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Variational quantum algorithms are hybrid quantum-classical approaches extensively studied for their
potential to leverage near-term quantum hardware for computational advantages. In this work, we
successfully execute two variational quantum algorithms on a silicon photonic integrated circuit at
room temperature: a variational quantum eigensolver for the Hydrogen molecule and a variational
quantum factorization for semiprime numbers. In our reconfigurable silicon photonic circuit, four
identical spontaneous-four-wave-mixing-based integrated photon pair sources are used to prepare
two path-entangled ququarts, whose correlation gives rise to the resource for generic trial states’
preparation. This marks a first demonstration of variational quantum algorithms on a photonic

quantum simulator with integrated photon pair sources.

Quantum computing (QC)'™ is based on a new computational paradigm,
that promises an exponential speed-up over classical machines for certain
classes of problems®”. However, nowadays quantum processors are typically
limited in terms of the number of qubits, interconnection topology, fidelity
of the entangling gates, and losses. Because of these limitations, they are
termed ‘Noise Intermediate Scale Quantum’ (NISQ) devices®. Variational
quantum algorithms (VQAs)’ are investigated to achieve quantum utility"
through NISQ processors. In fact, they require a modest number of qubits
and a limited circuit depth. In a nutshell, the workflow of VQAs is sketched
in Fig. 1. First, the problem is encoded into a collection of measurable
observables, {O;},, based on the qubit register of the Quantum Hardware
(QH). A cost function C is defined as a weighted sum of expectation values
as follows

C= Zwk<ék), (1)
k

where {( Ok) }, are the expectation values of the corresponding observables
are evaluated on a quantum state |y(6)), parametrized by a list of para-
meters 6, and the classically-computed coefficients {w,}, depend on the
specific problem to address. Once the problem is encoded, the reconfigur-
able QH starts preparing trial states, and measurements are performed. The
collected raw data are sent to the classical machine for post-processing,
where the cost function is evaluated. An optimization routine is executed by
the classical part, and the quantum part is updated with a new setting of
parameters 6, accordingly to the cost function result. This procedure is
repeated until the cost function converges to an extremal value. In this way,

the minimization of the cost function and the optimal setting of parameters
for the trial state preparation are achieved. For a generic set {O},, the
observables don’t commute, and the evaluation of their expectation values
can be simultaneously done only within the same commuting group
(CG)""™. With respect to Quantum Phase Estimation and Shor’s
algorithm™'*"®, VQAs are hybrid quantum-classical approaches, and they
don’t require a set of universal gates or quantum error-correction codes.
Such algorithms show robustness against error'**’ and can run on shallow
circuits™. What is needed is a reconfigurable QH able to prepare states that
can be mapped to the Hilbert space configurations of the addressed
problem™. Then, the generic parametrized states can be ‘trained’ to
minimize the desired cost function, similarly to Machine Learning
processes’. The whole procedure shown in Fig. 1 must be tailored to a
specific problem, since the coefficients {w;}, and the observables (o} L are
determined by the addressed task and the qubit register. The problems can
be classified as classical, e.g., combinatorics problems, and quantum, e.g.,
energy levels and scattering amplitudes. In both cases, the advantage with
respect to classical algorithms could come from the information encoding
and the quantum parallelization, given by the exponential scaling of the
Hilbert space dimension with the number of qubits, and the use of
superposition and entanglement”.

The first experimental implementation of a variational quantum
eigensolver (VQE) has been realized on a photonic integrated circuit (PIC)
with an external photon pair source”. Then, the whole VQE theory has been
formalized in'"". VQE has also been demonstrated with superconducting
qubits™*"*** and trapped ions” . In these platforms, chemical accuracy of
VQE has been reported ™. In the same family of variational algorithms, we
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Fig. 1 | Schematic workflow of variational quantum algorithms. The procedure
starts with the problem encoding: depending on the problem/task and the qubit
register of the Quantum Hardware, a set of observables {O,} « is identified and the
cost function C is constructed as a weighted sum of the observables expectation
values, {(O,)} « Then, the Quantum Hardware is configured to prepare the trial
states |y(6)) by starting from an initial state |1//0> and applying the transformation

U, which depends on the variational parameters 8. The measurements of the trial
state give the observables' expectation values. By processing the collected data, the
classical machine calculates the cost function for each trial state and, after that, it sets
new parameters on the quantum part. This cycle is driven by an optimization
routine managed by the classical part, and it is repeated until the cost function
converges to an extremal point.

can find the variational quantum factoring (VQF)™", a factorization

algorithm tailored to the number to factorize. Also in this case, the algorithm
has been successfully performed with superconducting qubits™, and, only
very recently, on a PIC with an external photon pair source™. In general,
despite several experimental implementations, it is still not clear if VQAs
can lead to a useful quantum advantage'"'’, with major issues related to the
minimization procedure of the cost function, such as the barren plateau
phenomenon’. Thus, even if NISQ processors satisfy the requirements of
VQAs, the desired accuracy and the duration of the specific algorithm may
prevent VQAs from surpassing classical techniques. For these reasons,
further theoretical and experimental investigations are needed to under-
stand the full potential of this method for specific-purpose tasks.

