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Abstract
In this paper, a new efficient, and at the same time, very simple and general class of ther-
modynamically compatible finite volume schemes is introduced for the discretization of
nonlinear, overdetermined, and thermodynamically compatible first-order hyperbolic sys-
tems. By construction, the proposed semi-discrete method satisfies an entropy inequality
and is nonlinearly stable in the energy norm. A very peculiar feature of our approach is
that entropy is discretized directly, while total energy conservation is achieved as a mere
consequence of the thermodynamically compatible discretization. The new schemes can be
applied to a very general class of nonlinear systems of hyperbolic PDEs, including both,
conservative and non-conservative products, as well as potentially stiff algebraic relaxation
source terms, provided that the underlying system is overdetermined and therefore satisfies
an additional extra conservation law, such as the conservation of total energy density. The
proposed family of finite volume schemes is based on the seminal work of Abgrall [1], where
for the first time a completely general methodology for the design of thermodynamically
compatible numerical methods for overdetermined hyperbolic PDEwas presented. We apply
our new approach to three particular thermodynamically compatible systems: the equations
of ideal magnetohydrodynamics (MHD) with thermodynamically compatible generalized
Lagrangian multiplier (GLM) divergence cleaning, the unified first-order hyperbolic model
of continuum mechanics proposed by Godunov, Peshkov, and Romenski (GPR model) and
the first-order hyperbolic model for turbulent shallow water flows of Gavrilyuk et al. In addi-
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tion to formal mathematical proofs of the properties of our new finite volume schemes, we
also present a large set of numerical results in order to show their potential, efficiency, and
practical applicability.

Keywords Overdetermined thermodynamically compatible hyperbolic systems ·
Hyperbolic and thermodynamically compatible (HTC) finite volume schemes · Abgrall
framework · Discrete entropy inequality · Nonlinear stability in the energy norm ·
Applications to ideal magnetohydrodynamics (MHD), Godounov-Peshkov-Romenski
(GPR) model of continuum mechanics · Turbulent shallow water (TSW) flows

Mathematics Subject Classification 35L40 · 65M08

1 Introduction

In his groundbreaking paper [43] from 1961 Godunov established for the first time, there
was a rigorous mathematical connection between symmetric hyperbolicity in the sense of
Friedrichs [37] and thermodynamic compatibility for overdetermined nonlinear systems of
hyperbolic conservation laws. In [43], it was shown that for hyperbolic systems which have
an underlying variational formulation, total energy conservation is a natural consequence of
the governing PDE system, since the total energy conservation law can be obtained via a
suitable linear combination of all other equations at the aid of the so-called main field or
thermodynamic dual variables, which are the partial derivatives of the total energy potential
with respect to the conservative variables. The terminology main field was introduced for the
first time by Ruggeri and Strumia in [70], while in other papers, they are directly denoted as
the Godunov variables, see e.g., [36]. The general formalism proposed by Godunov in his
seminal work [43] was rediscovered independently 10 years later by Friedrichs and Lax in
[38].

The formalism introduced by Godunov in [43] applies directly, for example, to the Euler
equations of compressible gas dynamics and to other simple systems of hyperbolic conserva-
tion laws, but not to hyperbolic PDEwith non-conservative products or to hyperbolic systems
with involution constraints.

In subsequent works, Godunov and Romenski extended the ideas outlined in [43] to a
more complete theory on general symmetric hyperbolic and thermodynamically compatible
(SHTC) systems, which govern a rather wide class of mathematical models used in physics
and engineering. Some examples of hyperbolic systems that fall into the general class of
SHTC systems are: the equations of ideal magnetohydrodynamics (MHD), see [44], the
equations of nonlinear hyperelasticity, see [46], the model of compressible multi-phase flows
introduced and studied in [55, 66, 68, 74], continuum mechanics with torsion [61] and
very recently it was shown that even relativistic fluid and solid mechanics can be rewritten
within the SHTC framework, see e.g., [45, 67]. In [59], a connection between Hamiltonian
continuum mechanics and the class of SHTC systems has been discovered. Very recently,
a thermodynamically compatible hyperbolic reformulation of nonlinear dispersive systems
based on an augmented Lagrangian approach has been obtained and studied numerically in
[28, 29, 33]. For an overview and general introduction to the SHTC framework, the reader
is referred to [64].

In SHTC systems, the PDE for the entropy density with non-negative right-hand side
(second principle of thermodynamics) is usually the primary evolution variable, while total
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energy conservation (first principle of thermodynamics) is typically the extra conservation
law that is obtained as a consequence of all other equations via a suitable linear combination.
All SHTCsystems can be derived fromanunderlying variational principle and the total energy
density has a privileged role because it directly appears inside the Lagrangian. Furthermore,
as remarked in [3], in the Gibbs identity, the factor that multiplies the total energy differential
is unity, while for all other equations, the factors are the Godunov variables.

All above considerations and mathematical properties apply to the overdetermined PDE
system at the continuous level. From a numerical analysis point of view, it is now very
interesting to develop numerical schemes that are also thermodynamically compatible at a
discrete level, in such a way that a discrete extra conservation law is a consequence of a
compatible discretization of the underlying governing PDE system. The standard approach
consists of developing numerical schemes for which the entropy inequality is a consequence
of the equations, while total energy is discretized directly. These so-called entropy preserving
or provably entropy-stable schemes are based on the seminal work of Tadmor [72]. Very
important contributions to the development of high-order entropy-compatible schemes can
be found, e.g., in the papers ofMishra et al. [20, 35, 50], Gassner et al. [27, 40, 49, 69, 71], Shu
et al. [25, 54], and in [21–23, 39, 62, 63] and references therein. Entropy-compatible schemes
for hyperbolic PDE with non-conservative products were presented for the first time in [34].

Very recently, in [1, 2, 4], Abgrall and collaborators have forwarded a very simple, efficient
and totally general framework that allows the construction of thermodynamically compati-
ble schemes for overdetermined hyperbolic PDE systems. These schemes are able to satisfy
an extra conservation law at the discrete level by construction. Hence, they will be used as
starting point for the new thermodynamically compatible finite volumemethod for overdeter-
mined systems introduced in this paper. The main difference is, however, that in the schemes
presented in this paper, the total energy conservation law is obtained as a consequence, while
in the previously mentioned references, the total energy density was discretized as a primary
variable, as in traditional entropy-compatible schemes.

Numerical schemes which directly discretize the entropy inequality and which are able
to obtain the total energy conservation law as a mere consequence of the compatible dis-
cretization of all the other equations of the overdetermined system are up to now still quite
rare. Some progress in this direction has been recently made in [3, 15–17]. There is a new
class of thermodynamically compatible finite volume schemes which have been introduced
for the Euler equations of compressible gasdynamics, for the equations of ideal MHD, for
the hyperbolic model of turbulent shallow water flows of Gavrilyuk et al. and for the uni-
fied model of continuum mechanics of Godunov, Peshkov, and Romenski (GPR model). In
[15, 17], the entropy density was evolved as primary variable, while discrete total energy
conservation was a mere consequence of the thermodynamically compatible finite volume
discretization of the other equations. Very recently, these ideas have been extended to the
discontinuous Galerkin (DG) framework in [3]. The methods presented in [15–17] have a
path integral as common building block in order to obtain a thermodynamically compatible
numerical flux. Inside the scheme, the path integral is then approximated at the aid of a suit-
able numerical quadrature formula. This approach is not only prone to quadrature errors, but
is also computationally expensive, see [3]. Furthermore, in our previous schemes [3, 15–17],
the non-conservative terms had to be judiciously discretized “by hand” and case by case in
order to obtain a provably thermodynamically compatible scheme.

It is therefore the main objective of the present paper to construct thermodynami-
cally compatible finite volume schemes for very general conservative and non-conservative
overdetermined hyperbolic systems that do not need path integrals in order to obtain a
thermodynamically compatible numerical flux and that are able to achieve a compatible
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discretization of the non-conservative products automatically and not case by case. The finite
volume schemes presented in this paper are therefore a further and natural generalization of
the finite volume methods introduced in [3].

In order to show the generality of the new schemes proposed in this paper, in Sect. 2,
we present the set of three rather different overdetermined hyperbolic PDE systems to be
treated in this paper, namely the equation of ideal MHDwith thermodynamically compatible
generalized Lagrangianmultiplier (GLM) divergence cleaning [15], the first order hyperbolic
GPR model of continuum mechanics [30, 60, 64] and the first-order hyperbolic model of
turbulent shallow water flows [16, 52]. The numerical scheme is presented and analyzed in
Sect. 3. In Sect. 4, we show numerical results for a wide range of test cases for each of the
three PDE systems and in Sect. 5, we draw the conclusions and give an outlook to possible
future research.

