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We examine the impact of long-range Dzyaloshinskii-Moriya (DM) interaction in the extended XY model on
the phase diagram as well as the static and dynamical properties of quantum and classical correlation functions.
It is known that in the nearest-neighbor XY model with DM interaction, the transition from the gapless chiral
phase to a gapped one occurs when the strengths of the DM interaction and anisotropy coincide. We exhibit that
the critical line gets modified with the range of interactions which decay according to power-law. Specifically,
instead of being gapless in the presence of a strong DM interaction, a gapped region emerges which grows with
the increase of the moderate fall-off rate (quasi-long range regime) in the presence of a transverse magnetic
field. The gapless chiral phase can also be separated from a gapped one by the decay patterns of quantum
mutual information and classical correlation with distant sites of the ground state which are independent of the
fall-off rate in the gapless zone. We observe that the corresponding critical lines that depend on the fall-off rate
can also be determined from the effective central charge involved in the scaling of entanglement entropy. We
illustrate that in a non-equilibrium setting, the relaxation dynamics of classical correlation, the decay rate of
total correlation, and the growth rate of entanglement entropy can be employed to uncover whether the evolving
Hamiltonian and the Hamiltonian corresponding to the initial state are gapped or gapless.

I. INTRODUCTION

Long-range order across quantum systems is desirable for
a variety of quantum technological tasks, as it facilitates the
sharing of correlation among distant parts of the system. His-
torically, such long-range order has been observed in many-
body systems at quantum criticality or when the spectrum be-
comes gapless. In the case of the nearest-neighbor (NN) XY
model with nonvanishing anisotropy parameter, it has been
demonstrated that the classical correlations decay with the dis-
tance between the spins exponentially (polynomially) when it
is away from (at) the criticality. Beyond NN models, long-
range interacting (LR) systems with power-law decay in the
range of interactions have been shown to exhibit polynomial
decay of correlations, even when the spectrum is not gap-
less. These systems become an intense topic of research in
the last few years, especially in the context of building analog
quantum simulator[1–6] and due to their natural occurrence
in several physical platforms such as the Rydberg atom arrays
[7], dipolar systems [8], polar molecules [9], trapped-ion se-
tups [10–12], and cold atoms in cavities [13, 14]. Moreover,
several established results that hold for nearest-neighbor sys-
tems came into the light of investigation in these LR systems
in terms of Lieb-Robinson bound [15], area law [16], novel
phases of matter [17], dynamical phases [18] and from the
perspectives of usefulness in quantum technologies like quan-
tum metrology [19] and quantum computation [20].

The nearest-neighbor Dzyaloshinskii-Moriya (DM) inter-
action, on the other hand, involves an asymmetric exchange
of spins caused by spin-orbit coupling [21–23]. It has been
widely explored in a variety of solid-state compounds, includ-
ing Cu(C6D5COO)2.3D2O [24, 25], Yb4As3[26, 27], Crl3
[28] etc, exhibiting fascinating magnetic properties, like gap-
less chiral phase when the DM interaction strength is stronger
than the anisotropy parameter in the transverse Ising [29, 30],
XY [31–33] and the gamma model [34]. It was also shown
that the DM interaction can host a ground state in the gap-

less phase that contains logarithmic entanglement behavior,
similar to the LR interacting systems which can enhance the
fidelity in quantum teleportation [35], thermal entanglement
[32, 36–38] and performance in quantum engines [39, 40]. In
the non-equilibrium domain, the DM interaction has also been
examined in the context of non-equilibrium thermodynamics
[41], dynamical quantum phase transitions [42], topological
phase transition [43] and quantum speed limit [44].

In this paper, we explore the long-range extended XY
model in the presence of long-range extended DM interac-
tions, which decay according to a power-law. Specifically,
we aim to analyze the responses of both long-range and DM
interactions in equilibrium and non-equilibrium physics. In
the former scenario, we present the phase-classification utiliz-
ing conventional order parameters, the law for the decreasing
slopes of classical and quantum correlations, and the scaling
of entanglement entropy (EE) with the corresponding central
charge. In contrast to the NN model [32], we show that given
a fixed fall-off rates, there exists a gapped region in which
the DM interaction is stronger than the anisotropy parameter.
However, we establish that whenever the system is gapless, it
is chiral. Notably, in the static case, when the ground state be-
longs to the chiral gapless region, the classical correlation and
quantum mutual information decay with constant decreasing
exponent while this is not the case in the gapped regime. In
this model, we observe that the effective central charge associ-
ated with EE exhibits interesting behaviors: in the presence of
LR and DM interactions, the central charge acts nonlinearly
with multiple kinks that are absent from the extended Ising
model without DM interactions.

In comparison to the equilibrium scenario, the dynamical
phases could not be efficiently characterized as they depend
on the initial state, evolving operator, time and system param-
eters. In order to distinguish between the gapless and gapped
phases, we resort to a recently proposed relaxation dynamics
of two-point classical correlations [45–48] and entanglement
entropy of the evolved state in the transient regimes, as well
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as mutual information and classical correlation in the steady
state domains (cf. [49–56] for other dynamical quantities). In
our case, the initial state is prepared by tuning the parame-
ters of the Hamiltonian which have either gapless or gapped
energy spectra while evolution happens when the range of
interactions is suddenly quenched, resulting in a gapless or
gapped Hamiltonian. Specifically, in the transient regime, we
show that the long-range DM interactions modify the expo-
nent in the relaxation time of the two-point classical correla-
tion between modes and establish a generic scaling law for
the growth of entanglement entropy over time. Further, we
observe that the behavior of mutual information and classi-
cal correlation between two arbitrary sites in the steady state
differs depending on whether the Hamiltonians corresponding
to the initial and dynamical states are in the same (gapped or
gapless) phase or in different phases.

