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ABSTRACT In the context of vehicle trajectory planning, motion primitives are trajectories connecting
pairs of boundary conditions. In autonomous racing, motion primitives have been used as computationally
faster alternatives to model predictive control, for online obstacle avoidance. However, the existing motion
primitive formulations are either simplified and suboptimal, or computationally expensive for accurate
collision avoidance. This paper introduces new motion primitives for autonomous racing, aiming to
accurately approximate the minimum-time vehicle trajectories while ensuring computational efficiency. We
present a novel neural network, named PathPoly-NN, whose internal architecture is designed to learn the
minimum-time vehicle path. Our motion primitives combine PathPoly-NN with a fast forward-backward
method to compute the minimum-time speed profile. Compared to existing neural networks, PathPoly-NN
generalizes better with small training sets, and it has better accuracy in approximating the minimum-time
path. Additionally, our motion primitives have lower computational burden and higher accuracy than
existing methods based on cubic polynomials and G2 clothoid curves. Finally, the motion primitives of
this paper achieve similar maneuver times as minimum-time economic nonlinear model predictive control
(E-NMPC), but with significantly lower computational load (two orders of magnitude). The results open
promising perspectives of applications in graph-based trajectory planners for autonomous racing.

INDEX TERMS Autonomous driving, autonomous racing, optimal control, motion primitives, minimum-
lap-time simulations, neural networks, trajectory planning.

I. INTRODUCTION

AUTONOMOUS vehicle racing has been gaining interest
in the research community [1], as a testbed to accel-

erate the development of autonomous driving technologies.
Indeed, circuits are safe environments to validate new trajec-
tory planning and control algorithms for autonomous driving
near the vehicle limits. Recently, graph-based algorithms [2],
[3], [4], [5], [6], [7] have been developed to deal with
dynamic obstacles in autonomous racing. As depicted in
the example of Fig. 1, these algorithms explore a graph of
motion primitives, which are vehicle trajectories to connect
pairs of waypoints, within a fixed [5] or dynamically
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defined [2], [6] mesh. The best maneuver (i.e., set of motion
primitives) in the graph is finally selected according to a
certain cost function. The optimality and feasibility of the
output maneuver depends on the motion primitives, which
need to accurately model the minimum-time trajectories
(path and speed profile) and have a low computational
cost. However, the existing motion primitive formulations
are either simplified and highly suboptimal [3], [5], or
computationally expensive [2], [6], thus limiting the online
trajectory planning capabilities.
This paper proposes novel motion primitives to accu-

rately approximate the minimum-time trajectories, while
being computationally efficient. Before discussing the
main contributions, let us critically review the related
work.
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FIGURE 1. Example of use of minimum-time motion primitives, within a
graph-based trajectory planner for overtaking moving opponents, like the ones
of [2], [3]. Each motion primitive is a vehicle trajectory (path + speed profile)
connecting two waypoints.

A. RELATED WORK
The existing techniques to compute motion primitives
for autonomous racing can be classified into three main
categories: optimization-based, geometric curve-based, and
learning-based.

1) OPTIMIZATION-BASED METHODS

Optimal control problems (OCPs) and model predictive
control (MPC) are popular tools to compute the minimum-
time vehicle trajectory, respectively on a full circuit lap [8]
or receding horizons [9], [10], [11], [12]. However, race-like
scenarios with dynamic opponents make MPC computa-
tionally expensive, due to non-convex constraints. Some
authors, like [13], [14], convexified the obstacle constraints.
However, their methods were not designed for racing
scenarios with multiple dynamic opponents. Computationally
efficient motion primitives are therefore needed as a viable
alternative to MPC.
In the last decade, approximate methods were developed

to speed up the solution of OCPs. The authors of [15], [16]
developed two-step algorithms, which iteratively updated the
minimum-curvature vehicle path with convex optimization,
and then computed the minimum-time speed profile with
a forward-backward (FW-BW) integration. However, the
minimum-curvature path may be far from the minimum-
time one [16]. In [17], an iterative approach was used
to compute the minimum-time speed profile for a given
path. A major limitation of [15], [16], [17] is their high
computational times (several seconds): they are not suitable
for online motion primitives computation. In [18], a lookup
table of precomputed motion primitives was used for online
planning of drifting maneuvers. In [19], minimum-time
motion primitives were developed with trapezoidal speed
profiles and acceleration constraints. Their method was
applied for online trajectory planning at low speed, but the
computational times were not reported.
Other researchers adopted time-dependent polynomial

motion primitives, for autonomous vehicles [20] and
drones [21], [22], [23]. However, most of these primitives
were derived from minimum-jerk OCPs, which are subopti-
mal for racing scenarios.

Finally, the authors of [24] presented a fast FW-BW
scheme, which computes a semi-analytical minimum-time
speed profile for a given path. Their method will be
integrated into our motion primitives (Section III).

2) GEOMETRIC CURVE-BASED METHODS

Other authors used geometric curves to define the vehicle
path for motion primitives, within graph-based trajectory
planners. In [6], G1 clothoid curves were used to connect
pairs of waypoints, by matching the initial and final
waypoints’ positions and tangent angles. Approximate G1

clothoids were also used in [25]. In similar planners, [3], [5]
used cubic polynomials to connect the waypoints. Such
polynomials were built by matching the desired initial and
final waypoints’ positions and tangents. However, when
interconnecting multiple G1 clothoids or cubic polynomials,
curvature jumps may occur, which hinders the execution
of the planned paths with real cars. To overcome this
issue, the authors of [2] used G2 clothoids, yet with a
higher computational cost. In [26], curvature-continuous
Bézier curves were adopted, but only for offline trajectory
planning. Nonetheless, clothoid and spline curves may not
accurately model the minimum-time vehicle path, since they
are geometric curves that neglect the current vehicle speed
and dynamics.

3) LEARNING-BASED METHODS

The authors of [27] devised probabilistic motion primitives
(ProMPs) to model the variability of the human race drivers’
trajectories. However, their ProMPs were used only for
global trajectory planning on a full circuit lap, while they
employed G1 clothoids for local planning.
In [28], a deep neural network (DNN) was used to approx-

imate the minimum-jerk OCP solutions. Following [29], the
DNN of [28] was trained to satisfy the KKT conditions of the
OCP, which provided better generalization than a classical
supervised learning. However, their application neglected the
longitudinal vehicle dynamics. The authors of [30] used
a DNN to approximate the minimum-time vehicle path.
However, their DNN needed a huge training dataset with
over 6000 racetracks (real or artificial), it was not designed
to ensure the path curvature continuity, and it neglected the
current vehicle speed.

