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Abstract

This study provides an introductory investigation into the oscillatory
dynamics of a rigid bar suspended at both ends by two identical, inextensible
strings attached to an adjustable horizontal support. Unlike the typical bifilar
pendulum—which undergoes torsional motion—this system oscillates within
its own plane, combining translational and rotational motion depending on
the geometry of the suspension points. A simple theoretical Newtonian
model is developed using the small-angle approximation, allowing
predictions of the oscillation period and trajectories of the bar’s endpoints.
Experimental validation is performed using slow-motion video analysis and
tracking software. The results show good agreement between theoretical
predictions and experimental observations, highlighting the educational
relevance of this system for undergraduate physics students and high school
teachers. The setup effectively illustrates constrained rigid body motion and
the associated oscillatory and roto-translational behaviours.
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1. Introduction

The simple pendulum is a cornerstone of physics
education [1], but its conceptual extensions offer
opportunities to explore more advanced mechan-
ical principles [2]. Rigid bar bifilar pendulums
suspended by two identical strings, forming a two-
point planar suspension, are interesting systems
in which one can observe both torsional motion
about a vertical axis [3, 4], and oscillations in the
same plane as the bar [5]. In this work, we focus
on the latter: we show how, by adjusting the dis-
tance between the suspension points on the sup-
port, the system transitions from a configuration
where the bar rotates about a single fixed pivot
(when the two suspension points coincide) to con-
figurations where the bar’s centre of mass under-
goes translational motion in addition to rotation.
These features make the system ideal for demon-
strating constrained motion and for highlighting
the role of geometry in dynamical behaviour.

Moreover, from a pedagogical standpoint,
constructing a Newtonian model under the small-
angle approximation offers significant educa-
tional benefits. Such an approach not only rein-
forces students’ understanding of linearisation
techniques but also enhances their appreciation of
the powerful simplifications achievable through
analytical approximations. Revisiting and ree-
valuating classical mechanical systems, such as
the one presented here, can foster deeper con-
ceptual insights into fundamental physical prin-
ciples and methodological rigor. Indeed, the abil-
ity to systematically build and analyse simplified
mechanical models remains a crucial skill for stu-
dents, bridging theoretical physics with practical
experimentation.

We derive a simple Newtonian theoretical
model in the small-angle regime and validate
it experimentally through the analysis of slow-
motion video tracking. The setup relies on widely
available tools, making the experiment easily rep-
licable in educational settings—from high school
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teaching environments to undergraduate physics
laboratories and classical mechanics courses.

2. Theoretical model

We outline here the model used to describe
the double-suspended pendulum. It stems
from a straightforward application of classical
Newtonian mechanics, which can, of course, be
found in any introductory college-level textbook
[6, 71, as well as in similar case studies where the
bifilar pendulum is considered to some extent [8].
The bar has length 2/, and the suspension wires—
of equal length [—are fixed to a horizontal ceiling
at a distance 2d between them. The first step in
this model is geometrical: the system has a single
degree of freedom, which must be clearly identi-
fied. The wires are assumed to remain taut at all
times, constraining the deformation of the quad-
rilateral formed by the bar, the wires, and the
segment connecting the suspension points to the
configuration shown in figure 1. A Cartesian ref-
erence frame Oxy is introduced with origin at the
midpoint of the bar in its horizontal equilibrium
position. Denoting (xg,yg) as the coordinates of
the bar’s midpoint G (i.e. the centre of mass), and
introducing the angle 6 between the bar and the
horizontal, the coordinates of the endpoints A and
B are:

Fa = (xg — Lcos,yg — Lsin#),
g = (xg + Lcosf,yg + Lsinf). (1)

The suspension points Ay and By are
located at

7A0 = (—d, ]’l) , 7]30 = <+d,h> (2)

where hh = /2 — (L — d) is the vertical distance

of the bar from the ceiling. This distance requires,
of course, that the length of the wires cannot be
shorter than |L —d|. For small deviations from

Phys. Educ. 60 (2025) 045033
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Figure 1. Geometrical configuration and force dia-
gram of the doubly suspended pendulum AB oscillating
in the xy-plane for the case d > L. An analogous scheme
applies to the case d < L. The bar and the wires in their
equilibrium position are shown in grey.

equilibrium, characterised by the angle ¢ between
the wires and the vertical, it is easy to show that 0
and ¢ are linearly related:

O~ —0. 3

This implies that the positions of points A, B,
and the centre G can be expressed as functions of
¢. Note that d = L is a limiting case: the bar does
not rotate about its centre, so § becomes identic-
ally zero, though ¢ remains finite. It is also worth
noting that, depending on the sign of L — d, the
two angles vary in opposite directions, as will be
further discussed and illustrated below. We show
now that, under the small-angle approximation,
the vertical position of the centre G remains nearly
constant, yg ~ 0, while the horizontal displace-
ment varies linearly with ¢, namely xg =~ h¢, as
also seen in figure 1. This can be explicitly derived

