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ABSTRACT Due to the growing demand from modern wireless applications of cost-affordable and
high-gain scanning antenna solutions, the design of large phased arrays (PAs) with radiating elements
organized into modular clusters with sub-array-only amplitude and phase control is a key topic. In this
paper, an innovative irregular tiling method is proposed where, according to a divide-and-conquer strategy,
the antenna aperture is subdivided into sub-areas that are locally domino-tiled by jointly fulfilling the
full-coverage condition on the remaining untiled part of the PA support. Selected representative results,
including comparisons with competitive state-of-the-art synthesis methods, are reported to prove the
effectiveness and the computational scalability for large PAs of the proposed tiling approach. Use-cases
of current relevance for low Earth orbit (LEO) satellite communications are discussed, as well, to provide
the antenna designers useful practical guidelines for handling large PAs.

INDEX TERMS Phased array, large array antenna, sub-array, tiling, domino, optimization-based synthesis,
satellite communications.

I. INTRODUCTION

PHASED array (PA) antennas are nowadays a widespread
technology, but still complex and expensive for space-

based communication services based on low-orbit satellites.
Indeed, antenna solutions for fixed/mobile ground stations
or in space satellites [1] require wide beam steering angles
and high gains, while large apertures, filled by thousands
of radiating elements, imply too high implementation costs.
An effective way to reduce the PA architecture complexity,
the antenna weight, and the power consumption is that of

making the array layout highly modular so that the antenna
fabrication and its deployment become easier, scalable [2],
and the number of amplifiers and phase shifters is reduced,
as well. Towards this end, unconventional PAs (e.g., clustered
layouts) have been deeply investigated [3] even though the
reduction of the amplitude and phase controls generally
causes the appearance of grating lobes and the presence of
high quantization lobes, whose intensity and number grow
with the average electrical size of the clusters and the scan
angle [4], [5], [6]. To cope with these problems, the aperiodic
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arrangement of the sub-array phase centers turns out to be
a reliable strategy as proven in the seminal works [4], [7].
Therefore, several approaches to the synthesis of irregularly
clustered arrays have been proposed [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22]
where polyomino shaped tiles [8], [9], [10], [11], [12], [13],
tile panels characterized by sparse [14] or clustered [15]
arrangements of the array elements within the tiles, flipped
regular sub-arrays [16], diamond or Penrose-inspired sub-
array partitions [17], [18] or different tile sizes [19] have
been used.
In the recent literature, the most investigated polyomino

shape is the domino one [11], [12], [13], [20], [21], [22]
where two elementary pixels are horizontally or vertically
grouped in a rectangular shape. A domino building block
presents several positive features such as the full coverage
of rectangular as well as arbitrary orthogonal-polygon like
apertures [12], while affording sub-array layouts suitable
for an easy fabrication and assembly. Moreover, domino
tiling avoids half transmit-receive modules (TRMs) of a
fully-populated (FP) array still guaranteeing an adequate
clustering ratio for fulfilling challenging radiation require-
ments. Furthermore, only two types of tiles, namely the
vertical domino and the horizontal one, are needed to fit user-
desired polarization states, unless the circular polarization
case for which the dominoes can be all equal [11].
Dealing with domino clustering, customized tiling theo-

rems have been introduced to state the necessary conditions
for the full coverage of the antenna aperture in case of rect-
angular [11] and arbitrary orthogonal-polygon [12] arrays.
Enumerative [11] or optimization-driven [12] techniques
have been developed for determining the best tiling when
dealing with small- or medium-size arrays, respectively.
Moreover, domino-tiled PAs with time-dependent control
points [13] have been proposed, as well, or the maximization
of the peak directivity [21], [22] has been yielded by
means of entropy-based optimization techniques. However,
all these methods suffer either a slow convergence or too
high computational costs since not scalable for addressing
the synthesis of very large arrays, which is the typical case of
modern satellite services where stringent regulatory pattern
masks need to be satisfied and high gains are required.
Despite the use of arbitrary polyominoes and without any

restriction on the number of copies of each tile shape, only
small- and medium-size PAs have been optimally synthesized
in [23] by means of an exact method based on a branch-and-
bound strategy. Otherwise, heuristic approaches have been
implemented to handle wider PAs, but yielding sub-optimal
tile arrangements.
This paper deals with the synthesis of large PAs with

domino tiles by means of an innovative computationally-
scalable method based on a ”divide and conquer” strategy.
Starting from a reference FP array layout, the antenna
aperture is partitioned into multiple and contiguous smaller
sub-regions that are iteratively domino tiled, in optimal way
through analytic rules, by still fulfilling the full-coverage

(i.e., without holes) condition on the untiled remaining part
of the array [24]. To enhance the irregularity of the arising
tilings, thus enabling enhanced radiation performance thanks
to a more exhaustive exploration of the solution space, soft
boundaries have been implemented among adjacent sub-
regions to allow the inclusion in a domino of two radiating
elements not belonging to the same partition.
To the best of the authors’ knowledge, the main novelties

of our research work over the existing literature comprise
(i) a customized method for the optimal tiling of large
PAs using domino-shaped sub-arrays where, according to
a divide-and-conquer strategy, the antenna aperture of a
reference FP PA is subdivided into small and contiguous
regions that are locally tiled, while the radiation performance
on the whole array layout are evaluated, (ii) a suitable
use of analytic theorems for determining, sequentially and
exploiting soft-boundary concepts, the optimal tiling of each
sub-aperture by jointly fulfilling the full coverage condition
for the remaining untiled area of the PA aperture, and (iii)
the derivation of engineering guidelines for the use of the
proposed method to handle large PAs.
The rest of the paper is organized as follows. The

mathematical formulation of the synthesis of domino-tiled
arrays is summarized in Section II by firstly defining the
tiling problem at hand (Section II-A) and then (Section II-B)
describing the proposed “divide and conquer” tiling method.
Representative numerical examples, including benchmark
comparisons with competitive state-of-the-art tiling methods
and test cases of current practical relevance in LEO satcom
applications, are reported in Section III. Eventually, some
conclusions and final remarks are drawn (Section IV).