2 Governing Equations

2.1 General Formulation

All overdetermined systems of nonlinear hyperbolic, thermodynamically compatible partial
differential equations considered in this paper, i.e., the equations of idealMHD recalled in (6),
the unified first-order hyperbolic model of continuummechanics of the GPRmodel presented
in (11) and the hyperbolic model of turbulent shallow water (TSW) flows of Gavrilyuk et al.
given by system (21), can be cast into the general form of a nonlinear hyperbolic system of
balance laws with parabolic vanishing viscosity regularization,

∂tq + ∂kfk(q) + Bk(q)∂kq − ∂m (ε∂mq) = P + S(q), (1)

and they are all endowed with an extra conservation law for the total energy density of the
form

∂E

∂t
+ ∂k Fk − ∂m (ε∂mE) = 0. (2)

Here, q is the state vector, the flux tensor is denoted by fk(q), andBk(q)∂kq includes the non-
conservative products. The parabolic regularization terms read ∂m (ε∂mq), with the vanishing
viscosity parameter ε > 0 and the associated entropy production term contained in P. If
present in the model, the (potentially stiff) algebraic relaxation source terms are contained
in S(q). In the extra conservation law (2), the total energy flux is denoted by Fk = Fk(q).

The main field or thermodynamic dual variables are defined as p = ∂qE and therefore
one trivially has p · ∂tq = ∂tE. Thus, for thermodynamic compatibility of the full system (1)
with (2), the following identity must hold:

p · ∂kfk(q) + p · Bk(q)∂kq = ∂k Fk . (3)

Moreover, we also have

p · P + p · ∂m (ε∂mq) = ∂m (ε∂mE), (4)

i.e., the compatibility of the non-negative entropy production term with the dissipative
parabolic vanishing viscosity terms. Finally, the relation

p · S(q) = 0 (5)

is required for the thermodynamic compatibility of the algebraic source terms, if present in
the system.
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2.2 TheMHD Equations with Compatible GLMDivergence Cleaning

As a first example of an overdetermined hyperbolic system, we consider a particular for-
mulation of the equations of ideal MHD. The system is augmented with a novel hyperbolic
and thermodynamically compatible GLM divergence cleaning introduced in [15], which is
slightly different from the original GLM divergence cleaning introduced by Munz and col-
laborators in [26, 56]. Furthermore, the system also includes a parabolic vanishing viscosity
regularization and reads

∂ρ

∂t
+ ∂(ρvk)

∂xk
− ∂

∂xm
ε

∂ρ

∂xm
= 0, (6a)

∂ρvi

∂t
+ ∂

(
ρvivk + p δik + 1

2 Bm Bmδik − Bi Bk
)

∂xk
− ∂

∂xm
ε
∂ρvi

∂xm
= 0, (6b)

∂ρS

∂t
+ ∂ (ρSvk)

∂xk
− ∂

∂xm
ε
∂ρS

∂xm
= Π � 0, (6c)

∂ Bi

∂t
+ ∂ (Bivk − vi Bk)

∂xk
+ vi

∂ Bk

∂xk
+ ch

∂ϕ

∂xi
− ∂

∂xm
ε

∂ Bi

∂xm
= 0, (6d)

∂ϕ

∂t
+ vk

∂ϕ

∂xk
+ ch

ρ

∂ Bk

∂xk
− ∂

∂xm
ε

∂ϕ

∂xm
= 0 (6e)

with the extra conservation law

∂E

∂t
+ ∂

(
Evk + vi (p δik + 1

2 Bm Bmδik − Bi Bk)+chϕBk
)

∂xk
− ∂

∂xm
ε

∂E

∂xm
= 0. (7)

In the augmented MHD equations with thermodynamically compatible GLM divergence
cleaning above the state vector is q = {qi } = (ρ, ρvi , ρS, Bi , ϕ)T with ρ the mass density,
vi the velocity, S the specific entropy, Bi the magnetic field, ϕ the GLM cleaning scalar, and
the total energy density E = ρE is a sum of four different contributions

E = ρE = E1 + E2 +E3 + E4 = ρE1 + ρE2 + ρE3 + ρE4

with Ei = ρEi and E the specific total energy. Furthermore, ε � 0 is a vanishing viscosity
coefficient, ch � 0 is the divergence cleaning speed, the positive temperature is denoted
by T > 0, and the non-negative entropy production term due to the vanishing viscosity
regularization reads

Π = ε

T

∂qi

∂xm
∂2qi q j

E
∂q j

∂xm
� 0. (8)

We assume that the Hessian matrix of the total energy density w.r.t. the vector of primary
evolution variables is at least positive semi-definite, Hi j := ∂2qi q j

E � 0. In the following,

we make use of the notations ∂p = ∂
∂ p and ∂2pq = ∂2

∂ p∂q for the first and second partial
derivatives with respect to the quantities or coordinates p and q . We also use the Einstein
summation convention over repeated indices. For convenience, we will also make use of
bold face symbols to denote vectors, e.g., q = {qi }. The four contributions to the total energy
density read

E1 = ργ

γ − 1
eS/cv , E2 = 1

2
ρvivi , E3 = 1

2
Bm Bm, E4 = 1

2
ρϕ2, (9)
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hence the associated contributions Ei to the specific total energy E are Ei = Ei
ρ
. The vector

of main field variables reads p = Eq = (r , vi , T , βi , ψ)T with

r = ∂ρE, vi = ∂ρviE, T = ∂ρSE, βi = ∂Bi E, ψ = ∂ϕE, (10)

and the pressure is given by p = ρ2 ∂ E
∂ρ

, where E denotes the specific total energy.

2.3 Godunov-Peshkov-Romenski (GPR) Model of ContinuumMechanics

The next system is the unified hyperbolic model of continuum mechanics of the GPR model
[30, 46, 47, 60, 64]. It reads

∂ρ

∂t
+ ∂(ρvk)

∂xk
− ∂

∂xm

(
ε

∂ρ

∂xm

)
= 0, (11a)

∂ρvi

∂t
+ ∂ (ρvivk + p δik + σik + ωik)

∂xk
− ∂

∂xm

(
ε
∂ρvi

∂xm

)
= 0, (11b)

∂ρS

∂t
+ ∂ (ρSvk +βk)

∂xk
− ∂

∂xm

(
ε
∂ρS

∂xm

)
= Π + αikαik

θ1(τ1)T
+ βiβi

θ2(τ2)T
� 0, (11c)

∂ Aik

∂t
+ ∂(Aimvm)

∂xk
+ vm

(
∂ Aik

∂xm
− ∂ Aim

∂xk

)
− ∂

∂xm

(
ε
∂ Aik

∂xm

)
= − αik

θ1(τ1)
, (11d)

∂ Jk

∂t
+ ∂ (Jmvm + T )

∂xk
+ vm

(
∂ Jk

∂xm
− ∂ Jm

∂xk

)
− ∂

∂xm

(
ε

∂ Jk

∂xm

)
= − βk

θ2(τ2)
(11e)

with the additional total energy conservation law

∂E

∂t
+ ∂ (vk (E1+E2+E3 + E4) + vi (p δik+σik + ωik)+hk)

∂xk
− ∂

∂xm

(
ε

∂E

∂xm

)
= 0. (12)

In the GPR model, the state vector is q = {qi } = (ρ, ρvi , ρS, Aik, Jk)
T with ρ the mass

density, vi the velocity, S the specific entropy, Aik the distortion field, Jk the specific thermal
impulse, and the total energy density is E = ρE = E1 + E2 +E3 + E4 with Ei = ρEi .
Furthermore, ε > 0 denotes again the vanishing viscosity parameter and the associated
non-negative entropy production reads

Π = ε

T
∂xm qi ∂2qi q j

E ∂xm q j � 0. (13)

We also introduce the following abbreviation:

π = αikαik

θ1(τ1)T
+ βiβi

θ2(τ2)T
� 0 (14)

for the contribution of the algebraic relaxation source terms to the entropy production. The
four contributions to the total energy density are

E1 = ργ

γ − 1
eS/cv , E2 = 1

2
ρvivi , E3 = 1

4
ρc2s G̊i j G̊i j , E4 = 1

2
c2hρ Ji Ji (15)

with the metric tensor G given by Gik = A ji A jk and its trace-free part G̊ defined as
G̊ik = Gik − 1

3 Gmmδik . The Godunov variables of the system are p = ∂qE = {pi } =
(r , vi , T , αik, βk)

T with

r = ∂ρE, vi = ∂ρviE, T = ∂ρSE, αik = ∂AikE, βk = ∂JkE. (16)
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The pressure is given by p = ρ ∂ρE + ρvi ∂ρviE + ρS ∂ρSE − E = ρ2∂ρ E, while the stress
tensors due to shear and thermal stress are, respectively,

σik = A ji∂A jkE = A jiα jk = ρc2s Gi j G̊ jk, ωik = Ji∂JkE = Jiβk = ρc2h Ji Jk . (17)

The heat flux reads

hk = ∂ρSE ∂JkE = T βk = ρc2h T Jk . (18)

The two functions θ1(τ1) > 0 and θ2(τ2) > 0 depend on q and on the relaxation times τ1 > 0
and τ2 > 0 as follows:

θ1 = 1

3
ρz1τ1 c2s |A|− 5

3 , θ2 = ρz2τ2 c2h, z1 = ρ0

ρ
, z2 = ρ0T0

ρ T
(19)

with ρ0 and T0 being some reference density and temperature. A formal asymptotic analysis
of the system (11a)–(12) was done in [30] and showed that in the stiff relaxation limit when
τ1, τ2 → 0 the stress tensor σik and the heat flux hk tend to

σik = −1

6
ρ0c2s τ1

(
∂kvi + ∂ivk − 2

3
(∂mvm) δik

)
, hk = −ρ0T0c2hτ2∂k T . (20)

In other words, in the stiff relaxation limit, the classical Navier-Stokes-Fourier equations are
obtained as a special case of the GPR model, with associated shear viscosity μ = 1

6ρ0c2s τ1
and heat conductivity κ = ρ0T0c2hτ2.

