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1. — Introduction

The aim of this paper is to develop some new results about a well studied model of
random walk in random environment.

We consider a particle moving in a v-dimensional infinite lattice which evolves
stochastically in discrete time t. The environment is described by a random field
£ ={&(x):x € ZV,t € ZT} that is the result of i.i.d. copies of the same random
variable taking value in some finite set ..

The one step transition probability from a site x at time ¢ to a site y at following
time ¢ 4+ 1 for a given the realization of the environment ¢ is:

PXin=y| Xy =2,8) = Po(y — ) +ec(y — ;)

this is a sum of two terms, a free homogeneous random walk FPy(-) and a random
perturbation ¢(-,-) in which the coupling intensity is given by the parameter .

A finite range assumption on Fy(-) and c(-;-) is made. Under some others stan-
dard technical conditions the results in [1], [2] and [3] include the Central Limit
Theorem (CLT) for the displacement X; — X almost everywhere in the realization
of the environment and in any dimension.

Moreover in [2] is proved that the time behaviour of the corrections to the CLT
for the RW X, in dimension v > 3, depends on the environment and the traditional
expansion in inverse powers of T3 is reduced to only a finite number of terms, in
fact it holds up to the term of order T' %k, where k < [%] is the largest integer
smaller than £.

Analogous conclusions are shown, again in dimension v > 3, in [2] for the cumu-
lants of the first and second order. In [4] is proved that, in dimension v = 1, the
correction to the CLT is a term of order T' _Tl, depending on the environment which,
if normalized, tends, as T" — o0, to a random gaussian variable.

We find the correct term of normalization in dimension v = 2, which is @/%,

proving that the correction to the CLT tends to a limiting centered gaussian variable
the dispersion of which we can write as an explicit integral.

Moreover we prove that similar anomalous behaviour happens for the corrections
to the average and to the covariance matrix in dimension v = 1, 2.

In the first section we will describe the model and we will enunciate the main
results which will be proved in the second section using a specific sort of cluster
expansion. Some details of the proofs will be shifted in the appendix.



2. — Definitions and main results

We denote by X; € Z", with t € Z, the position of a particle which is moving in
a v-dimensional infinite lattice. Time is discrete and the particle’s probability to
jump from one site to another depends on the state of environment.

More precisely we put independent copies of the same discrete random variable
on each site of the grid, this variable takes values in a finite set . = {s1,...,s,}
with a non degenerate probability 7. We will define QO = .92 as the set of
all possible configurations of the environment equipped with the natural product
measure I = 727",

In the following (-, -) and E(-) indicate expectations with respect to the distribu-
tion Iy (or to the measure  for a single point (z,t) € Z"*!) and over the trajectories
{X;} respectively.

Once a configuration £ € Q) of the environment is fixed and for ¢ < 1, we define
one step transition probabilities as follows:

PXip=y| Xy =2,8) = Po(y — x) + ec(y — 2;&(x)). (1)

hence they are defined as a sum made of an homogeneous random walk Py(u) plus
a random term c(u, s) which, with no loss of generality, is supposed to have zero
average (i.e. (c(u;-)) =0) and to be such that ) .. c(u;s) = 0.

Further assumptions are the following:

(1) 0 < Py (u) +ec(u,s) <1
(2) AID>1:Py(u)=c(u,s)=0 YueZ® :||ul|y,>D,VseS
(3) The characteristic function associated to Py:
Po(N) =D Po(w)e™ X=(N\,... \) €T
ueZY
where T" is the usual v—dimensionale torus, satisfies:
(Ba) |70 (V) <1, YA£0

As a consequence of (2) and (3a) we also have that the quadratic term which appears
in the following Taylor expansion:

R v 1 14
111]90 ()\) = Zzbk)\k — 5 Z Cz‘j)\i)\j + -
k=1 i,j=1

around A = 0, is strictly positive for A # 0.

We want to prove that, in dimension v = 2, an anomalous correction to the CLT
for the displacement X; — X, appears.

In fact if we define:

Qr(z | =P(Xr=z|Xo=0;§) — Py (x)

where b = (b, ..., b,) represents the drift ,see (3b), the following theorem holds:
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Theorem 2.1. If ¢ is sufficiently small and for all function f € €>"™ the sequence

of functionals:
x—bT
G112\ pr X artel0f (“20) )

z€Z?

tends, in distribution for T — oo and some constants ¢y, M;; (1,7 = 1,2), to a
centered gaussian variable with dispersion:

S (fceonon) ([scoson) o

which depends only on the position reached by the particle at the final time and
where:

Ko(s, v)—\/—a-e*% , fiE% (4)

21s

with A = {¢;;} =1 which defines, Yv € R”, the quadratic form A(v) =37 ., a;jvv;.

