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Abstract. In this article we investigate the question of finding a network configu-
ration of minimal length connecting three given points in the Heisenberg group.
After proving existence of (possibly degenerate) minimal horizontal triods, we in-
vestigate their characterization. We then formulate a horizontal curve shortening
flow that deforms any given suitable initial triod into a critical point for the length
functional. Numerical experiments based on a stable fully discrete finite element
scheme provide useful insights into the rich landscape of this sub-Riemannian
geometry.
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1. Introduction

In this article we investigate the classical Steiner problem in the Heisenberg group.
The (first) Heisenberg group is the simplest example of a sub-Riemannian space.
Thus the geometry is constrained, in the sense that motion is only allowed along a
given set of directions that change from point to point.

The classical Euclidean problem of finding the path of shortest length connect-
ing three given distinct points P1, P2, P3 ∈ R

3, see e.g. [15,16,18,19], is now posed
as the question of existence of (possibly degenerate) shortest horizontal triods of
minimal length. A horizontal triod is the union of three horizontal curves connect-
ing the points Pα, α = 1, 2, 3, to a common junction point Σ. For a curve to be
horizontal, its tangent vector must lie in a specific plane that changes from point
to point. The triod is said to be degenerate if Σ coincides with one of the Pα and
the corresponding curve collapses to a point. The length of the triod is given as
the sum of the lengths of its component curves in an appropriate metric. Unlike
the Euclidean case, where triods are unions of straight line segments, and where
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the Steiner problem can be treated with elementary geometry (see the beautiful
presentation given in [16]), we need here some more refined mathematics.

In this work we show existence of minimal horizontal (possibly degenerate)
triods and give a characterization of the minimal configurations using direct methods
of calculus of variations and using some ideas from the field of minimal surfaces. We
find that: if a minimal triod is composed of three curves then its projected planar
curves meet at a 120◦ angle and have curvatures that sum up to zero. In particular,
the projected triod is composed of lines and/or arcs of circles. If the minimal triod
is degenerate, then the remaining projected curves have constant curvature but no
angle condition needs to hold. Uniqueness can in general not be expected, since
even a curve of minimal length connecting two given distinct points need not to be
unique in the Heisenberg group (see for instance [8, § 2.3] or the direct computations
provided in Remark A.2 in the Appendix).

Additionally we formulate a flow, which we call horizontal curve shortening
flow, that lets a given initial horizontal triod evolve into a critical configuration
for the length functional. Such evolutions are discretized by finite elements with
an unconditionally stable algorithm. The simulations we propose allow for a deeper
understanding of this fascinating anisotropic space. In particular, the numerical
experiments show that the landscape of degenerate triods is much richer than in the
Euclidean case. While in the Euclidean setting it is known that as soon as the largest
angle of the triangle formed by the three points Pα, α = 1, 2, 3, is larger or equal
to 120◦, then the minimal configuration is given by two straight segments, see e.g.
[15,16,18], we could not find a similar condition experimentally for the horizontal
set-up (see for instance Experiments 2,3 and 4 in Sect. 5). Moreover, degenerate
triods are clearly non-unique: Experiment 10 in Sect. 5 indicates the existence of a
degenerate solution made up of the horizontal lift of two circles connecting three
points lying on the z-axis. Any rotation around the z-axis yields another critical
configuration of the same length, hence providing an infinite family of degenerate
solutions.

The remainder of this article is organized as follows: in Sect. 2 we recall all
necessary notions needed to understand the geometry of the Heisenberg group. In
Sect. 3 we formulate the problem and provide proof of existence of minimal triods.
After deriving the Euler–Lagrange equations for minimal and critical configurations,
the horizontal curve shortening flow for triods is formulated. In Sect. 4 a finite ele-
ment scheme is proposed and its stability properties are proved. Several interesting
numerical simulations are given in Sect. 5.

Throughout this paper, we use superscripts to denote the components of a
vector in R

2 or R
3, so that e.g. P = (P 1, P 2, P 3)t for P ∈ R

3. For a vector P ∈ R
2,

we define the perpendicular vector by P⊥ =
(
P 1

P 2

)⊥
=

(−P 2

P 1

)
.
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2. Preliminaries

We consider the Heisenberg group H = (R3, ◦), where ◦ is the group operation given
by

⎛

⎝
x
y
z

⎞

⎠ ◦

⎛

⎝
x̂
ŷ
ẑ

⎞

⎠ =

⎛

⎝
x + x̂
y + ŷ

z + ẑ + 1
2(xŷ − yx̂)

⎞

⎠ .

For comprehensive information about H we refer to [7,8], and the references
given there. Here we just briefly recall that H is a Lie group with Lie algebra
generated by the left invariant vector fields

X1 =
∂

∂x
− y

2
∂

∂z
, X2 =

∂

∂y
+

x

2
∂

∂z
, X3 =

∂

∂z
.

Note that X3 = [X1, X2] and that H is a nilpotent Lie group of step 2.
With some abuse of notation we set

X1(x, y, z) =

⎛

⎝
1
0

−y
2

⎞

⎠ , X2(x, y, z) =

⎛

⎝
0
1
x
2

⎞

⎠ , X3(x, y, z) =

⎛

⎝
0
0
1

⎞

⎠ ,

i.e. we identify the vector fields with the associated differential operators. At each
point p = (x, y, z)t, the three vectors Xi(x, y, z) are linear independent. We denote
by gp(·, ·) : R3 × R

3 → [0,∞) the inner product for which the vectors Xi(p) build
an orthonormal basis and set

|v|g =
√

gp(v, v) for v ∈ span
{

X1(p), X2(p), X3(p)
}

.

The horizontal tangent space at a point p = (x, y, z)t is linearly spanned by X1(p)
and X2(p).

Definition 2.1. A (sufficiently smooth) curve γ : [0, 1] → H, γ = γ(u), is said to
be horizontal if its tangent vector γ′(u) is a linear combination of X1(γ(u)) and
X2(γ(u)) for each u ∈ [0, 1].

Remark 2.2. Note that since for γ : [0, 1] → R
3, γ = γ(u) (sufficiently smooth), it

holds

γ′(u) = γu(u) =

⎛

⎝
γ1

u(u)
γ2

u(u)
γ3

u(u)

⎞

⎠

= γ1
u(u)X1(γ(u)) + γ2

u(u)X2(γ(u))

+
(

γ3
u(u) +

1
2
γ2(u)γ1

u(u) − 1
2
γ1(u)γ2

u(u)
)

X3(γ(u)),

we have that γ is horizontal if and only if

γ3
u = −1

2
γ2γ1

u +
1
2
γ1γ2

u in [0, 1]. (2.1)
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In particular, for a horizontal curve its third space dimension component γ3 is
determined by the other two space components via

γ3(u) = γ3(0) +
∫ u

0

(
−1

2
γ2(ξ)γ1

u(ξ) +
1
2
γ1(ξ)γ2

u(ξ)
)

dξ, (2.2)

or, equivalently,

γ3(u) = γ3(1) −
∫ 1

u

(
−1

2
γ2(ξ)γ1

u(ξ) +
1
2
γ1(ξ)γ2

u(ξ)
)

dξ. (2.3)

Finally, note that for a horizontal curve γ we have

|γu(u)|g =
√

(γ1
u(u))2 + (γ2

u(u))2,

and its length is given by

L(γ) =
∫ 1

0

|γu(u)|gdu =
∫ 1

0

√
(γ1

u(u))2 + (γ2
u(u))2du.

The length functional is a geometric functional in the sense that it is invariant under
reparametrizations of the curve γ. The same holds for the functional (cf. with (2.2))

G(γ) :=
∫ 1

0

(
−1

2
γ2(u)γ1

u(u) +
1
2
γ1(u)γ2

u(u)
)

du (2.4)

when restricting to reparametrizations that keep the same orientation of the curve.

Definition 2.3. (Projected curve and horizontal lift) Given a horizontal curve γ :
[0, 1] → H, we denote by c : [0, 1] → R

2, c =
(
γ1, γ2

)t, the projected curve of γ in
the plane {z = 0}.

Vice-versa, given a planar curve c : [0, 1] → R
2 we call horizontal lift of c any

map γ : [0, 1] → H, γ =
(
γ1, γ2, γ3

)t, with (γ1, γ2)t = c and γ3 satisfying (2.2).

Remark 2.4. Clearly, the lift of c is only unique up to specifying γ3(0), for example.
Hence we say that γ is the horizontal lift of c starting at P ∈ R

3 if in addition
γ(0) = P , recall (2.2). Similarly, we say that γ is the horizontal lift of c ending at
Q ∈ R

3 if γ(1) = Q, recall (2.3).

Remark 2.5. (Geometrical interpretation for the z-component of a horizontal curve)
Note that for a horizontal curve joining the points P = γ(0) and Q = γ(1) ∈ R

3,
eq (2.2) yields that

|Q3 − P 3| =
∣∣
∣
∣

∫ 1

0

1
2

(
γ1(u)
γ2(u)

)
·
(

−γ2
u(u)

γ1
u(u)

)
du

∣∣
∣
∣ =

∣∣
∣
∣

∫ 1

0

1
2
c(u) · c⊥

u (u)du

∣∣
∣
∣

= |oriented area(S)|, (2.5)

where S is the portion in the plane swept by the vector c(u) of the projected curve
c.

For example, a planar semicircle of radius R > 0, connecting, say, the points
P = 0 and Q = (2R, 0, 0)t, is not a horizontal curve, since |Q3 − P 3| = 0, while the
swept region has area π

2R2. On the other hand, any planar straight line segment
that goes through the origin is horizontal.



Vol. 94 (2026) Minimal Horizontal Triods: Analysis and Computation 5

Lemma 2.6. For a =
(
a1, a2, a3

)t ∈ R
3 let τa(x, y, z) :=

(
a1, a2, a3

)t ◦ (x, y, z)t

denote the left translation. If γ : [0, 1] → H is horizontal, then so is the curve
u �→ τa(γ(u)). Moreover, L(γ) = L(τa(γ)).

Proof. The claims follow by direct computation. �
Remark 2.7. Left translation of a horizontal curve γ : [0, 1] → H by a =

(
−γ1(0),

−γ2(0),−γ3(0)
)t ensures that the translated curve τa(γ) starts at the origin.

Remark 2.8. For a =
(
0, 0, a3

)t we have that τa(γ(u)) = γ(u) +
(
0, 0, a3

)t.

We recall the following important connectivity theorem.

Proposition 2.9. Any two points in H can be connected by a horizontal smooth curve.

Proof. See, for instance, [7, §1.3]. �
2.1. On tangent, normal, and curvature vectors

Definition 2.10. We say that a (sufficiently smooth) horizontal curve γ : [0, 1] → H
is regular if |γu(u)|g �= 0 for all u ∈ [0, 1].

To motivate the definition of curvature vector for horizontal curves, let us first
recall the following lemma:

Lemma 2.11. For a sufficiently smooth regular horizontal curve γ : [0, 1] → R
3 let

�k(u) :=
1

|γu(u)|g

(
1

|γu(u)|g

(
γ1

u(u)
γ2

u(u)

))

u

∈ R
2.

With

k(u) :=
γ2

uu(u)γ1
u(u) − γ2

u(u)γ1
uu(u)

((γ1
u(u))2 + (γ2

u(u))2)
3
2

(2.6)

there holds
�k(u) = k(u)

1
|γu(u)|g

(
−γ2

u(u)
γ1

u(u)

)
.

Proof. The claim follows by direct computation. �
Note that �k is the standard Euclidean curvature vector of the projected pla-

nar curve c : I → R
2, c(u) := (γ1(u), γ2(u))t, whose arc length is given by ds

=
√

(γ1
u(u))2 + (γ2

u(u))2du. Thus �k = ∂ssc.
In analogy to the Euclidean case we provide the following definition of hori-

zontal curvature vector.

Lemma 2.12. For a sufficiently smooth regular horizontal curve γ : [0, 1] → R
3 we

define the horizontal unit tangent

T (u) :=
1

|γu(u)|g

⎛

⎝
γ1

u(u)
γ2

u(u)
γ3

u(u)

⎞

⎠ =
1

|γu(u)|g

⎛

⎝
γ1

u(u)
γ2

u(u)
−1

2γ2(u)γ1
u(u) + 1

2γ1(u)γ2
u(u)

⎞

⎠

=
γ1

u(u)
|γu(u)|g

X1(γ(u)) +
γ2

u(u)
|γu(u)|g

X2(γ(u)), (2.7)

the horizontal normal vector
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N(u) := − γ2
u(u)

|γu(u)|g
X1(γ(u)) +

γ1
u(u)

|γu(u)|g
X2(γ(u))

=
1

|γu(u)|g

⎛

⎝
−γ2

u(u)
γ1

u(u)
1
2γ2(u)γ2

u(u) + 1
2γ1(u)γ1

u(u)

⎞

⎠ , (2.8)

and the horizontal curvature vector

�kg(u) :=
1

|γu(u)|g
Tu(u).