The paper is organized as follows. In Sec. II, we intro-
duce the long-range extended XY model with an additional
long-range DM term and find the energy spectra and eigenvec-
tors. While we identify the conventional phases in Sec. II B,
we indicate the decay of classical and quantum correlations in
Sec. II C. The behavior of entanglement entropy and the cor-
responding central charge with respect to system parameters
are studied in Sec. II D. We then move on to the investigation
of features in dynamical states, namely the relaxation dynam-
ics of classical correlations, and the rate of entropy growth in
the transient regime in Secs. III and III C respectively while
we examine the decay of mutual information with distance be-
tween the spins in the steady state in Sec. III B. The results are
summarized in Sec. IV.

II. EMERGENT GAPPED PHASE WITH STRONG DM
INTERACTIONS: PHASE DIAGRAM

The critical lines for the long-range interacting XY spin
models in the presence of Coloumb-like interaction, described
by a parameter α and for the nearest-neighbor transverse XY
model with DM interaction are known in the literature [32].
However, the effects of long-range DM interactions has never
been addressed before. In this situation, a possible query
can be – can the introduction of long-range DM interactions
change the critical lines and phases of the LR Ising mod-
els? We answer this question affirmatively by first presenting
the analytical prescription of this model for obtaining energy
spectra and the eigenvectors, thereby leading to the modified
phase-portrait of the extended long-range XY model [57, 58]
having long-range extended Dzyaloshinskii-Moriya interac-
tion both in the thermodynamic limit and for finite systems.
In particular, we report the gapless chiral phase and its depen-
dence on the fall-off rate, α. In addition, we identify appro-
priate order parameters that can reveal α-dependence in the
modified magentic phase diagram. From the decay patterns of
classical correlation including Landau parameters and quan-
tum correlations in terms of quantum mutual information and
block entanglement entropy, we again separate the gapless re-
gion from the gapped one in this model.

A. Energy spectrum of the long-range XY and DM
interactions

The Hamiltonian, describing long-range extended XY
model having long-range extended DM interaction in the pres-
ence of transverse magnetic field, reads as

H =

N∑
j=1

N
2∑

r=1

−J
′
r

N

[
1 + γ

4
σx
j Zz

rσ
x
j+r +

1− γ

4
σy
jZ

z
rσ

y
j+r

+
D′

4
(σx

j Zz
rσ

y
j+r − σy

jZ
z
rσ

x
j+r)

]
− h′

2

N∑
j=1

σz
j , (1)

where Zz
r =

∏j+r−1
l=j+1 σ

z
l , with Zz

1 = I and σk(k = 1, 2, 3)
is the Pauli matrix, J ′

r = J
rα with α being the strength of

power-law decay of the model, γ is the anisotropy parame-
ter, D is the strength of the DM interaction, N =

∑N/2
r=1

1
rα

is called the Kac-scaling factor [59] which ensures extensiv-
ity of the energy in the case of finite-size systems α < 1 in
the finite-size limit and h′ is the strength of the external mag-
netic field. To make the analysis dimensionless, we redefine
the magnetic field as h = h′/J and DM interaction strength
as D = D′/J . We consider the periodic boundary condition
(PBC), i.e., σN+1 ≡ σ1. This model can be solved analyti-
cally by mapping spins into free fermions under the following
Jordan-Wigner transformation [60–63]:

σx
n =

(
cn + c†n

) ∏
m<n

(1− 2c†mcm)

σy
n = i

(
cn − c†n

) ∏
m<n

(1− 2c†mcm)

and σz
n = 1− 2c†ncn, (2)

where c†m(cm) is creation (annihilation) operator of spinless
fermions and they follow fermionic commutator algebra. The
corresponding free fermionic version of the Hamiltonian takes
the form

H =
∑
n

∑
r

Jr
2

(
(1 + iD)c†ncn+r + γc†nc

†
n+r + h.c

)
+h(c†ncn − 1/2), (3)

where Jr = 1
rα . One can observe that the Hamiltonian which

is quadratic in fermionic operators have long-range interaction
both in hopping and superconducting terms. In addition, an
extra hoping term emerges due to the DM interaction which
also induces a complex phase. It is worthwhile to mention
here that in the absence of DM interaction for γ = 0, the
model is U(1) symmetric while it is Z2 symmetric with γ ̸=
0, D = 0. The introduction of DM interaction leads to a
competition between these two symmetries. In the short-range
(SR) models, it is known that the conformal sector changes
due to the shift of the symmetry sector [33], responsible for a
non-trivial phenomenon.

Due to the presence of translational invariance in the sys-
tem, momentum is a good quantum number. Hence, we per-
form a Fourier transform of the form, cn = 1√

N

∑
k e

−iϕknck
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where ϕk = π(2k−1)
N ∀k ∈ [−N/2, N/2] and the correspond-

ing Hamiltonian in the momentum basis can be written as
H = ⊕

k
Hk with

Hk =
∑
k>0

−
[∑

r

(Re(Jα
k ) +DIm(Jα

k ))c
†
kck

+(Re(Jα
k )−DIm(Jα

k ))c
†
−kc−k

−iγIm(Jα
k )(c

†
kc

†
−k − c−kck)

]
+h(c†kck + c†−kc−k)− h, (4)

and Jα
k =

∑N
2
r=1 Jre

iϕkr. This Hamiltonian can be diagonal-
ized by applying the Bogoliubov transformation,(

ck
c†−k

)
=

(
uk −v∗k
vk u∗k

)(
τk
τ †−k

)
, (5)

where uk = cos θk, vk = i sin θk and θk is called Bo-
goliubov angle, given by cos θk =

−h+Re(Jα
k )−λ√

2(λ2−(Re(Jα
k )−h)2)

and

λ =
√
(h− Re(Jα

k ))
2 + (γ Im(Jα

k ))
2. The eigenvalue cor-

responding to each momentum, k, is given as

ϵ±k = −D Im(Jα
k )± λ. (6)

Note first that for D ̸= 0, although the Bogoliubov basis,
(uk, vk)

T , are independent of DM interactions, ϵk ̸= ϵ−k,
making the analysis non-trivial. Further, when D = 0, this
model shows criticality at h = 1 and at h = −1 + 21−α for
α > 1 corresponding to the both ends of the Brillouin zone,
i.e., ϕk = 0 and ϕk = π respectively. In the case of α < 1,
the energy of the system diverges in the thermodynamic limit,
hence, we consider large but finite system size [64]. With
the introduction of DM, new gapless region emerges, which
changes with α for D > γ. Such a region is known for the
nearest-neighbour XY model when D > γ [32] and gapless
to gapped transition occurs at D = γ. However, we now es-
tablish that even when D > γ, long-range interactions can
induce a gapped phase instead of a gapless one, which im-
plies the modification of the critical lines in presence of LR
interactions.