4) CRITICAL SUMMARY

To the best of our knowledge, the existing approaches to
compute motion primitives for real-time autonomous racing
are limited by at least one of the following aspects:

• MPC-based methods are limited by their computational
load, which hinders the online calculation of many
motion primitives in racing scenarios with multiple
dynamic opponents.

• Geometric curves are suboptimal, since they neglect the
vehicle speed and dynamics. G1 clothoids and the cubic
polynomials of [3], [5] are curvature-discontinuous,
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while G2 clothoids are computationally expensive for
accurate collision checking.

• Neural networks with general-purpose architectures
require huge training datasets to generalize in unseen
scenarios, and they were not designed to return a
curvature-continuous path.

B. CONTRIBUTIONS AND PAPER STRUCTURE
The main paper contributions are:

• A novel neural network, named PathPoly-NN, whose
internal structure is conceived to accurately model the
minimum-time vehicle path on a variable prediction
horizon, while ensuring the curvature continuity.
PathPoly-NN is able to generalize in unseen scenarios,
even with small training sets.

• Given the PathPoly-NN path, the minimum-time speed
profile is computed with the fast forward-backward
(FW-BW) method of [24], which considers the vehi-
cle longitudinal dynamics and a speed-dependent g-g
diagram, to constrain the lateral and longitudinal accel-
erations. The combination of PathPoly-NN and FW-BW
yields our minimum-time motion primitives.

• A comparison of PathPoly-NN with general-purpose
neural networks, cubic polynomials and G2 clothoid
curves, in terms of accuracy in approximating the
minimum-time path and computational burden.

• A comparison of our motion primitives with minimum-
time economic nonlinear MPC (E-NMPC), in terms of
maneuver times and computational load.

This paper is structured as follows. Section II introduces
the PathPoly-NN architecture and training method, while
Section III defines the minimum-time motion primitives.
Section IV presents the results and the comparison with
existing methods. Finally, Section V concludes the paper and
discusses the future work.

II. LEARNING THE MINIMUM-TIME VEHICLE PATH
In graph-based trajectory planners (Fig. 1), several motion
primitives need to be computed at every planning step. For
example, in [2], many motion primitives are evaluated every
time a new waypoint is sampled, to find its best parent
waypoint and rewire the graph. However, if the motion
primitives are not fast to evaluate, the planner will explore a
limited number of paths, and a highly suboptimal maneuver
may be selected.
In this section, we introduce a novel neural network,

named PathPoly-NN, as a computationally efficient approx-
imator of the minimum-time vehicle path. The following
subsections describe the original architecture of PathPoly-
NN, and the training method.

A. NEURAL NETWORK ARCHITECTURE
The internal architecture of PathPoly-NN is designed to
approximate the minimum-time path on a variable prediction
horizon, for given boundary conditions on the vehicle states
and for a given road curvature profile.

FIGURE 2. PathPoly-NN approximates the minimum-time vehicle path joining the
waypoints Pi and Pf . The inputs of PathPoly-NN are the boundary conditions on the
vehicle states and the road curvature parameters, given in (3).

1) ROAD MODEL AND PREDICTION HORIZON

PathPoly-NN computes the vehicle path joining the way-
points Pi and Pf (Fig. 2), whose distance along the road
center-line is LH . The horizon length LH can vary in the
continuous range [LHmin ,LHmax ], where LHmin and LHmax are
design parameters (more details in Section II-A7).
The vehicle path is expressed using the curvilinear

coordinates {ζ, n, ξ} [31]. Referring to Fig. 2, ζ is the
curvilinear abscissa of the vehicle motion along the center-
line, n is the lateral coordinate of the vehicle center, and ξ
is the relative yaw angle. For a given horizon length LH ,
the curvilinear abscissa ζ ranges in [0,LH], where ζ = 0
corresponds to the initial waypoint Ci, projection of Pi on
the center-line (Fig. 2).
To consider the geometry of the road center-line over the

prediction horizon, PathPoly-NN uses the road curvature κi
in the initial center-line point Ci, and the curvature variation
�κ over the horizon.

2) OUTPUTS OF PATHPOLY-NN

For a given prediction horizon ζ ∈ [0,LH], PathPoly-
NN approximates the minimum-time path by returning the
following quantities:

• The lateral coordinate profile n(ζ ) of the vehi-
cle path, by combining neural polynomial functions
(Section II-A5).

• The derivative n′(ζ ) = dn(ζ )/dζ , by analytical differ-
entiation of n(ζ ).

• The relative yaw angle ξ(ζ ), using the following
curvilinear coordinate equations1 (see [31]):

⎧
⎪⎪⎨

⎪⎪⎩

dζ(t)

dt
= vζ (t) = vx(t) cos(ξ(t))

1 − n(t) κ(ζ(t))
(1a)

dn(t)

dt
= vx(t) sin(ξ(t)) (1b)

1Equations (1a)-(1b) assume that the vehicle lateral velocity vy is
negligible. Indeed, in high-speed racing maneuvers, vy is typically a lot
smaller than the forward velocity vx (drift maneuvers are not considered).
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where vx is the forward speed, and κ(ζ ) is the curvature
profile of the road center-line. The combination of (1a)-
(1b) yields ξ(ζ ) as:

n′(ζ ) = tan(ξ(ζ )) (1 − κ(ζ ) n(ζ ))

=⇒ ξ(ζ ) = arctan

(
n′(ζ )

1 − κ(ζ ) n(ζ )

)

(2)

• The derivative ξ ′(ζ ) = dξ(ζ )/dζ , by analytical differ-
entiation of (2).

• The curvilinear abscissa s(ζ ) and the curvature profile
κp(ζ ) of the vehicle path (Section II-A6).

3) INPUTS OF PATHPOLY-NN

As depicted in Fig. 2, the inputs of PathPoly-NN are:

• The initial conditions (in the point Pi) for the lateral
coordinate ni, the relative yaw angle ξi, the forward
speed vxi , the yaw rate �i, the first and second
derivatives {n′

i, n
′′
i } with respect to ζ .

• The final conditions (in the point Pf ) for the lateral
coordinate nf , the relative yaw angle ξf , the first and
second derivatives {n′

f , n
′′
f } with respect to ζ .

• The road curvature κi in the initial center-line point Ci,
and the curvature variation �κ over the horizon.