.. n L—d h
mxg = mhgi) = TAx —+ TBX ~ (TA — TB) (l) — (TA + TB) 7(;5

. L—d
myg :O = TAv +TB}_ —mg ~ (TA — TB) () ¢+ (TA +TB)
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by considering the vectors from the suspension
points to the bar’s ends:

(xc,—f—d—L,yg—LH—h)
(x¢ —d+L,yc + L0 —h);

TAA,
I'BB,

“)

11

requiring these vectors to have length I, and
expanding to first order, yields:

XG(L*d)+y(j,h*hL9%’0 (5)

XG(Lfd) 7y(j,/’l7hL9%'0;
summing and subtracting these relations one
finds, as expected,

L
XGwhme—h(b, yYG ~ 0. (6)

Therefore, the most convenient and unique
coordinate to describe the system is the angle ¢.
This becomes even clearer when analysing the
system’s dynamics, i.e. by formulating and solv-
ing the Newtonian cardinal equations of motion in
the following form:

mig=W+Tx+Ts
27, . il . _,
IGdQZ G =TAaXTA+7g xTs

)

Here, we introduce the acceleration dg of the
centre of mass, the weight of the bar W= mg and
the tensions in the wires TA, TB which act at the
endpoints A and B of the bar, as illustrated again
in figure 1. Both equations can now be projected
onto the Cartesian reference frame and reformu-
lated using the angle ¢ instead of 6, which, as
previously noted, becomes meaningless in the
case d = L. We also introduce the moment of
inertia I of the bar with respect to rotations
about its centre of mass. Consequently, Ig =
m(L/2)* /12 = mL*/3. Projection is straightfor-
ward by using the wires’ directions (4) to express
the components of the forces. The result is

l
®)

~| >

[
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The rotational cardinal equation can be pro-
jected along the axis perpendicular to the plane
xy. At this aim, the external product defining the

1 Lh

torque generated by the wire tensions about the
centre of mass is computed again in the small
angle, linear approximation and the result is

d

.. L—d-
IGGmeLZTqSz——(TA—TB)—f(L—d)(TA—i—TB)(;S. 9)

3 l

Expressions (8) and (9) constitute an algeb-
raic, linear system of equations which can be
solved to give a relation between ¢ and ¢ as
well as expressions for To and Tg which are the
following:

g _ L3P -2(L—ad)’

b =2, lg= 10
¢ ﬁ_¢ "= PL_(L_d) (10)

and
mgl [ he (L—d)(L—3d)
Tap~ —— e L 11
AT h L 32— 2(L—dy (b
|
6 ()= docoswr, 0(n=""2

Moreover, the positions of the endpoints A
and B of the bar evolve in time according to

Pa(t)~ (he (1) —L,(d—L)¢ (1)),
g (1)~ (ho (1) +L,(L—d) ¢ (1)).

Q

(13)

These expressions imply that, once again
only in the small angle approximation, the end-
points of the bar seem to follow rectilinear tra-
jectories, with slopes =+ (d— L) /h for points A
and B, respectively. We finally observe that in
the critical configuration where d = L, i.e. when
the two wires are constantly parallel, the bar does
not rotate about its centre of mass during the
oscillation, as previously anticipated. This is also
clearly shown by the motion of the endpoints A
and B, which seem to undergo pure translation.

July 2025

¢ coswt,

[

The most important result here, as expec-
ted, is that—looking at equation (10)—the sys-
tem undergoes harmonic motion, in the small
angle approximation, with angular frequency
w=+/g/lefr. As a first consequence, we obtain
the time dependence not only of the oscillation
angle ¢ but also—according to equation (6)—
of the rotational angle 6 of the bar respect to
its horizontal equilibrium alignment, as well
as of the xg coordinate of the centre of mass:

xG () = hpgcoswt. (12)

The corresponding effective length of the system
becomes simply /i = I, as expected for a simple
pendulum located at the centre of mass G, sus-
pended at a distance / from the pivot point. As
a final special case, when d = O—i.e. when the
suspension points coincide—the effective length
becomes

J(a=0) _ 32 20> 3P 21
eff - 3 /712—142 - 34

(14)

This expression is consistent with the oscilla-
tion/rotation of a rigid bar of length L about a pivot
located at a distance & from its centre of mass. In
this case, the moment of inertia, according to the
Steiner—-Huygens theorem, is given by:

Phys. Educ. 60 (2025) 045033
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Io = Ig +mh? = mL%/3 + mh? = % (312 —21?).
(15)

By inserting this form of the momentum of
inertia, the oscillation frequency associated with
the effective length in equation (14) is readily
recovered. In all the cases discussed above, we
have assumed that the pendulum is released from
the initial angle ¢ with zero initial velocity.

3. Experimental

The pendulum can be constructed in a relatively
simple manner. In figure 2, the experimental setup
used in this study is shown: metal bars of differ-
ent lengths (here 2/ = 72 mm and 132 mm were
the dimensions of the two chosen bars) can be
suspended using two identical nylon wires (here
102 mm for the short bar and 123 mm for the long
one). The supporting structure allows adjustment
of the distance 2d between the suspension points.
The wires are attached to the bars via screw—nut
assemblies, enabling fine adjustment of their dis-
tance from the bar’s endpoints.