II. MATHEMATICAL FORMULATION
A. PROBLEM FORMULATION
Let us consider a planar rectangular PA with radiating
elements arranged on a rectangular lattice laying on the
(x, y)-plane, dx and dy being the inter-element spacing along
the x- and the y- axis, respectively (Fig. 1). Each element
is assumed to belong to a square unit cell, namely a pixel,1

such that the antenna aperture A turns out composed of M
columns and N rows, either M or N being even to fulfill
the full-coverage condition of A with domino tiles [11]. The
EM field radiated in far-field by the array is given by

F(u, v) =
M∑

m=1

N∑

n=1

gmn(u, v)wmnej
2π
λ (xmu+ynv) (1)

where gmn(u, v) is the active/embedded element pattern [5]
of the (m, n)-th (m = 1, . . . ,M; n = 1, . . . ,N) radiating
element centered at (xm, yn) with complex excitation wmn
(wmn = αmnejβmn , αmn and βmn being the corresponding
amplitude and phase coefficient, respectively). Moreover, λ

1For the sake of notation simplicity, each pixel is supposed to include
only one radiating element. However, each pixel is a logical unit cell that
can include one or more radiating elements without loss of validity of the
proposed tiling method.
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FIGURE 1. Sketch of a domino-tiled PA layout.

is the wavelength at the antenna carrier frequency, u =
sin θ cos φ and v = sin θ sin φ are the cosine angular
directions, (θ , φ) being the angular variables.

To simplify the array architecture, the M × N array
elements are clustered into Q (Q � M×N

2 ) domino tiles
so that each pixel belongs to a domino and the aperture
A is entirely covered. At the sub-array level, each tile is
connected to a single TRM (Fig. 1) and the equivalent (m, n)-
th (m = 1, . . . ,M; n = 1, . . . ,N) element-level excitation
can be expressed in terms of the q-th (q = 1, . . . ,Q) sub-
array weight as follows

wmn =
Q∑

q=1

δcmnqαqe
jβq (2)

(ŵ being the corresponding complex excitation vector, ŵ �
{wmn; m = 1, . . . ,M; n = 1, . . . ,N}) where α = {αq; q =
1, . . . ,Q} and β = {βq; q = 1, . . . ,Q} are the real sub-array
amplitude and phase Q-vectors, respectively, δcmnq is the
Kronecker delta function equal to δcmnq = 1 when the (m, n)-
th (m = 1, . . . ,M; n = 1, . . . ,N) element belongs to the q-th
(q = 1, . . . ,Q) domino (cmn = q), while δcmnq = 0 otherwise
(cmn �= q), c = {cmn; m = 1, . . . ,M; n = 1, . . . ,N} being
the array partitioning vector encoding the aggregation of the
M × N array elements into the Q dominoes.
The synthesis of domino-tiled PAs can be then stated as

follows:
Domino-Tiled PA Synthesis - Given an array
aperture A of M × N elements, determine the
optimal clustering, copt, of the array elements into
Q domino sub-arrays and the sets of sub-array
amplitudes, αopt, and phases, βopt, that minimize
the pattern matching function

	(c) �
∫



[P(u, v)−�(u, v)]×H{P(u, v)−�(u, v)}dudv∫



�(u, v)dudv
(3)

where P(u, v) (P(u, v) � |F(u, v)|2) is the power
pattern radiated by the domino-tiled PA, �(u, v) is
a positive upper-bound mask defined by the user
over the angular domain 
 (
 � {(u, v) | u2+v2 ≤
1}), and H is the Heaviside step function.

Such a synthesis problem is handled in Section II-B by
means of an innovative method suitable for large PAs, as
well.

B. DIVIDE AND CONQUER TILING METHOD
The synthesis of domino-tiled PAs has been already
addressed in [11] by means of an exhaustive tiling strategy,
named enumerative tiling method (ETM), able to find
the optimal solution since iteratively exploring the whole
solution space of the T admissible clustered configurations,
C = {c(t); t = 1, . . . ,T}. Unfortunately, the ETM is
realistically applicable only to small arrays because of its
computational cost. Therefore, the optimization-based tiling
method (OTM) has been proposed in [11] to deal with the
synthesis of wider arrays thanks to the effective sampling
of the solution space yielded by an ad-hoc method based
on a schemata-driven Genetic Algorithm (GA). However, the
synthesis of bigger domino-tiled PAs, including thousands
of radiating elements, turns out to be unaffordable for the
OTM, as well. To overcome the dimensionality limitation
of current tiling techniques, we propose the divide-and-
conquer tiling method (DCTM), which is aimed at providing
suitable trade-offs between the optimality of the synthesized
tiling and the required computational burden. Towards this
end, the antenna aperture A of a reference FP-PA is first
partitioned into I smaller sub-apertures, {S(i); i = 1, . . . , I}
such that A =⋃I

i=1 S(i) and S(i) ∩S(j) = 0 (i, j = 1, . . . , I;
i �= j). Then, each i-th (i = 1, . . . , I) array sub-region, S(i),
is progressively tiled using dominoes and assuming soft-
boundaries with the adjacent partitions to build dominoes
with two close radiating elements, but not exactly laying in
the same S(i).
More in detail, the DCTM is implemented through the

sequence of the following steps:

STEP 1 - ARRAY APERTURE SETUP AND REFERENCE
PATTERN SELECTION

• Step 1.1 - Array Aperture Setup. Let the pixels of
the aperture A be mapped in the checkerboard pattern
shown in Fig. 2(a). By grouping the set of external and
internal vertices into the vectors v̄ = {v̄b; b = 1, . . . ,B}
[B � 2×(M+N)] (v̄b ∈ ∂A, ∂A being the periphery of
A) and v = {vl; l = 1, . . . ,L} [L � (M−1)× (N−1)],
respectively, let (vl, vr) be a generic edge connecting
the vertex vl to the vertex vr and let us assume the edges
of the white(grey) pixels oriented clockwise(counter-
clockwise) [Fig. 2(a)];

• Step 1.2 - Height Function Computation. For each
b-th (b = 1, . . . ,B) external vertex, v̄b, compute the
corresponding value of the height function (HF), h̄b
(h̄b � h(v̄b) → h̄ = {h̄b; b = 1, . . . ,B}) [25] by
nullifying the HF value of the first (b = 1) vertex on
the top left corner of the aperture (h̄b|b=1 = 0) and
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FIGURE 2. Illustrative Example (M = N = 12) - Sketch of (a) the checkerboard
pattern of the array aperture A together with the external/internal vertices and the
edges and (b) the minimal (domino) tiling of A including the values of the HF on the
vertices.

FIGURE 3. Illustrative Example (M = N = 12; I = 9) - Sketch of the partition of the
array aperture A into I sub-areas, {S(i) ; i = 1, . . . , I}.

then determining the HF values of the remaining B−1
vertices (b = 2, . . . ,B) as follows

h̄b =
{
h̄b−1 + 1 if ∃ (v̄b−1, v̄b)
h̄b−1 − 1 if ∃ (v̄b, v̄b−1)

(4)

[Fig. 2(b)];
• Step 1.3 - Minimal Tiling Definition. Define the minimal
tiling solution, c(t)|t=1, and the associated HF values
of the internal vertices, h(1) = h(c(1)) [h = {hl; l =

FIGURE 4. Illustrative Example (M = N = 12; i = 1) - Sketches of the partition of A
under DCTM domino-tiling, S(i) , the area to be tiled, R(i) , and the remaining area, D(i)

(D(i) � R(i) − S (i) ).

1, . . . ,L}, hl � h(vl)] [Fig. 2(b)] according to the
Algorithm B1 in [11];

• Step 1.4 - Aperture Partitioning. Split the aperture A
into I partitions, {S(i); i = 1, . . . , I}, of equal size
M̂× N̂ (M̂ ≤ M and N̂ ≤ N) such that (Mmod M̂) = 0
and (N mod N̂) = 0, mod being the modulo operation
(e.g., Fig. 3 - M = N = 12, M̂ = N̂ = 4, I = 9).
The coordinates of the (r, s)-th (r = 1, . . . , M̂; s =
1, . . . , N̂) pixel of the i-th (i = 1, . . . , I) sub-aperture,

S(i), are (xm̂r , ŷns) where m̂r = r+(i−1−	(i−1)× M̂
M 


M̂
M

)×M̂
and n̂s = s + 	(i − 1) × M̂

M 
 × N̂, 	·
 being the floor
function;

• Step 1.5 - Reference Pattern Selection. Define the set
of M × N amplitude, αref = {αrefmn; m = 1, . . . ,M; n =
1, . . . ,N}, and phase, βref = {βrefmn ; m = 1, . . . ,M; n =
1, . . . ,N}, coefficients (→ wref = {wrefmn; m = 1, . . . ,M;
n = 1, . . . ,N}, wrefmn � α

ref
mnejβ

ref
mn ) of the FP array

affording a reference pattern, Pref (u, v), compliant with
the user-defined requirements coded by �(u, v);

STEP 2 - DIVIDE-AND-CONQUER DOMINO TILING
OPTIMIZATION

• Step 2.1 - Initialization. At the first (i = 1) iteration of
the DCTM, set .R(i)
i=1 = A [R(i) (i = 1, . . . , I − 1)

being the untiled area of A, R(i) � A−∑i−1
j=1 S(j)] and

ŵ = ∅ since the whole aperture has to be tiled and no
domino clusters have been used yet, respectively;

• Step 2.2 - S(i) Sub-Aperture Tiling. To generate tiled
configurations not only confined to S(i), but with
dominoes that can potentially exceed the boundary
between S(i) and the remaining part of A to be
processed, D(i) (D(i) � A−∑i

j=1 S(j) → D(i) = R(i)−
S(i)) [light yellow region in Fig. 4 (i = 1) and Fig. 5
(i = 2)], consider not only the internal vertices of S(i),
but also those laying on the boundary between S(i) and
D(i), v̂ = {v̂l; l̂ = 1, . . . ,L(i)} [blue color dots in Fig. 4
(i = 1) and Fig. 5 (i = 2)]. Then, if the condition

η ≤ ηth (η �
√

M̂×N̂
M×N and ηth being a user-defined
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FIGURE 5. Illustrative Example (M = N = 12; i = 2) - Sketches of the partition of A
under DCTM domino-tiling, S(i) , the area to be tiled, R(i) , and the remaining area, D(i)

(D(i) � R(i) − S (i) ).

switching threshold) holds true, use the enumerative
DCTM (E-DCTM) strategy:

– Assign to the vertices v̂, the HF values, ĥ(1) =
{h(1)

l̂
; l̂ = 1, . . . ,L(i)}, of the minimal tiling, h(1)

(i.e., h(1)

l̂
= h(1)(vl→̂l) (̂l = 1, . . . ,L(i); l =

1, . . . ,L), where the notation l → l̂ indicates the
l-th pixel in A that corresponds to the l̂-th one in
S(i));