2.4 Turbulent ShallowWater (TSW) Flows

The third and last model considered in this paper is the first-order hyperbolic model for TSW
flows. It was introduced by Gavrilyuk et al. in [41] and was also recently studied in [11,
24, 52, 57]. In the following we use the reformulation [16] of the model in terms of a new
variable Q, so that the Reynolds stress tensor P is decomposed as P = QQT.

With Pik = Qim Qkm and ∂m = ∂
∂xm

, the hyperbolic model of turbulent shallow water
flows with vanishing viscosity regularization reads

∂t h + ∂m(hvm)−
(

ε
∂h

∂xm

)
= 0, (21a)

∂t (hvi ) + ∂k

(
hvivk + 1

2
gh2δik + h Pik

)
− ∂

∂xm

(
ε
∂hvi

∂xm

)
= 0, (21b)

∂t Qik + vm ∂m Qik + (∂mvi ) Qmk− ∂

∂xm

(
ε
∂ Qik

∂xm

)
= Πik, (21c)

∂tE + ∂i

(
(E1 + E2)vi +

(
1

2
gh2δik + h Pik

)
vk

)
− ∂

∂xm

(
ε

∂E

∂xm

)
= 0. (21d)

Here, h denotes the water depth, vi is the velocity field, and the Reynolds stress tensor in
terms of the field Qik reads P = QTQ. The total energy E = hE = E1 + E2 + E3 can be
decomposed into three contributions with E1 = hE1 = 1

2 gh2, E2 = hE2 = 1
2hvivi , and

E3 = hE3 = 1
2hQik Qik , with the energy contribution E3 due to turbulence. Compared to

the other two models (MHD and GPR), the production term is now the tensor Πik , needed
for the consistency of (21a)–(21c) with total energy conservation (21d),

Πik = ε
Qik

h trP
∂mqi ∂2qi q j

E ∂mq j . (22)
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The state vector reads q = qi = (h, hvi , Qik) and in [16] the Hessian matrix was shown to
be positive definite when Qi j Qi j is small w.r.t. gh.

3 Numerical Method

3.1 Inviscid Compatible Finite Volume Scheme in One Space Dimension

To facilitate the reading, we first present the approach in one space dimension. At themoment,
we furthermore restrict ourselves to the inviscid part of the PDE system, i.e., without the alge-
braic relaxation source terms and without the vanishing viscosity and its associated entropy
production term, hence assuming ε = 0. Accordingly, in one dimension, the homogeneous
inviscid subsystem of (1) reads

∂tq + ∂x f1(q) + B1(q)∂xq = 0. (23)

To ease notation, in this section, we denote f = f1(q), B = B1(q), and F = F1(q), hence
dropping the subscripts in the fluxes and in the non-conservative products. A semi-discrete
FV scheme for (23) reads

d

dt
q� = − F�+ 1

2 − F�− 1
2

�x
− D

�+ 1
2− + D

�− 1
2+

�x

= −
(
F�+ 1

2 − f(q�)
)

+
(
f(q�) − F�− 1

2

)

�x
− D

�+ 1
2− + D

�− 1
2+

�x

(24)

with F�± 1
2 the sought thermodynamically compatible numerical flux and D

�± 1
2∓ a simple

centered discretization of the non-conservative product. In order to obtain thermodynamic
compatibility of the semi-discrete scheme (24) with total energy conservation, we compute
the dot product of (24) with the discrete main field variables p� = ∂qE(q�) and obtain

p� · d

dt
q� = d

dt
E� = −p� ·

(
F�+ 1

2 − f�
)

+
(
f� − F�− 1

2

)
+ D

�+ 1
2− + D

�− 1
2+

�x

= − D
�+ 1

2
E,− + D

�− 1
2

E,+
�x

= − F�+ 1
2 − F�− 1

2

�x
, (25)

where the right and left total energy fluctuations are defined as

D
�+ 1

2
E,− = p� · (F�+ 1

2 − f�) + p� · D�+ 1
2− , D

�− 1
2

E,+ = p� · (f� − F�− 1
2 ) + p� · D�− 1

2+ .

(26)

The numerical total energy fluxes F�± 1
2 in (25) are connected to the total energy fluctuations

via the usual relations between fluctuations and numerical fluxes

D
�+ 1

2
E,− = F�+ 1

2 − F�, D
�− 1

2
E,+ = F� − F�− 1

2 (27)

with F� = F(q�). In order to obtain a conservative discretization of the extra conservation

law, the numerical total energy flux F�+ 1
2 must be the same seen from element � and � + 1.

Hence, the sum of the total energy fluctuations at a cell boundary must be equal to the
difference of the total energy fluxes F�+1 and F�, see also [3, 15–17]. This condition is
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obtained by simply summing both equations in (27) at the same interface. For semi-discrete
thermodynamic compatibility, we therefore must have

D
�+ 1

2
E,− +D

�+ 1
2

E,+ = p� ·
(
F�+ 1

2 − f� + D
�+ 1

2−
)

+ p�+1 ·
(
f�+1 − F�+ 1

2 + D
�+ 1

2+
)

= F�+1 − F�. (28)

Based on the seminal ideas of Abgrall [1], the thermodynamically compatible numerical flux

F�+ 1
2 is now postulated to have the following Abgrall form:

F�+ 1
2 = F̃�+ 1

2 − α�+ 1
2

(
p�+1 − p�

)
(29)

with F̃�+ 1
2 a simple central approximation of the numerical flux that does not have to guaran-

tee the discrete thermodynamic compatibility of the scheme (24) with the extra conservation

law (2) and which is subsequently corrected at the aid of the scalar α�+ 1
2 so that discrete

thermodynamic compatibility is achieved. We now impose the compatibility condition (28)
on the flux (29), including also the non-conservative products. This yields

p� ·
(
F̃�+ 1

2 − f� + D
�+ 1

2−
)

+ p�+1 ·
(
f�+1 − F̃�+ 1

2 + D
�+ 1

2+
)

+α�+ 1
2

(
p�+1 − p�

)2 = F�+1 − F�, (30)

or, equivalently,

−F̃�+ 1
2 ·

(
p�+1 − p�

)
+ p�+1 · f�+1 − p� · f� + p�+1 · D�+ 1

2+ + p� · D�+ 1
2−

+α�+ 1
2

(
p�+1 − p�

)2 = F�+1 − F�. (31)

Equation (31) allows computing the scalar correction factorα�+ 1
2 , which is the key ingredient

of the thermodynamically compatible Abgrall flux (29), as

α�+ 1
2 = F�+1 − F� + F̃�+ 1

2 · (
p�+1 − p�

) − (
p�+1 · f�+1 − p� · f�)

(
p�+1 − p�

)2

−p�+1 · D�+ 1
2+ + p� · D�+ 1

2−
(
p�+1 − p�

)2 . (32)

This definition establishes the semi-discrete thermodynamic compatibility of the finite vol-
ume scheme (24) with the discrete extra conservation law (25). For vanishing denominator,

i.e.,
(
p�+1 − p�

)2 = 0, we simply set α�+ 1
2 = 0, as in this case the states coincide and no

correction is needed. Like in [3], we also employ the central flux as underlying numerical

flux F̃�+ 1
2 , i.e., we choose

F̃�+ 1
2 = 1

2

(
f� + f�+1

)
. (33)

For the fluctuations we use the simple central approximation

D
�+ 1

2± = 1

2
B(q̄)

(
q�+1 − q�

)
with q̄ = 1

2

(
q�+1 + q�

)
. (34)
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This choice corresponds to a path-conservative scheme [19, 58] based on the straight line
segment path and using the mid-point rule to approximate the path integral numerically.

