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Time-Dependent Hamiltonian Simulation Using Discrete-Clock Constructions
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Compared with time-independent Hamiltonians, the dynamics of generic quantum Hamiltonians H(t)
are complicated by the presence of time ordering in the evolution operator. In the context of digital
quantum simulation, this difficulty prevents a direct adaptation of many time-independent simulation algo-
rithms for time-dependent simulation. However, there exists a framework within the theory of dynamical
systems that eliminates time ordering by adding a “clock” degree of freedom. In this work, we provide
a computational framework, based on this reduction, for encoding time-dependent dynamics as time-
independent systems. As a result, we make two advances in digital Hamiltonian simulation. First, we
create a time-dependent simulation algorithm based on performing qubitization on the augmented clock
system and, in doing so, provide the first qubitization-based approach to time-dependent Hamiltonians
that goes beyond Trotterization of the ordered exponential. Second, we define a natural generalization of
multiproduct formulas for time-ordered exponentials and then propose and analyze an algorithm based on
these formulas. Unlike other algorithms of similar accuracy, the multiproduct approach achieves commu-
tator scaling, meaning that this method outperforms existing methods for physically local time-dependent
Hamiltonians with sufficient smoothness. Our work reduces the disparity between time-dependent and
time-independent simulation and indicates a step toward optimal quantum simulation of time-dependent
Hamiltonians.

DOI: 10.1103/PRXQuantum.5.040316

I. INTRODUCTION

Quantum simulation, an original motivator for the quan-
tum computer [1], has arguably retained its preeminence
among known applications for the technology. In the con-
text of closed systems, quantum dynamics are described
by a Hamiltonian that can, in general, depend explic-
itly on time. There now exists a large family of digital
Hamitonian simulation algorithms [2–8], each of which
successfully compiles complicated quantum dynamics into
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elementary sequences of gates. This has raised the possi-
bility of solving problems in the domain sciences spanning
chemistry [9–12], materials science [13], nuclear and neu-
trino physics [14–16], field theory [17–19], and beyond.
However, not all of these algorithms are effective at sim-
ulating time-dependent Hamiltonians due to the presence
of time ordering in the exponentials. A notable example
is qubitization, which achieves optimal scaling for simu-
lating time-independent Hamiltonians but cannot directly
simulate general time-dependent Hamiltonians without
significant reduction in performance.

There are a number of efficient quantum algorithms
designed for time-dependent simulation. Product formulas
are naturally suited for this task and have been character-
ized extensively in a work by Wiebe, Berry, Høyer, and
Sanders [20]. Also, Poulin, Qarry, Somma, and Verstraete
have introduced a Monte Carlo approach that, unlike
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deterministic Trotter, had no smoothness requirements
on the time dependence [21]. Following the introduction
of the first “post-Trotter” methods, a simulation method
based on a truncated Dyson expansion has been introduced
by Kieferove, Scherer, and Berry [22] and has shown expo-
nential improvement over product formulas in terms of
accuracy. Subsequent work has introduced a “rescaled”
Dyson method and a “continuous” version of QDrift,
which have had the advantage of depending on the time-
averaged size of the Hamiltonian rather than the maximum
size [23]. Using Floquet theory, Mizuta and Fujii have
successfully applied qubitization to time-dependent peri-
odic Hamiltonians and demonstrated optimal performance
[24]. Despite these advances, there remains a relatively
limited set of approaches for time-dependent simulation as
compared to the time-independent case.

Our work reduces the discrepancy between time-
dependent and time-independent Hamiltonian simulation
techniques by providing a computational framework,
based on the (t, t′) formalism [25,26], for encoding time-
dependent Hamiltonian dynamics into a time-independent
Hamiltonian. Essentially, this is accomplished by promot-
ing the t in H(t) to a degree of freedom and introducing
a new evolution parameter. Unlike existing approaches
based on a continuous time parameter [27,28], our clock
spaces are all finite dimensional, providing the advantages
of direct simulability as well as formal well-behavedness.
After proving the accuracy of clock-space evolutions, we
propose an algorithm for time-dependent Hamiltonian sim-
ulation based on direct simulation of the augmented clock
system. We focus on qubitization because of its inability to
handle time ordering directly and due to its asymptotically
superior performance in the time-independent setting. We
perform a rigorous error- and query-complexity analysis
starting from a Hamiltonian input as a linear combination
of unitaries (LCU), with coefficients computed by an ora-
cle. While our asymptotic bounds do not match simulation
lower bounds, we suspect that this may be improved upon
with better analysis. Regardless, we provide, to our knowl-
edge, the first nontrivial qubitization algorithm for general
time-dependent simulation.

Additionally, we take advantage of the finite-clock-
space formalism to propose a natural generalization of
multiproduct formulas (MPFs) to the time-ordered set-
ting and offer evidence that these are valid extrapolations
to the exact time evolution. We then create an algorithm
based on these “time-dependent MPFs” and analyze its
performance. The algorithm is, to the authors’ knowl-
edge, the most efficient existing quantum algorithm for
simulating time-dependent Hamiltonians that also exhibits
“commutator scaling.” By this, we mean that the algorithm
exhibits zero error for a time-independent Hamiltonian
with easily simulable and commuting terms. In practice,
this constitutes a superpolynomial advantage over the error
scaling provided by product-formula methods for solving

the same problems. We perform two rudimentary numeri-
cal demonstrations that indicate that the approach works as
anticipated in reducing product-formula error.

The rest of the paper is laid out as follows. In Sec. II, we
summarize our main findings and compare with leading
algorithms for time-dependent Hamiltonian simulation. In
Sec. III, we review the notions of time evolution, prod-
uct formulas, the (t, t′) formalism, and the MPFs needed
for our work, while also introducing some notation regard-
ing the various vector and functional norms. In Sec. IV,
we introduce the notion of finite-dimensional clock spaces
and show that they encode simulations of H(t) with an
appropriate time-independent clock Hamiltonian. We then
apply these constructions, first to direct simulation by
qubitization in Sec. V and then as a tool for proof of time-
dependent MPFs in Sec. VI. We conclude in Sec. VII with
remarks on the broader impact of this work and directions
for future research.

II. MAIN RESULTS

In Table I, we summarize the query complexity of our
proposed algorithms (green) and, for comparison, display
several leading algorithms for time-dependent simulation.
To facilitate comparison, the Hamiltonian is taken in an
LCU model,

H(t) =
L∑

i=1

αi(t)Ui, (1)

for unitary and Hermitian Ui and with each αi being real
valued. The Trotter, QDrift, and MPF approaches apply for
more general linear combination of Hamiltonians (LCH)
inputs but Trotter and MPF also have stronger smooth-
ness assumptions on αi. The various norms are defined in
Sec. III and the scalar function � characterizes the Hamil-
tonian “difficulty” at each time in terms of the size of H and
its derivatives (see Definition 3). The tilde in “Õ” indicates
the exclusion of subdominant multiplicative logarithmic
factors from the complexity.

The qubitization algorithm is obtained from simulating
the finite-clock-space construction of Sec. IV. We carry
out a procedure for taking the LCU input H(t) and pro-
ducing a time-independent LCU input on the larger space.
Unfortunately, our analysis shows a Trotter-like error term
in the query complexity, as can be seen in Table I. Thus,
our analysis does not show that our qubitization algorithm
improves over Trotter simulation. In Sec. V C, we discuss
how this error term might be eliminated with improved
analysis and modification of the clock construction. If this
term were absent, the query complexity of our approach
would match the T and ε lower bounds set by the no-fast-
forwarding theorem [3,30].

The time-dependent MPFs that we use for simulation
do not necessarily require a clock space but do in the
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TABLE I. A summary of our results (green) and a comparison with the leading quantum simulation methods for time-dependent
Hamiltonians. We assume that H = ∑L

i=1 αi(t)Ui for Hermitian unitaries Ui and real-valued αi(t). � is a positive time-dependent
function with dimensions of H that quantifies the size of αi and its derivatives (see Definition 3). ‖α‖p ,q refers to a nested vector-p and
functional q-norm for the coefficients α = (αi)

L
i=1 and ‖α‖rev

p ,q indicates that these are taken in the reverse order. The commutator scaling
(“CS”) here means that the simulation error vanishes in the limit where H is time independent and [Uj , Uk] = 0 for all j , k ∈ [L].

Method Query complexity Auxiliary qubits CS?

Trotter [29] O
(
L(‖�‖1)

1+o(1)/εo(1)
)

0 Yes
QDrift [23] O(‖α‖2

1,1/ε) 0 No

Dyson [23] O
(
L2‖α‖1,1 log(1/ε)

)
Õ
(

log
(‖α̇‖1,1/ε

) + log
(‖α‖1,∞T/ε

))
No

Qubitization
Õ
(‖α‖rev

∞,1T + log 1/ε
)

+ maxt ‖Ḣ‖T2/ε
) O

(
log

(
L‖α‖rev

∞,1T/ε
)

+ log
(
L maxt ‖Ḣ‖T2/ε

) ) No

MPF Õ
(
L‖�‖1 log2(1/ε)

) Õ
(

log(L log(‖�‖1/ε))

+ max
{
0, log

(
L‖�‖1‖α̇‖∞,∞T2/ε

)} ) Yes

oracular setting that we consider. Moreover, the discrete
clock construction provides a heuristic argument that the
formulas provide high-accuracy simulations as in the time-
independent case. We articulate the needed fact in Con-
jecture 1 and outline a possible path to proof using the
clock-space formalism. The generalization from standard
MPFs is rather intuitive and the numerics of Sec. VI E sup-
port the truth of the conjecture. Assuming this, we go on
to analyze the error and query complexity of an algorithm
based on these formulas, using adaptive time steps to han-
dle harder parts of the simulation with a greater share of
resources.

In the query model, the MPF algorithm performs overall
comparably to the Dyson method, as can be seen in Table I.
However, a detailed comparison of the two methods yields
more interesting insight. In favor of MPFs, they exhibit
commutator scaling, meaning that they are errorless in
the time-independent commuting limit. Additionally, the
dependence on the number of terms L is quadratically
improved for MPFs compared to the Dyson approach,
though it is not as good as for QDrift. With regard to
the weaknesses, like product formulas, there are smooth-
ness requirements on H for MPF simulations to work. In
particular, there need to be 2m + 1 bounded derivatives
for an m-term MPF. Additionally, the MPF scaling goes,
loosely speaking, as the “hardest” coefficient, rather than
the preferable “average-hardness” in the case of Dyson.

Like the product formulas on which they are based,
the complexity of the MPF scales as the derivatives of
the Hamiltonian and does not perform well for highly
oscillatory dynamics. In such regimes, QDrift-based meth-
ods [23,31] or techniques such as qHOP [32] are likely
preferable.

III. BASIC IDEAS AND NOTATION

Here, we review the fundamental concepts behind our
work and meanwhile introduce notation. The reader is

encouraged to read as desired or reference this section and
continue to new results, starting in Sec. IV.

A. Nested norms

In our characterization of simulation errors and compu-
tational complexity, we will make frequent use of the vec-
tor p or functional q-norm and often both in conjunction.
For a vector v ∈ Cn, the vector p-norm is given by

‖v‖p :=
(

n∑
i=1

|vi|p
)1/p

. (2)

For a function f : [a, b] → C, the functional p-norm is
analogously defined as

‖f ‖p :=
(∫ b

a
|f (t)|pdt

)1/p

, (3)

provided that the integral exists. These expressions hold
for p positive integers. We also use p = ∞ in the standard
way:

‖v‖∞ = max
j

|vj |, ‖f ‖∞ = sup
t∈[a,b]

|f (t)|. (4)

For a vector-valued function v : [a, b] → Cn, the norm
‖v‖p ,q is just the nesting of these two, starting with the
vector norm. For integer p and q,

‖v‖p ,q :=
⎛
⎝
∫ b

a

⎛
⎝ n∑

j =1

|vj (t)|p
⎞
⎠

q/p

dt

⎞
⎠

1/q

, (5)

and similar expressions hold for p or q being ∞. The norm
‖v‖rev

p ,q (“rev” for “reverse”) indicates that the functional
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p-norm is taken, followed by the vector q-norm:

‖v‖rev
p ,q :=

⎛
⎝ n∑

j =1

(∫ b

a
|vj (t)|p

)q/p
⎞
⎠

1/q

. (6)

For example,

‖v‖rev
∞,1 =

∑
j

sup
t

|vj (t)|. (7)

B. Digital Hamiltonian simulation

According to the postulates of quantum mechanics, a
closed system with Hilbert space H has dynamics that
are generated by some self-adjoint operator H on the
space, called the Hamiltonian. In certain cases of phys-
ical interest, the parameters of the physical system may
change over time, or one may work in a “noninertial
frame” such as an interaction picture. In such instances, a
proper description requires that H be a function of time.
In saying that H(t) generates the dynamics, we mean
that there exists a unique unitary-operator-valued func-
tion U, termed the time-evolution operator, that solves the
following Schrödinger initial-value problem:

i∂tU(t, t0) = H(t)U(t, t0),

U(t0, t0) = 1.
(8)

(Here and throughout, � = 1.) Often, we set t0 = 0 and
use t = T to denote the final time of interest. For any
initial state |ψ(t0)〉 = |ψ0〉 (only pure states are needed),
one obtains the time-evolved quantum state as |ψ(t)〉 =
U(t, t0) |ψ0〉. Hence, U “propagates” our state in time and
is sometimes called the propagator.

In the case in which H(t) is a constant function, we
say that it is time independent. Such behavior naturally
arises in systems the dynamical laws of which exhibit time-
translation invariance. In this case, the solution U to Eq. (8)
takes the expression

U(T, 0) = e−iHT. (9)

We say that U is an ordinary (operator) exponential of
H . For more arbitrary H(t), in contrast, the solution U
is typically written as an ordered (operator) exponential
of H(t):

U(T, 0) = T exp
{
−i

∫ T

0
H(τ )dτ

}
. (10)

There are several different ways to understand the mean-
ing of Eq. (10) but, for our purposes, the most insightful
is through product integration [33]. Given a family of par-
titions {tj }n

j =1 of the interval [s, t], with maximum width

δn tending to zero as n → ∞, a solution is given by the
product integral

T exp
{
−i

∫ T

0
H(τ )dτ

}
= lim

n→∞

n−1∏
j =1

e−iH(tj )	tj , (11)

where	tj = tj +1 − tj . One feature of this approach is that,
for sufficiently large but finite n, we achieve an approxi-
mation that is amenable to simulation by time-independent
methods. This is exactly the approach taken for product-
formula simulation. However, simulation of this product
by LCU or qubitization is generally pointless, since the
errors of discretization outweigh any accuracy benefits
achieved by using these protocols over Trotter.

Roughly speaking, a Hamiltonian simulation protocol is
a method for approximating U(t, t0) as a quantum circuit.
A metric of accuracy d(U, V) is necessary to evaluate the
quality of an approximation V against the exact propagator.
In this work, we will take d(U, V) = ‖U − V‖, where ‖·‖
will denote the spectral norm (also called the induced 2-
norm):

‖A‖ := max
v �=0

‖Av‖
‖v‖ . (12)

The norm appearing on the right is the Euclidean norm.
The spectral error ‖U − V‖ should be thought of as a
worst-case simulation error for any initial state. For various
reasons, such as partial measurements with postprocessing,
V may not be unitary but the actual underlying channel
will still be a valid quantum operation. The parameter ε
is called the error tolerance and d(U, V) is the simula-
tion error. We will refer to ε interchangeably as the error,
accuracy, or precision of the simulation.

Any decent approximation to U(t, t0) should become
arbitrarily accurate as t → t0 (and approaches the identity).
The quality of the approximation, in the context of product
and multiproduct formulas, is typically quoted in terms of a
power-law convergence. This is captured by the following
definition.

Definition 1. For finite-dimensional H, let L : [0, T]2 →
L(H). We say that Lp : [0, T]2 → L(H) is a pth-order
approximation to L if, for all t ∈ [0, T),

‖L(t + τ , t)− Lp(t + τ , t)‖ ∈ O(τ p+1),

where τ is taken asymptotically to 0.

As an important example, product formulas approximate
operator exponentials of sums, by splitting exponentials
to match terms in a power series of error operators. The
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simplest example is 1st-order Trotter, with

eλ(A+B) = eλAeλB + O(λ2). (13)

Such splittings are not exact because A and B do not
generally commute.

A function L : [0, T]2 → L(H) is said to be symmet-
ric if it possesses the following “time-reversal symmetry”:
L(t1, t0) = L†(t0, t1). Symmetric operators are closed under
addition and scalar multiplication by a real number. They
are also closed under multiplication of the form

L(2)(t, t0) := L(t, t′)L(t′, t0), (14)

for any t′ ∈ [0, T]. This symmetry is valuable, because
approximation schemes for U involving symmetric oper-
ations are ensured to have an odd error series [3]. Conse-
quently, any symmetric formula is of order 2n for integer
n > 0.

C. Continuous clock space

Mathematically, and more broadly than the Hamilto-
nian setting considered here, the distinction between time-
dependent and time-independent systems can be cast as
a distinction between autonomous and nonautonomous
dynamical systems. Dynamical systems are differential
equations in a single evolution parameter t, which can
always be expressed as a first-order differential equation,

ẋ = f (x, t), x(0) = x0, (15)

possibly by standard reduction-of-order techniques. Here,
x ∈ Rn consists of n evolution parameters that implicitly
depend on time t. It has long been recognized that a simple
transformation allows for the reduction of nonautonomous
systems to autonomous ones [25]. The trick is to promote t
to a coordinate, thereby making f (x, t) satisfy the require-
ment of only depending on coordinates. Letting τ take the
place of the evolution parameter (time), we still want t and
τ to be essentially the same. This is supplied by the simple
initial-value problem

dt
dτ

= 1, t(0) = 0. (16)

With this, we have the following autonomous system:

(ẋ, ṫ) = (f (x, t), 1), (x(0), t(0)) = (x0, 0), (17)

the solution of which encodes the solution to the original
system, given in Eq. (15).

When the dynamics of interest are generated by a clas-
sical Hamiltonian H(q, p , t), the autonomous systems are
those in which H has no time dependence. Playing the
same trick as before and promoting t to a coordinate, we

want dt/dτ = 1 as above. By Hamilton’s equations, we
require a Hamiltonian Hc such that

∂Hc

∂(−E)
= 1, (18)

where −E is the conjugate momentum to t (the minus
sign chosen so that E represents energy; we anticipate
our results). But we also want Hc to reproduce the same
dynamics for q and p as for H . This, altogether, implies
the choice

Hc(q, p; t, E) := H(q, p; t)− E, (19)

an operator that may be familiar from Floquet theory in
condensed-matter physics. Simply put, the term −E pulls
the t coordinate at constant velocity to the right, changing
H(q, p , t) just as needed to enact the appropriate effect on
the other coordinates and momenta.

For quantum Hamiltonians, we can simply employ a
standard quantization procedure on Hc:

[t̂, −Ê] = iI . (20)

A natural choice of Hilbert space for t is L2([0, T]): square
integrable functions on the interval of simulation. We then
get a representation of t and E as t multiplication and t
derivatives, respectively:

(t̂ψ)(t) = tψ(t), (Êψ)(t) = i∂tψ . (21)

The augmented “clock” Hamiltonian, so named because of
the time coordinate t, has the form

Hc = H − i∂t, (22)

which is essentially a rearranged Schrödinger operator.
The framework presented, sometimes called the (t, t′)

formalism because of the two distinct “times” in play, finds
use in periodically driven quantum systems [26]. But for
our purposes, the elimination of an explicit dependence on
the evolution parameter in H is most exciting, because it
implies that the time-evolution operator requires no time
ordering, while still encoding the full time dynamics [27].