Possible experimental implementations of LR model with
DM interaction. Long-range interacting systems occur nat-
urally in trapped-ion experimental platforms, providing a
highly regulated set-up for mimicking complicated quantum
many-body phenomena [10–12]. Engineering spin-dependent
optical dipole forces allows an exact tuning of the interaction
range, as defined by the parameter α. This tunability enables
the investigation of many interaction domains, ranging from
practically infinite-range interactions to regimes more akin to
short-range behavior. Furthermore, the strength of an effective
transverse magnetic field, represented by h, can be indepen-
dently regulated by adjusting the trapping potential in Penning
trap configurations. This control is necessary for simulating
a variety of quantum magnetic models, including those with
quantum phase transitions and critical behaviors [65].

Recent studies have focused on the realization of the
Dzyaloshinskii-Moriya interaction, which is quantified by the
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FIG. 1. Contour plot of ∆ and CH in the (α,D)-plane. D is the
interaction strength of the Dzyaloshinskii-Moriya interaction while
α indicates the power-law decay in the range of interactions. Here
the anisotropy parameter, γ = 0.5 and the strength of the magnetic
field, h = −0.5. For the NN XY model, it is known that the system
is gapless when D > γ = 0.5. However, we find that this is not
the case when 1 < α < 2 and α < 1. Moreover, the right-hand
sinde figure shows that whenever the system is gapless, it is chiral,
i.e., CH ̸= 0. The system size is chosen to be N = 512. All axes
are dimensionless.

parameter D. According to a recent suggestion [66], a bi-
layer Penning trap structures may support complex eigenvec-
tors and build effective spin-orbit couplings, making them a
feasible way to mimic DM interactions. These studies sug-
gest that a ion-trap experiment in a bilayer Penning trap can
effectively simulate DM interaction with the ability to modu-
late all the parameters such as α, h and D. Furthermore, there
are several trapped ion experiments where long-range Ising in-
teractions have been realized, providing a platform to realize
long-range DM interactions [67].

Further, it has been suggested that Kitaev chains with long-
range hopping and pairing can serve as models for helical
Shiba chains, consisting of magnetic impurities in an s-wave
superconductor. The introduction of an extended DM interac-
tion results in local phases for this interaction, adding hopping
terms that generally involve complex phase factors, which
may be simulable in such chains [68]. The experimental sig-
nature of the DM interaction is the presence of skyrmions and
the chiral nature of magnon quasiparticles. Since the DM
interaction arises due to the broken inversion symmetry and
strong spin-orbit coupling, it could potentially be realized in
spherical FeGe crystals [69].

B. The gapless chiral phase depending on LR interactions

Apart from quantum phase transitions at zero temperature
in which the energy gap vanishes, the LR Ising models possess
another three distinctive regimes with respect to power-law
fall-off rate α, namely, non-local (0 < α < 1), quasi-local
(1 < α < 2) and local (α > 2) according to different scal-
ing law of correlation length [70, 71]. It is important to note
here that in the absence of DM interaction, gap-closing never
occurs by tuning the parameter α for h > 0 except hc = 1.
Further, we know that α ≫ 2, the system with NN interac-
tions becomes gapless for D > γ depending on h and the chi-
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FIG. 2. Phase diagram of the long-range extended XY model
with nonvanishing DM interactions. Nonvanishing Cxx

N/2 indi-
cates the FMx phase for varying external magnetic field, h and the
anisotropy parameter, γ in the xy-plane. For h > 0, the critical point
is independent of α, FMx extends up to h = 1 and bounded by
D = γ -line in the y-direction (see the shaded region Fig (a)). On
the other hand, for h < 0, critical points depends upon α and FMx

phase is bounded upto h = −1 + 21−α in the x-direction. But the
bound in the y-direction is not easy to derive which depends non-
linearly on α (see the shaded region Fig (b)). Other parameters of
the systems are D = 0.5, α = 1.5 and N = 512. All the axis are
dimensionless.

ral phase emerges along with paramagnetic and ferromagnetic
phases. Due to the long-range DM interactions, a competi-
tion between the range of interactions, α and the strength of
DM interactions surfaces which becomes responsible for the
change in condition for the gapless to gapped transition. More
specifically, for moderate values of α(< 2), D > γ does not
guarantee chiral gapless phase. We find the following in case
of LR model.

Proposition 1. For a given value of the magnetic field h (both
in h ≥ 0 and h < 0), a gapped to gapless transition occurs
whenD > γ depending upon the value of α instead ofD = γ,
known for the NN model.

Proof. The proof is done by analyzing the dispersion relation
in Eq. (6). A system is said to be gapped when the expression,
∆ [72, 73], defined as

∆ = max{min{ϵk}, 0} > 0; ∀ϕk ∈ [−π, π], (7)

otherwise, the spectrum is gapless (with ∆ = 0). The exact
point, where the gap-closing takes place, depends on the pa-
rameters of the Hamiltonian, and the corresponding momen-
tum, kF , called the Fermi point, can be obtained as a solution
of ∂ϵk

∂k = 0. However, due to the presence of long-range or-
der, it is cumbersome to find the Fermi point analytically. By
differentiating numerically, we observe that the gapless phase
never occurs when D < γ while for D > γ, the gapless
phase occurs although it is not ubiquitous, and changes with
the variation of h,D, γ and α. In particular, when h < 0, with
the decrease of α, the system is gapped even when D > γ
and two distinctive gapped regions emerge when 1 ≤ α < 2
and 0 < α < 1 which depend on the strength of D, thereby
inducing (destroying) gapped (gapless) regions. However, for
α > 2, D > γ guarantees gapless phases and the gapless to

gapped transition occurs at D = γ. On the other hand, we
find, that when 1 ≤ α < 2, strong DM interactions are re-
quired to obtain the gapless phase and the desired asymmetric
interaction strength for obtaining the gapless phase increases
with the decrease of α (see Fig. 1). Note, further, that the
maximum D necessary for the gapless phase does not happen
exactly at α = 1, but at a nearby point which can be due to
finite size analysis.

