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1. Introduction

The problem of deciding whether two presentations present the same group was for-
mulated by Dehn [11]. Adian [1] and Rabin [25] showed that the isomorphism problem
for finitely presented groups is undecidable.

A typically easier task is to establish that two groups are non-isomorphic by exhibiting
distinguishing invariants. This approach is particularly useful in providing independent
evidence that an existing list of groups — perhaps obtained theoretically — is irredundant.
But families of finite p-groups, where the prime p is a parameter in the group descriptions,
pose particular challenges. It is difficult to find “natural” invariants which distinguish
among very similar groups — and it may be impossible to compute their values for
moderate values of the prime. For example, power maps are sometimes used to distinguish
among the 267 groups of order 26.

To set a context for our work, we review the algorithm of O’Brien [21] in a special case:
decide isomorphism between two n-generator groups, G and H, of order p"*¢, nilpotency
class 2 and exponent p. The Frattini quotient of G coincides with that of H, and the
automorphism group of this quotient is GL(V') where V = ;. We write down the action
of GL(V) on the exterior square A%(V), a space of dimension n(n—1)/2. To each of G and
H we associate a d-dimensional subspace of A?(V). Now G = H if and only if the duals
of these two subspaces are in the same GL(V')-orbit. The length of this orbit may prevent
its construction. In summary, a complete solution to the isomorphism problem for this
family of groups depends on knowledge of the GL(V)-orbits of d-dimensional spaces of
A2(V). Sun [28] recently announced a new algorithm with running time m((°8 ™)) to
decide isomorphism between two such groups of order m.

Standard group-theoretic invariants for p-groups of class 2 and exponent p often coin-
cide. We introduce invariants from algebraic geometry which apply specifically to these
groups. The invariants are extracted from the skew-symmetric matrices of linear forms
that these groups determine. We demonstrate that the invariants are discriminating —
they sometimes partition a family up to isomorphism — and they can be computed for
a range of primes. Our invariants are computed in affine varieties, rather than in the p-
group as for many existing invariants, and successful computations seem less dependent
on the size of the prime. We plan to investigate the effectiveness of these novel invariants
for other related questions.

The structure of the paper is the following. In Section 2.1 we summarise the standard
Baer correspondence between p-groups of class 2 and exponent p and skew-symmetric
matrices of linear forms over F,,. A consequence is that the rank loci of a skew-symmetric
matrix of linear forms over IF, are determined by the isomorphism class of the correspond-
ing group. Theorem 2.3 lists group invariants attached to the rank ideals. In Section 3
we illustrate how these distinguish up to isomorphism the 4-generator groups of order
p7, class 2, and exponent p. In Section 4, building on work of Brahana [4,5], Copetti [9],
and Vaughan-Lee [29], we explore the corresponding 5-generator groups of order dividing
p°. We distinguish these with one exception: two groups of order p®. In Theorem 4.2 we
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show that the examples of [17] motivated by Higman’s PORC conjecture have minimal
order. An explicit discussion of the well-known connection with tensors appears in [23].

2. Geometric invariants associated to groups

Let Klz1,...,24] be the polynomial ring over a field K in the indeterminates
Z1,...,2q4. We write € = (x1,...,24) and Klx] = Klx1,...,24). Let K[x]; be the
subspace of linear forms of K[x] and let Mat,, x, (K[x]1) be the space of m X n matrices
of linear forms in K|[z], writing Mat,,(K[z];) if n = m. If X C K%, then (X)f is the
K-span of X. Let Vag(I) be the affine variety of a homogeneous ideal I of K[z] in K¢
and let Vproi(I) be the corresponding projective variety in P4-1(K). See [10, Chap. 1]
for standard concepts in algebraic geometry.

2.1. Groups from matrices and back

We briefly review the well-known Baer correspondence [2], a consequence of MacLane’s
Universal Coefficients Theorem [26, §11.4]. Since we consider only p-groups of class 2
and exponent p, we restrict to odd primes p.

