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Abstract

In this thesis, we study tensor network varieties, which are varieties of tensors described
by the combinatorial structure of a given graph and two sets of integer weights, called
bond and local dimensions, respectively. Tensor network varieties are geometric objects
studied in the field of Algebraic Geometry, and they have received much attention in the
recent years due to their usefulness in the field of Quantum Physics and other application
areas. In the first part of the thesis, we study the dimension of tensor network varieties.
We provide a completely general upper bound on their dimension and we give the exact
value of the dimension in a particular range of parameters. We refine the upper bound
in cases relevant for applications, such as matrix product states and projected entangled
pairs states. We then focus on the study of the linear span of uniform matrix product
states, which are translation invariant tensor network varieties associated to the cyclic
graph. We provide nontrivial linear trace relations which prove the strict containment of
the linear span in the ambient space as long as the number of sites is at least quadratic
in the bond dimension, improving the state of the art. The outlined results are based
on the papers [BDLG22, DLMS22al. Finally, based on dimensional considerations, we
propose a variation of the nonlinear conjugate gradient method used to approximate the
ground states of a given Hamiltonian on the variety of matrix product states.
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Introduction

In this thesis, we study tensor network varieties, which are varieties of tensors described
by the combinatorial structure of a given graph. The thesis is rooted in the field of
algebraic geometry. Varieties of tensors are classical geometric objects studied in Alge-
braic Geometry, exploiting techniques from Representation Theory, Lie groups and Lie
algebras Theory. The thesis is also framed in a transdisciplinary context due to the high
impact that tensor network varieties are having in the field of Quantum Physics.

Tensors are algebraic objects that encode multidimensional arrays of numbers. They are
present and studied in several research areas, from abstract algebra and algebraic geom-
etry to applied mathematics and physics. Tensor network varieties, in particular, play a
major role in quantum many-body physics, where they are used as a variational ansatz
class to describe strongly correlated quantum systems whose entanglement structure is
encoded in the underlying graph. The original motivation in quantum physics arises from
the work of I. Affleck, T. Kennedy, E. H. Lieb and H. Tasaki [AKLT88| where they proved
that the exact solution of ground states of the AKLT Hamiltonian admits a matrix prod-
uct state representation. Matrix product states are tensor network varieties associated
to the cyclic (or path) graph. The particular solution of the AKLT model suggested
the use of matrix product states and other entanglement structures as variational ansatz
classes either for the approximation of ground states or for the simulation of quantum
many-body systems. We refer to [Oral4| for a full introductory description of the subject
and to [CPGSV21] for a complete overview of theoretical results from the point of view
of quantum physics. Tensor network varieties have nowadays a role in several other areas
of applied mathematics. Since their original conception in quantum many-body physics,
they have found a wide range of applications in different fields, such as numerical tensor
calculus [Osell, Hacl19, CLO'16, BSU16|, graphical models |Lau96, RS19] applied to
phylogenetics [ERSS05, AR08|, geometric complexity theory [LQY12, BC92, DMPY12]
and machine learning [CLOT16, CCX ™18, Ben09).

As a consequence, they have received much attention from the geometric and algebraic
community in the recent years. Tensor network varieties were known in mathematics for
specific classes of graphs; for example matrix product states with open boundary condi-
tions were known as tensor trains [OT09, Osell, HRS12, LOV15] and more generally,
tree tensor networks as tensor admitting a hierarchical format [GralO, Hacl12, BBM15,



STG'19]. We dare to say that tensor network varieties appeared in mathematics under
this unifying name in [LQY12|, where a number of basic geometric questions were an-
swered, providing several insights. Methods from differential and complex geometry were
introduced in the study of these objects in [HMOV 14| and more recently some important
developments were achieved using methods from algebraic geometry and representation
theory [BBM15, MSV19, GLW18, CLVW20, CGFmcW21, HGS*20].

In tensor network theory, we pictorially represent a matrix A € C™"*™ i.e. a tensor of
order two, as follows:

n

Y

We have a vertex to which are associated two edges. The edges represent the indices of
rows and columns of the matrix A, respectively.

Elements of a tensor network variety are networks of tensors contracted accordingly to
the edge structure of an underlying graph. The order of the involved tensors and the
contractions along the edges are prescribed by two chosen collections of integer weights,
called bond and local dimensions, respectively. Local and bond dimensions are associated
to the vertices and to the edges of the graph, respectively. As an example, we describe
the tensor network variety associated to the path graph on two vertices. Consider the
path graph on two vertices. Associate to every vertex a local dimension ng, & = 1,2, and
to the unique edge a bond dimension m. Imagine now placing a tensor A; € C™*™ on
the first vertex and a tensor Ay € C™*™2 on the second vertex. Notice that the order
of the k-th tensor is prescribed by the local and bond dimensions. Since the underlying
graph is the path graph, the two tensors of the network are connected by the shared
edge, as in the following picture:

ni n2

—

Al m A2

The edge connecting the two tensors pictorially represents a contraction map applied
to the tensor product A; ® As. More precisely, let ¢ : (C" @ C™*) @ (C™ @ C"2) —
C™ ® C™ be the contraction map, which contracts C™* with its dual copy C™. Let
{egf)}ikzl,m’nk be the canonical basis of C™. Then, an element of the tensor network



variety ¢p(A; ® Ag) € C™ ® C"2 is given by the expression

ni,nN2  m

oA @A) = > Y (Al A2) el @ el = A4,

i1,i2=1 a=1

At the level of coordinates, the contraction corresponds to a summation over the shared
index of the two tensors, associated to the linking edge, i.e. a summation over the raw
index of A; and the column index of As. The tensor network variety associated to the
path graph on two vertices is actually the variety of matrices with rank bounded by the
bond dimension m. General tensor network varieties are constructed in an analogous
way, once we choose a simple and undirected graph and the collections of local and bond
dimensions.

