without deformations with a point fixed. Such δ is
called tag of π. When an ordering on ∆ is given, we will denote δ by the n-tuple
(d1, . . . , dn).

Example 2.6. In the case of a G/B-bundle of type Ar over P1, obtained as the
complete flag bundle associated to a vector bundle

⊕r
i=0OP1(ai) with a0 ≤ · · · ≤ ar,

the tag of the G/B-bundle is (a1 − a0, . . . , ar − ar−1), when ordering the nodes of
Ar from left to right:

Ar

a1−a0 a2−a1 a3−a2 ar−1−ar−2 ar−ar−1

Later on we will make use of the following two statements:

Lemma 2.7. Let π : Y → P1 be a D-bundle, with tag δ : ∆→ Z. Let s : P1 → Y(I)
be a minimal section. The tag of the DIc-bundle s∗Y := Y ×Y(I) P1 is δ|Ic .

Proof. A minimal section of s∗Y over P1 maps via the natural inclusion ι : s∗Y ↪→ Y
to a minimal section of Y over P1. The tag of s∗Y is given by the intersections of
the relative canonical line bundles Ki, i ∈ Ic, of the elementary contractions of s∗Y
over P1. Since these relative canonicals are the pullbacks via ι of the corresponding
relative canonicals of Y over P1, the result follows.

Lemma 2.8. Let π : Y → P1 and π′ : Y ′ → P1 be flag bundles, with Dynkin
diagrams D and D′, having nodes indexed by ∆ and ∆′, and tags δ, δ′. Set I0 :=
{i ∈ ∆ | δ(i) = 0}, I ′0 := {i ∈ ∆′ | δ′(i) = 0}, N ′ := I ′c0 , and let J be a subset of
I0. Assume that there exists a commutative diagram

Y(J)

πJ %%

s // Y ′(N ′)

π′
N′xx

P1

such that the image of a minimal section of πJ is the minimal section of π′N ′ . Then
s is relatively constant.

Proof. It is enough to prove that the composition of s with the natural projection
ρJc : Y → Y(J) is relatively constant over P1. Denoting by Γk the fibers of the
elementary contractions ρk of Y over P1, we are left to show that s ◦ ρJc contracts
all the curves Γk, k ∈ J .

Given k ∈ J , denoting by Γ a minimal section of π : Y → P1, the hypothesis
δ(k) = 0 tells us that ρ−1

k (ρk(Γ)) ' Γ × Γk ⊂ Y, and the fibers of the projection
Γ×Γk → Γk are minimal sections of Y over P1. Since we are assuming that s maps
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minimal sections of πJ to the minimal section of π′N ′ , it follows that ρ−1
k (ρk(Γ))

gets contracted by s ◦ ρJc to the unique minimal section of π′N ′ : Y ′(N ′)→ P1. In
other words, s ◦ ρJc contracts Γk to a point.

2.4. Uniform flag bundles. In this section we focus on another property re-
lated to flag bundles, which is the uniformity. We refer to [12, Section 5] for
further details. A family of rational curves M on X is an irreducible subvariety
M ⊂ RatCurvesn(X) with universal family p : U → M, and evaluation morphism
ev : U → X. Note that we do not require M to be a complete family, i.e., an
irreducible component of RatCurvesn(X). A family of rational curves is called
dominating if the evaluation ev is dominating, and unsplit if M is proper.

If M is a family of rational curves as above, and π : Y → X is a G/B-bundle,
then the fiber product ev∗Y = Y ×X U has a natural structure of G/B-bundle over
U (cf. [12, Section 2.1]), which by abuse we continue to denote by π:

ev∗Y

π

��

// Y

π

��
U

q
// X

For every rational curve C = p−1(z) ⊂ U the pullback of the G/B-bundle ev∗Y
to C is determined by its tag δC(Y) = (d1, . . . , dn) on the Dynkin diagram of the
group G. Hence it make sense to give the following definition:

Definition 2.9. Let X be a complex smooth projective variety with a dominating
family M of rational curves. We say that a G/B-bundle π : Y → X is uniform
with respect to M if the tag δC(Y) does not depend on the chosen curve C ∈ M.
In this case, the tag of π will be denoted by δ(Y) or simply by δ. Moreover, a
rational homogeneous bundle Y → X is said to be uniform with respect to M if
the associated complete flag bundle is uniform.