Let us collect the inputs in the following vectors p and p̃:

p = [
ni ξi vxi �i nf ξf κi �κ

]T

p̃ = [
n′
i n′′

i n′
f n′′

f

]T
(3)

Ensuring the Path Curvature Continuity: When using
PathPoly-NN to connect several contiguous path waypoints,
the final conditions of the previous motion primitive are used
as the initial conditions of the next one. Also, we want the
resulting path to be smooth and curvature-continuous. To this
end, when connecting multiple primitives, we impose the
continuity of the first and second derivatives of the lateral
coordinate n at the interface between two primitives.
Specifically, the boundary conditions n′

i (at ζ = 0) and n′
f

(at ζ = LH) are set to impose the continuity of the relative
yaw angles ξi and ξf at the interface between two primitives,
and they are computed using (2):

{
n′
i = tan(ξi) · (1 − κi ni) (4a)

n′
f = tan

(
ξf

) · (
1 − (κi +�κ LH) nf

)
(4b)

The boundary conditions on the second derivatives n′′
i and

n′′
f are instead used to ensure the continuity of the path
curvature at the interface between two primitives. Indeed,
a continuous curvature is fundamental to avoid infeasible
jumps in the planned lateral accelerations. More precisely,
n′′
i and n′′

f are computed in such a way to match the desired
initial and final derivatives {ξ ′

i , ξ
′
f } of the vehicle’s relative

yaw angle. To obtain a relation among {n′′
i , n

′′
f } and {ξ ′

i , ξ
′
f },

we differentiate the expression of n′(ζ ) in (2) with respect
to ζ , and evaluate the result at ζ = 0 and ζ = LH :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n′′
i =

(
−n′

i
2 − (niκi − 1)2

)
ξ ′
i + (

ni�κ + κin′
i

)
n′
i

niκi − 1
(5a)

n′′
f =

(
−n′

f
2 − (

(LH�κ + κi)nf − 1
)2

)
ξ ′
f

(LH�κ + κi)nf − 1
+

+
n′
f

(
�κ nf + (LH�κ + κi)n′

f

)

(LH�κ + κi)nf − 1
(5b)

4) NORMALIZATION OF INPUTS AND OUTPUT

To ease the numerical convergence of the PathPoly-NN’s
training process, we normalize all the input quantities in the
vectors p and p̃ and the output n. Also, the independent
variable ζ is re-scaled in the range [0, 1], so that the
normalized horizon length LH is 1.

5) INTERNAL STRUCTURE OF PATHPOLY-NN

We devise PathPoly-NN as the combination of two neu-
ralized polynomial functions. The intrinsic smoothness of
polynomial functions is suited to approximate the lateral
coordinate of the minimum-time vehicle path, which has
a smooth behavior on short-medium horizons. The optimal
path can even be proved to be of polynomial type, but
only for minimum-jerk OCPs with linear lateral or longitu-
dinal vehicle dynamics [20], [32]. In the case of nonlinear
minimum-time OCPs with more complex vehicle dynamic
models, polynomial-based functions can still be used as
suitable approximators.
Given the inputs p and p̃ in (3), and a horizon length LH ,

PathPoly-NN computes the lateral coordinate profile n(ζ ) of
the vehicle path, as a function of the curvilinear abscissa ζ ∈
[0,LH] along the center-line. n(ζ ) is computed by smoothly
combining a pair of polynomial neural networks, as follows:

n(ζ ) =

first neural polynomial
︷ ︸︸ ︷⎡

⎣

⎛

⎝
D∑

q=1

f1q
(
p, p̃

) · ζ q
⎞

⎠ + ni

⎤

⎦ φ

(
LH
2

− ζ

)

+

+
⎡

⎣

⎛

⎝
D∑

q=1

f2q
(
p, p̃

) · (ζ − LH)
q

⎞

⎠ + nf

⎤

⎦

︸ ︷︷ ︸
second neural polynomial

φ

(

ζ − LH
2

)

(6)

where the D is the degree of the polynomials, which is
a hyperparameter of PathPoly-NN. The activation function
φ(·) smoothly combines the outputs of the two polynomials
in (6), and is designed as:

φ : a �→ 1

2
·
⎡

⎣
sin

(
arctan

(
a
rf

))

sin
(

arctan
(
LH/2
rf

)) + 1

⎤

⎦ (7)

with rf being a tunable regularization factor. Fig. 3 plots
the functions {φ(LH2 − ζ ), φ(ζ − LH

2 )} appearing in (6), for
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FIGURE 3. Activation functions {φ(
LH
2 − ζ ), φ(ζ − LH

2 )} to combine the two neural
polynomials in (6). In this example, LH = 30 m.

FIGURE 4. Internal structure of the neural networks fNNj,q (p), j ∈ [1, 2],
q ∈ [1, 2, . . . , D − 2], providing the neuralized polynomial terms in (8)-(9). The numbers
in green indicate the size of the propagated signals.

ζ ∈ [0,LH] and LH = 30 m. Note that φ(LH2 − ζ ) = 1 for
ζ = 0, which ensures the satisfaction of the imposed initial
condition n(0) = ni. Similarly, φ(ζ − LH

2 ) = 1 for ζ = LH ,
which ensures that n(LH) = nf . In the central point of the
planning horizon (ζ = LH

2 ), we have φ(0) = 0.5, so that
the two neural polynomials are weighted equally. Finally,
φ(LH2 − ζ )+ φ(ζ − LH

2 ) = 1, ∀ζ ∈ [0,LH].
Exact Matching of the Boundary Conditions: The internal

architecture (6) of PathPoly-NN is designed to exactly satisfy
the imposed boundary conditions on the vehicle’s curvilinear
coordinates {ni, ξi, nf , ξf } and the derivatives {n′

i, n
′′
i , n

′
f , n

′′
f },

which are part of the inputs (3).
The functions {f1q(·), f2q(·)} in (6) are designed as:

f1q(p, p̃) =
{
fNN1,q(p), q ∈ [1, 2, . . . ,D− 2]
fanaly1,q

(p̃), q ∈ [D− 1,D] (8)

f2q(p, p̃) =
{
fNN2,q(p), q ∈ [1, 2, . . . ,D− 2]
fanaly2,q

(p̃), q ∈ [D− 1,D] (9)

where {fNN1,q(p), fNN2,q(p)}, q ∈ [1, 2, . . . ,D − 2], are two-
layer feedforward neural networks, whose internal structure
is depicted in Fig. 4. These neural networks have two fully
connected (FC) layers: the first layer has nneur neurons and a
tanh activation function, while the second layer has 1 neuron
and a linear activation function. The number of neurons nneur
is a hyperparameter of PathPoly-NN.
The functions {fanaly1,q

(p̃), fanaly2,q
(p̃)} in (8)-(9), q ∈

[D− 1,D], are instead non-trainable and are derived
analytically, to satisfy the desired boundary conditions
{n′
i, n

