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1 Introduction

Quantum chaos plays a key role in characterising physical systems as diverse as quantum
many-body systems and black holes. Various diagnostics for quantum chaos exist, such as
out-of-time-order correlation functions [1–4] which characterise chaos at early times and the
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distribution of nearby level spacings which relates to chaos at small energy differences or,
equivalently, at late times [5]. While diagnostics of classical chaos are firmly established, a
unified notion of quantum chaos remains elusive. A significant idea in this context is random
matrix universality, which proposes that correlations between nearby energy levels in chaotic
quantum systems are statistically equivalent to those of a Hamiltonian drawn from a random
matrix ensemble of the appropriate symmetry class [6, 7].

A useful diagnostic of late time quantum chaos is the spectral form factor1 [8–10]

|Z(iT )|2 = Tr[e−iT H ] Tr[eiT H ]. (1.1)

In random matrix theory (RMT), the spectral form factor exhibits a universal form: after
decaying for a while, it begins to exhibit erratic oscillations, with the mean signal following a
linear ramp before reaching a plateau, as in figure 1.2 The ramp and plateau structure only
emerges after a suitable averaging, such as over Hamiltonians for random matrix ensembles,
couplings in disordered systems, or time for individual systems. The noise is of the same
order as the mean signal, so it is not a small effect, and results from the sensitivity of the
spectral form factor to the specific details of the energy spectrum. While averaging largely
removes this noise, its statistics can be examined by the variance and higher moments of the
spectral form factor. Crucially, random matrix universality concerns not only the mean signal
of the spectral form factor but also the statistics of the noise, as captured by its moments.
This is especially relevant because, while often considered a hallmark of quantum chaos, a
linear ramp — a consequence of long-range spectral rigidity — can be mimicked in systems
whose nearby energy level statistics are not governed by a random matrix ensemble [11].

The present paper focuses on studying the moments of the spectral form factor3

⟨|Z(iT )|2k⟩, k ∈ N, (1.2)

as a more comprehensive diagnostic of quantum chaos in the Sachdev-Ye-Kitaev (SYK)
model [14–17] — a quantum mechanical model of N Majorana fermions with random all-to-
all q-fermion interactions. The angled brackets in (1.2) indicate an average over the random
couplings. The SYK model is a rare example of a chaotic system which allows for an analytical
understanding of the late time behaviour of the spectral form factor. Originally introduced to
study non-Fermi liquids [18], the SYK model sparked renewed interest after it was shown that
at low temperature its dynamics are dominated by the Schwarzian mode [19–21] that also
describes Jackiw-Teitelboim (JT) gravity [22], a theory of dilaton gravity in two-dimensional
Anti de Sitter space [23, 24].

The SYK model admits a reformulation in terms of collective field variables which
become semiclassical in the large N limit, even away from low temperature. In this framework,
quantities like ⟨Tr[e−iT H ] Tr[eiT H ]⟩ can be studied by introducing two replicas, usually labelled
L and R, corresponding to the two traces in the spectral form factor. The collective

1We define Z(x) ≡ Tr[e−xH ].
2In all figures, we plot the rescaled spectral form factor L−2⟨|Z(iT )|2⟩, normalised so that it equals 1 at

T = 0. For simplicity, we refer to it as ⟨|Z(iT )|2⟩ in the plots.
3The moments of the spectral form factor are sometimes referred to as high-point spectral form factors.

See [12, 13] for related work in the context of RMT.
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Figure 1. Left panel: the spectral form factor (divided by L2) for the Gausian unitary ensemble
with L = 200 for a single realisation (grey) and averaged over 50K realisations (black). Right panel:
the moments of the spectral form factor for k = 2 (blue), k = 3 (orange), and k = 4 (green). At early
times |Z(iT )|2 is self-averaging whereas at late times ⟨|Z(iT )|2k⟩ = k!⟨|Z(iT )|2⟩k (1.4), reflecting the
noise around the mean signal.

field variables in this formulation become matrix-valued in replica space, with off-diagonal
components representing correlations between the replicas. In this setting, Saad, Shenker, and
Stanford [25] identified a continuous family of saddle points in the SYK model that describe
the linear ramp in the spectral form factor ⟨|Z(iT )|2⟩. The ramp arises from a compact
zero mode, resulting from the saddle point spontaneously breaking the U(1)L × U(1)R time
translation symmetry to the diagonal U(1).

The very late time behaviour of the moments of the spectral form factor can be understood
by considering a long time average. Assuming the spectrum has no degeneracies, the moments
saturate on a plateau:4

lim
T→∞

1
T

ˆ T

0
dt |Z(it)|2k = lim

T→∞

1
T

ˆ T

0
dt
( L∑

m,n=1
e−it(Em−En)

)k

= k!Lk, (1.3)

where En are the eigenvalues of the Hamiltonian H, and L is the dimension of the Hilbert
space. The result follows by only considering the terms where the phases cancel out. Up to
a reshuffling of the k copies of Z(it) — responsible for the combinatorial factor k! — this
happens when we set Em = En in each of the k sums. This implies that for very late times
|Z(iT )|2 behaves like the modulus square of a complex Gaussian variable with mean zero
and variance L. The behaviour of the moments of the spectral form factor for late times,
but before the plateau time, can be understood as a perturbative effect in RMT [28, 29],
as we review in appendix A. This leads to the result

⟨|Z(iT )|2k⟩ = k!(γT )k, (1.4)

where γ is a constant which depends on symmetry class of the ensemble. This means the
moments also exhibit a ramp, although a power law one rather than a linear one. In a

4For systems with an energy spectrum that is symmetric about zero, the k! is instead replaced with (2k−1)!!
in equations (1.3) and (1.4), see [26]. This symmetry doesn’t appear in the Wigner-Dyson ensembles [6] but
can occur in other symmetry classes that appear in the 10-fold way of Altland and Zirnbauer [7]. We review
the relevant symmetry classes for SYK, discussed in [27], in A.3.
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similar way, this result implies that |Z(iT )|2 behaves like the modulus square of a complex
Gaussian variable with mean zero and variance γT . This is shown for the Gaussian unitary
ensemble in figure 1.

In the SYK model, the moments of the spectral form factor ⟨|Z(iT )|2k⟩ can be studied
using collective fields by introducing 2k replicas. In this paper we describe a family of saddle
points which describe the power law ramp in the moments. In addition to spontaneously
breaking k time translation symmetries, producing a factor (γT )k, these saddle points
spontaneously break the discrete Sk × Sk replica symmetry to the diagonal Sk, yielding the
combinatorial factor k!.5 The same result was obtained for a spin glass model in [30].

In the large N limit, the moments of the spectral form factor in the SYK model align
with expectations from random matrix universality. However, for any large but finite N , we
expect to observe non-universal features, that is, deviations from RMT like behaviour. This
aligns with the idea that SYK and RMT belong to different universality classes of chaotic
systems, the “sparse” and “dense” classes, respectively [31]. The key distinction lies in the
number of independent random parameters in the Hamiltonian: for SYK it is approximately
N q/q!, scaling logarithmically with the Hilbert space dimension L = 2N/2, while for RMT it
is approximately L2, scaling polynomially. These differences are visible in the regime of large
but finite N in the perturbative corrections to the moments of the spectral form factor:

⟨|Z(iT )|2k⟩
⟨|Z(iT )|2⟩k

= k!
[
1 + k(k − 1)

4
q!
N q

T 2|∆E(T )|2 + . . .

]
. (1.5)

The correction arises from fluctuations near the edge of the spectrum, as discussed in section 3,
which aligns with the expectation that differences between the sparse and dense classes of
chaotic systems unfolds in physics near the spectral edge [31]. While the time dependence of
the correction appears challenging to compute analytically, we provide numerical evidence
that it is approximately constant.

Although the correction to the moments is small for the low order moments, it becomes
significant for the high order moments, specifically when k approaches a fixed fraction of
N q/2−1. This scaling with N follows because the quantity ∆E is extensive in N so the leading
correction ultimately scales as N q−2. This marks a departure from RMT expectations where
we expect the corrections to the moments to become significant only when k approaches a
fixed fraction of L#, which is exponential in N in SYK. In this sense, SYK mimics RMT
behaviour only for the low order moments of the spectral form factor.

Notably, the leading correction in (1.5) is inversely proportional to the number of
independent random parameters in the SYK Hamiltonian, approximately N q/q! for large
N , suggesting that for more general disordered systems, the correction may scale similarly.6

We explore this possibility numerically in the sparse SYK model [35], a sparsified version
of the SYK model in which interaction terms are deleted with probability 1 − p. This
model is particularly interesting because it has been argued to be holographic even in the

5This result applies to the SYK model with q = 0 mod 4. For q = 2 mod 4, the replica symmetry is
enhanced to S2k and spontaneously broken to Sk ×Sk

2 by the saddle point, leading instead to the combinatorial
factor (2k − 1)!!. This is related to the energy spectrum of the q = 2 mod 4 model being symmetric about
zero.

6Similar corrections have appeared in different contexts [12, 21, 32–34].
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highly sparsified regime, where the resources needed for its simulation are significantly
reduced, allowing us to test the analogue of (1.5) for sparse SYK with high accuracy. The
observation that the leading correction is inversely proportional to the sparsification parameter
p — supported by our numerical analysis of the sparse SYK model — indicates that the
moments in the sparse SYK deviate from RMT expectations significantly earlier than in
regular unsparsified SYK. This occurs even in the regimes where the onset of the linear
ramp remains unchanged [36], raising questions about the conditions under which the sparse
model continues to exhibit chaotic features.

The scaling of the leading correction as 1/N q−2 in equation (1.5) also hints that the
q = 2 model is qualitatively different from the q > 2 models. This is to be expected since
the q = 2 model is free and therefore isn’t expected to exhibit features of many-body chaos.
This results in drastic changes to the spectral form factor, which, in particular, features an
exponential ramp rather than a linear one. The authors of [37] showed how this property
could be traced to an infinite enhancement of the U(1)L × U(1)R time translation symmetry
which is spontaneously broken by the saddle point in a time dependent pattern. In this paper,
we explain how this symmetry is further enhanced for the moments of the spectral form factor
and demonstrate how its spontaneous breaking accounts for their behaviour. In stark contrast
to the q > 2 models, where the noise is the same order as the mean signal, the magnitude of
the noise is exponential in T logN/T . The large moments indicate distribution with heavy
tails signalling that the spectral form factor has a higher probability of producing extreme
values. The saddle point approximation breaks down as T approaches N and the exponential
ramp gives rise to a plateau where the noise becomes exponential in N , in contrast to (1.3).

Finally, while SYK has an approximate low-energy description that includes JT gravity,
the two systems are not equivalent. In contrast to the sparsely chaotic SYK model, pure
JT gravity is dual to a double-scaled matrix integral [38] and so belongs to the dense class
of chaotic systems. Observables like ⟨Z(β1) . . . Z(βn)⟩ in the matrix model are computed
by the path integral of JT gravity with n asymptotic boundaries with lengths β1, . . . , βn.
These observables are related to the moments of the spectral form factor through analytic
continuation and admit a genus expansion, where different topologies are weighted by eS0χ

with χ being the Euler characteristic. In a holographic interpretation, S0 ∝ N represents
the zero temperature entropy of the SYK model. In SYK these observables receive relatively
large connected contributions, of order N2−q, which are much larger than e−S0 contributions
in JT gravity, arising from collective fluctuations in the spectrum. These fluctuations leave
imprints on the moments of the spectral form factor in SYK at early and late times and mark
a large departure from pure JT gravity. Understanding what additional bulk ingredients,
such as matter fields [34, 39], are needed to capture this structure in SYK remains an
interesting question.

The plan of this paper is as follows. In section 2 we compute the moments of the partition
function in a zero-dimensional version of SYK known as SYK with one time point [40]. This
model is useful because it is simple enough to analyse in detail while still retaining some
features of the regular SYK model. We compute the moments both exactly and in the saddle
point approximation, including the leading 1/N contribution. In section 3 we review the
saddle points that describe the linear ramp in the spectral form factor in SYK [25] and

– 5 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
8

explain how they may be used to construct saddle points that describe the power law ramp in
the moments of the spectral form factor and compare the result with numerics based on exact
diagonalisation of the SYK Hamiltonian. We also determine the leading in 1/N correction
to the moments (1.5) by considering perturbative fluctuations around the saddle point. In
section 4 we study the moments of the spectral form factor in the q = 2 model, which requires
a separate analysis due to the infinite symmetry enhancement of the model. In this model we
also compute the behaviour of the very high moments with k ≫ N . In section 5 we study
the sparse SYK model numerically in order to understand the dependence of the leading in
1/N correction to the moments of the spectral form factor on k, T , and the sparsification
parameter with an aim to understand the degree of deviation from RMT expectations. We
conclude with a summary and discussion of future outlooks in section 6.

In appendix A we review how the power law ramp in the spectral form factor can
be understood as a perturbative effective in RMT and review the relevant random matrix
classification of SYK. In appendix B we provide details for the perturbative analysis in the
SYK model. In appendix C we provide more details on the q = 2 model.

2 SYK with one time point

As a warm up to the SYK model, in this section we consider the following finite-dimensional
integral over N Grassmann variables ψ1, . . . , ψN ,7

z =
ˆ

dNψ exp

iq/2 ∑
i1<···<iq

Ji1...iqψi1 . . . ψiq

 , (2.1)

where the Ji1...iq are drawn from a Gaussian distribution with zero mean and variance

⟨Ji1...iqJj1...jq⟩ = (q − 1)!
N q−1 δi1j1 . . . δiqjq . (2.2)

We assume that q is an even integer and that N is divisible by q, as z vanishes otherwise.
This model, introduced in [40] as a very simple setup to study the factorization problem [41],
is known as SYK with one time point. This is because it can be viewed as a zero-dimensional
version of the SYK model, where the time contour is shrunk to a single instant of time.

The goal of this section is to understand the statistics of z for large N by analysing its
moments. We first show that z follows Gaussian statistics in the large N limit, addressing a
suggestion made in [40], where the first four moments of z were computed. We then show
that perturbative 1/N corrections to this result indicate a deviation from Gaussian statistics
for the very high moments of z for any large but finite N . This model is useful because it
is simple enough to analyse in detail while still retaining some features of the regular SYK
model. Notably, the perturbative corrections to the moments in this model share a similar
structure to those in regular SYK, but with fewer complications. The reader only interested
in the results for regular SYK can skip ahead to section 3 and jump back if needed.

7The measure is normalised such that
´

dψ ψ = i1/2.
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2.1 ⟨z2⟩

Since the average of z vanishes, the simplest nontrivial quantity is its variance, ⟨z2⟩. Doing
the Gaussian integral over the Ji1...iq and anticommuting the Grassmann variables past
each other we get

⟨z2⟩ =
ˆ

d2Nψ exp
{
N

q

(
1
N

∑
i

ψL
i ψ

R
i

)q}
, (2.3)

where L and R label the two copies of Grassmann variables needed to represent the square of
z. This integral can be represented as an integral over collective fields G and Σ,

⟨z2⟩ =
ˆ

R
dG

ˆ
iR

dΣ
2πi/N exp

{
N

(
log(Σ) − ΣG+ 1

q
Gq
)}

. (2.4)

This is achieved by inserting the following identity into (2.3):

1 =
ˆ

R
dG

ˆ
iR

dΣ
2πi/N exp

{
−NΣ

(
G− 1

N

∑
i

ψL
i ψ

R
i

)}
, (2.5)

and then integrating out the Grassmann variables. Notice that in (2.5) the variable Σ acts
as a Lagrange multiplier enforcing the relation

G = 1
N

N∑
i=1

ψL
i ψ

R
i . (2.6)

In an analogous computation in regular SYK one would require a matrix of collective
fields GLL, GLR, and GRR, and similarly for Σ. In this simple model, only the off-diagonal
components G ≡ GLR and Σ ≡ ΣLR are needed. As we review in the following section, the
integral (2.4) can be computed exactly [40]. If N is a multiple of q, the result is

⟨z2⟩ = N !(N/q)N/q

NN (N/q)! , (2.7)

otherwise, if N is not a multiple of q it vanishes. For large N the integral (2.4) can also be
computed using the saddle point approximation. The saddle point equation is

G = 1
Σ , Σ = Gq−1. (2.8)

There are q solutions, each corresponding to a qth root of unity and contributing as
1
√
q
e
−
(

1− 1
q

)
N
e2πimN/q, m = 0, . . . , q − 1, (2.9)

where 1/√q is the contribution from the one loop determinant. The q-fold degeneracy is an
artifact of having a single time point and is lifted in a model with two time points [40]. If
N is a multiple of q, summing over the q saddle points gives

⟨z2⟩ ∼ √
qe

−
(

1− 1
q

)
N
, (2.10)

which reproduces the large N asymptotic form of the exact result (2.7), which follows from
Stirling’s approximation. Otherwise, if N is not a multiple of q, the sum vanishes.
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2.2 ⟨z2k⟩

Repeating the same trick for ⟨z2k⟩ we end up with

⟨z2k⟩ =
ˆ

R
dGab

ˆ
iR

dΣab

2πi/N Pf(Σ)N exp

N∑
a<b

(
−ΣabGab + 1

q
Gq

ab

) , (2.11)

where Pf is the Pfaffian, and Gab and Σab are 2k × 2k antisymmetric matrices. The odd
moments of z vanish as the Pfaffian of odd dimensional matrix vanishes. We now demonstrate
how this integral can be evaluated exactly. First, using the integral representation of the
delta function, the integral over Σab gives8

ˆ
iR

dΣab

2πi/N Pf(Σ)N exp

−N
∑
a<b

ΣabGab

 = N−kN Pf(∂G)N
∏
a<b

δ(Gab), (2.12)

where on the r.h.s. ∂G is viewed as a matrix with components (∂G)ab = ∂Gab
. This formula

implies that the integral (2.11) localises to a neighbourhood of Gab = 0:

⟨z2k⟩ = N−kN Pf(∂G)N exp

N∑
a<b

Gq
ab


∣∣∣∣∣
Gab=0

. (2.13)

Next, using the property that the Pfaffian can be expressed as a sum over pairings we find

⟨z2k⟩ = N−kN
∑
nπ

N !∏
π∈P2k

nπ!
∏
a<b

(
N

q

)mab (qmab)!
mab!