Dimension of tensor network varieties. From an algebraic geometric perspective,
the tensor network variety is defined as either the Zariski or Euclidean closure of the
image of the contraction map, which is a polynomial map in the entries of the tensors
composing the network. Taking the closure is necessary since it has been proved that
the set of tensors allowing for a tensor network representation is not always a closed set
[LQY12, CLVW20, BLF22|. Given an algebraic variety, or more generally a geometrical
object, one of its fundamental properties is the dimension. A complete result on the
dimension of tensor network varieties is given in [HMOV 14] for matrix product states with
open boundary conditions. W. Hackbusch suggested [Hac12| the problem of comparing
the complexities of different tensor network encodings of the same tensor. In [BBM15]
the question is answered when the compared underlying graphs are the perfect binary
tree and the train track tree, which correspond to the hierarchical format and matrix
product states format, respectively. Also in [YL18], a comparison between tensor network
varieties corresponding to different underlying graphs is proposed. In both papers the
problem of dimension is addressed; in particular they provide the dimensions of the
associated varieties in specific ranges of parameters.

We investigate the problem of the dimension of tensor network varieties in Chapter 3.
We introduce tensor network varieties via the language of graph tensors, following [VC17,
CVZ19| and we show that the construction is equivalent to the usual one given in terms
of the contraction map described above. Then we provide a natural parametrization of
an open set of the tensor network variety and we give a completely general upper bound
on the dimension of any tensor network variety in Theorem 3.0.2. Moreover, we give the
exact value of the dimension in a particular range of parameters, where the variety is
realized as the closure of the orbit of the action of an algebraic group. This result in
particular generalizes the previously known results.

Our main result of Chapter 3 is the following:

Let T" be a simple graph with vertex set v(I') of cardinality d and edge set e(I"). Write
n = (ny,...,nq) for the collection of local dimensions, associated to the vertices of the



graph, and m = (m, : e € e(I')) for the collection of bond dimensions, associated to the
vertices of the graph.

Theorem 3.0.2. Let (I'ym,n) be a tensor network and let T/\/‘an’n be the corresponding
tensor network variety. Then

dim TAS}, , <

min Z (N - [Tesyme) —d+1 — Z (m? — 1) + dim Stabgy. ., (X)), H Ny

vev(T) ece(I") vev(T)

The upper bound on the dimension is obtained, following the classical Theorem of Dimen-
sion of the Fibers [Sha94|, by determining a lower bound on the dimension of the generic
fiber of the parametrization of the variety. When the variety does not fill the ambient
space, the bound is determined by three factors. The term >~y (o - [Le5,me) —d+1
is a parameter count of the domain of the parametrisation. With Gr ,, we denote the
gauge subgroup, the term 3 .o (m? — 1) is its dimension and Stabg,. . (X) is the sta-
bilizer of a generic d-tuple of linear maps, under the action of the gauge subgroup. The
gauge subgroup is a very important object in our study of the dimension of tensor net-
work varieties. We can prove that the orbit of a generic element of the domain of the
parametrization, under the action of the gauge subgroup, is contained in the generic fiber
of the map. Consequently, the dimension of the generic fiber is bounded from below by
the dimension of the gauge orbit, which is exactly the dimension of the gauge subgroup
minus the dimension of the stabilizer, as can be seen in the formula of our Theorem 3.0.2.

We give here an insight into the construction of the gauge subgroup. It is defined as a
product of (projectivised) general linear groups, each one associated to an edge of the
graph. Consider again the path graph on two vertices. Let G € GL,, be an invertible
matrix. Consider the unique edge of the path graph. We can imagine placing on it the
product of the matrix and its inverse, as in the following picture:

The insertion of GG~ = 1d,,, leaves the element of the tensor network invariant:
H(A; @ Ag) = Aj Ay = A1GG™ 1Ay = ¢(A1G @ G A,).

The action of the gauge subgroup GL,, on the parameter space of the map ¢ is defined
precisely as Ay — A;G and Ay — G~ A, which clearly has the map ¢ constant along
its orbits. Again, the construction can be generalized to every given graph.



The role of the gauge subgroup in the theory of tensor network was known [HMOV14|
and it is expected that it entirely controls the value of dim TNS;VH. In fact, it is foreseen
that in “most” cases the exact value of the dimension is

min Z (M - [Lesyme) —d+1— Z (m? - 1), H Ny g, (1)

vev(D) ece(l) vev(T)

meaning that the generic fiber of the tensor network parametrization contains only the
gauge subgroup. We can refine our upper bound in cases relevant for applications, such
as matrix product states and projected entangled pairs states (their 2-dimensional gen-
eralizations), proving that dim Stabg, . (X) is trivial. However, we observe that for
matrix product states with bond dimension two and a low number of sites (in which
dim Stabg,. . (X) is trivial), the value in (1) provides a strict upper bound. This in par-
ticular implies that, at least in these cases, the gauge orbit does not fill completely the
fiber. We further analyze these cases and we provide a more precise calculation of their
dimension. These results are interesting since they involve very relevant tensor network
varieties, relatively “small”, and because their “unexpected” dimensions were not known.
Based on numerical computations, we finally give a conjecture, predicting that the value
in (1) is indeed the dimension of the tensor network variety in the case of general matrix
product states of bond dimension two, with the only exceptions that we classify. Besides
these exceptions, we actually expect the upper bound of Theorem 3.0.2 to give the exact
value of the dimension in “most” cases, in a way similar to the Alexander-Hirschowitz
Theorem for secant varieties of Veronese varieties [AH95].

Uniform matrix product states. An upper bound analogous to the one of our The-
orem 3.0.2 is proposed for uniform matrix product states in [CMS19|. Uniform matrix
product states are translation invariant matrix product states, meaning that the same
tensor is associated to every vertex of the underlying graph. One can verify that the pro-
posed value coincides with the dimension of the variety for a number of small parameter
values; in particular, there are no known exceptions in the translation invariant setting,
in contrast with the exceptions that we have found in our general case.