′′
i , n

′
f , n

′′
f }. Specifically, the following four con-

straint equations are solved for fanaly1,D−1
(p̃), fanaly2,D−1

(p̃),

fanaly1,D
(p̃), fanaly2,D

(p̃):
⎧
⎪⎪⎨

⎪⎪⎩

n′
i = dn(ζ )

dζ

∣
∣
∣
ζ=0

, n′
f = dn(ζ )

dζ

∣
∣
∣
ζ=LH

(10a)

n′′
i = d2n(ζ )

dζ 2

∣
∣
∣
ζ=0

, n′′
f = d2n(ζ )

dζ 2

∣
∣
∣
ζ=LH

(10b)

where n(ζ ) is given by (6). As will be explained in
Section II-A3, we use neural polynomials of degree D = 4
in (6), which provides the best trade-off between complexity
and accuracy. Remembering that the curvilinear abscissa
ζ is normalized in [0, 1], equations (10a)-(10b) can be
analytically solved for fanaly1,3

(p̃), fanaly2,3
(p̃), fanaly1,4

(p̃),
fanaly2,4

(p̃):
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fanaly1,3
(p̃) = 5

8n
′′
f − 17

4 n
′
f − 4ni + 4nf − 3fNN1,1(p)+

−2fNN1,2(p)+ 13
4 fNN2,1(p)− 5

4 fNN2,2(p)

fanaly2,3
(p̃) = − 5

8n
′′
i − 17

4 n
′
i − 4ni + 4nf + 13

4 fNN1,1(p)+
−3fNN2,1(p)+ 2fNN2,2(p)+ 5

4 fNN1,2(p)

fanaly1,4
(p̃) = − 5

8n
′′
f + 3n′

f + 3ni − 3nf + 2fNN1,1(p)+
+fNN1,2(p)− 2fNN2,1(p)+ 5

4 fNN2,2(p)

fanaly2,4
(p̃) = − 5

8n
′′
i − 3n′

i − 3ni + 3nf + 2fNN1,1(p)+
+ 5

4 fNN1,2(p)− 2fNN2,1(p)+ fNN2,2(p)

(11)

6) ADDITIONAL OUTPUTS OF PATHPOLY-NN

As anticipated in Section II-A2, additional quantities are
computed by processing the outputs of PathPoly-NN.
In this section, we focus on computing the curvilinear

abscissa s(ζ ) and the curvature profile κp(ζ ) of the vehicle
path. Both s(ζ ) and κp(ζ ) are needed to later compute the
minimum-time vehicle speed profile, as will be described in
Section III.
Fig. 2 highlights the difference between the variables s

and ζ : s is the curvilinear abscissa along the vehicle path,
measured from the initial vehicle pose Pi to the final pose Pf .
ζ is instead the curvilinear abscissa along the road center-
line, measured from Ci to Cf (projections of Pi and Pf on
the center-line). Similarly, κp(ζ ) and κ(ζ ) are the curvature
profiles of the vehicle path and of the road center-line,
respectively.
To compute s(ζ ), let us substitute the definition of the

vehicle speed vx = ds
dt into (1a), which yields:

ds(ζ )

dζ
= 1 − n(ζ ) κ(ζ )

cos(ξ(ζ ))
=⇒ s(ζ̄ ) =

∫ ζ̄

0

1 − n(ζ ) κ(ζ )

cos(ξ(ζ ))
dζ

(12)

The integral in (12) is computed numerically, using an array
of ζ values at which PathPoly-NN is evaluated.
Finally, the path curvature κp(ζ ), ζ ∈ [0,LH], can be

computed from its definition:

κp = dψ

ds
= d(θ + ξ)

ds
= d(θ + ξ)

dζ

dζ

ds
=

(

κ + dξ

dζ

)
dζ

ds
(13)
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where ψ is the heading angle of the vehicle path, θ and κ
are the heading angle and the curvature of the road center-
line. The expression (13) is fully determined: κ is known,
dξ
dζ is the analytical derivative of (2), and dζ

ds is the inverse
of (12).

7) OPERATION WITH VARIABLE HORIZON LENGTHS

One of the PathPoly-NN’s possible applications is in graph-
based trajectory planners (Fig. 1), where waypoints need
to be connected by minimum-time primitives, and the
waypoints spacing LH is variable.
To approximate the time-optimal path for different values

of LH , we train a set of PathPoly-NNs, with each network
being trained for a certain value of LH . More precisely,
we train NNN = 20 neural networks, whose corresponding
values of LH range in [LHmin,LHmax ]. In this work, the upper
bound LHmax is set to 45 m, which enables the calculation of
the time-optimal vehicle path by combining a pair of neural
polynomials (Section II-A5). Longer prediction horizons can
be reached by concatenating more motion primitives, or by
combining more than two neural polynomials. Considering
the use of PathPoly-NN inside the graph-based planner of [2],
45 m are enough to connect single pairs of waypoints on
many real-world racetracks. The lower bound LHmin is set to
4 m, to ensure an accurate path calculation in tight corners.
For a given horizon length LH∗, we select the PathPoly-

NN network trained for the closest value of LH , and we use
it to compute the time-optimal path. However, since LH∗
may not exactly match any of the values of LH used for
training, the curvilinear abscissa ζ in (6) is re-scaled in the
range [0,LH∗], to obtain the desired horizon length and still
satisfy the imposed boundary conditions.

8) NUMBER OF EVALUATION POINTS OF PATHPOLY-NN

Depending on the connection length LH , we use a different
number of ζ points to evaluate PathPoly-NN. The number
of evaluation points Npts is proportional to LH , to ensure a
suitably dense discretization of the time-optimal path, which
is helpful for two reasons:

• Accurate collision checking with possible obstacles.
• Accurate numerical calculation of the integral (12) for
the curvilinear abscissa s(ζ ).

Since Npts affects the computational times of PathPoly-NN,
the value of Npts is varied depending on LH . Specifically,
the set of NNN = 20 trained neural networks is subdivided
into 5 groups, depending on the LH value used for training.
The first group, trained for small LH values, is evaluated
with Npts = 100 points. The second, third, fourth and fifth
groups are evaluated with respectively 200, 300, 400 and
500 points, so that the sampling density is at least 10 points
per meter.

B. NEURAL NETWORK TRAINING
PathPoly-NN is trained using supervised learning, to approx-
imate the numerical solutions of a minimum-time economic

nonlinear MPC problem (E-NMPC). We solve the E-NMPC
problems in a receding horizon fashion, on a set of racetracks
and with different prediction horizons.