, qmab =
∑

π∈P2k:
{a,b}∈π

nπ, (2.14)

where P2k denotes the set of pairings of 2k elements. In this expression the first sum is
over integers nπ ≥ 0 such that both

∑
π∈P2k

nπ = N and mab is an integer. For k = 2
this formula simplifies: there are 3 parameters n1, n2, and n3 which correspond to the 3
pairings (or Wick contractions),

L R L′ R′
,

L R L′ R′

,
L R L′ R′

,

and 6 parameters mab,

qmLR = qmL′R′ = n1, qmLL′ = qmRR′ = n2, qmLR′ = qmRL′ = n3. (2.15)

Since the ni must be divisible by q we can rescale ni → qni so that the sum is instead over
integers ni ≥ 0 such that n1 + n2 + n3 = N/q. This gives

⟨z4⟩ = N !
N2

(
N

q

) 2N
q ∑

n1+n2+n3=N/q:
ni≥0

(qn1)!(qn2)!(qn3)!
(n1)!2(n2)!2(n3)!2 . (2.16)

8The basic identity used here is
´

iR
dΣ

2πi/N
ΣNe−NΣG = (−N)−N∂N

G δ(G).
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For large N and when q > 2

⟨z4⟩
⟨z2⟩2 = 3 + 6 × q!

q2
1

N q−2 + . . . (2.17)

The leading term arises from terms in the sum where one of the ni are equal to N/q and
the other ni vanish. The first correction arises from terms in the sum where one of the ni

are equal to N/q − 1, another ni is equal to 1, and the third ni vanishes. The factors 3
and 6 count the multiplicity of such terms.

For general k, large N and when q > 2,

⟨z2k⟩
⟨z2⟩k

= (2k − 1)!!
[
1 + k(k − 1) × q!

q2
1

N q−2 + . . .

]
. (2.18)

The leading term is determined by maximising the number of pairs {a, b} in (2.14) for
which mab takes its maximal value, which is N/q. The maximum number of such pairs is
k. This occurs when one of the ni are equal to N and the other ni vanish. Since there are
|P2k| = (2k − 1)!! = (2k)!

2kk! such terms this leads to the contribution

⟨z2k⟩ ⊃ (2k − 1)!!
[
N !(N/q)N

NN (N/q)!

]k

. (2.19)

The first correction arises from a subset of the terms in the sum where one of the ni are equal
to N − q, another ni is equal to q, and the remaining ni vanish. Let ℓ denote the number of
pairs in common between the pairing with ni equal to N − q and the pairing with ni equal
to q. Then ℓ of the parameters mab are equal to N/q, k − ℓ of parameters mab are equal
to N/q − 1, another k − ℓ of parameters mab are equal to 1, and the remaining parameters
vanish. The dominant contribution comes from the terms with ℓ = k − 2,

⟨z2k⟩ ⊃ (2k − 1)!! × k(k − 1)(N/q)kN/qN !k−1(N − q)!q!
NkN (N/q)!k−2(N/q − 1)!2 . (2.20)

The combinatorial factor (2k − 1)!! × k(k − 1) can be understood as follows. For a fixed
pairing we need to sum over the number of ways to pick another pairing such that the two
pairings have k − 2 pairs in common. There are k(k − 1) ways to do this. Summing over the
number of ways of picking the first pairing that we fixed gives the factor |P2k| = (2k − 1)!!.
After using Stirling’s approximation, this contribution gives rise to the second term in (2.18).

We learn from (2.18) that, in the strict large N limit, z approaches a real Gaussian
variable with zero mean and variance given by (2.10), since (2k − 1)!! are the moments of
the Gaussian distribution. On the other hand, for any large but finite N , the structure of
the 1/N corrections in (2.18) indicate that the distribution of z is no longer Gaussian. The
deviation of the moments becomes significant for sufficiently large k, specifically when k

approaches a fixed fraction of N q/2−1 [40]. The analogous 1/N correction in regular SYK
has a richer structure and is discussed in more detail in section 3.4. The formula (2.18) also
hints that the q = 2 model is qualitatively different since the first 1/N correction becomes of
order one. This is indeed the case and the q = 2 model needs to be treated separately. We
will not discuss this model here as it has been discussed in detail in [40].
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2.3 ⟨z2k⟩ from saddle points

As before, the leading behaviour (2.19) of ⟨z2k⟩ for large N can also be obtained from the
saddle point approximation. There are (2k− 1)!!× qk particularly simple saddle points which
represent pairings between the 2k replicas. Concretely, to each pairing π ∈ P2k of the 2k
replicas set Gab = Σab = 0 if {a, b} /∈ π. One can check that this is a consistent ansatz. The
saddle point equations then reduce to k decoupled equations

Gab = 1
Σab

, Σab = Gq−1
ab , (2.21)

for the remaining variables Gab and Σab with {a, b} ∈ π. This is nothing but k copies of the
saddle point equation (2.8) for ⟨z2⟩. For each pair {a, b} ∈ π there are q solutions. Therefore,
for each pairing π ∈ P2k there are qk solutions. Since there are (2k − 1)!! possible pairings,
the total number of saddle points is (2k − 1)!! × qk. Including the one loop determinant —
whose computation is described in detail in the next section — and summing over the saddle
points reproduces the large N asymptotic form (2.19) of the exact result.

Another way to understand the factor (2k − 1)!! is the following. The collective field
representation (2.11) of ⟨z2k⟩ has a discrete symmetry S2k which acts as Gab → Gσ(a)σ(b) and
Σab → Σσ(a)σ(b), permuting the 2k replicas. The factor (2k− 1)!! then corresponds to the size
of the orbit of a single saddle point, corresponding to a pairing π, under the action of S2k.
This space is the quotient S2k/(Sk × Sk

2 ), where Sk × Sk
2 is the subgroup of S2k which leaves

the saddle point fixed. Here Sk is the subgroup that permutes the pairs in the pairing π, and
Sk

2 is the subgroup that exchanges the saddle point with its transpose. The latter action
automatically leaves the saddle point fixed as G and Σ are constrained to be antisymmetric.

2.4 1/N corrections

We begin this section by explaining how the one loop determinant “factorises” over the pairs
before showing how the first 1/N correction to ⟨z2k⟩/⟨z2⟩k (2.18) can be computed by including
perturbative fluctuations around the saddle points. After expanding in small fluctuations

Gab = Gab + δGab, Σab = Σab + δΣab, (2.22)

around one of the (2k − 1)!! × qk saddle points configurations Gab and Σab, the action
decomposes as I = Icl + δI, where Icl is the classical action, and

1
N
δI =

∑
n≥2

(−1)n

2n Tr[(GδΣ)n] +
∑
a<b

[
δΣabδGab −

1
q

q∑
n=2

(
q

n

)
Gq−n

ab δGn
ab

]
. (2.23)

In obtaining this expression we used the saddle point equations (2.21). First, we consider the
one loop contribution, which amounts to keeping only the quadratic part of the action

1
N
δI(2) = 1

4Tr[(GδΣ)2] +
∑
a<b

[
δΣabδGab −

q − 1
2 Gq−2

ab δG2
ab

]
. (2.24)
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Any 2k × 2k antisymmetric matrix M can be decomposed as M = M∥ +M⊥, where M∥ lies
in the k-dimensional subspace spanned by 2k × 2k antisymmetric matrices of the form

L1 R1 L2 R2 . . . Lk Rk



0 ∗ L1

∗ 0 R1

0 ∗ L2

∗ 0 R2

. . . ...

0 ∗ Lk

∗ 0 Rk

(2.25)

and M⊥ lies in its orthocomplement. If G and Σ represent the saddle point which takes
the block diagonal form (2.25) then G = G∥ and Σ = Σ∥. Equipped with this notation, the
quadratic part of the action (2.24) can be written as

1
N
δI(2) = 1

4Tr[(GδΣ)2] +
∑
a<b

[
(δΣ∥)ab(δG∥)ab + (δΣ⊥)ab(δG⊥)ab −

q − 1
2 Gq−2

ab (δG∥)2
ab

]
.

(2.26)
Notice that δG⊥ appears linearly and so integrating it out gives a delta function which
sets δΣ⊥ = 0. In other words, the fluctuations δG⊥ and δΣ⊥ don’t contribute to the one
loop determinant. This leaves us with an integral over the remaining variables δG∥ and
δΣ∥ with quadratic action

N

4 Tr[(GδΣ∥)2] +N
∑
a<b

[
(δΣ∥)ab(δG∥)ab −

q − 1
2 Gq−2

ab (δG∥)2
ab

]
, (2.27)

which factorises into a sum over the k blocks in (2.25), since the variables δG∥ and δΣ∥ are
block diagonal. This implies that the one loop contribution from expanding in fluctuations
around one of the (2k − 1)!! × qk saddle points for ⟨z2k⟩ is given by the kth power of the
one loop contribution for ⟨z2⟩. That is, for large N ,

⟨z2k⟩
⟨z2⟩k

∼ (2k − 1)!!. (2.28)

This formula admits a 1/N expansion which can be obtained by separately considering the
perturbative expansions around each of the saddle points for ⟨z2k⟩ and ⟨z2⟩. However, since
we are interested in the ratio ⟨z2k⟩/⟨z2⟩k, the only perturbative corrections which contribute
arise from the fluctuations δG⊥ and δΣ⊥. These corrections can be computed using the
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Feynman rules for the action δI (2.23) together with the free propagators

⟨δGabδGcd⟩ = 1
N

[
GacGbd − GadGbc − (1 + 1/q)G2

abδacδbd

]
,

⟨δGabδΣcd⟩ = 1
N

[δacδbd − (1 − 1/q)Πab,cd] ,

⟨δΣabδΣcd⟩ = − 1
N

(1 − 1/q)Gq−2
ab δacδbd,

(2.29)

obtained from the quadratic part of the action (2.24). In this expression the angular brackets
represent an average weighted by the quadratic action (2.24) (and normalised so that ⟨1⟩ = 1)
and Π is the projector onto the subspace of 2k×2k antisymmetric matrices of the form (2.25).
Crucially,

⟨δΣ⊥δΣ∥⟩ = ⟨δΣ⊥δΣ⊥⟩ = ⟨δΣ⊥δG∥⟩ = 0, (2.30)

which implies that the fluctuations arising from δG⊥ and δΣ⊥ arise from Feynman diagrams
with at least one vertex corresponding to a δG⊥ interaction term. By inspecting δI (2.23)
we find that there is only one δG⊥ interaction term which contributes to the action:

δI ⊃ −N
q

∑
a<b

(δG⊥)q
ab. (2.31)

The upshot is that the 1/N expansion of ⟨z2k⟩/⟨z2⟩k can be obtained by considering all
Feynman diagrams involving at least one δGq

⊥ vertex. Since each diagram contributes as
NV −P , where V is the number of vertices and P is the number of propagators, naively,
the leading correction arises from a diagrams with a single δGq

⊥ vertex. However, these
contributions vanish,

N

q

∑
a<b

⟨(δG⊥)q
ab⟩ = q!N

qq/2+1

∑
a<b

(G⊥)q
ab = 0. (2.32)

This follows since (2.29) implies that a Wick contraction between (δG⊥)ab and itself is
proportional to (G⊥)ab = 0. Another possibility is to have a diagram consisting of one δGq

⊥
vertex and one δΣr vertex. These diagrams contribute as

(−1)r+1N
2

2qr
∑
a<b

⟨Tr[(δG⊥)q
ab(GδΣ)r]⟩. (2.33)

Since a Wick contraction between (δG⊥)ab and itself vanishes, we need to contract each
(δG⊥)ab with a δΣ to get a nonzero result, which requires r ≥ q. Naively, then, the leading
contribution has r = q, since these diagrams contribute at order N2−(q+r)/2. However,
using (2.29), we find that this contribution also vanishes,

− q!
2q2N q−2

∑
a<b

(G⊥)q
ab = 0. (2.34)

Finally, let’s consider diagrams consisting of one δGq
⊥ vertex and one δGr vertex. By a

similar argument, to get a nonzero result requires r ≥ q. The leading contribution has
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r = q, and contributes as
N2

2q2

∑
a<b
c<d

⟨(δG⊥)q
abδG

q
cd⟩ = q!

2q2N q−2

∑
a<b
c<d

∑
a′<b′

Π⊥
ab,a′b′(Ga′cGb′d − Ga′dGb′c)q

= q!
2q2N q−2 Tr Π⊥

= k(k − 1) q!
q2N q−2 ,

(2.35)

where we used the fact that the nonzero entries of Gq
ab are equal to 1. Notice that this

precisely reproduces the leading correction (2.18) obtained from the exact formula (2.14). In
regular SYK, there is no analogue of the exact formula (2.14) for ⟨|Z(iT )|2k⟩/⟨|Z(iT )|2⟩k, so
a direct proof identifying the leading term in the perturbative expansion is needed. This is
done in appendix B.2. Although it is not required here, it is possible to adapt the argument
given there to the case at hand.

3 The SYK model

In this section we consider the moments of the spectral form factor in the SYK model. The
SYK model is a quantum mechanical model of N Majorana fermions ψ1, . . . , ψN with random
couplings. The Hamiltonian is given by

H = iq/2 ∑
1≤i1<···<iq≤N

Ji1...iqψi1 . . . ψiq , {ψi, ψj} = δij . (3.1)

The independent components of the antisymmetric tensor of couplings Ji1...iq are drawn from
a Gaussian distribution with zero mean and variance

⟨Ji1...iqJj1...jq⟩ = J2(q − 1)!
N q−1 δi1j1 . . . δiqjq . (3.2)

Throughout we assume both N and q are even. Since N is even, the fermion algebra (3.1)
has an irreducible representation in a Hilbert space of dimension L = 2N/2.

We start by reviewing the collective field representation for the moments of the spectral
form factor and its symmetries. Next, we review the result of Saad, Shenker, and Stanford
(SSS) in [25], which traces the origin of the linear ramp in the spectral form factor to a
compact zero mode in the collective field description. Drawing on this, we identify saddle
points for the moments of the spectral form factor and show how this gives rise to a result
consistent with expectations from RMT. The ensembles of random matrices relevant to SYK
and the behaviour of the moments of the spectral form factor in each of these ensembles is
reviewed in appendix A. Finally, we end this section by computing the leading perturbative
in 1/N correction to the moments of the spectral form factor which indicate a deviation
from RMT expectations for the very high moments.

3.1 Collective fields

The spectral form factor may be represented as a path integral

|Z(iT )|2 =
ˆ
Dψ exp

{
i
ˆ T

0
dt
[ i

2ψ
a
i ∂tψ

a
i − Ji1...iq

(
i

q
2ψL

i1 . . . ψ
L
iq
− (−i)

q
2ψR

i1 . . . ψ
R
iq

)]}
,

(3.3)
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with antiperiodic boundary conditions for the fermions, ψa
i (T ) = −ψa

i (0), around the real
time circle parameterised by t ∈ [0, T ]. In this expression a ∈ {L,R} is a replica index and
the integral over ψL computes Tr[e−iT H ] while the integral over ψR computes Tr[eiT H ]. The
kinetic term involves an implicit sum over both i and a while the interaction term involves
an implicit sum over i1 < · · · < iq.

The kth moment of the spectral form factor may be represented as a path integral over
bilocal collective fields G and Σ,

⟨|Z(iT )|2k⟩ =
ˆ
DGDΣ e−I[G,Σ],

1
N
I[G,Σ] = −1

2 log det(∂t − Σ) + 1
2

ˆ T

0

ˆ T

0
dtdt′

[
Σab(t, t′)Gab(t, t′) −

J2

q
sabGab(t, t′)q

]
,

sL#L# = sR#R# = −1, sL#R# = sR#L# = iq.
(3.4)

Here Σab(t, t′) was originally introduced as a Lagrange multiplier enforcing the relation

Gab(t, t′) = 1
N

N∑
i=1

ψa
i (t)ψb

i (t′). (3.5)

The indices a, b ∈ {L1, R1, . . . Lk, Rk} label the L and R replicas, which were each introduced
to represent the factors of Tr[e−iT H ] and Tr[eiT H ] in the spectral form factor. The collective
fields G,Σ are antiperiodic with period T in each argument, a property inherited from the
antiperiodic boundary conditions on the fermions. Also, not all components of G and Σ are
independent since Gab(t, t′) = −Gba(t′, t) and Σab(t, t′) = −Σba(t′, t), which follows from the
Grassmann nature of the fermions. Finally, in the action (3.4), the determinant represents
the ordinary determinant in replica space as well as the functional determinant in time space,
and the sum over a and b is left implicit.