4,j=1

The same techniques used to prove previous result allow us to investigate the
growth of the correction to the average and to the covariance matrix in dimension
v =1,2. In fact if we set for the average vector components

61(©) =E((X)i | Xo=0.6) = bT
where b = (by,...,b,) and defining the covariance matrix elements:
€5(6) = E((Xr = bT)i(Xr —bT); | Xo=0,6) — T
fori,j=1,...,v and v = 1,2, we have the following results:

Theorem 2.2. For v = 1, if € is small enough and setting Sy = (&D)2)z, the
sequence:
&€
St
converges in distribution, for T — oo, to a standard gaussian variable. Moreover
we have: St =< Ti.

Theorem 2.3. For v = 2, if € is small enough and setting Sy = (&D)2)z, the
sequence:

D)
St

converges in distribution, for T — oo, to a centered gaussian variable with covariance

matrix:
%= {b;} = {(b:()b; (1))}
where b;(+) = Y, cp2 uic(u; ). Moreover Sp < (InT)z.




Theorem 2.4. For v = 1, if € is small enough and setting Sy = (€D)2)z, the
sequence:

¢1(E)
Sr
converges in distribution, for T — oo, to a standard gaussian variable. Moreover
ST = T% .

Theorem 2.5. For v = 2, if € is small enough and setting S’Z(JT) = <(C€(»T))2>%, the
sequence:
(T)
¢y (&)
S

ij

converges in distribution, for T — oo, to a standard gaussian variable. Moreover
~ 1
Sij )= T3,

3. — Proofs

Our model is characterized by a space-time invariance so there is no loss of generality
in assuming that the random walk always starts at the origin at time ¢t = 0.
We can rewrite (2) as:

Qr(z )= > > B (y) Ma(ta = tr, 92 — y13 € ) X

0<t1<to<T'-1 y;,y2€2?

X BT (@ = i € (42)

where:

W (y;s) =Y clu; )Py (y —u)

ueZ?

Mitye= Y M, Mi©) = [[ 27w

B:(0,0)—(t,y)

and &) is the shifted environment, i.e. :

f(t,y)(Z, T) = fot(Z - y)

Sums in the definition of M,(t,y;€) are over all possible subsets of points B =
{(t1,11),..., (tn,yn)} from (0,0) to (t,y).

The quantities 7; and the positions z; are defined as 7, = t;11 —1; , 2 = Yiz1 — Vi
and we assume P (y) = d,0 and M.(0,y;£) = edy0.

Setting b(s) = ), cz2 uc(u; s) and indicating with 7} (x) the Hessian matrix of
the function f calculated at a certain point € R?, we obtain that for all y € R?
there exists ¢ € R? with ||¢||o < D such that:

S ctusnf () = (09 () ) + oo

u€Z?




where:
1

rr(y.8) = o5

> cluis) A5 (C) - (u,u).

u€Z?

In the following we will work only with function f € C*"™(R?) with a norm
defined by:

FFN=F lloe + 1V oo + 17 Nl

where: af of
19 = max{ | 20| 210}
2 . .
| 1. _mx{ T :m:l,z}
We have:

(1) (rr(y;-)) =0, Vy € R?

(2) [rr(y;s) < COSt”ff”w ==, 0, V(y,s) e R? x .¥

Let be:

e (57) -5 S (55)-

“2 AT [Z (s )/ (“ r ) ) béz_}V ; (y\;%) (5)

then d7(t,y; s) has zero average and satisfy V(s,y) € . x R%:

ST RE) {Z () [f (ij) ¥

07 (t, y;8)] =
z€7Z2 u€Z2

o (5) g ] (03

cost || oo
= |3 A Gy 29| < 2 e 7
2€7Z2

< 0

The proof of our main theorem, i.e. Th. (2.1), will be split into several results
stated as lemmas and propositions. In the course of the proof the notation const
will denote several constants, which may depend on the parameter €.

Proof: (of Th. (2.1)) If we define the vector M(t,y | £) = M.(t,y | £)b(&(y)),
then we have:

Proposition 3.1. For i = 1,2 and € small enough there exists a positive constant
C = C(e) such that:

e2C(e)

(t+1)2

ST UMty [)),)7) <

yEZ?