The following statement characterizes trivial flag bundles by their tags:

Theorem 2.10 ([12, Theorem 5.5]). Let X be a manifold which is rationally chain
connected with respect to M1, . . . ,Ms, unsplit families of rational curves, and π :
Y → X a G/B bundle over X. Assume that for every rational curve Ci ∈ Mi we
have δCi

(Y) = (0, . . . , 0). Then Y ∼= X ×G/B is trivial.

Let π : Y → X be a G/B-bundle, uniform with respect to an unsplit dominating
family M of rational curves, with tag δ. We set

(1) I0 := {i ∈ ∆| δ(i) = 0} ⊂ ∆, N := Ic0 ⊂ ∆

and denote by F ' DI0(I0) the fiber of ρI0 : Y → Y(N). Then over every ra-
tional curve C of the family M we have a well defined trivial proper subflag
F×C ⊂ π−1(C). This subflag determines a section of the restriction of the pullback
ev∗Y(N) → U to C, for every C, and one may then prove (cf. [12, Section 6.1])
that all these sections glue together into a section:

Lemma 2.11. Let X be smooth projective variety, dominated by an unsplit family
M of rational curves, with evaluation ev : U → X. Let π : Y → X be a flag bundle,
uniform with respect to M. Then there exists a morphism

(2) s0 : U → Y(N),
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such that πN ◦ s0 = ev, sending a fiber ` of U →M to the unique minimal section
of the pullback of πN : Y(N)→ X to `.

The following statement is a diagonalizability criterion for uniform flag bundles,
that can be read in [12, Corollary 6.5].

Proposition 2.12. Let X be a Fano manifold of Picard number one, π : Y → X
be a G/B-bundle over X, uniform with respect to an unsplit and dominating family
M of rational curves in X, and let I0, N be as in (1). Assume that the section
s0 : U → Y(N) factors via q : U → X. Then π is diagonalizable.

2.5. Nestings. Later on we will use some results on sections of the natural pro-
jections of rational homogeneous bundles, called nestings; see [11] for details.

Definition 2.13. Given a Dynkin diagram D and two disjoint nonempty sets of
nodes I, J of D, a nesting of type (D, I, J) is a section of the contraction D(I∪J)→
D(I). Given a flag bundle Y → X of type D, a nesting of type (Y, I, J) is a section
of the contraction Y(I ∪ J)→ Y(I).

The results obtained in [11] essentially say that this kind of maps are very rare.
In this paper we will only make use of them in the case of bundles of type A, as
summarized in the following statement:

Proposition 2.14. Let π : Y → X be a flag bundle of type Ar on a smooth pro-
jective variety X, uniform with respect to an unsplit dominating family of rational
curves M, with tag δ = (d1, . . . , dr), and admitting a nesting of type (Y, I, J).
Then r is odd, I ∪ J = {1, r}, and di = dr+1−i for all i. Moreover Y reduces to
PSp(r + 1), and the associated flag bundle of type C(r+1)/2 is uniform with respect
to M with tag (d1, . . . , d(r+1)/2).

Proof. Restricting the nesting to fibers over points of X, and using [11, Theorem
1.1], we get that r is odd and that, up to reverting the order of the nodes of Ar,
I = {1}, J = {r}. By [11, Corollary 3.9, Proposition 4.3], the bundle reduces to
PSp(r + 1) and, applying [11, Proposition 4.11], the tag δ is symmetric. The last
observation follows by the definition of tag.