Integrated quantum photonics” ™ is a particularly promising plat-
form, since photons are a natural choice to transfer information thanks to
low decoherence and high data rates. Moreover, the use of different degrees
of freedom of photons*** makes it possible to encode the information with a
wide variety of choices by using linear operations with high fidelity,
robustness, and flexibility. For example, path encoding® relies on Mach-
Zehnder interferometers (MZI) or MZI networks™' to implement any
transformations of a generic qudit, i.e., d-dimensional qubit. Knill et al.”
showed that linear optical quantum computing (LOQC)****” can be rea-
lized through post-selection. This paradigm for photon entangling gates
enables the existing technology to achieve photonic QC**”7**" with both
approaches to quantum algorithms: measurement-based**’ and gate-
based’ QC. Because of the well-established photonic technology, fault-
tolerant large-scale quantum photonic architectures could be achieved in
the next few years, leveraging the latest achievements of integrated
optics*". In particular, thanks to high-quality single photon sources and
high-performing PIC, a significant improvement of photonic-based VQEs
has been recently demonstrated using gate-based computation”: four times
faster than™ and a chemical accuracy on par with superconducting and
trapped-ion qubits™”. However, this latest achievement is based on a
quantum-dot single photon source working at 5 K and on integrated
photonic probabilistic CNOT gates.

Quantum silicon photonics allows generating high-quality entan-
gled photons at room temperature via spontaneous four-wave mixing
(SFWM)™™. These states provide an extremely valuable quantum
resource without the need for cryogenic temperatures. In the low-gain
regime, a pair of energy-time entangled photons is generated”'". Such
quantum correlation can be utilized as an entanglement resource for
photonic processors.

This work aims to significantly advance the capabilities of inte-
grated photonic VQAs by presenting a room-temperature silicon
photonic integrated circuit (Si-PIC) implementing a four-qubit var-
iational quantum eigensolver able to solve a quantum chemistry
problems and factorization tasks with high accuracy. The Si-PIC uses

four spiral waveguides as sources of correlated photon pairs to create
multidimensional entangled states, which serve as trial states for
the implemented VQAs. For the first time, to the best of our knowl-
edge, this work addresses proof-of-principle instances of quantum
chemistry and factorization problems by means of a small-scale
quantum photonic processor with integrated quantum light sources.
Moreover, an interesting feature of our implementation exploits the
time-energy entanglement of the photon pairs to obtain path entan-
glement, thus showing the possibility to avoid, at least to some extent,
the use of probabilistic CNOT gates, in contrast to other photonic
implementations™*,

The paper is organized as follows. “Photonic integrated circuit for four-
qubit variational algorithms® describes the Si-PIC used to implement the
VQAs. Section “Discussion” shows the results of the VQE for the Hydrogen
molecule and of VQF for the semiprime numbers, respectively. In “Solving
the Hydrogen molecule and “Factorizing semiprime numbers”, we com-
ment on scaling and improvement of our scheme. All the details are
reported in the Supplementary Information.

Results

Photonic integrated circuit for four-qubit variational algorithms

Figure 2 reports the scheme of the Si-PIC, whose footprint is 1.5 x 5
mm’. The building blocks of this circuit are grating couplers'”,
multimode-interference-based integrated beam splitters (MMIs)'”,
crossing waveguides'”’, and thermal phase shifters (PSs)'*>'”. In
particular, the composition of MMIs and PSs gives rise to integrated
MZIs. A detailed discussion of the Si-PIC design, the description of
the setup, and the characteristics of the utilized photonic compo-
nents, both in terms of theoretical modeling and measured perfor-
mances, are reported in the Methods and Supplementary Information
Sections 1-4.

The Si-PIC has four input and eight output ports. The ports are based
on grating couplers and only one input and two output ports were used in
this work (label IN, OUT-1 and OUT-2 in Fig. 2). The circuit is composed of
five parts: (I) pump splitting (green box of Fig. 2), (II) integrated sources
(golden box of Fig. 2), (III) photon pairs’ routing (purple box of Fig. 2), (IV-
i) and (IV-s) linear manipulation of the idler and signal photons (blue and
red boxes of Fig. 2), respectively.