However, we emphasize that the precise choice of the central approximations of F̃�+ 1
2 and

D
�+ 1

2± is rather arbitrary, since thermodynamic compatibility is established via the scalar

correction factor α�+ 1
2 inside the flux (29) and not via the choice of (33) and (34).

We emphasize that, so far, we have only considered the inviscid system (23). A suitable
numerical dissipation that is compatiblewith thefirst and secondprinciple of thermodynamics
and which mimics the parabolic vanishing viscosity terms and the entropy production term in
(1)will be added in the next section, directly for themultidimensional extensionof themethod,
following the ideas introduced in [3, 15–17]. We also highlight that the numerical scheme
(24) with the flux (29) and (32) is totally general and does not need any kind of particular
Godunov parametrization of the flux f1 = ∂p(v1L) in terms of a generating potential L ,
unlike the HTC finite volume schemes presented previously in [15–17].

3.2 Dissipative Compatible Finite Volume Scheme inMultiple Space Dimensions

The generalization of the previous scheme to the multi-dimensional case is straightforward
when making use of edge-based/face-based two-point fluxes in normal direction, see also
[3, 17]. The computational domain Ω ⊂ R

d in d space dimensions is paved by a general
mesh of orthogonal polygonal/polyhedral control volumes Ω�. The common edge/face of
two neighboring polygons/polyhedra Ω� and Ωr is denoted by ∂Ω�r = Ω� ∩ Ωr and N� is
the set of neighbors of element Ω�.

The semi-discrete finite volume scheme for the discretization of the general PDE system
(1) with extra conservation law (2) reads for each control volume Ω� as follows:

∂q�

∂t
= −

∑

r∈N�

∣∣∂Ω�r
∣∣

∣∣Ω�
∣∣

(
F�r · n�r + D

(
q�,qr

)
· n�r

)

+
∑

r∈N�

∣∣∂Ω�r
∣∣

∣∣Ω�
∣∣

(
G

(
q�,qr

)
· n�r + P

(
q�,qr

))
+ S(q�), (35)

where n�r is the unit normal vector pointing from element Ω� to element Ωr and thus
nr� = −n�r . The two-point numerical flux in normal direction F�r · n�r , the fluctuations
D

(
q�,qr

)·n�r , the dissipative termsG
(
q�,qr

)·n�r ,with the related entropyproduction terms
P

(
q�,qr

)
, and the algebraic source terms S(q�) must verify the compatibility conditions

p� ·
(
F�r · n�r − f�k n�r

k

)
+ pr ·

(
f rk n�r

k − F�r · n�r
)

+p� · D
(
q�,qr

)
· n�r + pr · D

(
qr,q�

)
· nr� =

(
F r

k − F�
k

)
n�r

k , (36)

p� · S
(
q�

)
= 0. (37)

Since the source term satisfies p · S = 0, the condition (37) holds trivially pointwise and
therefore nothing special needs to be done in order to assure compatibility of the algebraic
source terms.

Concerning the construction of a thermodynamically compatible numerical flux, as in the
one-dimensional case, we start with a simple central discretization of the numerical flux and
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of the non-conservative product, i.e., we choose

F̃�r · n�r = 1

2

(
f�k + f rk

)
n�r

k (38)

and

D
(
q�,qr

)
· n�r = 1

2
Bk(q̄)n�r

k

(
qr − q�

)
, q̄ = 1

2

(
qr + q�

)
. (39)

This discretization is in general not yet compatible with the extra conservation law (2) and
therefore the numerical flux (38) needs to be subsequently corrected in order to achieve
thermodynamic compatibility. Imposing condition (36), the resulting thermodynamically
compatible Abgrall flux [1, 3] reads

F�r · n�r = F̃�r · n�r − α�r
(
pr − p�

)
(40)

with the scalar correction factor

α�r =
(
F r

k − F�
k

)
n�r

k +
(
F̃�r · n�r

)
· (
pr − p�

) − (
pr · f rk − p� · f�k

)
n�r

k
(
pr − p�

)2

−
(
pr + p�

) · D (
q�,qr

) · n�r

(
pr − p�

)2 . (41)

It is easy to check that the Abgrall flux (40) together with (38), (39), and (41) satisfies (36)
by construction, since the correction factor α�r is obtained by imposing condition (36) on
the numerical flux (40).

Following [3, 15–17], the viscous part of the numerical flux reads

G
(
q�,qr

)
= ε�r q

r − q�

δ�r
= ε�r �q�r

δ�r
, δ�r =

∥∥∥xr − x�
∥∥∥ (42)

with the viscosity coefficient at the interface given, for example, by

ε�r = 1

2
δ�rs�r

max, s�r
max = max

(∣∣∣λ(q�)

∣∣∣ ,
∣∣λ(qr)

∣∣
)

(43)

with s�r
max, the maximum signal speed at the interface, see e.g., [3, 15–17]. This choice of

ε�r corresponds to a numerical dissipation of the Rusanov-type which vanishes when the
mesh size tends to zero. The numerical dissipation can further be reduced by applying a
flux-limiter to (43), see e.g., [3, 15, 17]. One may also simply specify a constant but small
viscosity coefficient ε.

Alternatively, in this paper, we propose a new type of numerical viscosity that is asymp-
totically second-order accurate for sufficiently fine meshes and which makes direct use of the
scalar correction factor α�r at the interface. The scalar α�r can be interpreted as a measure of
how well the chain and product rules are satisfied at the discrete level. For smooth solutions,
we expect that α�r decreases linearly with the mesh spacing, while at shock waves, we expect
α�r to remain constant or even to increase with decreasing mesh size. It therefore seems to be
a natural indicator that may be used to deploy numerical viscosity selectively in the vicinity
of shocks and other discontinuities, similar to the principles of entropy viscosity, [48]. In
particular, we choose

ε�r = α�r 1

2
δ�rs�r

max (44)
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with

α�r =
{
min

[
1,max

(
0, |α�r |−αmin

αmax−αmin

)]
if αmax − αmin > 0,

0 otherwise,
(45)

where αmax is the maximum value of |α| taken over the entire computational domain at
the previous time step and αmin is a fixed constant, which in this paper has been chosen as
αmin = 3 × 10−4 for all those numerical experiments that are based on the new numerical
viscosity given by (44).

For both, the MHD equations (6) and the GPR model (11), the related entropy production
term reads

P
(
q�,qr

)
=

(
0, 0,Π�r, 0, 0

)T
, (46)

where the only non-vanishing contribution is in the PDE for the entropy density and is given
by

Π�r = 1

2
ε�r �p�r

T �
· �q�r

δ�r
= 1

2
ε�r �q�r

T �
∂2qqẼ

�r �q�r

δ�r
� 0, T � =

(
ρ�

)γ−1

(γ − 1) cv

e
S�

cv (47)

with the jumps �q�r = qr − q� and �p�r = pr − p� , the temperature T � given in (47) for
the ideal gas equation of state. Instead, for the turbulent shallow water model, the discrete
entropy production term is more complex. It consists in a production tensor, Π�r

ik , see (22),
which is added to the right-hand side of the evolution equation of the tensor Qik . In its discrete
form, it is given by

Π�r
ik = 1

2
ε�rQ�

ik
�p�r

h� tr(P�)
· �q�r

δ�r
= 1

2
ε�rQ�

ik
�q�r

h� tr(P�)
∂2qqẼ

�r �q�r

δ�r
. (48)

In all cases above, the Roe matrix of the Hessian of the energy potential, which appears
in the production term (47), reads

∂2qqẼ
�r =

∫ 1

0
∂2qqE

(
ψ̃(s)

)
ds =:

(
∂2pp L̃�r

)−1
. (49)

Following [3, 16, 17], the former definition is based on the simple straight line segment path
in q variables

ψ̃(s) = q� + s
(
qr − q�

)
, 0 � s � 1. (50)

By construction, the Roe matrix ∂2qqẼ
�r satisfies the Roe property

∂2qqẼ
�r ·

(
qr − q�

)
=

(
pr − p�

)
. (51)

This allows us to rewrite jumps in terms of the conservative variables q into jumps in terms
of the main field variables (thermodynamic dual variables) p. Note that for, the numerical
scheme presented in this paper, it is actually enough to know that such a Roe matrix exists, in
order to show the correct sign of the entropy production, while in the practical computations,
it is not needed as the product �p�r · �q�r can be evaluated directly instead of calculating
�q�r∂2qqẼ

�r�q�r , see also (47) and (48).
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The discrete form of the algebraic source terms for the GPR model (11) simply reads

S
(
q�

)
=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0

α�
ikα

�
ik

θ�
1 (τ1)T

�
+ β�

k β�
k

θ�
2 (τ2)T

�

− α�
ik

θ�
1 (τ1)

− β�
i

θ�
2 (τ2)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
π�

− α�
ik

θ�
1 (τ1)

− β�
i

θ�
2 (τ2)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (52)

while for the MHD equations S
(
q�

) = 0.