Let n and d be positive integers and let IF, be the field of p elements. Let y =
(y1,---,ya) be a vector of independent algebraic variables. Let B(y) € Mat, (K[y]1) be
a skew-symmetric matrix of linear forms. Write V = K™ and W = K¢ and let W have
standard basis (f1,..., fq). Now B defines the alternating map

d
t:VxV—W (vv)—t)= ZUT B(fi)v' fi. (2.1)
i=1
Defining an operation x on V' x W by
! / / / ]‘ /!
(v,w) x (v, W) = (v—i—v ,w+w + it(v,v ))

yields a group Ggp(K). Clearly, a change of basis for V' or W does not change the
isomorphism class of Gg(K). Write

Bly) = (B w1+ + By ya)  with B € Mat, (K).
ij

The adjoint of B(y) is

B*(x) = | Y B a; | €Matuxa(K[z1, ..., z0)1). (2.2)
j=1 ,

1K

In the following, I;(B) C K|[y| denotes the ideal generated by the entries of B; define

analogously 77 (B®) C K[x]. See also Section 2.2.
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Lemma 2.1. Assume that K =T, and write G = Gg(F,).

(1) The order of G is p"+9.

(2) The class of G is at most 2, where equality holds if and only if B is not the zero
matriz.

(3) The exponent of G is p.

(4) The derived group G' of G is an Fp-subspace of {0} x W and has dimension

dim]Fp G =d- dim(Vag (11(B))).

(5) The centre Z(G) of G is an F,-subspace of V- x W containing {0} x W and has
dimension

dimg, Z(G) = d + dim(Vag (1 (B))).

Now let G be a p-group of class 2 and exponent p. Assume that |G’| = p? and
|G| = p"*. Clearly V = G/G’ and W = G’ are F,-vector spaces of dimension
n and d, respectively. Moreover, the commutator map induces an alternating map
t:VxV — W. By choosing bases of V and W respectively, we represent ¢t by
B(y) € Mat, (F,[y1, ..., yal1), a skew-symmetric matrix of linear forms. The matrix B*
determines the adjoint operator on V' and its rank loci partition the elements of G \ G’
by centraliser sizes [27, Lem. 4.4]. If also G’ = Z(G), then B and B*® are respectively the
matrices B and A defined in [24, Def. 2.1].

Procedures to construct the Baer-MacLane functor and related tensor invariants are
part of the MAGMA [3] MultilinearAlgebra package of Maglione and Wilson [14,19].

2.2. Varieties and invariants

Let m,n and d be positive integers and write N = min{m, n}. Let z = (21, ..., 2q) be
a vector of independent algebraic variables. Let D(z) € Maty, x» (K[2]1) be a matrix of
linear forms.

o For k € {1,...,N}, the k-th (determinantal) ideal of D is the homogeneous ideal
I (D) of K|z] generated by the k x k minors of D(z), while the k-th (determinantal)
variety of D is Vi, = Vag (I (D)).

e The ideal rank vector of D is irk(D) = ([x(D): k=1,...,N).

Each V; is an affine variety in K¢ and {0} C V; C V5 C ... C Vy C K< See [8] for a
discussion of determinantal ideals and associated varieties.
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Remark 2.2. Let I be a homogeneous ideal in K[x1,...,24] and let m be the dimension
of Vproj(I). Following [16, Defs. 12.11 and 12.14], the degree of I is the product of m! by
the leading coefficient of the Hilbert polynomial of I. If Vp,o;(1) is empty, then the degree
of I is 0. The Hilbert polynomial is invariant under change of coordinates [16, Rmk. 12.2],
thus so is the degree of I. Now [ is primary if, whenever ab € I for a,b € R, then a € I,
or there exists a positive integer i such that ' € I. Also I has a minimal primary
decomposition in the sense of [15, Def. 8.20]. Two minimal decompositions have the same
cardinality, and the irreducible components Vproi(11); - - -, Vproj(Lr) do not depend on the
chosen decomposition [15, Prop. 8.27]. For a more detailed treatment, see [13, Chap. 3],
(15, §8], and [16, §12].