The action (3.4) has a U(1)2k time translation symmetry which acts independently on
each of the L and R systems. In addition, there is a discrete replica symmetry

Gab → Gσ(a)σ(b), Σab → Σσ(a)σ(b). (3.6)

For q = 0 mod 4, σ ∈ SL
k × SR

k permutes the L and R replicas separately, whereas, for q = 2
mod 4, σ ∈ S2k can also permute the L and R replicas among each other. The dependence of
the replica symmetry on q mod 4 stems from the fact that exchanging an L and an R replica
is only a symmetry if Z(iT ) and Z(−iT ) are the same variables, or, in other words, if the
energy spectrum is symmetric about zero. This only occurs for the model with q = 2 mod
4, where the Hamiltonian anticommutes with a time reversal operator, as briefly reviewed
in appendix A.3. The signature of this in the collective field description (3.4) lies in the
dependence of sab on q mod 4.

Assuming that each of the saddle point configurations only depend on the difference
of times, the saddle point equations can be written as

G(ωn) = − (iωn + Σ(ωn))−1 ,

Σab(t) = sabJ
2Gab(t)q−1.

(3.7)
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Such configurations automatically preserve a diagonal U(1)k ⊂ U(1)2k symmetry. In the first
equation G(ωn) and Σ(ωn) are the Fourier modes of the collective fields and the frequencies are
fermionic Matsubara frequencies due to the antiperiodic boundary conditions on the fermions.

3.2 The spectral form factor

We now review the saddle points that describe the slope and the linear ramp in the average
spectral form factor ⟨|Z(iT )|2⟩ in SYK. The saddle points describing the linear ramp were
first identified by Saad, Shenker, and Stanford (SSS) [25].

Let us first consider the saddle point that describe the slope. This saddle points
correspond to a disconnected contribution to the average spectral form factor and is identified
by assuming a replica diagonal ansatz in which the off-diagonal components of the collective
fields vanish, i.e. GLR = ΣLR = 0. Under this ansatz, the saddle point equations (3.7)
decouple into separate equations for the L and R systems. These equations simply compute
the disconnected contribution

⟨|Z(iT )|2⟩ ⊃ |⟨Z(iT )⟩|2, (3.8)

where the inclusion symbol indicates that this is only one of the possible saddle points that
can contribute. This contribution oscillates with a decaying envelope, tending to zero at
late times, and describes the slope.

We now consider the continuous family of saddle points, identified by SSS, that describe
the linear ramp and can be understood semi-analytically. These saddle points correspond to
a connected contribution to the average spectral form factor and have nonzero off-diagonal
components. An immediate consequence of this is that these configurations spontaneously
break the relative time translation symmetry. Hence there is a continuous family of saddle
points, generated by acting on the saddle point solution with the generator of the broken
U(1) symmetry. Concretely, this symmetry acts on the saddle points by leaving GLL and
GRR unchanged but shifting GLR(t) → GLR(t− ∆). There is a similar action on Σ. Since
the collective fields are antiperiodic with period T , the relative time shift parameter ∆ is
valued on a circle of circumference 2T . The origin of the linear ramp is simply the volume
of the orbit of the saddle point under the action of the broken symmetry which is 2T . In a
holographic interpretation, a nonzero correlation between the L and R replicas, signaled by
a nonzero value for GLR, corresponds to a wormhole configuration, in this case the double
cone [25], connecting the L and R conformal boundaries.

As argued by SSS, there is another free parameter which labels these saddle points and
can be understood by considering the following auxiliary problem. The idea is to think about
computing the thermal partition function

Z(βaux) = Tr[e−
βaux

2 He−iT He−
βaux

2 HeiT H ], (3.9)

by a path integral on an elaborate Schwinger-Keldysh contour. In this problem the field
configurations on the two Lorentzian parts of the contour are joined to each other along the Eu-
clidean parts of the contour. In contrast, the original problem of computing Tr[e−iT H ]Tr[eiT H ],
requires separately periodically identifying the two Lorentzian contours. However, for large
T , the saddle point configurations for the Lorentzian parts of the contour of the auxiliary
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problem are approximately same as that for the original problem. This suggests we can
construct an approximate solution for the original problem by taking fermion correlators
in the thermofield double state,

G
(βaux)
ab (t) = 1

N

N∑
i=1

⟨ΨTFD|ψa
i (t)ψb

i (0) |ΨTFD⟩ , (3.10)

and summing over images

Gab(t) =
∞∑

n=−∞
(−1)nG

(βaux)
ab (t+ nT ). (3.11)

More precisely, SSS showed that for large T this solution lies close to an exact solution, in
the sense that the saddle point equations can be solved using numerical iteration with (3.11)
as a starting point. Although also G(βaux)

ab cannot generally be described analytically, in the
limit of large βaux, the SYK model is dominated by a soft mode governed by the Schwarzian
theory. In this limit [25],

G
(βaux)
LL (t) = G

(βaux)
RR (t) = b

[
βaux
π

sinh
(
πt

βaux

)]− 2
q

sign(t),

G
(βaux)
LR (t) = ib

[
βaux
π

cosh
(
π(t− ∆)
βaux

)]− 2
q

,

(3.12)

where b is a constant determined by J2bqπ cot π
q = 1

2 − 1
q . To justify (3.11), it is crucial that

G
(βaux)
ab (t) decays exponentially as t→ ∞ [25, 30]. Since the conformal solution sets the scale

for exponential decay to βaux, (3.11) is only accurate for βaux ≪ T . For βaux ≳ T the solution
obtained by numerical iteration can differ significantly from (3.11).

The upshot of studying this auxiliary problem is that it makes it clear that there is
another zero mode, namely βaux. Also, since the classical action for the two Lorentzian parts
of the contour in the auxiliary problem ought to cancel out, it suggests the action for these
saddle points is zero. A more careful argument shows the action is zero up to exponentially
small correction in T [25]. Hence, these saddle points contribute as

⟨|Z(iT )|2⟩ ⊃
ˆ ∞

0
dβaux µ(βaux)

ˆ 2T

0
d∆, (3.13)

where µ(βaux) is the one loop determinant for the nonzero modes. For large T , it turns out
that the measure µ(βaux) dβaux becomes a flat measure in terms of the energy. This gives

⟨|Z(iT )|2⟩ ⊃ 2T
ˆ dEaux

2π ×

2 for q = 0 mod 4,
1 for q = 2 mod 4.

(3.14)

The model with q = 0 mod 4 has a time reversal symmetry which leads to an extra factor of
two since we need to sum over the saddle point and its time reversal conjugate.
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3.3 General k

There is a simple class of saddle points that contribute to the moments of the spectral
form factor and can be described in terms of pairings of the replicas. These saddle points
were also described for a spin glass model in [30]. Consider a configuration where G and
Σ are block diagonal

L1 R1 L2 R2 . . . Lk Rk



∗ ∗ L1

∗ ∗ R1

∗ ∗ L2

∗ ∗ R2

. . . ...

∗ ∗ Lk

∗ ∗ Rk

(3.15)

This corresponds to the pairing {{L1, R1}, . . . {Lk, Rk}}. Under this ansatz, the saddle point
equations (3.7) decouple into k copies of the saddle point equations for ⟨|Z(iT )|2⟩. As seen
in the previous section, there are two kinds of saddle points for each block: a disconnected
solution and a connected solution. Here the disconnected solution refers to the saddle
point where G and Σ are replica diagonal, while the connected solution refers to the saddle
point (3.11) which correlates the L and R replicas in pairs. For early times the dominant
solution is given by taking all the blocks to be the disconnected solution and gives rise to
the fully disconnected contribution

⟨|Z(iT )|2k⟩ ⊃ |⟨Z(iT )⟩|2k. (3.16)

For later times the dominant solution is given by taking all the blocks to be the connected
solution. In addition to breaking k of the relative time translation symmetries, which gives
rise to a factor T k, this solution breaks the replica symmetry from Sk ×Sk to the diagonal Sk

for q = 0 mod 4 or from S2k to Sk × Sk
2 for q = 2 mod 4. This gives rise to the contribution

⟨|Z(iT )|2k⟩ ⊃ ⟨|Z(iT )|2⟩k ×

k! for q = 0 mod 4,
(2k − 1)!! for q = 2 mod 4,

(3.17)

with ⟨|Z(iT )|2⟩ given by (3.14). The combinatorial factors compute the size of the orbit of a
single pairing solution under the action of the discrete replica symmetry group. This simply
counts the number of pairing solutions. For q = 0 mod 4, these are pairings between the
L and R replicas, while for q = 2 mod 4, these can include pairings in which the L and R

replicas are paired among themselves. In writing (3.17) we have assumed that the one loop
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determinant for ⟨|Z(iT )|2k⟩ “factorises” over the pairings, i.e. it is given by the kth power of
the one loop determinant for ⟨|Z(iT )|2⟩ — a fact we verify in the next section.

At early times, (3.16) shows that the moments are self-averaging. In contrast, at later
times (3.17) shows that, although |Z(iT )|2 is not self-averaging, its distribution is simple:
for q = 0 mod 4 it behaves as the modulus square of a complex Gaussian variable with zero
mean and variance (3.14), while for q = 2 mod 4 it behaves as the square of real Gaussian
variable with zero mean and variance (3.14).

In a holographic interpretation, the saddle points discussed here correspond to wormhole
pairings, that is, wormholes which only connect two conformal boundaries. In principle, there
could be contributions from wormhole configurations which connect multiple boundaries. In
figure 2 we compute ⟨|Z(iT )|2k⟩/⟨|Z(iT )|2⟩k through exact numerical diagonalisation in SYK
for q = 4 and 6. These results support the idea that other saddle points do not contribute in
an important way, consistent with the analysis in SYK with one time point in section 2.9

There are also other saddle points where we take k−ℓ of the blocks to be the disconnected
contribution and the remaining ℓ blocks to be the connected solution, with ℓ running from 0
to k. These kinds of saddle points also appear in RMT (see appendix A) and contribute as

⟨|Z(iT )|2k⟩ ∼
k∑

ℓ=0
|⟨Z(iT )⟩|2(k−ℓ)⟨|Z(iT )|2⟩ℓ

c ×

ℓ!
(k

ℓ

)2 for q = 0 mod 4,
(2ℓ− 1)!!

(2k
2ℓ

)
for q = 2 mod 4,

(3.18)

where the subscript c stands for the connected contribution. These other saddle points never
dominate over the “fully disconnected” solution (ℓ = 0) or the “pairswise connected” solution
(ℓ = k). This is true except near the dip time, where the disconnected contribution oscillates
and can be small enough so that all these saddle points contribute equally. The formula (3.18)
describes the spikes in the moments seen in figure 2 just before the dip time.

3.4 1/N corrections

We begin this section by explaining how the one loop determinant factorises over the pairs
before showing how the first 1/N correction to the moments can be computed by including
perturbative fluctuations around the saddle points. This section closely follows section 2.4.
We begin by expanding in small fluctuations

Gab = Gab + δGab, Σab = Σab + δΣab, (3.19)

around one of the pairing saddle point configurations Gab and Σab. The action decomposes
as I = Icl + δI, where Icl is the classical action and

1
N
δI =

∑
n≥2

1
2nTr[(GδΣ)n] + 1

2

ˆ T

0

ˆ T

0
dtdt′

[
δΣabδGab −

J2

q
sab

q∑
n=2

(
q

n

)
Gq−n

ab δGn
ab

]
. (3.20)

In obtaining this expression we used the saddle point equations (3.7). First, we consider the
one loop contribution, which amounts to keeping only the quadratic part of the action

1
N
δI(2) = 1

4Tr[(GδΣ)2] + 1
2

ˆ T

0

ˆ T

0
dtdt′

[
δΣabδGab − J2 q − 1

2 sabGq−2
ab δG2

ab

]
. (3.21)

9Further numerical evidence is provided in section 5, where it is shown, for the sparse SYK model, that the
leading correction is dominated by fluctuations around the pairwise connected saddle points, discussed in the
next section.

– 18 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
8

45 1100 50000

10-4

0.001

0.010

0.100

1

JT

⟨|
Z

(i
T

)|
2
⟩

45 1100 50000

1

2

6

24

JT

⟨|
Z

(i
T

)|
2k

⟩/
⟨|

Z
(i

T
)|

2
⟩k

200 7000 200000

10-5

10-4

0.001

0.010

0.100

1

JT

⟨|
Z

(i
T

)|
2
⟩

200 7000 200000

1

3

15

105

JT

⟨|
Z

(i
T

)|
2k

⟩/
⟨|

Z
(i

T
)|

2
⟩k

Figure 2. The spectral form factor (divided by 2N ) and its moments for q = 4 SYK (top) and q = 6
SYK (bottom) with N = 20 and averaged over 20K realisations. The red, orange, and green curves
are k = 2, k = 3, and k = 4, respectively. Initially the spectral form factor is self-averaging. At later
times, it fluctuates around the predicted values (3.17): k! for q = 4 and (2k − 1)!! for q = 6. The
oscillations in the moments near the dip arise because the slope contribution oscillates and so can
temporarily exchange dominance with the ramp contribution.

As in section 2.4, it is useful to decompose the fluctuations as δG = δG∥+δG⊥, where δG∥ lies
in the subspace spanned by matrices of the form (3.15) and δG⊥ lies in its orthocomplement.
There is a similar decomposition for δΣ. If G and Σ represent the saddle point which takes
the block diagonal form (3.15), then G = G∥ and Σ = Σ∥. Equipped with this notation,
the quadratic part of the action (3.21) reads

1
N
δI(2)= 1

4Tr[(GδΣ)2]+1
2

ˆ
dtdt′

[
(δΣ∥)ab(δG∥)ab+(δΣ⊥)ab(δG⊥)ab−J2 q−1

2 sabGq−2
ab (δG∥)2

ab

]
.

(3.22)
Since δG⊥ appears linearly, integrating it out gives a delta function which sets δΣ⊥ = 0. In
other words, the fluctuations δG⊥ and δΣ⊥ don’t contribute to the one loop determinant.
This leaves us with an integral over the remaining variables δG∥ and δΣ∥ with quadratic action

1
4Tr[(GδΣ∥)2] + 1

2

ˆ T

0

ˆ T

0
dtdt′

[
(δΣ∥)ab(δG∥)ab − J2 q − 1

2 sabGq−2
ab (δG∥)2

ab

]
, (3.23)

which factorises into a sum over the k blocks in (3.15), since the variables δG∥ and δΣ∥ are
block diagonal. This implies that the one loop contribution from expanding in fluctuations
around one of the pairing saddle points for ⟨|Z(iT )|2k⟩ is given by the kth power of the one
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loop contribution for ⟨|Z(iT )|2⟩. That is, for large N ,

⟨|Z(iT )|2k⟩
⟨|Z(iT )|2⟩k

∼

k! for q = 0 mod 4,
(2k − 1)!! for q = 2 mod 4.