Theorem 1 (Cell entropy inequality) For the MHD equations (6) and for the GPR model
(11), the HTC FV scheme (35) satisfies the following cell entropy inequality:

∂ρS

∂t
+

∑

r∈N�

∣
∣Ω�r

∣
∣

∣∣Ω�
∣∣

(
FρS

(
q�,qr

)
· n�r − GρS

(
q�,qr

)
· n�r

)
� 0. (53)

Proof Taking the discrete equation for the entropy density from (35), which contains only
conservative fluxes, substituting (40) together with (38), (39), (41), and (52), we obtain

∂ (ρS)�

∂t
+ 1

∣∣Ω�
∣∣

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
FρS

(
q�,qr

)
· n�r − GρS

(
q�,qr

)
· n�r

)

= 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
1

2
ε�r �q�r

T �
· ∂2qqẼ

�r �q�r

δ�r
+ π� � 0,

where the positivity of the right-hand side is obtained, thanks to π� � 0 and due to the
positive semi-definiteness of the Hessian ∂2qqE. Note that in the MHD equations, there are no

algebraic relaxation sources, hence π� = 0.

Theorem 2 (Nonlinear stability in the energy norm) The finite volume scheme (35) with the
Abgrall flux (40) together with (38), (39), (41) in combination with the viscous flux, the source
terms and the discrete entropy production terms defined in (42), (47), and (52) is nonlinearly
stable in the energy norm in the sense that, for vanishing boundary fluxes, we have

∫

Ω

∂E

∂t
dx = 0. (54)

Proof To prove nonlinear stability in the energy norm, we first derive a semi-discrete total
energy conservation law. For this purpose, we take the dot product of the discrete main field
variables p� with the semi-discrete scheme (35):

p� · ∂q�

∂t
= − 1

∣∣Ω�
∣∣

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� ·

(
F�r · n�r

)
+ p� ·

(
D

(
q�,qr

)
· n�r

))

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� ·

(
G

(
q�,qr

)
· n�r

)
+ p� · P

(
q�,qr

))
+ p� · S(q�).
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Due to (37), the contribution of the algebraic source terms in the former equation cancels.
Moreover, adding and subtracting the terms corresponding to 1

2p
r ·D (

qr,q�
) ·nr�, 12pr ·F�r ,

and 1
2p

r · G (
q�,qr

) · n�r , we get

∂E�

∂t
= − 1

∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2

(
p� + pr

)
· F�r · n�r

)

− 1
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2

(
p� − pr

)
· F�r · n�r

)

− 1
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2
p� · D

(
q�,qr

)
· n�r + 1

2
pr · D

(
qr,q�

)
· nr�

)

− 1
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2
p� · D

(
q�,qr

)
· n�r − 1

2
pr · D

(
qr,q�

)
· nr�

)

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2

(
p� + pr

)
· G

(
q�,qr

)
· n�r

)

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
1

2

(
p� − pr

)
· G

(
q�,qr

)
· n�r + p� · P

(
q�,qr

))
.

The compatibility condition (36) together with nr� = −n�r leads to

∂E�

∂t
= − 1

∣∣Ω�
∣∣

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
1

2

(
F r

k − F�
k

)
n�r

k

− 1

2
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� · f�k − pr · f rk

)
n�r

k

− 1

2
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� + pr

)
· F�r · n�r

− 1

2
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� · D

(
q�,qr

)
+ pr · D

(
qr,q�

))
· n�r

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
1

2

(
p� + pr

)
· G

(
q�,qr

)
· n�r

)

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
1

2

(
p� − pr

)
· G

(
q�,qr

)
· n�r + p� · P

(
q�,qr

))
.

Since the integral of the normal vector over a closed surface vanishes, the following identity
holds:

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣n�r = 0. (55)
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Adding p� · f�k + F�
k multiplied by (55) and using (42) and (47), we get

∂E�

∂t
= − 1

∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
1

2

(
F r

k + F�
k

)
n�r

k

+ 1

2
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
pr ·f rk +p� · f�k

)
n�r

k − 1

2
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
p� + pr

)
· F�r ·n�r

− 1

2
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
p� · D

(
q�,qr

)
+ pr · D

(
qr,q�

))
· n�r

+ 1
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2

(
p� + pr

)
· G

(
q�,qr

)
· n�r

)

+ 1
∣
∣Ω�

∣
∣

∑

r∈N�

∣
∣
∣∂Ω�r

∣
∣
∣
(
1

2

(
p� − pr

)
· ε�r �q�r

δ�r
+ 1

2
ε�r�q�r · ∂2qqẼ

�r �q�r

δ�r

)
.

The last two terms cancel, thanks to the Roe property (51) that must be satisfied by the
Hessian of the total energy density. Hence, we obtain the following discrete form of the total
energy conservation law:

∂E�

∂t
= − 1

∣∣Ω�
∣∣

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣ F�r

k n�r
k = − 1

∣∣Ω�
∣∣

∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
1

2

(
F r

k + F�
k

)
n�r

k

− 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
1

2

(
pr · (F�r · n�r − f rk n�r

k ) + p� · (F�r · n�r − f�k n�r
k )

)

+ 1
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
1

2

(
p� + pr

)
·
(
G

(
q�,qr

)
· n�r

)

− 1

2
∣∣Ω�

∣∣
∑

r∈N�

∣∣∣∂Ω�r
∣∣∣
(
p� · D

(
q�,qr

)
+ pr · D

(
qr,q�

))
· n�r .

The sought nonlinear stability in the energy norm is then easily obtained as

∫

Ω

∂E

∂t
dx =

∑

�

∣∣∣Ω�
∣∣∣
∂E�

∂t
= 0,

where we have assumed the fluxes and fluctuations to be zero at the boundary and we have
made use of the telescopic sum property since the sum of the numerical total energy fluxes
F�r

k n�r
k at the internal interfaces cancels.

4 Numerical Results

To assess the proposed HTC-FV schemes, we analyse several benchmarks for the different
models studied, namely the MHD equations, the GPR model for continuum mechanics and
the hyperbolic model for turbulent shallow water flows.
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Table 1 L2-error norms and convergence rates for the smooth MHD vortex problem obtained with the semi-
discrete HTC finite volume scheme at time t = 0.25 without any numerical viscosity, ε = 0. Nx = Ny
denotes the number of control volumes of the mesh in each direction

Nx ‖ρ‖2 ‖ρv1‖2 ‖ρS‖2 ‖B1‖2 O(ρ) O(ρv1) O(ρS) O(B1)

64 2.31E−03 1.85E−03 2.31E−03 2.41E−03

128 5.80E−04 4.69E−04 5.78E−04 6.08E−04 2.0 2.0 2.0 2.0

256 1.45E−04 1.18E−04 1.45E−04 1.52E−04 2.0 2.0 2.0 2.0

512 3.63E−05 2.95E−05 3.61E−05 3.81E−05 2.0 2.0 2.0 2.0

1 024 9.08E−06 7.37E−06 9.03E−06 9.53E−06 2.0 2.0 2.0 2.0

In all test cases, the fourth-order Runge-Kutta method is employed for time integration
and the time step is computed attending to the CFL-type condition

�t = CFL
|λx

max|
�x + |λy

max|
�y + 2ε

(
1

�x2
+ 1

�y2

) , (56)

where �x , �y are the characteristic mesh spacing in x and y directions and |λx
max|, |λy

max|
refer to the corresponding maximum absolute eigenvalues. Unless stated, the contrary the
artificial viscosity, ε, is set to zero.

4.1 MHD Equations

4.1.1 Numerical Convergence Study

To assess the accuracy of the proposed method, a smooth MHD vortex test case is analysed,
[5, 15]. More precisely, we consider the computational domain Ω = [0, 10]2 and an exact
solution of the form

v1 = e
1
2 (1−r2)(5 − y), v2 = e

1
2 (1−r2)(x − 5), v3 = 0, p = 1

2
e − 1

2
r2e−(r2−1),

ρ = 1, B1 = e
1
2 (1−r2)(5 − y), B2 = e

1
2 (1−r2)(x − 5), B3 = 0

with r2 = (x − 5)2 + (y − 5)2. The model parameters are set to γ = 5
3 , ε = 0 and periodic

boundary conditions are defined for all boundaries. The L2 -errors at time t = 0.25 obtained
for a set of successively refined meshes, with Nx ∈ {32, 64, 128, 256, 512} divisions along
each axis, are reported in Table 1. The expected second order of convergence is reached.
We now repeat the same test, but with the new numerical viscosity ε�r given by (44). The
obtained numerical convergence rates are shown in Table 2, confirming that for sufficiently
fine meshes (Nx � 256), the method asymptotically reaches second order of accuracy and
the errors become identical to the results in Table 1, with ε = 0, as expected.