D. Multiproduct formulas

MPFs are a generalization of the celebrated product
formulas and span two of the great pillars of quantum
simulation. The aim of the MPF is to approximate the time-
evolution operator U as a linear combination of lower-
order Trotter formulas, in such a way that higher-order
errors are cancelled [4,34,35]. They are, fundamentally,
nothing more than a Richardson extrapolation of a product
formula P to Trotter step size s → 0. This extrapolation is
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done to address the primary deficiency of product formu-
las, which is that the number of exponentials used in the
2nth-order formula scales as 5n. Product formulas, unfortu-
nately, cannot be easily optimized beyond this. As the MPF
is a sum of product-formula approximations, the number of
error terms in the expansion does not grow exponentially.
This allows us to approximate the quantum dynamics
using polynomially many, rather than exponentially many,
operator exponentials.

We now reference a theorem [35] that justifies the effec-
tiveness of MPFs in the time-independent setting, while
also implicitly defining them. Recall that a (multi)product
formula P(t) is order p ∈ Z+ if U(t)− P(t) ∈ O(tp+1).

Theorem 1 (Time-Independent MPFs (Theorem 1 of
Ref. [35])). Let H be a bounded time-independent Hamil-
tonian and let U2(t) be the second-order Suzuki-Trotter
formula for the time-evolution operator U(t) = e−iHt. Let
a = (a1, a2, . . . , am) ∈ Rm and 	k = (k1, k2, . . . , km) ∈ Zm

+.
There exist choices of a and 	k such that the multiproduct
formula,

U2,m(t) :=
m∑

j =1

aj U
kj
2 (t/kj ),

is order 2m and satisfies

max
j

kj ∈ O(m2), ‖a‖1 ∈ O(polylog(m)).

The details of the proof can be seen in Ref. [35] but, at
a high level, the MPF U2,m is a Richardson extrapolation
of U2 with respect to the Trotter step-size parameter 1/k.
Such an extrapolation is possible for arbitrary m because
there exists an error series [36],

Uk
2(t/k)− U(t) =

∞∑
j =1

E2j +1
t2j +1

k2j , (23)

with E2j +1 independent of k (but not t generically). The
existence of this series suffices for a 1/k → 0 Richard-
son extrapolation [37]. In particular, cancellation occurs
for coefficients aj satisfying the following Vandermonde
linear system:

⎛
⎜⎜⎜⎝

1 · · · 1
k1

−2 · · · km
−2

...
. . .

...
k1

−2m+2 · · · km
−2m+2

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎝

a1
a2
...

am

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1
0
...
0

⎞
⎟⎟⎠ . (24)

Though the matrix is ill conditioned, this is irrelevant to
the matrix inversion, as the inverse Vandermonde matrix
admits an analytic solution that may be reasoned from the
theory of polynomial interpolation. What matters for our
application is the 1-norm ‖a‖1 of the coefficients, which

serves as our condition number because of the need to
amplify an amplitude of size 1/‖a‖1 in the LCU pro-
cedure. The content of Theorem 1 is that Trotter steps
	k may be chosen such that ‖a‖1 is not too large. For
time-ordered U, the analysis of Ref. [36] does not carry
over, although reasonable “time-dependent” MPFs can be
defined heuristically. One of our motivations in construct-
ing a clock space is to be able to eliminate time ordering
and rigorously show that these formulas work.

As discussed in Ref. [35], specific choices of kj can
be found numerically to minimize ‖a‖1 and this may
be the best approach in practice. However, for our ana-
lytic results, it will be most appropriate to utilize the
specific kj chosen in the authors’ constructive proof of
well-conditioned MPFs. Thus, for all results, we will take
the powers kj as follows:

kj =
⌈√

8m
π

|sin
(
π(2j − 1)

8m

)
|−1

⌉
, j = 1, . . . , m.

(25)

We will use these same coefficients even in the time-
dependent MPFs to be introduced in Sec. VI. For error
analysis, it will be useful to have simple concrete bounds
on kj . We can achieve this by noting that sin(x) ≤ x and
sin(x) ≥ 4x/5 for x ∈ [0, 1]. This gives the lower bound

kj ≥
⌈

83/2m2

π2(2j − 1)

⌉
≥
⌈

83/2m2

π2(2m − 1)

⌉
>

√
128m
π2 > m

(26)

and the upper bound

kj ≤
⌈

5 × 8
√

8m2

4(2j − 1)π2

⌉
≤
⌈

5 × 8
√

8m2

4π2

⌉
< 3m2. (27)

Note the consistency of Eq. (27) with the big-O scaling of
Theorem 1.

IV. FINITE-DIMENSIONAL CLOCK SPACES

We now introduce our finite-dimensional clock space,
which we will sometimes call the “clock register” to dis-
tinguish it from the continuous version. We discretize the
clock variable t into Nc = Np × Nq basis states, where
Np ∈ Z+ will represent the number of “Trotter steps” used
in the simulation. Each is further divided into Nq ∈ Z+
steps for reasons that will be discussed shortly. We label
these orthonormal basis states |j 〉 for j ∈ [0, Nc − 1] ∩
Z. We will find it useful to consider, for our purposes,
only periodic Hamiltonians. This is natural since genera-
tors of translation, like the clock-momentum operator E
from Sec. III C, act most naturally on R or with peri-
odic boundary conditions. Nonperiodic Hamiltonians can
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be accommodated by a simple reflection, defining H(T +
t) := H(T − t) for t ∈ [0, T]. In our work below, we will
want H(t) to be a differentiable bounded function within
the grid points and although the reflection introduces non-
smoothness, we can simply take one of the grid points to
be the midpoint of the simulation.

For simplicity, and for lack of a compelling alternative,
we will take these grid points (tj )

Nc−1
j =0 to be uniformly

spaced over the interval [0, T]: tj = Tj /Nc (taking Nc to be
an even integer, so that the midpoint requirement discussed
directly above is satisfied). We let δt := T/Nc denote the
grid width. We also take the natural discretization of H(t)
onto the clock space:

H(t) �→ C(H) :=
Nc−1∑
j =0

Hj ⊗ |j 〉〈j |, (28)

where Hj := H(tj ). Observe that C(H) has no dependence
on the evolution parameter; it is time independent. The
notation C(H) is used to suggest a controlled operation,
where the control is on the clock register.

Choosing the appropriate discretization of E is some-
what more tricky, though the choice appears obvious in
hindsight. Since E acts as a derivative, it makes sense
to take the discretized version to be a finite-difference
operator. For example,

	 := −i
U+−U−

2δt
, (29)

where U+ is the shift operator defined by U+|j 〉 = |j + 1〉
and U− = U†

+ is the backward shift (all increments taken
modulo Nc). This is the approach that we ultimately take.
However, we note that we began by considering a distinct
approach via the logarithm of the translation operator,

	̃ = i log U+. (30)

While apparently sensible, given the analogous relation
between E and shifts on the clock space, this operator
is not nicely behaved. For example, its commutator with
the “position operator”

∑
j tj |j 〉〈j |, rather than being near

identity, has long off-diagonal tails. This behavior may be
of independent interest but from now on we will concern
ourselves with 	 as the discrete version of −E.

With these choices, our full clock Hamiltonian becomes

Hc := C(H)−	. (31)

Already, we can show that some reasonable properties
carry over to this setting.

Lemma 1. In the above notation, let H : [0, T] →
Herm(H) be a time-dependent Hamiltonian on a finite-
dimensional vector space H. Then,

[	, C(H)] = i Re

⎛
⎝U+

∑
j

Hj +1 − Hj

δt
⊗ |j 〉〈j |

⎞
⎠ ,

where Re(A) := (A + A†)/2 denotes the Hermitian part of
A. If H is differentiable in each subinterval with bounded
derivative, then we further have

‖[	, C(H)]‖ ≤ max
t∈[0,T]

‖Ḣ(t)‖.

We remark here on the connections to the canon-
ical commutation relation [f (x), p] = if ′(x). The addi-
tional shift by U+ is a relatively small deviation from
a finite-difference approximation being performed on the
Hamiltonian. The proof is relatively straightforward and is
provided in Appendix B.

Having defined the clock space and Hamiltonian, we
wish to prepare a suitable initial state. A seemingly ade-
quate and natural choice is to take |ψ0〉 ⊗ |0〉, where |ψ0〉
is the initial state of the system of interest and |0〉 is the
clock state at the initial time t = 0. However, problems
immediately arise, which can be traced to the fact that the
continuous version of |0〉 is δ(t), which is not a normal-
izable state vector. This formal problem finds its way into
the discrete setting, in that the finite difference 	 does not
properly compute a derivative of |0〉. Thus,	 fails to trans-
late |0〉 properly into later times and the time-dependent
simulation fails.

To fix this issue, we take a cue from the continuous
setting, where the best we can do is take a wave packet
of small enough width to suit our purposes. For sim-
plicity, this wave packet may as well be Gaussian, with
some width σ to be chosen with care. Thus, we introduce
Gaussian functions

φμ(t; σ) = 1√
N

e−|t−μ|2c/σ 2
. (32)

of width σ ∈ R+ and center μ ∈ [0, T). Here, |·|c is the
shortest distance to 0 modulo T,

|t|c := min {|t|, |T − t|} , (33)

so that, with 0 and T identified, φμ is smooth every-
where except for μ+ T/2 modulo T. Though we specify
Gaussians, our findings should generally apply to other
localized packets provided that they have bounded second
derivative. The coefficient N ∈ R+ is chosen such that the
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FIG. 1. A schematic of the discrete-clock Hilbert space. The clock register has an initially prepared Gaussian state that is translated
uniformly under the clock Hamiltonian. Its location controls the Hamiltonian applied to the system of interest. The Hamiltonian varies
little over each of the Np large steps and the Gaussian is wide compared to the Nq subdivisions within each large step.

discretized vector

|φμ〉 =
∑

j

φμ(tj ; σ)|j 〉 (34)

is normalized in the Euclidean sense (i.e., a quantum state
vector). Technically, N has some dependence on μ but
in our case we will only consider μ = tj for some j , in
which case N only depends on parameters such as Nc
and σ . Because of this choice, we will more simply write
|φj 〉 := |φtj 〉.

We are now ready to more clearly elucidate the overall
strategy of the clock-space construction. In Fig. 1, we give
a schematic of the relevant components. As stated above,
each of the Np should be thought of as a single Trotter step
in the evolution under H(t). The Nq subintervals ensure
that δt is sufficiently small such that the approximation of
	 to a derivative of φj holds. In particular, we will desire
σ � δt. On the other hand, we want the variation of H
within the envelope of φj to be small. That is, we want σ <
T/Np . Because, presumably, we have chosen each Trotter
step sufficiently small, this ensures that H is approximately
constant over the bulk of |φj 〉. Of course, we will want to
ensure all of the above conditions with as few resources,
such as clock-register states, as possible.

We now begin to characterize the simulation error in
using the clock space for approximating U(T, 0). First, it
will be helpful to have a characterization of the size of the
normalization N .

Lemma 2. In the above notation, the normalization con-
stant N ∈ R+ for Gaussian states |φj 〉 peaked at μ = tj
satisfies

1√
N

∈ O(
√
δt/σ).

The proof is provided in Appendix B. With this techni-
cal lemma in hand, we turn to showing that 	 indeed acts
as a generator of translations on the clock space for |φj 〉,

provided that σ is large relative to δt and that the Gaussian
is not truncated by small T.

Lemma 3. In the notation introduced in this section, for
any m ∈ Z+, we have

ei	mδt|φj 〉 = |φj +m〉 + O
(

m(δt/σ)2 + m
√
δt/σe−(T/2σ)2

)
,

where the asymptotics O are understood to be taken as
δt/σ → 0 and σ/T → 0.

Proof. Performing a first-order Taylor expansion of the
exponential,

ei	δt|φj 〉 = |φj 〉 + iδt	|φj 〉 + R1(δt)|φj 〉, (35)

where R1 is the Taylor-remainder operator

R1(δt) = δt
∫ δt

0

∂2

∂τ 2 ei	τdτ = −
∫ δt

0
ei	τdτ(δt	2). (36)

Thus, the error can be bounded, via the triangle inequality
for integrals, as

‖R1(δt)|φj 〉‖ ≤ δt2‖	2|φj 〉‖. (37)

The action of 	 on discretized functions |g〉 of the clock
space is given by

	 |g〉 = −i
Nc−1∑
j =0

g(tj )
( |j + 1〉 − |j − 1〉

2δt

)

= i
∑

j

g(tj +1)− g(tj −1)

2δt
|j 〉

= i |Dδtg〉 . (38)

Here, Dδtf (x) := ((f (x + δt)− f (x − δt))/2δt) is the sym-
metric finite difference of half width δt at point x. Thus,
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	2|φj 〉 = −|D2
δtφj 〉. We consider the error of this finite dif-

ference in terms of an approximation to the derivative for
values of t within T/2 − 2δt of tj in circle distance. On this
part of the domain, φj (t ± 2δt) is smooth; hence

|D2
δtφj 〉 = |∂2

t φj 〉 + O(δt2φ(4)j ), (39)

where the superscript “(4)” indicates a fourth derivative.
Near the edge of the Gaussian, the second-derivative prop-
erty does not hold; however, these parts of the state vector
have amplitude that is on the order O(N−1/2e−(T/2σ)2),
which by Lemma 2 is O(

√
δt/σe−(T/2σ)2). This gets multi-

plied by δt−2 due to the second finite difference Dδt being
taken. Taking the two sources independently as an upper
bound, we have

‖	2|φj 〉‖ = ‖ ∣∣∂2
t φj

〉 ‖+ O
(
δt2/σ 4 + (σδt3)−1/2e−(T/2σ)2

)

∈ O
(

1/σ 2 + δt2/σ 4 + (σδt3)−1/2e−(T/2σ)2
)

,

(40)

where σ−4 comes from the four derivatives of the Gaus-
sians. Thus, the total Taylor remainder may be upper
bounded using Eq. (36) as

‖R1(δt)|φj 〉‖ ∈ O
(
(δt/σ)4 +

√
δt/σe−(T/2σ)2

)
. (41)

To complete the proof, we return to the linear Taylor
expansion in Eq. (35). Using similar reasoning to above,

|φj 〉 + iδt	|φj 〉 = |φj 〉 − δt|Dδtφj 〉
= |φj 〉 − δt|∂tφj 〉

+ O
(
(δt/σ)2 +

√
δt/σe−(T/2σ)2

)
.

(42)

Finally, what remains is a linear approximation to |φj +1〉,
with error also (δt/σ)2. Keeping only the leading terms,
note that the Taylor-remainder error is subdominant. Alto-
gether,

ei	δt|φj 〉 = |φj +1〉 + O
(
(δt/σ)2 +

√
δt/σe−(T/2σ)2

)
.

(43)

So far, we have proved the result for m = 1. The full
result follows by noting that ei	mδt = (ei	δt)m and taking,
as upper bound, m times the error of a single step. �

We note that the error in 	 generating translations
comes from two sources: the discretization at small scales
and the boundary effects at large scales. We might name
these, in the language of lattice field theory, ultraviolet and
infrared truncation effects, respectively.

Our next intermediate result will be concerned with the
evolution of C(H) controlled on the Gaussian state |φj 〉.
We want the result to be, approximately, an evolution
under H(tj ) on the main register of interest. In what fol-
lows, it will be convenient to take τ := T/Np as the time
duration of a larger subdivision of steps.

Lemma 4. Let H : [0, T] → Herm(H) be a bounded differentiable function with bounded derivative. For any η ∈ R,
we have

e−iC(H)η|ψ〉|φj 〉 = e−iH(tj )η|ψ〉|φj 〉 + O
(
ητ max

t∈[0,T]
‖Ḣ(t)‖ + (1 + η max

t∈[0,T]
‖H(t)‖)e−τ2/4σ 2

)
,

where τ := T/Np .

Proof. We begin by grouping the terms of C(H) into
two chunks: one with significant overlap with the Gaus-
sian; the other with small overlap. Specifically, we take
C(H) = Hav + H⊥, with

Hav :=
j +Nq/2−1∑
k=j −Nq/2

Hk ⊗ |k〉〈k|

H⊥ := C(H)− Hav.

(44)

Because Hav and H⊥ commute, we can Trotterize with no
error:

e−iC(H)η|ψ〉|φj 〉 = e−iH⊥ηe−iHavη|ψ〉|φj 〉. (45)

We will show that the Hav term gives approximately H(tj ),
while H⊥ acts as approximately the identity (with the right
parameter values).

First, consider e−iHavη. Define Pj = ∑
k |k〉〈k| as the pro-

jector onto the clock states on which Hav has support
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(k ∈ Z ∩ [j − Nq/2, j + Nq/2 − 1]). We have

‖e−iHavη − e−iHj ⊗Pj η‖ ≤ η‖Hav − Hj ⊗ Pj ‖. (46)

Meanwhile,

∥∥Hav − Hj ⊗ Pj
∥∥ =

∥∥∥∥∥∥
j +Nq/2−1∑
k=j −Nq/2

(Hk − Hj )⊗ |k〉〈k|
∥∥∥∥∥∥

= max
k

‖Hk − Hj ‖. (47)

By a simple Taylor bound, ‖Hk − Hj ‖ ≤ (τ/2)maxt

‖Ḣ(t)‖, where the “max” is over [tk, tj ] (taking the appro-
priate ordering of tj , tk if needed). We can therefore say

‖e−iHavη − e−iHj ⊗Pj η‖ ≤ ητ max
t∈[0,T]

‖Ḣ‖, (48)

so that, up to this error, we can replace a simulation by Hav

with Hj ⊗ P0. Moving on to this situation, we have

e−iHj ⊗P0η|ψ〉 ⊗ |φj 〉=e−iHj η|ψ〉Pj |φj 〉+|ψ〉(I −Pj )|ψj 〉.
(49)

Thinking of σ < τ and taking τ/σ increasing, we have

P0|φj 〉 = |φj 〉 + O
(

e−τ2/4σ 2
)

. Thus,

e−iHj ⊗P0η|ψ〉|φj 〉

= e−iHj η|ψ〉|φj 〉 + O
(
ητ max

t∈[0,T]
‖Ḣ‖ + e−τ2/4σ 2

)
.

(50)

For the remainder of the proof, take |ψ ′〉 = e−iHj η|ψ〉 for
notational convenience. We now consider the action of H⊥
on the remaining state, which we anticipate to be small.
First,

∥∥e−iH⊥η|ψ ′〉|φj 〉 − |ψ ′〉|φj 〉
∥∥ ≤ η‖H⊥|ψ ′〉|φj 〉‖. (51)

Let J be an index set for all the time steps included in the
summation Hav. We have

‖H⊥|ψ ′〉|φj 〉‖ =
∥∥∥∥∥
∑
k/∈J

Hk|ψ ′〉|k〉〈k|φj 〉
∥∥∥∥∥

≤
√∑

k/∈J

1
N e−2|tj −tk |2c/σ 2‖Hk‖2. (52)

Employing a Hölder inequality on the inner product,
followed by Lemma 2,

√∑
k/∈J

1
N e−2|tj −tk |2c/σ 2‖Hk‖2

≤ max
k/∈J

‖Hk‖
∑
k/∈J

e−|tj −tk |2c/σ 2

N

∈ O

⎛
⎝max

t
‖H(t)‖(δt/σ)

∞∑
k=Nq/2

e−k2δt2/σ 2

⎞
⎠ . (53)

Following a similar procedure to before, we convert to an
error function “erf” and take an exponential upper bound.
Doing so gives

‖H⊥|ψ ′〉|φj 〉‖ ∈ O
(

max
t∈[0,T]

‖H(t)‖e−τ2/2σ 2
)

. (54)

Thus, e−iH⊥η acts trivially on this state up to O
(
ηmaxt

‖H(t)‖e−(τ/2σ)2
)

.
Combining the errors together, we take the widest expo-

nential e−τ2/4σ 2
as a simple upper bound for all exponen-

tials that appear. Putting all the error sources together gives
us the result of the lemma statement. �

With the previous two lemmas, we have the ingredients
needed for a clock-space simulation: controlled operations
and time shifts. We combine them to show that our clock
space indeed encodes time-dependent dynamics.