Theorem 2.3. Let n and d be positive integers, and let y = (y1,...,y4) and * =
(x1,...,2,) be vectors of independent algebraic variables. Let B(y) € Mat,, (F,[y]1) be a
skew-symmetric matriz of linear forms and let B*(x) € Mat, xq(Fy[x]1) be its adjoint.
Write

e irk(B) = (I1,...,1I,) for the ideal rank vector of B, and
e itk(B®) = (J1,. .-, Jminfn,a}) for the ideal rank vector of B®.

For each k € {1,...,n} and £ € {1,...,min{n,d}}, the following are invariants of the
isomorphism class of Gg(Fp):

(1) the degrees and dimensions of I, and Jy;

(2) the degrees and dimensions of the ideals in a primary decomposition of Iy, and Jy;

(3) the degrees, the number of rational points, and the number of irreducible components
of Vat(I) and Vag(Je);

(4) the dimensions of (Vag(Ix))F, and (Vag(Je))F,

Proof. Let C € Mat,,(F,[y]1) be such that Gg(F,) and G¢(F,) are isomorphic, and let
X and Z be such that X B(yZ)X " = C(y). The existence of X and Z is guaranteed by
the Baer-MacLane construction (see [18, Thm. 2.13(2)] for a similar formulation).

Fix k € {1,...,n}. If v € K9, then rk(B(v)) = rk(X B(Zv)X ") = rk(C(v)). Hence Z
induces a linear isomorphism of varieties ¢z : Vag(Ix(B)) — Vag(Ix(C)). Being invari-
ants under isomorphism of varieties, the quantities from (3) are preserved. Since pyz is
linear, dimg, (Vag (Ix(B)))r, = dimp, (Vag (11(C)))F,, thus (4) holds. Since ¢ is an iso-
morphism, the dimensions of the ideals It(B) and I (C) equal those of the corresponding
varieties Vg (I5(B)) and Vag (I (C)). Moreover, the degrees of Ij,(B) and It (C) coincide
by Remark 2.2 and the linearity of Z. Thus (1) holds. Similarly, we deduce (2). The
proof for adjoints is analogous. O



E.A. O’Brien, M. Stanojkovski / Journal of Algebra 703 (2026) 266—278

3. An illustrative example

271

Vaughan-Lee [29, §7.4] lists the six isomorphism classes of 4-generator groups of order
p’, class 2, and exponent p. Following Section 2.1, representatives of these isomorphism

classes can be constructed over F,, (with primitive element w) from the following matrices.

Bi(z,y,2) =

B3(‘T7ya Z) =

B5(1’7ya Z) =

Since dim Vag([1(B)) = 0 for B € {By,...,
groups of the claimed type. The adjoint matrices of By, ...,

0
-
i
—z

Bl(z,y,z,w) =

B3(z,y, 2,w) =

Bi(z,y,z,w) =

SO OR

o8

0

oo ow

OO oW

oo ow

-y
—T

0
z
0
0

)

oSN Ow ~———

w

—Z

)

b

)

(z,y,2) =
By(z,y,2) =
Bﬁ(xayaz) =

)
—Zz

oo w oonvww
OO OO

SO OoOWn

0
0
—wy

Y
0
0

—X

z
wy

x
0

Bg}, Lemma 2.1 confirms that these define

B;(x7 y7 Z’ w) =

Bi(z,y, z,w) =

B (2, y,z,w) =

Bg are:
y z
—x 0
-0 —x
0 0
Y z
—x 0
0 —x
0 0
y z
-  ww
w —x
-z —wy

Let n, (1) denote the number of [F,-rational points of Vg (I). The invariants summarised
in Table 1 separate the groups up to isomorphism.