4.1.2 Riemann Problems

The behaviour of the scheme in the presence of strong waves including shocks is studied
through a set of Riemann problems described in [15]. The constant left and right states at
the initial time are given in Table 3; γ = 5

3 is employed in all tests. The initial discontinuity
is positioned at xc = 0 for RP1 and RP4 and at xc = −0.1 for RP2 and RP3 while the
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Table 2 L2-error norms and convergence rates for the smooth MHD vortex problem obtained with the semi-
discrete HTC finite volume scheme at time t = 0.25 with the new numerical viscosity given by (44). Nx = Ny
denotes the number of control volumes of the mesh in each direction

Nx ‖ρ‖2 ‖ρv1‖2 ‖ρS‖2 ‖B1‖2 O(ρ) O(ρv1) O(ρS) O(B1)

64 1.09E−02 1.68E−01 8.45E−02 1.68E−01

128 1.03E−02 9.67E−02 4.89E−02 9.66E−02 0.1 0.8 0.8 0.8

256 1.45E−04 1.18E−04 1.45E−04 1.52E−04 6.1 9.7 8.4 9.3

512 3.63E−05 2.95E−05 3.61E−05 3.81E−05 2.0 2.0 2.0 2.0

1 024 9.08E−06 7.37E−06 9.03E−06 9.53E−06 2.0 2.0 2.0 2.0

Table 3 Initial left and right states for density ρ, velocity v = (v1, v2, v3), pressure p, and magnetic field
B = (Bx , By , Bz) for the Riemann problems of the ideal MHD equations

Case ρ v1 v2 v3 p Bx By Bz

RP1 L 1.0 0.0 0.0 0.0 1.0 3
4 1.0 0.0

R 0.125 0.0 0.0 0.0 0.1 3
4 −1.0 0.0

RP2 L 1.08 1.2 0.01 0.5 0.95 2.0√
4π

3.6√
4π

2.0√
4π

R 0.989 1 −0.013 1 0.026 9 0.010 037 0.971 59 2.0√
4π

4.024 4√
4π

2.002 6√
4π

RP3 L 1.7 0.0 0.0 0.0 1.7 1.1 1.0 0.0

R 0.2 0.0 0.0 −1.496 89 0.2 1.1 2.785 9√
4π

2.192 1√
4π

RP4 L 1.0 0.0 0.0 0.0 1.0 1.3 1.0 0.0

R 0.4 0.0 0.0 0.0 0.4 1.3 −1.0 0.0

computational domain,Ω = [−0.5, 0.5], is discretized using a uniformmesh of 1 000 control
volumes. For this test problem, the numerical viscosity is chosen according to (43) with flux
limiter [17]. In Fig. 1, a good agreement is observed between the obtained numerical solution
and the reference solution computedwith the exactRiemann solver forMHDequations kindly
provided by Falle and Komissarov [31, 32].

4.1.3 MHD Orszag-Tang Vortex

The third test analysed is the classical Orszag-Tang vortex benchmark.We consider the setup
provided in [15, 53] which consists on a computational domain Ω = [0, 2π]2 with periodic
boundary conditions, the initial fields given by

ρ = γ 2, p = γ = 5
3 , v1 = − sin(y), v2 = sin(x), v3 = 0,

B1 = − sin(y), B2 = sin(2x), B3 = 0,

and the new numerical viscosity is set according to (44). The numerical solution at times t ∈
{0.5, 2.0, 3.0, 5.0} obtained with the newHTC-FV scheme on a mesh made of 2 048×2 048
cells is shown in Fig. 2. A good qualitative agreement can be observed with numerical
solutions available in the bibliography, see e.g., [6, 7, 15]. In Fig. 3, we report the contour
plots of α, according to (45). We observe how the numerical viscosity is activated only in the
vicinity of shocks, discontinuities or steep gradients.
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Fig. 1 Exact and numerical solutions for MHD Riemann problems RP1–RP4 (from top to bottom). Density
(left) and magnetic field component By (right) at t = 0.1, t = 0.2, t = 0.15, and t = 0.16
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Fig. 2 Density contours obtained with the new semi-discrete HTC-FV scheme for the inviscid Orszag-Tang
vortex system at times t ∈ {0.5, 2, 3, 5} (from top left to bottom right)

4.1.4 MHD Rotor Problem

As fourth test, we study the MHD rotor problem initially proposed in [8]. Accordingly,
the pressure and the magnetic field are assumed to be initially constant with p = 1 and
B = (2.5/

√
4π, 0, 0)T while the density and velocity are set to ρ = 10 and v = ω × x if

0 � ‖x‖ � 0.1 and to ρ = 1 and v = (0, 0, 0) otherwise. To complete the test setup, we
define γ = 1.4, we compute ε using the new numerical viscosity (44) and we discretize the
computational domain, Ω = [−0.5, 0.5]2, using a Cartesian grid of 1 024 × 1 024 cells.
The mass density, hydrodynamic pressure, Mach number and magnetic pressure obtained,
at time t = 0.25, using the new general HTC-FV scheme are reported in Fig. 4. Again
a good qualitative agreement is observed with reference numerical data in the literature,
[6–8, 15]. To illustrate the behavior of the new numerical viscosity, we also include in
Fig. 5-left the value of α which shows that the viscosity is deployed locally at shocks and
discontinuities.

4.1.5 MHD Blast Wave Problem

The last test studied for the MHD system, the blast wave problem, [8], is well known to be
very challenging for numerical methods mainly due to the presence of large pressure jumps
on the initial condition,
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Fig. 3 Equidistant contour plots of α ∈ [0, 1] obtained with the new semi-discrete HTC-FV scheme for the
inviscid Orszag-Tang vortex system at times t ∈ {0.5, 2, 3, 5} (from top left to bottom right)

ρ = 1, v = (0, 0, 0), p =
{
1 000 if ‖x‖ < 0.1,
0.1 otherwise,

B = (100/
√
4π, 0, 0),

which is defined in the computational domain Ω = [−0.6, 0.6]2. We run a simulation on a
Cartesian grid made of 1 024× 1 024 cells setting γ = 1.4 and choosing the new numerical
viscosity according to (44). The obtained density, hydrostatic pressure, velocity magnitude
and magnetic pressure fields are shown in Fig. 6 for t = 0.01. They agree qualitatively well
with numerical solutions available in the literature, e.g., see [7, 8, 15]. As for the rotor test
case, the value of α is also reported at the final time in the right panel of Fig. 5. We observe
that the viscosity is deployed locally at shocks and discontinuities.
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Fig. 4 Contour plots of the mass density (top left), the hydrodynamic pressure (top right), the Mach number
(bottom left), and the magnetic pressure (bottom right) obtained with the new HTC-FV scheme for the MHD
rotor problem at time t = 0.25

Fig. 5 Contour plots of α obtained with the newHTC-FV scheme using the new viscosity in (44) for theMHD
rotor problem at time t = 0.25 (left) and for the two-dimensional MHD blast wave problem at time t = 0.01
(right)

123



Commun. Appl. Math. Comput.

Fig. 6 Contour plots of the mass density (top left), the hydrodynamic pressure (top right), the velocity mag-
nitude (bottom left), and the magnetic pressure (bottom right) obtained with the new HTC-FV scheme for the
two-dimensional MHD blast wave problem at time t = 0.01

4.2 GPRModel of ContinuumMechanics

4.2.1 Numerical Convergence Study

The isentropic vortex benchmark [51] is employed to assess the accuracy of the HTC-FV
scheme for the Euler subsystem embedded in the GPRmodel.We consider the computational
domain Ω = [0, 10]2 and define the initial condition following the exact steady solution of
the Euler equations
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Table 4 L2-error norms and convergence rates for the isentropic vortex problem obtained with the semi-
discrete HTC-FV scheme at time t = 0.25. N denotes the number of mesh divisions on each axis direction

N ‖ρ‖2 ‖ρv1‖2 ‖ρv2‖2 ‖ρS‖2 O(ρ) O(ρv1) O(ρv2) O(ρS)

32 7.25E−03 9.32E−03 9.32E−03 1.11E−03

64 1.84E−03 2.43E−03 2.43E−03 3.14E−04 2.0 1.9 1.9 1.8

128 4.60E−04 6.14E−04 6.14E−04 8.02E−05 2.0 2.0 2.0 2.0

256 1.15E−04 1.54E−04 1.54E−04 2.01E−05 2.0 2.0 2.0 2.0

512 2.88E−05 3.85E−05 3.85E−05 5.04E−06 2.0 2.0 2.0 2.0

⎧
⎪⎨

⎪⎩

ρ = 1 + (1 + δT )
1

γ−1 ,

(
v1
v2

)
= ε

2πe
1−r2
2

(
5 − y
x − 5

)
,

p = 1 + (1 + δT )
γ

γ−1 , δT = − (γ−1)ε2

8γπ2 e1−r2
(57)

with r2 = (x − 5)2 + (y − 5)2 and ε = 5 the vortex strength. Moreover, we set cs = 0,
ch = 0, γ = 1.4. The L2-errors and convergence rates obtained, at time t = 0.25, for a set
of successively refined grids are reported in Table 4. We can observe that the sought second
order of accuracy is reached for the density, linear momentum components, and the entropy
density.