Theorem 2. Let H : [0, T] → Herm(H) be a time-dependent Hamiltonian on a finite-dimensional vector space H, such
that H(t) as a function is bounded and differentiable with bounded derivative. Then, the clock Hamiltonian, with Gaussian
input |φ0〉, approximately applies the time-evolution operator U(T, 0) to an initial state |ψ0〉 ∈ H. To be precise,

e−iHcT|ψ0〉|φ0〉 = (U(T, 0)|ψ0〉) |φ0〉 + O
(

Tδt/σ 2 +
√

NcT/σe−T2/4σ 2 + max
t

‖Ḣ‖ T2

Np
+ e−τ2/4σ 2

(Np + max
t

‖H‖T)
)

.
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Proof. Let τ = T/Np . We begin with a first-order Trotterization of Hc into Np steps:

e−iHcT = (
ei	τe−iC(H)τ )Np + O

(
max
t∈[0,T]

‖Ḣ(t)‖ T2

Np

)
. (55)

With initial state |ψ0〉|φ0〉, combining Lemmas 4 and 3 gives the following error for a single Trotter step:

ei	τe−iC(H)τ |ψ0〉|φ0〉 = e−iH0τ |ψ0〉|φNq〉 + O
(
τδt/σ 2 + √

Nqτ/σe−T2/4σ 2 + τ 2 max
t

‖Ḣ‖ + (1 + τ max
t

‖H‖)e−τ2/4σ 2
)

.

(56)

Thus, after all Np steps, we can multiply the single-step error above to obtain an upper bound of

(
ei	τe−iC(H)τ )Np |ψ0〉|φ0〉 = e−iHNq(Np −1)τ . . . e−iHNq τe−iH0τ |ψ0〉|φ0〉

+ O
(

Tδt/σ 2 +
√

NcT/σe−T2/4σ 2 + max
t

‖Ḣ‖ T2

Np
+ e−τ2/4σ 2

(Np + max
t

‖H‖T)
)

. (57)

The right-hand side, without the error, is a first-order Suzuki Trotter splitting, which approximates U(T, 0) to order
maxt∈[0,T] ‖Ḣ(t)‖T2/Np . This can be absorbed into the third term of the big O. This gives the result stated in the
theorem. �

With this result in hand, we now show that the param-
eters (Np , Nq, σ) of the clock can be chosen such that
any desired degree of approximation to U(T, 0) can be
achieved.

Theorem 3. In the context of the previous theorem, for
any ε ∈ R+, there exist clock parameters (Np , Nq, σ) such
that

∥∥e−iHcT|ψ0〉|φ0〉 − U(T, 0)|ψ0〉|φ0〉
∥∥ < ε,

with (Np , Nq) scaling as

Np ∈ �
(

max
t∈[0,T]

‖Ḣ‖T2

ε

)
, Nq ∈ �

(
maxt ‖Ḣ‖T2

ε2 x2
)

,

σ ∈ �
(

ε

maxt ‖Ḣ‖Tx

)
.

Here,

x :=
√

log
(
� T
ε

)

� := max
{

max
t∈[0,T]

‖Ḣ‖T, ε max
t∈[0,T]

‖H‖
}

.

In particular, there exists a sequence (Np(j ), Nq(j ), σ(j ))
of clock-space parameters, such that

lim
j →∞

Trc(e−iHcT|ψ0〉|φ0〉) = U(T, 0)|ψ0〉,

where Trc is a partial trace over the clock register and
Trc(|�〉) := Trc(|�〉〈�|).

Proof. To ensure that a total error within ε is achievable,
it suffices to ensure that each of the five terms constituting
the error in Theorem 2 is within O(ε) independently. From
the onset, we will choose Np ∈ � (

maxt∈[0,T] ‖Ḣ‖T2/ε
)

to
satisfy the third term.

We next move to understand the necessary σ scaling.
We parametrize it as

σ = τ/x, (58)

with the hope that x can be chosen to increase slowly (i.e.,
that the Gaussian states have width only slightly smaller
than the Trotter step size). For this, we focus on the last
two terms, since they have no Nq dependence (which will
set the smallest scales). We seek

maxt ‖Ḣ‖T2

ε
e−x2/4 ∈ O(ε), max

t
‖H‖Te−x2/4 ∈ O(ε),

(59)

which can be satisfied provided that x is asymptotically
lower bounded as

x2 ∈ �
(

log max
{

maxt ‖Ḣ‖T2

ε2 ,
maxt ‖H‖T

ε

})

= �(log(� T/ε)) . (60)

This sets the scaling for σ .
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We move next to the first term to fix Nq, since the second
term is expected to be quite small. We require Tδt/σ 2 ∈
O(ε), which is equivalent to

Npx2

Nq
∈ O(ε). (61)

Therefore, there exists an Nq ∈ � (
Npx2/ε

)
, satisfying the

bound. All that remains is the second term, the contribution
of which can be easily shown to be subdominant compared
to the other sources. Therefore, the choice of parameter
scaling suffices to achieve the desired error ε.

We have shown that any desired precision ε for dynami-
cal simulation can be accommodated for by an appropriate
choice of clock-space parameters. Taking a sequence εj →
0, we see that there exists a sequence of clock-space evo-
lutions the limit of which, restricted to the main register, is
U(T, 0). �

We have thus shown that finite-clock-space construc-
tions exist which, for H(t) differentiable on [0, T], approx-
imate the dynamics of H to arbitrary precision. One
expects that the differentiability condition can be some-
what relaxed, since it does not appear in the continuous
setting. Any improvements in error analysis here will
enhance the performance guarantees of the qubitization
algorithm presented in Sec. V.

V. TIME-DEPENDENT QUBITIZATION

In Sec. IV, we have developed a clock-space con-
struction that encodes a time-dependent Hamiltonian as a
time-independent one on an augmented finite-dimensional
space. The removal of time ordering using a clock reg-
ister opens the door for quantum algorithms for time-
independent Hamiltonian simulation to simulate the full
clock-system dynamics directly. In particular, qubitization
is an asymptotically optimal [6] simulation method that

can only be applied to time-independent H . In this section,
we propose the simulation of time-dependent Hamiltoni-
ans using qubitization on the augmented system. To be
concrete, we will work with an input model in which H(t)
is a linear combination of fixed unitaries with time-varying
coefficients. This describes, e.g., Pauli matrices on n qubits
with fluctuating coefficients.

A. Overview

In Fig. 2, we give a flowchart for the full qubitization
procedure that we propose for time-dependent simulation.
We take our main register, encoding the quantum system
of interest, and append nc qubits to provide a clock register
of size Nc = 2nc . The product state |ψ0〉 |φ0〉 is prepared
on the joint register, where |ψ0〉 is the initial state of the
main register and |φ0〉 is a Gaussian as per Eq. (34). Many
protocols for preparing Gaussian states exist [38–42]. For
our purposes, we will simply refer to the approach by
Kitaev and Webb [43,44]. The Gaussian in our applica-
tion has non-negligible support over O(Nq) clock states
and the authors’ algorithm scales polynomially in the num-
ber of qubits nq = �log Nq� over the Gaussian. This cost is
negligible compared to the other simulation costs that we
will discuss presently. We neglect the cost of initial-state
preparation |ψ0〉, despite this step being very important,
because the cost is highly application dependent and hard
to generally quantify.

After the initial state is prepared, we seek to employ
qubitization to approximate e−iHcT on the full register.
Given H(t) in LCU form, we need to express Hc in LCU
form as well, which is not immediate. This is done through
several applications of the signature-matrix decomposition
(see Appendix C). We also truncate 	 at high frequencies
to reduce computational cost, with little loss in accu-
racy. Details of the LCU decomposition are provided in
Sec. V B.

FIG. 2. A schematic work flow of the qubitization-simulation algorithm. The vertically aligned boxes correspond to steps that can
be performed in parallel. Given the basic simulation parameters, a clock register of given size needs to be allocated and the Gaussian
state |φ0〉 needs to be prepared. Meanwhile, the clock Hamiltonian needs to be brought into LCU form so that it may be block encoded.
A qubitization simulation results in an approximate evolution under the original H(t) of interest.
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Once Hc is in LCU form, the “select” SEL and “prepare”
PREP circuits may be constructed to block encode Hc as

Hc/‖c‖1 = (〈0| PREP†⊗1)SEL(PREP |0〉 ⊗ 1), (62)

where ‖c‖1 is the 1-norm of the LCU coefficients. Stan-
dard qubitization can now be done on this block-encoded
Hamiltonian [6]. The subsequent Sec. V B will show that
the PREP circuit must create a “quasiuniform” distribution
over some number N of states, in the sense that, on the
LCU auxiliary register,

|PREP〉 =
K−1∑
j =1

√
δ |j 〉 +

N∑
j =K

√
δ′ |j 〉 , (63)

where δ, δ′, K , and N are determined by parameters of
simulation. Meanwhile, the SEL circuit will need to apply
controlled Ui operations, where Ui is a unitary in the H(t)
decomposition, and controlled signature matrices. These
second operations can be done with classical reversible
comparator circuits implemented quantumly. Each SEL will
also require a quantum Fourier transform and its inverse on
the clock register.

B. LCU block encoding

We assume that H(t) is of the form

H(t) =
L∑

i=1

αi(t)Ui, (64)

where the Uj are Hermitian and unitary (e.g., n-qubit
signed Pauli operators) and the αj (t) are non-negative
real-valued functions on [0, T]. When we discretize, the
coefficients αij := αi(tj ) will be particularly important.
Expanding out C(H) from Eq. (28) using Eq. (64),

C(H) =
Nc−1∑
j =0

(
L∑

i=1

αij Ui

)
⊗ |j 〉〈j |

=
L∑

i=1

Ui ⊗ Di, (65)

where

Di :=
Nc−1∑
j =0

αij |j 〉〈j | (66)

is a diagonal operator on the clock register. Let �i(δ) :=
�maxj |αij |/δ�. Using a signature-matrix decomposition

(see Appendix C), we can write

Di =
�i(δ)∑
k=1

δSik(δ)+ O(δ) (67)

for δ > 0, where

Sik(δ) =
Nc−1∑
j =0

(−1)k[k>αij /δ] |j 〉〈j | (68)

and [P] is the Boolean function for proposition P, with
[True] = 1 and [False] = 0. Thus, we obtain an LCU
decomposition of C(H) as

C(H) = δ

L∑
i=1

�i(δ)∑
k=1

Ui ⊗ Sik(δ)+ O(Lδ). (69)

The prepare circuit PREP is simple enough because the
linear combination is uniform. Therefore, it can be accom-
plished using a Hadamard gate on each of

nC(H) ∈ O

(
log

L∑
i=1

max
j

|αij |/δ
)

(70)

auxiliary qubits needed for a binary encoding. The uni-
taries Ui ⊗ Sik(δ) can be selected using two different SEL
circuits: one for the original Ui (presumed available to us)
and one for the signature matrices Sik(δ). These unitaries
can be constructed using classical comparator circuits
provided that each αij is computable.

We now turn our attention to 	, defined in Eq. (29).
Although already in LCU form, the coefficient has size
2/δt and is too large to be desirable. However, 	 may
be truncated at high frequencies without significant loss of
accuracy, reducing the coefficient sizes. To show this, we
start by converting 	 to Fourier space, i.e., diagonalizing
via the quantum Fourier transform (QFT). The result may
be computed by diagonalizing U+ and is found to be

	 = F
Nc−1∑
j =0

Nc

T
sin

(
2π

j
Nc

)
|j 〉〈j |F†

= F
Nc/2−1∑

j =−Nc/2

Nc

T
sin

(
2π

j
Nc

)
|j 〉〈j |F†, (71)

where, in the second line, we define indices −j = Nc − j
for j > 0 and write the diagonalized 	 symmetrically
about j = 0. The benefit of this parametrization is that
small |j | correspond to low-frequency modes. Let 	J be
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	 truncated at frequencies above those of the index J ∈
[0, Nc/2] ∩ Z:

	J := F
J∑

j =−J

Nc

T
sin

(
2π

j
Nc

)
|j 〉〈j |F†. (72)

The error in a clock-space evolution using 	J rather than
	 is upper bounded by T ‖	 |φ0〉 −	J |φ0〉‖, which can
be evaluated and upper bounded as

T ‖	 |φ0〉 −	J |φ0〉‖

=
∥∥∥∥∥∥
∑
|j |>J

Nc sin
(

2π
j

Nc

)
|j 〉〈j | F† |φ0〉

∥∥∥∥∥∥
≤ Nc

√∑
|j |>J

|〈j | F† |φ0〉|2. (73)

We thus desire a characterization of F† |φ0〉, which we
naturally expect to be another Gaussian up to errors aris-
ing from the difference between discrete and continuous
Fourier transforms. This analysis has been performed in
Appendix C of Ref. [45] and we adapt that work to our
present situation. As the reference shows, the error in each
component j arises from three sources:

(1) Truncation of the time variable to O(T), which we
denote by εtrunc.

(2) Truncation of the frequency variable to O(Nc/T)
(“aliasing”), which we denote by εalias.

(3) Differences in normalizing in the continuum versus
the discrete setting, which we denote by εnorm.

In our notation and setting, Rendon et al. [45] show that
these errors satisfy the following asymptotic bounds:

εtrunc ∈ O
(√

σ

T
e−�(T2/σ 2)

)
,

εalias ∈ O
(√

σ

T
e−�(N 2

c σ
2/T2

)
,

εnorm ∈ O
(
e−�(Nc)

)
.

(74)

Let us take these errors to all be O(εF), with the required
εQFT to be determined. The results from Theorem 16 and
Appendix C of Ref. [45] imply that

F† |φ0〉 =
Nc/2−1∑

j =−Nc/2

(√
πNc

N
σ

T
e−(π j σ/T)2 + O(εQFT)

)
|j 〉 .

(75)

With this in hand, we return to Eq. (73). First,

|〈j | F† |φ0〉|2 = πNc

N
σ 2

T2 e−2(π j σ/T)2

+ O
(√

σ

T
e−(π j σ/T)2εQFT

)
, (76)

where we assume that the error εQFT is smaller asymptot-
ically than the amplitude itself, to be justified. Taking the
sum over high frequencies,

√∑
|j |>J

|〈j | F† |φ0〉|2

∈ O

(√
Nc

N
σ

T
e−�(J 2σ 2/T2) +

√
σ

T
e−�(J 2σ 2/T2)εQFT

)

⊆ O
(√

σ

T
e−�(J 2σ 2/T2)(1 + εQFT)

)
. (77)

We next observe that εQFT ∈ O(1) by previous assumptions
and can now be removed. From Eq. (73), we obtain the full
simulation error by multiplying by Nc:

εJ ∈ O
(

Nc

√
σ

T
e−�(J 2σ 2/T2)

)
. (78)

In order for εJ ∈ O(ε), we want the cutoff J to satisfy

e−J 2σ 2/T2 ∈ O

(√
T
σ

ε

Nc

)
, (79)

which can be satisfied provided that J scales as

J ∈ �
(

T
σ
(log T/σ + log Nc + log 1/ε)

)
⊆ �̃(T/σ).

(80)

Letting 	̃ := 	J for this choice of J, we now switch
to considering the simulation of 	̃. Let δ′ > 0 and let
�(δ′) := �(Nc/Tδ′) sin(2πJ/Nc)�. We have

J∑
j =−J

Nc

T
sin

(
2π

j
Nc

)
|j 〉〈j | = δ′

�(δ′)∑
k=1

S(	)k (δ′)+ O(δ′),

(81)

where

S(	)k (δ′) :=
Nc/2−1∑

j =−Nc/2

sgn(j )(−1)k[k>χj ] |j 〉〈j | , (82)
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and

χj :=
{
(Nc/Tδ′) sin(2π j /Nc)], |j | ≤ J ,
0, else.

(83)

Defining the unitary V�(δ′) := F S(	)� (δ′)F†, we have
obtained an LCU decomposition of 	. The PREP circuit
is, as with C(H), only a column of Hadamards on

n	 ∈ O
(
log

(
(Nc/Tδ′) sin(2πJ/Nc)

)) ⊆ Õ
(

log
1
σδ′

)

(84)

auxiliary qubits. Meanwhile, the SEL circuit may be con-
structed as F SEL′ F†, where SEL′ is a select circuit using
the S(	)� signature matrices that can, as before, be imple-
mented with comparator circuits that compute the sine.

Combining with Eq. (69), we obtain an approximate
LCU decomposition of the approximate clock Hamiltonian
H̃ c:

H̃ c = δ

L∑
i=1

�i(δ)∑
k=1

Ui ⊗ Sik(δ)+ δ′
�(δ′)∑
�=1

1 ⊗ V�(δ′)

= Hc + O(ε/T + Lδ + δ′) (85)

To achieve an ε-accurate simulation, we will require δ ∈
O(ε/LT) and δ′ ∈ O(ε/T). The 1-norm ‖c‖1 of all of the
coefficients is given by

‖c‖1 = δ

L∑
i=1

�i(δ)+ δ′�(δ′)

∈ O

(
L∑

i=1

max
j

|αij | + Nc

T
sin(2πJ/Nc)

)

⊆ O
(‖α‖rev

∞,1 + J/T
)

⊆ Õ
(‖α‖rev

∞,1 + σ−1)

⊆ Õ
(

‖α‖rev
∞,1 + maxt ‖Ḣ‖T

ε

)
, (86)

where ‖α‖∞,1 := ∑L
i=1 maxt |αi(t)| and Õ suppresses mul-

tiplicative logarithmic factors. Thus, the number of queries
to SEL and PREP circuits in an LCU encoding scales as

Q ∈ Õ
(

‖α‖rev
∞,1T + maxt ‖Ḣ‖T2

ε
+ log 1/ε

log log 1/ε

)
.

(87)

The number of auxiliary qubits needed for the clock
register is

nc = log Np + log Nq ∈ O
(

log
(

max
t

‖Ḣ‖T2
)

+ log 1/ε
)

,

(88)

while the number of auxiliary qubits needed for the LCU
block encoding is given by

nLCU = nC(H) + n	

∈ O
(

log
‖α‖rev

∞,1

δ
+ log

1
σδ′

)

⊆ O
(

log
L‖α‖rev

∞,1T

ε
+ log

maxt ‖Ḣ‖T2

ε2

)

⊆ O
(

log L + log
(‖α‖rev

∞,1T
)

+ log
(

max
t

‖Ḣ‖T2
)

+ log 1/ε
)

(89)

for a total number of auxiliary qubits n ∈ O(nLCU).

C. Discussion

In this section, we have provided an algorithm for time-
dependent simulation by qubitization for instances when
the Hamiltonian is input as a linear combination of uni-
taries. We provide a procedure for constructing an LCU-
block encoding on the augmented clock space and use the
error analysis of Sec. IV to provide a query complexity for
the method.