It is now evident that the interplay of α and D along with
γ and h can change the critical lines of the phase diagram.
Therefore, we now examine the phases in the (h, γ)- and
(α,D)-planes.
α-dependent chiral phase. In the nearest-neighbor XY

model with DM interactions, the gapless phase gives rise to
a chiral order that measures local current flow between the
nearest neighbor sites. It can be established, by computing
[29] the order parameter,

CH =

〈
1

4N

N∑
i=1

σx
i σ

y
i+1 − σy

i σ
x
i+1

〉
(8)

between any two neighboring sites, i and i + 1 in the ground
state which describes the helical alignment of spins or chiral
order in the z-direction. In the nearest-neighbor case, i.e., for
the NN XY model with D > γ and suitable h values, it was
shown that CH > 0 when ∆ = 0.

In the LR model, we find that for a fixed h, α < 2 and D >
γ, whenever ∆ = 0, i.e., the system is gapless, it possesses
chiral order with order parameter CH > 0 (as shown in Fig.
1). Interestingly, however, there exists region in which for
D > γ, ∆ > 0 (as shown in the above proposition), and the
corresponding chiral order parameter vanishes, i.e., CH = 0.

Ferromagnetic and paramagnetic phases. We now cal-
culate the long-range magnetic order parameter, Cxx

N/2 =〈
σx
1σ

x
N/2

〉
. When Cxx

N/2 ̸= 0, the system is said to be in
the ferromagnetic-x phase (FMx) while paramagnetic when
it vanishes. On one hand, we show that the FMx phase occurs
when the system is gapped and 0 < h < h1c = 1, 1 < α < 2,
and D < γ (see Fig. 2). On the other hand, when h is nega-
tive, the system becomes ferromagnetic, i.e., Cxx

N/2 > 0 when
h > h2c = −1 + 21−α with 1 < α < 2. When the param-
eters are neither chiral nor ferromagnetic, the system is in a
paramagnetic phase.

Tuning the strength of the parameters, we can qualitatively
describe the phases of this model which changes due to the
introduction of long-range interactions. The strength of long-
range interactions, α, perturbs the system, and can delay the
transition from a gapped to a gapless region, although no ana-
lytical phase boundary has been established so far. We pro-
vide the phase boundaries based on numerical simulations,
which depend on (α), γ, and h. More precisely, we present
the qualitative phase boundaries for this extended long-range
DM model.

1. D > γ and α > 2: The system is in the gapless chi-
ral phase which also depends upon the strength of the
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magnetic field h, although, the exact boundary is not
known.

2. ∀h, D ≤ γ and α > 2: The system is in the gapped
region.

3. h > 0 or h < 0, D > γ and 0 < α < 2: The system
may belong to the gapless chiral region, but depending
on the strength of α, there exists a gapped region for a
fixed h, which is an artifact of the long-range interaction
strength.

C. Constant decaying exponent of correlations with DM
interactions

From the above analysis, it is evident that the transition
from the chiral gapless phase to the other magnetic gapped
phase heavily depends on the fall-off rate α. Let us now in-
vestigate how the scaling of classical correlations and quan-
tum mutual information between two spins (a measure of to-
tal correlations containing both quantum and classical correla-
tions components) [74] can recognize the α-dependent phases
discussed above. The classical correlation (CC) between two
sites, separated by a distance R, can be represented as CR ≡
Cxx
i,i+R = ⟨σx

i σ
x
i+R⟩ while the quantum mutual information is

defined as IR ≡ Ii:i+R = S(ρi) + S(ρi+R) − S(ρi,i+R),
where S(σ) = − tr(σ log2 σ) indicates the von-Neumann en-
tropy of the state σ, ρi and ρi+R are the reduced density ma-
trices of the joint state ρi,i+R. As we impose periodic bound-
ary condition, the site index i can be ignored and both the
classical and total correlation can be studied as Cxx

R and IR,
where R = {1, 2, . . . N2 }. In typical one-dimensional (1D)
quantum spin models, the CC decays exponentially when it is
away from criticality, whereas, at the criticality, the polyno-
mial decay with R is observed. However, the extended Ising
model deviates from this norm by showing different scaling
laws near the critical points and away from it [75]. Moreover,
in the long-range Kitaev chain (see Eq. (3) with D = 0),
quantum mutual information (QMI) persists between two dis-
tant segments of the chain, provided the system is in the non-
local regime, i.e., α < 1, thereby predicting the correlation
between two distant regions of the system [76].

In our study, we expect to have a notable scaling law due
to the presence of long-range and additional DM interactions
which is indeed the case. Firstly, we observe that the trends of
Cxx
R and IR with R is qualitatively different when the system

is in the chiral phase and when it is not. Secondly, a counter-
intuitive observation is that if one tunes the parameters D, γ,
h and α in such a way that CH ≠ 0, the decay exponents of
mutual information and classical correlation become constant
as depicted in Fig. 3. Specifically, we observe that irrespective
of the details of the power-law exponent and the strength of
the magnetic field, the decay exponent of CC and QMI falls
off as

IR ∝ R−1 and (9)

Cxx
R ∝ R−0.45, (10)

101 102

R

10−5

10−3

10−1

Cx
x

R

(a)

∼ R−0.45

∼ R−1.15

101 102

R

10−5

10−3

10−1

I R

(b)

∼ R−1.7

∼ R−1.0

α = 0.9-gapped

α = 1.5-gapless

α = 1.7-gapless

FIG. 3. Classical correlation (Cxx
R ) and mutual information (IR)