We denote uniform matrix product states by uMPS(m,n,d), where m,n € N are local
and bond dimensions, respectively and d is the number of vertices of the underlying cyclic
graph. The tensor placed on all the vertices of the graph, denoted by A € C" ®C™ ® C",
is identified with the set of n matrices (Ao, ..., An—1) € (C™*™)™. Let {e;}i=1,..n be the
canonical basis of C". The variety of uniform matrix product states is defined as either
the Zariski or Euclidean closure of the image of the following polynomial map:

(rb: (mem)n N (Cn)®d
(Ao,...,Anfl)i—) Z Tr(AllAld) eil®~--®eid.

0<i1,....ig<n—1

From a quantum mechanics perspective, uniform matrix product states model translation
invariant physical systems of sites placed on a ring. Indeed, an alternative name for
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Figure 1: Graphical representation of the map defining uMPS(m,n,d). Each vertex of the
cyclic graph on d vertices is associated with a tensor of order m x m x n. Tensors are contracted
along the edges of the graph.

uMPS is translation invariant matriz product states with periodic boundary conditions
[PGVWC07, CM14]. The name “uniform matrix product states” is sometimes reserved
for the thermodynamic limit, where the number d of sites approaches infinity. Our
terminology is consistent with [HMOV14, CMS19].

Due to the interest in the field of quantum physics, the geometry of uniform matrix prod-
uct states has been extensively studied [PGVWC07, HMOV14, CM14, CMS19|. However,
several fundamental mathematical problems remain open, even concerning their dimen-
sion. The ultimate goal would be to obtain a complete description of the variety, i.e. to
find all its defining equations. Critch and Morton gave a complete description of the ideal
of the varieties uMPS(2,2,4) and uMPS(2,2,5) and, in [CM14], several linear equations
of uMPS(2,2,d) are given for d until 12. The generators of the ideal of uMPS(2,2,d)
for d = 4,5,6 are given in [CMS19|. Nevertheless, phrased in generality, this question
is likely to be intractable. Indeed, even just determining which linear equations, if any,
vanish on the variety is poorly understood. This is precisely the goal of Chapter 4 of
the thesis in which we study, via representation theory and linear algebra techniques,
the linear span (uMPS(m,n,d)) of the variety of uniform matrix product states, i.e. the
smallest linear space containing the variety. In particular, we are interested in deter-
mining its dimension. The variety uMPS(m,n,d) is a subset of the space of cyclically
invariant tensors, denoted by Cyc?(C™) C (C™)®?, because of the trace invariance under
cyclic permutations of the matrices. Moreover, uMPS(2, 2, d) is a subspace of the space of
dihedrally symmetric tensors, denoted by Dih%(C?) ¢ (C?)®4, [Grel4]. We consider these
spaces as natural ambient spaces of the proper variety. As noted in [CMS19], if we fix the
local dimension n and the number of sites d and we let the bond dimension m grow, the
space uMPS(m, n,d) will eventually fill its entire ambient space. Moreover, for m = d,
it has been proved that equality holds [CMS19|. On the other hand, it follows from a di-
mension count [CMS19, NV18| that if d >> m, the inclusion (uMPS(m,n,d)) C Cyc?(C")
is strict.



Our main result of Chapter 4 is the following theorem, based on the Cayley-Hamilton
theorem, which prescribes a method to find nontrivial linear equations that vanish on
uMPS(m, n, d):

Theorem 4.3.6. Let Ay, ..., An, B be m x m matrices. Then for every £ € N it holds
that

Z Sgn(o) Sgn(T) TI‘(AT(O)BU(O)AT(DBU(I) cee AT(m_l)Bg(m_l)AT(m)BZ) =0.

€6, 7€Cm+1

Here &, is the symmetric group acting on {0,1,....,m — 1}, and Cp,41 is the cyclic
group acting on {0,1,...,m}.

Theorem 4.3.6 actually gives nontrivial trace relations, i.e. linear relations that do not
follow either from cyclic permutations or reflections of the factors. As a corollary, we can
prove that the inclusion (uMPS(m,n,d)) C Cyc?(C") is strict already for d = O(m?),
improving the state of the art. More precisely, the linear span of the space of uniform
matrix product states is a proper subspace of the space of cyclically invariant tensors
under the following conditions:

Corollary 4.3.7. If n > 3 and d > w, then uMPS(m,n,d) is contained in a
proper linear subspace of the space of cyclically invariant tensors.

For what concerns the characterization of the linear span of the variety we focus in partic-
ular on uMPS(2, 2, d), i.e. uniform matrix product states with the first nontrivial range of
parameters. Notice that the general linear group G'Lo naturally acts on the space (C?)®9,
leaving the space uMPS(2,2, d) invariant. Consequently, the space (uMPS(2,2,d)) can
be naturally seen as a representation of GLs. We undertake a computational study of
the linear span and we describe an algorithm that can compute this space, viewed as a
G La-representation. We exploit further the representation theory perspective in order
to speed up the computation of several equations of the variety, until degree 3. Based
on the computations done in degree one, we obtain a conjectured formula for the char-
acter (and in particular: the dimension) of the linear span (uMPS(2,2,d)) and we take
some first steps towards proving our conjectured character formula, using our Cayley-
Hamilton technique. Moreover, using a particular reparametrization of the variety, called
the trace parametrization, from a simple count of parameters, we show an upper bound
on the dimension of (uMPS(2,2,d)) which asymptotically (for d — oco) agrees with our
conjectured formula and that is close to optimal.

Tensor network variational ansatz. Matrix product states and uniform matrix
product states are particularly relevant in quantum physics since they are used to de-
scribe quantum spin chains [AKLTS88, FNW92, OR95|. The original insight is attributed
to I. Affleck, T. Kennedy, E. H. Lieb and H. Tasaki [AKLTS88|, since they proved that
ground states of the AKLT model admit an analytic solution coinciding with a matrix
product state representation. While in general analytic solutions for ground states are
too hard to be found, the AKLT model suggested the use of matrix product states as



variational classes of tensors for the approximation of ground states. Indeed, today it is
known that the ground states of a local gapped Hamiltonian on 1-dimensional spin chains
are well approximated by this class of tensor network varieties [PGVWC07, VMCO08|. By
the physical interpretation of the model, the edges of the underlying graph of the tensor
network variety encode the structure of the entanglement in the quantum state, and
the bond dimension associated to every edge is a quantitative measure of the amount
of quantum correlation in the wave function. The entanglement theory behind the con-
struction of the matrix product states ansatz has led to the introduction of variational
algorithms applied to projected entangled pair states (tensor network variety associated
to the two-dimensional lattice graph) [VWPGC06, VC04] and tensor network varieties
associated to higher dimensional graphs.