Proof: If two subsets of points don’t coincide, in space and time, their contribution
is equal to zero by the definition of the c(u; s) term, then setting:

bizrsrggd (b(s));|,i=1,2

we have:
STUMLEy D) =3 S M) (60, | ) <
y€eZ2 yEZ2 B:(0,0)—(t,y) (6)
< (eb;)? Z 252” Z Z H ((hh ()

rnln{t2 ..... tn}>0

Remembering that:
( t 2 v v
/ e dy —/ t5e= " dx < cost - t2 (7)

by appendix A of [2], we have:

(y=bt)2
e ¢ cost
ht(y: s))? < A <
mes > (W(y:)* < 3 A t+1)p = ¢

yEZ? yEZ?

then the quantity on the second line of (6) is bounded by:

E053) SE D SEND B ) e

yeZ? n=1 trteettn=t  T1,..,Tn 1=1

9 ! on cost
SESL D T

t1+-+tn=t
min{ta,...,tn } >0

finally, iterating the following inequality:
T-1

1 1 K(a)
2 Ty S

t1=1

which is valid for all @ > 1 and some constant K (a) > 0, by the small randomness
condition, i.e. € < 1, we can sum over n to obtain the result.

O
Let be:
20(f1¢) =
—b
% Z Pgl (yl)Mﬁ(tm Yo — Y1 | (ta, yl)) Sz —y2) VS (I \/TT)

t1+totty=T—1
T,Y1,Y2 €z?




assuming;:
D19 =y om 2 (710

then for the sequence of functionals 27(f | €) defined in (2) we can prove:

Lemma 3.1. For ¢ small enough:

(2071 - 207 19)) 20

Proof: By the definition of dr(¢,y;s) in (5), we have that the following difference
between functionals:

2r(f ) -29(F1)
can be written as:
(lnT) Z > B ) Ma(ta,y = v1 | €augn))or (T =ty — BT &(y))
t=0 t1+to=t y; ycZ?
By L2 (IT) orthogonality of the terms:
M. (ta,y —y1 | §yn)0r(T —t,y — BT &(y))

and using the result contained in (3) for the quantity dr(¢,y; s), we find:
. . 2
(2r(F19-20(119)) <
cost || #7 |14 - u(
< TIT Z Z Z (Fo MZ(t2, 2 | -))

t=0 t1+to= =t y, yQGZQ

(8)

Using again the inequality (7) and Prop. (3.1) we have that the right side of (8) is
bounded by:

cost | A5 |4 g 3 C(e)e? _ cost(e) || A |12 «—1
TInT =0 t1 4 taet <t1—|—1>(t2+1)2 - TInT —1 t
as:
1 1 cost
> ; <
t1 ot t1 + 1 (tg + 1) t
and: .
1
Z— = logT
il
then: .
5y T—
cost(e) || 75 |15 Z 1 _ cost(e H G |5 1o,
TInT t



To determine the constants 91;; introduced before in (3) and indicating with b;(&(y))
the i-th component of the vector b for ¢ = 1,2, we can prove:

Proposition 3.2. Fori,j = 1,2, if € is small enough, the sequence:
T
G Z > (MLt y:€)) (b(EW))); (b(&(v))), (9)
t=0 yez2
converges, for T — 0o, to a limiting functional €;; both in L* as well as I1 — a.e. .

Proof: By Prop. (3.1) and using the L? (IT) orthogonality of the terms M., (t,y; &),
for 7" > T we have:

<<¢T/<) ¢(T)<))2> <7§ cost ; 1 1
] i — (t + 1)2 = oS T T’
t=T
and we can conclude the proof using the result contained in the appendix A of [3].

0

We will show later that the constants 91;;, which appear in (3), are exactly the
second moments of the limiting functionals €;;.
We now define the following quantities:

T, =[1°,3€(0,1), T.=[n,T], In,T=max{l,InT}

and let be:

Hr(t,y) = % PN (2)V f (%)

then the functional:

DP(f1€)

T-Ty t1+Tx

WZ Do D BwMlta — e = wn | &) - Hrlta,v2)

t1=0 to=t1 y1y2EZQ

is obtained from removmg those terms that are relative to large ¢; and large differ-
ences t, — t; and for Q(l the following result holds:

Lemma 3.2. For e small enough we have:

5(1 5(2 2 T—oo
(2P0 1) =2P(719)) == 0
Proof: First, considering the large ¢; values, we define:

1
InT

- T—1
Z S0 B Mt —tiye — vi | Egny) - Hr(ta, y2)

t1=T—-T1+1t2=t1 y,y2€Z?