– Exhaustively generate all (i.e., including the layouts
with dominoes overlapping the soft boundaries of
S(i), as well) tilings of S(i), Ĉ = {c(̂t); t̂ =
1, . . . ,T(i)} according to the ETM method [11];

– Check the admissibility of each t̂-th (̂t =
1, . . . ,T(i)) trial domino arrangement c(̂t) by verify-
ing the “Admissibility Condition”, that is, whether
R(i+1) can be fully covered with dominoes accord-
ing to the procedure developed for orthogonal
polygon-shaped apertures [12, Sec. 2.A]. If R(i+1)

is not tileable and t̂ �= T(i), skip to the next
clustering (̂t→ t̂+1), otherwise (i.e., R(i+1) turns
out to be tileable) set ĉ← c(̂t) and determine the
sub-array excitation vector ŵ by computing the q-th
(q = 1, . . . ,Q(i)) entry of α̂(β̂) as the average
of the reference FP amplitude(phase) coefficients
belonging to the Q(i) dominoes placed within S(i)

(
α̂q

β̂q

)
= 1

2

M̂+1∑

r=1

N̂+1∑

s=1

(
α
ref
m̂rn̂s

β
ref
m̂rn̂s

)
δcm̂r n̂s q. (5)

Update the equivalent element-level excitations as
follows

wmn =
{∑Q(i)

q=1 α̂qejβ̂qδcmnq if (xm, yn) ∈ S(i)

α
ref
mnejβ

ref
mn if (xm, yn) ∈ R(i+1)

(6)

(m = 1, . . . ,M; n = 1, . . . ,N). Given ĉ, α̂, and
β̂, compute the value of 	̂ [	̂ � 	(ĉ) = 	(c(̂t))]
with (3);
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FIGURE 6. Numerical Validation (M = N = 8, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg] [→ (u0, v0) = (0, 0)]) - Plots of (a) the power pattern mask, �(u, v),
(b) the amplitude distribution of the reference excitations, αref , and (c) the reference
power pattern, P ref (u, v), in the (u, v)-domain �.

Otherwise, run the Optimization-Based DCTM
(O-DCTM) technique:

– Set the initial (k = 0, k being the iteration index)
P-size population, Ĉ(k) = {c(k)

p ; p = 1, . . . ,P},
according to the schemata-driven strategy in [11];

– Iteratively (k = 1, . . . ,K − 1) generate P trial
and admissible (i.e., check the ”Admissibility
Condition”) clusterings by applying the integer-
coded GA operators [17], [19]. For each p-th (p =
1, . . . ,P) tiling, set t̂ = (k−1)×P+p and ĉ← c(̂t)

to determine α̂ and β̂ as well as ŵ according to (5)
and (6), respectively2;

• Step 2.4 - Optimal S(i)-Tiling Selection. Define the i-th
(i = 1, . . . , I) optimal domino-tiling, cbest, as the one
with the minimum value of the cost function obtained
so far (cbest = arg{ min̂t=1,...,T(i) [	(c(̂t))]});

• Step 2.5 - Sub-Aperture Area Update. Update the (i+1)-
th aperture area to be tiled, R(i+1)← R(i), by removing
the pixels covered by the optimal solution found at Step
2.4, cbest (Fig. 5). If the apertureA is fully tiled (i.e., i =
I and R(i+1) = ∅), stop the iterative process and output
the final array layout, copt = cbest. Otherwise, increase
the DCTM iteration index (i← i+1), consider the new
partition S(i) to be clustered according to the raster-scan
scheme shown in Fig. 2 [e.g., Fig. 5 (i = 2)], and goto
Step 2.2.

III. NUMERICAL ASSESSMENT
This section is devoted to assess the reliability of the DCTM
as well as its effectiveness to handle large PAs. The first

2The number of tilings generated at the i-th (i = 1, . . . , I) O-DCTM
iteration is equal to T(i)

O−DCTM = P×K, thus the total number of domino-
clusterings processed by the O-DCTM turns out to be TO−DCTM = I×P×K.
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FIGURE 7. Numerical Validation (M = N = 8, Isotropic Elements, dx = dy = λ
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(θ0, φ0) = (0, 0) [deg]) - Behavior of the value of the pattern matching function, 	,
versus (a) the “sorted” solution index t (1 ≤ t ≤ T ) and (b) the E-DCTM iteration index
i (i = 1, . . . , I; I = 16).

numerical example is then aimed at validating the DCTM by
comparing its performance with that one of the ETM [11]
when tiling small-size PAs so that this latter method can be
executed in a feasible amount of time. More specifically,
a square (M = N) array of M × N = 8 × 8 equally-
spaced (dx = dy = λ

2 ) isotropic (i.e., gmn(u, v) = 1√
2
(̂u +

v̂); m = 1, . . . ,M; n = 1, . . . ,N) elements has been
considered. By choosing the power pattern mask �(u, v) as
in Fig. 6(a), the reference amplitude coefficients, αref , in
Fig. 6(b) have been computed with the convex programming
(CP) optimization strategy in [26]. The phase terms have
been set to 0 (βref = 0) since the mask is symmetric
as well as broadside directed, thus real-valued reference
excitations are enough for affording the pattern Pref (u, v)
in Fig. 6(c), which fulfils the radiation requirements at hand
[i.e., Pref (u, v) ≤ �(u, v)]. The ETM [11] has then been
applied and the whole set of T = 1.29 × 107 different
domino-clustered configurations, C, has been generated by
computing the corresponding cost function values, {	(t) �
	(c(t)); t = 1, . . . ,T}, with (3), as well. Running the ETM
on a computer equipped with an Intel 2.10 GHz Xeon CPU
and 64 Gb of RAM, the global optimal tiling, coptETM (coptETM =
cmin, cmin � arg{mint=1,...,T [	(c(t))]}) [Fig. 9(b)], has been
found in τETM ≈ 22 [days]. Figure 7(a) shows the behavior
of 	(t) (3) versus the solution index sorted from that of
the worst tiling cmax (cmax � arg{maxt=1,...,T [	(c(t))]}) to
that of the best one cmin, the minimum value of the cost
function 	min [	min � 	(cmin)] at coptETM being equal to