Several algorithms have been designed in the recent years for matrix product states, such
as the Density Matrix Renormalization Group (DMRG) [Whi93|, the Time-Evolving
Block Decimation (TEBD) [Vid04], the Time-Dependent Variational Principle (TDVP)
[HCO*11] and the Variational Uniform Matrix Product State (VUMPS) [ZSVFT18].
These methods exploit the “network structure”, namely they act on the local tensors
that constitute the network. Some of the methods solve a specific problem on a small
subset of tensors, leaving the others fixed and then they repeat the procedure on all
possible subsets. For example, suppose to have a functional to be minimized on the
matrix product states variety. The method starts by selecting a subset of tensors and
minimizing on the parameters of these tensors, leaving the other parameters unchanged.
Then, this “local” approach is sequentially applied to several other subsets of tensors,
until convergence to a good approximation of the minimum is reached. Other methods
try to split the problem into several “local” problems, each one involving a single tensor of
the network. For example, in the simulation of time evolution, they transform the linear
Schrédinger equation into a set of non-linear differential equations, each one involving
a single tensor. Essentially, these methods sequentially apply a local technique. Con-
jugate gradient methods have been introduced in [PVV11, VHCV16, VHV19| in order
to approximate ground states of translation invariant systems with periodic boundary
conditions. Moreover, based on the TDVP, a variational nonlinear conjugate gradient
method has been proposed in [MHO13] and it has been applied to critical quantum field
theory. Very recently Riemannian gradient-based optimization has been proved to be a
competitive method for optimizing tensor network ansatz [HVDH21]|.

Since the geometry and global methods are our main tools all along the entire thesis,
we consider and decide to test the nonlinear conjugate gradient method (NLCG). We
use the NLCG as a global method, applied to all the parameters simultaneously. The
NLCG is an adaptation of the conjugate gradient method to nonlinear problems. It per-
forms a conjugate gradient descent to the minimum of a nonlinear functional, invoking
in every step a line search routine. The line search is usually approximate since, in gen-
eral, an analytic solution is too expensive to be found. The global approach would seek
to exploit the knowledge on the dimension of the variety, which is strictly smaller than
the dimension of the parameter space, at least due to the tensor network gauge invariance.



We implement the variational NLCG on matrix product states and homogeneous matrix
product states with open boundary conditions, c.f. Figure 2. The latter are matrix
product states constructed via site-independent tensors and a boundary condition, c.f.
[NV18], and therefore their dimension is independent on the number of sites. We test
the algorithm on the well-known AKLT model, because ground states of the AKLT
Hamiltonian admit such a tensor network representation in the finite chain configuration.

n n n

m i m i m i m
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UL A A A v
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Figure 2: Homogeneous matrix product state with open boundary conditions with bond di-
mensions m and local dimensions n. The tensor A € (C™*™)*™ ig placed on each vertex. The
boundaries vy, and v are vectors.

After verifying that the NLCG properly approximates the minimum of the expectation
value functional and the corresponding ground state, we design a variation of the algo-
rithm. The variation of the NLCG we propose modifies the line search method, which is
the most expensive routine of the NLCG and it is based on a reparametrization of the
gradient.

More precisely, we first reduce the number of coordinates of the gradient, computing a
proper basis of the parameter space. Indeed, the gradient of the functional naturally
belongs to the complementary space of the tangent space to the fiber of the parametriza-
tion. The gradient, therefore, admits a representative with a number of coordinates that
coincides with the dimension of the variety. Moreover, in the case of matrix product
states with open boundary conditions, the fiber is identified with the orbit of the gauge
subgroup; therefore the tangent space to the fiber can be computed via the Lie alge-
bra of the gauge subgroup. Fixing the gauge degrees of freedom in the fiber is a well
known technique in physics and, in the context of matrix product states, it usually con-
sists in putting the tensors of the network in the so called canonical form. We refer to
[PGVWCO07] for the definition and properties of this representation. After fixing a repre-
sentative of the fiber of the map, gauge degrees of freedom are left in the representation
of vectors of the tangent space to the variety [HMOV14], because, on the other side, the
tangent directions to the gauge orbits are in the kernel of the differential of the map.
The TDVP [HCO™11] and the VUMPS algorithm [ZSVF 18| use techniques to remove
these degrees of freedom. Our approach is analogous.

Our final proposition consists in finding a basis that gives the desired representative of
the gradient, for every starting point of the line search. Then, in fixing this basis (and
the vector space that it generates) inside the line search routine. This implies that all
the gradients that are computed inside the line search are approzimated, being forced to



belong to a fixed vector space.

We move our preliminary steps towards the comparison with the standard NLCG. The
study of this part of the thesis is preliminary. Further work must be done for charac-
terizing completely the performances of our variation and for comparing the runtime of
the NLCG (and our variation) with the runtime of the existing sequential algorithms.
The preliminary results show that our variation of the line search could be of interest
in the case of homogeneous matrix product states, whose dimension is independent of
the number of sites. We can notice a gain in runtime to convergence, compared to the
standard NLCG, even if not impressive. Moreover, in the homogeneous case, we clearly
see that the global method preserves the symmetries of the tensor network, differently
from the majority of sequential methods.