1) E-NMPC PROBLEM USED FOR TRAINING

The minimum-time E-NMPC problem used to train
PathPoly-NN is formulated as follows:

min
u∈U

∫ LH

0

wT
vζ (ζ )

dζ (14a)

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

dx(ζ )
dζ

= f (x(ζ ),u(ζ ))
vζ (ζ )

, (14b)

b(x(0), x(LH)) = 0, (14c)

c(x(ζ ),u(ζ )) ≤ 0 (14d)

The cost function (14b) minimizes the maneuver time,
where wT is a weight factor, and vζ (ζ ) is given by (1a).
The dynamics (14c) is the kineto-dynamical vehicle model
of [33], whose time-domain equations are:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇x(t) = ax(t) (15a)

τax ȧx(t)+ ax(t) = axc(t) (15b)

τ�(vx(t)) �̇(t)+�(t) = �cs(t)
ay
vx(t)

(15c)

ξ̇ (t) = �(t)− κ(ζ(t))
( vx(t) cos(ξ(t))

1 − n(t) κ(ζ(t))

)
(15d)

(1b)

The model states are x = [vx, ax,�, ξ, n], being respectively
the longitudinal speed and acceleration, the yaw rate, the
relative yaw angle and the lateral coordinate. axc is the
longitudinal acceleration control, and is subject to a (fast)
first-order dynamics (15b), with τax being a small time
constant. Similarly, the yaw rate � evolves with the first-
order model (15c), where the time constant τ�(vx) is an
identified second-order polynomial function. �cs in (15c) is
the yaw rate control, normalized in the range [−1, 1], while
ay/vx is the maximum achievable yaw rate, with ay being the
maximum lateral acceleration. The initial and final states are
imposed with (14d), while the inequality constraints (14d)
are the following:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ax ≤ ax(ζ )− c1vx(ζ )− c2v
2
x(ζ ) ≤ ax (16a)

∣
∣ay(ζ )

∣
∣ = ∣

∣�(ζ)
∣
∣ vx(ζ ) = ∣

∣κp(s(ζ ))
∣
∣ v2

x(ζ ) ≤ ay (16b)

−1 ≤ �cs(ζ ) ≤ 1 (16c)

n(ζ ) ≥ W

2
−MR(ζ ), n(ζ ) ≤ ML(ζ )− W

2
(16d)

The inequalities (16a)-(16b) impose aspeed-dependent g-
g diagram constraint, described by the parameters {c1, c2}
(linear and quadratic drag), the minimum and maximum
longitudinal accelerations {ax, ax}, and the maximum lateral
acceleration ay. (16c) limits the normalized yaw rate control,
and (16d) enforces the road boundaries. In (16d), the
functions MR(ζ ) and ML(ζ ) provide the distances from the
road center-line to the right and left road boundaries, while
W is the vehicle width.
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FIGURE 5. Minimum-time E-NMPC solutions (colored trajectories) computed
numerically on the Valencia circuit, and used to train PathPoly-NN. In the example of
this plot, the horizon length of E-NMPC is LH = 38 m.

The OCP solver Pins [34] is adopted to compute the
solutions of the E-NMPC problems.
As discussed in [9], the kineto-dynamical model (15a)-

(16a) has a simple yet accurate formulation, and can capture
the transient nonlinear vehicle dynamics without relying on
complex tire models. Our motion primitives are conceived to
be integrated into a high-level trajectory planner, to compute
feasible maneuvers in complex racing scenarios. The planned
maneuvers can then be tracked by low-level controllers, like
the ones in [9], considering more detailed steering dynamic
models and tire-road interactions.
We underline that PathPoly-NN could be trained to

approximate the solutions of any minimum-time E-NMPC
problem for trajectory planning, subject to any vehicle model
and constraints. The kineto-dynamical vehicle model used
in this paper is just an example of application.

2) TRAINING DATASET AND IMPLEMENTATION DETAILS

The training set consists of E-NMPC solutions on the follow-
ing circuits: Valencia (Spain), Misano (Italy), Imola (Italy),
Pista Azzurra (Italy), Catalunya (Spain). An independent
test dataset contains the E-NMPC solutions on the Adria
circuit (Italy). Fig. 5 shows some E-NMPC solutions on
the Valencia circuit. For each circuit, the training and test
datasets are generated for different values of the prediction
horizon LH ∈ [LHmin ,LHmax ]. For each training example
(E-NMPC trajectory), we store in the training set the
(normalized) vectors of inputs p and p̃ (3), and the output
profile n(ζ ).
The total number of training examples is 18000 (5

circuits), which is significantly smaller than the 2.7 million
examples (6000 circuits) used to train the neural network
of [30]. Indeed, the specialized architecture of PathPoly-NN
yields a better generalization with small training sets, as will
be shown in Section IV.
The loss function used to train PathPoly-NN is the root

mean square error (RMSE) between the output n(ζ ) of
PathPoly-NN and the E-NMPC solutions, both of which
are evaluated on No = 20 points, evenly spaced in the

TABLE 1. Hyperparameters of PathPoly-NN, tuned with a grid search.

range ζ ∈ [0,LH]. PathPoly-NN is formulated with the
Tensorflow framework, and is trained with the Adam
optimizer [35].

3) HYPERPARAMETERS TUNING

The main hyperparameters of PathPoly-NN are:
1) The number of neurons nneur in the fully connected

layers of the neural terms fNN1,q(p) and fNN2,q(p) in (8)-
(9), q ∈ [1, 2, . . . ,D− 2];

2) The degree D of the neural polynomials in (6);
3) The regularization factor rf in (7).

A grid search method is adopted to tune the hyperparameters
above. The grid search is performed by evaluating the
accuracy (RMSE) of PathPoly-NN on the test dataset. For
the sake of brevity, we omit the grid search results, and we
report in Table 1 the selected hyperparameters.
The number of trainable parameters for PathPoly-NN is:

Npars = 2 ·
⎡

⎣
D−2∑

q=1

⎛

⎝

weights FC layers
︷ ︸︸ ︷
nneur · ninputs + nneur +

biases FC layers
︷ ︸︸ ︷
nneur + 1

⎞

⎠

⎤

⎦

(17)

where ninputs = 8 is the number of inputs in p (3), and FC
stands for fully connected layer. For the hyperparameters in
Table 1, the number of trainable parameters is:
Npars = 2 · 2 · (7 · 8 + 7 + 7 + 1) = 284.

III. MINIMUM-TIME MOTION PRIMITIVES
Our motion primitives consist of two building blocks:

• A minimum-time path, computed by PathPoly-NN.
• A minimum-time vehicle speed profile, computed by
the fast forward-backward (FW-BW) algorithm of [24].

The FW-BW algorithm computes the time-optimal speed
profile to traverse a given path, defined by a sequence of
curvilinear abscissae s and curvatures κp. More precisely, the
FW-BW returns a semi-analytical solution of the following
OCP:

min
ax∈A

T

s.t.