4. The 5-generator p-groups of class 2 and exponent p

Brahana [4,5] used concepts from projective geometry to study some of the 5-generator
groups of class 2 and exponent p: in particular, commutators in such a group arise as

solutions of a system of homogeneous quadratic equations called Pliicker relations; cf. [9,
§4.2]. As in other treatments, his construction of the groups up to isomorphism reduces
to an orbit problem. Copetti [9] presents a modern and highly accessible treatment of his
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Table 1

Invariants of By, ..., Bg.
B B1 B2 B3 B4 B5 BG
ny(I4(B)) p* p° 2°—p p° p° P

np(Is(B*)) p*> p* 2p°—p> p* pP+p’-p p’

work. Vaughan-Lee [29] used an approach similar to the p-group generation algorithm
[20] to determine the groups of order dividing p® having class 2 and exponent p.

A 5-generator p-group of class 2 and exponent p has order p°*? where 1 < d < 10.
Recall from the introduction that we consider the action of GL(V'), where V = F}, on

5+d are iso-

the exterior square A%(V), a space of dimension 10. Two groups of order p
morphic if and only if the duals of their associated d-dimensional spaces of A%(V') are in
the same GL(V')-orbit. For V' = I}, there are [n/2] orbits of 1-dimensional spaces on
A2(V): each orbit is determined by the rank of the associated form [9, Thm. 3.5]. Brooks-
bank, Maglione, and Wilson [7] give a polynomial-time algorithm to decide isomorphism
between two such groups of order p"*2. Hence, by exploiting well-known properties of

duality (cf. for example [9, Chap. 2]), we consider only d € {3,4,5}.
4.1. Derived groups of order p*

Copetti [9] and Vaughan-Lee [29] showed that there are 22 isomorphism classes of
5-generator groups of order p®, class 2, and exponent p. Case (j) of [9, Thm. 7.22]
corresponds via the Lazard Correspondence to Group 8.5.5 of [29, §8.5].

The matrices B € Mats(F,[y1,y2, y3]1), extracted from [29, §8.5] and described as in
Section 2.1, are available at [22]. Since B is skew-symmetric, I5(B) is necessarily the zero
ideal, and no information on the isomorphism class of Gg(F,) is gained from the rank 5
locus of B.

For p € {3,...,37}, Table 2 records the values of invariants from Theorem 2.3 for
these 22 groups. There, deg(I) denotes the degree of an ideal I and degprim(7) records
the degrees of the ideals in a minimal primary decomposition of I. By comparing Tables 1
and 2, we observe that groups (1)—(6) are direct products of the six groups from Section 3
with a group of order p. Twenty of the 22 isomorphism classes are identified using just
three of the invariants associated with the rank 4 locus of B and the rank 3 locus of
B®. The invariants from Theorem 2.3 do not distinguish between (14) and (15). Yet,
Vaughan-Lee [29, §8.5] showed that the automorphism groups of Gg,, (F,) and Gg,, (F,)
have orders 2(p — 1)(p? — 1)p'” and 2(p — 1)3p!7 respectively.

4.2. Quasi-polynomiality

Motivated by Higman’s PORC conjecture, Lee [17] constructed a family £ of groups of
order p? for all primes p > 5, and showed that its cardinality is not determined by a quasi-
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Table 2
Invariants for 5-generator groups with derived group of order p°.

Case  n,(Li(B) deg(1a(B)) n,(I5(B*))  degprim(I5(B*))

(1) pz 1 p‘; (2,3)
(2) P 1 o (1)