The presence of the Trotter term in the complexity given
in Eq. (87) is unfortunate because, if it were absent, the
query complexity would match the lower bounds for sim-
ulation in T and ε. As a note of optimism, we believe
that this term is not due to the method itself but is a fault
of the analysis. Specifically, forcing our Hamiltonian to
vary slowly over the Np larger subdivisions should prove
unnecessary. This has been done essentially to make the
evolution consistent across the clock Gaussian state. In
reality, the Hamiltonian should only need to vary smoothly
over the smallest increment δt. We are currently investi-
gating modifications to the clock scheme that would make
this more apparent.

Besides an LCU encoding, other natural block encod-
ings of Hc may be possible. For example, a very general
input model for H(t) is to take it as a d-sparse matrix with
query access to the nonzero entries. This seems quite a
promising avenue to take, because then Hc = C(H)+	

is d + 2 sparse and there is a natural way to query the
entries of Hc. Hence, such a Hamiltonian should immedi-
ately be simulable by qubitization (or other quantum walk
methods). The trouble is that the largest entry in abso-
lute value ‖Hc‖max of Hc comes from 	, which is of size
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Nc/2T. This is too large to yield an effective simulation
algorithm. Of course, there is something odd about the
need to care for the operator norm ‖	‖, since the typical
state being acted on is a Gaussian |φj 〉. Thinking of 	 in
frequency space, modes of frequency �(σ−1) should not
be relevant for Gaussian states of width O(σ ) on the clock
register. This suggests that a high-frequency truncation of
	—say, 	̃—would act in approximately the same way on
the Gaussians while decreasing the norm. However, there
is no guarantee that the modified operator, 	̃, is sparse in
the basis of clock times. Perhaps considering a reduced
clock Hamiltonian H̃ ij = 〈φi|Hc|φj 〉, with all small ele-
ments set to zero, would have the sparseness conditions
required, along with a subspace norm of ‖	‖φ ∈ O(σ−1).

VI. TIME-DEPENDENT SIMULATION BY
MULTIPRODUCT FORMULAS

As suggested in Sec. III D, MPFs have already been con-
sidered extensively in the Hamiltonian-simulation commu-
nity [4,46,47]. However, one of the deficiencies of MPFs
is that they have yet to be generalized, formally, for use in
time-dependent Hamiltonian simulations. Because U gen-
erally has time ordering, the techniques used in Ref. [36]
involving Baker-Campbell-Hausdorff- (BCH) type expan-
sions do not carry over directly. An approach based instead
on the Magnus expansion might be expected to work in
its place but no subset of terms in the expansion rep-
resents the exact evolution separated from error terms.
Without this generalization, MPFs cannot be applied to
interaction-picture algorithms as well as simulations of
physical systems that have intrinsic time dependence.

It is relatively easy to propose a generalization of MPFs
that would be expected to work well in the time-dependent
case, by Trotterizing the continuous clock Hamiltonian in
Eq. (22). When this is done in kj steps, this amounts to
replacing the kj th power in Theorem 1 with a sequence
of kj unitaries at each time slice. This heuristic argument
motivates the following definition.

Definition 2 (Time-Dependent Multiproduct Formulas).
For finite-dimensional H and L : [0, T]2 → L(H), let Lp :
[0, T]2 → L(H) be a pth-order formula for L. Given m ∈
Z+, 	k ∈ Zm

+ and a ∈ Rm, define the time-dependent multi-
product formula Lm,p : [0, T]2 → L(H) to be

Lp ,m(t, t0) :=
m∑

j =1

aj L
(kj )
p (t, t0),

where

L(k)p (t, t0) :=
k−1∏
�=0

Lp(t�+1, t�)

and t� = t0 + (t − t0)�/k.

As a limiting case, observe that Lp ,1 = Lp with a1 = 1.
The choice to take the t� as equally spaced is not
entirely coincidental, for the same reason that, in the
time-independent setting, we take Uk

2(t/k) instead of, say,

k∏
j =1

U2(sj t), (90)

where s = (s1, . . . , sk) is a probability vector. Taking a
simple power of k makes working with the BCH expansion
much simpler. While these definitions could be applied
in more general contexts, our interest in Hamiltonian
simulation means that we will consider L = U to be a
time-evolution operator.

We finally turn to the question of whether the time
dependent MPFs of Definition 2 may be constructed for
improved approximants. At the beginning of this section,
we mentioned the difficulty presented by time ordering in
adopting the techniques from Ref. [36]. The reader of the
previous section may recognize that clock spaces may be
used to remove time ordering, circumventing the issue.
However, when the clock variable t is continuous, the
shift term −E in the clock Hamiltonian is an unbounded
operator, complicating a BCH-type analysis. We conjec-
ture, and provide a heuristic argument, that time-dependent
MPFs indeed boost the approximation order for sufficiently
smooth Hamiltonians.

Conjecture 1. Let H = ∑L
i=1 Hi(t) and let

U2(t + τ , t) =
1∏

i=L

e−iHi(t+τ/2)τ
L∏

i=1

e−iHi(t+τ/2)τ

be the symmetric second-order Trotterized midpoint for-
mula. Suppose that each Hi is 2m + 1 time differentiable.
Then, the time-dependent multiproduct formula U2,m(t +
τ , t) with base formula U2 approximates U(t + τ , t) to
order 2m in t.

We now discuss a potential path to proof of this conjec-
ture. Without loss of generality, we take t = 0. Let k ∈ Z+
and consider a sequence of discrete clock constructions on
interval [0, τ ], with parameters (Np(�), Nq(�), σ(�)), such
that k always divides Nc = NpNq, and such that the limit
reproduces the dynamics of H(t) on the main register,
as per Theorem 3. Consider one of the elements of this
sequence. Using the form of H given in the conjecture
statement, we may write

C(H) =
L∑

i=1

C(Hi). (91)
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Thus, the clock Hamiltonian Hc admits the following
second-order symmetric Trotter:

V2(τ ) = e−i	τ/2

(
1∏

i=L

e−iC(Hi)τ/2
L∏

i=1

e−iC(Hi)τ/2

)
e−i	τ/2.

(92)

From Ref. [36], we have that

V(τ )− Vk
2(τ/k) =

m−1∑
j =1

E2j +1(τ )
τ 2j +1

k2j + E(τ , k), (93)

where E ∈ O(τ 2m+1) is analytic in τ . Thus the standard
well-conditioned multiproduct formula V2,m of Theorem 1
with base formula V2 satisfies

V(τ )− V2,m(τ ) =
m∑

j =1

aj E(τ , kj ). (94)

We now wish to look at the action on the main register.
Applying Eq. (94) to the state |ψ〉 |φ0〉 of the full register,
where |ψ〉 is arbitrary, and then taking the trace Trc over
the clock register, one obtains

Trc(V(τ ) |ψ〉 |φ0〉)− Trc(V2,m(τ ) |ψ〉 |φ0〉)

=
m∑

j =1

aj E(τ , kj )(|ψ〉), (95)

where E(τ , k) is a linear map on the main register, defined
by

E(τ , k)(|ψ〉) := Trc(E(τ , k) |ψ〉 |φ0〉). (96)

The above holds for every clock space in the sequence
defined by (Np(�), Nq(�), σ(�)). Taking the limit as � →
∞ of Eq. (95), we may pass the limits through the finite
sums and scalar multiplications

lim
�→∞

Trc(V(τ ) |ψ〉 |φ0〉)− lim
�→∞

Trc(V2,m(τ ) |ψ〉 |φ0〉)

=
m∑

j =1

aj lim
�→∞

E(τ , kj ) |ψ〉 , (97)

provided that these limits exist. Indeed, by Theorem 3,

Trc(V(τ ) |ψ〉 |φ0〉) = U(τ , 0) |ψ〉 . (98)

As for the MPF, taking k steps of the Trotterization, we
should find that

lim
�→∞

Trc(V2(τ/k)kψ |φ0〉c) = U(k)
2 (τ , 0) |ψ〉 (99)

though this must be shown. This should not be too hard,
as the idea is clear: perform a sequence of clock shifts

followed by second-order Trotter on the main register.
By passing the limit through the multiproduct sum,

lim
�→∞

Trc(V2,m(τ , 0) |ψ〉 |φ0〉c) = U2,m(τ , 0) |ψ〉 . (100)

It remains to show that the limit lim� E(τ , k) exists and,
moreover, is in O(τ 2m+1). This is where the main chal-
lenge lies. To show that the limit of a sequence with terms
of order O(τ 2m+1) is also O(τ 2m+1), we can show that the
2m + 1 derivative is bounded at τ = 0. Unfortunately, our
current clock constructions have the width σ of the clock
state shrinking to infinity, which means that the derivatives
grow as well. If a different clock construction can be pro-
vided where the clock state can have width σ ∈ O(1), a
bound can be placed and thus the limit will be O(τ 2m+1).

Ongoing work is being undertaken to fill in the gaps
of the previous argument. However, the numerics of
Sec. VI E strongly suggest that the time-dependent MPFs
indeed work as expected. Moreover, the form of the time-
dependent MPF of Definition 2 can be obtained by a naive
Trotterization of the continuous clock space, which is very
suggestive that, beyond formal issues, the approach is rea-
sonable. Thus, we proceed assuming that Conjecture 1 is
true.

A. Statement of protocol

Having argued, informally, that good time-dependent
MPFs exist, we now propose an algorithm for Hamiltonian
simulation using these formulas. We will provide some
accompanying discussion to explain our choices and at the
end we will more directly state the approach.

A natural input model for H(t) is a linear combination
of Hamiltonians

H(t) =
L∑

i=1

αi(t)Hi, (101)

where each αi(t) ∈ R is assumed to be 2m + 1 differen-
tiable for an m-term MPF. Without loss of generality, we
take ‖Hi‖ ≤ 1. Because we utilize the well-conditioning
results of Ref. [35], we want the base formula to be second
order and symmetric. A reasonable choice is

U2(t + τ , t) :=
1∏

i=L

exp
{
−iHiαi

(
t + τ

2

)
τ
}

×
L∏

i=1

exp
{
−iHiαi

(
t + τ

2

)
τ
}

, (102)

which is a second-order Trotter splitting of the midpoint
formula. Thus, from now on, we will be interested in
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the MPF

U2,m(t, 0) =
m∑

j =1

aj U
(kj )

2 (t, 0). (103)

As a caution, we remark that, despite notation, the MPF
U2,m is not generally unitary for m > 1, though when suit-
ably constructed, it will approximate the unitary U and
hence be approximately unitary.

That U2 is second order can be seen from Taylor expand-
ing the Dyson series of U about τ = 0 (H needs to be
at least, say, twice differentiable). Moreover, U2 is time-
reversal symmetric in the same sense as U: U2(t, t0) =
U2(t0, t)†. This gives the nice property that the error series
for U(t + τ , t)− U(k)(t + τ , t) has only even terms, such
that higher-order formulas can be reached with approxi-
mately half the number of addends.

From the onset, there are a couple of choices to make.
The MPFs, in principle, could approximate the entire inter-
val [0, T] provided that the Trotter steps ki are sufficiently
large. However, this has several disadvantages. First, there
is no flexibility to treat some subintervals of [0, T] as more
difficult than others and allocate resources appropriately.
Second, the well-conditioned scheme of Ref. [35] would
have to be abandoned or modified to accommodate larger
	k. Instead, we divide [0, T] into a mesh of r subintervals,
not necessarily uniform but, rather, constructed to account
for more difficult parts of the simulation. We provide a
greedy algorithm for constructing such a mesh at the end of
this section. The algorithm requires a computable �2m+1-
bound to work (see Definition 3); however, a practitioner
might prefer a more heuristic approach to constructing
the time mesh. For the moment, we will simply say that,
given ti, the next time point ti+1 is incremented roughly as
1/�2m+1(t) for t in a neighborhood of ti, where �2m+1 is a
positive real-valued function of H and its derivatives that
grows for larger or faster fluctuating H .

Once the mesh points t0, t1, . . . , tr are determined, a
time-dependent MPF is performed over each subinter-
val [ti, ti+1] in sequence. We assume that the MPF is
implemented using the LCU technique. The base-midpoint
formula U2 must be implemented by some scheme that
depends on the structure of H(t), though the approximating
unitary Ũ2 should be at least second order and should pre-
serve the time-reversal symmetry of U2 (and U). We take
Eq. (102) as our base formula for the subsequent analysis.
It is known that such Trotter formulas exhibit commutator
scaling, meaning that, in the limit where all Hj commute
pairwise and all αj are constant functions, the simulation
error goes to zero. Hence, the MPF will also inherit this
desirable property.

Let us now supply our pseudoalgorithm for the MPF
procedure. Given fundamental parameters, [0, T], ε, and a
description of H(t):

(1) Compute a �2m+1-bound (Definition 3) for some m
larger than the expected number of MPF terms. This
is more or less a bound on the “difficulty” of H(t) at
various times.

(2) Construct a time mesh of r steps using the algorithm
of Appendix F.

(3) Perform a sequence of time-dependent MPFs
U2,m(tj , tj −1) [see Eq. (103)] over each time slice
[tj −1, tj ]. These MPFs are performed using the well-
conditioned MPF scheme of Ref. [35], involving
a select-prepare encoding and oblivious amplitude
amplification (OAA).

Figure 3 provides a high-level schematic of the quantum
circuits involved. The PREP circuit acts on an initial state
|0〉 of the auxiliary register as

PREP |0〉 =
∑

j

√
aj

‖a‖1
|j 〉 , (104)

while the SEL circuit acts as

SEL |j 〉 |ψ〉 = |j 〉 U
(kj )

2 (ti, ti−1) |ψ〉 . (105)

Specific information about the parameter choices, such
as m and r, is provided in the subsequent error analysis,
though sometimes only in a big-O sense.

B. Error analysis

In this section, we analyze the errors arising between the
exact unitary U and the MPF approximation Ũ given by

Ũ(T, 0) =
r∏

i=1

U2,m(ti, ti−1). (106)

This analysis will ignore hardware imperfections and deco-
herence, assume that U2 is implemented perfectly, and
assume exact coefficients aj . In the query-complexity anal-
ysis of Sec. VI D, we will consider additional algorithmic
errors arising from a more precise specification of the
Hamiltonian input model.

We introduce a useful definition to quantify errors suc-
cinctly. It is well understood that MPFs, like regular
product formulas, have smoothness requirements to ensure
convergence. To quantify the errors and costs of MPFs,
we provide a metric that captures the “size” of H and its
derivatives at each point in time, in order to characterize
the difficulty of simulation.

Definition 3. Let H(t) = ∑L
i=1 αi(t)Hi be a time-

dependent finite-dimensional Hamiltonian with Hi Hermi-
tian and αi(t) ∈ R having n ∈ N ∪ {∞} continuous deriva-
tives. For each i, define a �i,n-bound as any continu-
ous function �i,n : [0, T] → R+ satisfying the following
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log2 m

n
U2,m(t1, t0) U2,m(t2, t1) · · · U2,m(tr, tr−1)

U2,m(ti, ti−1) =

PREP OAA

(b)

(a)

SEL

†PREP

FIG. 3. A schematic of a quantum circuit implementing the time-dependent MPF algorithm. The lower register of n qubits represents
the system of interest, while the upper auxiliary register consisting of log2 m is for the LCU procedure. (a) The long-time MPF
algorithm: multiple time steps. As with product formulas, the full interval [0, T] is broken into k subintervals, chosen to devote more
accuracy to more difficult parts of the simulation. (b) A schematic of a single MPF time step. Each time slice is implemented using
the standard LCU approach. The “PREP” and “SEL” boxes represent the standard “prepare” and “select” circuits. Oblivious amplitude
amplification (OAA) may be used to boost the success probability to one because the MPF is approximately unitary.

bounds with respect to H and its derivatives:

�i,n(t) ≥ sup
j ∈[n]

j +1
√

‖α(j )i (t)‖ ∀t ∈ [0, T],

where f (n) represents an nth derivative of f and [n] :=
{j ∈ N | j ≤ n}. Assuming that such bounds exist for all
i = 1, . . . , L, we say that H(t) is �n-bounded. We further
say that H(t) is�n-boundable if it admits some�n-bound.
For convenience, we define �i := �i,∞. We also define a
�n-bound as any continuous on [0, T] satisfying

�n(t) ≥ max
i∈[L]

�i,n(t).

For near-constant αi(t), �i,n is simply an upper bound on
|αi|, while for rapid oscillations, the derivative terms will
dominate. Observe that for finite n, our assumptions imply
that�i,n(t) exists (H is�i,n-boundable), since |α(j )i | is con-
tinuous on a compact interval and hence is a bounded
function. Also, in the finite case, the supremum may be
replaced with a simple “max” and �i,n(t) may be taken
as equal to the right-hand side because it is the maximum
of a finite set of continuous functions, which is continu-
ous. For this “minimal choice,” �i,n(t) is a nondecreasing
sequence in n. For each n, there also exists a �i,n that is
constant in t. Allowing�i,n to vary in time, however, takes
into consideration the possibility that the expense of simu-
lating H will vary with time. We note that �i,n-bounds are
additive in the sense that, for H(t) and G(t) admitting �H

i,n
and �G

i,n-bounds, respectively, �H
i,n +�G

i,n is a �i,n-bound
on H + G.

In contrast to finite n, the existence of a �i,∞-bound
is not guaranteed and amounts to the assumption that the
derivatives of H grow at most exponentially for asymptot-
ically large j and fixed t. There are smooth even analytic
functions that do not satisfy this, many of which are
physically interesting. A simple example is a Gaussian
pulse

α(t) = e−t2 , (107)

the derivatives of which, generating the Hermite polyno-
mials, grow factorially with n at t = 0. Other interesting
cases, such as harmonic oscillations or exponential growth
and decay, do admit a �-bound. Despite these restric-
tions, we adopt this approach for simplicity and in order
to facilitate comparison with prior work on general-order
Suzuki-Trotter formulas [29]. Admittedly, a modification
of Definition 3 to be an upper bound on

max
j

j −1 j +1
√

‖α(j )i (t)‖ (108)

would expand the class of functions admitting�∞-bounds
to analytic functions (though not generic smooth func-
tions).

We now begin the error analysis of Eq. (106) in earnest.
From a triangle inequality, the error can be bounded as the
error in each step:

‖U(T, 0)− Ũ(T, 0)‖ ≤
r∑

i=1

‖U(ti, ti−1)− U2,m(ti, ti−1)‖.

(109)
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Therefore, to ensure an error at most ε, it suffices that each
subinterval has error at most ε/r. We thus focus on a single
subinterval. An upper bound on this error is supplied by
the following theorem, which is the main technical result
of this section.

Theorem 4. Let H : [t0, t1] → Herm(H) be a time-
dependent Hamiltonian on finite-dimensional H with
2m + 1 continuous derivatives on [t0, t1] and �2m+1-
bound. Suppose further that

eL max
τ∈[t0,t1]

�2m+1(τ )(t1 − t0) < 1.

Then, for any m ∈ Z+, there exist 	k ∈ Zm
+ and a ∈ Rm such

that

‖U(t1, t0)− U2,m(t1, t0)‖

<
‖a‖1√
πm

(
5L max

τ∈[t0,t1]
�2m+1(τ )(t1 − t0)

)2m+1

and ‖a‖1 ∈ O(log(m)).

Observe that convergence of the above error bound to
zero as m → ∞ is conditioned on a sufficiently small t1 −
t0. This is potentially unsurprising, as the Suzuki-Trotter
formulas also do not provide an unconditionally con-
verging sequence of approximations to the time-evolution
operator. Note also the parallel roles between m and the
Suzuki-Trotter order k in reducing the error. In our case,
however, we shall see that the simulation cost increases
only polynomially in m, whereas for product formulas the
cost is necessarily exponential in k.