⎧
⎪⎨

⎪⎩

(15a), ṡ(t) = vx(t)

vx(0) = vxi , vx(T) ≤ vxf , s(0) = 0, s(T) = L

(16a), (16b)

where T is the maneuver time, vxi is the initial speed, vxf is an
upper bound on the final speed, and L is the path length. The
acceleration ax is the control input, and thespeed-dependent
g-g acceleration constraints (16a)-(16b) are the same as in
the E-NMPC problem (16a). The authors of [24] proved
that their FW-BW method returns the global minimum-time
trajectory, for a given path and constraints.
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FIGURE 6. Comparing the proposed PathPoly-NN with the benchmarks on the test
dataset, for different values of horizon length LH . The plot shows the RMS of the
lateral coordinate prediction error (ñ). Our PathPoly-NN outperforms the benchmarks
for all the considered values of LH .

IV. RESULTS
In this section, we evaluate our minimum-time motion
primitives using the following criteria:

• Approximation accuracy of the vehicle path (lateral
coordinate n, relative yaw angle ξ) and speed profile,
in comparison with minimum-time E-NMPC solutions.

• Computational efficiency, as a function of the horizon
length LH and the number of evaluation points.

The trajectories returned by our motion primitives are
compared with the following methods:

1) Minimum-time E-NMPC (Section IV-A), used to train
our PathPoly-NN.

2) Minimum-lap-time optimal control (Section IV-B).
3) A general-purpose neural network (Section IV-C),

whose internal structure is similar to [30].
4) Cubic polynomials (Section IV-D), used by [3], [5].
5) G2 clothoid curves (Section IV-E), used by [2].

In this paper, the parameters of the kineto-dynamical
model (15a)-(16a) for E-NMPC are identified to fit the
dynamics and performance limits of the validated double-
track sports car model in [36, Ch. 4]. The identification
procedure is the same as in [9].
Our motion primitives and all the benchmark methods are

implemented in C++ code, and are executed on a laptop
with a 2.6 GHz 6-Core Intel i7 processor.

A. EVALUATION AND COMPARISON WITH E-NMPC
This section evaluates the performance of our motion
primitives, and compares them with the minimum-time E-
NMPC problem (14c). We remind that the same E-NMPC
is also used to generate the training and test datasets for our
PathPoly-NN (Section IV-A1).

1) ACCURACY OF PATHPOLY-NN

Table 2 reports the accuracy of PathPoly-NN on the test
dataset, for different values of horizon length LH . The table

FIGURE 7. Comparing the lateral coordinates n and relative yaw angles ξ computed
by PathPoly-NN (dots) and E-NMPC (solid line), for different boundary conditions and
road curvatures. The plots show part of the test dataset, for a horizon length
LH = 38 m.

shows the RMS values of the lateral coordinate (ñ) and
relative yaw angle (ξ̃ ) prediction errors. Fig. 6 plots the
results of Table 2, regarding the ñ errors.

Considering that n ranges in [ − Wr
2 ,

Wr
2 ], with Wr being

the local circuit width (Wr > 8 m for most racetracks), the
RMSE values of our PathPoly-NN in Table 2 are very small
for all the considered values of LH . As shown in Fig. 6, the
RMSE values of PathPoly-NN increase for larger values of
LH , but they are still small (3.81 cm) for LH = LHmax = 45
m.
Fig. 7 analyzes part of the test dataset, for a horizon length

LH = 38 m. The plots show that PathPoly-NN accurately
approximates the lateral coordinate and the relative yaw
angle of the minimum-time vehicle path, for different
boundary conditions and road curvatures.

2) COMPUTATIONAL EFFICIENCY

Table 3 compares the meanand maximum computational
(CPU) times obtained by E-NMPC and by our motion
primitives, which use PathPoly-NN to approximate the time-
optimal path, and the FW-BW algorithm to optimize the
speed profile.
The mean CPU times are computed as the average of 300

planning steps on the Adria circuit, for each horizon length
LH . In the case of E-NMPC, the initial solver guess is the
solution of the previous planning step, which represents a
very good warm-start. Despite warm-starting, themean CPU
times of E-NMPC are in the order of 5 − 7 ms,while the
maximum CPU times can reach 42 ms. In contrast, our
motion primitives yield CPU times around 50−100 μs (last
two columns in Table 3), which are two orders of magnitude
lower than E-NMPC. Interestingly, the computational loads
of the E-NMPC and FW-BW algorithms are related to the
road geometry, and the CPU times typically decrease in
straight or constant-curvature road segments. On the contrary,
the computational times of our PathPoly-NN are weakly
related to the road geometry.
In graph-based trajectory planners, like the one in Fig. 1,

many motion primitives need to be evaluated at every
planning step. Hence, the computational times of a single
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TABLE 2. Comparing the proposed PathPoly-NN with the benchmarks on the test dataset, for different values of horizon length LH . The table reports the RMS values of the
lateral coordinate ñ and the relative yaw angle ξ̃ prediction errors. Our PathPoly-NN outperforms the benchmarks for all LH .

TABLE 3. Comparing the CPU times (mean and max values) to compute a single motion primitive, using the proposed method (last two columns) and the benchmarks. The
proposed method is two orders of magnitude faster than E-NMPC, and at least one order of magnitude faster than cubic polynomials and G2 clothoids. These computational
times were obtained on a 2.6 GHz 6-Core Intel i7 processor.

primitive impact the overall re-planning rates and solution
quality. The results in Table 3 show that our motion
primitives are computationally efficient, and can be used for
online trajectory planning.

B. COMPARISON WITH A MINIMUM-LAP-TIME OCP
As previously explained, PathPoly-NN is trained to approx-
imate the minimum-time E-NMPC solutions, computed on
short planning horizons. Let us now evaluate how PathPoly-
NN performs against a minimum-lap-time optimal control
problem (MLT-OCP), solved offline on a full lap. The MLT-
OCP has the same structure as the E-NMPC problem (14c),
but it is solved on an entire lap. The MLT-OCP is solved
using Pins [34]. Other examples of MLT-OCPs can be found
in [9], [10], [16].
Fig. 8 compares the vehicle path computed by the MLT-

OCP and PathPoly-NN, on the Misano circuit. In the plot,
we evaluate PathPoly-NN with a horizon length LH = 35
m, and we concatenate the PathPoly-NN solutions to obtain
a full lap. As shown in the plot and the table of Fig. 8,
PathPoly-NN closely approximates the MLT-OCP trajectory,
with small RMS deviations for the lateral coordinate n and
the relative yaw angle ξ .

C. COMPARISON WITH A GENERAL-PURPOSE NN
This section compares the novel PathPoly-NN with a general-
purpose neural network (GP-NN). The internal structure of
GP-NN is depicted in Fig. 9: GP-NN is a feedforward neural
network, with three fully connected layers. The first and
second layers have respectively Nn1 and Nn2 neurons, and
tanh activation functions. The third layer has No neurons
and a linear activation function. The GP-NN’s structure is
similar to the one used by [30].