(3) 2p* —p 4 2p° —p (1,1,4)
(4) p’ 4 4 (2,3)
(5) p? 4 pt+p® —p®  (2,4)
(6) p 4 P> (2,3)
(7) 1 9 p° (1,3)
(8) 1 6 p’—p*+p  (2,2)
(9) 1 0 p° (4)
(10) p 10 o (4)
a1 p 9 2p° —p (1,3)
(12) p 6 2p° — p? (2,2)
(13) p 9 2p® — p? (1,1,2)
(14) p 3 2p§ -p (1,3)
(15) p 3 2p° —p (1,3)
(16) 2p—1 9 3p® — 2p? (1,1,2)
an  2p-1 6 3% —p" —p  (1,1,2)
(18)  3p-2 9 4p® — 3p? (1,1,1,1)
19) p*4p-1 2 p*+p°—p* (1,1,2)
(20)  p? 2 N (1,2,4)
(21)  p? 2 p*+p®—-p> (1,1,6)
(22)  p? 2 p*+p®—-p® (1,1,2)

polynomial function in p. We briefly review his construction. Let B € Mats(Z[y1, y2, y3])
where

0 0 0 Y1 Y2
0 0 0 ys m
B= 0 0 0 2y2 Y3

-y1 —y3 —2y2 0 O
—Y2 —Y1  —Y3 0 0

The group Gg(F,) has order p°™3 = p8. Its isomorphism type is one of (7), (13) and (18);
their projective varieties Vproj(14(B)) have respectively 0, 1, and 3 points in P?(F,). The
isomorphism type depends on p, each occurs infinitely often, and the function

P = {primes} — N, p+— |Aut(Gg(F,))| (4.1)

is not quasi-polynomial. The groups in £ are immediate descendants [20] of Gg(F,): they
have order p, class 3, and exponent p. They are determined by orbit representatives for
the action of Aut(Gg(F,)) on the duals of 1-spaces in F)?; the number of orbits, or
equivalently the cardinality of £, varies according to | Aut(Gg(F,))|, and so it is also not
quasi-polynomial. We show that the groups in £ have minimal order.

Theorem 4.1. Assume thatn+d < 7 and let B € Mat, (Z[y1, . . ., ya]1) be skew-symmetric.
The function P — N, defined by p — | Aut(Gg(Fp))|, is quasi-polynomial.
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Proof. Assume that d < 2. Let G = Gg(Q) and G, = Gg(F,). If Z(G) # G’, then we
replace n by a smaller value, so we assume without loss of generality that Z(G) = G'.
The number of primes p for which Z(G)p) # G, is finite, since the reduction modulo p
of Vg (I1(B)) or Vag(I1(B*®)) now has positive dimension (instead of 0); cf. Lemma 2.1.
These primes do not impact on quasi-polynomiality. By requiring that Z(G,) = G;,
and comparing with [29], we deduce that, for (n,d) # (4,2),(5,2), the function p —
| Aut(Ggp(F,))| is constant. For the two remaining cases, the list in [29] demonstrates
that variation over the primes is determined either by the dimension of V,g(I1(B)), or
by a given integer being a square modulo a prime. Both conditions are quasi-polynomial.

We now assume that d > 3, so the only possible parameters are (n,d) € {(3,3), (4,3)}.
If (n,d) = (3,3) then (4.1) is quasi-polynomial. Consider (n,d) = (4,3). Now I4(B)
is principal, generated by the square of a homogeneous quadratic polynomial f €
Zy1,y2,ys]. Using the notation of Section 3, the projective varieties given by the zero
locus of f are the following:

roj(14(B1)) and Vproj(14(B2)) equal P2(Q);
I4(B3)) is a union of two lines in P?(Q);
I4(By)) is a line in P2(Q);

I4(Bs)) is an ellipse in P?(Q);

I4(Bg)) is a point in P2(Q).

'U<'U ’E<’U<‘U<
(e}

M
o
[

(
(
(
(

If f =0, then Gg(F,) is isomorphic to either Gg, (Fp) or Gg,(F,). By [29, §7.4], their
automorphism groups have the same order, and so (4.1) is quasi-polynomial. Assume
that f # 0. Since the coefficients of f have a finite number of common prime divisors,
we can ignore By and By. Assume that Gg(F,) = Gg,(FF,) for some prime p. Now f is
necessarily smooth over Z, and there are only finitely many primes r (of bad reduction)
such that Vproj(14(B)) is a point, a line, or a union of two lines in P?(F,.). By multiplying
the bad primes 7 into the modulus, and using the automorphism group orders from [29,
§7.4], we deduce that (4.1) is quasi-polynomial. Consider the splitting behaviour of f in
the three remaining cases. Let r be an odd prime. One of the following holds:

(0) Vproj(14(B)) is a point in P?(F,.) if and only if f mod  is (equivalent to) an irreducible
polynomial in two variables;

(1) Vproj(14(B)) is a line in P?(IF,.) if and only if f mod r is (a scalar multiple of) a square;

(2) Vproj(14(B)) is a union of two lines in P?(F,.) if and only if f mod r is reducible but
not (a scalar multiple of) a square.

If f is a polynomial in three indeterminates, then (0) can occur only for a finite number
of primes, and so can be ignored. So either f is a square, as is every reduction mod r,
or (1) occurs for only finitely many primes. In either case, the formulae from [29, §7.4]
show that (4.1) is quasi-polynomial. If f is a polynomial in two indeterminates, then the
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splitting of f modulo r is determined by a quasi-polynomial condition, again implying
that (4.1) is quasi-polynomial. O

4.3. Derived groups of order p*

Brahana [4,5] identified 59 4-dimensional subspaces of the 10-dimensional commutator
space as orbit representatives. Copetti [9] showed that the spaces he labelled 29 and 31
are in the same orbit. In unpublished work from 2001, M.F. Newman and O’Brien found
two additional redundancies.

e Spaces 50 and 51 are in the same orbit.
e Space 35 is in the orbit of 30 when p = 5; it is in the orbit of 29 when p = £1 mod 5;
and it is in the orbit of 32 when p = £2 mod 5.

They also identified one missing orbit representative. Independently, Eick and Vaughan-
Lee [12] showed that the number of these groups is 57. We summarise the outcome.

Theorem 4.2. For every prime p > 3, there are 57 isomorphism classes of 5-generator
groups of order p°, class 2, and exponent p.

The matrices B € Mats(Fp[y1, y2,y3)1) for the groups determined by the duals of the
60 4-dimensional subspaces are available at [22]. For p € {3,...,37}, we investigated the
values of invariants from Theorem 2.3 for these groups; the resulting 57 distinct sets of
invariants support the amendments to Brahana’s list. Table 3 records the values of some
distinguishing invariants for the 57 cases. We retain our earlier notation; also rad([)
denotes the radical of an ideal I, and irr,(I) is the number of irreducible components of
Vot (1), and # prim([) is the number of ideals in a minimal primary decomposition of I.

We label as (55) the missed representative, otherwise we use Brahana’s labels [4,5]; we
omit cases (31), (35), and (51). For compactness, we write Iy = I,(B) and I$ = I3(B®).
For p = 3 the value # prim(I3) for (26) is 3, not 4.

4.4. Derived groups of order p°

Eick and Vaughan-Lee [12] showed that the number of these groups is 63 + 3p +
2ged(p,2) + ged(p, 3) + 2 ged(p — 1,3) + ged(p — 1,4). No listing of isomorphism types is
known. Brahana [6] considered 11-groups of this type, listing eight isomorphism types.
We report just one computation: by generating “random” 5 x 5 skew-symmetric matrices
in five indeterminates over F5 and partitioning them using the invariants of Theorem 2.3,
we identified 60 of the 87 isomorphism types.
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Table 3
. . s 4