3. Setup

Let Y be a smooth projective variety of Picard number two which admits two
projective bundle structures p± : Y → X± of relative dimensions r± := dimY −
dimX±. They define two complete flag bundles (of type Ar+ , Ar− , respectively)
over X+ and X−; we denote them by Y+,Y−:

Y−

''

��

Y+

ww

��
Yp−

ww
p+

''
X− X+

We denote by M+ the family of lines in the fibers of p+, with universal family
ev+ : U+ → Y . We can think of M+ as a dominating unsplit family of rational
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curves in X−, which is not in general a complete family:

U+

��

ev+ // Y
p− //

p+
��

X−

M+
// X+

The map ev+ : U+ → Y is a Pr+−1 bundle, given by the projectivization of the
relative cotangent bundle of Y → X+, and the composition p+ ◦ ev+ : U+ → X+ is
a partial flag bundle (of points and lines on the fibers of p+), that can be obtained
as a contraction of Y+. The same holds for the family U− → M− of lines in the
fibers of p−, with evaluation map ev− : U− → Y .

Assumption 3.1. In the sequel we will assume that p− : Y → X− (resp. p+) is
uniform with respect to the curves of M+ (resp. M−). We will say that p+ and
p− are mutually uniform.

We will denote by δ− the tag of the flag bundle Y− → X− with respect to the
family M+, and set I0− := {j ∈ ∆−| δ−(j) = 0} ⊂ ∆−, N− := Ic0−, where ∆−
denotes the set of nodes of the Dynkin diagram Ar− . The unmarking of the nodes
of I0− defines a factorization of Y− → X− via the rational homogeneous bundle
Y−(N−)→ X−. In the same way we define δ+, ∆+, I0+, and N+.

Theorem 3.2 (Main Theorem). Let Y be a smooth projective variety with ρY = 2,
supporting two mutually uniform projective bundle structures. Then Y is rational
homogeneous.

Remark 3.3. With the notation introduced in Section 2.1, one may check that
the list of varieties satisfying the assumptions of the Theorem is:

An(1, n), n ≥ 2; An(r, r + 1), n ≥ 2, r < n; B3(1, 3); Bn(n− 1, n), n ≥ 2;

Cn(r, r + 1), n ≥ 2, r < n; Dn(n− 1, n), n ≥ 4; F4(2, 3); G2(1, 2).

SinceM− is an unsplit dominating family of rational curves in X+ with respect
to which p+ is uniform, by Lemma 2.11, there exists a morphism s0− : U− →
Y+(N+) over X+; analogously, we obtain a morphism s0+ : U+ → Y−(N−). The
above maps fit in the following commutative diagram:

Y−

��

// Y−(N−) Y+(N+) Y+

��

oo

M− U−

��

oo
ev−

//
s0−

33

Y

p−
tt

p+
**

U+

s0+

kk

��

//
ev+

oo M+

X− X+

In the case in which δ+(1) 6= 0, the natural projection Y+(N+) → X+ factors
via Y . The next statement shows that if δ+(1) = 0 then the section s0− can be
lifted to a bundle Y+(I) dominating Y+(N+) and Y .
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Lemma 3.4. Assume that δ+(1) = 0. Set I := N+ ∪ {1}. Then there exists a
morphism f : U− → Y+(I) fitting in the following commutative diagram:

(3) Y+(N+)

''
U−

s0− 11

ev− ..

f // Y+(I)

66

))

X+

Y
p+

66

where the unlabelled maps are natural projections of rational homogeneous bundles
over X+.

Proof. We may consider U− as a family of rational curves in Y , and the Ar+−1-
bundle Y+ → Y , obtained as a factorization of the Ar+ -bundle Y+ → X+. By
Lemma 2.7, numbering the nodes of Ar+−1 from 2 to r+, the set of indices for which
the tag of Y+ → Y on the curves of U− is zero is equal to I. Then Lemma 2.11
tells us that there exists a map f : U− → Y+(I) commuting with the projections
onto Y . On the other hand we have a projection Y+(I)→ Y+(N+); since f sends
a curve of M− to the minimal section of Y+(I) → X+ over it, and s0− sends a
curve of M− to the minimal section of Y+(N+) → X+ over it, it follows that the
map f makes the diagram (3) commutative.

4. Proof of the Main Theorem

In this section we will prove Theorem 3.2. We will start by introducing some
preliminary results.