2(f1¢) =

7



Proceeding as in the proof of lemma (3.1) we have:

cost T cost Too,
(LU < g NV Y = IV IR
t=1

The contribution for large differences t, — t; can be rewritten as:

so we obtain:

2TT* T—t1

~ o _ cost || Vfz 1
(210 < ‘1‘an H Z t1+1 Z (14 1)2

cost || cost || VS [P~ 1 _ cost | v 12, 7o
<
- -InT Z tl 0

*

Lemma 3.3. For ¢ small enough we have:
—00 C
(D21 ] ) == OZmJ(/Kmm )(/Kclvfg )
=1

where M;; = ((€;(-))?), €;; are the same limiting functionals that appear in Prop.
(3.2) and K¢ is the heat kernel defined in (4).

Proof: Hypotheses on our model imply (see for example [5]) that, around the
point A = 0 in the v—dimensional torus, the Taylor expansion of the characteristic
function of F is:

In po (A —szk)\k——Zc”)\)\ + -

2,7=1

In the bidimensional case the Local Limit Theorem (LLT) implies:

b= 42 1 (10( 1)

then we have, for all f € C*>'"(R?), that:

" \/667%“4(2751&) y+z-—bT\|
Z (Po(z)—Q—m) f(T)‘ -

z




z—bt

[ o () ()

z

_cost | |

Vi
Now we want to control the error that occurs replacing sums with integrals. In other
words we want to calculate the asymptotic of the following Riemann sum:

1 —la(z=pt y—b(T —1) tz—bt
;Ze A(f)f(—ﬁ -|-\/; \/{5>

2€72

z—bt
N

and of length ¢ 2, defining R = w\%_” we have:

/IR2 e_%A(x)f <R+ \/;l') _ % Z 6_%«4<2_\/1¥)t)f <R+ \/;Z ?/%bt> (10)

2€72

G(z) = e 2A0) f (R + \/;x)

the integral over QQ;(z) can be written as:

If Q¢(2) is the square centered in with sides parallel to the cartesian axes

Let be:

A(z) = /Qt@ [G(x) e (Z ?ﬁbt)} do (11)

If we write the second order Taylor expansion of G(z) in (11) around a point z = z_—\/?t

we have that the term of zero order is cancelled by G (Z\_/E’t) For the first order

() L b

is zero by symmetry and the first term that survives is the second order one:

term we have:

1 0*G z— bt z— bt
-3l 2 (25 (-5, (-5
2 Q1(2) chX;’Q 8%33% r—7F \/E j \/% k
0?G(x)| const
< max max
z€Q¢(2) J,k=1,2 8x]8mk 12

Now we recognize that:

?G(x) t \/7 _ A \/7 ge= 25"
A(z) A(x)
t t \ e 2 t \ 0% 2
* Tfk (R * \/;x) Oz, +J (R * \/;x) Oz j0xy,

so if we indicate with z; the point in which the function Q;(z) reaches his maximum
then we can write:

0?G(x)
Ox;j0xy,

@ AGE)
<cost || £ erIéQati(z) et = cost | fl e T

11



But the sum:
1 ach
IE
t
2€E7Z2

is a bounded Riemann sum then we have that the difference in (10) can be bounded
in the following way:

1 t 1 _1A(z=pt t z—Dbt | £l
AG) JEe) -2 A JEET P < ot
/11@262 f(R—i— T:IJ) tezzze fI R+ T Vi < cost ;
(12)
Again by the LLT we have:
_ y—bt+z—b(T —1t)
H(t) = X F 097 :
A=) bt + 2 — b(T — 1) 1
S Ve T gy (bt +o
2€72 2t \/T T—t
then, using (12), we have:
V") btz b(T 1)
>y Ve oo VS =
2€72 T ﬁ
VCe 2A® y — bt t 1
= [ = 1——z1d _—
/ o \i T + 7T m-I—O(T_t)
if we change variable in the last integral, defining v = z,/1 — =, and setting:
t y — bt
HY = Ke(l—=
T(t?y7vf> /RZ C( T7v)vf< \/T —|—’U)d'l}
so that:
Hi(0.0,95) = (Hi 5 D), Hi o, 50) ) = (Hi 00 3), Hi 0,0, £2)
Y1 Y2
we obtain: X
Hy(t,y) = Hr(t,y, V) + O ( — t) (13)
where K¢ is the 2-dimensional heat kernel:
C v
Ke(s,v) = \/—_ e
2ms