Invariants for 5-generator groups with derived group of order p~.
Case n, (1) deg(rad(1Iy) irr, (1) # prim (1) n,(13) deg(rad(I3)) irr, (I3) # prim(I3)
(0) p* 1 1 1 p* 1 1 2
(1) P’ +p®—p 2 1 1 2p® — p 2 2 3
(2) P’ —p*+p 2 1 1 p 2 1 2
(3) p3 2 1 1 p? 1 1 2
(4) 2p® — p 3 2 2 p*+p? —p 1 2 4
(5) p>+p—1 2 2 3 p*+p—1 2 2 3
(6) p? 2 1 3 p? 2 1 3
(7) 2p% — p? 2 2 2 p* 1 1 3
(8) P’ +p>—p 1 2 2 p* 1 1 4
(9) p* 1 1 2 pt 1 1 3
9) p* 1 1 2 p* 1 1 4
(10) pP4+p—1 1 2 2 p? 4+ p? —1 1 2 2
(11) p* 1 1 2 p? 1 1 2
(12) 3p% — 2p 3 3 3 p® + 2p% — 2p 1 3 6
(13) 3p% — 2p 3 3 4 p3 1 1 5
(14) 2pi —1 2 3 4 452 — 2217 -1 4 4 6
(15) 2p® — p 2 2 2 p® +p? —p 1 2 4
(16) 2p% —p 2 2 4 2p% —p 2 2 4
(17) 2p% — p 2 2 4 3p% — 2p 3 3 5
(18) 2p% — p 2 2 3 p* 1 1 5
(19) p? +2p —2 1 3 4 3p2 +p—3 3 4 5
(20) p?+p—1 1 2 3 2p% +p—2 2 3 4
(20") pP4+p—1 1 2 3 2p? — 1 2 2 4
(20") p>4+p—1 1 2 4 3p2 —p—1 3 3 6
(21) p? 3 2 3 p? 1 1 4
(21") p? 1 1 2 p3 1 1 4
(22) p? 3 2 2 p? 1 2 4
(23) P’ 1 1 3 p? 1 1 3
(24) p? 1 2 3 pP4+p—1 3 3 4
(25) p? 1 1 3 2p% —p 2 2 5
(26) p? 1 1 3 2p% — p 2 2 4
(27) p'2 1 1 4 3;2 — 2p 3 3 4
(28) p? 3 1 1 p? 1 1 2
(29) 5p — 4 5 5 5 10p — 9 10 10 11
(30) 4p — 3 4 4 4 Tp — 6 7 7 8
(32) 3p — 2 5 4 4 4p — 3 10 7 8
(33) 3p — 2 3 3 3 4p — 3 4 4 5
(34) 3p — 2 3 3 3 5p — 4 5 5 6
(36) 2p — 1 5 3 3 P 10 4 5
(37) 2p — 1 4 3 3 3p — 2 7 5 6
(38) 2p — 1 2 2 2 3p — 2 3 3 4
(39) 2p — 1 2 2 3 2p — 1 4 2 4
(40) 2p — 1 2 2 2 2p — 1 2 2 3
(41) 2p — 1 2 2 2 pP4+p—1 2 2 5
(42) 2p — 1 2 2 2 pP4+p—1 2 2 4
(43) P 3 1 2 p* 1 1 3
(44) P 1 1 1 p? 2 1 3
(45) P 2 1 3 P 2 1 3
(46) P 3 2 2 2p — 1 4 3 4
(47) P 1 1 1 P 1 1 2
(48) P 4 2 2 P 7 3 4
(49) P 3 2 2 P 5 3 4
(50) P 5 3 3 2p — 1 10 6 7
(52) P 5 2 2 1 10 3 4
53 1 5 2 2 10 3 4
(53) P
(54) 1 5 1 1 1 10 2 3
(55) p? 1 1 3 p? 3 2 3

5. Providing access to our results

The lists of skew-symmetric matrices defining groups of order p**3,p°+3 and p°*+*
are available at [22]. We provide MAGMA functions to construct from a group of class
2 and exponent p the matrices B and B® and vice versa; and the invariants listed in
Theorem 2.3. Our machinery relies on Grébner basis computations, but typically has
good practical performance. Using MAGMA 2.28-15 on a 2.6GHz machine, Tables 2 and
3 were constructed in 17 and 124 minutes of CPU time respectively. The most expensive
calculation is the primary decomposition of an ideal; it can be omitted, as was done in
the calculations reported in Section 4.4.
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Data availability
Link to Github page collecting the code used is listed in the references.
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