4.1. Some preliminary results. We start with two lemmas regarding projective
bundles.

Lemma 4.1. Let X be a smooth projective variety of Picard number one. If p :
Y → X is a diagonalizable Pr-bundle, then Y has a second fiber type contraction
q : Y → Z if and only if p is trivial.

Proof. Let L be the ample generator of Pic(X), and denote by OX(k) the line
bundle L⊗k. We can write Y = P(E) with E '

⊕r
i=0OX(ai) and 0 = a0 ≤ a1 ≤

· · · ≤ ar. The vector bundle E is nef but not ample, hence its tautological line
bundle ξ is nef but not ample, and it is a supporting divisor for q. If ar > 0 then we
consider the effective divisor P(

⊕r−1
i=0 OX(ai)) ⊂ P(E), which is linearly equivalent

to ξ⊗p∗OX(−ar). This divisor is negative on all the curves contracted by q, which
are thus contained in it, so q cannot be of fiber type.

Lemma 4.2. Let E '
⊕s

i=1OPr (ai) be a non trivial bundle of rank s ≥ 2 on Pr.
Then every morphism over Pr from P(E) to P(TPr ) is constant over Pr.

Proof. Assume that φ : P(E) → P(TPr ) is such a morphism. Composing with the
second projection p2 : P(TPr ) → Pr∨ we would obtain that P(E) has a fiber type
contraction onto a subset of Pr∨. By Lemma 4.1, the composition p2 ◦ φ : P(E) →
Pr∨ factors through the natural projection P(E)→ Pr.

As a consequence of Lemma 4.1, we obtain the following statement, that allows
us to reduce the proof of Theorem 3.2 to the case in which the two projective bundle
structures are not diagonalizable:
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Proposition 4.3. In the above setting, the bundles Y± → X± are not diagonaliz-
able, unless Y = Pr+ × Pr− .

Proof. If, for instance, Y− → X− is diagonalizable, then the existence of the (fiber
type) contraction Y → X+ implies, by Lemma 4.1, that Y ' Pr− ×X−. Moreover,
since X− has Picard number one, the fact that Y ' Pr− ×X− is a Pr+ -bundle over
X+ tells us that Y ' Pr− × Pr+ .

Lemma 4.4. Let p : Y → X be a Pr-bundle. Let π : Y → Y be a G/B-bundle,
whose tag is trivial on the lines in the fibers of p. Then p lifts to Y, i.e., there exists
a smooth variety X fitting in a commutative diagram

Y
π
��

p // X

��
Y

p
// X

such that p is a Pr-bundle.

Proof. Given a fiber Pr of p, since the tag of the flag bundle π−1(Pr)→ Pr on the
lines of Pr is equal to zero, by Theorem 2.10 we obtain that π−1(Pr) ' G/B × Pr,
so p◦π is a (G/B×Pr)-bundle. Then the projection p2 : G/B×Pr → G/B extends
to a contraction p : Y → X, that coincides with p2 fiberwise over X.

Proposition 4.5. Let Y be a smooth projective variety supporting two mutually
uniform projective bundle structures. With the notation of Section 3, assume further
that r− = 1. Then, either

(1) δ+ = (d, 0, . . . , 0) for some d ≥ 0, or
(2) δ+ = (d, 0, . . . , 0, d) for some d > 0, Y → X+ is not diagonalizable, r+

is odd, p+ reduces to PSp(r+ + 1) and the associated flag bundle of type
C(r++1)/2 is uniform with respect to M−, with tag (d, 0, . . . , 0).

Proof. Assume first that ρY = 2. Since r− = 1 then U− = Y and M− = X−; in
particular we have a map s0− : Y → Y+(N+) over X+.

The map s0− sends a fiber ` of Y → X− to a minimal section of Y+(N+)→ X+

over p+(`); the fiber ` is a minimal section of Y → X+ over p+(`), so s0− sends
minimal sections (over curves of the family M−) to minimal sections.

If δ+(1) = 0 we are in the hypothesis of Lemma 2.8, and s0− is relatively constant
over the curves of M−. Since M− is a dominating family, s0− : Y → Y+(N+) is
relatively constant over X+, thus s0− factors via a section s′0− : X+ → Y+(N+).
Applying Proposition 2.12, we obtain that Y → X+ is diagonalizable, so Y '
P1 × Pr+ by Proposition 4.3 and the tag δ+ is trivial.