(ordinate) of the bipartite state ρR obtained from the ground state vs
the distance R (abscissa) between two arbitrary sites, i and i+R. The
corresponding fit is drawn with a dashed line in the same color. The
parameter set of h = −0.5 and different values of α indicate whether
the system is in a gapless or gapped phase. All other specifications
are same as in Fig. 1. All the axes are dimensionless.

which are independent of α provided the ground state belongs
to the gapless chiral region (see Fig. 3 and Table I). This be-
havior of IR and Cxx

R highlights a more complex and highly
correlated patterns between α and D within the gapless re-
gion. It indicates that although the range of interactions can
control the critical lines in the (D, γ)-plane, differentiating
gapless and gapped phases, the decay rate of CC and QMI
in the gapless phase remains unaltered and the chiral phase
favors the sharing of both quantum and classical correlations
between distant sites. More importantly, such α-dependent
scaling behavior holds both for quantum and classical corre-
lations (see Fig. 3).

On the other hand, when the system is in the non-chiral
(which we refer to as achiral) phase, the ground state displays
the decay exponent of both classical and quantum correlations
which vary with α, i.e., depending on the internal descriptions
of the model (see Fig. 3 and Table I).

Through these observations, we elucidate the nuanced
role of long-range DM interactions in modulating correlation
properties across both chiral and achiral regions leading to the
following proposition.

Proposition 2. In the chiral region of the LR XY model with
DM interactions, the scaling exponents of CC and QMI are
constant (independent of the fall-off rate, α) while their expo-
nents depend on α in the achiral region.

Scaling analysis. To provide insights into the thermody-
namic limit, we perform a scaling analysis to understand how
the system approaches criticality as the system size increases.
Specifically, we analyze log2 |h∞c − hNc |, obtained by com-
puting nearest-neighbor classical correlation dCxx

1 /dh, as a
function of log2N , where h∞c and hNc are the critical points
in the thermodynamic limit and when the system size is N
respectively. The decay of this quantity with log2N indi-
cates that the quantity reaches the thermodynamic limit. Fur-
thermore, the model exhibits critical points at hc = 1 and
hc = −1 + 21−α for α > 1. We demonstrate that the classi-
cal correlations in the x-direction capture these critical points,
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FIG. 4. Finite size scaling, using nearest-neighbor classical corre-
lation, Cxx

1 . (a) A kink in the derivative of Cxx
1 indicates the critical

points for both h > 0 and h < 0. For h > 0, the critical point is
independent of α, and the first derivative exhibits a kink at hc = 1,
which becomes sharper as the system size N increases. (b) To per-
form the scaling analysis, we plot log2 |h∞

c − hN
c | against log2 N

where h∞
c = 1 and hN

c is the value at which Cxx
1 shows the kink

for a given system size N . Its behavior indicates that N = 512
provides a good approximation to the thermodynamic limit. On the
other hand, for h < 0, the critical point depends on α, and is given
by h = −1+21−α. This critical point exhibits the same trend as the
one for h > 0, becoming sharper with increasing system size (see
the inset of (b)). The system parameters used are D = 0 and α = 2.
All axes are dimensionless.

D h α IR Cxx
R Phase

1.5 0.5 0.5 R−0.25 R−0.3 gapped
1.5 0.5 0.8 R−1 R−0.45 gapless
1.5 0.5 1.3 R−1 R−0.46 gapless
2.5 −0.5 0.5 R−0.4 R−0.5 gapped
2.5 −0.5 0.8 R−1.5 R−1.2 gapped
2.5 −0.5 1.3 R−1 R−0.45 gapless

TABLE I. The scaling laws of mutual information IR and classical
correlation Cxx

R with R for various parameter values of DM interac-
tion strength (D), magnetic field (h), and power-law exponent (α).
When the system is gapless, universal scaling exponents for both the
quantities emerge which is not the case for the gapped regimes.

and as the system size increases, the identification of these
critical points becomes more prominent, as shown in Fig. 4.
These results indicate that the classical correlations with sys-
tem sizeN = 512 indeed mimics the properties withN → ∞
which we again confirm by computing Cxx

1 with system size
upto N = 1024. On the other hand, when calculating the
dynamical correlations, we can extend the system size up to
N = 30K (see Sec. III). Note, however, it is difficult to pro-
vide closed form expressions for the correlators owing to the
presence of complicated integrals which is true even for short-
range models.

D. Amendment in scaling of entanglement entropy and central
charge owing to long-range DM interactions

In a many-body system, an insight of universality classes
can be obtained from the generic features of the ground state.
A prominent physical quantity that serves the purpose is the
block entanglement entropy of block-size l [77, 78]. In par-
ticular, after partitioning the N -party ground state into two

blocks, containing l andN−l sites (with l ≪ N ), we compute
the block entanglement of the ground state as Sl = S(ρl) with
ρl being the reduced density matrix of the N -party ground
state. The l-block entropy can be calculated from the two-
point correlation functions between modes, m and n, given
as

Cmn = ⟨Ψ|c†mcn|Ψ⟩, Fmn = ⟨Ψ|c†mc†n|Ψ⟩, (11)

where |Ψ⟩ is the ground state and the corresponding correla-
tion matrix, consisting of correlation functions, can be written
as

Cl =

(
I− C F
F † C

)
. (12)

If λp’s are the eigenvalues of Cl, the von-Neumann en-
tropy of |Ψ⟩ in the bipartition l : N − l is given as Sl =

−
∑2l

p=1 λp log2 λp. If a system is gapped which typically
happens away from the criticality and when the range of in-
teractions is relatively local, i.e., the norm of the Hamiltonian
does not increase as the system size increases, Sl follows the
area law, which implies SNC

l ∝ ld−1, where d is the spatial
dimension of the system andNC stands for “not at criticality”
while it deviates from the area law at criticality [78]. Hence
from the scaling behavior of Sl, one can detect the transition
from a gapped to a gapless phase which is interesting since a
simple scalar quantity can describe the essential properties of
the Hamiltonian instead of a complete microscopic descrip-
tion.