Stage (I) is used to coherently pump the 1.5 cm-long spiral-
waveguide-based integrated sources, present in stage (II), with arbitrary
amplitudes to generate correlated photon pairs through SFWM. We
utilize fundamental-TE-intramodal non-degenerate SFWM in silicon
spiral waveguides, and, as usual, we denote the two generated photons as
idler and signal, where the first is the photon with shorter wavelength and
the latter the photon with longer wavelength. We choose spiral wave-
guides as photon pair sources to obtain a high degree of spectral
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Fig. 2 | Layout of the silicon photonic integrated circuit. Blue lines are waveguides,
solid blue components are passive integrated optical devices (grating couplers,

MMIs, and crossing waveguides), and solid orange components are thermal phase
shifters. IN denotes the input where light is injected, and OUT-1 and OUT-2 stand
for the outputs where light is collected. The circuit is divided into five parts: (I) pump
splitting in the green box, (II) integrated sources in the golden box, (III) photon pairs'
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Integrated sources
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routing (composed of AMZIs and crossing waveguides) in the purple box, and
finally, (IV-i and IV-s) idler and signal manipulation in blue and red boxes,
respectively. The numbers on the inputs of stage (IT) and outputs of stage (III) denote
the four spatial modes used to encode the two-ququart states, while the associated
qubit states are reported on the left of stages (IV-i/s).

indistinguishability'”'®, which is an important requirement for the

VQAs, whose implementation is reported in “Solving the Hydrogen
molecule“ and “Factorizing semiprime numbers”. In stage (III), asym-
metric MZIs (AMZIs)'” and crossing waveguides route idlers to stage
(IV-i) and signals to stage (IV-s). In the low squeezing regime and
through the coincidence basis of idlers and signals, we post-select the
events where only one source emits a pair. Under this setting, the single-
photon spatial modes of idler and signal can be utilized to encode
ququart computational basis states, {|m)},,_, 4> and the output state of
stage (III) reads as follows

4
i) ="l )., @
m=1

where the complex parameters {ea,,},, normalized such that
S la,,> = 1, depend on the setting of stage (I), and the subscripts i/s
refer to idler and signal. Through the separation and the routing, the energy-
time correlation of the twin photons™”" is converted into a spatial
correlation. Neglecting losses, if an idler photon enters the m-th spatial
mode of stage (IV-i), its twin signal photon arrives in the m-th spatial mode
of stage (IV-s). For a general setting of stage (I), we can achieve any separable
two-ququart computational basis states or any d-dimensional entangled
state of dimension (2, 3, 4), where the first ququart is encoded in the idler
photon and the second in the signal photon. Then, by utilizing binary
numbers, the two-ququart state can be mapped to the following four-qubit
state

|q/§;?> = a,]00),00), + &,|01),01), + a;]10),]10), + a,|11),]11),.  (3)

The labeling of the spatial modes and the two-qubit states is reported in Fig.
2 on the right and left of the blue and red boxes, respectively. The first and
second qubits are encoded in the idler photon, and the third and fourth
qubits in the signal photon. For the rest of the manuscript, whenever the
subscripts i/s are omitted, we are following the order in the previous
equation for a state |x1x2x3x4>, with {x;},_, , = {0, 1}, written in qubit
states. Then, the final stages (IV-i) and (IV-s) perform linear transforma-
tions on each photon belonging to a given correlated photon pair. Thus, the

final state written in the ququart computational basis becomes'"’

4
W) = (VO @ U ) =D w16, J6,),  whete [£,),, = VY )y,
m=1

(4)

and U™ represents the linear transformation on the idler/signal photon
implemented in stages (IV-i/s). From the previous equation, we can note
that the two ququarts are independently manipulated in stages (IV-i) and
(IV-s). If U™ is a generic SU(4)-transformation'", the state in the previous
equation is exactly the well-known Schmidt decomposition of a bipartite
system'"”. In this case, it is possible to prepare the generic trial state in the
two-ququart Hilbert space. The triangular MZI scheme™** of stages (IV-i/s)
cannot implement the generic unitary transformation of ququart states,
since such action can be achieved by schemes like Reck and Clements’".
Instead, what the final stages can execute are generic projections of any
ququart state encoded in the idler and signal photons on OUT-1 and OUT-
2, respectively. As shown in Fig. 2, these outputs correspond to the qubit
state |01); , or equivalently the ququart state |2);,*™**". Finally, the idler and
signal photons are collected from OUT-1 and OUT-2, respectively and sent
to two single-photon detectors (SPDs). This operation can be ideally
described by the Von Neumann projector on the ququart state |2);]2),, or
equivalently the qubit state [01),;]01),. Within this configuration, the non-
universality of ququart manipulation and the presence of one detector for
each ququart is overcome by using multiple projective measurements. This
choice uses the minimal number of detectors and it is achieved by executing
different projectors in the final stages of the circuit given the observable to be
measured. The number of linearly independent projectors is 16, i.e., a set of
four projectors relative to four independent input states of stage (IV-i/s) for
each ququart. The choice of 16 projectors represents the measurement
setting that we want to implement, and thus, it depends on the set of CGs of
observables {O,}, in the cost function to be measured'*"”.