Then we have that

�kg(u) = k(u)N(u)

=

⎛

⎝
�k(u)

k(u)
|γu(u)|g

(
1
2γ2(u)γ2

u(u) + 1
2γ1(u)γ1

u(u)
)
⎞

⎠

=
k(u)

|γu(u)|g

⎛

⎝
−γ2

u(u)
γ1

u(u)
1
2γ2(u)γ2

u(u) + 1
2γ1(u)γ1

u(u)

⎞

⎠ , (2.9)

where �k and k are as in Lemma 2.11.

Proof. It follows from Lemma 2.11 that we only need to verify the third component
in (2.9). On recalling (2.1), we have that

γ3
u =

1
2
(γ1γ2

u − γ2γ1
u), γ3

uu =
1
2
(γ1γ2

uu − γ2γ1
uu). (2.10)

Hence we can compute

1
|γu(u)|g

T 3
u(u) =

1
|γu|g

(
γ3

u

|γu|g

)

u

=
1

|γu|g

(
γ3

uu

|γu|g
− γ3

u

|γu|3g
(γ2

uγ2
uu + γ1

uγ1
uu)

)

=
1

|γu|g
1

|γu|3g

(
γ3

uu

((
γ1

u

)2

+
(

γ2
u

)2)
− γ3

u

(
γ2

uγ2
uu + γ1

uγ1
uu)

)

=
1

|γu|g
k(u)

2

(
γ2γ2

u + γ1γ1
u

)
,

where we have used (2.10) and (2.6) in the last equality. �

Note that

g(T, T ) = 1, g(N,N) = 1, g(T,N) = 0, g(T,X3) = 0, g(N,X3) = 0,
(2.11)

so that {T,N,X3} provides another orthonormal frame with respect to the inner
product g(·, ·).

Finally, let us recall how time dependent motion of a curve in its N direction
can be corrected so that the curve γ(t) stays horizontal along the flow (see [11,
Lemma 2]):
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Lemma 2.13. Let γ0 : [0, 1] → R
3 be a horizontal regular curve. Suppose that the

(sufficiently smooth) family of curves γ : [0, T̂ ) × [0, 1] → R
3, γ = γ(t, u), satisfies

γ(0, ·) = γ0(·) and

γt(t, u) = m(t, u)N(t, u) −
(∫ u

0

m(t, ξ)|γu(t, ξ)|gdξ

)
X3(γ(t, u))

for some sufficiently smooth m : [0, T̂ ) × [0, 1] → R, with N(t, ·) as in (2.8), and
|γu(t, u)|g =

√
(γ1

u(t, u))2 + (γ2
u(t, u))2 �= 0 for all (t, u) ∈ [0, T̂ ) × [0, 1]. Then γ(t)

is horizontal for any t ∈ [0, T̂ ). 1

Proof. We compute
(

γ3
u +

1
2
γ2γ1

u − 1
2
γ1γ2

u

)

t

=
(

γ3
t

)

u

− 1
2
γ1

t γ2
u − 1

2
γ1

(
γ2

t

)

u

+
1
2
γ2

t γ1
u +

1
2
γ2

(
γ1

t

)

u

=
(

m

|γu|g
1
2

(
γ2γ2

u + γ1γ1
u

))

u

− m|γu|g − 1
2
γ2

u

(

− m
γ2

u

|γu|g

)

− 1
2
γ1

(

m
γ1

u

|γu|g

)

u

+
1
2
γ1

u

(

m
γ1

u

|γu|g

)

+
1
2
γ2

(

− m
γ2

u

|γu|g

)

u

= 0.

The claim then follows from the smoothness assumptions, the initial curve being
horizontal and (2.1). �

We remark that motion in the T direction maintains the horizontal property:

Lemma 2.14. Let γ0 : [0, 1] → R
3 be a horizontal regular curve. Suppose that the

(sufficiently smooth) family of curves γ : [0, T̂ ) × [0, 1] → R
3, γ = γ(t, u), satisfies

γ(0, ·) = γ0(·) and
γt(t, u) = q(t, u)T (t, u)

for some sufficiently smooth q : [0, T̂ ) × [0, 1] → R, with T (t, ·) as in (2.7), and
|γu(t, u)|g =

√
(γ1

u(t, u))2 + (γ2
u(t, u))2 �= 0 for all (t, u) ∈ [0, T̂ ) × [0, 1]. Then γ(t)

is horizontal for any t ∈ [0, T̂ ).

Proof. As in the previous lemma we compute
(

γ3
u +

1
2
γ2γ1

u − 1
2
γ1γ2

u

)

t

= (γ3
t )u − 1

2
γ1

t γ2
u − 1

2
γ1(γ2

t )u +
1
2
γ2

t γ1
u +

1
2
γ2(γ1

t )u

=
(

q

|γu|g
(−1

2
γ2γ1

u +
1
2
γ1γ2

u)
)

u

− 1
2
γ2

uq
γ1

u

|γu|g
− 1

2
γ1

(
q

γ2
u

|γu|g

)

u

+
1
2
γ2

uq
γ1

u

|γu|g
+

1
2
γ2

(
q

γ1
u

|γu|g

)

u

=
1
2
γ1

uγ2
u

q

|γu|g
− 1

2
γ2

uγ1
u

q

|γu|g
= 0.

1The same result applies with γt(t, u) = m(t, u)N(γ(t, u)) +
(∫ 1

u
m(t, ξ)|γu(t, ξ)|gdξ

)
X3(γ(t, u)).
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The claim then follows as before from the smoothness assumptions and the initial
curve being horizontal. �

2.2. Horizontal Curves of Minimal Length

The existence of a length minimizing curve connecting any two given points in H is
a well studied topic. It is discussed for instance in [23, §1.6 and Appendix D.4], [7],
and [8, §2.3], but can also be derived anew with the techniques described below in
Sect. 3.

In the following we derive the Euler–Lagrange equations for curves minimizing
the length functional and investigate their solutions, since these computations will
be useful later on in Sect. 3.

Remark 2.15. (Euler–Lagrange equations for length minimizing curves) Following
the ideas presented in Remark 2.2, to find a shortest horizontal curve γ : [0, 1] → R

3

connecting two given distinct points P = (P 1, P 2, P 3)t and Q =
(
Q1, Q2, Q3

)t ∈ R
3,

it is natural to consider the class of projected curves

Csingle :=
{
c ∈ C1

(
[0, 1],R2

)
: c(0) =

(
P 1, P 2

)t
, c(1) =

(
Q1, Q2

)t}

with Euclidean length

LE(c) :=
∫ 1

0

|cu(u)|du,

where | · | denotes the Euclidean norm, and solve the problem

min{LE(c) : c ∈ Csingle and G(c) = Q3 − P 3}, (2.12)

where, similarly to (2.4),

G(c) =
∫ 1

0

(
−1

2
c2(u)c1u(u) +

1
2
c1(u)c2u(u)

)
du. (2.13)

The horizontal lift, starting at P , of a minimizer for (2.12), is then a horizontal
length minimizing curve connecting P and Q.

Note that for ϕ ∈ C∞([0, 1],R2) the first variation of G at c in the direction ϕ
is given by

δG(c)(ϕ) =
d

dε

∣∣
∣
ε=0

G(c + εϕ) =
1
2

∫ 1

0

ϕ1c2u + c1ϕ2
u − c2ϕ1

u − ϕ2c1udu

=
1
2
[c1ϕ2 − c2ϕ1]10 +

∫ 1

0

ϕ1c2u − ϕ2c1udu

=
1
2
[c1ϕ2 − c2ϕ1]10 +

∫ 1

0

(
ϕ1

ϕ2

)
·
(

c2u
−c1u

)
du. (2.14)

In particular, we have that if c ∈ Csingle is a regular curve (i.e. |c′| �= 0 in [0, 1])
then δG(c)(ϕ) does not vanish for all ϕ ∈ C∞

0 ((0, 1),R2). It then follows from [6,
Proposition 1.17, Proposition 1.2] that a regular weak minimizer for problem (2.12)
is such that there exists λ ∈ R such that

δLE(c)(ϕ) + λδG(c)(ϕ) = 0 ∀ϕ ∈ C∞
0 ((0, 1),R2).
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Moreover, if c ∈ C2([0, 1],R2), then

0 = −
∫ 1

0

1
|c′|

(
1

|c′|

(
c1u
c2u

))

u

·
(

ϕ1

ϕ2

)
|c′|du + λ

∫ 1

0

(
ϕ1

ϕ2

)
· 1
|c′|

(
c2u

−c1u

)
|c′|du

= −
∫ 1

0

�k ·
(

ϕ1

ϕ2

)
|c′|du − λ

∫ 1

0

(
ϕ1

ϕ2

)
· 1
|c′|

(
−c2u
c1u

)
|c′|du.

for all test functions ϕ ∈ C∞
0 ((0, 1),R2). It follows that λ can be expressed through

the following equation
∫ 1

0

k(u)|cu(u)|du + λLE(c) = 0.

Summing up, a horizontal length minimizing curve γ : [0, 1] → H connecting two
given distinct points P and Q in R

3 is a horizontal curve such that (in the notation
of Lemma 2.11)

k(u) + λ = 0 in (0, 1), with λ = −
∫ 1

0
k(u)|γu(u)|gdu

L(γ)
. (2.15)

From (2.15) we observe that length minimizing curves in H can be straight
segments or smooth curves whose projection onto the plane are arcs of circles. In
Remark A.2, in the appendix, we derive an explicit solution formula and recognize
the surprising fact that there is a unique length minimizing curve connecting the
origin to a point Q =

(
Q1, Q2, Q3

)t �= 0 if
(
Q1, Q2

)t �= 0, whereas we have infinitely
many length minimizing curves connecting the origin to Q =

(
0, 0, Q3

)t.

3. Horizontal Triods

In the following we consider triods of horizontal curves. Given are three distinct
points Pα =

(
P 1

α, P 2
α, P 3

α

)t ∈ R
3, α = 1, 2, 3. We consider three regular horizontal

curves γα : [0, 1] → R
3, γα = γα(u), connecting the points Pα to a common junction

point, which we denote by Σ, i.e.

γα(1) = Pα, α = 1, 2, 3,

γ1(0) = γ2(0) = γ3(0) =: Σ ∈ R
3,

with associated functional

L(Γ) =
3∑

α=1

L(γα) (3.1)

for Γ = (γ1, γ2, γ3) the horizontal triod. In the following we say that a horizontal
triod Γ is regular if all its curves γα are regular (according to Definition 2.10). Our
goal is to study minimal configurations for L. First of all, we show existence in a
proper class of functions.
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3.1. Existence of a Minimal Configuration

As in the case of a single curve, we can reduce the problem to a constrained planar
one. We denote by

C :=
{

Γc = (c1, c2, c3) : cα ∈ H1,1
(
(0, 1),R2

)
,

cα(1) =
(
P 1

α, P 2
α

)t
, α = 1, 2, 3, c1(0) = c2(0) = c3(0)

}

the class of natural admissible functions with associated functional

LE(Γc) :=
3∑

α=1

LE(cα).

Note that because of the embedding of H1,1 into the class of continuous maps, the
pointwise boundary conditions are meaningful. In the following we set Σ := c1(0) =
c2(0) = c3(0) to be the planar junction point. We want to solve the problem

min
{
LE(Γc) : Γc ∈ C, G(c1) − P 3

1 = G(c2) − P 3
2 = G(c3) − P 3

1

}
,

where G is as in (2.13) (recall also (2.4) and (2.2)). The horizontal lift of a minimal
planar triod Γc, where each curve cα is lifted to a horizontal curve γα ending at Pα,
is then a horizontal minimal triod.

Observe that the projected points Pα :=
(
P 1

α, P 2
α

)t, α = 1, 2, 3, need not be
distinct, despite the fact that the original points Pα are. However, whenever two
projected points coincide, say Pα =

(
P 1

α, P 2
α

)t =
(
P 1

β , P 2
β

)t = P β for some α, β ∈
{1, 2, 3}, then their third space component must be different, i.e. P 3

α �= P 3
β if α �= β.