FIGURE 8. Numerical Validation (M = N = 8, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]; E-DCTM - ̂M × ̂N = 2 × 2 → I = 16) - Sketch of cbest at the i-th
E-DCTM iteration: (a) i = 1, (b) i = 3, (c) i = 8, and (d) i = 14.

	
opt
ETM = 1.14 × 10−3. Afterwards, the E-DCTM has been

used on the same benchmark by setting the size of the
partitions, {S(i); i = 1, . . . , I}, to M̂ × N̂ = 2 × 2 such
that I = 16. With reference to a non-optimized software
implementation of the procedure detailed in Section II-B, the
E-DCTM ended in τE−DCTM ≈ 28 [sec] after TE−DCTM = 47
(TDCTM �

∑I
i=1 T

(i)) evaluations of the cost function (3) by
allowing an impressive computational saving with respect to
the ETM (i.e., τETM

τE−DCTM ≈ 68 × 103 and TETM
TE−DCTM ≈ 25 ×

103). More important, the cost function value, 	
opt
E−DCTM , of

the (E-DCTM)-optimized layout, coptE−DCTM [Fig. 9(c)], turns
out to be almost coincident with the global optimum one
[i.e., 	

opt
E−DCTM = 1.17 × 10−3 vs. 	

opt
ETM = 1.14 × 10−3 -

Fig. 7(a)], the gap being very small (i.e., |	ETM−	E−DCTM |
	E−DCTM ≈

3%). Such a slight deviation is pictorially pointed out by the
plots of the corresponding power patterns in Figs. 9(d)-9(e)
together with theirs cuts along the principal planes, φ = 0
[deg] (v = 0) and φ = 90 [deg] (u = 0), in Fig. 9(a). For
the sake of completeness, the power pattern features, namely
the sidelobe level (SLL), the peak directivity (D), and the
half-power beam-width (HPBW) along the principal planes
for both the ETM-tiled arrays and the reference FP one are
reported in Tab. 1. As it can be inferred, the SLL of the
E-DCTM pattern is 7.05 [dB] higher than that of the refer-
ence one, but it deviates only 0.51 [dB] from that of the ETM
solution (Tab. 1).

As for the behavior of the E-DCTM synthesis process,
it is interesting to observe in Fig. 7(b) that the mask
matching metric (3) gets worse during the I loops since the
single elementary radiators of the initial FP array layout
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TABLE 1. Numerical validation (M = N = 8, isotropic elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]) - performance indexes.

FIGURE 9. Numerical Validation (M = N = 8, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg] [→ (u0, v0) = (0, 0)]) - Plots of (a) the normalized power pattern,
P(u, v), along the principal planes v = 0 (i.e., φ = 0 [deg]) and u = 0 (i.e., φ = 90
[deg]), (b)(c) the amplitude distribution of the clustered excitations, α, and (d)(e)
P(u, v) in the (u, v)-domain � synthesized with (b)(d) the ETM and (c)(e) the E-DCTM
(̂M × ̂N = 2 × 2 → I = 16).

are sequentially replaced by domino clusters as illustrated in
Fig. 8.
The second example is aimed at comparing the DCTM

with other competitive state-of-the-art tiling techniques
available in the reference literature. Towards this end, the
problem of domino-tiling a rectangular array of M × N =
22× 12 elements, addressed in [11], [21], has been selected
as benchmark. In [11], [21], the excitations of the FP
reference array have been defined by considering separable
distributions and a Dolph-Chebyshev pattern [5], [27] with
SLL = −20.0 [dB] to afford a power pattern, Pref (u, v),
with main-lobe pointing towards broadside [i.e., (u0, v0) =
(0, 0)]. For the sake of comparison, while taking into account
the trade-off relationship between SLL and HPBW [5], [6],
the power mask �(u, v) has been tailored to force the
synthesis of a pattern with HPBW values smaller or at
most equal to those of the reference solutions in [11], [21]
since - unlike (3) - the goal there was the design of a

FIGURE 10. Comparative Assessment (M = 22, N = 12, Isotropic Elements,
dx = dy = λ

2 , (θ0, φ0) = (0, 0) [deg] [→ (u0, v0) = (0, 0)]; E-DCTM - ̂M × ̂N = 2 × 2 →
I = 66) - Plots of (a) the amplitude distribution of the clustered excitations, α

opt
E−DCTM ,

and the corresponding normalized power pattern, PE−DCTM (u, v), (b) in the
(u, v)-domain � and (c) along the principal planes v = 0 (i.e., φ = 0 [deg]) and u = 0
(i.e., φ = 90 [deg]).

domino-tiled layout with minimum SLL. By keeping the
same A-partitioning setup of the previous test case (i.e.,
M̂ × N̂ = 2 × 2), the layout outputted at the convergence
of the E-DCTM synthesis is shown in Fig. 10(a) as a color
map of the amplitudes of the tiles, α̂

opt
E−DCTM , while the

corresponding radiated power pattern in 
 and the pattern
cuts along the principal planes are given in Fig. 10(b) and
Fig. 10(c), respectively. It is worth noticing that the SLL of
the (E-DCTM)-tiled array turns out to be very close to that of
the solutions in [11], [21] (i.e., SLLE−DCTM−SLL[Anselmi 2017]
= SLLE−DCTM−SLL[Yang 2021] = 0.22 [dB] - Tab. 2) despite
the DCTM synthesis is not carried out at a time over the
whole aperture A. Moreover, once again, the computational
cost of the divide and conquer strategy turns out to be lower
(
τ[Anselmi 2017]

τE−DCTM ≈ 482 and
τ[Yang 2021]
τE−DCTM ≈ 1.5 - Tab. 2).