Structure of the thesis. The main contributions of this thesis are given in Chapters
3 and 4. Most of the contents of Chapters 1, 2, 3 and 4 of the thesis are based on
two manuscripts. Manuscript [BDLG22|, co-authored with Alessandra Bernardi and
Fulvio Gesmundo, has been published in Communication in Contemporary Mathematics.
Manuscript [DLMS22al, co-authored with Harshit J. Motwani and Tim Seynnaeve, has
been submitted.

The thesis is structured as follows:

Chapter 1: Preliminaries. We introduce tensors and classical varieties of tensors. We
give preliminary definitions and results on Lie groups and Lie algebra theory and we
provide original results on the isotropy group of tensors, needed for the treatment of the
following chapters.

Chapter 2: Tensor network varieties. We define tensor network varieties and we
give the first basic properties. We introduce the gauge subgroup, which is a group acting
on the parameter space of the tensor network variety. It will have a central role in the
study of their dimension.

Chapter 3: Dimension. We investigate the dimension of tensor network varieties
through algebraic geometric techniques. We provide a completely general upper bound
on the dimension of any tensor network variety. A refined upper bound is given in
cases relevant for applications such as varieties of matrix product states and projected
entangled pairs states. Moreover, we provide a range of parameters in which the upper
bound is sharp. On the contrary, we find and analyze small cases of matrix product
states in which the bound is not sharp, contrary to what is generally expected. The
code [BDLG21] associated to Chapter 3 is implemented in Macaulay2 [GS20] and it is
available at https://fulges.github.io/code/BDG-DimensionTNS.html.

Chapter 4: Linear span of uniform matrix product states. We study the linear
span of uniform matrix product states via representation theory methods and Cayley-
Hamilton theorem. We show that the linear span of uniform matrix product states is a
strict subspace of its ambient space, as long as the number of sites is at least quadratic
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in the bond dimension, improving the state of the art. We give a conjecture on the
dimension of the linear span of the variety in the first nontrivial range of parameters.
The code [DLMS22b, DLMS22¢| associated to Chapter 4 is implemented in Sage [The20]
and Macaulay2 [GS20] and it is available at https://github.com/harshitmotwani2015/
uMPS/and https://github.com/claudia-dela/uMPS_highest-weight-vectors/.

Chapter 5: Nonlinear conjugate gradient method on MPS. We lay the ground-
work for the implementation of a matrix product state algorithm for the approximation
of ground states. We review the nonlinear conjugate gradient method adapted to the
variational approach on matrix product states. Then we investigate the geometry of the
fiber of the parametrization in order to propose a variation of the algorithm.

Chapter 6: Preliminary numerical calculations. We move our first steps towards
the implementation of the methods, the variational nonlinear conjugate gradient method
and the variation we designed; and we analyze our preliminary numerical results. The
code |[DL22| associated to Chapter 6 is implemented in MATLAB [Mat20| and it is
available at https://github.com/claudia-dela/NLCG_MPS_open-boundaries/.
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Chapter 1

Preliminaries

This chapter is intended to introduce basic notions employed throughout this work.
Sections 1.1 contains algebraic and geometrical definitions and results: we refer to [FH13,
Hall5| for what concerns representation theory, [Leel3] for basic results on differential
geometry and [Zak93| for introducing classical algebraic varieties of tensors. In Section
1.1, Subsection 1.1.2, we focus on the action of a product of linear groups on a tensor
space and on the induced Lie algebra action and we prove preliminary results on isotropy
Lie algebras of tensors that will be used in Chapter 3. In Section 1.2, we enunciate
the postulates of quantum mechanics [CTDL™ 77| with the twofold role of describing its
mathematical formalism and facilitating the non expert readers in the field.

1.1 Tensors

Let Vi,...,Vy be finite dimensional complex vector spaces. An element of the tensor
product V; ® --- ® Vy of the form v ® --- ® vq, with v; € V; for j = 1,...,d is called
either decomposable tensor or rank 1 tensor. Notice that not every element of V1 ®---®Vj
can be written as a rank 1 tensor.

If V; = C"% for j = 1,...,d, with basis B; = {v{,...,v%j}, then a basis of the tensor
product V3 ® --- ® Vg associated to the bases B;, j = 1,...,d, is given by the rank 1
tensor tensors {vi1 R ® vffd} for 1 < py < ni,...,1 < pg < ng. In particular every
tensor in V4 ® - -+ ® V can be written as a linear combination of rank 1 tensor tensors.

Let V and W be finite dimensional vector spaces over C. There is a canonical isomorphism
V*®@ W ~ Hom(V, W) given by the linear application A : V* @ W — Hom(V, W) acting
on rank 1 tensors as follows

A(f @v) = f)w.

The action extends on V* ® W by linearity.

Every tensor can be associated with a set of linear maps called flattening maps.
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Definition 1.1.1. Given a tensor T' € V} ® --- ® V, for every subset I = {i1,...,ix} C
{1,...,d}, T defines a linear map

T Q@ Vit = Q) Vi

iel il

called flattening map associated to I. The flattening map is defined on rank 1 tensors
T=01® - QugeVI®- & Vg as follows

T Vi@ @VE =V, @0V,
(fil K- ®flk) = (fil(vil) "'fik(vik))(vik+1 & ®vid)>

with f7/ € V7, for j =1i1,...,4. The map extends by linearity. We say that T" is concise
if all the flattening maps T; : V;* = &),; Vir are injective.

Definition 1.1.2. Given two tensors T' € Vi ® --- ®@ Vg and S € V{ ® --- ® V, the
Kronecker product of T and S, denoted by T'X S, is the element T' ® S regarded as a
tensor on d factors

TKSe VioV))@ @ (Vi Vy).

Example 1.1.3. Let 7' € Hom(V,W) ~ V*®@ W and S € Hom(V', W) ~ V* @ W'
T:V-W, S:V =-W.