FIGURE 8. Comparing the vehicle path computed by a minimum-lap-time optimal
control problem (MLT-OCP) and PathPoly-NN, on the Misano circuit. PathPoly-NN is
evaluated with a horizon length LH = 35 m, and the solutions are concatenated to
obtain a full lap. The table reports the RMS of the deviations of the lateral coordinate n
and the relative yaw angle ξ .

FIGURE 9. Internal structure of the GP-NN neural network, used as a benchmark.
The numbers in green indicate the size of the propagated signals.

Like PathPoly-NN, the GP-NN is trained to approximate
the lateral coordinate n(ζ ) of the vehicle path, using the
same (normalized) inputs p given in (3). More precisely,
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TABLE 4. CPU times to evaluate our PathPoly-NN and the benchmarks, with different
numbers of evaluation points. The CPU times of PathPoly-NN are almost two orders of
magnitude lower than the benchmarks, which makes a huge difference in online
trajectory planning.

GP-NN outputs n(ζ ) on No = 20 points, evenly spaced in
the range ζ ∈ [0,LH]. The hyperparameters of GP-NN are
tuned with a grid search, to obtain the best accuracy on the
test dataset. The tuned values of Nn1 and Nn2 are 64 and 128,
respectively. The number of trainable parameters for GP-NN
is 11476, which is considerably higher than the number of
parameters of PathPoly-NN (284).
GP-NN is formulated in Tensorflow, and is trained with

the Adam optimizer [35], using the same loss function and
training hyperparameters employed for PathPoly-NN.
Table 2 and Fig. 6 compare the accuracy (RMS of the

prediction error ñ) of PathPoly-NN and GP-NN on the test
dataset, for different values of horizon length LH . Despite its
lower number of parameters (284 vs 11476), our PathPoly-
NN significantly outperforms GP-NN for all the considered
values of LH : the difference is above or around one order of
magnitude for LH ≤ 30 m. The main reasons of the better
accuracy of PathPoly-NN are:

• The internal structure of PathPoly-NN is tailored to the
problem of learning the minimum-time vehicle path,
for which neural polynomial-like functions are suitable
approximators. On the contrary, GP-NN has a general-
purpose structure, which shows poor generalization
when tested on new data.

• The structure of PathPoly-NN is designed to exactly
satisfy the imposed boundary conditions on n, ξ and
their derivatives (n′

i, n
′′
i , n

′
f , n

′′
f ), which improves the

accuracy and smoothness of the approximated path.

As shown in [30], the GP-NN would require a very
large training dataset to achieve acceptable performance. In
contrast, PathPoly-NN is able to learn and generalize the
minimum-time path with a much smaller training set, thanks
to its tailored internal structure. PathPoly-NN belongs to the
class of neural networks with domain-specific architectures,
which is an emerging research field [9], [37].

D. COMPARISON WITH CUBIC POLYNOMIALS
Let us now compare our PathPoly-NN with cubic poly-
nomial curves, which were used as motion primitives for
autonomous racing in [3], [5]. We adopt the same cubic
polynomial interpolation problem of [5, Sec. IV], which
matches the Cartesian coordinates of the waypoints to be
connected, and their relative yaw angles {ξi, ξf }.

As shown in Table 2 and Fig. 6, cubic polynomials are
more accurate than the GP-NN, but they are outperformed
by our PathPoly-NN, due to the following reasons:

• The cubic polynomials of [3], [5] are only C1-
continuous, and they do not match the desired boundary
conditions on n′′

i and n
′′
f in (3). In contrast, PathPoly-NN

matches these boundary conditions, yielding curvature-
continuous paths.

• Cubic polynomials are the result of a geometric
optimization problem, which does not consider the
minimum-travel-time objective.

Table 3 shows that the mean CPU times of the cubic
polynomial primitives are significantly higher than our
primitives (754.7 μs versus 48.5 μs when LH = 35 m).
The computational burden of cubic polynomials is due
to two factors. First, the polynomial parameters need to
be computed with an iterative procedure [5]. Second,
the evaluation of the curvilinear coordinates {ζ, n, ξ} is
computationally expensive, since it involves determining the
closest point on the circuit center-line to a given point on
the curve.
To perform accurate collision checking between a motion

primitive and an obstacle trajectory, the number of evaluation
points on the primitive must be sufficiently high. As reported
in Table 4, the computational times of cubic polynomials
increase with the number of evaluation points, and the CPU
time difference with PathPoly-NN remains around two orders
of magnitude. This limits the use of cubic polynomials for
online trajectory planning and accurate obstacle avoidance.
In contrast, our PathPoly-NN is computationally efficient
even with many evaluation points.

E. COMPARISON WITH CLOTHOID CURVES
This section compares our PathPoly-NN with G2 clothoid
curves, which were used as vehicle motion primitives
in [2]. Following [38], the G2 Hermite interpolation problem
involves finding the clothoid parameters that match given
initial and final positions, yaw angles and curvatures. In [38],
the clothoid parameters are computed with a Newton scheme,
which solves a nonlinear system of equations. In our paper,
we use the C++ clothoid library of [39], which is an efficient
implementation of [38].
As reported in Table 2 and Fig. 6, G2 clothoids are more

accurate than cubic polynomials when the horizon length LH
is larger than 20 m. However, clothoids are outperformed
by our PathPoly-NN, for all the considered values of LH .
Indeed, clothoids were proved to approximate the optimal
vehicle path only at constant speed [40], which is not the
case in racing applications.
Tables 3 and 4 show that the computational times of G2

clothoids are lower than cubic polynomials, but they are still
around one order of magnitude higher than our PathPoly-
NN. Indeed, the clothoid parameters are the solution of a
nonlinear system, which is solved iteratively. Moreover, like
cubic polynomials, the evaluation of the clothoid curvilinear
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FIGURE 10. Trajectories generated by our PathPoly-NN and the benchmarks (cubic polynomials and G2 clothoids), on two corners of the Pista Azzurra circuit. The plots
compare the vehicle paths, the lateral coordinates n, and the vehicle speed vx . The tables report the maneuver feasibility and the travel times. The trajectories and maneuver
times returned by our method are the closest to the minimum-time E-NMPC solutions.

FIGURE 11. Concatenation of two motion primitives, on a corner of the Pista
Azzurra circuit. Unlike the cubic polynomials of [3], [5], our PathPoly-NN provides a
continuous path curvature κp . G2 clothoids are curvature-continuous as well, but their
curvature profile is further from the E-NMPC solution.

coordinates {ζ, n, ξ} is computationally expensive, especially
when the number of evaluation points is high (Table 4).