In this case in which δ+(1) > 0 we have a map Y+(N+) → Y , for which s0− is
a section. If N+ = {1} we are in case (1); otherwise the map Y+(N+)→ Y is not
an isomorphism, and s0− gives a nesting (Y+, 1, N+ \{1}). Using Proposition 2.14,
we get the case (2).

Assume now that ρY > 2. The families M−, M+ define a proper prerela-
tion in the sense of [9, Definition IV.4.6]; to these prerelations one can associate
a proper proalgebraic relation Chain(U−,U+) (see [9, Theorem IV.4.8]); we denote
by 〈U−,U+〉 the set-theoretic relation associated with Chain(U−,U+) . By [9, The-
orem IV.4.6] there exists an open subvariety Y ◦ ⊂ Y and a proper morphism with
connected fibers π : Y ◦ → Z◦ whose fibers are equivalence classes of 〈U−,U+〉.
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In particular a general fiber F of π is smooth and ρF = 2, since M± are unsplit
families (see, for instance [13, Proposition 3]). The restrictions of p± to F are Pr± -
bundles, and we apply the first part of the proof to get that either δ+ = (d, 0, . . . , 0),
d ≥ 0, or δ+ = (d, 0, . . . , 0, d), with d > 0. In the second case we have a contraction
Y+(N+)→ Y , for which the map s0− : Y → Y+(N+) is a section, and we conclude,
as in the case ρY = 2, by Proposition 2.14.

Corollary 4.6. Let Y+ be a smooth projective variety which admits a projective
bundle structure p : Y+ → X and a flag bundle structure π+ : Y+ → X+ of type D+

on a smooth variety X+ of Picard number one such that p is uniform with respect
to the families of fibers of the elementary contractions of Y+ factoring π+:

Y+

p

xx
π+

&&
X X+

Then Y+ is a rational homogeneous variety.

Proof. We will prove this by showing that Y+ is the image of a contraction of a
complete flag manifold. Let r be the dimension of the fibers of p, and let π : Y → X
be the complete flag bundle, of type Ar, associated to p. We have that:

ρY = ρY+ + r − 1.

By construction, the variety Y has r elementary contractions ρj : Y → Y(jc)

over X which are P1-bundles. On the other hand, for each elementary contraction
ρj : Y+ → Y+(jc) over X+ we may apply Proposition 4.5 to

Y+

p

xx
ρj
((

X Y+(jc)

in order to obtain the possible tags δj of Y → X on the fibers Γj of ρj .
If the tag δj is equal to (dj , 0, . . . , 0), with dj ≥ 0, then, by Lemma 2.7, the tag of

Y → Y+ on Γj is equal to 0, and Lemma 4.4 tells us that ρj can be lifted to Y. If this

holds for every j, then the liftings of the ρj ’s are ρY+−1 P1-bundles structures on Y,

whose associated rays Rj in the Mori cone of Y are independent. By construction,

the intersection of the kernel N1(Y|X) of the induced map N1(Y)→ N1(X) with the
space generated by the rays Rj is equal to zero. It follows that the (ρY+ + r − 1)
P1-bundle structures that we found are given by linearly independent classes in
N1(Y). We then conclude that Y is a complete flag manifold by [16, Theorem A.1].

If for some i we have δi = (di > 0, 0, . . . , 0, di), then, by Proposition 4.5, p reduces
to a PSp(r+1)-bundle, and [11, Proposition 4.11] tells us that all the other δj must
be symmetric, hence of the form (dj , 0, . . . , 0, dj), with dj ≥ 0. In particular Y+ is

a quotient of a flag bundle YC of type Ck, with r = 2k − 1. Moreover, Proposition
4.5 tells us also that the tag of YC → X on Γj equals (dj , 0, . . . , 0), for every j.