The term ‖a‖1/
√
πm is o(1) for large m and can be

more or less ignored. Unfortunately, the �2m+1 scales as
the “worst” coefficient αi multiplied by the number of
terms L, which seems too cynical. However, improving on
this may greatly complicate the proof of the error bound.
Theorem 4 will be the important result that informs the
algorithmic choices and complexity analysis of subsequent
sections. Having characterized the error on a single subin-
terval of [0, T], the full error over r subintervals may be
found simply by using Eq. (109).

We prove Theorem 4 using a similar strategy to that used
to provide error estimates for the Suzuki-Trotter formulas
[3,29,48]. As H is continuously differentiable at least 2m +
1 times, U2,m is a valid extrapolant by Conjecture 1 and
cancels the first m terms in the error series. We can thus
express the difference U2,m − U using the integral Taylor-
remainder formulas

U2,m(t, t0)− U(t, t0) = R2m − R2m, (110)

with

R2m := 1
2m!

∫ t

t0
(t − τ)2mU(2m+1)(τ , t0)dτ , (111)

R2m := 1
2m!

∫ t

t0
(t − τ)2mU(2m+1)

2,m (τ , t0)dτ , (112)

where U(n) refers to derivatives in the first argument. By
the triangle inequality,

‖U2,m(t, t0)− U(t, t0)‖ ≤ ‖R2m‖ + ‖R2m‖ (113)

and we upper bound each remainder in separate lemmas.
The easier bound is R2m, so we begin with the corre-

sponding lemma.

Lemma 5. The remainder term R2m in Eq. (112) satis-
fies

‖R2m‖ < 1
2
√
πm

(
2L max

τ∈[t0,t]
�2m+1(τ )(t − t0)

)2m+1

.

Proof. Recall that U, as the exact propagator, satisfies
the Schrödinger equation [Eq. (8)]. Higher derivatives can
easily be found through repeated application of the prod-
uct rule. The result will be a polynomial in the derivatives
of H times U itself. Under the spectral norm, using the
triangle and submultiplicative properties, the ordering of
terms does not matter and therefore is equivalent to the
expression one gets taking derivatives of a scalar exponen-
tial. Noting that ‖U‖ = 1, the resulting polynomial is the
complete exponential Bell polynomial from Faà di Bruno’s
formula (see Appendix D). Letting n = 2m + 1, we have

‖∂n
t U(t, t0)‖ ≤ Yn

(‖H(t)‖, ‖Ḣ (t)‖, . . . , ‖H (n−1)(t)‖) .
(114)

From the definition of �i,n, we have

‖H (j )(t)‖ ≤
L∑

i=1

|α(j )i (t)|

≤
∑

i

�i,n(t)j +1

≤ (L�n(t))j +1 (115)

and since the Bell polynomials Yn are monotonic in each
argument,

Yn
(‖H‖, ‖Ḣ‖, . . . , ‖H (n−1)‖)
≤ Yn(L�n(t), (L�n(t))2, . . . , (L�n(t))n)

= (L�n(t))nbn, (116)

where bn are the Bell numbers (Appendix D). Thus,

‖∂n
t U(t, t0)‖ ≤ (L�n(t))nbn. (117)
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Finally, returning to the bound on R2m, we have from the
integral triangle inequality that

‖R2m‖ ≤ 1
(2m)!

∫ t

t0
(t − τ)2m‖∂2m+1

τ U(τ , t0)‖dτ

≤ 1
(2m)!

∫ t

t0
(t − τ)2m(L�2m+1(τ ))

2m+1b2m+1dτ ,

(118)

where we have made use of the inequality in Eq. (117).
This, in turn, can be bounded by maximizing �2m+1 over
[t0, t]:

‖R2m‖ ≤ b2m+1

(2m)!
(L max

τ∈[t0,t]
�2m+1(τ ))

2m+1
∫ t

t0
dτ(t − τ)2m

≤ b2m+1

(2m + 1)!

(
L max
τ∈[t0,t]

�2m+1(τ )(t − t0)
)2m+1

.

(119)

Finally, we upper bound the prefactor using a Stirling
bound and bounds from Ref. [49] on the Bell numbers. For
all m ∈ Z+,

b2m+1

(2m + 1)!
<

(
0.792(2m+1)
log(2m+2)

)2m+1

√
2π(2m + 1)

( 2m+1
e

)2m+1

= 1√
2π(2m + 1)

(
.792e

log(2m + 2)

)2m+1

.

(120)

Plugging this into Eq. (119),

‖R2m‖ < 1√
2π(2m + 1)

×
(

0.792e
log(2m + 2)

L max
τ∈[t0,t]

�2m+1(τ )(t − t0)
)2m+1

<
1

2
√
πm

(
2L max

τ∈[t0,t]
�2m+1(τ )(t − t0)

)2m+1

.

(121)

The last line is the result of the lemma. �

To prove a similar bound on R2m, we will first need a
technical lemma that bounds the size of ordinary exponen-
tials of time-dependent matrices.

Lemma 6. Let A(t) be an anti-Hermitian-valued func-
tion of t ∈ R with n bounded derivatives. Then,

‖∂n
t eA(t)‖ ≤ Yn

(‖∂tA(t)‖, ‖∂2
t A(t)‖, . . . , ‖∂n

t A(t)‖) ,

where Yn is the complete exponential Bell polynomial.

In the scalar case, Faà di Bruno’s bound is an exact
expression (see Appendix D), so the content of our result
is that a corresponding bound holds even in the nonscalar
case. The exponential disappears because eA(t) is unitary.
The proof of this is provided in Appendix E. We now state
the bound on the Taylor R2m for the time-dependent MPF.

Lemma 7. In the above notation, suppose that

eL max
τ∈[t0,t]

�2m+1(τ )(t − t0) < 1.

Then, the remainder term R2m in Eq. (112) satisfies

‖R2m‖ < ‖a‖1

2
√
πm

(
5L max

τ∈[t0,t]
�2m+1(τ )(t − t0)

)2m+1

.

The proof is more technical than the previous bound
of Lemma 5 and is relegated to Appendix E. We quickly
prove Theorem 4 assuming the truth of the above lemma.

Proof of Theorem 4. First, we note that ‖a‖1 ≥ 1, since
a necessarily satisfies

∑
j aj = 1 from the Vandermonde

constraints in Eq. (24). From Eq. (113), the error
‖U(t, t0)− U2,m(t, t0)‖ is bounded by the sum of the
remainder upper bounds derived in Lemmas 5 and 7. Com-
paring the two, we see that R2m dominates R2m for all
m ≥ 1. We thus take twice the larger as an upper bound:

‖U(t, t0)− U2,m(t, t0)‖ < 2‖R2m‖

<
‖a‖1√
πm

(
5L max

τ∈[t0,t]
�2m+1(τ )(t − t0)

)2m+1

. (122)

This completes the proof. �

C. Time-step analysis

The next ingredient we need for a complexity analy-
sis is asymptotic bounds on the number of subintervals r
needed in the time mesh. This will be the concern of this
section. Unfortunately, in pursuing best-case bounds on r,
we eschew a practical procedure for generating the time
points ti. Appendix F provides a concrete procedure that is
based on the analysis of this section.

For time-dependent Hamiltonians, because the cost per
unit time can vary with t in general, one should adaptively
choose the step size depending on the cost. For our pur-
poses, this means choosing a step size that is inversely
proportional to the energy measure �2m+1(t). We will
explore this adaptive time stepping and show L1-norm
scaling with �2m+1(t) here.
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To derive bounds on r, we will need to assume some-
thing about the size of the derivative �̇2m+1 compared
to �2m+1 itself. Given a �n-bound, a differentiable (or
even smooth) �n-bound exists. From now on, we con-
sider�n-bounds for which there exists a K ∈ R+ such that
|�̇n(t)| ≤ K�n(t)2 for all t ∈ [0, T]. Given H that is �n-
boundable, there is always, in fact, a �n-bound such that
K exists and is arbitrarily close to zero. For example, we
may take a constant bound �′

n := maxt�n(t), noting that
�n is continuous on a compact interval. Of course,�′ does
not capture the changing behavior of H(t) and is therefore
suboptimal. Nevertheless, we have demonstrated that our
additional assumptions are not much more restrictive than
those we have already made. Note that (in natural units) K
is dimensionless.

With these preliminaries in place, the following result
provides an upper bound on the number of time steps
needed for our MPF algorithm.

Lemma 8. Let H satisfy the assumptions of Theorem 4
and let �2m+1 be a�2m+1-bound for H such that, for some
K ∈ R+, |�̇2m+1(t)| ≤ K�2m+1(t)2 for all t ∈ [0, T]. For
every ε > 0, there exists a list (t0, t1, . . . , tr) of monoton-
ically increasing times tj ∈ [0, T], with t0 = 0 and tr = T,
such that

‖U(T, 0)−
r∏

i=1

U2,m(ti, ti−1)‖ ≤ ε,

with the number of time steps r bounded above as

r ≤
⌊(

5
(

1 + 3
2

K
)

L‖�2m+1‖1

)1+ 1
2m
( ‖a‖1

ε
√
πm

) 1
2m
⌋

.

Here, ‖�2m+1‖1 is the L1 norm over [0, T]:

‖�2m+1‖1 :=
∫ T

0
�2m+1(t)dt.

Proof. As discussed in Sec. VI B, in order to satisfy the
ε-error constraint of Lemma 8, it suffices that the error on
each subinterval is less than ε/r. Using Theorem 4, the sum
is bounded as

r∑
i=1

‖U(ti, ti−1)− U2,m(ti, ti−1)‖

≤ ‖a‖1√
πm

r∑
i=1

(
5L max

τ∈[ti−1,ti]
�2m+1(τ )(ti − ti−1)

)2m+1

.

(123)

To ensure an overall error ε, it therefore suffices to produce
a mesh such that, for each i,

‖a‖1√
πm

(
5L max

τ∈[ti−1,ti]
�2m+1(τ )(ti − ti−1)

)2m+1

≤ ε/r.

(124)

Rearranging, this corresponds to choosing ti, given all
other parameters, that satisfy

L max
τ∈[ti−1,ti]

�2m+1(τ )(ti − ti−1) ≤ 1
5

(
ε
√
πm

‖a‖1r

)1/(2m+1)

.

(125)

We now digress in order to relate maxτ �2m+1(τ ) and its
average. Here is where we will make use of the K-bounds
on the derivative �̇: we closely follow arguments found in
Ref. [29]. From the inequality in the lemma statement, we
have ∣∣∣∣ �̇2m+1(t)

�2m+1(t)2

∣∣∣∣ ≤ K ,

∣∣∣∣ d
dt

1
�2m+1(t)

∣∣∣∣ ≤ K .

(126)

Suppose that the time ti−1 has been chosen by the previous
iteration (if i = 1, t0 = 0). Let t > ti−1 and integrate the
above inequality from ti−1 to t:

∫ t

ti−1

∣∣∣∣ d
dτ

1
�2m+1(τ )

∣∣∣∣ dτ ≤ K(t − ti−1),

∣∣∣∣∣
∫ t

ti−1

d
dτ

1
�2m+1(τ )

dτ

∣∣∣∣∣ ≤ K(t − ti−1),

∣∣∣∣ 1
�2m+1(t)

− 1
�2m+1(ti−1)

∣∣∣∣ ≤ K(t − ti−1).

(127)

Let us rearrange this in terms of �2m+1(t) alone:

−K(t − ti−1) ≤ 1
�2m+1(t)

− 1
�2m+1(ti−1)

≤ K(t − ti−1),

1
�2m+1(ti−1)

− K(t − ti−1) ≤ 1
�2m+1(t)

≤ 1
�2m+1(ti−1)

+ K(t − ti−1),

�2m+1(ti−1)

1 + K(t − ti−1)�2m+1(ti−1)
≤ �2m+1(t) ≤ �2m+1(ti−1)

1 − K(t − ti−1)�2m+1(ti−1)
. (128)
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The lower-bound inequality holds for all t > ti−1, while the
upper bound only holds when

(t − ti−1)�2m+1(ti−1)K < 1. (129)

We restrict our attention to t for which both bounds hold.
Consider, for the moment, only the leftmost inequality.
The lower bound on the left is monotonically decreasing
with t. This means that it is also a uniform lower bound
on �2m+1(t′) for any t′ ∈ [ti−1, t]. Therefore, it is a lower
bound for the average �̄2m+1(t) on the interval [ti−1, t]:

�̄2m+1(t, ti−1) := 1
t − ti−1

∫ t

ti−1

�2m+1(τ )dτ (130)

That is,

�2m+1(ti−1)

1 + K(t − ti−1)�2m+1(ti−1)
≤ �̄2m+1(t, ti−1) (131)

or, after isolating for �2m+1(ti−1),

�2m+1(ti−1) ≤ �̄2m+1(t, ti−1)

1 − K(t − ti−1)�̄2m+1(t, ti−1)
. (132)

At this point, let us now consider the upper bound in
Eq. (128). This bound is monotonically increasing in t and
therefore also upper bounds�2m+1(τ ) for any τ in [ti−1, t].
Therefore, it is also a bound for the maximum:

max
τ∈[ti−1,t]

�2m+1(τ ) ≤ �2m+1(ti−1)

1 − K(t − ti−1)�2m+1(ti−1)
. (133)

Substituting bounds for �2m+1(ti−1) from Eq. (132) gives
us a bound on the maximum value in terms of the average:

max
τ∈[ti−1,t]

�2m+1(τ ) ≤ �̄2m+1(t, ti−1)

1 − 3
2 K�̄2m+1(t, ti−1)(t − ti−1)

.

(134)

Solving for the average value of�2m+1 and multiplying by
t − ti−1 on both sides,

(t − ti−1)�̄2m+1(t, ti−1)

≥ (t − ti−1)maxτ∈[ti−1,t]�2m+1(τ )

1 + 3
2 K(t − ti−1)maxτ∈[ti−1,t]�2m+1(τ )

. (135)

Let us finally choose a t = ti that will serve as the next
time step in the adaptive scheme. We would like to come
as close as possible to saturating Eq. (125) while staying

within the constraint imposed by the maximum bound of
Eq. (128). Thus, we choose ti such that

max
τ∈[ti−1,ti]

�2m+1(τ )(ti − ti−1)

= min

{
1
K

,
1

5L

(
ε
√
πm

‖a‖1r

)1/(2m+1)
}

. (136)

Since K is a constant, for asymptotic purposes we will
assume sufficiently small ε such that the right-hand term
is smaller. Plugging in to Eq. (135) yields

�̄2m+1(ti, ti−1)(ti − ti−1) ≥
1

5L

(
ε
√
πm

‖a‖1r

)1/(2m+1)

1 + 3
2

1
5L

(
ε
√
πm

‖a‖1r

)1/(2m+1)
K

.

(137)

We then find, by using the fact that (1/5L)
(
(ε

√
πm)/

(‖a‖1r))1/(2m+1) < 1 and by summing over i = 1, . . . , r in
Eq. (137), that

‖�‖1 ≥ r
2m

2m+1
1

5L

(
ε
√
πm

‖a‖1

)1/(2m+1) (
1 + 3

2
K
)−1

.

(138)

Finally, rearranging the above, this implies that the num-
ber of steps required for the MPF algorithm is upper
bounded as

r ≤
(

5
(

1 + 3
2

K
)

L‖�‖1

)1+ 1
2m
( ‖a‖1

ε
√
πm

) 1
2m

. (139)

The result then directly follows from the requirement that
r is an integer. �

To summarize, we have provided an upper bound on
the number of steps r needed given assumptions on the
derivative of �2m+1. What is perhaps objectionable is that,
in determining our subsequent time stepping, we have
seemed to have needed information about the total number
of steps r that we would end up with. While this does not
detract from the correctness of our result, it does indicate
possible difficulty in constructing a suitable set of tj for
which the lemma holds. One approach is to guess the final
number rtry of steps needed, construct the mesh accord-
ing to the proof, then see if rtry can be made correct. This
approach is considered in Appendix F.

D. Query complexity

With the results of Secs. VI B and VI C in hand, we pro-
ceed to bound the query complexity needed to perform a
time-dependent MPF simulation. First, we define a set of
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oracles that are appropriate for this simulation problem.
As discussed above, the most natural input model in our
setting is the linear combinations of Hamiltonians model,

H =
L∑

j =1

αj (t)Hj , (140)

where αj : [0, T] → R has 2m + 1 continuous deriva-
tives and Hj ∈ Herm(C2n

). Without loss of generality,
we assume that ‖Hj ‖ ≤ 1. We discretize [0, T] into 2nc

uniform grid points tk = kT/2nc for k ∈ [0, 2nc) ∩ Z and
define αjk := αj (tk). Let δt := T/2nc . Let Uα and UH be
unitary oracles that provide the input Hamiltonian as fol-
lows:

Uα |j 〉 |k〉 |τ 〉 |0〉 := |j 〉 |k〉 |τ 〉 ∣∣αjkτ
〉
,

UH |j 〉 ∣∣αjkτ
〉 |ψ〉 := |j 〉 ∣∣αjkτ

〉
exp{−iHjαjkτ } |ψ〉 .

(141)

The oracle Uα encodes a reversible classical computation
and may be taken as self-inverse. Here, |τ 〉 encodes a step
of size τ ∈ R in binary using nc qubits. Such step sizes
are always non-negative for the low-order formulas that
we consider and therefore we take τ ∈ [0, T]. Hence, δt =
T/2nc is the rounding error for the step sizes. We neglect
rounding effects due to the values αjkτ .

Our first result concerns the approximate implementa-
tion of U2 using the two oracles.

Lemma 9. Let U2(τ + t, t) be the second-order Suzuki-
Trotter formula for the midpoint formula, with t ∈ [0, T]
and τ ∈ [0, T − t]. Then, an approximation W2 can be con-
structed using at most 6L − 3 queries to UH and Uα , such
that

‖U2(t + τ , t)− W2(t + τ , t)‖ ≤ L max
j ,t

|α̇j (t)|τT/2nc .

Proof. Define W2 as U2 but with each αj evaluated at
the nearest discrete times in {tk}. Using the techniques of
Ref. [29], two queries to Uα and one query to UH are
needed to exactly simulate each of the 2L − 1 exponen-
tials present in W2. Thus 3 × (2L − 1) queries are needed
in total. To evaluate the discretization error, by Box 4.1 of
Ref. [50] we have that

‖W2 − U2‖

≤ 2
L∑

j =1

‖e−iHj αj (rnd[t+τ/2])τ/2 − e−iHj αj (t+τ/2)τ/2‖,

(142)

which in turn is upper bounded, through an application of
the fundamental theorem of calculus, by

2
L∑

j =1

∥∥∥Hjαj

(
rnd

[
t + τ

2

]) τ
2

− Hjαj

(
t + τ

2

) τ
2

∥∥∥ ,

(143)

where rnd rounds to the nearest nc-bit value. Since ‖Hj ‖ ≤
1, this is merely upper bounded as

τ

L∑
j =1

∣∣∣αj

(
rnd

[
t + τ

2

])
− αj

(
t + τ

2

)∣∣∣ . (144)

By the fundamental theorem of calculus, with an
integral upper bound, each term is upper bounded
as δt maxs∈t±δt |∂tαj (s + τ/2)|. Maximizing over [0, T]
instead and making other simplifying choices, we obtain
a crude upper bound

‖W2 − U2‖ ≤ τLδt max
j ,[0,T]

|α̇j (t)|

≤ LτT/2nc max
j ,[0,T]

|α̇j (t)|. (145)

Rearranging this gives the inequality of the lemma state-
ment. �

Having supplied an approximate base formula W2 using
our base oracles, we next need to implement an approxi-
mate MPF W2,m over a subinterval [t0, t1]. This is conven-
tionally done through the use of “select” SEL and “prepare”
PREP circuits:

PREP |0〉 :=
m∑

j =1

√
|aj |
‖a‖1

|j 〉 ,

SEL |j 〉 |ψ〉 := sgn(aj ) |j 〉 W
(kj )

2 (t1, t0) |ψ〉 . (146)

The PREP circuit can be implemented without any queries
to Uα or UH , whereas SEL requires O(L‖	k‖∞) queries. Fol-
lowing the well-conditioned MPF scheme of Ref. [35],
we have that kj ≤ 3m2. This implies that a query to SEL
requires O(Lm2) queries to UH and Uα .