Open questions in using the DCTM are the optimal choice
of the partition size, M̂× N̂, as well as that of the threshold
ηth for using either the E- or the O- version of the DCTM.
It is clear that these parameters define the trade-off between
the overall computational burden and the effective sampling
of the T-size solution space (i.e., the possibility to reach the
optimal admissible tiling of the array aperture or domino
layouts very close to it). On the other hand, they are also
strongly connected. In order to derive suitable guidelines for
the setup of such calibration parameters, the performance of
both the E-DCTM and the O-DCTM have been evaluated by
choosing a square (M = N) aperture A of M×N = 24×24
λ
2 -spaced elements partitioned into I square (M̂ = N̂) sub-

areas, while varying η subject to the condition M̂
M = N̂

N

(→ η = M̂
M = N̂

N ). The power mask �(u, v) has been set as
shown in Fig. 12 and the FP reference array, whose radiation
indexes are reported in Tab. 3, has been generated with
the CP method [26]. As for the O-DCTM, the GA control
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TABLE 2. Comparative assessment (M = 22, N = 12, isotropic elements, dx = dy = λ
2 , (θ0, φ0) = (0, 0) [deg]) - performance indexes.
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FIGURE 11. Numerical Assessment (M = N = 24, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]) - Behavior of (a) the optimal value of the pattern matching
function, 	opt , and the number of cost function evaluations, TDCTM , versus η and (b)
the indicator function χ� versus the partition aspect ratio �.
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FIGURE 12. Numerical Assessment (M = N = 24, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg] [→ (u0, v0) = (0, 0)]) - Plots of the normalized power pattern
P(u, v) along (a) the v = 0 (i.e., φ = 0 [deg]) and (b) the u = 0 (i.e., φ = 90 [deg])
planes.

parameters have been set according to [28]: P = 3× M̂× N̂,
pc = 0.9 (pc being the crossover probability), pm = 0.01
(pm being the mutation probability), and K = 1000 [→
T(i)
O−DCTM = 3000× M̂ × N̂ (i = 1, . . . , I)].
The results of such an analysis are summarized in

Fig. 11(a) where the behavior of 	opt and T versus η

are reported. By just observing the slope of TE−DCTM in

TABLE 3. Numerical assessment (M = N = 24, isotropic elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]) - performance indexes.

Fig. 11(a), it is evident that the E-DCTM can efficiently
handle only very small partitions of A. For instance, the
number of cost function evaluations when η = 0.25 (→
M̂ × N̂ = 6 × 6 and I = 3) is very huge (i.e., TE−DCTM >

8×105 - Tab. 3). Differently, the CPU-time for the O-DCTM
synthesis is feasible also for wider sub-apertures [i.e., η >

0.25 - Fig. 11(a)] and the arising tilings (Fig. 14) optimally
fulfill the mask constraints (	

opt
O−DCTM ≤ 6.0×10−6 - Fig. 12

and Tab. 3). It is also worth pointing out that even when
η ≤ 0.25, the O-DCTM performs closely to the E-DCTM
by synthesizing different tiled configurations (Fig. 13), but
similar in terms of radiated power patterns (Fig. 12 - Tab. 3).
Accordingly, the switching threshold has been set to ηth =
0.25.
As for the calibration of the partitions size, M̂ × N̂, the

following metric

χ� = 1

2

⎧
⎨

⎩
	
opt
�

max�

[
	
opt
�

] + T�

max�[T�]

⎫
⎬

⎭ (7)

has been considered as an indicator function and its
behaviour versus the partition aspect-ratio � (� � M̂×N̂

M×N )

has been analyzed. Figure 11(b) shows that the minimum
of χ� arises when � = 1

16 , thus the value �opt = 1
16 (→

(M̂× N̂)opt = M×N
16 ) has been chosen for the optimal sizing

of the I partitions, {S(i); i = 1, . . . , I}, of the aperture A.
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FIGURE 13. Numerical Assessment (M = N = 24, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]) - Sketch of the domino tiling copt synthesized with (a)(b)(c) the
E-DCTM and (d)(e)(f ) the O-DCTM when (a)(d) η = 1

12 , (b)(e) η = 1
6 , and (c)(f ) η = 1

4 .

FIGURE 14. Numerical Assessment (M = N = 24, Isotropic Elements, dx = dy = λ
2 ,

(θ0, φ0) = (0, 0) [deg]; O-DCTM) - Sketch of the domino tiling copt
O−DCTM when (a) η = 1

3 ,
(b) η = 1

2 , and (c) η = 1.