On the other hand, when the system becomes gapless,
representing the critical point, e.g., in the transverse NN
XY model, Sl scales logarithmically, i.e., for a trans-
lationally invariant spin chain, at critical points, SC

l =
c
3 log2

[
N
π sin πl

N

]
+ a [78, 79], where c is the conformal or

effective central charge in the conformal field theory and a is
a non-universal constant. Further, it was shown that the central
charge carries the signatures of an underlying symmetry. For
example, c takes value 1/2 for the transverse-field Ising-like
Hamiltonian at the critical point for which the Hamiltonian
adheres to the Z2-symmetry, while with the addition of asym-
metric nearest-neighbor DM interaction, the Hamiltonian be-
comes gapless region having c = 1 and gapped with c = 1/2.
Hence EE turns out to be a powerful tool to separate a gapped
phase from a gapless one.

It was also recently shown that if one considers long-range
interactions instead of short-range ones [80, 81], where mag-
netic criticality depends on the value of α, EE depends upon α
and the free-fermionic version of long-range Ising spin shows
fractal entanglement apart from the volume and area law [64]
and the scaling of entropy at critical points may not follow
SC
l . In this case, we can define an effective conformal charge,
ceff , to describe the universal properties of the system.

We are interested in finding how the scaling of Sl in the LR
Ising Hamiltonian gets altered in the presence of DM inter-
actions. Specifically, we will show the revision of a central
charge ceff , which occurs in SC

l . Before presenting the ef-
fects of DM interaction on the central charge, we observe that
at criticality, i.e., h1c = 1 of the extended Ising model, ceff
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FIG. 5. Effective central charge, ceff (ordinate) against the
the power-law exponent α (abscissa). We obtain ceff by fitting
the block entanglement entropy in the logarithmic scaling equation,
SC
l =

ceff

3
log2

[
N
π
sin πl

N

]
+ a of the ground state at criticality,

i.e., hc = 1.0. (a) The non-linear but smooth increase of ceff with α
in the absence of asymmetric DM interaction. (b) The abrupt change
in ceff against α is observed in the presence of DM interactions for
a fixed values of D. The kinks possibly arises due to the presence of
chirality (gapless). All other specifications are same as in Fig. 1. All
the axes are dimensionless.

monotonically increases when 1 < α < 2 and saturates to
1/2 at α ≥ 2, (which is the scaling known for the NN model)
as shown in Fig. 5(a). When α < 2, ceff varies non-linearly
with α which points out that due to the presence of long-range
interaction, conformal symmetry breaks down.

On the other hand, the introduction of long-range DM in-
teraction makes more modifications in ceff – (i) the satura-
tion value changes to 1 when α → αc = 2, with αc being
the point which mimics the NN transverse Ising model with
NN DM interactions; (ii) for α < αc, the conformal symme-
try breaks down whereas when α > αc, ceff → 1 (see Fig.
5(b)). Our study reveals that even with the introduction of
long-range asymmetric interaction, the conformal symmetry
is not restored for all the values of α although ceff indicating
the conformal invariance begins for smaller values of αc < 2
which is found in the absence of DM interactions. This be-
havior can again be attributed to the fact that when the DM
interaction is present, the system becomes gapless upon vary-
ing the power-law decaying factor α.

III. DECAY OF DYNAMICAL CORRELATION:
UNCOVERING CHIRAL AND ACHIRAL PHASES

Let us now study the trends of physical quantities including
quantum correlations in the time-evolved state in the transient
and the steady state regimes, starting from the product state or
the ground state which evolves according to the LR Hamilto-
nian with DM interactions. Our aim is to demonstrate that the
scaling of correlations with time or with distant sites can indi-
cate the transition from the chiral phase to the achiral ones.

Note that the NISQ quantum computers are capable of sim-
ulating the dynamics of the correlators under scrutiny in this
work. A recent study has shown that the truncated Taylor se-
ries approach may be used to simulate the dynamics of the cor-

relators [82] while another article [83] describes the realiza-
tion of a discrete time crystal (DTC) on the Google Sycamore
quantum processor. Using a quantum auto-correlator defined
as ⟨σz(0)σz(n)⟩ at the discrete time-steps, n of the associ-
ated Floquet drive, the DTC’s existence has been verified. The
Hamiltonian has been efficiently simulated using the “trotter-
ized” circuit. Therefore, we hypothesize that “trotterization”
or truncated Taylor series expansion can be used to examine
the dynamics of the correlators in our study in a NISQ com-
puter.

A. Relaxation behavior of dynamical correlations

Let us first present the method to capture the relaxation
of dynamical correlation [54] which is shown to comprehend
distinct phases in equilibrium. The initial state and the evolu-
tion of the system in the momentum basis can be represented
by the Bogoliubov–de Gennes (BdG) equation, given as

ψk(0) = [uk(0), vk(0)]
T and ψk(t) = e−iHktψk(0).

(13)
The corresponding dynamical correlation (DC) is defined as
Cmn(t) = ⟨ψ(t)|c†mcn|ψ(t)⟩ which is a fermionic correlation
between two modes. The relaxation of this correlation can be
measured by taking the difference between correlation in ar-
bitrary time and time in which the system reaches the steady
state, given by δCmn(t) = Cmn(t) − Cmn(∞), describing
the decay of the correlation function with time. Let the Bo-
goliubov angle of the initial and quenched Hamiltonian be ηk
and η̃k respectively and the difference between the angels is
given as αk = ηk − η̃k. The relaxation of DC takes the form
[84]

δCmn(t) =∫
k∈gapped

sin 2η̃k sin 2αk cos(ϵk + ϵ−k)t cos[k(n−m)] =

(14)∫
k/∈gapless

sin 2η̃k sin 2αk cos(ϵk + ϵ−k)t cos[k(n−m)],

(15)

where the initial state belongs to the gapped and gapless re-
gions in Eqs. (14) and (15) respectively. In our case, we have
chosen |m− n| = 1, but our result holds for any arbitrary
m and n. When δCmn(t) ∼ t−χ, χ indicates the dynamical
relaxation exponent characterized by the distinctive values of
the system parameters.