In Q(TQ )( f1€) the contribution for ¢; < T} is given by:

Ty t1+7T%

2'(f1¢) = ﬂz DN By My(ta =ty go — w1 | Etagn) - Hr(ta, 12)

t1=0 to=t1 y1,y2

12



and it can be neglected, in fact we have:

T
V) o) ™1 720
VT -InT ot

then , using the approximation result in (13), we are left with the asymptotic of the
quantity:

(27(f 19)%) < cost

T—T) t,+T.
. 2
<1nT) Z Z Z (Pot ()2 ((My(ta — t1, 42 — U1 | Etage)) - Hi(t2, 92, Vf))")  (14)

=T1+1 t2=t1 y1,y2

We can start taking in account the diagonal component of index (1,1). By the
short range condition we obtain:

T

VT

hence we can replace Hi(t2,ye, f1) with H.(t1,y1, f1) and sum over (t1,y;). Then,
using the definition of the functionals QZZ(]-T) given in (9), the asymptotic of (14) in
the first spatial coordinate of H7 is the same as:

() 5™ S pyi) A (1) (15

t=T1—1 y

()= (o ) (o))

Taking the first order Taylor expansion of Fj, in the space variable, we can rewrite
(15), for an appropriate point y* = y*(y), as:

ﬁ Ti > (Biw)* [Fl (%o) +V, R (%,y*(y)> . (y;fbt)] (16)

t=T1 y€Z2

| H (b2, Y2, f1) — Hr(tr, 41, f2) |< cost(]] f oo + 11 V() lloo) -

where:

But, using the first inequality of (A.1) in appendix A of [2], we have:

v PGl Hy—thS\/;—?fﬁTZ S Riw) v bt =

t>1 ye72 t>1 EZ2

cost cost T—oo
-

\/_lnT t “InT

then in (16) we have only to control the behaviour of the first addendum, for doing
this we have to determine the asymptotic of a quantity of the following type:

T-1

n=nret(7) X o) (17)

yEZ?

13



where f is a sufficiently smooth function in [0, 1]. First we will find the asymptotic
of the following quantity:

=33 (Rw)’ (18)

t=0 yeZ2

/\

he characteristic function of Po then its centered version

If we indicate Wlth po A)t
(M) , hence we can rewrite (18) as

will be p(A\) = )50
ﬂﬂ—_meﬁmij%%%%mm

Splitting the above integral in two parts we have:

o 1—!p()\2Tm
J(T)_/l poyz<s 1= [ PA) 2 dm{X

. -0 T
J(T)_/lp( S mdm )

_poyess 1= ()

The J"(T) term remains bounded for T — oo, hence its asymptotic in (17) is
equal to zero. In J'(T) we perform the coordinate change 1— | p(A) |*= u? and
we indicate its Jacobian with C(u) = Y ;- cx(u), where ¢(u) are homogeneous
function of degree k, we obtain:

1—(1—u?)™
2

J(T) = C(u)

u2<§ u

du

If we pass to polar coordinates (uy, us) — (p,6) then the previous jacobian will be
rewritten as C(p, ) > k=0 P°¢k(0) and if k is odd then we have [ ¢,(0)df = 0 and
assuming ¢ = f ¢x(0)df, we obtain:

ST ST
k>0

For £ > 1 our sum gives a constant, hence we are left with & = 0’-case in the limt

for T'— oco. Let be p = \/ﬁ, we have:

5 2\2T V2T§ 2\ 2T
o [ / ( )
C — dp=: 1—-11——
0/0 P g 00 2T

o \/ﬁ(sl—eiz 6() 60
=0(1)+ ¢ =0(1)+—-—IWT=JT)=0(1)+ —InT
0

dz

z 2 2

Assuming J(0) = 0, the quantity in (17) can be rewritten as:

() o-% (0 ()~ () )

14

1

In(f) =17




but we know that:

()1 =

and according with the asymptotic of J(T') it remains to control the quantity:

=0
for which we have:

T-1 - T-1
50 t+1 t - Co ’ i 1’13 n o
T 2T & <f< T )_f<T>>ln(t+1)A_2TlnT;f <T) <1 7! T) -
t t] G~ [t

finally for the asymptotic of (17) we obtain:

huf““%ﬂ>

then in our case and for 7 = 1,2, we have:

f@:Ewm:(/mﬂwmwmf

The same argument can be applied to the mixed terms, hence we have the result.