On the other hand, if P 3
α = P 3

β for α �= β, then Pα �= P β. This implies that for any
triod Γc ∈ C satisfying the constraint G(c1) − P 3

1 = G(c2) − P 3
2 = G(c3) − P 3

1 , at
most one curve cα can reduce to a constant map mapping to a point (in which case
G(cα) = 0). The horizontal lift Γ of such a configuration corresponds to a horizontal
triod in which the junction point Σ has “collapsed” to one of the points Pα and one
curve of Γ has reduced to a point: we refer to such a horizontal triod as a degenerate
one.

Following the ideas presented in [6, §5.9] we give the following definition.

Definition 3.1. We say that a curve c ∈ H1,1
(
(0, 1),R2

)
, c = c(u), is quasinormal if

|cu| = LE(c) > 0 in (0, 1). A triod Γc ∈ C is quasinormal if all its components cα,
α = 1, 2, 3, are quasinormal. Note that the planar junction point Σ of a quasinormal
triod might coincide with one of the projected points Pα.

We say that a triod Γc ∈ C is degenerate if exactly one of its components is a
constant map. In other words, if the junction point Σ coincides with one of the Pα

and the corresponding curve (starting and ending in the junction point) degenerates
to one point. A degenerate triod is said to be quasinormal if its two remaining curves
are quasinormal.

Instead of working with the length functional, it is advantageous to exploit the
properties of the Dirichlet functional, which is well known to “dominate” the length
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functional in a convenient way (see [6, §5.9] and [17] from which we have borrowed
several ideas). Thus we study the following problem. Let

CD :=
{
Γc = (c1, c2, c3) ∈ C : cα ∈ H1,2

(
(0, 1),R2

)}

and

D(Γc) :=
1
2

3∑

α=1

∫ 1

0

|(cα)u|2du ≥ 0.

For 1 ≥ ε > 0 let us consider the ε-problem:

min
{
(LE(Γc))2 + εD(Γc) : Γc ∈ CD, G(c1) − P 3

1 = G(c2) − P 3
2 = G(c3) − P 3

1

}
.

(3.2)
To prove existence of a minimizer, we apply standard direct methods of calculus of
variations. More precisely, let Γcn

∈ CD, n ∈ N, be a minimizing sequence satisfying
the integral constraints given in (3.2). Without loss of generality, we may assume
that

(LE(Γcn
))2+εD(Γcn

) ≤ (LE(Γc1))
2+εD(Γc1) ≤ (LE(Γc1))

2+D(Γc1) =: C0 ∀n ∈ N.

It follows that

‖∂u(cn,α)‖L2(0,1) ≤ C(ε) for all n ∈ N, α = 1, 2, 3,

and, using the fact that the fundamental theorem of calculus holds for maps in
H1,m(0, 1), m ≥ 1, and

|cn,α(u)| ≤ |cn,α(u) − cn,α(1)| + |Pα| ≤ |Pα| +
∫ 1

0

|∂u(cn,α)(u)|du

≤ |Pα| + ‖∂u(cn,α)‖L2(0,1) ≤ C(ε) for all u ∈ [0, 1], (3.3)

we obtain
‖cn,α‖C([0,1]) ≤ C(ε) for any n ∈ N, α = 1, 2, 3,

so that
‖cn,α‖H1,2(0,1) ≤ C(ε) for any n ∈ N, α = 1, 2, 3,

yielding the existence of a subsequence converging weakly in H1,2(0, 1). Moreover,
for any u1, u2 ∈ [0, 1] we have that

|cn,α(u1) − cn,α(u2)| ≤ ‖∂u(cn,α)‖L2(0,1)|u1 − u2|
1
2 ≤ C(ε)|u1 − u2|

1
2 for all n ∈ N,

α = 1, 2, 3,

so that using the Theorem of Ascoli–Arzelà we infer the existence of Γcε
∈ CD ∩

C0, 12 ([0, 1]) to which a subsequence of Γcn
converges uniformly on [0, 1], as well as

weakly in H1,2(0, 1) (where the convergence is meant componentwise). It is easy to
verify that the triod Γcε

satisfies also the constraints given in (3.2).
Using that the Dirichlet functional is sequentially lower semicontinuous with

respect to weak convergence in H1,2, and that the length functional LE is sequen-
tially lower semicontinuous with respect to weak convergence in H1,m for any m ≥ 1
(cf. for instance [9, Theorem 1.3] or [6, Theorem 3.5, Remark 2]), we infer that Γcε

is a minimum for the problem formulated in (3.2), satisfying

(LE(Γcε
))2 + εD(Γcε

) ≤ C0.



12 R. Nürnberg, P. Pozzi Vol. 94 (2026)

Next, since the functionals LE and G are invariant under smooth reparametriza-
tions that keep the orientation of the curve c, we infer by taking inner variations
(see for instance [6, Proposition 1.14, Remark 3]) for any single component map of
the triod Γcε

that |(cε,α)u| = constant for any α = 1, 2, 3, yielding that we have
even more regularity, namely

Γcε
∈ CD ∩ C0,1([0, 1]).

It could happen that the junction point of the minimal triod Γcε
coincides with

one of the points Pα, and its corresponding component could also reduce to a point.
In other words, it might be convenient in the minimization procedure for one curve
to disappear entirely by mapping the interval [0, 1] to a single point. In any case, the
minimal configuration (may it be degenerate or not) is a quasinormal configuration
according to Definition 3.1.

Summarizing our findings so far we can say that (for an arbitrary 0 < ε ≤ 1)

(LE(Γcε
))2 + εD(Γcε

)

= inf{(LE(Γc̃))2+εD(Γc̃) : Γc̃ ∈ CD, G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1 }

≤ inf{(LE(Γc̃))2 + εD(Γc̃) : Γc̃ ∈ CD ∩ C0,1, Γc̃ quasinormal,

G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1 }

≤ (LE(Γcε
))2 + εD(Γcε

) ≤ C0.

In the next step we would like to send the parameter ε to zero. To that end,
using the quasinormality of the minima, we first observe that

(2 + ε)D(Γcε
) =

( 3∑

α=1

∫ 1

0

|(cε)u|2du

)
+ εD(Γcε

) =
( 3∑

α=1

|(cε)u|2
)

+ εD(Γcε
)

≤
( 3∑

α=1

|(cε)u|
)2

+ εD(Γcε
) =

( 3∑

α=1

∫ 1

0

|(cε)u|du

)2

+ εD(Γcε
)

= (LE(Γcε
))2 + εD(Γcε

) ≤ C0,

from which we infer that
D(Γcε

) ≤ C0 (3.4)

for all 0 < ε ≤ 1. Using the quasinormality we even have

|(cε,α)u|2 = constant ≤ 2C0 (3.5)

for all 0 < ε ≤ 1 and α = 1, 2, 3. Repeating the same argument as above (cf. (3.3)),
replacing Γcn

with Γcε
, we obtain

‖cε,α‖H1,2(0,1) ≤ C for any 0 < ε < 1, α = 1, 2, 3,

for a constant C independent of ε. Moreover, for any u1, u2 ∈ [0, 1], u1 ≤ u2, we
have (using (3.5))

|cε,α(u2)−cε,α(u1)| ≤
∫ u2

u1

|∂u(cε,α)|du = |(cε,α)u||u1−u2| ≤ C|u1−u2| α = 1, 2, 3,
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and for all ε ∈ (0, 1). Again using the Theorem of Ascoli–Arzelà we infer the existence
of

Γc ∈ CD ∩ C0,1([0, 1])

to which a subsequence of Γcε
converges uniformly on [0, 1] as well as weakly in

H1,2(0, 1). The triod Γc satisfies also the integral constraints given in (3.2).
Observe that

0 ≤ d : = inf{(LE(Γc̃))2 : Γc̃ ∈ CD, G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1 }

≤ inf{(LE(Γc̃))2+εD(Γc̃) : Γc̃ ∈ CD, G(c̃1)−P 3
1 =G(c̃2) − P 3

2 =G(c̃3)−P 3
1 }

= (LE(Γcε
))2 + εD(Γcε

) =: d(ε).

Since the map [0, 1] 
 ε �→ d(ε) is non decreasing, it has a limit as ε goes to zero
and there holds

d ≤ lim
ε→0

d(ε).

On the other hand, using (3.4), we obtain for the limit of d(ε) that

lim
ε→0

d(ε) = lim
ε→0

(LE(Γcε
))2 + εD(Γcε

) = lim
ε→0

(LE(Γcε
))2. (3.6)

Taking a sequence εj → 0 for which Γ(cεj
) converges weakly to Γc in H1,2(0, 1) we

infer using the sequentially weak lower semicontinuity of the length functional that

d ≤ (LE(Γc))2 ≤ lim inf
εj→0

(LE(Γcεj
))2 = lim

ε→0
(LE(Γcε

))2. (3.7)

On the other hand, using the minimality of Γcε
, we can write

(LE(Γcε
))2 + εD(Γcε

) ≤ (LE(Γc))2 + εD(Γc),

so that
lim
ε→0

d(ε) = lim
ε→0

(LE(Γcε
))2 + εD(Γcε

) ≤ (LE(Γc))2. (3.8)

From (3.7), (3.6), (3.8) we therefore obtain that

d ≤ (LE(Γc))2 ≤ lim
ε→0

(LE(Γcε
))2 = lim

ε→0
d(ε) ≤ (LE(Γc))2,

so that
d ≤ (LE(Γc))2 = lim

ε→0
d(ε). (3.9)

On the other hand since d(ε) ≤ (LE(Γĉ))2 + εD(Γĉ) for any admissible Γĉ ∈ CD

satisfying the constraints given in (3.2), we also have that

lim
ε→0

d(ε) ≤ (LE(Γĉ))2 ∀Γĉ ∈ CD satisfying the constraints.

Hence

lim
ε→0

d(ε) ≤ d = inf
{

(LE(Γc̃))2 : Γc̃ ∈ CD, G(c̃1)−P 3
1 = G(c̃2)−P 3

2 = G(c̃3)−P 3
1

}
.

(3.10)
From (3.9) and (3.10) we finally infer that

d = (LE(Γc))2 = lim
ε→0

d(ε),
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in other words

(LE(Γc))2 = inf
{

(LE(Γc̃))2 : Γc̃ ∈ CD, G(c̃1)−P 3
1 = G(c̃2)−P 3

2 = G(c̃3)−P 3
1

}
.

It then follows that the triod Γc ∈ CD ∩ C0,1([0, 1]) realizes also the following mini-
mum problem

LE(Γc) = inf
{

LE(Γc̃) : Γc̃ ∈ CD, G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1

}
,

(3.11)
as well as

LE(Γc) = inf
{

LE(Γc̃) : Γc̃ ∈ CD, G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1

}

= inf{LE(Γc̃) : Γc̃ ∈ CD ∩ C0,1([0, 1]),

G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1 }

= inf{LE(Γc̃) : Γc̃ ∈ C ∩ C0,1([0, 1]),

G(c̃1) − P 3
1 = G(c̃2) − P 3

2 = G(c̃3) − P 3
1 }.

3.2. Euler–Lagrange Equations and Regularity of Minimizers

For simplicity of exposition later on, let us first remark that quasinormal criti-
cal points for a linear combination of the functionals LE and G are automatically
smooth.

Lemma 3.2. Let λ ∈ R and let c ∈ C0,1([0, 1],R2) be a quasinormal curve satisfying

d

dε

∣∣
∣
ε=0

(LE(c+εφ)+λG(c+εφ)) = δLE(c)φ+λδG(c)φ = 0 ∀φ ∈ C∞
0

(
(0, 1),R2

)
.

Then c ∈ C∞([0, 1],R2).

Proof. Recalling (2.14) we have that

0 =
∫ 1

0

cu

|cu| · φudu + λ

∫ 1

0

(
φ1

φ2

)
·
(

c2u
−c1u

)
du ∀φ ∈ C∞

0

(
(0, 1),R2

)
. (3.12)

Since |cu| = LE(c) > 0 by assumption we obtain for each space component j = 1, 2
that ∣

∣∣
∣

∫ 1

0

∂ucj ∂uφ du

∣
∣∣
∣ ≤ C(c, λ)‖φ‖L2(0,1) ∀φ ∈ C∞

0 ((0, 1),R),

yielding c ∈ H2,2((0, 1),R2) by the characterization of Sobolev spaces (see for in-
stance [6, Theorem 2.9]). Then, integrating by parts in (3.12) and using the funda-
mental lemma of calculus of variation we infer (writing ds = LE(c)du for the length
element) that

∂ssc
1 = λc2s, ∂ssc

2 = −λc1s

and a boot-strap argument yields the claim. �
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Remark 3.3. Even without having calculated the Euler–Lagrange equation yet, we
may have already some intuition about the shape of minimal triods. Let Γc ∈ CD ∩
C0,1([0, 1]) be a minimizer satisfying (3.11) and let Γ = (γ1, γ2, γ3) be its horizontal
lift (with each curve cα lifted to a horizontal curve γα ending at Pα, α = 1, 2, 3).