Fix the bases {v1, ..., vn},{v], ..., v, b {wr, ..., wi} and {w), ..., wy} of the vector spaces
V, V! W, W' respectively. Denote by A € C™*™ and B € CP*! the matrices that repre-
sent the linear maps 7" and S in the given bases, i.e. A = (a;;), for i = 1,...,n and
j=1,...,m;and B = (bgp), for k=1,....[,h=1,...,p. Then AKX B is a matrix that
represents the tensor

SRT: VeV - WeW,

with respect to the bases {v; @v],v1 @5, ..., v, ®v],} and {w; @}, w1 WS, ..., wRw}}
of V@ V' and W @ W’ respectively, i.e. it is the matrix

a11b11 e anbll e alnbn e alnbll
allB e alnB allbpl e allbpl e alnbpl e alnbpl
amB ... amnB an1b11 ... apibuy ... apnbil ... apnbu
anl bpl PN anlbpl ce annbpl e a,mbpl
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1.1.1 Geometric perspective
Let V be a complex vector space of dimension N + 1.

Definition 1.1.4. The projectivisation of V is the space of 1-dimensional subspaces of

V. It is defined as N
P(V) ~ \{ }7

~

where, for every v,w € V, v ~ w if and only if v = Aw, for some A € C. We denote
the equivalence class of v € V by [v] € P(V). The complex dimension of P(V) is
N = dim(V) — 1. Sometimes we denote P(V) = PN, If X C P(V), the affine cone over
XisX:={veV:[]eX}

Definition 1.1.5 (Segre embedding). Given Vi,..., V; complex vector spaces of dimen-
sion dim(V;) =n; + 1 for j = 1,...,d, the Segre map is defined as
v:P(Vi) x - xP(Vg) = PV ® - ®@Vy) =PV
(foa], -5 [va]) = [1 @ -+~ ®@ vd],

where N = (n1 +1)---(nqg + 1) — 1. The map is an isomorphism of algebraic varieties
between the product of projective spaces and its image, which is called Segre variety and

which we denote by
v(P(Vi) x -+ x P(Vg)) == Sny,..ny -

The Segre variety is therefore the variety of rank 1 tensors, up to scalar multiplication.

Definition 1.1.6. Let X C PY be a nondegenerate irreducible projective variety of
projective dimension n. The k-secant variety of X is the Zariski closure of points of PN
contained in the linear span of k£ point of X

op(X):={pePN : pe(x1,...,2x), T1,...,7x € X}.

Definition 1.1.7. Let X C PV be a nondegenerate irreducible projective variety of
projective dimension n. Let T' € X, then the X-rank of T is defined as:

tkx(T):=min{r e N : 3 z,...,2, € X st T € (x1,...,2,)}.
The X-border rank of T is defined as:

brkx(T") :=min{r e N : T € o,(X)}.

If X =80, ny, then the k-secant variety of the Segre variety is

o, (X)={TePN : Te(x,...,xx), 21,...,7 € X rank 1 tensors}.
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Remark 1.1.8. In Definition 1.1.6, the closure is taken in the Zariski topology. Since
we are working over the complex field C, the closure can equivalently be taken in the
Euclidean topology. Therefore elements of oj,(X) are points of p € PV such that p €
(x1,..., 2y, with z1, ..., 2 € X and limits of points of this type.

We can give the definitions of rank and border rank of a tensor:

Definition 1.1.9. Given T € V] ® - - - ® Vy, the rank of T is

T
rk(T) := min{r € N :T:Zvl»l@---@vfl, UZEVj}.
i=1

Let vg(t) be a curve in V7, for j=1,....d. Given T € V; @ - - - ® Vy, the border rank of
T is

brk(7T") := min{r e N : T € 0,(X)}.

~ i T =i 1) - o j j
— min{r € N .T_%gr(l)<;vl(t)® ®vl(t)>,vl(t)€V}.
1.1.2 Isotropy groups of tensors

We briefly recall some useful definitions concerning groups and group actions. Then we
move to the study of the isotropy group (and the isotropy algebra) of a tensor. We
consider a product of linear groups G = GL(V1) x - -- x GL(Vj) acting on a tensor space
V1 ® -+ ® Vy. The isotropy group of a given tensor 7' € V] ® - -+ ® Vy is a subgroup of
G whose elements stabilize T'. The isotropy Lie algebra of T is the subalgebra of g, the
Lie algebra of G, whose elements annihilate the tensor. We prove preliminary results on
isotropy Lie algebras of tensors that will be used in Chapter 3.

Definition 1.1.10. Given a group G and a set X, the action of G on X is a map

GxX—>X
(9:x) —g-x,
such that
1. e-x ==z, for every z € X, with e € G the identity of the group,
2. g1-(92-7) = (9192) - « for every g1,92 € G and z € V.
Definition 1.1.11. The orbit of x € X under the action of G is

Oy ={g9g-z:9€eG}CX.
The stabilizer of an element & € X under the action of G is the subgroup

Gy ={9eG:g-z=2} <G.
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Definition 1.1.12. A Lie group is a smooth manifold G that is also a group in the
algebraic sense, with the property that the multiplication map and the inversion map

GxG—G G—-G
(9,h) = gh g9,
are smooth.
Associated to any Lie group G is a Lie algebra.

Definition 1.1.13. A finite dimensional real or complex Lie algebra is a finite dimen-
sional real or complex vector space g, together with a map [,:] : g X g — g, with the
following properties

1. [+, -] is bilinear,
2. [X,Y] = —[Y, X] for every X, Y € g,
3. [ X, Y, Z)|+ Y. [Z, X]| + [Z,[X,Y]] =0 for every X,Y,Z € g

The Lie algebra associated to a Lie group G is the set of left-invariant vector fields on G
that are determined by their vectors at a single point, e.g. at the identity. Therefore, the
Lie algebra associated to a Lie group G can be identified with T,G, the tangent space to
G at the identity e € G.

The Lie algebra of a product of Lie groups is the sum of their Lie algebras and the action
of a Lie group naturally induces an action of its Lie algebra.

Example 1.1.14. Let V be a n-dimensional complex vector space, V ~ C™. Denote by
GL(V) the group of automorphism of V. The linear group GL(V) ~ GL,, is a Lie group
and its Lie algebra, denoted by gl,,, is the space V®@V™* ~ End,, of n xn complex matrices
with the commutator of matrices as Lie bracket: [X,Y] = XY —Y X, for X,Y € GL,.