4.2.2 Shear Motion

The shear motion benchmark is used to assess the behaviour of the method in both the solid
and fluid limits of the GPR model. We define the computational domain Ω = [−0.5, 0.5]
and the initial conditions: ρ = 1, v1 = v3 = 0, v2 = −0.1 for x < 0 and v2 = 0.1 for x � 0,
p = 1, A = I, and J = 0. Moreover, we set cs = ch = 1, γ = 1.4, and ε = 10−6. Four
simulations are run, the solid limit, τ1 = τ2 = 1020, and three viscous fluids, τ1 	 1, with
viscosities μ = κ = 10−2, μ = κ = 10−3, and μ = κ = 10−4. The final simulation time
is t = 0.4 and the domain is discretized using 6 144 control volumes. The numerical results
obtained with the new HTC-FV scheme are depicted in Fig. 7. The reference solution in the
fluid limit is given by the exact solution of the first problem of Stokes for the incompressible
Navier-Stokes equations, see [18, 30], and reads

v2(x, t) = 0.1 erf

⎛

⎝1

2

x
√

μ
ρ

t

⎞

⎠ .

Meanwhile, the reference solution in the solid limit has been computed solving (11) on a
very fine mesh of 10 000 cells using a classical second order accurate MUSCL-Hancock type
TVD finite volume scheme, [75]. An excellent agreement between numerical and reference
solutions can be observed in all cases.
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Fig. 7 Second component of the velocity obtained with the new HTC finite volume scheme for a simple one-
dimensional shear motion in viscous fluids, μ = 10−2 (top left), μ = 10−3 (top right), μ = 10−4 (bottom
left), and for an ideal elastic solid (bottom right). The continuous black line reports the exact solution for each
viscous fluid and the reference solution for the solid limit obtained using a TVD FV scheme on 1 000 cells

4.2.3 Riemann Problems

We now study six different Riemann problems, four for the Euler equations (RP1, RP2,
RP3, RP4) and two for the complete GPR model (RP5, RP6), [17, 75]. The initial states at
the two sides of the initial discontinuity point, xc, are detailed in Table 5. The numerical
solutions obtained with the novel HTC-FV scheme using the numerical viscosity (43) with
flux limiter [17] are reported in Figs. 8, 9, 10, and 11 togetherwith the corresponding reference
solutions. As in [17] the exact Riemann solver for the Euler equations [75] has been employed
to compute the reference solution for RP1–4. Meanwhile, to obtain those of RP5–6, the GPR
model has been solved using a classical second order TVD finite volume scheme of the
MUSCL-Hancock type on a very finemesh of 128 000 elements. In this scheme, instead of the
entropy inequality, the total energy conservation law is discretized. An excellent agreement
is observed for all test cases.

4.2.4 Viscous Shock

To further assess the behaviour of the new HTC FV scheme in the fluid limit, we analyse a
steady viscous shock of Mach number Ma = 2 and Pr = 0.75 which has a known exact
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Table 5 Left and right states for the initial condition of the six Riemann problems considered and location of
the initial discontinuity (xc)

RP ρL uL vL pL ρR uR vR pR xc

RP1 1.0 0.0 0.0 1.0 0.125 0.0 0.0 0.1 0.0

RP2 5.999 24 19.597 5 0.0 460.894 5.992 42 −6.196 33 0.0 46.095 −0.2

RP3 1.0 −2.0 0.0 0.4 1.0 +2.0 0.0 0.4 0.0

RP4 1.0 −1.0 0.0 1.0 1.0 +1.0 0.0 1.0 0.0

RP5 1.0 0.0 −0.2 1.0 0.5 0.0 +0.2 0.5 0.0

RP6 1.0 0.0 −0.2 1.0 0.5 0.0 +0.2 0.5 0.0

ρρ

1.0

Fig. 8 Density field of the Sod problem (left) and RP2 (right) obtained at times t = 0.2 and t = 0.035
using the new HTC FV scheme on meshes made of 1 536 and 6 144 cells, respectively. The black solid line
corresponds to the exact solution taken from [75]

solution for the Navier-Stokes equations [9, 12, 30]. We define the computational domain
Ω = [−0.5, 0.5] and place the initial shockwave at x = 0.Moreover, the states in front of the
shock are ρ0 = 1, v01 = 2, v02 = v3 = 0, and p0 = 1/γ so the sound speed is c0 = 1 and the
initial data for the distortion field and for the thermal impulse areA = 3

√
ρ I and J = 0. Taking

the remaining parameters of the GPR model as cv = 2.5, ch = cs = 10, μ = 2 × 10−2, and
λ = (

9 + 1
3

)
5 × 10−2, then the shock Reynolds number is Res = ρ0 c0 Ms L μ−1 = 100,

where we have considered the reference length L = 1. The simulation with the new HTC-
FV scheme proposed in this paper is run until time t = 0.25 on a grid of 1 024 cells. In
Fig. 12, we observe an excellent agreement between the numerical results and the reference
Navier-Stokes solution.

4.2.5 Solid Rotor

The solid rotor test case [17] is a classical benchmark for the GPR model in the solid limit.
The initial condition, defined in Ω = [−1, 1]2, reads

ρ = 1, (v1, v2, v3) =
{ (−y

R , x
R , 0

)
if ‖x‖ � R,

0 otherwise,
p = 1, A = I, J = 0.
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Fig. 9 Results for the double rarefaction Riemann problems. Left: classical 123 problem at t = 0.15. Right:
modified double rarefaction test at t = 0.15. The solution obtained using the new HTC FV scheme on a grid
composed of 6 144 cells is represented using squares while the exact solution, see [75], is depicted using a
solid line

Since we are in the solid case, we set τ1 = τ2 = 1020 while the shear sound speed and
the parameter related to the finite speed heat wave propagation are fixed to cs = 1.0 and
ch = 1.0. Finally, we assume transmissive boundary conditions everywhere. The contour plot
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ρ

Fig. 10 Desity and velocity obtained for RP5 at t = 0.2 by solving the GPR model in the stiff relaxation limit
(μ = κ = 5×10−5). The black solid line corresponds to the known exact solution for the compressible Euler
equations, see [75]
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Fig. 11 Density, velocity v2, distortion field component A11 and heat flux J1 of RP6 at t = 0.2 computed
solving the GPR model in the solid limit, τ1 = τ2 = 1020, using the new HTC FV scheme on a grid made
of 6 144 control volumes. A second-order MUSCL-Hancock scheme has been used to obtain the reference
solution on a mesh of 128 000 cells
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Fig. 12 Density ρ, stress σ11, and heat flux h1 obtained for the viscous shock test case using the new HTC
FV scheme

Fig. 13 Contour plots of v1 for the solid rotor problem obtained using the new HTC FV scheme (left) and
reference solution obtained using MUSCL (right)

of v1 obtained at time t = 0.3 on a mesh of 261 121 Cartesian cells is depicted in Fig. 13. The
solution obtained using a classical second order MUSCL-Hancock scheme is also depicted
for comparison.We observe a very good agreement, alsowith the results published previously
in [17].

4.2.6 Lid-Driven Cavity

The lid-driven cavity is a classical test for incompressible flows with a well-known reference
solution [42] and thus may be the optimal candidate to validate the incompressible fluid limit
of theGPRsolver in the lowMachnumber regime, [3, 17, 18, 30].Wedefine the computational
domain Ω = [0, 1]2 with no-slip walls, v = 0, in the lateral and bottom boundaries and a
unitary horizontal lid velocity on the upper boundary, v = (1, 0, 0). Initially the fluid is
considered to be at rest, i.e., v = 0,A = I, and J = 0with ρ = 1 and p = 100. Furthermore,
the model parameters are set to μ = 10−2, cs = 8, ch = 2, and τ2 = 10−2, so the associated
Reynolds and Mach numbers are Re = 100, Ma = 0.08. Figure 14 reports the numerical
solution obtained at t = 10 using the novel HTC-FV scheme on a grid of 65 025 cells andwith
artificial viscosity ε = 10−3. Moreover, a one-dimensional cut fo the velocity components
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Fig. 14 Lid-driven cavity at Reynolds number Re = 100. Results at time t = 10 using the new HTC FV
scheme applied to the GPR model. Contours of v1 (left) and comparison of the velocity with the reference
solution [42] on one-dimensional cuts along the x and y axes (right)

along the mean axis of the domain is depicted together with the reference solution in [42].
An almost perfect match is observed.