F. ANALYSIS OF THE VEHICLE TRAJECTORIES
Fig. 10 shows the trajectories generated by our PathPoly-NN,
and compares them with the benchmark cubic polynomials,
G2 clothoids, and E-NMPC (GP-NN is excluded since its
accuracy is lower than the other benchmarks). This analysis
focuses on two corners of the Pista Azzurra circuit. In both
scenarios of Fig. 10, the paths computed by PathPoly-NN
are the closest to the minimum-time E-NMPC solution.The
corresponding speed profiles, computed by the FW-BW
algorithm, are also close to the E-NMPC ones, yet with local
differences due to the different path curvatures. Conversely,
cubic polynomials and G2 clothoids yield suboptimal or
infeasible trajectories.

In the scenario of Fig. 10(a), the cubic polynomial’s path
is not feasible, as the left side of the car would go off the
road.In contrast, PathPoly-NN generates a feasible trajectory,
which is very close to the E-NMPC one. Interestingly, the
speed profile of our primitive locally differs from the E-
NMPC one, due to the different path curvatures. More
precisely, the E-NMPC is slower up to the corner apex, but
is faster in the corner exit. Considering the whole maneuver,
E-NMPC is faster than our primitive by only 27 ms. The G2

clothoid’s solution is feasible, but it is 153 ms slower than
the E-NMPC. In the scenario of Fig. 10(b), PathPoly-NN
yields again the fastest trajectory among the benchmarks,
with a maneuver time only 19 ms higher than the E-NMPC.

1) MOTION PRIMITIVES CONCATENATION

Fig. 11 plots the concatenation of two motion primitives. In
the transition between two primitives, the cubic polynomials
of [3], [5] show a path curvature discontinuity. The G2

clothoids are curvature-continuous, but their curvature profile
is not close to the E-NMPC solution. In contrast, our
PathPoly-NN provides a continuous curvature profile, which
is closer to the E-NMPC solution.

2) OBSTACLE AVOIDANCE EXAMPLE

Fig. 12 shows an example of use of our motion primitives for
dynamic obstacle avoidance. The figure depicts the corner
n.4 of the Adria circuit, which was never seen during the
training of PathPoly-NN. In this example scenario, the ego
vehicle needs to overtake a slower opponent (gray car).
To perform dynamic obstacle avoidance with the E-NMPC,
an additional time-varying ellipse constraint is added to
the E-NMPC problem (14c). To approximate the E-NMPC
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FIGURE 12. Example of dynamic obstacle avoidance at the corner n.4 of the Adria
circuit, which was never seen during the training of PathPoly-NN. Our motion
primitives closely approximate the E-NMPC maneuver (path and travel times), with a
noticeable decrease in computational times.

solution in Fig. 12, which covers a planning horizon of
around 70 m, we concatenate two of our motion primitives:
the initial point coincides with the current ego vehicle pose,
while the intermediate point and the final point are obtained
from the E-NMPC solution. The vehicle path computed by
PathPoly-NN is very close to the E-NMPC, the maneuver
time is only 15 ms higher than the E-NMPC, while the
computational times are 98.1 μs against 195.2 ms, which is
a huge difference for real-world applications. Moreover, in
similar obstacle avoidance scenarios, the E-NMPC solution
has numerical convergence issues, especially with more than
one dynamic obstacle. Both our primitives and the E-NMPC
solution are feasible, as they satisfy the obstacle avoidance
and road margins constraints, and the imposed performance
limits.
Our motion primitives approximate the E-NMPC solutions

for the given initial and final waypoints: future work will use
our primitives in a graph-based trajectory planner, to search
for the minimum-time trajectory in a mesh of waypoints.

3) TRAJECTORY FEASIBILITY EVALUATION

Evaluating the feasibility of the planned trajectories is crucial
for real-world applications. As proved in [24], the speed
profile computed by the FW-BW algorithm is feasible and
time-optimal for a given path, g-g diagram constraints and
boundary conditions. However, we need to make sure that
the path itself is feasible. The satisfaction of the road
margins constraints (16d) can be easily checked with the
lateral coordinate profile n(ζ ) computed by PathPoly-NN
in (6). If our motion primitives were used inside a graph-
based trajectory planner (Fig. 1), the infeasible waypoints
connections could be detected and discarded. We underline
that, in all our training and testing scenarios, the PathPoly-
NN’s path was always feasible.
Other sources of infeasibility are related to obstacle

avoidance. Static obstacle collisions can be checked by
evaluating the distance between the vehicle path and the
obstacle position, using the curvilinear coordinates n(ζ ), ξ(ζ )
returned by PathPoly-NN. Collision-checking with dynamic
obstacles is out of the scope of this paper, but it can be

performed using n(ζ ), ξ(ζ ) and the travel time t(ζ ) computed
by our primitives, and the predicted obstacle motion. Once
again, a graph-based trajectory planner can discard the
waypoints connections leading to obstacle collisions.

V. CONCLUSION AND FUTURE WORK
This paper presented novel motion primitives for minimum-
time trajectory planning with autonomous vehicles. We
introduced PathPoly-NN, a neural network that learns the
minimum-time vehicle path with neural polynomial-like
functions. The internal architecture of PathPoly-NN was
tailored to learn the minimum-time path, and to satisfy the
desired boundary conditions on the curvilinear coordinates
and their derivatives. In our motion primitives, PathPoly-
NN was coupled with a fast forward-backward algorithm,
which computes the minimum-time speed profile for given
acceleration constraints.
When trained with the solutions of a minimum-time E-

NMPC problem, on 5 racetracks, PathPoly-NN was able to
compute the minimum-time path in new scenarios, with high
accuracy and computational efficiency.
In comparison with a general purpose neural network, our

PathPoly-NN achieved better generalization and accuracy
(around one order of magnitude in RMSE), with a much
smaller number of parameters and training dataset size.
Compared with geometric primitives like cubic polynomials
and G2 clothoids, our primitives were more accurate and
faster in computation by one to two orders of magnitude.
The curvilinear coordinates of our primitives could be
evaluated with many points, to enable accurate collision
checking, while still preserving low computational times.
When compared with minimum-time E-NMPC, our motion
primitives yielded similar vehicle trajectories and maneuver
times, with computational times two orders of magnitude
lower.
Future work will apply the proposed motion primitives

for real-time dynamic obstacle avoidance, using the graph-
based trajectory planner in [2].The full planning and control
scheme will include the high-level trajectory planner of [2],
and the low-level controllers developed in [9]. Also, we will
employ the PathPoly-NN to learn the minimum-jerk path in
various autonomous driving applications, such as automated
parking [41].The FW-BW algorithm will be extended to
deal with generically-shaped g-g-v diagrams [42], which will
help driving closer to the vehicle limits. Finally, we will
test the motion primitives on our small-scale autonomous
vehicle [12], to validate their performance in real-world
scenarios.
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