Without loss of generality, i.e. after an appropriate left translation of Γ, we
might assume that the junction point Σ coincides with the origin (recall Remark 2.7).
Moreover, let us still denote by Pα the translated endpoints.

We immediately observe that if the points Pα lie in the (x, y)-plane, i.e. P 3
α = 0

for any α = 1, 2, 3, then, since the shortest path between Pα and Σ = 0 is a straight
line, our minimal triod Γ must be a solution of the classical Steiner problem. This
means that if the largest angle of the triangle with vertices given by the Pα is larger
than or equal to 120 degrees, then Σ coincides with the vertex of the largest angle.
Otherwise Σ is a point distinct from the points Pα and the three lines meet in Σ at
an angle of 120 degrees (see for example [15, §5]).

On the other hand, if at least one of the points Pα does not lie in the (x, y)-
plane, then the situation is not so clear anymore. But (in view of Remark 2.15 and
Remark A.2) it is reasonable to believe that the projection of a minimal configura-
tion Γc will be composed of arcs of circles and/or straight segments.

In the following let Γc ∈ CD ∩ C0,1([0, 1]) be a minimizer satisfying (3.11) and
let Γ = (γ1, γ2, γ3) be its horizontal lift (with each curve cα lifted to a horizontal
curve γα ending at Pα, α = 1, 2, 3). For simplicity of exposition we assume here that
the triod is not degenerate, i.e. no curves have collapsed to a point.

Upon a suitable reparametrization ([6, Lemma 5.23]), we may assume further-
more that the triod is quasinormal (according to Definition 3.1).

To calculate the Euler–Lagrange equations denote by

T := {Φ = (φ1, φ2, φ3) :φα ∈ C∞([0, 1],R2), φα(1) = (0, 0)t, α = 1, 2, 3,

φ1(0) = φ2(0) = φ3(0)}
the space of test functions, and by

G1(Γc̃) := G(c̃1) − G(c̃2) − P 3
1 + P 3

2 ,

G2(Γc̃) := G(c̃2) − G(c̃3) − P 3
2 + P 3

1 ,

the two constraints given in (3.11). Choose ϕi ∈ C∞
0 ((0, 1),R2), i = 1, 3, such that

0 �= δG(ci)(ϕi) =
∫ 1

0

(
ϕ1

i

ϕ2
i

)
·
(

(c2i )u

−(c1i )u

)
du

(which exists thanks to the regularity of the curves ci) and set

Φ1 := (ϕ1, 0, 0), Φ3 := (0, 0, ϕ3).

Next, for Φ ∈ T , consider the map

R
3 
 (ε, t1, t2)t �→ G(ε, t1, t2) :=

(
G1(Γc + εΦ + t1Φ1 + t2Φ3)
G2(Γc + εΦ + t1Φ1 + t2Φ3)

)

=
(

G1(Γc + εΦ + t1Φ1)
G2(Γc + εΦ + t2Φ3)

)
,
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where in the last equality we have used the definition of Gi, i = 1, 2. Note also that
the triod Γc + εΦ + t1Φ1 + t2Φ3 belongs to CD for any choice of ε, t1, t2.

We have G(0, 0, 0) = (0, 0)t by assumption and

∂G
∂t

(0) :=
∂G

∂(t1, t2)
(0, 0, 0) =

(
δG(c1)(ϕ1) 0

0 −δG(c3)(ϕ3)

)

has maximal rank. By the implicit function theorem we can find C1-maps σr, r =
1, 2, defined in a neighbourhood of zero such that σr(0) = 0 and

G(ε, σ1(ε), σ2(ε)) = (0, 0)t, for ε ∈ (−ε0, ε0), (3.13)

which implies that Γc + εΦ + σ1(ε)Φ1 + σ2(ε)Φ3 is an admissible variation for any
ε ∈ (−ε0, ε0). Differentiation of the above system (3.13) yields

(
σ′
1(0)

σ′
2(0)

)
= −(

∂G
∂t

(0))−1

(
δG1(Γc)Φ
δG2(Γc)Φ

)
.

From the minimality of Γc we infer

0 =
d

dε

∣
∣
∣
ε=0

LE(Γc + εΦ + σ1(ε)Φ1 + σ2(ε)Φ3)

= δLE(Γc)Φ + σ′
1(0)δLE(Γc)Φ1 + σ′

2(0)δLE(Γc)Φ3

and substituting the values for σ′
r(0) we finally infer that there exists Lagrange

multipliers λj ∈ R, j = 1, 2, such that

0 =
d

dε

∣
∣∣
ε=0

⎛

⎝LE(Γc + εΦ) +
2∑

j=1

λjGj(Γc + εΦ)

⎞

⎠

for any φ ∈ T . In other words, for any Φ = (φ1, φ2, φ3) ∈ T we have that

0 =
3∑

i=1

δLE(ci)φi + λ1δG(c1)φ1 − λ2δG(c3)φ3 + (λ2 − λ1)δG(c2)φ2. (3.14)

This yields that

0 = δLE(c1)φ + λ1δG(c1)φ, (3.15a)

0 = δLE(c2)φ + (λ2 − λ1)δG(c2)φ, (3.15b)

0 = δLE(c3)φ − λ2δG(c3)φ, (3.15c)

for any ϕ ∈ C∞
0 ((0, 1),R2), which in turns yields that the curves are smooth thanks

to Lemma 3.2 and (recalling the computations performed in Remark 2.15) that the
curvatures kα of the three curves cα are constant and equal to:

k1(u) + λ1 = 0 for u ∈ (0, 1),

k2(u) + (λ2 − λ1) = 0 for u ∈ (0, 1),

k3(u) − λ2 = 0 for u ∈ (0, 1),

in other words
3∑

α=1

kα = 0. (3.16)
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Further we infer from (3.14) (considering now test functions Φ ∈ T that do not van-
ish near the triple junction so that we may retrieve the natural boundary conditions,
using (3.15), and recalling (2.14)) that

0 =
3∑

α=1

[(
φ1

α

φ2
α

)
·
(

(c1α)u

(c2α)u

)
1

|(cα)u|

]1

0

+
λ1

2

[(
φ1
1

φ2
1

)
·
(

−c21
c11

)]1

0

+
λ2 − λ1

2

[(
φ1
2

φ2
2

)
·
(

−c22
c12

)]1

0

− λ2

2

[(
φ1
3

φ2
3

)
·
(

−c23
c13

)]1

0

= −φ1(0) ·
{(

3∑

α=1

(
(c1α)u

(c2α)u

)
1

|(cα)u|

)

+
λ1

2

(
−c21
c11

)
+

λ2−λ1

2

(
−c22
c12

)
−λ2

2

(
−c23
c13

)} ∣
∣
∣
u=0

= −φ1(0) ·
{(

3∑

α=1

(
(c1α)u

(c2α)u

)
1

|(cα)u|

)}∣
∣∣
u=0

,

where we have used the facts that φ1(0) = φ2(0) = φ3(0) and c1(0) = c2(0) = c3(0).
In particular, we infer that the projected curves meet at the projected triple junction
at angles of 120 degrees, i.e.

0 =
3∑

α=1

(
(c1α)u

(c2α)u

)
1

|(cα)u|

∣
∣
∣
u=0

=
3∑

α=1

(cα)u

|(cα)u|

∣
∣
∣
u=0

. (3.17)

Remark 3.4. If the minimal triod Γ is degenerate, we can repeat the above argu-
ments with P2 = Σ, G(c2) = 0, i.e. with c2([0, 1]) = P 2. Then the integral constraints
become

P 3
2 = P 3

1 − G(c̃1) = P 3
3 − G(c̃3)

(which are essentially decoupled), providing the existence of some λ1, λ2 ∈ R for
which

0 = δLE(c1)φ + λ1δG(c1)φ,

0 = δLE(c3)φ − λ2δG(c3)φ.

for any ϕ ∈ C∞
0 ((0, 1),R2), so that

k1 + λ1 = 0 = k3 − λ2 on [0, 1].

Remark 3.5. From (3.16) we infer that for a non-degenerate minimal triod Γc (or
more generally a non-degenerate solution of the Euler–Lagrange equation (3.14))
the following situations can occur:
(i) k1 = k2 = 0 ⇒ k3 = 0, i.e. three straight segments meet at 120 degree angles;
(ii) k1 = 0, k2 = −k3 �= 0, i.e. one straight segment and two arcs of curvature equal

in absolute value meet at a projected angles of 120 degrees;
(iii) k1, k2, k3 �= 0 and (3.16), (3.17) hold.

Again let Γ = (γ1, γ2, γ3) be the horizontal lift of Γc (with each curve cα lifted
to a horizontal curve γα ending at Pα, α = 1, 2, 3). A Steiner minimal configuration
of type (i) is given for example by connecting through straight lines the junction
point Σ = 0 with P1 = (1, 0, 0)t, P2 = (cos(2π/3), sin(2π/3), 0)t = (−

√
3
2 , 1

2 , 0)t,
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and P3 = (cos(−2π/3), sin(−2π/3), 0)t = (−
√
3
2 ,−1

2 , 0)t (cf. also Experiment 1 in
Sect. 5).

A critical configuration of type (ii) can be constructed, for instance, by mod-
ifying the previous example as follows: we take the junction point Σ = 0 to be
connected with a straight line with P1 = (1, 0, 0)t (here λ1 = 0). The two remaining
points P2 and P3 shall now not lie in the (x, y)-plane. To construct two horizontal
geodesics meeting in Σ at the right angle (and parametrized by arc length with
LE(ci) = sf = 1 for simplicity) we use Remark A.2. For the curve c2 connecting the
origin to P2, take for instance (using the notation adopted in Remark A.2) c2(0) = 0,
|B| = 1, α0 = 2

3π, so that by (A.7), (A.6) with λ2 = π

P 3
2 = − 1

2λ
= − 1

2π
, γ3

2(s) = − 1
2π

s +
1

2π2
sin(πs), s ∈ [0, 1].

More precisely, the curve c2 : [0, 1] → R
2 is parametrized by

c2(s) =
1
π

(
sin(2π

3 )
− cos(2π

3 )

)
+

1
π

(
sin(πs − 2π

3 )
cos(πs − 2π

3 )

)
, s ∈ [0, 1].

For the curve c3 connecting the origin Σ to P3, we obtain with c3(0) = 0, |B| = 1,
α0 = −2

3π,sf = 1, λ = −π

P 3
3 = − 1

2λ
= +

1
2π

, γ3
3(s) =

1
2π

s +
1

2π2
sin(−πs), s ∈ [0, 1].

More precisely, the curve c3 : [0, 1] → R
2 is parametrized by

c3(s) =
1
π

(
sin(2π

3 )
cos(2π

3 )

)
+

1
π

(
sin(πs − 2π

3 )
− cos(πs − 2π

3 )

)
, s ∈ [0, 1].

Further critical configurations of type (ii) are retrieved numerically for instance
in Experiments 2 and 5 in Sect. 5. Critical configurations of type (iii) are shown for
instance in Experiments 11 and 13.

3.3. Formulation of Horizontal Curve Shortening Flow for Triods

Similarly to what is discussed in Appendix B, we can provide here evolution prob-
lems whose stationary solutions yield critical points for the functional L as given
in (3.1). The following formulations are at the basis of the numerical schemes and
simulations proposed in Sect. 4 and 5.

Assumption 3.6. Let P1, P2, P3 ∈ R
3 be three given distinct points and let γ0,α :

[0, 1] → R
3, α = 1, 2, 3, be regular smooth horizontal curves such that

γ0,α(1) = Pα, α = 1, 2, 3,

γ0,1(0) = γ0,2(0) = γ0,3(0).