We can use SEL and PREP for a standard LCU block
encoding in order to construct a time-dependent MPF with
base formula W2.

Lemma 10. Under the assumptions of Theorem 4 and
the above query model, for any [t0, t1] ⊆ [0, T], the time-
dependent MPF W2,m with base formula W2 satisfies

‖W2,m(t1, t0)− U(t1, t0)‖

∈ O

(
‖a‖1

(
max

t∈[t0,t1]
�2m+1(t)(t1 − t0)

)2m+1
)

,
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provided that

nc ≥ log

(
3
√
πm5/2L maxt,j |∂tαj (t)|(t1 − t0)T(

5L maxt∈[t0,t1]�2m+1(t)(t1 − t0)
)2m+1

)
,

and can be constructed with a number of queries to UH and
Uα scaling as Õ(m2L).

Proof. From Lemma 4 of Ref. [51], we have

(〈0| ⊗ I)(PREP†)SEL(PREP)(|0〉 ⊗ I)

= 1
‖a‖1

m∑
j =1

aj W
(kj )

2 (t1, t0)

= W2,m(t1, t0)/‖a‖1. (147)

Let δ′ > 0 be such that, for all j and � ∈ {1, . . . , kj },
∥∥∥∥W2

(
	t
�

kj
+ t0,	t

�− 1
kj

+ t0

)

− U2

(
	t
�

kj
+ t0,	t

�− 1
kj

+ t0

)∥∥∥∥ ≤ δ′, (148)

where 	t = t1 − t0. Then, by invoking Box 4.1 from
Ref. [50],

∥∥∥U
(kj )

2 (t1, t0)− W
(kj )

2 (t1, t0)
∥∥∥ ≤ kj δ

′, (149)

which, since kj ≤ 3m2, implies that

‖V2,m(t1, t0)− W2,m(t1, t0)‖ ≤ 3m2δ′‖a‖1. (150)

We supply δ′ using Lemma 9, obtaining

3m2δ′‖a‖1 ≤ 3m2‖a‖1L max
j ,t∈[0,T]

|α̇j (t + τ/2)|	t
T

2nc
,

(151)

which gives us a bound on the discretized MPF W2,m
relative to the undiscretized V2,m.

It then follows from the triangle inequality and
Theorem 4 that

∥∥W2,m(t1, t0)− U(t1, t0)
∥∥ ≤ ∥∥U2,m(t1, t0)− U(t1, t0)

∥∥ + ‖W2,m(t1, t0)− U2,m(t1, t0)‖

≤ ‖a‖1√
πm

(
5L max

t∈[t0,t1]
�2m+1(t)	t

)2m+1

+ 3m2L‖a‖1 max
j ,t

|α̇j (t)|	t
T

2nc
. (152)

Under the assumption that

nc ≥ log

(
3
√
πm5/2L maxj ,t |α̇j (t)|	tT(

5L maxt∈[t0,t1]�2m+1(t)	t
)2m+1

)
, (153)

the second term is bounded by the first in Eq. (152), so we
have an upper bound

∥∥∥∥∥∥
M∑

j =1

aj

kj∏
q=1

W2
(
Tq/kj , T(q − 1)/kj

) − U(T, 0)

∥∥∥∥∥∥

≤ 2‖a‖1√
πm

(
5L max

t∈[t0,t1]
�2m+1(t)	t

)2m+1

. (154)

Since U(T, 0) is unitary, we know that the MPF imple-
mented by our algorithm is close to a unitary. This means
that we satisfy the necessary conditions for robust OAA as

given by Lemma 5 of Ref. [51]. This implies that, using
O(‖a‖1) applications of the unitary (PREP†)SEL(PREP), we
can implement an operator W2,m satisfying

‖W2,m(t1, t0)− U(t1, t0)‖

∈ O

(
‖a‖1

(
max

t∈[t0,t1]
�2m+1(t)(t1 − t0)

)2m+1
)

. (155)

The number of queries scales as

Qstep ∈ O(‖a‖1m2L) ⊆ Õ(m2L). (156)

�

With the short-time simulation costs in place, we are
now ready to state our main theorem, which bounds the
number of queries needed to perform the full multiproduct
simulation of a time-dependent Hamiltonian.
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Theorem 5. Consider the above query setting, under the assumptions of Theorem 4 and Lemma 8 (�2m+1-bounded H
with K bound on �̇2m+1). Let Qtot be the number of queries to oracles Uα and UH . There exists an operator Wtot(T, 0) that
simulates the Hamiltonian

∑L
j =1 αj (t)Hj to precision

‖(〈0| ⊗ 1)Wtot(T, 0)(|0〉 ⊗ 1)− U(T, 0)‖ ≤ ε,

with a number of queries scaling as

Qtot ∈ Õ
(
L(1 + K)‖�2m+1‖1 log2(1/ε)

)

and a number of auxiliary qubits scaling as

Õ
(

log
(

L log
(
(1 + K)‖�2m+1‖1

ε

))
+ max{0, log

(
L(1 + K)‖�2m+1‖1 max |∂tαj (t)|T2

ε

)
}
)

.

Proof. We construct our approximation Wtot as

Wtot(T, 0) :=
r∏

i=1

W2,m(ti, ti−1), (157)

where the grid points ti are given by the adaptive scheme
of Sec. VI C. From Lemma 8, we have that the number of
segments needed to perform the simulation within error ε
obeys

r ∈ Õ
(
((1 + K)‖�2m+1‖1)

1+1/(2m)

ε1/(2m)

)
. (158)

Therefore, using Lemma 10,

Qtot ∈ Õ(m2Lr) ⊆ Õ
(

m2L((1 + K)‖�2m+1‖1)
1+1/(2m)

ε1/(2m)

)
.

(159)

The approximate value of the optimal m can be found by
equating the exponentially shrinking component of the cost
to the polynomially increasing value of m. We choose m to
satisfy

m2 =
(
(1 + K)‖�2m+1‖1

ε

)1/2m

. (160)

Solving for m yields

m = log
(
(1 + K)‖�2m+1‖1/ε

)
4LambertW

(
log

(
(1 + K)‖�2m+1‖1/ε

)
/4
)

∈ Õ
(

log
(
(1 + K)‖�2m+1‖1

ε

))
. (161)

This implies that the query complexity Qtot is in

Õ
(
L(1 + K)‖�2m+1‖1 log2(1/ε)

)
. (162)

The number of auxiliary qubits needed in the construction
is in O(log(m)) to implement the MPF and in �log L� +
nc to implement the Uα oracle. From Lemma 10, and the
requirement that nc ≥ 0, we have

nc ≥ max

{
0, log

(
3
√
πm5/2L maxj ,t |α̇j (t)|	tT(

5L maxt∈[ti−1,ti]�2m+1(t)	ti
)2m+1

)}

(163)

for all subintervals 	ti. Using Eq. (124) to simplify the
denominator and taking 	t ≤ T, it suffices to choose nc
such that

nc ∈ O
(

max
{

0, log
(

m2r
ε‖a‖1

L max
j ,t

|α̇j (t)|T2
)})

⊆ Õ
(

max
{

0, log
(

L(1 + K)‖�2m+1‖1 max |∂tαj (t)|T2

ε

)})
, (164)
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where we have used Eqs. (159) and (161). The total number of auxiliary qubits thus scales as

Õ
(

log
(

L log
(
(1 + K)‖�2m+1‖1

ε

))
+ max

{
0, log

(
L(1 + K)‖�2m+1‖1 max |∂tαj (t)|T2

ε

)})
, (165)

as is claimed in the lemma. �

This shows that the cost of quantum simulation using
MPFs broadly conforms to the cost scalings that one
would expect of previous methods. In particular, similar
to the truncated Dyson-series simulation method [22,52],
we obtain that the cost of simulating a time-dependent
Hamiltonian scales near linearly with time T and polylog-
arithmically with 1/ε.

E. Numerical demonstrations

In the above sections, we have developed and charac-
terized MPFs for time-dependent simulations by showing
their existence and proving error bounds. However, these
bounds are unlikely to be the final word on the performance
of the algorithm. For example, we have already mentioned
that, for time-independent H , the MPF of Definition 2 is
exact in cases in which the Hamiltonian consists of only
commuting terms. Yet this behavior is not captured in the
bound of Theorem 4 because �2m+1 is at least as large as
‖H‖. This discrepancy is unrelated to the fact that, in prac-
tice, the second-order formula U2 can only be computed
approximately.

To begin bridging the gap between the actual perfor-
mance of the algorithm and our bounds, we investigate
time-dependent MPFs empirically through two numerical
examples. We compute U2,m for these systems on a classi-
cal computer (using matrix computations) and compare the
result with the exact propagator (computed within machine
ε). The vector 	k ∈ Zm

+ that we will use comes from the
bottom half of Table I of Ref. [35] and minimizes 	‖k‖ for
‖a‖1 ≤ 2. In general, deriving an analytic solution for the
propagator given a time-dependent Hamiltonian is chal-
lenging or impossible. To bypass this problem, we will
consider a time-independent Hamiltonian that is viewed
from a “noninertial” frame, thereby rendering the dynam-
ics time dependent in the new frame (for details, see
Appendix G).

1. Example 1: Electron in magnetic field, rotating frame

As a very simple first demonstration, consider a spin-
1/2 particle (say, an electron) in a homogeneous mag-
netic field B in a frame rotating with frequency ω.

The Hamiltonian is

H̃(t) = (ω + B cos θ)Z/2

+ B sin θ(cosωtX /2 + sinωtY/2). (166)

Though it is not strictly necessary to run the algorithm, let
us compute an appropriate �(t) upper bound. The spectral
norm of H̃ may be upper bounded as

‖H̃‖ ≤ |ω + B cos θ |
2

+ |B sin θ |, (167)

while the derivatives H̃ (n)(t) have the bound

‖H̃ (n)(t)‖ ≤ |B sin θωn|,
n+1
√

‖H̃ (n)(t)‖ ≤ ω

∣∣∣∣B sin θ
ω

∣∣∣∣
1/n+1

. (168)

For ω not too much larger than B, we see then that �(t) =
ω is an appropriate choice.

The first thing to check will be that the error has the
appropriate power-law scaling. Namely, for M -term for-
mulas, the error εc for small t should scale as O(t2m+1)

or better. We can check this by computing the “running
power” p(t, t′):

p(t, t′) := log εt/εt′

log t/t′
. (169)

For different but small values of t and t′, the value
of p should approach the expected order of the error:
2m + 1. Indeed, this is precisely the behavior observed in
Fig. 4. For sufficiently small simulation times, a power-
law dependence on the simulation error is observed and
the corresponding power is as anticipated. Additionally,
we see that the error decreases by orders of magnitude
with each additional term once the power-law regime is
reached. Choosing m > 4 in this example quickly leads to
machine precision being the dominant error source.

Next, we vary the MPF order m for fixed simulation time
t. Since � = ω, our bounds predict an exponential decay
in the error but only provided that t < 1/ω. Otherwise, the
bounds grow exponentially and say nothing useful about
performance. In Fig. 5, we fix t at several different times
and plot the error dependence on the multiproduct order
m. Past a certain threshold value for m (which increases
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(a) (b)

FIG. 4. (a) Multiproduct errors plotted against the simulation time, for MPF orders m = 1, 2, 3, 4, on a log-log plot. Note the power-
law scaling for small values of t. The parameters used here are B = 1, ω = 4, and θ = π/6. For larger m, one quickly runs into machine
precision becoming the dominant error source. (b) The running power p(t, t′) defined in Eq. (169), with t′ = .3. Note that the plateau
corresponds with the anticipated value of 2m + 1.

with t), an exponential decay in error is observed, possibly
superexponential. It is promising that, even for t = 10, the
exponential decay is eventually achieved at m � 6. This
suggests that our error bounds may be too conservative
and, in particular, that MPFs could absolutely converge
to U as m → ∞ in certain circumstances. This would be
a notable improvement to product formulas alone, which
tend to lead to errors that diverge as m → ∞ if the time

FIG. 5. The multiproduct error shows a (super)exponential
decrease in error for sufficiently large order m. The threshold for
this regime is seen to increase as the simulation time increases.
This behavior surpasses the expectation of our proven bounds,
since there are no guarantees if the time step is too large. Note
that, in practice, one should typically split a longer simulation
time into smaller steps. The plateau for t = 1, m > 8 is a result of
machine-precision limitations. Parameter values: B = 1, ω = 4,
θ = π/6.

step t remains fixed [3,29,48]. In contrast, Theorem 4
shows that if the time step is sufficiently small, then the
MPF converges to the exact result. However, such conver-
gence is not anticipated from the bounds for a large value
such as t = 10.

Indeed, there are good reasons to believe that the
absolute-convergence property holds more generically
than this example. No matter how large the order m, we
are still using a low-order formula (such as the midpoint
formula U2) as a base. Moreover, recall that the MPF is
essentially a sum of product formulas with different num-
bers of time steps (for the same time interval). As the order
m increases, higher weight is given to terms in the mul-
tiproduct sum with finer meshes. Correspondingly, terms
that have larger time steps, and therefore may not converge
properly, become suppressed at large m. Such behavior is
not reflected in our derived error bounds, so there is likely
room for improvement.

Practitioners in quantum simulation will likely want to
know how MPFs fare against the more familiar and sim-
pler Trotter techniques. To facilitate this, numerical studies
across a broad range of physically interesting systems
would be desirable. Such a comprehensive analysis must
be left to future work; here, we will be satisfied with com-
paring MPFs with Trotterization for our spin-1/2 example.
Our Trotterization is just an MPF with m = 1, correspond-
ing to a midpoint-formula approximation. To facilitate as
fair a comparison as possible, we will keep the number
of midpoint-formula queries between the two methods the
same. That is, we will enforce the requirement

rtrot = rmpf max
j

|kj |, (170)
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(a) (b) (c)

FIG. 6. The simulation error (spectral norm) of MPFs and midpoint-formula Trotterization, for the spin-1/2 system, with number
of midpoint-formula queries kept fixed between the two: (a) B = 10, ω = 40; (b) B = 20, ω = 20; (c) B = 40, ω = 10. Each plot
corresponds to different values for the parameters B and ω, always with θ = π/6. The number of MPF steps rmpf is fixed at 10. The
crossover point tends to occur for error ε > 10−3, which is large enough for practical significance. Such error tolerances can be orders
of magnitude larger than those required in many quantum simulation proposals [10,12].

where rtrot and rmpf are the number of time steps for Trotter
and MPF, respectively. Note that the number of midpoint
queries per time step for Trotter and MPFs are 1 and
maxj |kj |, respectively.

In Fig. 6, we show the results of these comparisons for
the several values of the magnetic field B and rotation fre-
quency ω. The number of MPF steps rmpf is fixed at 10, a
reasonable value since it makes �	t ∼ 1 on each subin-
terval. As the MPF order increases, so does the number
of Trotter steps rtrot, by the condition given in Eq. (170).
These results show that, for m not too large, MPFs out-
perform Trotterization, at a value of the error ε that is
large enough to be of practical significance for scientific
or industrial applications. Admittedly, the spin-1/2 system
considered above is rather simplistic. However, we antic-
ipate most of the inferences drawn above to hold even as
we increase the dimensionality of the Hilbert space. For
example, though the complexity of simulating U2 gener-
ally increases as dim(H) grows, it does so both for MPFs
and Trotterization. Nevertheless, benchmarking MPFs on
more complex systems would be desirable.

2. Example 2: Spin chain in interaction picture

As a first step toward more complicated many-body
quantum systems, we investigate the use of MPFs for a par-
ticular one-dimensional (1D) chain of spins with nearest-
neighbor interactions. As before, we will take advantage
of a change of reference frame, allowing us to com-
pare the multiproduct simulations with a machine-precise
simulation in an equivalent time-independent frame. The
Hamiltonian of interest is

H̃(t) = J
2
(

cos(2ωt)G1 + sin(2ωt)G2
)
, (171)

where

G1 =
N∑

k=1

XkXk+1 + YkYk+1,

G2 =
N∑

k=1

(−1)k(XkYk+1 − YkXk+1).

(172)

The observable of interest will be the magnetization μ :=∑
k Zk. One can verify that G1 and G2 do not commute with

each other, yet they both commute with μ.
Assuming that H̃ commutes with an observable μ, to

what degree does the MPF U2,m conserve μ? Since U2,m

is an algebraic combination of exponentials of H̃ , U2,m
also commutes with μ. Thus, the operator μ evolves in the
Heisenberg picture as

μ2,m(t) := U†
2,m(t)μU2,m(t) = U†

2,m(t)U2,mμ. (173)

However, U2,m is not necessarily unitary:

U†
2,m(t)U2,m(t) �= 1. (174)

This implies that the conservation laws are only approxi-
mately conserved.

In Fig. 7, we plot the deviations in the conserved μ,
‖μ− μ2,m(t)‖, with respect to the simulation time. As the
simulation time tends to zero, we see the expected power-
law scaling, as evidenced by the linear relationship on a
log-log plot. For larger m, the slope and hence the power
p increases, corresponding to improved performance. We
can extract the power as the slope of the line and this is
plotted in the right-hand frame. Note that there are sudden
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(a) (b)

FIG. 7. (a) Deviations from the conservation of magnetization μ under time evolution by MPFs. Note that the order m = 1 is simply
a product-formula evolution, which conserves μ exactly. For small simulation times, the expected power-law scaling is observed,
with larger powers as m increases. (b) The running power p(t, t′) as defined in Eq. (169), with t′ = .3. Note the plateau at 2m + 2,
which indicates slightly better convergence than naively expected (p = 2m + 1). This phenomenon generalizes to other systems and
is formalized by Theorem 6. Parameter values: N = 4, J = 1, ω = 4.

dips in the error at specific simulation times, which tend to
occur before reaching the power-law-scaling regime. This
could be due to cancellation between two terms of com-
parable magnitude in an error series. Similar phenomena
occur in several other contexts, such as the error from adi-
abatic evolution [53]. Conclusive identification of these
phenomena will require further study.

Naively, we would expect p = 2m + 1, but here we
actually get slightly better: p = 2m + 2. In fact, this scal-
ing can be justified.

Theorem 6. The deviation of U2,m from being unitary
obeys

‖U†
2,m(t)U2,m(t)− 1‖ ∈ O(t2m+2).

We provide a proof of this in Appendix G and a variant
of this argument can be found in Ref. [34].

In summary, though MPFs do not inherently preserve
commutation laws, the error is due to nonunitarity in U2,m.
This can be bounded and reduced in a systematic way,
either by decreasing the time step or increasing the MPF
order.