The quantum resource of our photonic processor is given by the
multidimensional entangled states of photon pairs. At every run of the
VQAs, the two single photons are independently manipulated, and there is
no multi-photon interference between independent photon pairs'>'".
Therefore, purity’™""” is not of concern. What matters is the
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the first/fourth spatial mode at the input of stage (IV-s)) for sources' pair (1/4-3).

b Measured certified dimension of generated entangled states. Different colors and
symbols represent dimensions and the utilized sources, while the light blue line refers

to ideal values. Error bars are smaller than the markers.

indistinguishability of the sources present in our bipartite system, since it
affects the single-photon interference visibility. Heralded single-photon
interference experiments are described in Supplementary Information
Section 5 and the results are shown in Fig. 3a. Moreover, measurements to
certify the effective multidimensional entanglement have also been carried
out as explained in Supplementary Information Section 6, and the related
results are plotted in Fig. 3b. Overall, these results demonstrate a good
degree of sources’ indistinguishability (99.3 + 0.5 visibility for sources 2-3)
and high quality of bipartite entanglement.

Based on the Si-PIC, and given a set of binary observables Oy, the cost
function given in Eq. (1) can be rewritten in terms of the ingredients of the
Si-PICitself as follows (see Supplementary Information Section 7 for details)

4

C=3"S"w 3 alkLmymy) 212UV m, ) © UL m DIy @)

k 1eCG  mj,my=1
©)

where & are the variational parameters of our QH, the index I indicates the
measurement settings associated with different CGs, U9, m] is the
projection of the m-th element among the four eigenstates of the k-th
observable on the state |2}, within the same measurement setting and
mlk,1,my, m,] is the product of the eigenvalues of the corresponding
eigenstates pairs. The variational parameters depend on the pump splitting
performed in stage (I), while the measurement settings are set in stages (IV-
i) and (IV-s). In particular, as we measure idler-signal photons coincidence
events at OUT-1 and OUT-2 of the Si-PIC, we use them to estimate the
probabilities contained in Eq. (5), upon normalization by the total
coincidence events recorded with the same measurement setting. In this
case, Eq. (5) can be rewritten as follows

4
CCla.k.Im,,
C(a) = Zk ZIGCG Wi Z ”[kv I»mumz] Wv

my,my=1

(6)
4
where CC[a,k,I]= > CCla,k,I,m;, m,].

m;,m,=1

Here CC refers to the coincidence counts measured with a specific setting of
variational parameters & and the (m;, m,) projective measurement asso-
ciated with the I-th measurement setting, and CC*" to the total coincidence
counts of all the projective measurements within the I-th measurement
setting. The evaluation of the cost function is achieved by utilizing the
coincidence counts provided by our photonic processor and by the weighted
sum shown in Eq. (6) on the digital computer, ie., a PC.

Note that stages (IV-i/s) are used only to perform projective mea-
surements, modulo fixed linear transformations, and the variational

parameters come only from the phase setting of stage (I). However, using
also the phases of the last stages as variational parameters, it would be
possible to explore the entire configuration space of two ququarts, as written
in Eq. (4). In this case, the expressibility”'* of the trial state would be
maximized. In the presented VQAs, the trial state with variational para-
meters coming only from stage (I) has enough expressibility.

Solving the Hydrogen molecule

By utilizing the bipartite spatially-entangled system of two photons
described in “Photonic integrated circuit for four-qubit variational algo-
rithms®, we address a quantum chemistry problem. In this case, the algo-
rithm is called VQE'**, and the cost function is given by the expectation
value of the electronic Hamiltonian of molecules. The foundation of the
algorithm is the Rayleigh-Ritz variational principle'”’. In Supplementary
Information Section 8, we show more details on the encoding of quantum
chemistry problems.

For our demonstration, we choose the simplest molecule, ie., the
Hydrogen molecule H,. Using the minimal STO-3G basis set'*’, composed
of 1s orbitals of the individual H atoms with two spin values, we have a total
number of atomic orbitals (AOs) equal to 4. Molecular orbitals (MOs) are
given by linear combinations of AOs and represent the global and deloca-
lized nature of the electrons in a molecule. The AOs and the MOs of H, are
sketched in Fig. 4a-b and the 4 MOs are

{10110 ey 107 D1 107 Dy 1o g1, Dy 10, 4l Dy}
IU«,T/UEE\/RT(IA,T/¢>+|BAT/U)7
where . e
o ~,T/l)ezJ—Nj(lAaT/i)—lB,T/¢>),