Our aim now is to let such an initial triod evolve in time in such a way that its
flow converges to critical points of L. Since the junction point must be able to move
in time, tangential movements must be allowed. Recalling (2.11) we formulate:

Problem 3.7. Let Assumption 3.6 hold (together with appropriate compatibility con-
ditions). Find Γ = (γ1, γ2, γ3) with γα : [0, T )×[0, 1] → R

3, γα = γα(t, u), α = 1, 2, 3
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(in an appropriate class of functions), which satisfies γα(0, ·) = γ0,α(·), and

∂tγ
⊥g

1 (t, u) = �k1,g(t, u) + λ1(t)N1(t, u)

+

(∫ 1

u

(k1(t, ξ) + λ1(t))|∂uγ1(t, ξ)|gdξ

)

X3(γ1(t, u)),

∂tγ
⊥g

2 (t, u) = �k2,g(t, u) + (λ2(t) − λ1(t))N2(t, u)

+

(∫ 1

u

(k2(t, ξ) + λ2(t) − λ1(t))|∂uγ2(t, ξ)|gdξ

)

X3(γ2(t, u)),

∂tγ
⊥g

3 (t, u) = �k3,g(t, u) − λ2(t)N3(t, u)

+

(∫ 1

u

(k3(t, ξ) − λ2(t))|∂uγ3(t, ξ)|gdξ

)

X3(γ3(t, u)),

γ1(t, 0) = γ2(t, 0) = γ3(t, 0) for all t ∈ (0, T ),

γα(t, 1) = Pα for all t ∈ (0, T ), α = 1, 2, 3,

0 =
3∑

α=1

(
(γ1

α)u(t, u)
(γ2

α)u(t, u)

)
1

|∂uγα(t, u)|g

∣∣
∣
u=0

for all t ∈ [0, T ],

where the Lagrange multipliers are given through (3.19), below, for the projected
curves cα. Here ∂tγ

⊥g
α is short for ∂tγ

⊥g
α := ∂tγα − g(∂tγα, Tα)Tα.

If Γ = (γ1, γ2, γ3) is a solution to Problem 3.7, then its projected triod Γc =
(c1, c2, c3), with cα = (γ1

α, γ2
α)t, α = 1, 2, 3, satisfies the following problem in the

Euclidean setting.

Problem 3.8. Let Assumption 3.6 hold (together with appropriate compatibility con-
ditions). Find Γc = (c1, c2, c3), with cα : [0, T ) × [0, 1] → R

2, cα = (γ1
α, γ2

α)t,
α = 1, 2, 3, (in an appropriate class of functions), which satisfies γr

α(0, ·) = γr
0,α for

r = 1, 2, α = 1, 2, 3, and

(∂tc1 · �n1)�n1 = �k1 + λ1(t)�n1 for (t, u) ∈ (0, T ) × (0, 1), (3.18a)

(∂tc2 · �n2)�n2 = �k2 + (λ2(t) − λ1(t))�n2 for (t, u) ∈ (0, T ) × (0, 1), (3.18b)

(∂tc3 · �n3)�n3 = �k3 − λ2(t)�n3 for (t, u) ∈ (0, T ) × (0, 1), (3.18c)

cα(t, 1) = (P 1
α, P 2

α)t for all t ∈ [0, T ), (3.18d)

c1(t, 0) = c2(t, 0) = c3(t, 0) for all t ∈ (0, T ), (3.18e)

0 =
3∑

α=1

∂ucα

|∂ucα|

∣
∣∣
u=0

for all t ∈ (0, T ), (3.18f)

where

�nα :=
1

|∂ucα|

(
−∂uγ2

α(t, u)
∂uγ1

α(t, u)

)
, IK(cα(t)) :=

∫ 1

0

kα(t, u)|∂ucα|du, α = 1, 2, 3,
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and the Lagrange multipliers λ1, λ2 are solutions of
(

LE(c1(t)) + LE(c2(t)) −LE(c2(t))
−LE(c2(t)) LE(c3(t)) + LE(c2(t))

)(
λ1(t)
λ2(t)

)

=
(

IK(c2(t)) − IK(c1(t))
IK(c3(t)) − IK(c1(t))

)
.

(3.19)

Note that the Lagrange multipliers are well defined as long as the lengths of
at least two curves are not zero, and that if LE(c2) = 0 then the system decouples
into two fully independent equations with Lagrange multipliers that are computed
as in Problem B.2.

Lemma 3.9. For a (sufficiently smooth) solution to Problem 3.8 we have that

d

dt

3∑

α=1

LE(cα(t)) ≤ 0.

Proof. First of all recall that for a planar curve c =
(
c1, c2

)t =
(
γ1, γ2

)t such that
c(t, 1) is a fixed point and c(t, 0) a mobile one, we have (recall (2.13))

d

dt
G(c) = −

∫ 1

0

ct · �n|cu|du − 1
2
[ct · c⊥]u=0.

Note that for the lifted curve γ (recall (2.2)) with γ(t, 1) a fixed point and γ(t, 0) a
mobile one, the above equation implies

− ∂tγ
3(t, 0) =

d

dt
(γ3(t, 1) − γ3(t, 0)) =

d

dt
G(c) = −

∫ 1

0

ct · �n|cu|du − 1
2
[ct · c⊥]u=0.

(3.20)
Using c1(t, 0) = c2(t, 0) = c3(t, 0) it follows then that

d

dt
G(cα) =

d

dt
G(cβ) ⇐⇒

∫ 1

0

∂tcα · �nα|∂ucα|du

=
∫ 1

0

∂tcβ · �nβ|∂ucβ|du for α, β ∈ {1, 2, 3}. (3.21)

A straightforward calculation yields then that
∫ 1

0

∂tc1 · �n1|∂uc1|du =
∫ 1

0

∂tc2 · �n2|∂uc2|du =
∫ 1

0

∂tc3 · �n3|∂uc3|du

⇐⇒ (3.19) holds. (3.22)

Now that the effect of the choice of the Lagrange multipliers is clarified, we can
compute

d

dt

3∑

α=1

LE(cα(t)) =
3∑

α=1

[
∂ucα

|∂ucα| · ∂tcα

]1

0

−
3∑

α=1

∫ 1

0

�kα · ∂tcα|∂ucα|du

= −
3∑

α=1

∫ 1

0

�kα · (∂tcα · �nα)�nα|∂ucα|du
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= −
(

3∑

α=1

∫ 1

0

|(∂tcα · �nα)�nα|2|∂ucα|du

)

+ λ1(t)
∫ 1

0

∂tc1 · �n1|∂uc1|du

+ (λ2(t) − λ1(t))
∫ 1

0

∂tc2 · �n2|∂uc2|du

− λ2(t)
∫ 1

0

∂tc3 · �n3|∂uc3|du

= −
3∑

α=1

∫ 1

0

|(∂tcα · �nα)�nα|2|∂ucα|du ≤ 0,

where we have used the boundary conditions and (3.22). �

From the above lemma we immediately infer that for a solution of Problem 3.7
the length decreases along the flow since (recall Remark 2.2)

d

dt
L(Γ(t)) =

d

dt

(
3∑

α=1

LE(cα(t))

)

≤ 0.

With similar considerations explained in Sect. B, and using (3.21), (3.20), (2.2), and
Assumption 3.6, one can show that a horizontal lift of a solution Γc to Problem 3.8,
where each curve cα is lifted to a horizontal curve γα ending at Pα, yields a solution
to Problem 3.7. More precisely for a lifted curve γ we observe by differentiating in
time (2.2) that

∂tγ
3(t, u) = ∂tγ

3(t, 0) +
∫ u

0

(
−1

2
γ2

t γ1
u − 1

2
γ2γ1

tu +
1
2
γ1

t γ2
u +

1
2
γ1γ2

tu

)
dξ

= ∂tγ
3(t, 0) +

∫ u

0

(
− γ2

t γ1
u + γ1

t γ2
u

)
dξ +

[
1
2
γ1γ2

t − 1
2
γ2γ1

t

]u

0

= ∂tγ
3(t, 0) −

∫ u

0

∂tc · �n|cu|dξ +
1
2

[
ct · c⊥

]u

0

= ∂tγ
3(t, 0) − 1

2

[
ct · c⊥

]

u=0

−
∫ 1

0

∂tc · �n|cu|dξ

+
∫ 1

u

∂tc · �n|cu|dξ +
1
2

(
ct · c⊥

)
(t, u)

=
∫ 1

u

∂tc · �n|cu|dξ + (ct · �n)
1
2

(
�n · c⊥

)
(t, u) +

(
ct · cu

|cu|

)
1
2

(
cu

|cu| · c⊥
)

(t, u)

=
∫ 1

u

∂tc · �n|cu|dξ + (ct · �n)N3(t, u) +
(

ct · cu

|cu|

)
T 3(t, u),

where we have used (3.20), (2.7) and (2.8).
So far we have totally neglected the questions about the function class and the

compatibility conditions. Typically one works in the class of Hölder spaces, however,
since the analysis of short and long-time existence and behaviours of the flow are
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outside the scope of this paper we leave out here the details and refer for instance
to [20,22] where such questions are thoroughly studied for similar problems.

3.3.1. Weak Formulation Used for Numerics. The numerical scheme we propose
hinges on a suitable weak formulation of Problem 3.8. To that end set I = (0, 1)
and

V := {(η1, η2, η3) : ηα ∈ H1,2(I,R2), ηα(1) = (P 1
α, P 2

α)t, α = 1, 2, 3,

η1(0) = η2(0) = η3(0)},

V0 := {(η1, η2, η3) : ηα ∈ H1,2(I,R2), ηα(1) = 0, α = 1, 2, 3, η1(0) = η2(0) = η3(0)}.

Moreover, we let

W := {(χ1, χ2, χ3) : χα ∈ H1,2(I), α = 1, 2, 3}.

Given an initial triod configuration (c1(0), c2(0), c3(0)), find c ∈ H1(0, T ; V ),
κ ∈ L2(0, T ; W ) and μ ∈ L2(0, T ;R3) such that for almost every t ∈ (0, T ] it holds
that

∑3
α=1 μα(t) = 0 and

3∑

α=1

∫

I

∂tcα · �nαχα|∂ucα|du −
3∑

α=1

∫

I

(κα − μα)χα|∂ucα|du = 0 ∀ χ ∈ W,

(3.23a)
3∑

α=1

∫

I

κα�nα · ηα|∂ucα|du +
3∑

α=1

∫

I

∂ucα · ∂uηα|∂ucα|−1du = 0 ∀ η ∈ V0,

(3.23b)
∫

I

(κ1 − μ1)|∂uc1|du =
∫

I

(κ2 − μ2)|∂uc2|du =
∫

I

(κ3 − μ3)|∂uc3|du. (3.23c)

Upon recalling (3.22) and with the correspondence μ1 = −λ1, μ2 = λ1 − λ2, μ3 =
λ2, we observe that (3.23) is the natural weak formulation of (3.18). See also [4,
Remark 3.2], where a corresponding strong formulation for volume conserving mean
curvature flow of a surface cluster with three surfaces and a triple junction line is
given.

4. Finite Element Approximation

We consider a uniform partitioning of the reference domain as Ī =
⋃J

j=1 Ij

=
⋃J

j=1[uj−1, uj ] with uj = jh, h = 1/J . We then introduce the finite element
spaces

Sh :=
{

χ ∈ C0(Ī) : χ
∣
∣
Ij

is affine j = 1, . . . , J
}

,

V h :=
(

[Sh]2 × [Sh]2 × [Sh]2
)

∩ V, V h
0 :=

(
[Sh]2 × [Sh]2 × [Sh]2

)
∩ V0,

Wh :=
(

Sh × Sh × Sh

)
∩ W.
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We also introduce the mass-lumped quadrature rule as
∫ h

I

χ du =
h

2

J∑

j=1

[
χ(u−

j ) + χ(u+
j−1)

]
,

for a function χ ∈ L∞(I) which is piecewise continuous with possible jumps at the
nodes {uj}J

j=1, and χ(u±
j ) = lim

δ↘0
χ(uj ± δ).

We further divide the time interval uniformly by [0, T ] =
⋃M

m=1[tm−1, tm],
where tm = mΔt and Δt = T/M is the time step size. Let cm ∈ V h be an ap-
proximation to c(tm) for 0 ≤ m ≤ M . Throughout this section we always assume
that

|∂ucm
α | > 0 in I, α = 1, 2, 3, m = 0, 1, . . . , M,

and define the unit normal on cm
α (I) via

�nm
α =

(∂ucm
α )⊥

|∂ucm
α | .