Example 1.1.15. Consider G C GL(V) and its Lie algebra g. Assume that G acts on
V@ a5 follows

g'(’l)1®"'®'l)d>:(Q'U1)®"'®(g'?}d)7 g€G7v17"'7vd€V
Then, there is an induced action of the Lie algebra g given by
X (@ - ®u)=X 1)eunu® - Qug+ - +v1® Q41 ® (X -v), Xeg,

If g(t) C G is a curve in G such that ¢(0) = Id,,, and ¢’(0) = X, the induced action can
be computed as the infinitesimal action of the group at the identity

c;lth_og(t) (@ B vg) = Zt_o(g(t) 1) @ - @ (g(t) - vg)
= <jt|t—o(g(t) : m)) RV @ QUi VD Ry D (jtlt—o(g(t) . U1)>

=X 0)@0® - Qug+- -+ ® @1 ® (X -vg).
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We are interested exactly in the action of the product of linear groups (and of its Lie
algebra) on a tensor space.

Let Vi,. .., V4 complex vector spaces and consider the natural action of the group GL(V;)x
-+ X GL(Vy) on the tensor product V; ® - -- ® Vg, given by

GL(V1) X - XGL(Vg)) x V1 ®@--- @ Vg = V1@ @V
(91,9401 ® - ®va) = g1(v1) @ -+ @ ga(va)-
This defines a group homomorphism
GL(WV1) x -+ x GL(Vg) - GL(V1 ® --- ® V)
(917"'7gd) ’_>gl®®gd

whose kernel is the central subgroup
Zvigav, = {(Mldv,, ..., Agldy,) t Adr--- Ag =1}
Therefore, the group
GVi,...,Vq) :==GL(W}) x --- x GL(Vy)/ Zv,».-.aVv, (1.1)

can be identified naturally with a subgroup of GL(V} ® --- ® V) acting faithfully on
Vi®- - -®@Vy. The elements of G(V7, ..., Vy) will be denoted as tensor products g1 ®- - -®gq
for g; € GL(V;).

The corresponding Lie algebra action defines a Lie algebra homomorphism
gl @ - agl(Vy) 2 gl(V1 ® - @ V)
(Xl,...,Xd) %X1®Idvz ®--~®Idvd—|—---—|-1dv1 ®---®Idvd_1 ® X4,

whose kernel is the central algebra

Vi0--eV,; = {(xlldvl, . ,:L’dIdVd) X+ xg = 0}.

Hence, the Lie algebra g(V1,...,Vy) == gl(V1) & --- & gl(Va)/3v,i9--v, is a subalgebra
of gl(Vi ® --- ® V) and coincides with the Lie algebra of G(Vi,...,Vy). With abuse
of notation, denote the elements of g(Vi,...,Vy) as d-tuples X = (Xy,...,Xy) with
X; € gl(V;) with the understanding that X is identified with its image in g(V1,..., Vq).

Definition 1.1.16. Let T € V1 ® - - - ® Vz be a tensor. The isotropy group of T', denoted
G, is the stabilizer of T' under the action of G(V1,...,Vy):

Gr={n® - ®g€GV1,...,.Vg): 1 ®---®94(T) =T}.

The group Gr is algebraic and in general it is union of finitely many connected (irre-
ducible) components. Let G denote the connected component containing the identity:
G5 is normal in Gr (see, e.g., [Gesl6, Lemma 2.1]) and dim Gr = dim G7..
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The isotropy Lie algebra of T', denoted gr, is the Lie algebra of the group G, or equiva-
lently the one of G5; it is the subalgebra of g(Vi, ..., Vy) which annihilates 7" under the
Lie algebra action induced by gl(V1) @ - -- @ gl(Vy) [Pro07, Sec. 1.2

gT:{X:(X1,...,Xd) eg(Vl,...,Vd):X.T:O},

where X.T' = chl Idy, ® -+ ® X} ® --- ® Idy, (T') denotes the image via the Lie algebra
action. We have dim gr = dim G = dim Gr.

Remark 1.1.17. The dimension of the orbit-closure of T' € V; ® --- ® V; under the
action of G(Vi,...,Vy) is given by

dim(G(Vl, .. .,Vd) . T) = dimG(Vl, ey Vd) — dimGT
- [zle(dim V)2 —d+1| — dimgr.

We prove preliminary results on isotropy Lie algebras of tensors. Lemma 1.1.19 is classical
and we recall it here for the reader’s convenience. Lemma 1.1.20 concerns the intersection
of g with the subalgebra of g(Vi, ..., Vy) consisting of elements acting only on a subset
of the tensor factors.

We first recall an immediate linear algebra fact.

Lemma 1.1.18. Let V be a vector space and let A, B1,...,Byn be subspaces of V' for
which there exists a subspace B such that ANB = {0} and B; C B for everyj =1,...,N.
Then (;(A & Bj) = A& (); B;.

Proof. Since ANB = {0} and B; C B for j =1,..., N, then for every j =1,...,N we
have

BjﬂAZ (BjﬂB)ﬂA:Bjﬂ(BﬁA) ZBJQ{O}Z{O}
and therefore (); B; N A = {0}.