(3.24)

This formula admits a 1/N expansion which can be obtained by separately considering
the perturbative expansions around each of the saddle points for ⟨|Z(iT )|2k⟩ and ⟨|Z(iT )|2⟩.
However, since we are interested in the ratio ⟨|Z(iT )|2k⟩/⟨|Z(iT )|2⟩k, the only perturbative
corrections which contribute arise from the fluctuations δG⊥ and δΣ⊥. These corrections
can be computed using the Feynman rules for the action δI (3.20). The relevant propagators
are (repeated indices are not summed):

⟨δG⊥δΣ∥⟩ = ⟨δG∥δΣ⊥⟩ = ⟨δG⊥δG∥⟩ = ⟨δΣ⊥δΣ∥⟩ = 0, (3.25a)
⟨δΣ⊥δΣ⊥⟩ = 0, (3.25b)

⟨δΣ⊥(t1, t2)abδG⊥(t3, t3)cd⟩ = π⊥ab

N
δacδbdδ(t1 − t3)δ(t2 − t4), (3.25c)

⟨δG⊥(t1, t2)abδG⊥(t3, t4)cd⟩ = π⊥ab

N
[Gac(t1, t3)Gbd(t2, t4) − Gad(t1, t4)Gbc(t2, t3)] . (3.25d)

Here the angular brackets represent an average weighted by the quadratic action (3.21) (and
normalised so that ⟨1⟩ = 1) and π⊥ is a matrix which is equal to zero on the diagonal blocks
of (3.15) and 1 elsewhere. Crucially, as in section 2.4,

⟨δΣ⊥δΣ∥⟩ = ⟨δΣ⊥δΣ⊥⟩ = ⟨δΣ⊥δG∥⟩ = 0, (3.26)

which implies that the fluctuations arising from δG⊥ and δΣ⊥ arise from Feynman diagrams
with at least one vertex corresponding to a δG⊥ interaction term. By inspecting δI (3.20)
we find that there is only one δG⊥ interaction term which contributes to the action as

δI ⊃ −N J2

2q

ˆ T

0

ˆ T

0
dtdt′ sab(δG⊥)q

ab. (3.27)

The upshot is that the 1/N expansion of ⟨|Z(iT )|2k⟩/⟨|Z(iT )|2⟩k can be obtained by consider-
ing all Feynman diagrams involving at least one δGq

⊥ vertex. Since each diagram contributes
as NV −P , where V is the number of vertices and P is the number of propagators, naively,
the leading correction arises from a diagrams with a single δGq

⊥ vertex. However, these
contributions vanish,

N
J2

2q sab

ˆ
dtdt′ ⟨δG⊥(t, t′)q

ab⟩ = 0. (3.28)

This follows since ⟨(δG⊥)ab(δG⊥)ab⟩ ∝ π⊥ab(GabGab−GaaGbb) = 0 as G = G∥. All other nonzero
terms involve correspond to diagrams with at least two vertices. Identifying the leading term
in the perturbative expansion is tedious exercise. The detailed analysis of all the potential
contributions is presented in appendix B.2. The leading term is given by terms with one
δGq

⊥ vertex and one δGq vertex, as was the case in section 2.4:

N2

2
J4

4q2 sabscd

ˆ 4∏
j=1

dtj ⟨δG⊥(t1, t2)q
abδGcd(t3, t4)q⟩. (3.29)
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This contributes at order N2−q since it corresponds to a diagram with 2 vertices and q

propagators. Since there is a parameter βaux for each block (or pair) in (3.15), after a little
algebra we find this term contributes as

q!
N q−2

J4

4q2π
⊥
absabscd

k∏
i=1

ˆ ∞

0
dβi

aux µ̃(βi
aux)

ˆ 4∏
j=1

dtj Gad(t1, t4)qGbc(t2, t3)q, (3.30)

where we have left the dependence of the saddle point configuration G on βi
aux implicit

and where

µ̃(βaux) = µ(βaux)´∞
0 dβauxµ(βaux)

. (3.31)

In (3.29) the q! arises from the q possible Wick contraction between δGab and δGcd. We
also used

π⊥ab (GacGbd − GadGbc)q = π⊥ab

(
Gq

acG
q
bd + Gq

adGq
bc

)
, (3.32)

which follows since GacGbd is only nonzero when GadGbc vanishes and vice versa. To further
simplify (3.30) we use the identity sabscd = sadsbc and write π⊥ab = 1 − π

∥
ab, so that

π⊥absabscdGq
adGq

bc = (sabGq
ab)

2 − π∥acsabscdGq
abG

q
cd . (3.33)

The first term on the r.h.s. gives rise to a contribution which is proportional to the square of

sab

ˆ
dtdt′ Gab(t, t′)q = − T

J2∂tGaa(t)|t→0+ = i qT
NJ2

k∑
i=1

∆E(βi
aux), (3.34)

where we used the equations of motion in the first step and we introduced the quantity

∆E(βaux) = i N
q
∂t (GLL + GRR)|t→0+ , (3.35)

which is purely imaginary since the saddle point solution satisfies GLL = G∗
RR. In the auxiliary

problem ∆E is the difference between energies of the L and R systems in the thermofield
double state, which vanishes exactly. However, the solution to the auxiliary problem is only
accurate for large T and so ∆E does not vanish exactly, although it is exponentially small
in T for βaux ≪ T [25]. We comment more on the behvaiour of ∆E below and in the next
subsection. From the second term on the r.h.s. of (3.33) we get

π
∥
absabscd

ˆ 4∏
j=1

dtj Gab(t1, t2)qGcd(t3, t4)q = −
(
qT

NJ2

)2 k∑
i=1

∆E(βi
aux)2. (3.36)

Altogether (3.30) leads to the correction:

⟨|Z(iT )|2k⟩
⟨|Z(iT )|2⟩k

=
[
1 + k(k − 1)

4
q!
N q

T 2|∆E |2 + . . .

]
×

k! for q = 0 mod 4,
(2k − 1)!! for q = 2 mod 4,

(3.37)

where
∆E =

ˆ ∞

0
dβaux µ̃(βaux)∆E(βaux). (3.38)
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Since ∆E(βaux) is exponentially small for large T , schematically e−T/βaux [25], ∆E is dominated
by the part of the integral where the temperature is very low, βaux ≳ T , corresponding to the
spectrum’s edge.10 This means the correction can be understood as arising from fluctuations
near the edge of the spectrum. While ∆E appears difficult to compute, we provide evidence
in section 5 that the total correction is independent of time T .

The fact that the leading correction is only polynomially small in N rather exponentially
small marks a departure from RMT expectations. This is to be expected as SYK and RMT
belong to different universality classes of chaotic systems [31]. The key distinction lies in the
number of independent random parameters in the Hamiltonian: for SYK it is approximately
N q/q!, scaling logarithmically with the Hilbert space dimension L = 2N/2, while for RMT it is
approximately L2, scaling polynomially. These differences unfold in physics near the edge of
the spectrum in the regime of large but finite L. In sparse systems, which contain at most order
logL random parameters, like SYK, the fluctuations from near the edge of the spectrum are
more pronounced than in dense systems, which contain at most order L random parameters,
like RMT or JT gravity. Specifically, the corrections to the spectral density near the edge
scale inversely with logL in sparse systems compared to L in dense systems [31]. Surprisingly,
the first correction to the moments of the spectral form factor scales inversely with the
number of independent random parameters N q/q! rather than simply 1/N [12, 21, 32–34].
Notice that since ∆E is extensive in N , the correction ultimately scales as 1/N q−2 .

Since the correction in (3.37) scales inversely with N q−2 it hints that the q = 2 model is
qualitatively different and may exhibit enhanced noise. This is consistent with the fact that
the q = 2 model is a free theory and hence isn’t expected to display signatures of many-body
chaos unlike its q > 2 cousins. The enhanced symmetries of the q = 2 model necessitate a
separate treatment which is the focus of the next section.

Although the correction to the moments (3.37) from fluctuations near the edge of the
spectrum is very small for the low order moments, it becomes significant in the very high
order moments, when k approaches a fixed fraction of N q/2−1. This signals a departure
from RMT expectations where we anticipate the corrections to the moments to become
significant only when k approaches a fixed fraction of L#; however we are not aware of a
proof which determines when this breakdown occurs.11 In this sense, SYK mimics a RMT
for the low order moments of the spectral form factor, specifically for k ≪ N q/2−1. This
structure is reminiscent of the “mock Gaussian” behaviour seen in the circular ensembles [43],
the ensembles of orthogonal, unitary, or symplectic matrices with the Haar measure. The
term mock Gaussian refers to the fact that while first few moments are Gaussian, the overall

10Since large βaux corresponds to the Schwarzian limit where µ(βaux) ∝ 1/β3
aux we can be more explicit:

near the, say, lower edge E − Emin ∝ N/Jβ2
aux.

11An exception is for the very late time behaviour of spectral form factor in the circular unitary ensemble
(CUE), the ensemble of unitary matrices with the Haar measure. The spectral form factor displays a linear
ramp and plateau: ⟨|Tr[U T]|2⟩CUE = min{T, L}, with the discrete variable T playing the role time. On the
plateau ⟨|Tr[U T]|2k⟩CUE = k!Lk(1 − k(k−1)

4L
+ . . . ), signalling large deviations from Gaussianity when k ∼

√
L.

This result follows from expanding the exact formula [42] (see theorem 2.1) for the moments for large L.
Curiously, the correction comes with a minus sign. We will see a similar behaviour in sparse SYK in seciton 5
from numerics.
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distribution is not. For example, for the circular unitary ensemble (CUE)

⟨Tr[U ]kTr[U∗]k′⟩CUE = k! δkk′ , (3.39)

provided k ≤ L, where L is the size of the matrix. A similar expression holds for the mixed
moments; see [44]. Really (3.37) indicates that an approximate version of mock Gaussian
property holds SYK, since for any finite N the moments are not exactly Gaussian although
they are approximately so provided k ≪ N q/2−1.

The fact that the correction scales inversely with N q/q! also raises the possibility that,
more generally, in sparse systems the leading correction scales inversely with the number of
independent random parameters. To explore this idea, we study a sparsified version of SYK,
where interaction terms are deleted with some probability, in section 5. Numerical results
indicate that the leading correction increases as the system becomes more sparsified and the
number of random parameters decreases. The larger magnitude of the correction enables its
observation at relatively small moments, where it is feasible to stabilize numerically the noise.
This behaviour suggests a faster departure of sparse SYK from the RMT expectation compared
to the regular, unsparsified, SYK model and suggests generalization of equation (3.37) to
other contexts.

A similar 1/N expansion applies to the moments of the spectral form factor at early
times when the disconnected solution Gdisc

ab , which described the slope, dominates. This
can be obtained by repeating the steps but redefining M∥ to project a matrix M onto its
diagonal components. The final result is:

⟨|Z(iT )|2k⟩
|⟨Z(iT )⟩|2k

= 1 + q!
N q

(
k(k − 1)

4 T 2|∆E |2 + k

2T
2|F |2

)
+ . . . , (3.40)

where

∆E = i N
q
∂t(Gdisc

LL + Gdisc
RR )|t→0+ , |F |2 = N

q
∂tGdisc

LL |t→0+ × N

q
∂tGdisc

RR |t→0+ . (3.41)

For k = 1 the latter term describes a connected contribution to ⟨|Z(iT )|2⟩ arising from a
perturbative expansion around the disconnected saddle point and has already been obtained
in [34]. The term T∆E starts at zero, increases to a maximum, and then tends to zero
again at late times. The vanishing of ∆E = i ∂T Icl at late times occurs because the classical
action Icl approaches a constant for late times.12 Large oscillations in the spectral form
factor near the dip time make it difficult to identify these corrections numerically. This
issue can be circumvented by studying a microcanonical version of the spectral form factor
where the oscillations are tamed.

3.5 Microcanonical spectral form factor

While the spectral form factor is sensitive to the whole spectrum, we could also imagine
studying a microcanonical version of it where the sum over states is weighted by a “filter
function” f which focuses on some part of the spectrum [25]

|Yf (T )|2 = Tr[f(H)e−iT H ]Tr[f(H)eiT H ]. (3.42)
12We are grateful to Alex Windey for discussions on this point and for assistance with numerically solving

the saddle point equations.
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A standard choice for f is a Gaussian

f(H) = exp
(
−(H − E)2

2∆2

)
, (3.43)

which roughly restricts to energies within a window ∆ of E. For the Gaussian filter function,
the microcanonical spectral form factor can be computed as

⟨|Yf (T )|2⟩ ∝
ˆ

dβLdβRe
(βL+βR)E+ 1

2 (β2
L+β2

R)∆2⟨Z(βL − iT )Z(βR + iT )⟩, (3.44)

and similarly for its moments. For nonzero βL and βR the approximate zero mode βaux is
lifted classically [25] and so in the saddle point approximation we look for stationary points
with respect to βL, βR, and βaux. For the moments we would still have [30]

⟨|Yf (T )|2k⟩
⟨|Yf (T )|2⟩k

∼

k! for q = 0 mod 4,
(2k − 1)!! for q = 2 mod 4,

(3.45)

with the equality for q = 2 mod 4 holding provided f is an even function, i.e. E = 0 for
the Gaussian filter function (3.43). Focusing away from the edge of the spectrum, say by
setting E = 0 and a choosing a suitable ∆, we expect the leading correction to this formula
to still be given by (3.37). However, the integral over βaux in (3.38) is now restricted to a
range where ∆E(βaux) becomes exponentially small in T . In terms of the auxiliary energy
Eaux, the integral is roughly restricted to a window centered around zero of width ∆ and
away from the spectrum’s edge. We examine this numerically in sparse SYK in section 5, see
figure 8. This result aligns with the expectation that SYK behaves like a RMT away from
the edge of the spectrum. We note that this argument does not rule out the possibility of
further corrections in the 1/N expansion which are not exponentially supressed in T .

In contrast, at early times, when the disconnected saddle point dominates, the corrections
to the moments persist. The only modification is that now the disconnected solution Gdisc

ab

depends on the saddle point values of the βL,R variables. Since these corrections are always
present, even away from the edge, it suggests that they correspond to global fluctuations
in the spectrum, as proposed in [33, 34, 45].

4 q = 2 SYK

The q = 2 SYK model is a free theory of fermions with a random mass matrix and as such is
not expected to display features of many-body chaos. However, it retains certain signatures
of chaos in its single-particle energy levels which are given by the eigenvalues of a random
antisymmetric hermitian matrix and exhibit eigenvalue repulsion. This feature makes the
q = 2 model valuable for studying the transition from single-body chaos to many-body chaos.

In contrast to the q > 2 model, the spectral form factor of the q = 2 model, shown in
figure 3, features an exponential ramp rather than a linear one. The authors of [37] showed
how this property could be traced to an infinite enhancement of the U(1)L× U(1)R time
translation symmetry of the problem which is spontaneously broken by the saddle point
in a time dependent pattern.13 The exponential ramp eventually gives rise to a plateau at

13See [46] for a different treatment for the complex q = 2 model.
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Figure 3. Left panel: the spectral form factor (divided by L2) for the q = 2 SYK model with N = 50,
averaged over 2 × 106 realisations. The plateau value is at JT = 2N , as calculated in [46]. Right
panel: the moments of the spectral form factor for k = 2 (blue), k = 3 (orange), and k = 4 (green).
Every time a Matsubara mode enters the symmetry broken regime |ωn| < 2J , the moments display a
discrete jump due to the volume of the zero mode, as showed in (4.1). The black dashed line is the
plateau prediction according to (4.37) for k = 2.

a time scale of order N , much before the plateau time in RMT. In this section we extend
this calculation to the moments of the spectral form factor. We begin by showing how the
U(1)2k × S2k symmetry — the direct product of time translation and replica symmetry —
for q > 2 is infinitely enhanced in the special case that q = 2 to a U(2k) replica symmetry
for each Matsubara frequency ωn. A time dependent symmetry breaking pattern gives rise
to a zero mode manifold whose volume is proportional to

∏
|ωn|<2J

Nk2vol
(U(2k)

U(k)2

)
, (4.1)

which grows exponentially in time T , as the number of Matsubara frequencies which enter
the regime |ωn| < 2J increases. This is clearly seen in the numerical plot of the moments
of the spectral form factor in figure 3. At discrete time steps, a new Matsubara frequency
enters the symmetry broken regime and causes a jump in the moments due to the volume
of its zero mode. The enhanced zero mode manifold explains why the spectral form factor
in the q = 2 model exhibits much larger erratic oscillations. Finally, we discuss the large
k behaviour of the moments.

4.1 Symmetries

For the q = 2 model the discrete replica symmetry S2k is infinitely enhanced. After integrating
out G, which appears quadratically in the action (3.4), we can write the result as

⟨|Z(iT )|2k⟩ =
ˆ
DΣ e−I[Σ]

1
N
I[Σ] = −1

2 log det(∂t − Σ) + 1
4J2 TrΣ2.

(4.2)
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In the infrared limit, the derivative operator ∂t can self-consistently be dropped from the
action, resulting in an effective theory with equation of motion Σ2 = J2, or, more explicitly

ˆ T

0
dsΣac(t, s)Σcb(s, t′) = J2δabδ(t− t′). (4.3)

This equation is invariant under the transformation

Σ(t, t′) → ΣU (t, t′) =
ˆ T

0

ˆ T

0
dsds′ U(t, s)Σ(s, s′)U(t′, s′)tr, (4.4)

for a matrix valued distribution U(t, t′) which is antiperiodic with period T in each argument
and satisfies

ˆ T

0
dsU(t, s)U(t′, s)tr = δ(t− t′), (4.5)

where U(t, t′)tr is its transpose. It’s useful to define U tr to be the operator with matrix elements
given by transposing both the replica indices and time labels of U , i.e. (U tr)(t, t′) = U(t′, t)tr

where on the r.h.s. tr is the ordinary transpose in replica space. The transformation can
then be concisely written as

Σ → ΣU = UΣU tr, UU tr = 1. (4.6)

This corresponds to an infinite enhancement of the emergent diff(S1) symmetry for each
replica of the q > 2 model.14 The infrared symmetries of the single replica theory have
been discussed in [47]. Away from the strict infrared limit of the theory, this symmetry is
explicitly broken by the presence of the derivative operator ∂t in the action. Indeed, the
full equation of motion is

∂tΣ − Σ2 = −J2, (4.7)

and so for U to be a symmetry of the full theory it must commute with the derivative operator

U tr∂tU = ∂t. (4.8)

It is simple to check that this can be solved by a U(t, t′) which only depends on the difference
of times, i.e. U(t, t′) = U(t − t′), since

ˆ T

0
dsU(s− t)tr∂sU(s− t′) = −∂t′

ˆ T

0
dsU(s− t)trU(s− t′)

= −∂t′δ(t− t′).
(4.9)

In going to the second line we used the constraint UU tr = 1. Since U is antiperiodic it’s
Fourier series may be written as

U(t) = 1√
T

∑
n∈Z

U(ωn)e−iωnt, ωn =
2π(n+ 1

2)
T

. (4.10)

14The diff(S1) subgroup is parameterised by U(t, t′) = ϕ′(t)∆δ(ϕ(t) − t′) with ϕ ∈ diff(S1). The constraint
U trU = 1 fixes ∆ = 1

2 .
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In order to preserve the reality condition on Σ, we require U to be real valued and so
U(ωn) = U(−ωn)∗. It is then straightforward to verify that the constraint UU tr = 1 implies
that the Fourier modes Un = U(ωn) satisfy UnU

†
n = 1, i.e. Un ∈ U(2k). The action of this

symmetry on the Fourier modes of Σ is given by

Σmn → (ΣU )mn = UmΣmnU
tr
n . (4.11)

To summarise, the U(1)2k × S2k symmetry — the direct product of time translation and
replica symmetry — for q > 2 such that q = 2 mod 4 is enhanced in the special case that
q = 2 to the infinite dimensional group

∏
n≥0 U(2k).