Our fully discrete finite element approximation of (3.23) is given as follows. Let
c0 ∈ V h. Then, for m ≥ 0, given cm ∈ V h, find cm+1 = cm + δcm+1 ∈ V h with
δcm+1 ∈ V h

0 , κm+1 ∈ Wh and μm+1 ∈ R
3 such that

∑3
α=1 μm+1

α = 0 and

3∑

α=1

∫ h

I

δcm+1
α

Δt
· �nm

α χα|∂ucm
α |du −

3∑

α=1

∫ h

I

(
κm+1

α − μm+1
α

)
χα|∂ucm

α |du = 0

∀ χ ∈ Wh, (4.1a)
3∑

α=1

∫ h

I

κm+1
α �nm

α · ηα|∂ucm
α |du +

3∑

α=1

∫

I

∂ucm+1
α · ∂uηα|∂ucm

α |−1du = 0 ∀ η ∈ V h
0 ,

(4.1b)
∫ h

I

(
κm+1
1 − μm+1

1

)
|∂ucm

1 |du =
∫ h

I

(κm+1
2 − μm+1

2 )|∂ucm
2 |du

=
∫ h

I

(
κm+1
3 − μm+1

3

)
|∂ucm

3 |du. (4.1c)

Observe that (4.1) is linear, and that it is the natural extension of the scheme (4.28)
from [4, Remark 4.3], to the special curve network studied here.

We make the following mild assumption for the existence and uniqueness proof.

Assumption 4.1. span
{∫ h

I
ξ�nm

α |∂ucm
α |du : ξ ∈ Sh, ξ(0) = ξ(1) = 0

}
�= {0}, for α =

1, 2, 3.

The above assumption is very mild. A rare case when it is violated is if J = 2
and cm

α (0) = cm
α (1). In fact, as the proof of Theorem 4.2 below will show, Assump-

tion 4.1 can be weakened further to the span being nontrivial for just two out of the
three curves. In any case, the assumption is virtually always satisfied in practice,
and is in line with similar assumptions stated in the series of works [1–4].
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Theorem 4.2. Let Assumptions 4.1 hold. Then there exists a unique solution to
(4.1). Moreover, any solution to (4.1) is unconditionally stable. In particular

LE

(
cm+1

)
+ Δt

3∑

α=1

∫ h

I

(
κm+1

α − μm+1
α

)2

|∂ucm
α |du ≤ LE(cm). (4.2)

Proof. As (4.1) is a linear system with the same number of equations as unknowns,
existence follows from uniqueness. It is hence sufficient to show that the homoge-
neous system only has the trivial solution. Let δ̂c ∈ V h

0 , κ̂ ∈ Wh and μ̂ ∈ R
3 be

such that
3∑

α=1

∫ h

I

δ̂cα

Δt
· �nm

α χα|∂ucm
α |du −

3∑

α=1

∫ h

I

(κ̂α − μ̂α)χα|∂ucm
α |du = 0 ∀ χ ∈ Wh,

(4.3a)
3∑

α=1

∫ h

I

κ̂α�nm
α · ηα|∂ucm

α |du +
3∑

α=1

∫

I

∂uδ̂cα · ∂uηα|∂ucm
α |−1du = 0 ∀ η ∈ V h

0 ,

(4.3b)
∫ h

I

(κ̂1 − μ̂1)|∂ucm
1 |du =

∫ h

I

(κ̂2 − μ̂2)|∂ucm
2 |du =

∫ h

I

(κ̂3 − μ̂3)|∂ucm
3 |du. (4.3c)

Choosing χ = κ̂ ∈ Wh in (4.3a) and η = δ̂c ∈ V h
0 in (4.3b) yields that

0 =
3∑

α=1

∫

I

|∂uδ̂cα|2|∂ucm
α |−1du + Δt

3∑

α=1

∫ h

I

(κ̂α − μ̂α)κ̂α|∂ucm
α |du

=
3∑

α=1

∫

I

|∂uδ̂cα|2|∂ucm
α |−1du+Δt

3∑

α=1

∫ h

I

(κ̂α − μ̂α)2|∂ucm
α |du , (4.4)

where we have noticed from (4.3c) that

3∑

α=1

μ̂α

∫ h

I

(κ̂α − μ̂α)|∂ucm
α |du =

∫ h

I

(κ̂1 − μ̂1)|∂ucm
1 |du

3∑

α=1

μ̂α = 0. (4.5)

It follows immediately from (4.4) that δ̂c is a constant, and hence δ̂c = 0 because
of the boundary conditions in V h

0 . Moreover, we have that κ̂α = μ̂α, α = 1, 2, 3.
Combining these results with (4.3b) implies that

3∑

α=1

μ̂α

∫ h

I

�nm
α · ηα|∂ucm

α |du = 0 ∀ η ∈ V h
0 . (4.6)

Assumption 4.1 now yields that μ̂α = 0, α = 1, 2, 3. For example, for α = 1 we
choose a nonzero vector v =

∫ h

I
ξ�nm

1 |∂ucm
1 |du for ξ ∈ Sh with ξ(0) = ξ(1) = 0.

Hence we can choose η = (μ̂1ξv, 0, 0) ∈ V h
0 in (4.6) to obtain that

0 = μ̂1

∫ h

I

�nm
1 · (μ̂1ξv)|∂ucm

1 |du = (μ̂1)2v ·
∫ h

I

�nm
1 ξ|∂ucm

1 |du = (μ̂1)2|v|2,
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which implies that μ̂1 = 0. We can argue similarly to obtain μ̂2 = 0, and then
μ̂3 = −μ̂1 − μ̂2 = 0. Overall we have that (δ̂c, κ̂, μ̂) = (0, 0, 0). This proves the
existence of a unique solution to (4.1).

In order to prove (4.2), we choose χ = κm+1 ∈ Wh in (4.1a) and η = δcm+1 ∈
V h
0 in (4.1b) to obtain

0 =
3∑

α=1

∫

I

∂ucm+1
α · ∂uδcm+1

α |∂ucm
α |−1du + Δt

3∑

α=1

∫ h

I

(
κm+1

α − μm+1
α

)
κm+1

α |∂ucm
α |du

=
3∑

α=1

∫

I

∂ucm+1
α · ∂u

(
cm+1
α − cm

α

)
|∂ucm

α |−1du + Δt

3∑

α=1

∫ h

I

(
κm+1

α − μm+1
α

)2

|∂ucm
α |du ,

(4.7)

where we have noticed from (4.1c), similarly to (4.5), that

3∑

α=1

μm+1
α

∫ h

I

(
κm+1

α − μm+1
α

)
|∂ucm

α |du =
∫ h

I

(
κm+1
1 − μm+1

1

)
|∂ucm

1 |du
3∑

α=1

μm+1
α = 0.

In addition, we recall from [5, Lemma 57] that
∫

I

∂ucm+1
α ·∂u

(
cm+1
α − cm

α

)
|∂ucm

α |−1du ≥ LE(cm+1
α )−LE(cm

α ), α = 1, 2, 3. (4.8)

Combining (4.7) and (4.8) yields the desired result (4.2). �

5. Numerical Results

We implemented the scheme (4.1) within the finite element toolbox Alberta [25],
using the sparse factorization package UMFPACK, see [10], for the solution of the
linear systems of equations arising at each time level. Unless otherwise stated, for
the discretization parameters we always use J = 100 and Δt = 10−4.

In order to describe the horizontal initial data, we will always state the junction
point Σ ∈ R

3 and then either state the coordinates of the fixed points Pα ∈ R
3,

α = 1, 2, 3, directly, or at first only specify the coordinates of their projections into
the two-dimensional Euclidean plane, Pα ∈ R

2, α = 1, 2, 3, from which the missing
coordinates can be computed with the help of the chosen initial planar curves via
(2.2).

For the colours in our plots we follow the following convention: if the triod (or
its projection) is shown at a single time t = tm, then we use the colours olive, purple
and gold for the curves cm

1 , cm
2 and cm

3 , respectively. If a plot shows the evolution of
a triod (or its projection) at several times, then we use the colours blue, black and
read for the initial data, the intermediate times and the final time, respectively.

5.1. Planar Straight Line Initial Data

In this subsection we always choose Σ = (0, 0, 0)t and the initial curves to be straight
lines in the two-dimensional Euclidean plane. In general this means that the 120
degree angle condition at the projected triple junction Σ will not be satisfied at time
t = 0.
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Figure 1 The triod at time t = 0 and at time t = 1. We use the
colours olive, purple and gold for the curves cm

1 , cm
2 and cm

3 , respec-
tively. On the right we show a plot of the discrete energy LE(cm)
over time.

Experiment 1. We begin with a classical Steiner configuration, that is three straight
line segments that meet at the origin at 120◦ angles. In particular Σ = (0, 0, 0)t,
P1 = (−2, 0, 0)t, P2 =

(
1,−

√
3, 0

)t and P3 =
(
1,

√
3, 0

)t. This setup is a steady
state for the continuous problem, and also our finite element approximation does
not change this initial data when we integrate from t = 0 to t = 1. In Fig. 1 we show
the initial and final discrete solution, together with a plot of the (constant) discrete
energy over time.

Experiment 2. We would like to investigate what happens if we change the positions
of the points Pα, α = 1, 2, 3, in such a way, that they form a triangle with an
angle larger than 120◦ in P1. This is motivated by the fact that for classical curve
shortening flow a singularity is expected with the triple junction Σ moving towards
P1 so that the curve c1 eventually vanishes [22]. We begin with a moderate setting
of P1 = (−0.5, 0, 0)t, P2 = (1,−3, 0)t, P3 = (1, 3, 0)t, meaning that the angle in P1

is 126.87◦. Since we use planar straight lines for the initial curve setup, the 120◦

angle condition at the triple junction is violated at time t = 0. The evolution shown
in Fig. 2 demonstrates that the triod quickly relaxes to a configuration that satisfies
the 120◦ triple junction angle condition. Eventually a steady state is approached,
as can be seen from the discrete energy plots. At the final time the shortest curve
has reached a length of about 0.326.

Experiment 3. In order to try to trigger an evolution towards a singularity, we
make the triangle formed by Pα, α = 1, 2, 3, even more obtuse. That is, we let
P1 = (−0.5, 0, 0)t, P2 = (1,−9, 0)t, P3 = (1, 9, 0)t, meaning that the angle in P1

is 161.06◦. The evolution shown in Fig. 3 indicates that now the flow does indeed
encounter a singularity, as the triple junction Σ moves towards P1, so that the curve
cm
1 eventually vanishes. Note that the curve vanishing represents a singularity for

our parametric formulation, and so our simulation breaks down. Observe from the
combined energy plot that the remaining curves cm

2 and cm
3 are not geodesics yet.

5.2. Straight Line Initial Data

In this subsection we choose the initial curves to be straight lines in R
3.
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Figure 2 The projected triod at time t = 0 and at time t = 5. The
triod in R

3 is shown at time t = 0, at times t = 0, 1, 5, and at time
t = 5. Below we show a plot of the discrete energies LE(cm) and
LE(cm

1 ) over time.

Figure 3 The projected triod at time t = 0 and at time t = 1.46.
The triod in R

3 is shown at time t = 0, at times t = 0, 1, 1.46, and at
time t = 1.46. Below we show a plot of the discrete energies LE(cm)
and LE(cm

1 ) over time.
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Figure 4 The (projected) triod at time t = 0 and at time t = 0.5.
Below we show a plot of the discrete energies LE(cm) and LE(cm

2 )
over time.

Experiment 4. For this experiment we choose the location of the initial triple junc-
tion to be different from the origin. In fact, we let Σ = (0, 0.1, 0)t as well as
P1 = (1, 0,−0.05)t, P2 = (0, 0, 0)t and P3 =

(
cos(23π), sin(23π), 0.05

)t =
(

−
0.5, 1

2

√
3, 0.05

)t. As a consequence, the three points Pα, α = 1, 2, 3, form a tri-
angle with an angle equal to 120◦ in P2. Once again this choice is motivated by
the fact that for standard curve shortening flow in the plane the triple junction Σ
would move towards P2, and the curve c2 would vanish. We show the results of our
scheme in Fig. 4. Similarly to Fig. 2, for the flow considered in this paper no sin-
gularity occurs. In fact, eventually a steady state is approached, with the shortest
curve having reached a length of about 0.065.

5.3. Compatible Curved Initial Data

In this subsection we choose the projected initial data in such a way, that the 120◦

angle condition at the triple junction is satisfied. This is achieved with the help of
cubic Bézier curves, and so the initial data is in general curved. Unless otherwise
stated it is Σ = (0, 0, 0)t.