VII. CONCLUSIONS

The main contribution of this paper is a compu-
tational reduction, based on the (t, t′) formalism, of
time-dependent systems to time-independent ones, allow-
ing for the replacement of ordered-operator exponentials
with ordinary-operator exponentials acting on a higher-
but finite-dimensional space. This augmented clock sys-
tem may be directly simulated by quantum algorithms

designed for time-independent Hamiltonians, thus extend-
ing their domain of applicability. In particular, we provide
the first nontrivial application of qubitization to time-
dependent Hamiltonians. Though our analysis does not
show improvements over alternatives for time-dependent
simulation, such as Trotter, we expect the fault to lie
within the analysis rather than in the method itself. Sim-
ple numerics may elucidate whether this claim is plausible.
Besides direct simulation, the clock framework provides
a useful conceptual tool for developing algorithms. As a
demonstration, we adapt the multiproduct formalism to
the time-dependent case and in turn provide a simulation
algorithm that not only has commutator scaling but also
outperforms time-dependent Trotter-Suzuki methods. We
support our theoretical findings with numerical demon-
strations, which indicate the improved performance of
time-dependent MPFs over low-order product formulas.

This work opens up a number of interesting possibilities.
The most obvious, in our view, is to determine whether the
clock formalism can lead to algorithms for time-dependent
Hamiltonian simulation that match proven lower bounds
through the use of qubitization. Another open question is
whether these techniques could be used to translate com-
mutator bounds for product formulas [5] over to the time-
dependent case. This would be a significant step toward the
development of a complete understanding of the error in
Trotter-Suzuki formulas, since for the first time we would
have a bound on the error of ordered-operator exponentials
that yields the anticipated commutator scaling.

Regarding the MPF algorithm specifically, there is a
possibility that MPFs converge to the propagator in the
limit of large-order m regardless of the time-step size,
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assuming sufficient smoothness in H . The correspond-
ing statement is not true for Trotter-Suzuki: smaller and
smaller time intervals must be taken to ensure convergence
as one reaches higher-order formulas. Proving (or disprov-
ing) absolute convergence would be a valuable avenue
for future research. On the numerical side, more convinc-
ing demonstrations of time-dependent MPFs, using larger
systems, would be desirable.
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APPENDIX A: DETAILS OF CONTINUOUS
CLOCK SPACE

Having taken a developmental approach in the main
text, let us provide a more concrete characterization of the
continuous clock space. The Hilbert space is given by

H = Hs ⊗ Hc, (A1)

where Hc ∼= L2(M) and M is the connected one-
dimensional smooth manifold representing t, which con-
tains the interval [0, T]. On Hc, E acts as a generator of
translations but is an unbounded operator. Nevertheless,
the exponentials of E above are well defined through the
spectral theorem and functional calculus for unbounded
operators [54]. States ψ ∈ H can be expressed as a cer-
tain class of integrable functions on M, the values ψ(t)
of which are states on Hs. The inner product on H is the
natural one,

〈φ|ψ〉 :=
∫
M

〈φ(t)|ψ(t)〉s dt, (A2)

where 〈·|·〉s denotes the inner product on Hs.
If M is not exactly [0, T], then a time-dependent observ-

able A(t) acting on Hs will need to be defined on the entire
clock space. Once done, A(t) is promoted to a parameter-
independent observable A on H, acting on ψ ∈ H in a

manner corresponding with the original space:

(Aψ)(t) := A(t)ψ(t) (A3)

We observe that A is local in Hc in the sense of acting via
multiplication in t space. Let H be the promoted Hamil-
tonian operator and let U(τ ) be the unitary operator given
by

U(τ ) = eiEτe−i(H−E)τ . (A4)

One can verify that U solves the following Schrödinger
equation:

i∂τU(τ ) = H(τ )U(τ )

U(0) = 1.
(A5)

Here,

H(τ ) := eiEτHe−iEτ (A6)

is a τ -dependent Hamiltonian corresponding to simple uni-
form translation along the clock space. For any state �0 ∈
H, the function

�(τ) := U(τ )�0 (A7)

solves the Schrödinger equation generated by H(τ ) but,
more importantly, it encodes solutions to the dynam-
ics under H(t). Indeed, for any t ∈ M, we have a state
ψ(τ , t) ∈ Hs defined by

ψ(τ , t) := (�(τ))(t) = (U(τ )�0)(t), (A8)

which solves the Schrödinger equation of interest:

i∂τψ(τ , t) = i∂τ (U(s)�0)(t)

= (H(τ )�0)(t)

= H(τ + t)ψ(0, t). (A9)

The interpretation is that each t constitutes an initial time
for performing the simulation, so we have a family of
solutions parametrized by t with initial state ψ(0, t). The
evolution parameter acts, as expected, as the total time
elapsed in the simulation. Finally, we can obtain a collec-
tion of time-evolution operators U(t + τ , t) on Hs for each
t ∈ [0, T] as follows:

U(t + τ , t)ψ0 := [U(τ )�0](t), (A10)

where �0 ∈ H is any state for which �0(t) = ψ0. This
operator is unitary and solves the operator Schrödinger
equation [Eq. (8)].

To summarize, the operator U of Eq. (A4) encodes
a one-parameter family of time-evolution operators for

040316-31



WATKINS, WIEBE, ROGGERO, and LEE PRX QUANTUM 5, 040316 (2024)

the system of interest, parametrized by the initial time.
Thus, we have shown how the propagator U generated by
a time-dependent H can be cast as an ordinary-operator
exponential on an augmented space. Interesting in its own
right, this framework also allows for a natural unification
of ideas regarding “Trotterization.” This term is used to
refer to both (a) the splitting up of an (ordinary-)operator
exponential of H = ∑

j Hj into exponentials of the various
Hj or (b) the simulation of a time-dependent Hamiltonian
by time-independent simulations over small time intervals.
These can be seen as manifestations of the same phe-
nomenon. To illustrate with a pertinent example, consider
a symmetric Trotterization of the unitary U:

U2(t + τ , t) := eiEτ (e−iEτ/2e−iH(t)τe−iEτ/2)
= e−iH(t+τ/2)τ . (A11)

We have just derived the midpoint formula [28,29] from
scratch. The Trotter product theorem says that

lim
k→∞

eiEτ (e−iEτ/2ke−iH(t)τ/ke−iEτ/2k)k = U(t + τ , t).

(A12)

Note that this holds even though E is unbounded [55].
Thus,

U(k)
2 (t + τ , t) = eiEτ (e−iEτ/2ke−iH(t)τ/ke−iEτ/2k)k

(A13)

constitutes a good approximation to U for sufficiently large
k ∈ Z+. This opens up the possibility of a more unified
approach to Hamiltonian-simulation algorithms that has
not yet been properly considered.

APPENDIX B: CLOCK-SPACE TECHNICAL
LEMMAS

Here, we provide the proofs of several technical lemmas
that are listed in Sec. IV.

Proof of Lemma 1. We proceed in several steps, first by
computing [U+, C(H)]. We have

[U+, C(H)] =
Nc−1∑
j =0

Hj ⊗ [U+, |j 〉〈j |]

=
Nc−1∑
j =0

Hj ⊗ (|j + 1〉〈j | − |j 〉〈j − 1|. (B1)

By splitting the sum and reindexing (all increments mod-
ulo Nc), we can move the difference to the Hj , giving

[U+, C(H)] =
∑

j

(Hj − Hj +1)⊗ |j + 1〉〈j |

= −U+
∑

j

(Hj +1 − Hj )⊗ |j 〉〈j |. (B2)

Next, we have that [U−, C(H)] = −[U+, C(H)]†. Thus,

[U+−U−, C(H)] = −2 Re

⎛
⎝U+

∑
j

(Hj +1 − Hj )⊗ |j 〉〈j |
⎞
⎠

(B3)

and the full result follows almost immediately from the
definition of 	 given in Eq. (29).

As for the upper bound, we note that ‖ Re(A)‖ ≤ ‖A‖
for any finite-dimensional A and by unitary invariance of
the spectral norm, we have

‖[	, C(H)]‖ ≤
∥∥∥∥∥∥
∑

j

Hj +1 − Hj

δt
⊗ |j 〉〈j |

∥∥∥∥∥∥
= max

j

∥∥∥∥Hj +1 − Hj

δt

∥∥∥∥ . (B4)

The upper bound then follows from the claim

∥∥∥∥Hj +1 − Hj

δt

∥∥∥∥ ≤ max
t∈[tj ,tj +1]

‖Ḣ(t)‖, (B5)

coming from the fundamental theorem of calculus and the
triangle inequality. �

Proof of Lemma 2. By cyclicity, the normalization N is
the same for all |φj 〉, so we consider j = 0. Because |φ0〉
is normalized in the Euclidean norm, we have

N =
Nc−1∑
j =0

e−2|δt2j |2c/σ 2

=
Nc/2−1∑

j =0

e−2j 2δt2/σ 2 +
Nc−1∑

j =Nc/2

e−2(Nc−j )2δt2/σ 2

= 1 +
Nc/2−1∑

j =1

e−2j 2δt2/σ 2 +
Nc/2∑
j =1

e−2j 2δt2/σ 2

=
Nc
2 −1∑
j =0

e−2j 2δt2/σ 2 +
Nc
2∑

j =0

e−2j 2δt2/σ 2 − 1. (B6)

We may lower bound the sums as Riemann approximations
to a Gaussian integral, giving error functions “erf”:

N ≥
√
π

8

(
erf

(
T + 2δt√

2σ

)
+ erf

(
T√
2σ

))
− 1

>

√
π

2
σ

δt
erf

(
T√
2σ

)
− 1, (B7)
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which then implies

1
N ≤

√
2/π(δt/σ)

1

erf
(

T√
2σ

)
−
√

2
π
δt
σ

=
√

2
π
(δt/σ)+ O

(
(δt/σ)

(
δt
σ

+ e− T2

2σ2

))

∈ O(δt/σ). (B8)

The result follows simply from taking a square root. �

APPENDIX C: SIGNATURE-MATRIX
DECOMPOSITION

Here, we provide an overview of the signature-matrix
decomposition, also known as the alternating-sign trick,
which has been used in our clock-space qubitization
algorithm of Sec. V for achieving an LCU expression for
diagonal (or easily diagonalized) linear operators. While
this technique has been a part of the digital quantum sim-
ulation toolbox for some time, unfortunately the literature
leaves no clear trace of it. Because of this, we hope the
reader will find this overview helpful beyond our present
application, by filling in a needed record.

Let H be a Hermitian operator on D dimensions, with
diagonal decomposition H = ∑D

j =1 λj |j 〉〈j |. The question
is how we can write this operator as a sum of unitaries, at
least to some approximation. In looking for an appropri-
ate set {Uj }, it makes sense to restrict our attention to those
diagonals in the same basis as H . We may naturally restrict
Uj to be Hermitian because H is as well. These strin-
gent requirements force the Uj to be so-called signature
matrices: diagonal matrices with nonzero entries ±1.

To state the idea clearly, we focus on a single eigenvalue
λj . We count up to λj by units of 1 until �λj � is reached.
Then, we alternate between adding units of −1 and +1.
The last step may seem odd but is necessary because, with
unitaries, we cannot simply add zero. Nor can we stop the
adding procedure before all of the eigenvalues have been
reached by additions of 1.

Let us now proceed more formally. Let L = �‖H‖� be
the first integer larger than the largest eigenvalue of H .
Define a signature matrix Uk for each k ∈ {1, . . . , L} as
follows:

Uk =
D∑

j =1

(−1)k[k>λj ] |j 〉〈j | . (C1)

Here, [P] is the Boolean function for proposition P assign-
ing 1 to true, 0 to false. We see that, for k even, Uk = 1
is the identity operator, while for odd k, Uk has eigenvalue
−1 whenever j is such that k > λj .

Let G = ∑L
k=1 Uk. Then G is also diagonal in the

|j 〉 basis and, moreover, the associated eigenvalue ηj is

given by

ηj =
L∑

k=1

(−1)k[k>λj ] = �λj � + O(1), (C2)

where O(1) in fact denotes an integer from the set
{−1, 0, 1}. Thus, the error between ηj and λj is upper
bounded by 2.

This might not seem like a good approximation, espe-
cially when λj is small. But we can artificially increase
the size of λj by performing the same procedure for H/δ
for suitably small δ and then multiplying by δ. Let Lδ =
�‖H‖/δ�. Then,

H/δ =
Lδ∑

k=1

Uk + O(1), (C3)

so

H =
Lδ∑

k=1

δUk + O(δ). (C4)

We have succeeded at expressing H in LCU form to
accuracy O(δ) using Lδ terms.

What about LCU computation? If H is defined on n
qubits, we need H to be efficiently diagonalizable by a
unitary circuit W into the computational basis. We then
need to construct the PREP and SEL oracles. The PREP is
simple enough: after normalization, we just need a uni-
form superposition. Meanwhile, SEL requires controlled Uk
operations. Each Uk can be constructed with the help of
a classical comparator circuit to compare each λj to the
integer k. The number of auxiliary qubits we will need
is �log Lδ� ∈ O(log ‖H‖/δ) to obtain accuracy δ. We will
leave the discussion at that: suffice to say that because
these constructions exist, our query complexities give an
accurate reading on the gate-simulation complexity.

APPENDIX D: TOOLS FROM COMBINATORICS

This appendix is a reference for several tools from com-
binatorics used, especially in connection to the MPF error
analysis of Sec. VI B.

The simple factorial n! counts the number of permuta-
tions of n objects and is usefully approximated by Stir-
ling’s approximation. In the main text, we always make
use of a version of the approximation that gives strict
bounds for n ∈ Z+:

√
2πn

(n
e

)n
< n! <

√
2πn

(n
e

)n
e1/(12n). (D1)

These bounds are extremely tight, even for small n.
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The multinomial coefficient is a generalization of the
more common binomial coefficient and it arises in several
combinatorial situations. It is defined by

(
n

n1, . . . , nk

)
:= n!

n1!n2! . . . nk!
, (D2)

where n ∈ Z+ and the (n�)k�=1 are non-negative integers
that sum to n. It is a positive integer corresponding to the
number of distinct ways of placing n distinguishable items
into k boxes, where each box has a fixed number n� of
items. In this work, we will find occasion to make use of
the multinomial when evaluating high-order derivatives
of a product:

(
d
dt

)n

f1(t)f2(t) . . . fk(t). (D3)

Here, (f�)k�=1 are n-differentiable functions of t ∈ R.
Employing the product rule, one is left to count all the pos-
sible combinations of derivatives of each f�. It turns out
that the multinomial is suited for this:

(
d
dt

)n k∏
�=1

f�(t) =
∑

N

(
n

n1, . . . , nk

) k∏
�=1

(
d
dt

)n�
f�(t).

(D4)

The sum is taken over the set N of sequences of non-
negative integers (n�)k�=1 summing to n. A useful property
is that

∑
N

(
n

n1, . . . , nk

)
= kn (D5)

for non-negative integers k and n (with the convention
00 = limx→0 xx = 1).

Besides derivatives of products, we will also need to
bound derivatives of ordinary exponentials of a time-
dependent matrix. Useful for this purpose is an expression
for derivatives of exponentials of a scalar function a(t):

(
d
dt

)n

ea(t). (D6)

The solution that we rely on is Faà di Bruno’s formula,
which asserts that

(
d
dt

)n

ea(t) = ea(t)Yn(a′(t), a′′(t), . . . , a(n)(t)), (D7)

where Yn is the complete exponential Bell polynomial [56].
An explicit formula is given by

Yn(x1, x2, . . . , xn) =
∑

C

n!
c1!c2! . . . cn!

n∏
j =1

(
xj

j !

)cj

, (D8)

where the sum is taken over the set C of all sequences
(cj )

n
j =1 such that cj ≥ 0 and

c1 + 2c2 + · · · + ncn = n. (D9)

Essentially, each coefficient in Yn counts the ways in which
one can partition a set of fixed size n into subsets of given
sizes and number. When one simply wants to count the
total number of possible partitions, one is led to the Bell
numbers bn. These are related to the Yn by evaluating all
arguments to 1:

bn = Yn(1, 1, . . . 1) (D10)

More generally, for any x ∈ R,

Yn(x, x2, . . . , xn) = xnbn, (D11)

which can be seen directly from Eq. (D8) along with the
sum rule given in Eq. (D9). The Bell numbers bn grow
combinatorially; in particular, the following upper bound
[49] is useful:

bn <

(
.792n

log(n + 1)

)n

, ∀n ∈ Z+. (D12)

More generally, the single-variable Bell polynomial, or
Touchard polynomial Bn(x), is simply Yn with all argu-
ments evaluated to x:

Bn(x) = Yn(x, x, . . . , x) (D13)

Of course, bn = Bn(1). The nth Bell polynomial Bn(x) is
also the value of the nth moment of the Poisson distribution
with mean x. From Ref. [57], we have the following upper
bound on Bn:

Bn(x) ≤
(

n
log

(
1 + n

x

)
)n

, ∀x ≥ 0, (D14)

which we observe is very close to that for the Bell numbers
(x = 1) in Eq. (D12). From their definitions, Yn, Bn, and bn
all grow monotonically, both in their functional arguments
and their index n. This is intuitive from being combina-
torial functions the coefficients of which count something
according to the size of n.
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APPENDIX E: PROOFS OF MPF TECHNICAL LEMMAS

In this appendix, we prove several technical lemmas used in the analysis of Sec. VI B.

Proof of Lemma 6. From the Trotter product theorem, we have

∂n
t exp(A(t)) = ∂n

t lim
r→∞(exp(A(t)/r))r. (E1)

Using the fact that the series converges uniformly, we may interchange the order of differentiation and the limit. This leads
to

‖∂n
t exp(A(t))‖ ≤ lim

r→∞

∑
S

(
n

s1, . . . , sr

) r∏
q=1

∥∥∥∂sq
t exp(A(t)/r)

∥∥∥ . (E2)

Here, the sum over S is constrained such that sj ≥ 0 and s1 + · · · + sr = n. Then, using Taylor’s theorem, we have

∥∥∥∂sq
t exp(A(t)/r)

∥∥∥ ≤ ‖A(sq)(t)‖
r

+ O(1/r2) (E3)

for sq > 0, where the O(1/r2) terms will vanish as r → ∞. The sq = 0 case has upper bound 1 by unitarity. Hence, put
together,

‖∂n
t exp(A(t))‖ ≤ lim

r→∞

∑
S

(
n

s1, . . . , sr

) r∏
q=1

(
‖A(sq)(t)‖(1 − δsq,0)

r
+ δsq,0

)
. (E4)

Now let us define a scalar function a(x) defined for x in a neighborhood of t such that, for any k such that 0 ≤ k ≤ n,

a(k)(t) = ‖A(k)(t)‖(1 − δk,0) (E5)

for a particular x = t. Such a function can be seen to exist by considering the nth-degree Taylor polynomial. We may
apply the standard Faà di Bruno formula given in Eq. (D7) to a, so that

∂n
x ea(x)

∣∣∣∣
x=t

= ea(t)Yn(‖A(1)(t)‖, . . . , ‖A(n)(t)‖) = Yn(‖A(1)(t)‖, . . . , ‖A(n)(t)‖). (E6)

On the other hand, we can split a(t) into r steps and compute the nth derivative, just as for the Trotter product theorem:

∂n
x ea(x)

∣∣∣∣
x=t

= lim
r→∞

∑
S

(
n

s1, . . . , sr

) r∏
q=1

(
‖A(sq)(t)‖(1 − δsq,0)

r
+ δsq,0

)
(E7)

By comparing the expressions given in Eqs. (E4) and (E7), we see that

‖∂n
t exp{A(t)}‖ ≤ ∂n

x ea(x)
∣∣∣∣
x=t

. (E8)

Applying Eq. (E6), we reach our desired bound:

‖∂n
t exp(A(t))‖ ≤ Yn(‖A(1)(t)‖, . . . , ‖A(n)(t)‖) (E9)

�
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Proof of Lemma 7. Without loss of generality, we take t0 = 0. The relevant expressions are

U2,m(t, 0) =
m∑

j =1

aj U
(kj )

2 (t, 0) (E10)

and

U(k)
2 (t, 0) :=

k∏
�=1

U2(t�, t�−1), (E11)

with t� := t�/k. The Taylor remainder in integral form is given by

R2m = 1
(2m)!