g

Given the previous results it is sufficient to show the CLT for the sequence of func-
tionals 22(f | £). Let be:

tl +T*

D¢ = Z Z Hy) Mi(ta — ti,y2 — Y1 | &) - Hr(t2, y2)

to=t1 yqya €72

then:
-7

27(f1€) = §j 't ]¢€) (19)

—0
and observing that for t; < ¢, e t! —t; > T, the quantities E™) (¢, | €) and ED (¢, | £
g 10 1

are independent it is natural to apply the Bernstein method (see for example [6]).
We begin by defining:
— [ — T
O<do<y<l, r=[1, s=[T°, H#(T)=|——H
the intervals Ij:

L=[k=1)(r+s)kr+(k—-1)s—-1], k=1,...,2(T)

15



the corridors Jy:
Jp=lkr+k—-1)s),k(r+s)—1], k=1,...,2(T)

and:
R=[X(r+s),T—1]

which may be empty. If we consider the quantity:

A= — 3 D]

In
teug? | JyUR

~

then the following result holds:

Lemma 3.4. If € is small enough then:

(@a(f )} —=0

Proof: The estimates done in the proof of lemma (3.2) imply:

\V4 2
(ED(] ) < const 1V e
so that:
k(r+s)—1 1
er )y < 2 - <
Z const || Vf | Z ;S
teJi t=kr+(k—1)s

s - cost | Vf |14
kr

< const | Vf |2 In(k(r +s) —1) —In(kr + (k — 1)s)] <

Summing over k from 1 to J# we have, at numerator, a factor that grows like
the logarithm of J# and it can be bounded by In7T. Hence the behaviour of the
numerator is compensated by the factor ﬁ which appears in Q%, see equation
(19), hence the quantity which we are interested in, including the contribute due to
summing over the interval R, tends to zero at least like 7=

g

Lemma (3. 4) 1mphes that the limiting distribution of 27 is the same as that of the
difference 24, = Q( — 2/ which can be written as a sum of independent variables:

2 (f€) = ﬂzw ) ="M (] ¢)

tel;

Hence to finish the proof of Th. (2.1) is enough to establish a Lyapunov condition
and for which we want an L*-estimate for functionals of the type:

1) (€) 25 t)&), nm+T.<T

T
t=71

16



in fact the results holds, see for example [5], if we can show:

A ) 4

Ty > <(&%f7(5)> ) ——0

j=1
Remembering that:
T
P2 s=[ A =]
if Ij = [’le, 7'2].] then:
(€)= D9
t=7‘1j

and we have 7y, = (j —1)(r+s)em, = jr+ (j —1)s —1,s0 7, — 71, + T, =
r—j+1+T, <c-(r+7T.), and 7y, = (j — 1)(r+s) > j -7 so, using (A.1) for n = 2

and the Lagrange Theorem, we obtain:
1 fi?«%m(.))ﬂ L C2) N A 0

T T (T2 =\ g
O

(InT)? P

and this concludes the proof of Theorem (2.1).

From now on we will work to prove our results about the behavour of cumulants in
dimension v = 1,2, i.e. theorems (2.2),(2.3),(2.4),(2.5). We begin by defining:

£ME) = B(Xr | )~ bT = 37 3 Myt | 9b(Ey)

t=0 yez!

which can be written as:
Z Z Pot (1) My(ts — t1, 92 — y1, €t )

0<t1<to<T'—1y;,y2€Z!
Proposition 3.3. In dimension v = 1, for € small enough, there exists a constant

C(e)e?

C = C(e) such that:
> My 1) < =

yeZl

b=max | b(s) |, k'(x) = max | Wi (x;s) |
SEY

Proof: Let be:
s€s
using the orthogonality of Mp#(£), the inequalities of lemma (A.1) in appendix A

of [2] and iterating the following estimate, which holds for @ > 1 and some constant

S

K = K(a):
[0 (T = 1)) < K(a)T™*

1

o~

1

17



we can choose € small enough such that, for a certain constant C' = C(g), the
following estimate holds:

TATID T DD DU S § (120 < f(;)

yezl n=1 titttn=t  p,.w,€ZL i=1
min {ta,...,tn } >0

Proposition 3.4. In dimension v =1, for € small enough, we have:
(Sr)> = (€)Y < VT

Proof: Using (20) and again the estimates about PE(y) contained in appendix A
of [2] we can write:

(Sr)° <)

t=0 t1+to=t t t2

cost
1 < costV'T

2

IIMH

besides, if B = {(y,t)} is a certain set of points, by the LLT about P, we obtain:

(Sr)* > costz Z (POT(y))2 =T

O yily—bt|>o(t5)
O

Proceeding like in Prop. (3.4) one can prove that, in dimension v = 2, if € is small

enough we have:

(S7)? = ((60))?) = In(T)
Let be Ty = [T7], for 8 € (0,1), and T, = [log, T, where log, T' = max{1,log T},
and consider the functional:

T—T1 t1+Tx

Z Z Z ) My(ts — ti, g2 — 1 | )

t1=0 to=t1 y y2€Z2

which differs from &) (¢ ) in that terms with large ¢; and large differences to—¢; have
been removed, then, reproducing the same arguments seen in the proof of Lemma
(3.2), the following result holds:

Proposition 3.5. In dimension v = 2 if € is small enough then:

1 T (T 2 _
Jim o (600 - 6M(©)) =0

Hence the proof of the Th.(2.2) is reduced to prove the CLT for #@‘A"T(ﬁ) Using
again the Bernstein method, we divide the axis of time in intervals I} and corridors

Ji. Let be:

t1+T%

g(T)t |§ Z Z Pt y1 Mﬁ(z_tlayQ_y1’€t1y1)

to=t1 yy,ys€Z2

18



and set:

81(6) Si > EMule

Ugt 1JkU}%

for which, see the proof of Lemma (3.4), the following holds:

Lemma 3.5. In dimension v = 2, if € is small enough, we have:
>/ 2 T—o0
(r9)) == 0

From Lemma(3.5) we deduce that the limit distribution of &)(¢) is the same as
that of: &7 = &™) — &7, which can be written as a sum of independent variables:

A
&re) =), )= EMN]|¢)
j=1

tel;

To prove the CLT for the quantity égf’ is sufficient to establish a Lyapunov condition.
Therefore we need an L*-estimate for quantities of the type:

tl tQ Z g t ’ 5
t=t1
this result is proved in [4] using a technique of graphs summation and it implies:

Proposition 3.6. In dimension v = 1 if € is small enough then there exists a
positive constant K = K (g) such that:

Proposition (3.6) implies:

(T) (T) 2
1 50) 4 cost T'InT 7 0o
(ST)4 ;< <JZ{TJ (£)> > S ( Z_: 7“ T 8) < cost (ST)4 0

hence Th. (2.2) is proved.

Now it is easy to prove theorems (2.3), ( 2.4) and (2.5).
Proof (of Th. (2.3)): Fixed a generic vector v € R? we define:

M= (M) v = My.t|&u)b(&(y) v

yEZ2

By Prop. (3.4) we have:
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With the same arguments used in the proof of Th. (2.1) and by the results contained
in Prop. (A.1) if we define the following matrix:

Y= {bi} = {{bi(-)b;(-))}
where b;(-) = >, o2 uic(u; -), then we have:

LMy,
o Z (0,5

or equivalently:

b-v 5 .
&) % A (0,bYb
Zﬂz_(]1 ZyeZQ((M(y’t ’ )2> (f) ( )

where the matrix ¥ is non degenerate if and only if:

b11b2g # b3,
]

Proofs (of Theorems 2.4 e 2.5): In dimension v = 1,2 the corrections to covariance
matrix are:

¢ D(6) =61 (©) + &) - 6D (©)EM(¢)

1% 7

where we have placed:

G =3 Myt ) [l — bt)oi(w) + (v — b0, (&)

t=0 yezv

T-1
GO =D Myt 1€) Y (s = bi)(u; = by)ely; &(y))
t=0 yezv uELY
By the short range condition and the results used in the proof of theorem (2.2) it is
easy to see that the asymptotic behaviour of @“;S-T) is the same as that of &). Now

we want to consider the ‘Ki(jT) (&) term. In [2] is showed that the following inequality

holds:
cost _3 (y=bt)?
2t

(Mgt < S

for some positive constants 3, and for all (y,t) € Z**!. Therefore setting b the drift
of our model, we have:

t
D AM .ty = bt)? < 725
yeLy
and: _
t=1 t2



hence setting:

(] ij

S0 =((40))

and reproducing the same arguments used in Prop. (3.4), we find:

o 2
<Sij )> = T% %
so that: o ) o)
%(_T()f) EN ——— 2,0
Sij Sij

and the only term that still has an importance in the asymptotic of the correction
‘ég-T) (&) is %”l(JT)(f ), but we know its limit in dimension v = 1 as well as in dimension
v = 2. In fact, analogously to what we have seen in the proofs of theorems (2.2) and
(2.3), in dimension v = 1 we can use the results contained in [4], while in dimension

v = 2 we have Prop. (A.1).