Experiment 5. We begin with an analogue of the simulation shown in Fig. 2, but
now with planar initial data that satisfies the 120◦ triple junction angle condition.
Note that despite the projections Pα, α = 1, 2, 3, being the same as before, due to
the curved nature of the initial curves the points Pα, α = 1, 2, 3, here do not lie in
the two dimensional Euclidean plane. In fact, here we have P1 = (−0.5, 0, 0)t, P2 =
(1,−3,−0.167)t, P3 = (1, 3, 0.167)t. We show the results from our finite element
approximation in Fig. 5, where we see once more that for the flow considered in this
paper, no singularity arises from the chosen initial data.



Vol. 94 (2026) Minimal Horizontal Triods: Analysis and Computation 29

Figure 5 The projected triod at time t = 0 and at time t = 5. The
triod in R

3 is shown at time t = 0, at times t = 0, 1, 5, and at time
t = 5. Below we show a plot of the discrete energies LE(cm) and
LE(cm

1 ) over time.

Figure 6 The projected triod at time t = 0 and at time t = 16.6.
The triod in R

3 is shown at time t = 0, at times t = 0, 1, 5, 16.6
and at time t = 16.6. Below we show a plot of the discrete energies
LE(cm) and LE(cm

1 ) over time.
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Figure 7 The (projected) triod at time t = 0, at times t =
0, 0.02, 0.05, 0.2 and at time t = 0.2. At the top right we show a
plot of the discrete energy LE(cm) over time.

Figure 8 The triod at time t = 0, at times t = 0, 0.02, 0.05, 0.2 and
at time t = 0.2.

Experiment 6. Correspondingly, we show an analogue of Fig. 3 in Fig. 6. That is, we
let P1 = (−0.5, 0, 0)t, P2 = (1,−9,−2.74)t, P3 = (1, 9, 2.74)t. Similarly to before,
the simulation encounters a singularity, when the shortest curve tries to vanish.

Experiment 7. Here we choose the 2d projections of Pα, α = 1, 2, 3, to be the
same, i.e. all equal to (1, 0)t, with Σ = (0, 0, 0)t. In fact, we let P1 = (1, 0, 0)t,
P2 = (1, 0,−0.07)t and P3 = (1, 0, 0.07)t. The evolution of the planar triod then
converges towards a standard double bubble in the plane, see [12]. That is because
the planar geodesics are given by straight lines and circle segments, and as they
meet at 120◦ at Σ, due to symmetry the same applies to the fixed planar triple
junction point (1, 0)t. We show the results in Fig. 7.

In a near repeat of the previous simulation we shift the planar initial data
by one unit to the left. That is, Σ = (−1, 0, 0)t and Pα = (0, 0)t, α = 1, 2, 3. In
fact, we have P1 = (0, 0, 0)t, P2 = (0, 0,−0.07)t and P3 = (0, 0, 0.07)t. Since the
projections will evolve exactly as shown in Fig. 7, we only display the 3d curves for
this experiment in Fig. 8.
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Figure 9 The (projected) triod at time t = 0, at times t =
0, 0.02, 0.2 and at time t = 0.2. At the top right we show a plot
of the discrete energy LE(cm) over time.

Experiment 8. In this experiment we choose the initial position of Σ to be (−1, 0, 0)t

and let Pα = (0, 0)t, α = 1, 2, 3. In order to break the symmetry between the planar
regions enclosed by c01 and c02, and by c01 and c03, we choose c02 much longer than
c03. As a result, the planar triod now evolves towards a standard double bubble
with non-equal enclosed areas. We show the results from our numerical method
in Fig. 9. Notice that the choice of planar initial data means that P1 = (0, 0, 0)t,
P2 = (0, 0,−0.13)t and P3 = (0, 0, 0.02)t.

Experiment 9. An even bigger imbalance between the two enclosed areas is shown
in Fig. 10. This time we let Σ = (−1, 0, 0)t and Pα = (0, 0)t, α = 1, 2, 3. Observe
that the initial data is such that one of the projected curves has a self-intersection.
Moreover, it holds that P1 = (0, 0, 0)t, P2 = (0, 0, 1.95)t and P3 = (0, 0, 0.02)t.

Experiment 10. By increasing the relative lengths of the second and third curves,
we manage to create an initial data from which a singularity seems to arise. That
is, we let P1 = (0, 0, 0)t, P2 = (0, 0, 1.95)t, P3 = (0, 0,−1.04)t and Σ = (−1, 0, 0)t.
In fact, for the evolution shown in Fig. 11 we observe that eventually the shortest
curve vanishes, because the (projected) triple junction has moved to the origin. Once
again we observe that the planar initial data features self-intersections. Moreover,
at the time our numerical breaks down due to the singularity, the remaining two
curves do not represent geodesics. This can be seen from the negative slope of the
graph of the discrete energy LE(cm) at the final time.

Experiment 11. Another simulation with a planar setup very similar to the previous
experiment is shown in Fig. 12. The positions of Σ = (−1, 0, 0)t and Pα = (0, 0)t,
α = 1, 2, 3, are as before. But this time the area enclosed by the curves c1 and c2
is significantly larger than the area enclosed by c1 and c3. In fact, we now have
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Figure 10 The (projected) triod at time t = 0, at times t = 0, 0.5, 5
and at time t = 20. At the top right we show a plot of the discrete
energy LE(cm) over time.

that P1 = (0, 0, 0)t, P2 = (0, 0, 1.95)t and P3 = (0, 0,−0.39)t. As a consequence, the
observed evolution is very different to the previous experiment. In particular, we
do not observe any singularity this time. In fact, the planar evolution appears to
approach a non-equal area standard double bubble. However, we notice a very rapid
decrease in energy at around time t = 0.37, followed by a more moderate decrease
in energy. To visualize what is causing this behaviour, we also show the projected
triod shortly before and after this time at the bottom of Fig. 12. What we see is
that the position of the triple junction Σ relative to the enclosed regions changes,
which we conjecture is behind the change in the speed of the energy decrease.

Experiment 12. For the initial setup we let Σ = (0, 0, 0)t, as well as P1 = (−1, 0)t

and Pα = (1, 0)t, α = 2, 3. The initial curves imply that P1 = (−1, 0, 0)t, P2 =
(1, 0, 0.07)t and P3 = (1, 0,−0.07)t. In Fig. 13 we observe that the planar triod
evolves towards a lens steady state, as it is known from simulations for grain bound-
ary motions or multiphase fluids. See e.g. [3, Fig. 5] and [14, Fig. 13].

13

5.4. Incompatible Curved Initial Data

In this subsection we once again choose initial data for which the 120 degree angle
condition at the planar triple junction is not satisfied. The initial curves will in
general be curved.

Experiment 13. We choose Σ = (0, 0, 0)t and let P1 = (0, 0,−π)t, P2 = (1,−
√

3, 0)t,
P3 = (1,

√
3, 0)t. As a consequence, the 2d projections of Σ and P1 are both equal to

the origin. We display the evolution in Fig. 14, where we notice that the projected
triple junction Σ moves away from the origin and that the projected triod eventually
reaches a steady state made up of three circle segments.
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Figure 11 The (projected) triod at time t = 0, at times t =
0, 0.5, 1.2 and at time t = 1.2. Below we show a plot of the discrete
energies LE(cm) and LE(cm

1 ) over time.

Experiment 14. We let Σ = (0.5,−0.5, 0)t and P1 = (1, 0, 0)t, P2 = (0, 0, 0)t, P3 =
(0, 0,−2)t, and compute the initial horizontal curves connecting Σ with Pα, α =
1, 2, 3, with the help of (A.2) from Example A.1, where we use the parameter b =
1 for each curve. The ensuing evolution is shown in Fig. 15. It can be seen that
the triple junction moves towards P1, leading to a singularity when the curve cm

1

vanishes.

Experiment 15. We let Σ = (0.1, 0.1, 0)t and P1 = (1, 0, 0)t, P2 = (0, 0, 0)t, P3 =
(cos(23π), sin(23π), 0)t = (−0.5, 1

2

√
3, 0)t, and once again compute the initial horizon-

tal curves connecting Σ with Pα, α = 1, 2, 3, with the help of (A.2), where this time
we always choose b = 0. Observe that the points Pα form a triangle with an angle of
120 degrees in P2. The evolution is shown in Fig. 16. We observe that the projected
triple junction Σ moves towards the origin, meaning that the curve cm

2 vanishes.
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Figure 12 The (projected) triod at time t = 0, at times t = 0, 0.5, 5
and at time t = 5. At the top right we show a plot of the discrete
energy LE(cm) over time. In the bottom row we show the projected
triod at time t = 0.36 and at time t = 0.38.

Figure 13 The projected triod at time t = 0, at times t =
0, 0.05, 0.3 and at time t = 0.3. Below we show the triod in R

3 at
time t = 0 and at time t = 0.3, as well as a plot of the discrete energy
LE(cm) over time.
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Figure 14 The (projected) triod at time t = 0, at times t = 0, 1, 2, 7
and at time t = 7. At the top right we show a plot of the discrete
energy LE(cm) over time.
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A. Supporting Materials

For numerical simulations it is advantageous to be able to construct horizontal
curves between given points in R

3. Following [7, Lemma 1.13] (or by direct compu-
tation) we give the following example.

Example A.1. Let γ : [0, 1] → R
3, γ = γ(u), be given through

γ(u) =

⎛

⎝
au + bu2

αu2 + βu3

αau3

6 + aβ u4

4 + bβ u5

10

⎞

⎠ .

The curve γ is horizontal and passes through the origin. Let M = (M1, M2,M3)t ∈
R

3. Choosing

α = M2 − β, a = M1 − b, β =
60M3 − 10M1M2 + 10bM2

5M1 + b
(A.1)

we obtain a one-parameter family of horizontal curves (depending on b) such that
γ(0) = 0 and γ(1) = M .

http://creativecommons.org/licenses/by/4.0/
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Figure 15 The (projected) triod at time t = 0, at times t =
0, 1, 1.42 and at time t = 1.42. Below we show a plot of the discrete
energies LE(cm) and LE(cm

1 ) over time.
Let now P,Q ∈ R

3 be given. Using left translation we obtain that the curves
(depending on b)

γ̂(u) := τP (γ(u))

=

⎛

⎝
P 1 +

(
au + bu2

)

P 2 +
(
αu2 + βu3

)

P 3 +
(
αau3

6 + aβ u4

4 + bβ u5

10

)
+ 1

2P 1
(
αu2 + βu3

)
− 1

2P 2
(
au + bu2

)

⎞

⎠

(A.2)

are horizontal curves such that γ̂(0) = P and γ̂(1) = Q, provided we set

M1 := Q1−P 1, M2 := Q2−P 2, M3 := Q3−P 3−1
2
(
P 1(Q2−P 2

)
−P 2

(
Q1−P 1

)
)
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Figure 16 The (projected) triod at time t = 0, at times t =
0, 0.1, 0.2 and at time t = 0.2. Below we show a plot of the discrete
energies LE(cm) and LE(cm

2 ) over time.

in (A.1).

Remark A.2. (Solutions of the Euler–Lagrange equations (2.15)) To derive an ex-
plicit solution for curves γ satisfying (2.15), we distinguish between two possible
cases. In the following we let c always denote the projection of γ.

First case: if λ = 0, i.e. k(u) = 0 in [0, 1], then c is a straight line connecting
(P 1, P 2)t and (Q1, Q2)t, that is

(
γ1(u)
γ2(u)

)
=

(
P 1

P 2

)
+ u

(
Q1 − P 1

Q2 − P 2

)
, u ∈ [0, 1].

From (2.2) a straightforward calculation yields

γ3(u) = P 3 + u

(
−1

2
P 2Q1 +

1
2
P 1Q2

)
u ∈ [0, 1],

and Q3 must satisfy the equation Q3 = P 3 − 1
2P 2Q1 + 1

2P 1Q2. We can write the
straight line also as the horizontal curve

γ(u) = P + u(Q1 − P 1)X1(P ) + u(Q2 − P 2)X2(P )
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in the horizontal plane through P . Observe that if P is the origin (which we can
always attain after an appropriate left translation, recall Lemma 2.6), then the line
lies in the (x, y)-plane.

Second case: if λ �= 0 then the Euler–Lagrange equations yield

1
|c′|

(
1

|c′|γ
1
u

)

u

= λ
γ2

u

|c′| in (0, 1),

1
|c′|

(
1

|c′|γ
2
u

)

u

= −λ
γ1

u

|c′| in (0, 1).