4.2 Saddle points

To simplify the saddle point equation

∂tΣ − Σ2 = −J2, (4.12)

we make an ansatz that Σ only depends on the difference of times, i.e. Σ(t, t′) = Σ(t− t′).
With this ansatz, configurations which are not invariant under this diagonal time translation
symmetry only contribute as fluctuations in the one loop determinant in the saddle point
approximation. As such, it is useful to warm up to the full problem by studying a slightly
simpler path integral defined similarly to (4.2) but where we only integrate over time
translation invariant configurations. We will add back the contribution of the configurations
which are non invariant under the diagonal time translation symmetry later. Writing the
Fourier series of Σ as

Σ(t) =
∑
n∈Z

Σ(ωn)e−iωnt, ωn =
2π(n+ 1

2)
T

, (4.13)

the path integral decomposes into an infinite product of decoupled hermitian matrix integrals15

⟨|Z(iT )|2k⟩ = 2kN
∞∏

n=0

(
N

2πJ2

)2k2 ˆ
R(2k)2

dΣn exp
{
NTr log

(
1+ Σn

iωn

)
− N

2J2 TrΣ2
n

}
, (4.14)

where
dΣn =

∏
a

d(Σn)aa

∏
a<b

√
2 dRe (Σn)ab

√
2 dIm (Σn)ab, (4.15)

is the standard measure on the space of 2k× 2k hermitian matrices, which is a copy of R(2k)2 .
That Σn = Σ(ωn) is hermitian follows from imposing the constraint Σab(t, t′) = −Σba(t′, t) as
well as requiring Σab(t, t′) to be purely imaginary, which is required for convergence of the
path integral. The factor 2N/2 for each replica is the contribution of the free determinant∏∞

n=0(n + 1/2) which, after zeta function regularisation, gives
√

2. Since Z(iT ) can only
depend on the dimensionful variables J and T through the combination JT , its value at J = 0
simply computes the dimension of the Hilbert space Z(iT )|J=0 = 2N/2. The normalisation
chosen in (4.14) thus ensures that the spectral form factor is normalised on average.

15This matrix integral has also been studied in a different context [48].
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Since the path integral (4.14) decomposes as product of decoupled matrix integrals for
each mode, we can focus our attention on the contribution of a single mode:

Zn =
(

N

2πJ2

)2k2 ˆ
R(2k)2

dΣn exp
{
NTr log

(
1 + Σn

iωn

)
− N

2J2 TrΣ2
n

}
. (4.16)

The matrix integral over each mode Σn (4.14) is invariant under conjugation by a unitary
matrix Σn → UnΣnU

†
n with Un ∈ U(2k). This symmetry is simply the restriction of the

symmetry (4.11) mentioned in the previous section to time translation invariant configurations.
Using this symmetry to diagonalise Σn, the integral can be recast as an integral over the
eigenvalues with a Jacobian factor, which computes the volume of the orbit of the diagonal
matrix under the adjoint action of U(2k) [9]:

Zn =
(

N

2πJ2

)2k2

vol
( U(2k)

U(1)2k × S2k

) ˆ
R2k

∏
a

dλa

∏
a<b

(λa − λb)2e−N
∑

a
V (λa). (4.17)

where
V (λ) = − log

(
1 + λ

iωn

)
+ 1

2J2λ
2. (4.18)

The Jacobian gives rise to the square of the Vandermonde determinant ∆({λ}) =
∏

a<b |λa−λb|.
With our normalisation

vol U(x) = (2π)
x(x+1)

2

G(x+ 1) , (4.19)

where G is the Barnes-G function. For large N , the integral (4.17) is dominated by its saddle
points and small fluctuations around them. For k ≪ N , we can neglect the contribution of
the Vandermonde determinant when determining the saddle points. The saddle points are
then obtained by extremising V (λ) which gives a quadratic equation

λ2
a + iωnλa − J2 = 0. (4.20)

The two possible solutions for each eigenvalue are

λ± = −iωn ±
√

4J2 − ω2
n

2 . (4.21)

As discussed in [37], for ωn < 2J , the contour of integration for each eigenvalue may be
deformed to pass through both saddle points λ±, while for ωn > 2J it is only possible to
deform the contour to pass through the saddle point λ+. This situation is quite different
from that in section 3.3 for q > 2, where the exchange of dominance between the two saddle
points occurs at different times rather than at different frequencies.

First consider the simpler case that ωn > 2J . Adding a small fluctuation µa to the
saddle point λa = λ+ + µa we get

Zn = e−2kNV (λ+)
(

N

2πJ2

)2k2

vol
( U(2k)

U(1)2k × S2k

)

×
ˆ

R2k

∏
a

dµa

∏
a<b

(µa − µb)2e
− N

2J2

(
1+

λ2
+

J2

)∑
a

µ2
a

.

(4.22)
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The one loop contribution is most easily computed by interpreting the integral over µa as the
integral over the eigenvalues of a 2k × 2k hermitian matrix X. We then have

Zn = e−2kNV (λ+)
(

N

2πJ2

)2k2 ˆ
R(2k)2

dXe
− N

2J2

(
1+

λ2
+

J2

)
TrX2

= e−2kNV (λ+)
(

1 +
λ2

+
J2

)−2k2

.

(4.23)

For ωn < 2J each eigenvalue integral is given by a sum of over two saddle points. Since the
integral is invariant under permutations of eigenvalues there are 2k + 1 distinct contributions

Zn =
2k∑

ℓ=0
Z(ℓ)

n , (4.24)

where Z
(ℓ)
n is the contribution where ℓ eigenvalues are expanded around the λ− saddle

point and the remaining 2k − ℓ eigenvalues are expanded around the λ+ saddle point.
Expanding around the saddle points λa = λ− + µ−a for a = 1, . . . , ℓ and λa = λ+ + µ+

a for
a = ℓ + 1, . . . , 2k − ℓ we get

Z(ℓ)
n = e−ℓNV (λ−)−(2k−ℓ)NV (λ+)

(
N

2πJ2

)2k2

(λ+ − λ−)2ℓ(2k−ℓ)vol
( U(2k)

U(1)2k × S2k

)

×
ˆ

Rℓ

∏
a

dµ−a
∏
a<b

(µ−a − µ−b )2e
− N

2J2

(
1+

λ2
−

J2

)∑
a

(µ−
a )2

×
ˆ

R2k−ℓ

∏
a

dµ+
a

∏
a<b

(µ+
a − µ+

b )2e
− N

2J2

(
1+

λ2
+

J2

)∑
a

(µ+
a )2

.

(4.25)

As before, the one loop contributions are most easily computed by interpreting the integral
over µ−a as the integral over eigenvalues of an ℓ× ℓ hermitian matrix and the integral over
µ+

a as the integral over eigenvalues of a (2k − ℓ) × (2k − ℓ) hermitian matrix. This leads
to the following result

Zn =
2k∑

ℓ=0
e−ℓNV (λ−)−(2k−ℓ)NV (λ+)

(
N

2πJ2 (λ+ − λ−)2
)ℓ(2k−ℓ)

vol
( U(2k)

U(ℓ) × U(2k − ℓ)

)

×
(

1 +
λ2
−
J2

)− ℓ2
2
(

1 +
λ2

+
J2

)− (2k−ℓ)2
2

.

(4.26)

This formula has a simple interpretation in terms of the original matrix integral (4.16).
Due to the U(2k) invariance of the matrix integral the extremums of TrV (Σn) are highly
degenerate. In general they are not saddle points, rather they are saddle manifolds. Let
Λ(ℓ) = diag(λ−, . . . , λ−, λ+, . . . , λ+), where ℓ denotes the multiplicity of λ−. Then, each of the
terms in sum above has the interpretation as the result of the integral along the orbits of the
diagonal saddle points Λ(ℓ) under the action of U(2k) together with the one loop contribution in
the directions orthogonal to the orbit. The orbit space is the quotient U(2k)/G where G is the
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subgroup of U(2k) which leaves the diagonal saddle point fixed. For Λ(ℓ), G = U(ℓ)×U(2k−ℓ)
so the orbit space is the Grassmannian Gr(ℓ, 2k) = U(2k)/U(ℓ) × U(2k − ℓ), the space of
ℓ-dimensional linear subspaces of C2k. The measure on the orbit comes from commuting
g⊥ with Λ(ℓ), where g⊥ is the orthocomplement to the Lie algebra g of G. Concretely,
g⊥ is the 2ℓ(2k − ℓ)-dimensional vector space spanned by 2k × 2k antihermitian matrices
that have vanishing entries in the top-left ℓ× ℓ block and bottom-right (2k − ℓ) × (2k − ℓ)
block. The commutator of any matrix in g⊥ with Λ(ℓ) is proportional to λ+ − λ−, so the
volume of the orbit is proportional to (λ+ − λ−)2ℓ(2k−ℓ). This gives rise to the last two
terms in the first line of (4.26).

Since ReV (λ+) = ReV (λ−) the dominant contribution in the sum over saddles (4.26) is
the term with ℓ = k as it maximises the volume of the orbit space, which scales as N ℓ(2k−ℓ).
Only keeping this contribution gives

Zn = e−kN [V (λ−)+V (λ+)]
(

N

2πJ2 (λ+ − λ−)2
)k2

vol
(U(2k)

U(k)2

)(
1 +

λ2
−
J2

)− k2
2
(

1 +
λ2

+
J2

)− k2
2

.

(4.27)
Using the formula (4.21) for λ± we get

Zn =
(
J

ωn

)2kN

e
kN

(
ω2

n
2J2 −1

) N

2π

√
4 − ω2

n

J2

k2

vol
(U(2k)

U(k)2

)
. (4.28)

Notice that if we take k ≫ 1 but k ≪ N we find

Zn ∼
(
J

ωn

)2kN

e
kN

(
ω2

n
2J2 −1

) N
k

√
4 − ω2

n

J2

k2

, (4.29)

the N/k factor in the last parenthesis indicates a change of behaviour as k approaches a
fixed fraction of N .

Now we can multiply the contributions for all the single modes Zn calculated in (4.23)
and (4.28) to calculate the moments of the spectral form factor. For early times such that
JT < π

2 , all the frequencies ωn > 2J , so using (4.23) the spectral form factor is given by
the infinite product

⟨|Z(iT )|2k⟩ = 2kN
∞∏

n=0
e−2kNV (λ+)

(
1 +

λ2
+
J2

)−2k2

. (4.30)

To leading order for small JT this gives

⟨|Z(iT )|2k⟩ = 2kNe−
kN

8 (JT )2
, (4.31)

displaying the characteristic decaying behaviour typical of the slope. For k = 1 this agrees
with [37]. For later times there will be a contribution from the frequencies ωn with ωn < 2J .
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Using (4.23) and (4.28), the spectral form factor is then given by the infinite product

⟨|Z(iT )|2k⟩ = 2kN
nT∏

n=0

(
J

ωn

)2kN

e
kN

(
ω2

n
2J2 −1

) N

2π

√
4 − ω2

n

J2

k2

vol
(U(2k)

U(k)2

)

×
∞∏

n=nT +1
e−2kNV (λ+)

(
1 +

λ2
+
J2

)−2k2

,

(4.32)

where nT = ⌊JT
π − 1

2⌋ is the number of frequencies ωn with ωn < 2J . Notice that the number
of zero modes increases by one at discrete time intervals of size π

J , with the first zero mode
appearing at T = π

2J , consistent with the numerical simulation in figure 3. For large JT ,
the frequencies are very closely spaced so we can approximate the discrete variable ωn by
a continuous variable. This gives

⟨|Z(iT )|2k⟩ = 2kN

[(32N
πe3

)k2

vol
(U(2k)

U(k)2

)]JT
π

. (4.33)

The contribution of the classical action vanishes to leading order in JT as there is no
exponential in N contribution (except for the 2kN ), leaving only the contribution from
the zero mode volume, which generates an exponential in T ramp. Taking k ≫ 1 but
k ≪ N we find

⟨|Z(iT )|2k⟩ ∼ 2kN
( 16
e3/2

N

k

)k2 JT
π

. (4.34)

This indicates a significant change in behvaiour of the moments as k approaches a fixed
fraction of N . In particular, naively extrapolating to k ≫ N suggests that the moments
begin to decrease. We will return to this problem in section 4.3.

In these formulas we have only considered the one loop contribution from configurations
which are invariant under a diagonal time translation. The full one loop contribution can
be understood analytically for late times T . In this limit the dominant contribution is from
the soft modes, which corresponds to making the zero mode configurations depend slightly
on t+ t′. The calculation is a straightforward generalisation of the one in [37], so we defer
the details to appendix C.1. The result is

⟨|Z(iT )|2k⟩ = 2kN

[( 8N
πe2JT

)k2

vol
(U(2k)

U(k)2

)]JT
π

, (4.35)

where the main effect is that N dependence has been rescaled, N → N/JT . The moments
grow exponentially quickly with k, in sharp contrast to what we found in the q > 2 model,
where the k dependence was just quadratic. Moreover, another important different features
is that the moments are strongly time dependent, indicating that the fluctuation in the
spectral form factor are grows exponentially with the time, which is another different feature
compared to the q > 2 cases.

Notably, equation (4.35) indicates a breakdown of the saddle point approximation as
JT approaches a fixed fraction of N , which corresponds to the beginning of plateau region.
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While we don’t have an understanding of how to study the plateau using the collective field
variables we can understand what the result should be based on a long-time average argument.
By doing the Gaussian integral over the fermions, the unaveraged spectral form factor is

|Z(iT )|2 = 2N
N/2∏
i=1

cos2 Tλi

2 , (4.36)

where ±iλi are the eigenvalues of Jij . A long-time average implies the moments are

⟨|Z(iT )|2k⟩ =
(

2k
k

)N/2

, (4.37)

in contrast with the plateau value calculated in (1.3) for a RMT. The agreement of this result
with the numerical value is showed in figure 3 for N = 50 and k = 2. A comparison of the
plateau value for larger values of k or N is complicated by the large fluctuations that affect
the SYK2 model, which rapidly render the required simulation time unfeasible. As observed
in [49], insufficient statistical sampling leads to a downward shift in the spectral form factor,
particularly affecting the plateau region where fluctuations are most pronounced. This issue
becomes even more severe for the moments, where fluctuations grow exponentially with N .

4.3 Large k from duality

For k ≫ N it is no longer possible to neglect the contribution of the Vandermonde determinant
in (4.17) when determining the saddle points. However, there is a simple way to rewrite
the original 2k × 2k matrix integral (4.16)

Zn =
(

N

2πJ2

)2k2 ˆ
R(2k)2

dΣe−
N

2J2 TrΣ2
det (iωn + Σ)N . (4.38)

as an N ×N matrix integral where the saddle point analysis is simple for k ≫ N . For sake
of notation we have added back the contribution from the free determinant in this expression.
We will subtract it’s contribution in the final expression. This duality is a special case of
a duality found by Hikami and Brézin [50]. We start by introducing complex Grassmann
variables χa

i and χ̄a
i with i = 1, . . . , N and a = 1, . . . , 2k to rewrite the determinant as

det (iωn + Σ)N =
ˆ

dχdχ̄eTrB(iωn+Σ), (4.39)

where dχdχ̄ =
∏

i,a dχa
i dχ̄a

i and B is the 2k × 2k matrix

Bab =
∑

i

χ̄a
i χ

b
i . (4.40)

With the Grassmann integral representation of the determinant (4.39) the original matrix
integral (4.38) becomes Gaussian. Integrating out Σ gives

Zn =
ˆ

dχdχ̄eiωnTrB+ J2
2N

TrB2
. (4.41)

– 32 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
8

0 100 200 300 400 500

100

1000

104

105

k

f
(k

)

Figure 4. Plot of f(k) = π
JT log(⟨|Z(iT )|2k⟩/2kN ) for N = 150, comparing two different expressions

for the moments of the spectral form factor. The blue curve is obtained from (4.33) and is valid for
k ≪ N while the orange one, given by (4.52), is valid for k ≫ N . Both curves are extrapolated beyond
their expected range of validity. The two curves cross over at k ∼ 100, reflecting the expectation that
the formula for the low moments breaks down as k approaches a fixed fraction of N and the orange
curve correctly captures the behaviour in the k ≫ N regime.