The next experiments are concerned with the synthesis of
very large PAs for high-data rate up-link communications
between Earth stations on mobile platforms (ESOMP) and
LEO satellites. These antenna systems require a value of
the effective isotropic radiated power (EIRP) [5], E(θ, φ)

(E(u, v) � ϒ
4πP(u,v)∫



P(u,v)√
1−u2−v2

dudv
, ϒ being the input power),

when pointing towards broadside, (θ0, φ0) = (0, 0) [deg],
greater than 46.0 [dBW] (EdB(θ0, φ0) > 46.0 [dBW],
EdB(θ0, φ0) � 10 × log [EdB(θ0, φ0)]) and the possibility
to steer the beam up to θmax = 60 [deg] from broadside.
Moreover, the EIRP pattern must fit the ETSI EN-303-
978 mask [29], �ETSI(θ, φ), in the whole scanning cone
(i.e., 0 ≤ θ ≤ θmax and 0 ≤ φ < 360 [deg]). For illustrative
purposes, the color maps of �ETSI(u, v) when pointing the
main beam towards broadside [i.e., (u0, v0) = (0, 0)] and
along (θ0, φ0) = (60, 0) [deg] [→ (u0, v0) = (

√
3

2 , 0)] are
shown in Fig. 15(a) and Fig. 15(b), respectively.

Given these requirements, the reference FP array has been
defined to guarantee the absence of grating lobes within the
visible range, 
, whatever the main-lobe pointing direction,
and to generate an EIRP pattern, E(θ, φ), compliant with the
ETSI masks, �ETSI(θ, φ), when steering up to the maximum
scan angle (0 ≤ θ ≤ θmax and 0 ≤ φ < 360 [deg]).

FIGURE 15. Numerical Assessment (M = N = 80, Directive Elements,
dx = dy = 0.52λ) - ETSI mask, �ETSI (u, v), when the main-lobe is pointed at (a)
broadside (i.e., (u0, v0) = (0, 0) → (θ0, φ0) = (0, 0) [deg]) and (b) (u0, v0) = (

√
3

2 , 0) ( →
(θ0, φ0) = (60, 0) [deg]).
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FIGURE 16. Numerical Assessment (M = N = 80, Directive Elements,
dx = dy = 0.52λ, (θ0, φ0) = (0, 0) [deg] → (u0, v0) = (0, 0); O-DCTM - ̂M × ̂N = 20 × 20 →
I = 16) - Pictures of (a) the sketch of the domino tiling copt

O−DCTM and the corresponding
EIRP pattern, EO−DCTM (u, v), (b) in the (u, v)-domain � and (c) along the principal
planes v = 0 (i.e., φ = 0 [deg]) and u = 0 (i.e., φ = 90 [deg]).

Accordingly, the FP layout turned out to be composed of
M × N = 80 × 80 elements spaced by dx = dy = 0.52λ

and uniformly fed (i.e., α
ref
mn = 1.0; m = 1, . . . ,M; n =

1, . . . ,N). Moreover, the (m, n)-th (m = 1, . . . ,M; n =
1, . . . ,N) phase reference value (5) has been set to

βrefmn = −
2π

λ
(xmnu0 + ymnv0). (8)

Furthermore, by assuming each (m, n)-th (m = 1, . . . ,M;
n = 1, . . . ,N) radiating element to have an element pattern

equal to gmn(u, v) = 4
√

1−u2−v2

2 (û + v̂), the peak directivity
of the reference antenna is equal to DdB = 40.32 [dBi]
(DdB � 10 × logD) at the maximum scan (Tab. 4). Thus,
since the EIRP pattern is given by E(θ, φ) = ϒ × D(θ, φ),
the value of ϒ has been set to ϒ = 4 [W] (i.e., ϒdB = 6
[dBW]) for fulfilling the ETSI requirement on the EIRP.

Owing to the array size (M × N = 6400 elements), the
cardinality of the solution space composed by the whole
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FIGURE 17. Numerical Assessment (M = N = 80, Directive Elements,
dx = dy = 0.52λ; O-DCTM - ̂M × ̂N = 20 × 20 → I = 16) - Plots of (a)(b) the phase
distribution of the clustered excitations, β

opt
O−DCTM , and the corresponding EIRP pattern,

EO−DCTM (u, v), (c)(d) in the (u, v)-domain � and (e)(f ) along the principal planes v = 0
(i.e., φ = 0 [deg]) and u = 0 (i.e., φ = 90 [deg]) when pointing the beam towards
(a)(c)(e) (u0, v0) = (

√
3

2 , 0) ( → (θ0, φ0) = (60, 0) [deg]) and (b)(d)(f ) (u0, v0) = (0,
√

3
2 ) ( →

(θ0, φ0) = (60, 90) [deg]).

set of T admissible domino tilings of A is very huge
(T ≥ 1.0 × 10200) and an exhaustive search with either
the ETM or its divide-and-conquer version (E-DCTM) as
well as the application of the OTM [11] would have been
computationally unfeasible. Therefore, the O-DCTM has
been used by setting �opt = 1

16 so that the size of the
partitions of the array aperture resulted M̂× N̂ = 20×20. In
less than 2 days (i.e., τO−DCTM ≈ 46 [hours]), the irregular
domino tiled configuration coptO−DCTM shown in Fig. 16(a)
has been synthesized. Such a layout generates the EIRP
patterns in Figs. 16(b)-16(c) towards broadside and those
in Fig. 17(c)-17(e) and Fig. 17(d)-17(f ) when steering the
beam at (θ0, φ0) = (60, 0) [deg] and (θ0, φ0) = (60, 90)

[deg], respectively. As for these two latter cases, the phase
excitations, β

opt
O−DCTM , are those depicted in Fig. 17(a) and

Fig. 17(b), respectively.
As it can be observed in Fig. 16(c) and Fig. 17(e)-

17(f ), the O-DCTM pattern, EO−DCTM(θ, φ), is generally
fully compliant with the ETSI requirements, while the
few violations of the ETSI mask, �ETSI(u, v), are almost
negligible even along the most challenging scanning direc-
tions, the pattern matching error 	

opt
O−DCTM being kept

below 10−11 (i.e., 	
opt
O−DCTM ≈ 7.5 × 10−12 - Tab. 4).