Reparametrizing c by arc length (i.e. |c′(s)| = 1, ds = |c′(u)|du), the above system
reads

γ1
ss = λγ2

s , γ2
ss = −λγ1

s for s ∈ (0, LE(c)),

i.e.

css = λJcs, with J =
(

0 1
−1 0

)
,

with solution cs(s) = eλJscs(0) =
(

cos(λs) sin(λs)
− sin(λs) cos(λs)

)
cs(0) (cf. [7, Lemma 1.16]).

Integration gives

c(s) = c(0) +
∫ s

0

eλJξcs(0)dξ = c(0) +
[

1
λ

J−1eλJξcs(0)
]s

0

= c(0) − 1
λ

J−1cs(0) +
1
λ

J−1eλJscs(0).

Therefore a general solution is of type

c(s) = A+
1
λ

(
0 −1
1 0

)(
cos(λs) sin(λs)

− sin(λs) cos(λs)

)
B = A+

1
λ

(
sin(λs) − cos(λs)
cos(λs) sin(λs)

)
B,

for vectors A,B ∈ R
2, with B = cs(0) and A = c(0) − 1

λJ−1cs(0). In particular,
we see that the projected curve c is an arc of a circle of radius |B|/|λ| = 1

|λ| (since
|B| = |cs(0)| = 1 due to the arc length parametrization). Writing

cs(0) = B = (cos(α0), sin(α0))t

for some α0 ∈ [0, 2π), we obtain

c(s) = A +
1
λ

(
sin(λs) − cos(λs)
cos(λs) sin(λs)

)(
cos(α0)
sin(α0)

)
= A +

1
λ

(
sin(λs − α0)
cos(λs − α0)

)
. (A.3)

The constants A, B are determined through the equations
(

P 1

P 2

)
= c(0) = A +

1
λ

(
0 −1
1 0

)
B

and, with sf := LE(c) = L(γ),
(

Q1

Q2

)
= c(sf ) = A +

1
λ

(
sin(λsf ) − cos(λsf )
cos(λsf ) sin(λsf )

)
B.
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This gives for λsf ∈ (0, 2π) + 2πZ:

B =
λ

sin2(λsf ) + (1 − cos(λsf ))2

(
sin(λsf ) cos(λsf ) − 1

1 − cos(λsf ) sin(λsf )

)(
Q1 − P 1

Q2 − P 2

)

=
λ

2(1 − cos(λsf ))

(
sin(λsf ) cos(λsf ) − 1

1 − cos(λsf ) sin(λsf )

)(
Q1 − P 1

Q2 − P 2

)
, (A.4)

A =
(

P 1

P 2

)
− 1

λ

(
0 −1
1 0

)
B. (A.5)

We deduce in particular that (P 1, P 2) �= (Q1, Q2). After computing the expressions
(A.4), (A.5), we obtain the curve c by expression (A.3). The third component of the
horizontal lift of c starting at P is finally computed via (2.2), and hence Q3 must
satisfy

Q3 = P 3 +
∫ sf

0

(
−1

2
γ2(s)γ1

s (s) +
1
2
γ1(s)γ2

s (s)
)

ds

= P 3 +
∫ sf

0

(

− 1
2
A2

[
B1 cos(λs) + B2 sin(λs)

]

+
1
2
A1

[
B2 cos(λs) − B1 sin(λs)

]
− |B|2

2λ

)

ds.

In particular if P = 0 (which we can always attain after appropriate left translation)
then A1 = 1

λB2, A2 = − 1
λB1 and

γ3(s) = − 1
2λ

s +
1

2λ2
sin(λs) =

sin(λs) − λs

2λ2
for s ∈ [0, sf ], (A.6)

so that
Q3 =

sin(λsf ) − λsf

2λ2
. (A.7)

If λsf = 2πk, for some k ∈ Z, then (P 1, P 2) = (Q1, Q2) = c(0), i.e. the pro-
jected curve c is a (k-multiply covered) circle, whereby we have freedom in choosing
the vector B = cs(0) = (cos(α0), sin(α0))t for α0 ∈ [0, 2π). For this one-parameter
family of solutions we obtain by (2.2) and (A.3) that

Q3 = P 3 +
∫ λsf

0

−1
2
γ2(s)γ1

s (s) +
1
2
γ1(s)γ2

s (s)ds = P 3 − (2πk)
|B|2
2λ2

.

In particular

|Q3 − P3| =
(2π|k|)

2λ2
=

π|k|
λ2

.

Note that unlike the Euclidean setting, we have here a one-parameter family of
solution curves having all the same length.

B. Horizontal Curve Shortening Flow

Although Remark A.2 (see also [7, §1.6] for further information) fully describes
horizontal curves of minimal length, an alternative way to obtain the critical points
(2.15), is to let a given horizontal curve flow into a critical configuration. This
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approach is interesting in its own right. In the following we provide an informal
definition of such a flow and call it horizontal curve shortening flow.

Assumption B.1. Let P �= Q be two given points in R
3 and let γ0 : [0, 1] → R

3 be a
regular smooth horizontal curve connecting P and Q.

Taking into consideration Remark 2.15, (2.9), and Lemma 2.13, it is natural to
consider the following flow, which we call horizontal curve shortening flow :

Problem B.2. Let Assumption B.1 hold. Find γ : [0, T ) × [0, 1] → R
3, γ = γ(t, u),

which satisfies γ(0, ·) = γ0, and

γt(t, u) = �kg(t, u) + λ(t)N(t, u) −
(∫ u

0

(k(t, ξ) + λ(t))|γu(t, ξ)|gdξ
)
X3(γ(t, u))

for all (t, u) ∈ (0, T ) × (0, 1),

γ(t, 0) = P for all t ∈ (0, T ),

γ(t, 1) = Q for all t ∈ (0, T ),

where

λ(t) = −
∫ 1

0
k(t, u)|γu(t, u)|gdu

L(γ(t))
.

Lemma B.3. If γ : [0, T ) × [0, 1] → R
3 is a solution to Problem B.2, then the length

L(γ(t)) of the horizontal curve γ(t) decreases along the flow.

Proof. A direct computation gives

d

dt
L(γ(t)) =

d

dt

∫ 1

0

√
(γ1

u)2 + (γ2
u)2du

= −
∫ 1

0

1
|γu|g

(
1

|γu|g

(
γ1

u

γ2
u

))

u

·
(

γ1
t

γ2
t

)
|γu|gdu +

[
1

|γu|g

(
γ1

u

γ2
u

)
·
(

γ1
t

γ2
t

)]1

0

= −
∫ 1

0

k(k + λ)|γu|gdu = −
∫ 1

0

k2|γu|gdu − λ

∫ 1

0

k|γu|gdu ≤ 0,

where we have used that γt = 0 at the boundary, the definition of λ, and a Hölder
inequality. �

Note that if γ solves the above horizontal curve shortening flow (Problem B.2),
then its projected curve c = (γ1, γ2)t satisfies the following problem in the Euclidean
setting:

Problem B.4. Let Assumption B.1 hold. Find c : [0, T ) × [0, 1] → R
2, c = (γ1, γ2)t,

which satisfies γr(0, ·) = γr
0 for r = 1, 2, and

ct(t, u) = �k(t, u) + λ(t)�n(t, u) for all (t, u) ∈ (0, T ) × (0, 1),

c(t, 0) = (P 1, P 2)t for all t ∈ (0, T ),

c(t, 1) = (Q1, Q2)t for all t ∈ (0, T ), (B.1)

where

�n(t, u) :=
1

|cu(t, u)|

(
−γ2

u(t, u)
γ1

u(t, u)

)
,
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λ(t) = −
∫ 1

0
k(t, u)|cu(t, u)|du

LE(c(t))
= −

∫ 1

0
�k(t, u) · �n(t, u)|cu(t, u)|du

LE(c(t))
. (B.2)

On the other hand, if c = (γ1, γ2)t is a solution of Problem B.4 then its hori-
zontal lift γ : [0, T ) × [0, 1] → R

3 with

γ3(t, u) = P 3 +
∫ u

0

(
−1

2
γ2(t, ξ)γ1

u(t, ξ) +
1
2
γ1(t, ξ)γ2

u(t, ξ)
)

dξ

yields (using integration by parts and the fact that γ1
t = γ2

t = 0 at the boundary)

γ3
t (t, u) =

∫ u

0

(
−1

2
γ2

t γ1
u − 1

2
γ2γ1

tu +
1
2
γ1

t γ2
u +

1
2
γ1γ2

tu

)
dξ

=
∫ u

0

(
−γ2

t γ1
u + γ1

t γ2
u

)
dξ +

1
2
γ1(u)γ2

t (u) − 1
2
γ2(u)γ1

t (u)

=
∫ u

0

(
−γ2

t γ1
u + γ1

t γ2
u

)
dξ +

1
2
γ1(u)(k(t, u) + λ(t))

γ1
u

|cu|

− 1
2
γ2(u)(k(t, u) + λ(t))

(
− γ2

u

|cu|

)

= �k3
g(t, u) + λ(t)N3(t, u) +

∫ u

0

−(k + λ)n2n2|cu| + (k + λ)n1(−n1|cu|)dξ

= �k3
g(t, u) + λ(t)N3(t, u) −

∫ u

0

(k + λ(t))|cu|dξ.

By assumption γ3
0 fulfills the boundary conditions and has the structure given in

(2.2). By Lemma 2.13 the component γ3(t, ·) maintains this structure and fulfills
the boundary and initial condition. Hence we see that by taking the horizontal lift
of a solution to Problem B.4, we recover a solution to Problem B.2.

Remark B.5. (i) Note that Assumption B.1 restricts the class of initial curves for
which Problem B.4 is solved (recall Remark 2.5).

(ii) Recall that
∫ 1

0
k|cu|du = θ(1)− θ(0), where θ is the angle that the unit tangent

of the planar curve c makes with the x-axis. Even if (P 1, P 2)t = (Q1, Q2)t, the
quantity (θ(1) − θ(0)) need not be a multiple of 2π, since no angle condition is
imposed at the boundary. In other words, the projected curve might be closed,
in the sense that c(0) = c(1), but not smooth across c(0) = c(1).

Remark B.6. As in Lemma B.3, we see that d
dtLE(c(t)) ≤ 0 for a smooth solution to

Problem B.4. We give here a different way to derive the same result, as it provides
further geometrical insight into the role of the Lagrange multiplier. Using that ct = 0
at the boundary we infer

d

dt
LE(c(t)) =

∫ 1

0

cu

|cu| · ctudu

=
[

cu

|cu| · ct

]1

0

−
∫ 1

0

�k · ct|cu|du = −
∫ 1

0

|ct|2|cu|du + λ(t)
∫ 1

0

�n · ct|cu|du.
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Note that for a smooth solution of the flow we have

λ(t) = −
∫ 1

0
k(t, u)|cu|du

LE(c(t))
= −

∫ 1

0
�k(t, u) · �n(t, u)|cu|du

LE(c(t))
= −

∫ 1

0
ct · �n|cu|du

LE(c(t))
+ λ(t),

so that we infer (compare with Remark 2.5 for a geometric interpretation)

0 =
∫ 1

0

ct · �n|cu|du =
d

dt

(∫ 1

0

1
2

(
γ1(u)
γ2(u)

)
·
(

−γ2
u(u)

γ1
u(u)

)
du

)
+

1
2
[ct · c⊥]10

and

d

dt
LE(c(t)) = −

∫ 1

0

|ct|2|cu|du + λ(t)
∫ 1

0

�n · ct|cu|du = −
∫ 1

0

|ct|2|cu|du ≤ 0.

Remark B.7. The Euclidean evolution (B.1), (B.2) has been studied analytically in
different settings subject to different boundary conditions: for instance for smooth
closed (i.e. periodic) curves (where

∫ 1

0
k|cu|du = 2πm, for m ∈ Z) see [13]; for the

study of the area preserving curve shortening flow with Neumann free boundary
conditions outside of a convex domain in the plane see [21]. Evolution by mean
curvature flow for Legendre submanifolds in a Sazaki manifold is studied in [26].
The evolution of closed curves in H by a flow related to Problem B.2 is investigated
in [11,24]: there, due to objectives that differs from ours, the projected curves evolve
by the standard curve shortening flow (and their initial closed curves c0 cannot be
embedded due to the horizontality condition (recall Remark 2.5)).
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