@)

the square parenthesis denote anti-symmetrization, N.. are normalization
factors, |A/B, 1 / ¢> denotes the AO 1s are associated with the atom A/B
and the spin state 1/|. The state |o) is called bonding molecular orbital
(BMO), while the state |0*) is anti-bonding molecular orbital (AMO). The
system of two electrons in H, has 4 possible configurations made of
combinations of the bonding and anti-bonding orbitals, reported in the left
part of Fig. 4b. We utilize the Jordan-Wigner mapping'”' to translate the
occupation number states |f ) of each MO involved in the ground state of H,
into qubit states. The qubit encoding dictionary is given in Fig. 4b, where
each qubit represents the occupation number of MOs with the following
order: {f o) f lo 1) fo. 1) s 1)}- Moreover, the electronic Hamiltonian
is mapped to the equivalent bosonic Hamiltonian given by a linear
combination of binary operators made of the identity and Pauli operators,
{1,X,V,Z}. Then, these operators can be organized into two CGs, which
implies two different sets of basis states and their corresponding
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ground state energy, measured in Hartree, as a function of the variational parameter
0, which controls the amount of contribution of the anti-bonding orbital to the
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equilibrium configuration. The energy is calculated within the UCC ansatz, reported
above the graph, and using the coefficients {w, }, associated with an atomic distance
R equal to 0.736 A'? The red-border inset shows additional data points obtained
during the optimization procedure assessing the minimum energy value.

d Experimental and theoretical values of the H, ground state energy, measured in
Hartree, as a function of the atomic distance. Each point is the minimum energy for a
fixed atomic distance within the UCC ansatz. The red-border inset shows a zoomed
version of the data around the energy minimum.

measurement settings for stages (IV-i) and (IV-s) of our Si-PIC. The
observables and parameters'” composing the H, Hamiltonian are given in
Supplementary Information Section 8.

Under the Unitary Coupled Cluster (UCC) ansatz'*"', the trial state
for H, is given by a linear combination of BMO-BMO and AMO-AMO
states. In our register, the UCC trial state is parameterized as
<>

|y(0)) = cos 61010) — sin 6 |0101) |y(0)) = cos 0]3);]3), — sin 0 ]2);]2),,

®)

where the variational parameter 6 controls the amount of contribution of
AMO-AMO states to the equilibrium configuration, and we present the
state written in terms of qubits as well as ququarts. Using the path encoding
shown in “Photonic integrated circuit for four-qubit variational algorithms®,
we realize the state in Eq. (8) by exciting two sources through stage (I) of the
Si-PIC. In particular, as it is shown in Eq. (3), we can prepare the desired
state by setting to zero two « parameters, corresponding to routing all the
optical input power to only two output paths of stage (I). We chose sources
(2,3), because of the high indistinguishability, as shown in Fig. 3a, and we
utilized the leftmost MZI of stage (I) to control the optical power ratio
between sources (2,3). Thus, the relative phase § between the two arms of the
MZI represents the variational parameter 8 of the UCC ansatz, Eq. (8).
Regarding the measurement settings, we have to calculate the expectation
values of two CGs of observables. The first CG is composed of projectors
associated with the computational basis, while for the second group, the
rotated projectors are constructed starting from the eigenvectors of
operators X ® ¥ and Y ® X. Supplementary Information Section 8
contains the details of the two measurement settings.

After setting the problem, we explore the configurations of BMO-BMO
and AMO-AMO states in Eq. (8) by varying the variational parameter 6. In
other words, we are looking at all the Hilbert space of H, within the minimal
STO-3G basis set and the UCC ansatz. The experimental results, together
with the theoretical ones, are reported in Fig. 4¢, d. In Fig. 4c we show the
estimated and theoretical values of the H, energy as a function of the
variational parameter 6, calculated using the coefficients, {w,}, in Eq. (1'%,
associated with an atomic distance R equal to 0.736 A. For each distance, i.e.,
for different weights {w,}, in the evaluation of the ground state energy, we fit
the data and identify a minimum energy value. Figure 4d summarizes the
collection of estimated H, ground state energies as a function of the atomic
distance, together with the theoretical values. The analysis of all the Hilbert
spaces allows to calculate the ground state energy for all the distances by the
classical post-processing of the raw coincidences” data. From this analysis,
we found the experimental equilibrium ground energy expectation value of
—1.1340 + 0.0124 Ha for @ = 0.11 + 0.01 and R = 0.736 A, which is
compatible with the theoretical result of —1.1373 Ha'*.