Then, by Lemma 2.7, the tag of YC → Y+ (which is a Ck−1-bundle) on the fibers
of p− is (0, . . . , 0), and we conclude as in the previous case, by Lemma 4.4 and [16,
Theorem A.1].
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4.2. Proof of Theorem 3.2. We will show that Y is the target of a contraction of
a complete flag manifold. The case δ+ = 0 easily follows from Theorem 2.10; let us
then assume that δ+ is not zero. We introduce the following notation: given a point
x ∈ X+, let Px ' Pr+ denote its inverse image in Y . We denote by Ux := U−×Y Px,
and by Yx := Y+ ×Y Px the restrictions of U− and Y+ to Px. Note that Yx is the
complete flag of Pr+ , Yx ' Ar+(1, . . . , r+).

Step 1: If Ux → Px is diagonalizable for some x ∈ X+, then either δ+ = (d >
0, 0, . . . , 0), or r+ is odd, δ+ = (d > 0, 0, . . . , 0, d), and Y is a quotient of a flag
bundle Y+

C of type C(r++1)/2, uniform with respect toM−, with tag (d > 0, 0, . . . , 0).

Assume first that δ+(1) = 0 and set I := N+ ∪ {1}. By Lemma 3.4 there exists
a morphism f : U− → Y+(I) fitting in a commutative diagram

U−
f //

ev− &&

Y+(I)

ww
Y

We now consider the restriction of f to Ux, which gives a morphism Ux → Yx(I),
that we denote also by f . Since, by hypothesis, Ux → Px is diagonalizable, then,
by Proposition 2.5, it has a section s : Px → Ux; composing it with f : Ux → Yx(I),
we get a section of the contraction Yx(I) → Px. Since δ+ 6= 0, then N+ 6= ∅,
so YxI → Px is not an isomorphism, and the section f ◦ s : Px → Yx(I) is a
nesting. Then, by Proposition 2.14, I = {1, r+}, Yx(I) = P(TPx

), and Lemma 4.2
tells us that f : Ux → Yx(I) factors via the projection Ux → Px. In particular
f : U− → Y+(I) contracts the fibers of ev− : U− → Y , and so it factors through
it, and we obtain a section σ : Y → Y+(I) of the projection Y+(I)→ Y . We may
then apply Proposition 2.14 to claim that the tag δ+ is symmetric, contradicting
that I = {1, r+}. We have thus shown that δ+(1) 6= 0.

Assume that there exists another nonzero element in the tag, i.e. that N+ 6= {1},
and consider the map s0− provided by Lemma 2.11, fitting in the diagram

U−
s0− //

ev− &&

Y+(N+)

vv
Y

Restricting the diagram to Px and arguing as in the case δ+(1) = 0, we get a
section of Y+(N+)×Y Px → Px. Arguing as in the previous case, we get a section
Y → Y+(N+), hence a nesting (Y+, 1, r+), and the statement follows again by
Proposition 2.14.

Step 2: If Ux → Px is diagonalizable for some x, then Y is rational homogeneous.

By the previous step, replacing Y+ with Y+
C if necessary, we may assume that

δ+ = (d, 0, . . . , 0) for some integer d > 0. In particular the tag of Y+ → Y over
the curves of M− is, by Lemma 2.7, equal to zero. In particular the projection
p− : Y → X− lifts to Y+ by Lemma 4.4:

X

��

Y+
p−oo

""��
X− Y

p−
oo

p+
// X+
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We claim that p− is uniform with respect to the families of fibers of the elemen-
tary contractions ρj of Y+ over X+. By construction the fibers of Y+ → X− are
isomorphic to Pr− × F , where F denotes a fiber of Y+ → Y , hence p− is trivial on
the fibers of ρj for j = 2, . . . , r+. On the other hand the tag of p− on the fibers
of ρ1 is the tag of p− on the images of those curve in X−, and the claim follows
from the fact that p− is uniform with respect to M+ by assumption. Now the
homogeneity of Y+ follows by Corollary 4.6.

Step 3: Case r− 6= r+.

Without loss of generality, assume that r− < r+. For every x, Ux is a Pr−−1-
bundle on Px ' Pr+ , uniform with respect to lines, hence classical results on uniform
bundles (cf. [21, 20]) imply that Ux is diagonalizable, and we conclude by Step 2.