By anticommuting the Grassmann variables we may write

TrB2 =
∑
a,b

∑
i,j

χ̄a
i χ

b
i χ̄

b
jχ

a
j

= −
∑
a,b

∑
i,j

χ̄a
i χ

a
j χ̄

b
jχ

b
i

= −TrB̃2,

(4.42)

where B̃ is the N × N matrix

B̃ij =
∑

a

χ̄a
i χ

a
j . (4.43)

Noting that also TrB = TrB̃, we may rewrite (4.41) as

Zn =
ˆ

dχdχ̄eiωnTrB̃− J2
2N

TrB̃2
. (4.44)

By introducing an N × N matrix Σ̃ we may write

e−
J2
2N

TrB̃2 =
(

N

2πJ2

)N2
2
ˆ

RN2
dΣ̃e−

N
2J2 TrΣ̃2+iTrB̃Σ̃. (4.45)

Plugging this expression into (4.44) and integrating over the Grassmann variables gives

Zn =
(

N

2πJ2

)N2
2
ˆ

RN2
dΣ̃e−

N
2J2 TrΣ̃2

det
[
i(ωn + Σ̃)

]2k
. (4.46)
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The duality exchanges the original integral over a 2k×2k hermitian matrix with a determinant
insertion raised to the N th power with an integral over an N × N hermitian matrix with
a determinant insertion raised to the 2kth power.16 Finally, subtracting the contribution
from the free determinant gives

Zn =
(

N

2πJ2

)N2
2
ˆ

RN2
dΣ̃e−

N
2J2 TrΣ̃2

det
(

1 + Σ̃
ωn

)2k

. (4.47)

The matrix integral over Σ̃ is invariant under conjugation by a unitary matrix Σ̃ → U Σ̃U †

with U ∈ U(N). Using this symmetry to gauge fix Σ̃ to be a diagonal matrix gives

Zn =
(

N

2πJ2

)N2
2

vol
( U(N)

U(1)N × SN

) ˆ
RN

∏
i

dλi

∏
i<j

|λi − λj |2e−N
∑

i
Ṽ (λi), (4.48)

where
Ṽ (λ) = −2k

N
log

(
1 + λ

ωn

)
+ 1

2J2λ
2. (4.49)

For infinite k the saddle points for integral over eigenvalues are pushed to ±∞. For large but
finite k the quadratic term in the potential provides a small stabilisation which pulls the saddle
points from ±∞ to a finite distance. The advantage of the dual description of the original
matrix integral is that for k ≫ N we can self-consistently neglect the contribution from the
Vandermonde determinant when determining the saddle points. The extremums of Ṽ (λ) are

λ̃± =
−ωn ±

√
8k
N J

2 + ω2
n

2 . (4.50)

The saddle point λ̃+ dominates for all ωn and so

Zn = e−N2Ṽ (λ̃+)
(

1 + N

2k
λ̃2

+
J2

)−N2
2

. (4.51)

For large JT , the frequencies are very closely spaced so we can approximate the discrete
variable ωn by a continuous variable. This gives

⟨|Z(iT )|2k⟩ = 2kN exp
[4

3
√

2kN
(
k − 3(π − 2)

16 N

)
JT

π

]
. (4.52)

This indicates that the moments continue to grow as k increases beyond N , in contrast to the
naive extrapolation of (4.34). A comparison between (4.33) and (4.52) is shown in figure 4.
We stress that in this formula we have not accounted for the one loop determinant from the
configurations which are not invariant under the diagonal time translation symmetry.

5 Sparse SYK

In section 3.4, we observed that the leading correction to the moments of the spectral form
factor scales as k2/N q−2, indicating a change in the behaviour for the high moments, when

16At the level of the full path integral this duality simply undoes the G,Σ trick, see appendix C.2.
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Figure 5. The spectral form factor and its moments for the sparse SYK model with N = 18 fermions,
averaged over 1.8 million realisations. The plots correspond to k = 1, 4, 5, 6 from left to right. Different
colours represent different degrees of sparsification: p = 1 i.e. unsparsified SYK (blue), p = 0.07
(yellow), p = 0.04 (green), and p = 0.03 (red). The black dashed line marks the leading contribution
of k!. The observed plateau lies below k! due to finite N effects. The sparsification probabilities have
been choose in such a way that the sparse model agrees with the regular SYK model in the ramp
region (cyan background). This is consistent with [36], where a transition, signaled by a growing dip,
was noticed for p ≲ 8.7 × 24/N3 ∼ 0.036 for N = 18. However, the agreement in the ramp region
is lost when considering the moments: while for regular SYK they closely approach k!, sparse SYK
shows increasing deviations at higher sparsification. Notably, the gap between the moments and k!
grows significantly with k, making the correction more and more relevant.

k ∼ N q/2−1. As discussed there, the correction in equation (3.37) scales inversely with N q/q!
which is the number of independent random parameters in the SYK Hamiltonian. In this
section we try to understand in what sense this is the correct interpretation by considering a
sparsified version of the SYK model where we can tune the number of random parameters.
While certain signatures of quantum chaos, such as a linear ramp, are preserved in the sparse
model, we expect that reducing the number of random parameters weakens its adherence
to random matrix universality.

Deleting some of the terms in the SYK Hamiltonian gives rise to a model known as the
sparse SYK model. It gained a lot of attention recently because it significantly reduces the
computational complexity of simulations yet still displays a holographic phase in certain
regimes [35]. The computational advantage is particularly relevant when dealing with the
moments of the spectral form factor since the simulation time is enlarged by the huge
statistics needed to stabilise their fluctuations. Indeed, the standard deviation associated
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to |Z(iT )|2k/⟨|Z(iT )|2⟩k is of order√
(2k)! ∼

(2k
e

)k

, (5.1)

which is superexponential in k. This would be particularly problematic if the correction
to the moments only becomes significant at k ∼ N q/2−1 as for regular SYK. So, from a
computational perspective, sparse SYK offers a dual advantage: it reduces the simulation
time while also making the corrections more prominent even for k ≪ N q/2−1. Furthermore,
studying the moments of the spectral form factor for sparse SYK allows us to examine the
regime of validity for the model: the kth moment of the spectral form factor can be related
to 2k-point out-of-time-order correlators17 [12, 51], so a substantial deviation of the moments
with respect to regular SYK suggests that sparse SYK is no longer a good approximation of
the model, and one should only trust it for computing lower-point functions.

The Hamiltonian for sparse SYK is

H = iq/2 ∑
1≤i1<···<iq≤N

xi1...iqJi1...iqψi1 . . . ψiq , (5.2)

where xi1...iq is a binary random variable that is equal to 0 with probability 1 − p and equal
to 1 with probability p. On average the number of nonzero independent random variables in
the Hamiltonian is approximately pN q/q! for large N . The random couplings Ji1...iq have
zero mean and variance

⟨Ji1...iqJj1...jq⟩ = 1
p

J2(q − 1)!
N q−1 δi1j1 . . . δiqjq . (5.3)

Notice that the variance of the couplings slightly different as compared with (3.2) in order
to account for the fact that many of the interactions are suppressed. For the remainder
of this section, we fix q = 4.

It has been argued that the sparse SYK model remains holographic so long as p ≳ N−3 [35].
For smaller values, deviations from random matrix statistics cast doubt on the existence of a
holographic interpretation. Numerical analysis showed that the spectral form factor exhibits
no significant deviations in the dip and ramp region within the holographic phase [36]. In
figure 5 we considered the higher moments of the spectral form factor for different p, for
regimes where the linear ramp doesn’t deviate significantly from the unsparsified model.18

Even if the spectral form factor is qualitatively the same, suggesting the system is in the
holographic phase, its moments show significant deviations from the RMT expectation, which
become more pronounced as the model becomes sparser. The deviations fluctuate around a
constant value for the bulk of the ramp region. We have also checked this effect for larger values
of N , where it is more evident since the ramp region is stretches over a greater time scale.

17The relation becomes more precise at late time or averaging over the operator in the OTOC.
18In principle, one can also consider stronger sparsification p < N−3, where the spectral form factor itself

begins to deviate from RMT predictions. Specifically, the dip is lifted and the onset of the ramp is delayed.
Since the spectral form factor is qualitatively different in this regime, no agreement with the regular SYK
model can be expected for the moments of the spectral form factor, which are subject to large fluctuations
until the ramp begins. After the ramp the fluctuations reduce following the analytical expectation. This is
very similar to the behaviour of the p = 0.03 case in figure 5, which indeed has a p very close to the transition.
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Figure 6. The behaviour of the time-averaged correction B defined in (5.5) as a function of k. We
considered N = 18 sparsified SYK model with p = 0.03 (blue), p = 0.06 (orange) and p = 0.13 (green)
averaged over 1.8M realizations. The error bars are calculated with respect to the time average. The
dashed lines are an interpolation of the theoretical expectation B ∝ k(k − 1), which shows a very
good agreement. As expected, B grows with as the model becomes more sparse.

Building on this qualitative picture, we aim to determine whether the corrections to
the moments in the sparse SYK model, given by

B(T ) = 1
k!

⟨|Z(iT )|2k⟩
⟨|Z(iT )|2⟩k

− 1 , (5.4)

follow the analytical result in (3.37) derived for the dense case. We first focus on the
k dependence. To simplify the analysis and avoid unnecessary complications from time
dependence, we average B(T ) over the ramp region [TDip, TPl] defining

B = 1
TPl − TDip

ˆ TDip

TPl

B(T )dT. (5.5)

The result of this interpolation is shown in figure 6, showing a good agreement with the
analytical prediction

B = αk(k − 1), (5.6)

for different levels of sparsifications. A similar computation for regular SYK leads to
inconclusive results, since B is significantly smaller compared to the sparse SYK case, while
the size of the fluctuations is fixed by equation (5.1) at leading order, independent of p.

We can also analyse quantitatively the hypothesis that the size of the leading correction
to the moments of the spectral form factor is proportional to the number of independent
random variables. To do so, we have to determine the dependence of the coefficient α
defined in (5.6) on the sparsification parameter p. Since the number of nonzero couplings
is proportional to p, we expect

α ∼ 1
p
. (5.7)
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Figure 7. Dependence of α, as defined in (5.6), on p for 1.8M samples of an N = 18 sparsified SYK
model. Each value of α was obtained by interpolating B(k), as shown in figure 6. According to our
expectation, the leading correction to the moments of the spectral form factor is inversely proportional
to the number of independent random variables, so α ∼ 1/p. A best fit yields α ∼ 1/p1.2 (blue dashed
line). Additionally, we considered a fit accounting for a potential second-order correction proportional
to the square of the number of independent degrees of freedom (orange dash-dotted line), which also
shows good agreement with the data.

However, there can be deviations to this expectation since the subleading terms in the
perturbative expansion might become quickly more relevant in sparse SYK as compared with
the unsparsified model. Moreover, a meaningful estimate of α requires B to be large compared
to the statistical fluctuations. This forces us to focus on values of p which are not too far from
the transition at which the onset of the dip starts to increase. We expect that this might also
affect dependence of α on p, which is shown in figure 7. The data is compatible with a power
law behaviour, specifically α ∼ p−1.2, which is in qualitative agreement with equation (5.7).
Additionally, figure 7 explores the possibility of deviations from the 1/p behaviour due to
subleading corrections in the number of independent random variables, which is proportional
to 1/p2. While this model fits the numerical data reasonably well, a more quantitative analysis
is hindered by the lack of precise knowledge about the form of these subleading corrections.

The naive extrapolation of this analysis suggests that for the sparse SYK model we have
an analogous formula as (3.37) but with the number of independent random variables now
given by pN q/q!. If ∆E (3.38) is extensive in N for any p, this suggests a breakdown of the
perturbative series at p ∼ 1/N2 due to the fluctuations near the edge of the spectrum. In
contrast, if we only focus on the bulk of the spectrum, i.e. away from the edge, we expect
sparse SYK to resemble RMT all the way down to p ∼ 1/N3, as argued in [36]. We leave
a detailed investigation of this N dependence for future work.

We stress that the dependence of the leading corrections on the sparsification parameter
p is not specific to the moments of the spectral form factor. For example, a similar result
has been found for the moments of the Hamiltonian in sparse SYK [52]. In particular, it has
been shown that, at leading order, the moments of the sparse SYK Hamiltonian behaves
as the unsparsified case, except for corrections of the order of the number of independent
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Figure 8. The microcanonical spectral form factor |Y (iT )|2 (5.8) and its moments for the SYK
model with N = 18 fermions, averaged over 1.8 million realisations. The Gaussian filtering function is
centered around zero with ∆ = 0.1. The plots correspond to k = 1, 4, 5, 6 from left to right. Different
colours represent varying degrees of sparsification: unsparsified SYK (blue), p = 0.07 (yellow), p = 0.04
(green), and p = 0.03 (red). The black dashed line marks the leading contribution of k!. The filtering
function reduces the effective Hilbert space dimension, affecting the plateau value in a more prominent
way that what observed in figure 5. In the ramp region (cyan background), in the bulk of the ramp
region, the various curves fall one on top of the other, in contrast to the unfiltered spectral form
factor (5). This signals that the leading correction to k! behaviour is highly suppressed, as expected
from the discussion in section 3.5. Since the filtering function effectively cuts of the edges of the
spectrum, this confirms the expectation that the correction to the moments of the spectral form factor
during the ramp region arise from fluctuations near the edge of the spectrum.

interaction vertices.19 It would be interesting to extend that analysis to determine at which
order of the moments we expect the corrections to become significant.

As a final point, we present the numerical results for the filtered or microcanonical
version of the spectral form factor defined in (3.42):

|Y (T )|2 = Tr[f(H)e−iT H ]Tr[f(H)eiT H ], f(H) = e−H2/2∆2
. (5.8)

The rationale behind this choice of the filtering function f(H) is that, by restricting to a
sufficiently small ∆, we can effectively cut off the edge of the spectrum, which, as discussed in
section 3.5, is responsible for deviations from RMT expectations during the ramp region. The
numerical results for ⟨|Y (iT )|2k⟩/⟨|Y (iT )|2⟩k are shown in figure 8, where we fixed ∆ = 0.1

19This quantity is called kN in the sparse SYK literature.
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ensuring that approximately 18% of the energy levels around the middle of the spectrum
contributes, as indicated by ⟨Y (0)⟩/2N/2 ≈ 0.18. It can be seen that in the bulk of the
ramp region all the curves fall on top of the other, in contrast with the unfiltered spectral
form factor in figure 5.

6 Discussion

In this paper we analysed the moments of the spectral form factor in the SYK model and
compared these results with expectations from RMT. In the large N limit, the q > 2 SYK
model aligns with these expectations, however, perturbative corrections to the moments
display non-universal features arising from fluctuations near the edge of the spectrum. For
the high moments, the leading correction (3.37) scales with k2/N q−2 indicating a marked
departure from random matrix behaviour when k approaches a fixed fraction of N q/2−1.

The q = 2 model is a free theory of fermions with a random mass matrix and as such is
not expected to display features of many-body chaos. This is reflected in drastic changes to
the spectral form factor which displays an exponential ramp with increased noise. By using
a trick to rewrite the path integral, we also identified saddle points that could potentially
contribute to the very high moments with k ≫ N .

The leading correction (3.37) to the moments in the q > 2 model scales inversely with the
number of random parameters in the Hamiltonian. This suggests that the correction would be
enhanced in a sparsified model, with fewer random parameters, leading to a faster departure
from RMT expectations. In section 5 we provided numerical evidence supporting this
hypothesis in the sparse SYK model, in which interaction terms are deleted with probability
1 − p. We found notable deviations to the low order moments even for regimes where the
onset of the linear ramp remains unchanged as compared with the unsparsified model.

This result suggests a criterion for the breakdown of random matrix universality based
on the number of independent degrees of freedom and positions the moments of the spectral
form factor as a more sensitive diagnostic of quantum chaos as compared to the spectral
form factor itself, challenging the regime of validity of sparse models. It would be interesting
to refine the numerical analysis in this paper to study the N dependence of the corrections,
since naively extrapolating our findings suggests that RMT behaviour may break down at
a lower level of sparsification than previously predicted [35], driven by fluctuations near
the edge of the spectrum.

These considerations are particularly relevant in the context of experimental proposals
for realising the SYK model in solid-state systems [53–55] as well as on quantum-simulation
platforms [56, 57]. Many of these implementations face scalability challenges, making the study
of small N effects particularly important. Furthermore, sparsification plays a critical role
in these setups. Our analysis provides insights into how deviations from RMT expectations
arise due to the limited number of random parameters, which is crucial for assessing the
fidelity of table-top realisations.

Another intriguing direction would be to explore how the relation between the leading
correction in equation (3.37) and the number of independent random parameters in the
Hamiltonian extends to systems where the couplings are fixed. In such cases, a running
time average can be used to tame the erratic oscillations in the spectral form factor and
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study its moments. It would be interesting to investigate which features of the Hamiltonian
drive the deviations from random matrix statistics in these scenarios. A possibility is that
the role of the number of independent random parameters is replaced by the number of
noncommuting interaction terms in the Hamiltonian, as this distinction also distinguishes
dense systems like RMT and sparse systems like SYK.