Once the photonic processor has been tested in preparing all the trial
states described by Eq. (8) and performing the two measurement settings
associated with the two CGs, the VQA needs a classical optimization rou-
tine. We implemented two methods, one based on gradient descent'”’ and
another one based on Bayesian optimization'**'””. In both cases, we start
from the trial state with 8 = 0, i.e., the BMO-BMO configuration, and we
choose the coefficients {w;}, associated with an atomic distance equal to
0.736 A. This state is exactly the Hartree-Fock (HF) state of H, and in our
encoding is represented by the separable two-ququart state |3),]3), or
equivalently [1010) in the qubit basis. We observed that the convergence of
the gradient-based method is strongly limited by the statistical error and the
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Table 1 | VQE results for the Hydrogen molecule
0 (H)
UCC theory Experiment UCC theory Experiment
Hartree-Fock ansatz 0 0+0.01 —1.1168 Ha —1.1149 + 0.0055 Ha
Minimum 0.11 0.12 +0.01 —1.1373 Ha — 1.1343 + 0.0062 Ha

Theoretical and experimental values of energy expectation value and the variational parameter for the initial ansatz, i.e., Hartree-Fock state, and the last trial state of the Bayesian search, shown in Fig. 5.

long measurement time in the gradient evaluation. This limit is well known
in the literature, and it is fundamentally due to the quantum projection
noise'”, manifested through the large number of measurement shots
required by the hybrid quantum-classical nature of these algorithms'""".
This aspect is a subject of very active research in the field of variational
quantum circuits, which recently brought about a new solution known as
the parameter shift rule"”>'”. Very recently, this technique has also been
reported for VQAs implemented on PICs"**'*.

Given the known limits of classical gradient-based methods that we
also observed, we decided to opt for Bayesian optimization'”’, a gradient-free
method. Our acquisition function is given by the lower confidence bound
equal to 2.5%. The details on the Gaussian Process'**'"**'* are given in
Supplementary Information Section 8. The robustness of this method relies
on its gradient-free nature: a small number of evaluations for the cost
function and, consequently, a lower machine time. Moreover, the outcome
of this algorithm gives global information about the behavior of the cost
function and generally needs fewer trials for the variational parameter to
converge. Figure 5 summarizes the outcome achieved with the Bayesian
optimization. With a good degree of reproducibility and 6-to-13 numbers of
iterations, we obtained a very good agreement between the theory and the
experiments, with an average value featuring an accuracy of 0.003 Ha with
respect to the UCC ansatz. The desired chemical accuracy is approximately
1.59 10~ Ha per particle, compatible with our results. These results are
presented in Table 1, where the first and last steps associated with the
Bayesian search shown in Fig. 5 are summarized. We point out that the
choice of the HF ansatz does not affect the number of iterations in the case of
the Bayesian optimization, contrary to the gradient-descent case.

Factorizing semiprime numbers

In this section, we address the factorization problem using the VQF
algorithm®*'. Given a semiprime number N, the goal consists of finding the
two prime numbers (p, g) such that N=p - g. As before, the algorithm starts
with the definition of a cost function, whose construction is based on the

following Hamiltonian™

P:1+Z?g1xi2i7

=1 m, 2i (9)
g=1+> 252"

Hfact = (N - pq)2 ) where {

Here, m,,, is a number between 1 and [log,N| — 1 and {x;, y;}, are either 0
or 1. Note that (p, g) are assumed to be odd numbers different from one, and
they are expressed in binary numbers. Hy, can be expanded and rewritten
as a weighted sum of monomials of the variables {x;}, and it is exactly zero
for the factorization solution. After inserting the ansatz for (p, q) in Hg,o, we
encode possible solutions in a string of qubits, ie., |x; ... %o vy )» and
promote the classical variables to quantum binary operators as follows:
x; — (1 — Z;)/2, where Z, is the Z-Pauli applied to the i-th qubit. Finally,
we obtain the weighted sum of operators containing only the identity and
Z-Pauli operators,

&) ;.

6;,€(1,2)

Hpy = Z w, O, where O, = (10)
3

The coefficients {w, }, depend on N and on the ansatz in Eq. (9) for p and g.
Like in VQE, these coefficients can be efficiently calculated with a classical
machine. Note that we need only the measurement setting associated with
the computational basis.

We chose three different numbers to factorize, N = (15,21, 35), and the
ansatz p = 4x; + 2x, + 1 and g = 4x3 + 2x4 + 1. Among the 16 possibilities
for the variables {x;},, we exclude the trivial choices with one factor equal to
one or p = q (square numbers) and the options that are symmetric in the
exchange of p < q. After this fast cleaning, we maintain only one exception
among the squares and we end up with four possibilities: {0110 — (3, 5),
0101 — (3, 3), 1101 — (7, 3), 1110 — (7, 5)}. In Fig. 6a, we present the
problem encoding for this factorization and all the possible solutions, where
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Fig. 6 | VQF results. a The problem encoding in our qubit register for the factor-
ization of (15, 21, 35), followed by the 16 possible solutions where we cross out
impossible, trivial choices. b On the left, the evolution of the minimum gradient

Iteration

[e) = a; [0110) + ap [0101) + a3 [1101) + ay [1110)