Moreover, as expected, the performance towards broadside,

TABLE 4. Numerical assessment (M = N = 80, directive elements, dx = dy = 0.52λ) -
performance indexes.
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FIGURE 18. Numerical Assessment (M = N = 80, Directive Elements,
dx = dy = 0.52λ; O-DCTM - ̂M × ̂N = 20 × 20 → I = 16) - Color map of the (a) SLL and
(b) D variations when scanning the beam around the pointing direction (θ0, φ0) = (0, 0)
[deg] within the scanning cone (0 ≤ θ ≤ θmax and 0 ≤ φ < 360 [deg]).

TABLE 5. Numerical assessment (M = N = 80, directive elements, dx = dy = 0.52λ;
O-DCTM - ̂M × ̂N = 20 × 20 → I = 16) - performance statistics.

(u0, v0) = (0, 0) [Fig. 16(c)], is ideal since there is no phase
quantization. In order to further evaluate the beam steering
performance, the effect on the sidelobe level, SLL, and on
the peak directivity, D, when scanning the beam around the
pointing direction in the whole scanning cone (0 ≤ θ ≤
θmax and 0 ≤ φ < 360 [deg]) has been analyzed. The
color maps shown in Fig. 18 clearly highlight the φ-invariant
behavior of the radiation performance, the negligible impact
on the SLL [Fig. 18(a)] and the expected D reduction when
tilting the beam off-broadside [Fig. 18(b)]. For the sake of
completeness, the statistics of the SLL and D values are
given in Tab. 5.

In order to assess the matching with the mask when
considering realistic element radiators, the wide-band wide-
beam slot-coupled radiating element presented in [30] has
been scaled to resonate at f = 29.0 [GHz] and simulated
with the Ansys HFSS full-wave simulator [31]. In order to
include mutual coupling effects, the single element pattern
has been simulated within a 5 × 5 array environment. The
obtained embedded element factor has been considered for
the EIRP pattern computation and compared in Fig. 17(e)-
(f ) with the mask and analytic patterns, showing that even
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if the pattern deviates from the analytic one, the matching
with the mask remains satisfactory.
Beyond the coupling effects, TRMs are susceptible of

amplitude and phase tolerances that may lead to performance
degradation. In order to evaluate the impact of this non-
ideality on the radiation pattern of the solution including
realistic radiators [30], a Monte Carlo analysis with J =
105 simulations has been carried out. The tolerances on
the excitation amplitudes and phases have been randomly
defined within the intervals [αq(1 − δα):αq(1 + δα)] and
[βq(1− δβ):βq(1− δβ)], where δα and δβ are the amplitude
and the phase tolerance, respectively, set to δα = 0.02 and
δβ = 3 [deg] [32]. The plot of the normalized nominal (i.e.,
error-free) power pattern cut along the φ = 90 [deg] (u = 0)

plane when pointing the beam toward (θ0, φ0) = (60, 90)

[deg] [Fig. 17(f )], compared with the upper, Psup(u, v), and
lower, P inf (u, v), bounds derived from the Monte Carlo
analysis (which represent the “worst cases” for any angle
v ∈ [−1:1]), is shown in Fig. 19. It can be seen that the
power patterns affected by the random errors are in good
agreement with the nominal power pattern.
Finally, it is worth pointing out that, analogously to all

previous experiments and in general, such an O-DCTM
domino-tiled layout as well as all others DCTM-synthesized
array architectures, reduces by half the number of TRMs
required by its FP reference counterpart (i.e., Q = 3200 vs.
M × N = 6400).

IV. CONCLUSION
The problem of efficiently designing PAs having antenna
elements organized into domino clusters and sub-array-
only amplitude and phase controls has been addressed by
handling large apertures, as well. Towards this end, an
innovative domino-tiling method based on a divide-and-
conquer strategy has been proposed where the antenna
aperture has been subdivided into a set of partitions that have
been sequentially tiled, by properly exploiting customized
techniques either enumerative or optimization-based, until
the complete clustering of the whole array area.
From the numerical assessment, which also include

comparisons with state-of-the-art competitive tiling methods,
the following main outcomes can be drawn:

• thanks to the partitioning of the array aperture into sub-
areas and the use of soft-boundaries, the DCTM is able
to effectively explore the solution space of the array
tilings to find tiled layouts close to the global optimum
one with a non-negligible computational saving with
respect to other competitive state-of-the-art approaches;

• the E-DCTM turns out to be optimal (i.e., it finds the
optimal tiled-layout) and computationally-efficient with
respect to both the ETM and the OTM when dealing
with small/medium arrays and the condition ηth < 0.25
holds true, while it is unfeasible otherwise;

• thanks to the sequential optimization-driven domino-
clustering of the partitions of the array aperture, the
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FIGURE 19. Numerical Assessment (M = N = 80, Directive Elements,
dx = dy = 0.52λ; O-DCTM - ̂M × ̂N = 20 × 20 → I = 16) - Plot of the normalized nominal
power pattern cut along the u = 0 (i.e., φ = 90 [deg]) plane when pointing the beam
toward (u0, v0) = (0,

√
3

2 ) ( → (θ0, φ0) = (60, 90) [deg]) compared with the upper,
Psup (u, v), and lower, P inf (u, v), bounds derived from the Monte Carlo analysis.

O-DCTM turns out to be a computationally-scalable and
reliable method for tiling large PAs.

Future research activities, beyond the scope of this work,
will investigate the use of different tile shapes as well as the
extension of the DCTM to other large aperture geometries
of interest in relevant PA applications by also including
additional manufacturing constraints to simplify the beam-
forming network implementation and/or to comply with
mechanical features of the installation site (e.g., blockage
effects).
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