Finally, we note that the techniques developed in this paper are also applicable to other
disordered models, such as the SY model [18], as well as bosonic systems like the bosonic
SYK model and spin glasses [30, 58–60]. It would be interesting to understand the behaviour
of the moments of the spectral form factor in a gravitational setup with backreacting matter,
as considered in [39], to better understand these results from a bulk gravitational perspective.
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A Expectations from RMT

In this appendix we review how the behaviour of the moments of the spectral form factor
during the slope and ramp regions can be understood as a perturbative effect in RMT [28, 29].
We explain this for the Wigner-Dyson and Altland-Zirnbauer ensembles and then apply
these result to SYK [25] after reviewing its symmetry classification [27, 61, 62]. We make
little claim to originality; the purpose of this appendix is simply to provide a pedagogical
review of this calculation.

A.1 The Wigner-Dyson β ensembles

The Wigner-Dyson β ensembles are characterised by a measure of the form

e−Lβ
4 TrH2dH, (A.1)

where H is either a real symmetric, complex hermitian, or quaternionic hermitian matrix,
corresponding to the GOE, GUE, or GSE, respectively. The letter G indicates that these are
Gaussian ensembles, while O, U, and S indicate that the measure is invariant under the adjoint
action of the orthogonal, unitary, or symplectic groups, respectively. The corresponding
measure for the eigenvalues of H takes the following form

∏
1≤i<j≤L

|λi − λj |β
L∏

i=1
e−Lβ

4 λ2
i dλi, (A.2)
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with β = 1, 2, or 4 for GOE, GUE, or GSE. For quantum systems with no antiunitary
symmetry, the relevant ensemble is GUE. While for systems with time reversal symmetry T,
the relevant ensemble is GOE if T2 = 1 and GSE if T2 = −1. For GSE, there is a two-fold
degeneracy in the spectrum due to Kramer’s theorem and in the measure (A.2) each λi really
represents a pair of eigenvalues. With this convention, for GOE and GUE, L = dimH, where
H is the Hilbert space on which H acts, while for GSE, L = 1

2 dimH. The two-fold degeneracy
of the GSE follows immediately from the standard embedding of the quaternions into 2 × 2
complex matrices. A quaternionic Hermitian matrix has real quaternionic eigenvalues, which
can each be represented as a real number multiplying a 2 × 2 identity matrix.

In the large L limit, the normalised eigenvalue distribution

ρ(λ) = 1
L

L∑
i=1

δ(λ− λi), (A.3)

may be approximated by a continuous, non-negative function, and matrix integrals are
determined by saddle points of the action

I = L2β

4

ˆ
dλρ(λ)λ2 − L2β

2

ˆ
dλ

 
dλ′ρ(λ)ρ(λ′) log |λ− λ′|, (A.4)

and small fluctuations around them. The second term in the action arises from the Van-
dermonde determinant ∆({λ}) =

∏
i<j |λi − λj | in (A.2) and

ffl
indicates that the integral

is regularised by taking the principal value. The saddle point is well known and is given
by Wigner’s semicircle distribution

ρsc(λ) = 1
2π
√

4 − λ2 θ(4 − λ2). (A.5)

Expanding around the saddle point ρ(λ) = ρsc(λ) + δρ(λ) gives a quadratic action from
the second term in (A.4)

δI(2) = −L
2β

2

ˆ
dλ

 
dλ′δρ(λ)δρ(λ′) log |λ− λ′|. (A.6)

This leads to the propagator

⟨δρ(λ)δρ(λ′)⟩ = − 1
π2L2β

1
(λ− λ′)2 , (A.7)

where the dependence on the ensemble only appears through an overall coefficient. This
expression can be found by decomposing δρ into Fourier modes

δρ(λ) = 1
2π

ˆ
dteiλtδρ̂(t), (A.8)

where the hat denotes the Fourier transform. The quadratic action (A.6) then reads

δI(2) = L2β

2

ˆ
dt
ˆ

dt′δρ̂(t)δ(t+ t′)
|t− t′|

δρ̂(t′), (A.9)

from which one can simply read off the propagator in Fourier space

⟨δρ̂(t)δρ̂(t′)⟩ = 1
L2β

δ(t+ t′)|t− t′|. (A.10)
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To summarise, in the saddle point approximation ρ(λ) = ρsc(λ) + δρ(λ) is a Gaussian
variable with

⟨ρ(λ)⟩ = ρsc(λ), ⟨ρ(λ)ρ(λ′)⟩ − ⟨ρ(λ)⟩⟨ρ(λ′)⟩ = − 1
π2L2β

1
(λ− λ′)2 . (A.11)

Since the real-time partition function Z(iT ) is given by the Fourier transform of the eigenvalue
distribution

Z(iT ) = L

ˆ
dλe−iT λρ(λ) = Lρ̂(T ), (A.12)

in the saddle point approxmation, Z(iT ) is also Gaussian variable with

⟨Z(iT )⟩ = Lρ̂sc(T ), ⟨Z(iT )Z(iT ′)⟩ − ⟨Z(iT )⟩⟨Z(iT ′)⟩ = 1
β
δ(T + T ′)|T − T ′|. (A.13)

The connected two-point function vanishes for T + T ′ ̸= 0 and diverges for T + T ′ = 0. The
divergence is an artefact of expanding around L = ∞ and we regularise it as

δ(0) → Emax − Emin
2π , (A.14)

where Emin and Emax are the lower and upper edges of the eigenvalue distribution, respectively.
To summarise, in the saddle point approximation, and after regularisation, Z(iT ) is a complex
Gaussian variable with mean and variance given by

⟨Z(iT )⟩ = Lρ̂sc(T ) = L
J1(2T )
T

, ⟨|Z(iT )|2⟩c = T

πβ
(Emax − Emin), (A.15)

where the subscript c stands for the connected contribution. For large T , the mean oscillates
over times scales of order one with a decaying envelope proportional T−3/2 while the variance
increases linearly with time T . The average of the spectral form factor involves a disconnected
and connected contribution:

⟨|Z(iT )|2⟩ = |⟨Z(iT )⟩|2 + T

πβ
(Emax − Emin). (A.16)

The first term describes the slope in the spectral form factor while the second term describes
the linear ramp. The crossover between these two regions occurs at the “dip time”, which
is approximately tdip ≈

√
L. The plateau is a nonperturbative effect which is not seen

in this analysis.
The behaviour of the moments can now be obtained in a straightforward way. In the

following it will be convenient to work with the connected real time partition function
δZ(iT ) = Z(iT ) − ⟨Z(iT )⟩. The kth moment of the spectral form factor is then given by

⟨|Z(iT )|2k⟩ =
k∑

ℓ,ℓ′=0

(
k

ℓ

)(
k

ℓ′

)
⟨Z(iT )⟩k−ℓ⟨Z(−iT )⟩k−ℓ′⟨δZ(iT )ℓδZ(−iT )ℓ′⟩. (A.17)

Using Wick’s theorem

⟨δZ(iT )ℓδZ(−iT )ℓ′⟩ = δℓℓ′ ℓ! ⟨Z(iT )Z(−iT )⟩ℓ
c, (A.18)
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where ℓ! counts the number of ways we can pair δZ(iT ) with δZ(−iT ). Hence

⟨|Z(iT )|2k⟩ =
k∑

ℓ=0
ℓ!
(
k

ℓ

)2

|⟨Z(iT )⟩|2(k−ℓ) ⟨|Z(iT )|2⟩ℓ
c

= |⟨Z(iT )⟩|2k + · · · + k!
(
T

πβ
(Emax − Emin)

)k

.

(A.19)

For large L, effectively only the first and last terms in the sum can dominate. For early
times, the first term dominates and the spectral form factor is self-averaging, ⟨|Z(iT )|2k⟩ ≈
⟨|Z(iT )|2⟩k, as fluctuations around the mean value are suppressed. For later times, after
the dip time, the spectral form factor has fluctuations of order the mean signal since
⟨|Z(iT )|2k⟩ ≈ k!⟨|Z(iT )|2⟩k, so is no longer self averaging, ⟨|Z(iT )|2k⟩ ≈ k!⟨|Z(iT )|2⟩k. This
is the result presented in equation (1.4) (see also (3.18)).

A.2 The Altland-Zirnbauer (α,β) ensembles

The Altland-Zirnbauer (α,β) ensembles are characterised by a measure for the eigenvalues
of the form

∏
1≤i<j≤L

|λ2
i − λ2

j |β
L∏

i=1
|λi|αe−

Lβ
2 λ2

i dλi. (A.20)

For the (α,β) ensembles, the eigenvalues come in pairs (λ,−λ), and in the above, one of the
eigenvalues (which we can assume to be nonnegative) is represented. With this convention
L = 1

2 dimH. It’s convenient to work with the following normalised eigenvalue distribution

ρ(λ) = 1
2L

L∑
i=1

[δ(λ− λi) + δ(λ+ λi)] . (A.21)

In the large L limit we work with the action

I = L2β

2

ˆ
dλρ(λ)λ2 − L2β

ˆ
dλ

 
dλ′ρ(λ)ρ(λ′) log |λ− λ′| − αL

ˆ
dλρ(λ) log |λ|. (A.22)

Provided α scales slower than L (which is the case for the ensembles relevant to SYK,
where α = 0 or 2, see table 2), the last term in the action can be neglected for the
purpose of determining the saddle point. The action is then identical to the one for the β

ensembes (A.4), up to an overall factor of 2. This leads to the same expression for the saddle
point solution (A.5), described by Wigner’s semicircle distribution (A.5).

Next we consider fluctuations around the saddle point. To account for the constraint
that ρ(λ) is even we write

ρ(λ) = ρsc(λ) + δρ(λ), δρ(λ) = θ(λ)δϱ(λ) + θ(−λ)δϱ(−λ). (A.23)

The quadratic action then reads

δI(2) = −2L2β

ˆ ∞

0
dλ

 ∞

0
dλ′δϱ(λ)δϱ(λ′) log |λ2 − λ′2|

= −L2β

ˆ
dλ

 
dλ′δρ(λ)δρ(λ′) log |λ− λ′|.

(A.24)

– 44 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
8

The discussion now closely mimics the one in section A.1. Moving to Fourier space gives
rise to the propagator

⟨δρ̂(t)δρ̂(t′)⟩ = 1
4L2β

δ(t+ t′)|t− t′| + 1
4L2β

δ(t− t′)|t+ t′|, (A.25)

which reflects the fact that δρ̂(t) is even, which follows from the constraint that δρ(t) is even.
The variable Z(iT ) is now a real Gaussian variable with mean and variance given by (A.15).
The kth moment of the spectral form factor is given by

⟨|Z(iT )|2k⟩ =
k∑

ℓ=0
(2ℓ− 1)!!

(
2k
2ℓ

)
|⟨Z(iT )⟩|2(k−ℓ)⟨|Z(iT )|2⟩ℓ

= |⟨Z(iT )⟩|2k + · · · + (2k − 1)!!
(
T

πβ
(Emax − Emin)

)k

.

(A.26)

A.3 Symmetry classification of SYK

In this section we review the symmetry classification of SYK (3.1) following [27] (see also [63])
before applying the previous results to predict the behaviour of the moments of the spectral
form factor in SYK. The analysis for q = 0 mod 4 is essentially the same as in appendix
C of [25].

SYK has a fermion parity symmetry (−1)F. In a basis in which this operator is block
diagonal a Hamiltonian which is consistent with this symmetry is

H =

H1 0

0 H2

 . (A.27)

Classically, for q = 0 mod 4, there is a time reversal symmetry T which commutes with (−1)F

and squares to one, T2 = 1. Naively, we might then expect a maximally random Hamiltonian
to have independent GOE statistics for each of the blocks of H1 and H2. However, this is only
true if there are no anomalies, which is only the case for N = 0 mod 8 [61, 62]. For N = 2, 6
mod 8, T2 = 1 but T anticommutes with (−1)F so exchanges the blocks and doesn’t constrain
their form. In this case, the blocks have GUE statistics, but they are not independent since
they are exchanged by T. For N = 4 mod 8, T2 = −1 and T commutes with (−1)F so each of
the blocks have independent GSE statistics. This is summarised in table 1.

For q = 2 mod 4, T instead anticommutes with the Hamiltonian and so the spectrum is
symmetric about zero. For N = 0 mod 8, T2 = 1 and T commutes with (−1)F so each of
the blocks have independent BdG(D) statistics. For N = 2, 6 mod 8, T anticommutes with
(−1)F so each of the blocks have GUE statistics, but they are not independent since they are
exchanged by T. For N = 4 mod 8, T2 = −1 and T commutes with (−1)F so each of the
blocks have independent BdG(C) statistics. This is summarised in table 2.

We now turn to the expectations for moments of the spectral form factor in SYK based on
the classification in tables 1 and 2. This is mostly an exercise in keeping track of factors of 2.

q = 0 mod 4: for N = 0 mod 8, Z(iT ) Z(iT ) is a sum of two i.i.d. complex Gaussian
variables, Z(iT ) = ZGOE1(iT )+ZGOE2(iT ). So Z(iT ) is also a complex Gaussian variable with

⟨Z(iT )⟩ = 2⟨ZGOE(iT )⟩, ⟨|Z(iT )|2⟩c = 2⟨|ZGOE(iT )|2⟩c. (A.28)
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N mod 8 RMT class α β degeneracy Z(x)

0

GOE1 0

0 GOE2

 - 1 1 ZGOE1(x) + ZGOE2(x)

2

GUE 0

0 GUE

 - 2 2 2ZGUE(x)

4

GSE1 0

0 GSE2

 - 4 2 2ZGSE1(x) + 2ZGSE2(x)

6

GUE 0

0 GUE

 - 2 2 2ZGUE(x)

Table 1. Symmetry classification for SYK with q = 0 mod 4. In the second column, the subscripts on
the blocks represent independent random matrices. For N = 2, 6 mod 8, the blocks are not independent
but are instead exchanged by T. The third column denotes the degeneracy of the Hamiltonian H. In
the last column, we relate Z(x) = Tr[e−xH ] for the symmetry class to the standard ensembles.

N mod 8 RMT class α β degeneracy Z(x)

0

BdG(D)1 0

0 BdG(D)2

 0 2 1 ZBdG(D)1
(x) + ZBdG(D)2

(x)

2

GUE 0

0 −GUE

 - 2 1 ZGUE(x) + ZGUE(−x)

4

BdG(C)1 0

0 BdG(C)2

 2 2 1 ZBdG(C)1
(x) + ZBdG(C)2

(x)

6

GUE 0

0 −GUE

 - 2 1 ZGUE(x) + ZGUE(−x)

Table 2. Symmetry classification for SYK with q = 2 mod 4. For N = 2, 6 mod 8 the two blocks are
not independent but instead exchanged by T.

For N = 2, 6 mod 8, Z(iT ) = 2ZGUE(iT ), so Z(iT ) is a complex Gaussian variable with

⟨Z(iT )⟩ = 2⟨ZGUE(iT )⟩, ⟨|Z(iT )|2⟩c = 4⟨|ZGUE(iT )|2⟩c. (A.29)

For N = 4 mod 8, Z(iT ) is the twice the sum of two i.i.d. complex Gaussian variables,
Z(iT ) = 2ZGSE1(iT ) + 2ZGSE2(iT ). The factor of 2 comes from the fact that eigenvalues are
two-fold degenerate for GSE. So, Z(iT ) is also a complex Gaussian variable with

⟨Z(iT )⟩ = 4⟨ZGSE(iT )⟩, ⟨|Z(iT )|2⟩c = 8⟨|ZGSE(iT )|2⟩c. (A.30)

For any N , the result for q = 0 mod 4 the connected contribution can neatly be summed up as

⟨|Z(iT )|2⟩c = 2β ⟨|Zβ(iT )|2⟩c = 2T
π

(Emax − Emin), (A.31)
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which is independent of β. During the ramp region, the moments are given by

⟨|Z(iT )|2k⟩c = k!
(2T
π

(Emax − Emin)
)k

. (A.32)

q = 2 mod 4: for N = 0, 4 mod 8, Z(iT ) is the sum of two i.i.d. real Gaussian variables
Z(iT ) = ZBdG1(iT ) + ZBdG2(iT ). So

⟨Z(iT )⟩ = 2⟨ZBdG(iT )⟩, ⟨|Z(iT )|2⟩c = 2⟨|ZBdG(iT )|2⟩c. (A.33)

For N = 2, 6 mod 8, Z(iT ) = 2ReZGUE(iT ). So Z(iT ) is a real Gaussian variable with

⟨Z(iT )⟩ = 2Re⟨ZGUE(iT )⟩, ⟨|Z(iT )|2⟩c = 2⟨|ZGUE(iT )|2⟩c. (A.34)

For any N , the result for q = 2 mod 4 the connected contribution can neatly be summed up as

⟨|Z(iT )|2⟩c = β ⟨|Zβ(iT )|2⟩c = T

π
(Emax − Emin), (A.35)

which again is independent of β. During the ramp region, the moments are given by

⟨|Z(iT )|2k⟩c = (2k − 1)!!
(
T

π
(Emax − Emin)

)k

. (A.36)

The (2k − 1)!! in place of k! stems from the fact that Z(iT ) is real Gaussian variable rather
than a complex one for q = 2 mod 4. Equations (A.31) and (A.35) are consistent with
what is found in SYK (3.14).