4.2.7 Double Shear Layer

Wenowapply theHTC-FVscheme for theGPRmodel to the shear-layer benchmark proposed
in [10] and widely extended to assess compressible flow solvers [3, 17, 18, 30, 73]. The
computational domain is Ω = [0, 1]2, we define periodic boundary conditions everywhere
and the initial condition is defined as

v1 =
{
tanh (ρ̃(y − 0.25)) if y � 0.5,
tanh (ρ̃(0.75 − y)) if y > 0.5,

v2 = δ sin(2πx), v3 = 0,

ρ = 1, p = 102

γ
, A = I, J = 0, δ = 0.05, ρ̃ = 30.

The remaining model parameters are set to μ = 2 × 10−3, cv = 1, cs = 8, ch = 2, and
τ2 = 4× 10−3, leading to a characteristic Mach number of Ma = 10−1. A simulation is run
using the new HTC-FV scheme on a grid made of 4 000 × 4 000 cells up to t = 1.8. The
obtained distortion field component A12 is plotted in Fig. 15 at times t ∈ {0.4, 0.8, 1.2, 1.8}.
See [10, 17, 18, 30, 73] for a qualitative comparison of the obtained results with diverse
numerical schemes and for a more detailed analysis of the flow evolution.

4.3 Turbulent ShallowWater (TSW) Flows

4.3.1 Riemann Problems

We now study the behaviour of the proposed HTC-FV method in the framework of the
turbulent shallow water model (21). To this end, we consider the three Riemann problems
already proposed in [16]whose non-zero initial left and right states and final times are recalled
in Table 6. The computational domain Ω = [0, 1] is discretized at the aid of 56 000 control
volumes for RP1 and 28 000 cells for RP2 andRP3.All simulations are runwith the numerical
viscosity given by (43) with flux limiter [16]. In Figs. 16–18, we report the solution obtained
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Fig. 15 Double shear layer test case: numerical results obtained with the new thermodynamically compatible
cell-centered HTC finite volume scheme presented in this paper and applied to the GPR model of continuum
mechanics setting μ = 2 × 10−3. Distortion field component A12 at times t = 0.4 (top left), t = 0.8 (top
right), t = 1.2 (bottom left), and t = 1.8 (bottom right)

Table 6 Initial left and right states for the Riemann problems RP1–RP3 for the TSW model

Test hL hR vL2 vR2 QL
11 QR

11 QL
12 QR

12 QL,R
22 t

RP1 0.02 0.01 0 0 0.01 0.01 0 0 10−4 0.5

RP2 0.01 0.01 +0.01 −0.01 0.02 0.02 0 0 0.02 10

RP3 0.01 0.01 0 0 0.1 0.1 0.2 0.1 0.1 0.75

using the new HTC-FV scheme for (21), the split scheme proposed in [52] and the results
from a direct numerical simulation (DNS) of the vanishing viscosity limit of the equations on
a sufficiently fine mesh [16]. An excellent agreement is observed between the three schemes
even for the complex wave pattern of RP3, where the discrete thermodynamic compatibility
of the non-conservative hyperbolic equations has shown to be essential to properly capture
all waves.
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Fig. 16 Turbulent shallow water flow: comparison of the numerical solutions obtained with different methods
for Riemann problem RP1 at time t = 0.5: split scheme of [41] using 250 000 elements (solid black line);
fourth-order ADER-DG scheme (N = 3) on 11 200 elements [16] applied to the vanishing viscosity limit of
system (21a)–(21d) with viscosity coefficient ε = 2 × 10−6 (dashed blue line); the new thermodynamically
compatible HTC FV scheme presented in this paper using 56 000 elements (dashed red line)
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Fig. 17 Turbulent shallow water flow: comparison of the numerical solutions obtained with different methods
for Riemann problem RP2 at time t = 10: split scheme of [41] on 100 000 elements (solid black line);
fourth order ADER-DG scheme (N = 3) on 10 200 elements [16] applied to the vanishing viscosity limit of
system (21a)–(21d) with viscosity coefficient ε = 1 × 10−6 (dashed blue line); the new thermodynamically
compatible HTC FV scheme presented in this paper using 28 000 elements (dashed red line)

4.3.2 Roll Waves

As last test, we consider the one-dimensional roll waves benchmark put forward in [41] from
the experimental setup byBrock in [13, 14]. The periodic computational domainΩ = [0, 1.3]
is discretized using 2 000 control volumes. The initial condition reads
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Fig. 18 TSW flow: comparison of the numerical solutions obtained with different methods for Riemann
problem RP3 at time t = 0.5: split scheme of [41] on 250 000 elements (solid black line); fourth-order
ADER-DG scheme (N = 3) on 10 200 elements [16] applied to the vanishing viscosity limit of system (21a)–
(21d) with the viscosity coefficient ε = 2× 10−6 (dashed blue line); the new thermodynamically compatible
HTC FV scheme presented in this paper using 28 000 elements (dashed red line)

h = h0

(
1 + a sin

(
2π

1.3
x

))
, v1 =

√
gh0

C f
tan θ, v2 = 0, Q =

√
1

2
ϕh2I,
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Fig. 19 Comparison of the numerical solution obtained with the new HTC-FV scheme and the experimental
data of Brock [13, 14] for the roll wave test problem at time t = 12.5

where a = 0.05, θ = 0.050 11, h0 = 0.007 98, C f = 0.003 6, Cr = 0.000 35, and
ϕ = 22.76.Moreover,we define ∂x b = tan(θ) and the additional source terms−C f

√
vmvmvi

and− α
hQik

with α = max
(
0, Cr

tr(P)−ϕh2

tr(P2)
‖v‖3

)
, must be incorporated at the right-hand side

of the momentum equation (21b), see [41] and [16] for details. Due to the dissipative source
terms the total energy in the turbulent flow is no longer conserved for this test case. Following
[16], the bottom slope is simply implemented as an algebraic source. To complete the problem
setup, an artificial viscosity of ε = 4 × 10−5 is set.

Thenumerical solutionobtainedwith the newHTC-FVscheme is shown inFig. 19 together
with the experimental profile of Brock documented in [13, 14, 41]. As in [16], the spatial
coordinate of the numerical results has been normalized by the reference length L = 1.3 and
the water depth has been normalized by h0, i.e., we plot h

h0
over x

L . The numerical results
are reported at the final time t = 12.5, i.e., after to two periods of the simulation. Overall,
a good agreement is observed between the numerical results and the experimental reference
data.

5 Conclusion

We have introduced a very simple, efficient, and general extension of the new family of finite
volume schemes based on the thermodynamically compatible Abgrall flux recently presented
in Abgrall et al. [3]. Unlike in previous work [3], the new thermodynamically compatible
numerical flux (40) with (41) forwarded in this paper also directly takes into account the
non-conservative products present in the governing PDE system. In this way, it is no longer
necessary to construct a particular thermodynamically compatible discretization of the non-
conservative terms case by case and specific for each hyperbolic system, as previously done
in [3, 16, 17]. Our new approach is instead totally universal and applies to any overdetermined
first-order hyperbolic system of balance laws of the general form (1) that satisfies an extra
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conservation law of the type (2). Furthermore, unlike in [16, 17] the numerical flux is not
based on path integrals that require expensive and error prone numerical quadrature, but
rather relies on a very simple correction based on the jumps in the main field variables.

A key feature of our scheme is that the total energy conservation is obtained as a conse-
quence of the compatible discretization, while entropy-like variables are discretized directly.

In order to show the performance, simplicity and universality of the new numericalmethod
proposed in this paper, we have applied it to three representative overdetermined hyperbolic
systems: the augmented equations of ideal MHD with thermodynamically compatible GLM
divergence cleaning, the unified first order hyperbolic model of continuum mechanics of the
GPR model and the hyperbolic model of TSW flows of Gavrilyuk et al. In all cases, we
have observed an excellent agreement between the numerical results obtained with our new
method and with available exact, numerical or experimental reference solutions.

Future work will concern the extension to higher order of accuracy in the context of DG
finite element schemes, see [3], and the application of the new scheme to the SHTCmodel of
compressible multi-phase flows of Romenski et al. [55, 65, 66, 68, 74]. The particular chal-
lenge of the model presented in [65, 66, 68] is the presence of multiple entropy inequalities
in the system, but only one scalar total energy conservation law is obtained as a consequence.
Such systems cannot be discretized with standard finite volume schemes currently available
in the literature, while the new approach presented in this paper can in principle be applied
in a straightforward manner to this kind of systems. Furthermore, we also plan to extend
our new scheme to an exactly divergence-free and curl-free method, making use of suitable
staggered meshes. Last but not least, future work may also include the design of differ-
ent thermodynamically compatible vanishing viscosity regularizations and their compatible
discretization.
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