Probability amplitude
o o 9
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N
)
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0101y  [1101)  |1110)

descent search for the factorization of (15, 21, 35) using the trial state reported below
the graph. On the right, the probability amplitudes associated with the “democratic”
initial guess and the final configuration for the factorization of (15, 21, 35).

we cross out the excluded ones. Then trial state has the following form

[y()) = a, [0110) + a, [0101) + a3 [1101) + e, [1110), (11)

where 3¢ | |o|* = 1 and the parameters {a;},., , depend on three phases
corresponding to the PSs of stage (I). Modulo a linear transformation, the
previous state has the same form as the state in Eq. (3). For the minimization
of the expectation value of the Hamiltonian in Eq. (10), we have imple-
mented only the gradient descent algorithm. The list of projectors, para-
meters {w;}, and the details on the optimization method are given in
Supplementary Information Section 9. The initial guess is given by a
“democratic” choice of the a parameters, a; = o, = a3 = ag = 1/2, s0 we are
assigning 25% probability to the four selected options. In Fig. 6b, we report
the evolution of the cost functions during the variational algorithm and the
initial and last values of the probability amplitudes of the four selected
possible solutions for N= (15, 21, 35). At the end of the procedure, almost all
the optical power is driven to one source, the (first, third, fourth) one for (15,
21, 35), and the final separable trial state is (|0110), |1101), |1110), respec-
tively. The convergence reported in Fig. 6b demonstrates the successful
factorization of (15, 21, 35) by utilizing our Si-PIC. The same machinery can
be used to factorize all odd semiprime numbers up to 49 by suitable choices
of the starting ansatz and weights {w,}, in Eq. (10). The semiprime numbers
up to 49 are (4, 6,9, 10, 14, 15, 21, 22, 25, 26, 33, 34, 35, 38, 39, 46, 49). Our
ansatz excludes all even numbers. Even and square numbers are not
interesting since their factorization can be done efficiently with classical
algorithms. Thus, the remaining numbers up to 49 are (15, 21, 33, 35, 39). If
one wants to find the factorization of (33, 39) with our SiPIC, the following
ansatz must be used: p = 8x; + 4x, + 2x3 + 1 and g = 2x, + 1. Indeed, if (x;,
X, X3, X4) is (1,0,1,1) and (1,1,0,1), we obtain 33 = 11 - 3and 39 =13 - 3,
respectively. The expressibility of the ansatz in a generic VQA*'"* is crucial:
the ansatz parametrizing the generic trial state must span a subset of the
Hilbert space containing the problem solution.

Contrary to the previous case, the gradient descent algorithm shows
more robustness in the result convergence, and we didn’t implement the
Bayesian optimization. The main reason can be found in the smaller eva-
luation time needed to evaluate the cost function for one trial, since there is
only one CG.

As pointed out in “Photonic integrated circuit for four-qubit varia-
tional algorithms®, our variational parameters come only from stage (I),
while stages (IV-i/s) are used just to execute the projective measurements. By
utilizing also those phases as variational parameters, we can explore the
most generic state of two ququarts and create an ansatz more generic than
the one reported in Eq. (11).

Discussion

Integrated photonics represents a promising platform for VQAs, since
generating and detecting entangled photons, a potentially relevant resource,
can be achieved using room temperature technology, contrary to e.g.,
superconducting and trapped-ion qubits, which require ultra-low tem-
peratures and vacuum conditions. Our experiments, showing VQAs based
on on-chip generation and manipulation of single photons at room tem-
perature, mark a significant step along the path to realize a fully-integrated
photonic quantum processor. Indeed, due to e.g., the well-established silicon
photonics technology and the high fidelity of the operations, larger-scale
integrated photonic circuits such as the one reported in ref. 139 can already
be utilized to tackle larger problems on a room-temperature and compact
device, thus witnessing both relevance and impact of our results.

In Sections “Solving the Hydrogen molecule and “Factorizing semi-
prime numbers”, we have presented the implementation of two different
proof-of-principle VQAs relying on the use of path-entangled ququarts.
These have been executed in silicon photonics exploiting on-chip photon
pair sources. In quantum silicon photonics, the integration of up to 32 on-
chip photon pair sources based on spiral waveguides has already been
demonstrated'”. Therefore, silicon photonics VQA-based processors able
to address large molecules such as water or large semiprime numbers are
already within reach of current technology. However, preparing d-dimen-
sional entangled states in bipartite structures, like the one presented in this
work, requires (d — 1) MZIs in stage (I), d photon pair sources in stage (II), d
AMZIs in stage (I1I), (d —1) MZIs and an array of d PSs in both stages (IV-i)
and (IV-s), and two SPDs connected to outputs | f%} >i /s The simplicity of
having two SPDs is paid with d* measurement setting to retrieve all the
various output correlations. In this case, the time required for the imple-
mented VQAs scales quadratically with the dimension d°**. If the projec-
tions and the multiple projective measurements are substituted with a
generic SU(d) transformation, the resources in the final stages are d(d —1) in
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terms of MZIs™*"', 2d in terms of SPDs, and the computational time does not
depend on d. In both cases, if we use the fact that for d = 2" we can encode #
qubits, the scaling of the spatial and/or time resources grows manifestly as an
exponential of the qubit register dimension.