B Details on 1/N corrections in SYK

In this appendix we provide details on the perturbative analysis in section 3.4. We start by
showing how the free propagators for δG, δΣ can be computed, and then proceed to prove
that (3.29) is the leading contribution in the perturbative series.

B.1 Propagators

As in the main text, we split the fluctuations in the collective fields into a “parallel” and
“perpendicular” part. It’s important to stress that not all of these components are independent
because of the antisymmetry constraint δGab(t1, t2) = −δGba(t2, t1) (and similarly for δΣ).
This needs to be accounted for when determining the free propagators.

The quadratic action (3.21) can be separated in two contributions:

δI(2) = δI
(2)
⊥ (δG⊥, δΣ⊥) + δI

(2)
∥ (δG∥, δΣ∥) (B.1)

where

1
N
δI

(2)
⊥ = 1

4Tr[(GδΣ⊥)2] + 1
2

ˆ T

0
dtdt′(δΣ⊥)ab(δG⊥)ab ,

1
N
δI

(2)
∥ = 1

4Tr[(GδΣ∥)2] + 1
2

ˆ T

0
dtdt′

[
(δΣ∥)ab(δG∥)ab − J2 q − 1

2 sabGq−2
ab (δG∥)2

ab

]
.

(B.2)
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Equation (B.1) follows since G = G∥, which implies (GδΣ∥GδΣ⊥)∥ = 0 and so Tr(GδΣ∥GδΣ⊥) =
0. As a consequence of (B.1), all the mixed parallel and perpendicular two-point functions
must vanish as in (3.25a).

For the perturbative analysis in the next section, we will actually need just the two-
point function of the perpendicular components, which can be calculated from the path
integral. For example:

⟨δΣ⊥δΣ⊥⟩ =
ˆ
DδΣ⊥DδG⊥e

−I
(2)
⊥ δΣ⊥δΣ⊥ =

ˆ
DδΣ⊥e

−N
4 Tr[(GδΣ∥)2]δΣ⊥δΣ⊥δ(δΣ⊥) = 0 ,

(B.3)
where in the second step we performed the integral over δG⊥ which produces a delta function
which sets δΣ⊥ = 0 . The same trick of integrating δG⊥ out first can be used to calculate
all the other propagators once we rewrite

δGcd exp
{
−N2

ˆ T

0
dtdt′(δΣ⊥)ab(δG⊥)ab

}
=−N D

DδΣcd
exp

{
−N2

ˆ T

0
dtdt′(δΣ⊥)ab(δG⊥)ab

}
,

(B.4)
where D denotes the differential on the collective fields. For obtaining this result, we used
the antisymmetry property δGab(t1, t2) = −δGba(t2, t1) by considering independent variables
to be the ones with a < b. Now we can calculate

⟨δΣ⊥(t1, t2)cdδG⊥(t′1, t′2)c′d′⟩ = − 1
N

ˆ
DδΣ⊥e

−N
4 Tr[(GδΣ∥)2]δΣ⊥(t1, t2)cd

D δ(δΣ⊥)
DδΣ⊥(t′1, t′2)c′d′

= π⊥cd

N
δcc′δdd′δ(t1 − t′1)δ(t2 − t′2) ,

(B.5)

where in the last step we used integration by parts and the π⊥cd appears since the indices
cd, c′d′ span the perpendicular components of the collective fields. Lastly we have

⟨δG⊥(t1, t2)abδG⊥(t3, t4)cd⟩ = 1
N2

ˆ
DδΣ⊥

D2e−
N
4 Tr[(GδΣ∥)2]

DδΣ⊥(t1, t2)abDδΣ⊥(t3, t4)cd
δ(δΣ⊥) (B.6)

if now we expand

1
2Tr[(GδΣ⊥)2]

=
∑
a<b
c<d

ˆ ∏
i

dti δΣ⊥(t1, t2)ab [Gad(t1, t4)Gcb(t3, t2) − Gac(t1, t3)Gdb(t4, t2)] δΣ⊥(t3, t4)cd

(B.7)

we get equation (3.25d).
For the sake of calculating the relevant terms in the perturbative expansion we don’t

need to calculate the propagators of the parallel fields. These is particular convenient for
two reasons: first of all, it is very hard to invert the quadratic action I

(2)
∥ to obtain an

explicit expression for the two-point functions. Secondly, the inversion of the propagator
associated to I(2)

∥ is subtle due to the presence of the zero modes, resulting from the saddle
point spontaneously breaking the relative time translation symmetry.
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B.2 Perturbative expansion

As discussed in section 3.4, equation (3.27) suggests that the leading term in the perturbative
expansion for ⟨|Z(iT )|2k⟩/⟨|Z(iT )|2⟩k comes from terms containing a δGq

⊥ insertion. More
precisely, these terms are generated by

NJ2

2q sab⟨(δG⊥)q
abe

−N
∑

α≥3 δI(α)
⟩ , (B.8)

where δI(α) is the αth order expansion of the action I in the fluctuations of the collective
fields. As shown in equation (3.28), the first term in the expansion of the exponential is
zero because of the Wick contraction

(δG⊥)ab(δG⊥)ab = 0 . (B.9)

We are now going to prove that many of the other terms in (B.8) also vanish. The
interaction vertices appearing in the action are:

V (α) = N

2αTr(G̃δΣ)α , W (α) = N

2

¨ T

0
dtdt′J

2

q

(
q

α

)
scdGq−α

cd δGα
cd , (B.10)

with α > 2. The most general term in the expansion (B.8) is of the form

NJ2

2q

ˆ T

0
dtdt′sab⟨(δG⊥)q

abV (α1) . . .W (α2) . . . ⟩ . (B.11)

Let’s start by considering terms only containing insertions of W with different αi < q. Then

NJ2

2q

ˆ T

0
dtdt′sab⟨(δG⊥)q

abW (α1) . . .W (αn)⟩ = 0 . (B.12)

This follows for the following reason. (B.9) implies that the insertion of δG⊥ needs to be
contracted with another field to get a nonzero result. However, W (αi < q) only contains
δG∥ insertions, due to the presence of G = G∥, but this cannot give a nonzero result since
⟨δG⊥δG∥⟩ = 0. Now we can consider the complementary case, where we only have insertions
of V . There are just two kinds of two-point functions that we need to consider:

⟨δΣδΣ⟩ = ⟨δΣ∥δΣ∥⟩ , ⟨δG⊥δΣ⟩ = ⟨δG⊥δΣ⊥⟩ . (B.13)

The expansion of the trace contained in the vertices V will produce chains of terms alternating
between δΣ and G with indices which are cyclically contracted. A generic Wick contraction
between two δΣ reads

⟨. . .Ga1b1δΣb1b2Gb2a2 . . .Gc1d1δΣd1d2Gd2c2 . . . ⟩ . (B.14)

Since G = G∥ and from the first equation in (B.13), all the ai and ci must span the same
diagonal block in the parallel subspace. So without loss of generality, we can write

⟨Ga1b1δΣb1b2Gb2a2 ...Gc1d1δΣd1d2Gd2c2⟩=π∥a1a2π
∥
c1c2π

∥
a1c1⟨Ga1b1δΣb1b2Gb2a2 ...Gc1d1δΣd1d2Gd2c2⟩,

(B.15)
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where some of the projections are now explicit and repeated indices are not summed. On the
other hand, the generic term (B.11) always contains insertions of δG⊥:

⟨(δG⊥)ab . . .Gc1d1δΣd1d2Gd2c2 . . . ⟩ = π⊥ab⟨. . .Gc1aGbc2 . . . ⟩ (B.16)

It is now clear that the two Wick contractions (B.15) and (B.16) produce indices which span
orthogonal spaces and give a vanishing result if they are contracted, e.g.(

π⊥abGa1aGbc2

) (
Ga1b1Gb2a2⟨(δΣ∥)b1b2(δΣ∥)d1d2⟩Gc1d1Gd2c2

)
= 0 . (B.17)

This result would not change if in the second bracket we have a longer string of contracted
indices involving G and ⟨δΣδΣ⟩. The Wick contractions ⟨δΣδΣ⟩ and the G are therefore
creating a net of indices which all span the same block in the parallel subspace, and would
give a vanishing result if they encounter the indices ab produced by (B.16). Excluding the
case where all the fields in some insertion of V contract among themselves (which doesn’t
produce an interesting result since they are not contracting with the insertion of δGq

⊥),
we necessarily have that at a certain point the net of indices which span a block in the
parallel subspace must contract with ab, due to the fact that all the fields must be Wick
contracted and the presence of the trace in V . This situation will therefore lead to a vanishing
result. This argument does not exclude the possibility of having a nonzero contribution
if we consider that all the δΣ are contracted with δG⊥, which is the case, for example, if
there is a single insertion of V (q). However:

NJ2

2q

ˆ T

0
dtdt′sab⟨(δG⊥)q

abV (q)⟩ = NJ2

2q

ˆ T

0
dtdt′sabπ

⊥
abG

q
ab = 0 . (B.18)

We would have got the same result by considering two insertions of V (q/2) or any other
combination containing q fields δΣ. What we have therefore proved is that if there are only
insertions of V , the result vanishes,

NJ2

2q

ˆ T

0
dtdt′sab⟨(δG⊥)q

abV (α1) . . . V (αn)⟩ = 0 . (B.19)

So far, we argued that many of the terms in (B.8) vanish. We now consider power
counting argument with respect to N that will allow us to identify the leading term in the
expansion. The form of the action and of the propagator implies that each insertion (vertex)
contributes with a factor of N while each contraction (propagator) gives rise to a factor
1/N . The generic term in the perturbative expansion is of the form (B.11). In proving (B.12)
we showed that any W (α < q) gives a vanishing result if it contract with δGq

⊥. To get a
nonzero result it must contract with something else. Therefore an insertion of W (α < q)
gives a total contribution of N1−α without reducing the number of δG⊥ insertions. Since
α ≥ 3, this means that an insertion of W (α) with α < q will lead always give a subleading
contribution. Equation (B.19), on the other hand, implies that the most generic leading
contribution must be of the form:

NJ2

2q

ˆ T

0
dtdt′sab⟨(δG⊥)q

abW (q)mV (α1) . . . V (αn)⟩ , (B.20)

– 50 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
8

which is of the order

N1+m+n/N
1
2 (q(m+1)+

∑
i

αi) . (B.21)

Since q > 2 and m > 0, it is maximised by setting m = 1. Moreover, since αi ≥ 3,
1
2
∑

i αi >
3n
2 , so the leading contribution corresponds to n = 0. This proves that (3.29) is

the leading contribution in the perturbative expansion.

C More on q = 2

In this section we give a detailed treatment of some calculations mentioned in section 4
of the main text.

C.1 One loop determinant

In section 4 we only considered the one loop contribution from configurations which are
invariant under a diagonal time translation. In this section we consider the full one loop
contribution. Expanding in fluctuations around the saddle points, Σ = Σ + δΣ, the quadratic
action is

δI = N

4J2

∑
a,b

ˆ
dt1 . . . dt4δΣab(t1, t2)Kab(t1, . . . , t4)δΣba(t4, t3), (C.1)

where

Kab(t1, t2, t3, t4) = Kab(t1−t3, t2−t4) = δ(t1−t3)δ(t2−t4)+J−2Σaa(t3−t1)Σbb(t2−t4). (C.2)

In Fourier space, this reads

δI = N

4J2T 2

∑
a,b

∑
ω1,ω2

|δΣab(ω1, ω2)|2Kab(−ω2,−ω1), (C.3)

where
Kab(−ω2,−ω1) = 1 + J−2Σaa(ω1)Σbb(−ω2). (C.4)

In order to regularise the one loop determinant, we impose that the determinant goes to 1
as J → 0. In this limit, Σ ∼ J2/ω which leads to the following normalisation

Zone loop =
det

(
N

4J2T 2K
)−1/2

det
(

N
4J2T 2

)−1/2 = exp

−1
2
∑
a,b

∑
ω1,ω2

logKab(ω2, ω1)

 . (C.5)

The kernel Kab(ω2,−ω1) is zero in the range −2J < ω1 = ω2 < 2J with a, b spanning
the off diagonal blocks. These are the zero modes, whose contribution has be accounted
for in section 4.2. In the section 4.2 only configurations which are under the diagonal
time translation symmetry were considered. The dominant contribution to the one loop
determinant comes from soft modes which correspond to moving a little bit away from the
zero modes, specifically ω2 = ω, ω1 = ω + ϵ with ϵ = 2πm/T , where m is an integer and
|ϵ| ≪ 2J . Notice that this only makes sense at late times. On the off diagonal blocks we have

Kab(ω,−ω − ϵ) = i ϵ√
4J2 − ω2

, (C.6)
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so we can rewrite the one loop contribution as

logZone loop = 1
2 · 4 · k2

M∑
m=1

∑
0<ω<2J

log
(2πm

T

1√
4J2 − ω2

)
. (C.7)

where the factor of 4 comes from having restricted the sums on m,ω to just the positive
values, while the sum over a, b gave the factor k2. M is a positive integer counting the number
of soft modes, M ≪ JT . The presence of M is quite unpleasing since there is not a natural
value for it. We can proceed as in [37] by using the analytical properties of the kernel K̃
and its behaviour at infinity. In particular, we have

ˆ
dω1dω2 logKab(ω1, ω2) = 0. (C.8)

The idea now is to subtract this integral to regulate the sum as

logZone loop = 2k2 ∑
0<ω<2J

(
M∑

m=1
−
ˆ M+ 1

2

0
dm
)

log
(2πm

T

1√
4J2 − ω2

)
. (C.9)

Using Stirling’s approximation, we have(
M∑

m=1
−
ˆ M+ 1

2

0
dm
)

log(ma) = log(M !aM ) −
(
M + 1

2

)(
log

(
a

(
M + 1

2

))
− 1

)
= −1

2 log a

2π ,
(C.10)

so we can write

logZone loop =
∑

0<ω<2J

k2 log
(
T
√

4J2 − ω2
)
. (C.11)

The next step is to perform the sum over ω ∼ 2πn/T

logZone loop = k2 1
2

∑
n<JT/π

log
[
(2π)2

(
J2T 2

π2 − n2
)]

= k2 log
[
(2π)

2JT
π

(2JT
π

)
!
]

= −k2JT

π
log

(
e

4JT

)
.

(C.12)

Notice that for k = 1 this result matches [37, eq. (31)]. The ramp region, corrected with
the contribution of the soft modes therefore reads:

⟨|Z(iT )|2k⟩ = 2kN

[( 8N
πe2JT

)k2

vol
(U(2k)

U(k)2

)]JT
π

. (C.13)

C.2 The moments as a matrix integral

A similar trick to the one used in section 4.3 can be applied to the full path integral (4.2)

⟨|Z(iT )|2k⟩ =
ˆ
DΣe−

N
4J2 TrΣ2

det(∂t − Σ)
N
2 . (C.14)
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The analogue of the matrix B is

Gab(t, t′) = 1
N

∑
i

ψa
i (t)ψb

i (t′), (C.15)

while the analogue of B̃ is the antisymmetric matrix

G̃ij =
∑

a

ˆ T

0
dtψa

i (t)ψa
j (t). (C.16)

Going through the steps basically undoes the G,Σ trick and gives back

⟨|Z(iT )|2k⟩=
(

N

2πJ2

)N(N−1)
4 ∏

i<j

ˆ
dJije

− N
2J2 J2

ij

ˆ
Dψexp

{
−1

2

ˆ T

0
dt
(
ψa

i ∂tψ
a
i −Jijψ

a
i ψ

a
j

)}
.

(C.17)

In this expression there is an implicit sum over both i and a in the action. Of course, since
the q = 2 model is quadratic in the fermions we could have integrated them out in the
first step. This is simplest if we work in Fourier space. After decomposing the fermions
into Fourier modes

ψa
i (t) = 1√

T

∑
n∈Z

ψa
i (ωn)e−iωnt, ωn =

2π(n+ 1
2)

T
. (C.18)

we get an infinite product of decoupled Grassmann integrals for each mode. This gives

∞∏
n=0

det(iωnδij + Jij)2k = 2kN
N/2∏
i=1

cos2k Tλi

2 . (C.19)

In this expression 2kN is the contribution of the free determinant. By an orthogonal transfor-
mation, the antisymmetric matrix Jij can be brought into block diagonal form with blocks 0 λi

−λi 0

 , λi ≥ 0. (C.20)

Expressing the determinant in terms of the λi, i = 1, . . . , N/2, and doing the infinite product
over the modes give the second term in (C.19). Writing the matrix integral over Jij as
an integral over the λi gives

⟨|Z(iT )|2k⟩ = 2kN
(

N

2πJ2

)N(N−1)
4

vol

 O(N)
SO(2)

N
2 ×SN

2

∏
i

ˆ ∞

0
dλi

∏
i<j

(λ2
i −λ2

j )2e−N
∑

i
V (λi).

(C.21)

where

V (λ) = 1
2J2λ

2 − k

N
log cos2 Tλ

2 . (C.22)

This is the same approach used in [46] for the complex SYK case, which leads to an alternative
treatment of the spectral form factor compared to the collective fields action.
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