∫ t

0
(t − τ)2m d2m+1

dτ 2m+1 U2,m(τ , 0)dτ

= 1
(2m)!

m∑
j =1

aj

∫ t

0
(t − τ)2m d2m+1

dτ 2m+1 U
(kj )

2 (τ , 0)dτ . (E12)

With a couple of triangle inequalities, this is upper bounded as

‖R2m‖ ≤ 1
(2m)!

m∑
j =1

|aj | t2m+1

2m + 1
max
τ∈[0,t]

‖∂2m+1
τ U

(kj )

2 (τ , 0)‖

≤ ‖a‖1

(2m + 1)!
t2m+1 max

j ,τ
‖∂2m+1
τ U

(kj )

2 (τ , 0)‖, (E13)

where in the last line we have employed a Hölder inequality. Our focus is now on bounding the derivative, which we
unravel layer by layer using frequent multinomial expansions. First,

∂n
τU(k)

2 (τ , 0) =
∑

N

(
n

n1, . . . , nk

) k∏
�=1

∂n�
τ U2(τ�, τ�−1). (E14)

Next, we write

U2(τ�, τ�−1) =
1∏

i=L

e−iHiαi(τ�−1/2)τ/k
L∏

i=1

e−iHiαi(τ�−1/2)τ/k

=
2L∏

i=1

eAi,� , (E15)

where

Ai,� := −iHiαi(τ�−1/2)τ/k (E16)

and i is defined by reflection for i > L. Once again, performing a multinomial expansion,

∂n
τU2(τ�, τ�−1) =

∑
N

(
n

n1, . . . , n2L

) 2L∏
i=1

∂ni
τ eAi,� . (E17)

We now bound the individual ordinary-operator exponentials. Invoking Lemma 6,

‖∂n
τ eAi,�‖ ≤ Yn

(‖∂τAi,�‖, . . . , ‖∂n
τAi,�‖

)
. (E18)
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In turn, we have

∂n
τAi,� = −i

Hi

k
∂n
τ (αi(τ�−1/2)τ )

= −i
Hi

k

[(
�− 1/2

k

)n

τα
(n)
i (τ�−1/2)+ n

(
�− 1/2

k

)n−1

α
(n−1)
i (τ�−1/2)

]
, (E19)

where α(n)(x) refers to the nth derivative of α with respect to its argument, then evaluated at x (i.e., not a τ derivative).
Since ‖Hi‖ ≤ 1, we have

‖∂n
τAi,�‖ < 1

k
(�/k)n−1

(
(�/k)τ |α(n)i (τ�−1/2)| + n|α(n−1)

i (τ�−1/2)|
)

. (E20)

From Definition 3, α(j )i (t) ≤ �i,n(t)j +1. Dropping the n and t dependence for the moment,

‖∂n
τAi,�‖ < (�/k)n

(
(τ/k)�n+1

i + (n/�)�n
i

)
= (�i�/k)n (�iτ/k + n/�) . (E21)

We have reached the bottom and now proceed to work our way back up to the Taylor remainder R2m, starting with
Eq. (E18). Using Eq. (D7) of Appendix D,

‖∂n
τ eAi,�‖ ≤

∑
C

n!
c1!c2! . . . cn!

n∏
j =1

(
‖∂ j
τAi,�‖
j !

)cj

<
∑

C

n!
c1!c2! . . . cn!

n∏
j =1

(
(�i�/k)j (�iτ/k + j /�)

j !

)cj

. (E22)

Using the sum rule for C, we can pull out a factor of (�i�/k). Using the upper bound j ≤ n and the monotonicity of Yn,
we obtain the bound

‖∂n
τ eAi,�‖ < (�i�/k)nBn(�iτ/k + n/�), (E23)

where Bn is the Bell polynomial (see Appendix D). For simplicity, define

xi,�,n = �iτ/k + n/� (E24)

as the argument to Bn. Employing the bound given in Eq. (D14),

‖∂n
τ eAi,�‖ < (�i�/k)n

(
n

log
(
1 + n/xi,�,n

)
)n

, (E25)

which is valid for all n > 0 and for n = 0 when defined by the 0+ limit. We can simplify the reciprocal log with the bound

1
log

(
1 + n/xi,�,n

) <
(

1
2

+ xi,�,n

n

)n

= 1
2n

(
1 + 2xi,�,n

n

)n

. (E26)

This gives us the simplified exponential derivative

‖∂n
τ eAi,�‖ < (�i�/2k)n (n + 2xi,�,n)

n. (E27)
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We now move up a level to reconsider Eq. (E17). Employing a triangle inequality,

‖∂n
τU2(τ�, τ�−1)‖ ≤

∑
N

(
n

n1, . . . , n2L

) 2L∏
i=1

‖∂ni
τ eAi,�‖

<
∑

N

(
n

n1, . . . , n2L

) 2L∏
i=1

(�i�/2k)ni (ni + 2xi,�,ni)
ni . (E28)

We maximize �i over all i = 1, . . . , L and call it �. We can factor out the corresponding term and, with some rewriting,
obtain

(��/2k)n
∑

N

(
n

n1, . . . , n2L

) 2L∏
i=1

(ni + 2x�,ni)
ni , (E29)

where we have also let x�,ni be xi,�,ni , with the subscript dropped on �i.Focusing on the rightmost product over i, one can
show using a Lagrange multiplier that the maximum is given by ni = n/2L for all i (we maximize over ni ∈ R+, which is
an upper bound). This is intuitive from the symmetry of the product as well. Taking this as an upper bound, we have

‖∂n
τU2(τ�, τ�−1)‖ < (��/2k)n

(
n

2L
+ 2�τ

k
+ n

L�

)n ∑
N

(
n

n1, . . . , n2L

)

= (��/2k)n
(

n + 4�τL
k

+ 2n
�

)n

= (�/k)n
(

n + n�/2 + 2�τL�
k

)n

, (E30)

where in going to the second line we have evaluated the multinomial sum as (2L)n and simplified.
With this in hand, we return to Eq. (E14) and bound it as

‖∂n
τU(k)

2 (τ , 0)‖ ≤
∑

N

(
n

n1, . . . , nk

) k∏
�=1

‖∂n�
τ U2(τ�, τ�−1)‖

<
∑

N

(
n

n1, . . . , nk

) k∏
�=1

(�/k)n�
(

n� + n��/2 + 2�τL�
k

)n�
. (E31)

Using the upper bound � ≤ k and factoring out the (�/k)n� using the sum rule,

‖∂n
τU(k)

2 (τ , 0)‖ < (�/k)n
∑

N

(
n

n1, . . . , nk

) k∏
�=1

(n� + n�k/2 + 2�τL)n� . (E32)

Similarly, we upper bound the product using n� = n/k for all �, which can be justified through a maximization using
Lagrange multipliers. The corresponding bound is

‖∂n
τU(k)

2 (τ , 0)‖ < (�/k)n(n/k + n/2 + 2�τL)n
∑

N

(
n

n1, . . . , nk

)

= (n�)n
(

1
k

+ 1
2

+ 2�τL
n

)n

. (E33)

We are finally ready to return to Eq. (E13) and bound R2m. We recall that � has τ dependence and let �max :=
maxτ∈[0,t]�(τ). We also upper bound any appearance of τ otherwise by t, because these are always in the numerator.
So far, using n = 2m + 1, these reductions give
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‖R2m‖ < ‖a‖1

(2m + 1)!
((2m + 1)�maxt)2m+1 max

j

(
1
kj

+ 1
2

+ 2�tL
2m + 1

)2m+1

. (E34)

Employing a Stirling bound on the factorial and factoring out an additional L from the rightmost term,

‖R2m‖ < ‖a‖1√
2π(2m + 1)

(eL�maxt)2m+1 max
j

(
1

Lkj
+ 1

2L
+ 2�t

2m + 1

)2m+1

. (E35)

We now apply the assumption that eL�maxt < 1 to upper bound the maxj term, along with kj , L ≥ 1:

max
j

(
1

Lkj
+ 1

2L
+ 2�t

2m + 1

)2m+1

<

(
3
2

+ 2
3e

)2m+1

. (E36)

Thus,

‖R2m‖ < ‖a‖1

2
√
πm

((
3e
2

+ 2
3

)
L max
τ∈[0,t]

�2m+1(τ )t
)2m+1

<
‖a‖1

2
√
πm

(
5L max

τ∈[0,t]
�2m+1(τ )t

)2m+1

. (E37)

In these last lines, we remind ourselves that � has the subscript 2m + 1 as per Definition 3. �

APPENDIX F: GREEDY ALGORITHM FOR
ADAPTIVE TIME STEPS

Here, we discuss schemes for constructing the adaptive
nonuniform mesh of time steps used in the MPF algorithm
described in Sec. VI A. Specifically, we seek a decom-
position of the desired simulation interval [0, T] into a
monotonically increasing sequence of times t0, t1, . . . , tr,
with t0 = 0, tr = T. The mesh construction of Sec. VI C,
although theoretically sound, is not directly imple-
mentable, since it requires knowing the total number of
steps while constructing each new point based on local
data. To avoid this issue, as well as the restriction |�̇(τ )| ≤
K�2(τ ), we seek a simple-to-use greedy algorithm.

One possibility is to use a direct approach that first
selects a candidate number of steps rtry. Starting from
rtry = 1, we then build recursively a sequence of times
using the inequality given in Eq. (125) of Sec. VI C,

L max
t∈[ti−1,ti]

�2m+1(t) (ti − ti−1) ≤ 1
5

(
ε
√
πm

‖a‖1r
,
)1/(2m+1)

(F1)

with r = rtry. Starting from t0 = 0 and looking for the
largest ti that satisfies the condition, we finally check
whether the generated number of intervals is greater than
rtry, in which case we increase rtry by one and repeat. When
the algorithm stops at the optimal value ropt, we have per-
formed a total of ropt(ropt + 1)/2 nonlinear optimization

steps, each one requiring multiple evaluations of the left-
hand side of Eq. (F1). This can be very demanding when
the left-hand side of Eq. (F1) is expensive to evaluate and
the optimal number of intervals is around half the upper
bound

rmax =
(

5LT max
t∈[0,T]

�2m+1(t)
) 2m+1

2m
( ‖a‖1

ε
√
πm

) 1
2m

(F2)

obtained considering identical intervals and bounding�(t)
with its maximum value over the whole simulation interval
[0, T]. In this case, finding an approximation to the optimal
decomposition requires O(r2

max) optimization steps, each
one requiring multiple evaluations of the left-hand side of
Eq. (F1).

We now describe an alternative approach that deter-
mines ropt within a factor of 2 and uses only rmax evalu-
ations of maxt∈[ti−1,ti]�(t) and additional O(log(rmax)rmax)

simple arithmetic operations. This procedure can be used
to find a viable, and approximately optimal, decomposi-
tion of the time interval or as a good starting point to
find the optimal one using a procedure such as the one
described above. The idea is to start by decomposing the
interval [0, T] into rmax segments with equal length and
storing the maximum of �(t) in each segment in an array
A of size rmax. We then introduce an additional array of the
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same size,

Lm =
[

max
k≤m

Ak

]
m

T
rmax

, (F3)

together with an additional set of vectors of the same size,

R(n)m =
[

max
n≥k>m

Ak

]
(n − m)

T
rmax

, (F4)

where n is an additional index between 1 and rmax. The
first vector stores the left-hand side of the inequality given
in Eq. (F1) for the interval up to the mth time, while the
second vector stores the same information for the inter-
val starting at the mth time and ending at the nth one.
The algorithm proceeds by splitting the time interval recur-
sively into two parts, so that the left-hand side of Eq. (F1)
takes (approximately) the same value on both halves (i.e.,
we are splitting the error equally on both sides). At every
iteration, the number of intervals doubles and the right-
hand side of Eq. (F1) shrinks accordingly. We stop the
procedure once the inequality in Eq. (F1) is satisfied on
one interval (since we are guaranteed that it will in all oth-
ers). The procedure will stop at some rK , at which point
we know that the optimal value ropt is in [�rK/2�, rK ]. The
algorithm can then be described as follows:

(1) Compute Lm for all m = 1, . . . , rmax.
(2) Set n = rmax and r = 2.
(3) Compute the elements of R(n)m for all m = 1, . . . ,

n − 1.
(4) Initialize an auxiliary array Dm as Dm = Lm − R(n)m .
(5) Find the least index k for which Dk > 0.
(6) If Lk is less than the right-hand side of the bound in

Eq. (F1) with the current value of r, set rK = r and
exit.

(7) If 2r ≥ rmax, set rK = rmax and exit.
(8) Set r = 2r and n = k and repeat from step (3).

Step (1) requires rmax operations while steps (3) and (4)
cost n operations each. Since the number of iterations is
bounded by log2(rmax), their combined cost is bounded by
2 log2(rmax)rmax. If we use binary search, step (5) costs
log2(n) operations, so its total cost is at most log2(rmax)

2

operations. From this analysis, we see that steps (3) and
(4) are the most expensive ones and they dominate the
cost of the scheme. On exit, we have rK ≈ ropt together
with the first interval [t0, t1]. The rest of the intervals can
then be found keeping r = rK fixed with additional O(rmax)

operations.

APPENDIX G: DETAILS FOR NUMERICAL
DEMONSTRATIONS

We begin by discussing the frame transformation that
allows for a direct comparison to the exact (machine-
precision) time evolution. Suppose that H is a time-
independent Hamiltonian with propagator U(t). Under a
unitary frame transformation T(t), the Hamiltonian and
propagator transform as

Ũ(t) = T(t)U(t),

H̃(t) = i
∂T(t)
∂t

T(t)†+T(t)HT(t)†. (G1)

Thus, in order to benchmark the error of the MPF, we com-
pute Ũk for Hamiltonian H̃ and then compare with the
exact propagator (accurate to machine precision):

εc = ‖Ũ	k(t)− T(t)U(t)‖. (G2)

Choosing such a special form of the time dependence has
implications for the �-bound. In our examples, we will
choose T(t) = e−iKt for some K , and in such a case we
find H̃(t) = K + e−itadK H , where adn

K(·) = [K , ·]. Taking
derivatives, we find that � can be chosen such that

� ≥ max
n

{
‖K + H‖, n+1

√
‖adK(H)‖

}
(G3)

for n > 0. Having such a simple form for � is nice but
clearly does not capture the full range of time dependencies
that one expects to find in practice.

1. Example 1 details

Choose a coordinate system such that B makes an angle
θ with respect to the z axis and lies within the x-z plane.
The spin-1/2 system can be described by the Hamiltonian

H = μB(cos θZ/2 + sin θX /2), (G4)

where Z and X (and later Y) are Pauli operators and μ is
a coupling parameter that will henceforth be set to one.
The propagator U(t) = e−iHt is easy to compute and cor-
responds to precession about the magnetic field axis with
frequency B. To obtain a time-dependent problem, let us
shift to a reference frame that rotates with angular fre-
quency ω about the z axis. The transformation is given
by Rz(ωt), where Ra is the usual SU(2) rotation operator
about axis a. This leads to the Hamiltonian considered in
the main text. Because we know that this Hamiltonian is
just a transformed time-independent system, it is easy to
compute the exact propagator Ũ(t):

Ũ(t) = Rz(ωt)U(t). (G5)
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2. Example 2 details

We seek a time-independent Hamiltonian H = H0 + H1
that produces nontrivial time dependence in the interaction
picture. We also ask that it satisfies a simple conservation
law. A special instance of the 1D XX model will suf-
fice to meet these conditions. Consider a circular chain of
N qubits with nearest-neighbor-hopping interactions, with
Hamiltonian H = H0 + H1 of the form

H0 =
N∑

k=1

ωk

2
Zk,

H1 =
N∑

k=1

Jk

2
(XkXk+1 + YkYk+1) .

(G6)

Here, ωk, Jk are real site-dependent parameters and any
index increments are done modulo N . For any value of the
parameters, the Hamiltonian conserves the total magneti-
zation μ := ∑

k Zk:

[μ, H ] = 0. (G7)

Conceptually, we will think of H0 as a “base” Hamilto-
nian, with perturbation H1 generating interactions, though
we make no assumptions as to the smallness of H1. We
will switch to an interaction picture that is comoving with
the simple dynamics of H0. In this frame, the Hamiltonian
H̃(t) is given by

H̃(t) = eiH0tH1e−iH0t

=
N∑

k=1

Jk

2
(Xk(t)Xk+1(t)+ Yk(t)Yk+1(t)) , (G8)

where

Xk(t) := eiH0tXke−iH0t = cos(ωkt)Xk − sin(ωkt)Yk,

Yk(t) := eiH0tYke−iH0t = cos(ωkt)Yk + sin(ωkt)Xk
(G9)

correspond to rotating the Pauli vectors about the z axis
with frequency ωk. We can express Eq. (G8) in terms of
the time-independent Xk and Yk of the original frame,

H̃(t) =
N∑

k=1

Jk

2
{

cos(	ωkt)(XkXk+1 + YkYk+1)

+ sin(	ωkt)(XkYk+1 − YkXk+1)
}
, (G10)

where 	ωk = ωk+1 − ωk. We see that having different
qubit frequencies ωk on neighboring sites should give rise
to a nontrivial time dependence in H̃ . Another indication

is gleaned from the commutator of H0 and H1:

[H0, H1] = −i
∑

k

Jk

2
(XkYk+1 − YkXk+1)(	ωk) (G11)

The time dependence in HI will be nontrivial when the
commutator does not vanish, as occurs when 	ωk �= 0. A
simple choice is to set

Jk = J , ωk = (−1)kω. (G12)

That is, the qubit frequency alternates sign at each site
and the coupling is translation invariant. For simplicity, we
consider only even numbers of qubits, to avoid frequency
matching at k = N . These choices lead to the Hamiltonian
considered in the main text.

We conclude this appendix with a proof of the theorem
regarding the unitary approximation order of the MPF.

Proof of Theorem 6. We suppress all function evalua-
tions at t when convenient. Let E := U2,m − U, so that
U2,m = U + E. Then, using the unitarity of U and the fact
that E ∈ O(t2m+1),

U†
2,mU2,m = 1 + N + O(t4m+2), (G13)

where

N := U†E + E†U. (G14)

Since N ∈ O(t2m+1), all of its derivatives up to degree 2m
vanish when evaluated at t = 0. Hence, it suffices to show
that

N (2m+1)(0) = 0. (G15)

We can expand this derivative in terms of E and U using
the binomial theorem. When we evaluate at t = 0, those
terms with derivative less than degree 2m + 1 in E vanish.
We are left with

N (2m+1)(0) = E†(2m+1)(0)U(0)+ U†(0)E(2m+1)(0).
(G16)

We have U(0) = U†(0) = 1. Moreover, by the time-
symmetric property of U and U2,m, E(t) is also symmetric.
Therefore,

E†(2m+1)(0) = E(2m+1)(−t)
∣∣∣
t=0

= −E(2m+1)(0). (G17)

Hence, the two terms in Eq. (G16) cancel, yielding
N (2m+1)(0) = 0. This completes the proof. �
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