To explore higher-dimensional Hilbert spaces and tackle larger pro-
blems, an alternative strategy to simply increasing the number of paths is
required. In particular, two points must be modified: the initialization and
the measurement stages. First, to prepare the initial entanglement resource,
more Si-PICs could be combined to generate multidimensional entangled
states. Each one of these Si-PIC will become a building block of a modular
architecture'*™**. The Si-PIC, composed of stages (I)-(II)-(III) reported in
Fig. 2, can create qudit entangled bipartite states. Without increasing the
dimension of the qudit structure too much, e.g., 4- or 8-dimensional, we
exploit the advantages of qudit with respect to qubits'**'* and avoid the
exponential scaling of spatial resources. Then, one can consider fusion-
based LOQC'* manipulation schemes where fusion gates” can be used to
entangle different pairs of photons. Second, the multiple projective mea-
surement stage with one detector must be substituted by a stage with generic
rotation followed by an array of detectors, one per path. Future investiga-
tions about this modular approach are necessary and deserve the appro-
priate space to be discussed.

Methods

The experimental setup and the Si-PIC

The pump light comes from a TUNICS-BT NetTest Wavelength Tunable
CW Laser Diode Source, followed by Thorlabs’ EDFA100x core-pumped
erbium-doped fiber amplifier. The Dense Wavelength Division Multi-
plexing modules (OpNeti and Precision Microptics) have 200 GHz band-
width and 100 GHz FWHM: among the sixteen channels from 21 to 51, we
used channels 35, 27 and 41, whose spectral responses are reported in
Supplementary Information Section 3.

The SOI photonic chip was fabricated using e-beam lithography based
on nano-fabrication by SiPhotonic Technologies ApS via a commercial
MPW service. The photonic circuit for the VQAs fits within a size of 1.5 x 5
mm’. The silicon waveguide core is 220 nm-thick and 500 nm-wide. We
used the foundry’s PDKs for grating couplers, MMIs, and crossing wave-
guides. The thermal phase shifters are made of titanium, 100 ym-long, and
have a tuning efficiency of around 0.14 rad/mA’. The experiments are
performed by using the fundamental electric-transverse mode, and, in order
to set the correct polarization, the transmission is maximized through
manual fiber polarization controllers based on the different insertion losses
of the waveguide modes. In order to improve the visibility of the camera and
have an easier coupling, we used a lidless fiber array (Meisu Optics). The
fiber array is put on Thorlabs’ 6-Axis NanoMax Stage, whose (X, Y, Z) are
connected to Thorlabs’ 150 V USB Closed-Loop 3-channel piezo-controller.

The detection of the residual pump is done with Thorlabs’ PM100USB
and Thorlabs’ PDA20CS-EC (InGaAs amplified detector). The single
photons are detected through two ID-Quantique single photon detector
modules, respectively id210 for idler photons and id201 for signal photons.
Both single-photon detectors have 15% efficiency, 20 ns gate width, and 80
us deadtime. Id201 is set in external gating mode, and it is triggered at 500
kHz by id210, which is set in internal gating mode. The output counts of the
detectors are collected by time-tagging electronics (Swabian Instruments)
connected to a PC.

Active control and computational times

The photonic chip is glued to a printed board circuit, designed by the
electronic workshop of the University of Trento. Current modules (National
Instruments) are attached to a power supply (E3631A 80W Triple Output
Power Supply) and provide the currents for the thermal phase shifters of the
PIC through the printed board circuit. We used MATLAB on our PC to run
the self-alignment routine for the piezo-controller, to acquire the data
coming from the time-tagging electronics, the power meters, and to set the
current at the thermal phase shifters. In particular, in order to maintain the
temperature change locally confined, the counts associated with each phase

shifter’ setting are collected in two/four intervals of 30 s until the total
number of counts is approximately 2000/4000 twofold events, which
directly determines the statistical error. The overall time to calculate the
energy expectation value associated with one trial state is given by the time to
acquire enough statistics times the number of commuting groups associated
with the desired cost function, times 16, i.e., the number of projectors.

We used an on-chip power equal to 2 mW per excited source, which
means 4 mW on-chip power for the VQE and 8 mW on-chip power for the
VQF. This choice is based on the non-linear characterization results. The
overall run time of the analysis summarized in Fig. 4 is around 17 hours, and
the overall time of the Bayesian optimization shown in Fig. 5 is around
12 hours. Finally, the overall time of each optimization summarized in Fig. 6
is around 21 hours.
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