Step 4: Case r− = r+ =: r.

By Step 2, we are left with the case in which Ux → Px is non diagonalizable
for every x ∈ X+. In particular, following [3], all these restrictions are isomorphic
either to P(TPx) or to P(ΩPx). We observe that, looking at the composition:

Y− // ''U− // Y

the bundle Y− → Y is the complete flag bundle of type Ar−1 associated to the
Pr−1-bundle U− → Y . In particular, Y− ×Y Px → Px is the complete flag bundle
of type Ar−1 determined by P(TPx

) or by P(ΩPx
) over Px, that is the complete flag

manifold of the projective space Px.
Since this holds for every point x ∈ X+, we obtain that the fibers of Y− → X+

are isomorphic to Ar(1, . . . , r), and we may say that Y− is a flag bundle of type
Ar over X+. In particular, it has r elementary contractions over X+ that are P1-

bundles, and the corresponding rays of the Mori cone NE(Y−) generate N1(Y−|X+).
On the other hand, by definition, Y− has r elementary contractions over X− that
are P1-bundles, whose rays generate N1(Y−|X−). Since the contractions Y− →
X−, and Y− → X+ are different, then at least one of the rays of the elementary
contractions of Y over X+ is not contained in N1(Y−|X−). We then deduce that
Y− has at least r+1 independent elementary contractions that are P1-bundles and,
noting that ρY− = r + 1 and using [16, Theorem A.1], we conclude that Y− is a
complete flag manifold. From this it follows that also Y , as target of one of its
contractions, is rational homogeneous.

5. Applications

In this section we will use Theorem 3.2 to prove that some varieties admitting
a C∗-action are rational homogeneous. We first recall some preliminaries on C∗-
actions, see [14, §2.3], [19, §1.B, §1.C] for further details. Let (Z,L) be a polarized
pair, i.e., Z is a smooth complex projective variety and L is an ample line bundle
on Z. Assuming that such a polarized pair admits a non trivial C∗-action, we
may associate to every fixed point component an integer. To this end, we take a
linearization µ : C∗ × L → L so that for every fixed point component X we get
µ(X) ∈ Hom (C∗,C∗) ' Z. In this way, denoting by X the set of the irreducible
fixed point components, we obtain a map X → Z, which by abuse we continue to
denote by µ.
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Definition 5.1. Let (Z,L) be a polarized pair with a C∗-action and a linearization
µ on L. The bandwidth of the action is defined as |µ| := µmax − µmin, where µmax

and µmin denote the maximal and minimal value of the function µ.

We will call sink the unique fixed point component X− such that µ(X−) = µmin,
and source the unique fixed point component X+ such that µ(X+) = µmax. Vari-
eties with small bandwidth have been studied in [19] applying adjunction theory,
and in [14] using tools from birational and projective geometry. In what follows,
we focus on bandwidth one varieties (see [14, §4]) and we use their relation with
special varieties, called drums, which we now define:

Definition 5.2. Let Y be a normal projective variety with ρY = 2 and two ele-
mentary contractions:

Y
p−

ww
p+

''
X− X+

Let L± ∈ Pic(Y ) be the pullbacks via p± of some ample line bundles in X±. Then
the vector bundle E := L− ⊕ L+ is semiample and there exists a contraction ϕ of
P(E), with supporting line bundle OP(E)(1). The image ϕ(P(E)) will be called the
drum associated to the triple (Y,L−, L+).