To acquire data regarding the positions of key
elements in the setup (namely, the endpoints and
centre of gravity of the bar), the motion was recor-
ded using a smartphone in slow-motion mode
(240 fps) to improve time resolution. The result-
ing videos were analysed using dedicated track-
ing software; in this study, Vernier video analysis
was employed, although other options such as the
open-source software Tracker are also available
[9]. Effective video tracking requires proper light-
ing and the use of clear, high-contrast markers
on the moving object to enhance the visibility
of the points to be tracked. A crucial step is the
accurate calibration of the spatial scale and refer-
ence axes used during the tracking process. These
aspects are well documented in the user manuals
and tutorials provided with the respective software
packages and will not be discussed further here.

Figure 3 shows three tracking sessions cor-
responding to the cases of interest in this study,
namely when the distance between the suspension
points is greater than, equal to, or less than the
length of the bar. The tracked points are the end-
points A and B, and the centre of mass G. The
expected motions are clearly observable: points A
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Figure 2. Experimental setup of the doubly suspended
pendulum: the long bar has markers attached at its end-
points and at its centre of mass.

and B seem to move along straight-line trajector-
ies with opposite slopes when d is either greater
or smaller than L, while they seem to move hori-
zontally when d = L. In all cases, the centre of
mass moves essentially along a horizontal path.
The initial angle ¢y was chosen somewhat arbit-
rarily, but sufficiently small so that the validity
of the small-angle approximation is evident in the
observed negligible vertical displacement of the
centre of mass, yg =~ 0.

Figure 4 provides an alternative visualisa-
tion of the pendulum motion, obtained through
long-exposure photography (~0.5 s) in com-
plete darkness, using a strobe light emitting six
flashes at a repetition rate of 25 Hz. The ini-
tial angle in these images was chosen slightly
larger than in figure 3 to improve the visual
separation of the bar’s successive positions. The
characteristic motions for d > L, d = L, and
d < L become clearly observable with this tech-
nique, which—prior to the advent of high-speed
smartphone cameras—was widely and effectively
used.

Another key reference quantity is the effect-
ive length of the pendulum, or equivalently—
by virtue of equation (10)—its oscillation period.
This can be readily determined from the tracked
motions shown in figure 3. Most tracking soft-
ware includes a feature for fitting the time depend-
ence of any selected coordinate; by specifying
a sine function, the angular frequency or the
period is directly extracted. The measured periods
for the two bars, plotted in figure 5 as a func-
tion of the suspension point distance, demonstrate

Phys. Educ. 60 (2025) 045033



Figure 3. Tracked trajectories of the pendulum for varying suspension point distances. Endpoints move along
small circles with different centres for d < L and d > L. In the small-angle approximation, the tracked points A,
B, and G appear to lie on straight segments with different slopes.

Figure 4. Stroboscopic images of the pendulum motion for different suspension point distance. Notice the differ-
ent relationships between angles © and ¢ when d < L and d > L. There is no rotation relative the bar’s centre of
mass for d = L. Points A, A’; G, G’; and B, B’ represent the positions of the endpoints and the centre of mass at

two different angles of oscillation.
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Figure 5. Oscillation period: experimental data
(crosses) and theoretical curves (solid: short bar;
dashed: long bar). Vertical arrows indicate the cases
withd = L.

good agreement between theory and experiment.
Uncertainties shown in figure 5 are estimated
through low-sensitivity error propagation.
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4. Conclusions

In this work, we have presented a simple example
of a classical mechanical system, which serves
as a non-trivial case study for exploring funda-
mental concepts in mechanics and the approxim-
ations they entail. The close agreement between
experimental observations and the theoretical
Newtonian model supports the validity of lin-
ear approximations and underscores the pedago-
gical value of carefully constructed mechanical
analyses—especially for the physical pendulum
discussed here, which exhibits oscillatory motion
under quite intriguing geometric constraints. This
setup has been presented and discussed with a
group of about 30 undergraduate physics students
attending a first-year classical mechanics course,
in order to foster their appreciation of the practical
usability of theoretical concepts in a laboratory
context (and vice-versa). According to students’
feedback, the combination of basic theory, more

Phys. Educ. 60 (2025) 045033
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advanced considerations (in particular, numerical
approximation for small angles and the less famil-
iar pendulum setup considered here), and actual
measurements—including the always effective
experimental tracking and analysis of moving
objects—contributes to a more robust and convin-
cing presentation of the topic. While a Lagrangian
formulation would certainly have been possible,
we opted to highlight the more direct and intuit-
ive insights offered by the Newtonian approach.
Moreover, the behaviour of this system can be
effectively reproduced using the Algodoo simula-
tion platform, which enables numerical evaluation
of kinematic and dynamic variables alongside
real-time visualisation of the pendulum’s motion
[10], thus providing additional support for this
activity.

Data availability statement

All data that support the findings of this
study are included within the article (and any
supplementary files).
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