In the case of the nearest-neighbor XY model, it was
shown that the exponent depends on the phase being commen-
surate or incommensurate. Specifically, in the commensurate
phase, the derivative of the dispersion relation with respect
to the momentum vanishes at the extreme ends of the Bril-
louin zone, while in the incommensurate phase, the deriva-
tive vanishes inside the Brillouin zone. If the initial state is
a product state, i.e., the ground state of the model when the
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FIG. 6. The transient dynamics of the δCmn(t) (ordinate) as a
function of time t (abscissa) in the log-range Ising model with
DM interactions. In both (a) and (b), h = −0.5, D = 1.3, γ =
1.0, and N = 30K for t = 0 and for all other values of t > 0. For
evolution, the sudden quench is performed from αi = 2.1 to αq =
1.1 in (a) and vice-versa in (b). A dashed line is a fit of the function
indicating the overall behavior. All the axes are dimensionless.

magnetic field goes to infinity and is then quenched with the
Hamiltonian corresponding to the commensurate phase, we
find χ = 3/2 while χ = 1/2 when quenched with the incom-
mensurate phase [54].

In the NN XY model with DM interaction, if the initial
state belongs to the gapless phase, the exponent changes to
χ = 1 if the quenching Hamiltonian is in the commensurate
phase, which indicates the presence of DM interaction. In the
case of quenching by a Hamiltonian in the incommensurate
phase, the exponent is either χ = 1/2 or χ = 1 depending
on the parameters of the initial state [84]. On the other hand,
considering the LR Kitaev chain, it was found that the scal-
ing law behaves similarly to the SR ones when the initial and
post-quench Hamiltonian are non-critical although the expo-
nent changes with the parameters chosen from an equilibrium
phase transition [54].

The model considered in this work possesses both LR DM
interactions and LR interactions in the xy-plane and hence the
interplay between α and D as mentioned in the static scenario
can influence the scaling of δCmn(t), resulting to different χ.
For investigations, possible three situations arise in the non-
local regime (α < 1) - (ni) both pre- and post-quench Hamil-
tonian are in the chiral phase; (nii) only pre-quench Hamil-
tonian belongs to the chiral phase; (niii) only post-quench
Hamiltonian is chosen from the chiral phase. All three cases
can also be considered when α is chosen from a quasi-local
regime, i.e., when α > 1 which we refer to as (qi) - (qiii).
Eg., we find that χ ∼ 1.5 for the case of (niii) and when (qii)
χ ∼ 0.3 (see Fig. 6). This shows that the exponent in DC can
distinguish between the gapped and the gapless phases of the
post- and pre-quench Hamiltonians (see Fig. 6). In addition,
the robustness of correlation can be defined as a quantity 1

χ

such that if the value of χ is small, the system does not reach
the steady state correlation value for a significantly long time.
This reinforces the above result that the state from the gapless
phase contains a strong correlation both in terms of space and
time.

B. Slow decay of total correlation and two-point correlation
with LR DM interaction

We now focus on six scenarios ((ni) - (niii) and (qi) - (qiii))
to study the decay pattern of total correlation and classical cor-
relation with R in a steady state limit, represented by IR(∞)
and Cxx

R (∞) respectively. Even though the evolution is uni-
tary, as we are studying the properties of a subsystem, a steady
state can be reached in the dynamics. When the quenching
Hamiltonian is in the gapped phase ((nii)), the steady state
maintains both classical and quantum correlations between
distant spins, and persists even at large distance R (see Figs.
7(b), (c), (f) and (g)). Conversely, a gapless quenching Hamil-
tonian ((ni) and (niii)) results in a steady state where classical
correlations are present only between nearby spins as depicted
in Figs. 7 (a), (d), (e) and (h). Notice that the decaying na-
tures of IR(∞) and Cxx

R (∞) are independent of the initial
state. Remarkably, the behavior of total and classical correla-
tions remains similar when the distance between the spins is
small.

C. Effects of long-range in dynamics of EE

In a final attempt to distinguish the gapless and gapped
phases under dynamics, we investigate the growth of en-
tropy with time. The initial states are prepared as the ground
states of gapped as well as from the gapless regions and EE,
Sl(ρ(t)) ≡ St for a fixed l is computed after quenching the
system to the gapped or gapless regions by changing the pa-
rameters α for a given γ, h andD. Let us denote the initial and
final fall-off rates be αi and αq respectively. Firstly, we no-
tice that the rate of growth is shown to be linear in time in the
case of the XY model with NN [85] and long-range interact-
ing model [86–89], with the initial state being a product state.
The trends of St with time depend on both αi and αq , thereby
indicating its dependence on pre- and post-quench Hamilto-
nian. Secondly, the rate of increment of EE with time is faster
if the initial state is in a gapless region and the EE value gets
saturated around time t ∼ l/2, as observed in the case of the
nearest-neighbor Ising model quenched from a non-critical
regime to a critical one [90]. However, if the initial and fi-
nal states are chosen from a gapless region, the increment rate
is slow and the saturation is reached faster around t = l/2
compared to a gapped case (see Fig. 8(d) and (e)). Also, the
scaling of entropy increment until it reaches saturation can be
approximated as

S±
t ∝ a1

t

|αi ± αq|
+ a2, (16)

where a1, and a2 are constants (see Fig. 8). When both the
initial and the final Hamiltonian are gapped or one of the pre-
or post-quench Hamiltonian is gapped, the saturation of EE
requires much larger time than that obtained with the Hamil-
tonians corresponding to the initial and final states being gap-
less.
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where l = 80. In (a), (b), (d), and (e), we present a universal law for
the growth of entanglement entropy S±

t using a dashed line, mentioned in Eq. (16). All the axes are dimensionless.