Example 5.3. In the case in which Y is rational homogeneous (so that Y is one
of the varieties listed in Remark 3.3), the drum constructed upon it is a smooth
horospherical variety of Picard number 1, whose classification can be found in [18].
In fact every rational homogeneous variety D(i, j) listed in Remark 3.3 corresponds
to a triple (D, αi, αj) in the list of [18, Theorem 1.7]. Following Pasquier ([18,
Section 1.3]), each of these triples determines a horospherical variety, constructed
as the closure Z of the G-orbit of the point [vi + vj ] ∈ P((Vi ⊕ Vj)

∨); here, for
k = i, j, Vk denotes the irreducible representation associated to the fundamental
weight corresponding to the k-th node ofD, and vk the corresponding highest weight
vector. Writing G[vi + vj ] as G/K for a certain subgroup K ⊂ G, the variety G/K
is a C∗-bundle over D(i, j) = G/P (D \ {i, j}), and the torus P (D \ {i, j})/K ' C∗
acts naturally on Z. Then, denoting by OZ(1) the tautological line bundle of the
embedding Z ⊂ P((Vi ⊕ Vj)∨), one may show that, after quotienting C∗ by a finite
subgroup, the action of C∗ on (Z,OZ(1)) has bandwidth 1, with fixed components
Z ∩ P(V ∨k ) ' D(k), k = i, j.

We conclude the paper by proving that Campana–Peternell Conjecture holds for
bandwidth one varieties of Picard number one.

Theorem 5.4. Let (Z,L) be a polarized pair with a C∗-action of bandwitdh one.
Assume that ρZ = 1 and that the tangent bundle TZ is nef. Then Z is a rational
homogeneous manifold.

Proof. Let us denote by X− and X+ the sink and the source of the action and
by N− and N+ their normal bundles in Z. Let α : Z[ → Z be the blowup of
Z along X− t X+, with exceptional divisors Y− = P(N∨−) and Y+ = P(N∨+ ). By
[14, Theorem 4.6] and its proof, it follows that Z is a drum, constructed upon the
projections of Y := Y− ' Y+ onto X±.

If dimX− = 0, necessarily X+ is a divisor by the Bend-and-Break lemma. Then
we obtain that Y+ ' X+ ' PdimZ−1, and so Z ' PdimZ , because it is a variety
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of Picard number one containing a projective space as an ample divisor. On the
other hand, if codim(X+, Z) = 1, then Y− is isomorphic to X+ and, applying [14,
Lemma 2.9], it has Picard number one; this is only possible if X− is a point and,
subsequently, Z ' PdimZ . Similar arguments hold interchanging sink and source
so, summing up, we may assume that 1 ≤ dimX± ≤ dimZ − 2.

Arguing as in the proof of [14, Theorem 4.6], the projections p± : Y → X± are
different projective bundle structures. By [14, Lemma 2.9] we have ρX± = 1, hence

ρY = 2. Moreover, since Z is a drum constructed upon Y , Z[ is the projectivization
over Y of a decomposable rank two bundle, with two sections s± : Y → Z[ whose
images are Y±.

Setting L± := s∗±(α∗L|Y±) we can write Z[ = PY (L− ⊕ L+) with natural pro-

jection π : Z[ → Y ; by construction the line bundles L± are nef and, denoting by
`± a line in a fiber of p±, we have L− · `− = L+ · `+ = 0. Recalling that

(4) Y+ = α∗L− π∗L− Y− = α∗L− π∗L+

we have s∗+(Y+|Y+) = L+ − L− and s∗−(Y−|Y−) = L− − L+. Intersecting with `±
we get L− · `+ = L+ · `− = 1. By Equation (4) we also see that the line bundles
M± := α∗L − Y± are nef; notice that M± are the tautological line bundles of the
projectivization of the vector bundles p∗±N∨± ⊗ L±, which are then nef. On the
other hand, by the assumption on TZ , we also have that the normal bundles N±
are nef. The two conditions together imply that p± are mutually uniform. In fact,
if `− is a line in a fiber of p−, then we can write

(p∗+N∨+ ⊗ L−)|`− '
rkN+∑
i=1

OP1(ai) ai ≥ 0,

and we obtain that

(p∗+N+)|`− '
rkN+∑
i=1

OP1(1− ai),

which implies that the possible values of the ai’s are zero and one. Then the number
of O(1) summands equals deg(N+|`−). The same argument can be repeated for N−.

Using Theorem 3.2 we deduce that Y is one of the rational homogeneous man-
ifolds D(i, j) listed in Remark 3.3. In particular Z is a horospherical variety (see
Example 5.3), and the result follows from [10, Theorem 1.2].
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