g
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Appendix
A. —

Under our assumptions on the model and in dimension v = 2 we want to prove the
following proposition:

Proposition A.1. Let ben > 1, if ¢ is small enough, there exists a positive constant

C = C(g,n) such that

T

2n
(#5,)™) < Cleum) - (nlra + T2) — In(r)
Proof: We have that:

My(ty —t1,92 — v1 | §trn) = Z el ME(¢) (A.1)

B:(t1,y1)—(t2,y2)

and being:
|B]
Mp(€) = [ 17 (zis s0) - (&) (95 (B)))
i=1
the moments of the type (J[-", Mgk> are zero, unless the sets {Bj, ..., By, } cover

each other, i.e. the relation:

holds, we will call this property covering. Hence we can define the following class of
sets:

PBon ={#B = {B1,...,Ban} | B has the covering property}

An element £ = {By, ..., Bo,} € %y, is identified by a finite subset of points in
241,
/AR .
B=|JB;cz*t.

J=1

Any point v € B can be equipped with the following specification :
L=1{jlveB)

which is a collection of labels each of one represents exactly the set which v holds on.
We are interested only in that collections of sets which have the covering property
so it must be | [, |> 2 for all vertex v € . If we define S = {l, | v € B}, then
there is a one-to-one correspondence between elements & C %y, and the pairs (B,S)
obtained by imposing the following conditions:

(i) If two distinct points have the same time coordinate then the correspondent
sets [, are disjoint
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(ii) Each label must appear at least once , i.e. :

U =1{12 .. 2n}

veEB

We can associate to each element in (B, S) € %, a graph:
= (Bo, g)

where By = B|J{0} is the set of vertexes while .Z is the set of bonds obtained
by the union of two subsets of bonds .Z,,.Z’ which is determined as follows. For
each vertex v = (t,z) € B and each j € [,, we consider the class of vertexes:
vi ={v =, 2) | j€ly,t' >t} If vy # 0 we draw a bond from v to the
vertex v, € v; with minimal time coordinate (which is unique by condition (i) ), this
method complete the construction of .. To construct £, we simply draw a bond
connecting the origin to the initial point of each B;.

Denoting by %;,™""* the subset of %,, made by all and only those collections
of trajectories = { By, ..., Ba,} for which we have:

tf(Bj>e{Tl,...,TQ+T*},j:]_,...,2n

setting:
2n
N@#) =) 15| , b=max| Y uc(us) |
Jj=1 ’ u€Z?

and remembering what we have seen in (A.1), we have:

(AP =D Et 9 =

t1=71

T2 t1+Tx

= (( Z Z Z Pot (1) My (ty — th, 52 — 1 | ) H (t2,92))*") < (A.2)

t1=71 t2=t1 Y1,Y2
<V Y NP S(9y)

1,79+4T;
Iz 71,72 *
BB,

where % is the graph associated to the particular choice of Z € Z5 ™" and:

S@s) = [[ =) [ =)

beZx be.Z’

with weights 7. (b), 7(b) which are defined as follows ( b=(v,v’), with v=(t,x) e
vi=(t"x") ):

— t(o. _ Lo\ pt=1(,
w(0) = max | ' (yio) 1= max | 3 ewia) - Py = )|
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while if b € %, with b=(0,v) and v=(t,x) then m,(b) = P}(z). For every set of
points B = {(y1,t1), ..., (Yn,tn)} we define the following quantity:

n—1

No(B) = Pél(yl) H i%a} | hf i (s, i — ) |
i=1

so we can rewrite the last row in (A.2) as:

2n
v - IV 2 Z H5‘Bi|N0(Bz‘)

(-%_)1 77777 ﬂQn)eﬂgyleT2+T* i=1

Using the results in appendix A of [2] about certain Lp inequalities we obtain:

2n—1 k 1o+Tx

CZAOVSED DD DI UNRNAY | B D

k=1 ny,..ong>1 j=1tj=71

where ¢(ny,...,n) is constant that depends on ¢ while the exponent m; is defined
as m; = max{1l,n; — 1}, hence we have:

((ATL0)™) < Clern) - (inr + T2) = In(r)

T1,T¢

N

and this concludes the proof.
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