IV. CONCLUSION

Quantum long-range systems are intriguing due to their
non-local properties, often displaying counter-intuitive phe-
nomena compared to a short-range Hamiltonian. These mod-
els are pervasive in physically realizable systems such as
trapped ions and atomic, molecular, and optical setups. There-
fore, comprehending their universal features is essential for
the advancement of quantum technologies and condensed
matter physics.

We found that the long-range extended Dzyaloshinskii-
Moriya (DM) interactions with the extended XY model have
unique consequences on the critical behavior of the system
with a variation of the fall-off rate, α, in which the range of
interactions between the sites decays. Specifically, even with
a comparable or more DM interactions than the anisotropy pa-
rameter, we proved that the system remains gapped depending
on α, which varies with the direction of the transverse mag-
netic field although the gapless phase still possesses chiral or-
der. By analyzing classical and total correlations between two
arbitrary sites of the ground state in the presence of DM inter-
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actions, we observed that both of them decay with the distance
between the sites and the decay exponent is independent of α
in the gapless region while it depends on the system parame-
ters in the gapped regime and decays faster in this case than
the gapless zone. Additionally, we exhibited the departures
from the universal trend in the block entanglement entropy
in presence of long-range DM interactions which could suc-
cessfully capture the interplay between long-range and DM
interactions.

This study investigated how dynamical correlations change
in time when the energy spectra of the initial and the evolving
Hamiltonian are gapped and gapless, driven by α for a fixed
strengths of DM interactions, and magnetic fields. The scal-
ing of both classical correlations and mutual information in
the steady states reveals that the sharing of correlations is fa-
vorable when the evolving Hamiltonian is gapped. Moreover,
we found that the growth of entanglement entropy with time
is faster in the gapless regime than in the gapped phase and it
saturates quickly when both the pre- and post-quench Hamil-
tonians are gapless. On the one hand, these findings contribute
to the understanding of fundamental aspects of quantum phase
transitions, while on the other, sharability of correlations and
entanglement of the ground state as well as their dynamical
patterns can be vital for establishing quantum links amongst

quantum computers.
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, (A1)

where c(x, x) = c(y, y) = (−1)R(R+1)/2,

Ixxµ,ν = ⟨Al+µ(t)Al+ν(t)⟩,
Jxx
µ , = Ixxµ,R,

Hxx
µ,ν = ⟨Bl+µ−1(t)Bl+ν−1(t)⟩,

Kxx
ν = Hxx

1,ν , (A2)
Gxx

µ,ν = ⟨Al+µ(t)Bl+ν−1(t)⟩,
F xx
µ = Gxx

µ,1,

Exx = Gxx
R,1,

Dxx
ν = Gxx

R,ν ,

Iyyµ,ν = ⟨Al+µ−1(t)Al+ν−1(t)⟩,
Jyy
µ = Iyyµ,R,

Hyy
µ,ν = ⟨Bl+µ(t)Bl+ν(t)⟩,
Kyy

ν = Hyy
1,ν , (A3)

Gyy
µ,ν = ⟨Al+µ−1(t)Bl+ν(t)⟩,
F yy
µ = Gyy

µ,1,

Eyy = Gyy
R,1,

Dyy
ν = Gyy

R,ν ,

with s(x, y) = s(y, x) = −i(−1)R(R−1)/2, we have

Ixyµ,ν = ⟨Al+µ(t)Al+ν(t)⟩,
Gxy

µ,ν = ⟨Al+µ(t)Bl+ν(t)⟩,
Jxy
µ = Gxy

µ,0, (A4)

F xy
µ = Gxy

µ,1,

Hxy
µ,ν = ⟨Bl+µ(t)Bl+ν(t)⟩,
Exy = Hxy

0,1,

Dxy
ν = Hxy

0,ν ,

Kxy
ν = Hxy

1,ν ,
and

Iyxµ,ν = ⟨Al+µ−1(t)Al+ν−1(t)⟩,
Gyx

µ,ν = ⟨Al+µ−1(t)Bl+ν−1(t)⟩,
Jyx
µ = Iyxµ,R, (A5)

F yx
µ = Iyxµ,R+1,

Eyx = Iyxr,r+1,

Dyx
ν = Gyx

R,ν ,

Kyx
ν = Gyx

R+1,ν ,

Hyx
µ,ν = ⟨Bl+µ−1(t)Bl+ν−1(t)⟩.

Each of the elements in the Pfaffian can be constructed from
the expectation values of one of the operators, AlAl+R,
BlBl+R and AlBl+R with Ai = c†i + ci, Bi = c†i − ci.

When recasted in the same Fourier basis as taken while diagonalization, the operators for the kth momentum have the matrix
form

(AlAl+R)k =

 cos(kR) −i sin(kR) 0 0
−i sin(kR) cos(kR) 0 0

0 0 cos(kR)− i sin(kR) 0
0 0 0 cos(kR) + i sin(kR)

 , (A6)

(BlBl+R)k =

 − cos(kR) −i sin(kR) 0 0
−i sin(kR) − cos(kR) 0 0

0 0 − cos(kR) + i sin(kR) 0
0 0 0 − cos(kR)− i sin(kR)

 , (A7)
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(AlBl+R)k =

 cos(kR) i sin(kR) 0 0
−i sin(kR) − cos(kR) 0 0

0 0 0 0
0 0 0 0

 . (A8)

The single-site transverse magnetization in the same Fourier basis is given by

σk
z =

 −1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 . (A9)

The corresponding expectation value of the operators for each
value of k, say Ok, with respect to the time-evolved state is
computed as ⟨O⟩ =

∑N/2
k=1 Tr(ρkβ(t)O

k). Once we find all
the single-site magnetizations mα

j ∀ α = {x, y, z} at j = i
and j = i + R and all possible two-site correlation functions
Cl,m
i,i+R ∀ l,m = {x, y, z} from the Pfaffians described above,

we can construct the two-site reduced density matrix between
sites i and I +R as we know any two party density matrix for

the given Hamiltonian is given as

ρij =
1

4

I4 +mz(σz
j + σz

i ) +
∑
k,l

Ckl
ij σ

k
i ⊗ σl

j

 , (A10)

where k, l ∈ {x, y}.
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