Consider v € A& (); B;. Then v = a+b, with a € A and b € (); B;. In particular
b e Bj for every j =1,..., N therefore v =a+b¢c A® Bj for every j =1,...,N. Then
NS m](A@B])

Vice versa, if v € ﬂj(A ® Bj) then v € A® B;j for every j =1,..., N and we can write
v =a;+bj for aj € Aand b; € Bj for every j =1,...,N. Consider v = a; +b; = aj + by,
for i # k € {1,...,N}. If we denote w = a; — a, = by — b;, then w € AN (B; U By)
but, since A is disjoint from all the B;’s, in particular AN B; = {0} = AN By, we have
w = 0. Therefore a; = ay, =:a,bj =b, =bandv=a+bc AD ﬂj:i,k Bj. This easily
generalizes to v € A®(); B;. O

The following result is classical and follows for instance from [Bri05, Section 1.1].
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Lemma 1.1.19. Let T € Vi ®---® Vy be a non-concise tensor. Let V! C V; be subspaces
such that T € V] ® --- ® V is concise. Write hr for the isotropy Lie algebra of T
in g(V{,...,Vy) (regarded as a subalgebra of g(Vi,...,Vy)) and gr for the isotropy Lie
algebra of T in g(V1,...,Vy). Then

gr =br ®p
where p C g(Vi,...,Vq) is the Lie algebra which annihilates the subspace V{ @ --- @ V7,
that is the algebra generated by @le(v;’l @V;) Cgl(V) @ --- @ gl(Vy).
Lemma 1.1.20. Let T € Vi ®--- @ Vy. For I C{1,...,d}, let Fp:=Tje : ®je[c Vi—
X1 Vi be the flattening map of T corresponding to the subset I. Then

grngVizie)= () os (1.2)
S€lm Fp

In particular, if T is concise, g N gl(V;) =0 for every j.

Proof. Let k = |I|; up to reordering the factors, assume I = {1,..., k}.

Given X € g(Vi,...,Vy), write X = (X1,X2) with X; = (Xi,...,X;) and X =
(Xk+1y---,Xg). Let X.T be the image of T via the action of X and let Fx r be the
corresponding flattening map. By Leibniz’s rule, given an element S’ € V', @ --- @ V],
Fx 7 is characterized by the expression

FX.T(S/) = FT(XQ.S,) + Xl.FT(S/),

where X5 acts on Vk*+1 @@V, Xjactson V1 ®--- @ V.

Now, let X € gr N (gl(V1) & --- & gl(Vi)). Hence, X = (X1,0) and X. T = 0. Therefore
0= Fxr(5) =X1.Fp(S'), showing X; € gg for every S € Im Fr.

Conversely, let X1 € N\germ Fp 8s- Let S1,..., Sy € Im Fr be a set of generators and
write T' = Zfil S; ® P for some P; € Vip1 @ - ® V. Let X = (X,0). Then

N N N
XT =Y (Xp.8)®@P+Y Si®0P=>Y (X1.5)@P =0
=1 =1 i=1

showing X € gr. This concludes the proof of Equation (1.2).

The last claim follows by taking I = {j}: if T is concise, then Fp is surjective and
therefore Ngepy, p, 95 = ﬂver g, = 0. O

By linearity the intersection in Lemma 1.1.20 can be restricted to a basis of the image
of the flattening map Im Fr, as it is clear from the proof.
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Additional results on isotropy groups. In this paragraph, we prove a generalization
of aresult of [CGL120]. In [CGL"20, Thm. 4.1(iii)], it is proved that the Kronecker prod-
uct of tensors which have a 0-dimensional isotropy group, has a 0-dimensional isotropy
group. We generalize the result proving that this holds even in the case that only one
factor of the Kronecker product has a 0-dimensional isotropy group. The isotropy group
is defined in Definition 1.1.16.

Given two spaces V, W, there is a natural embedding GL(V) — GL(V ® W) defined by
g — g ® Idy; correspondingly the Lie algebra gl(V') can be regarded as a subalgebra of
gl(V®@W). In particular, if g C gl(V) is a subalgebra, then g is naturally identified with
a subalgebra of gl(V @ W).

Proposition 1.1.21. Let T e Vi ®--- Q@ Vg and S € W1 ® --- @ Wy be concise tensors.
Assume gr = {0} C g(V4,...,Vy) . Then

gTRS = @S
regarded as a subalgebra of g(Vi @ Wi,..., Vg @ Wy).

Proof. The inclusion
gs C grms

is immediate from the definition of Kronecker product 1.1.2.

Let X € grms. Write X = (X1,...,Xy) with Xj € gl(Vx ® Wg). Our goal is to show
that X = Ide ® Z), for some 7, € g[(Wk) with Z = (Zl, ce, Zd) € gs.

For every p = 1,...,d, fix bases {U;-; cj=1,...,dimV,} of V, and similarly for W,.
Write

T — ZT“’”"“U@'ll ®---Q vl

1d?

5= 3 il - o,

For k =1,...,d, write (xk)%, for the entries of X} with respect to the basis vf ® w;?.
By Leibniz’s rule, the condition X.(7'X S) = 0 is equivalent to

d
E (xk)iﬁlz;ZTlh oo td GILe oI ndd = () for every i1, ..., idy J1s - - -5 Jds (1.3)
k=1

where we use the summation convention that repeated upper and lower indices are to be
summed over their range.

For every ji,...,j4, and for every k = 1,...,d, define Yi(j1,...,7q4) € gl(Vi) by
y y Zk j— Zk]k jlz"'vj/7"'7jd
(yk(h,--',]d))i;ﬂ = (mk)i;cjl’gs F .

Regard Y(jla s 7jd) = (Yl(jlv cee ajd)a s 7Yd(j17 S ajd)) as an element of g(‘/h ) Vd)
From (1.3), we deduce that Y (j1,...,Jq) satisfies Y.T' = 0 and therefore Y € gp. From
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the hypothesis gr = {0} and therefore, for every k, there exists Ag(j1, ..., jq) such that
Yi(ir, - -+ Ja) = M- Ja)ldy, and 32, Ak, -, ja) = 0.

Since Yi(j1,--.,7q) is a multiple of the identity, we have

0= (yx(j1,--- ;jd))jz = (xk):z;’j.zSjl""’jk"“’jd for iy, # iy,
0= (Wkts- s Ga))iE = (it D)t = [@R)08 = (wp) 5] 87T,
In other words, if i # 1}, setting Z(ix,),) € gl(Wy) to be defined by (zk(zk,z;))j’f =
.o k
(zx)ir7%, we have Z(iy,i),).S = 0. This means that Zj(iy,i)) € gg N gl(Wy): since S

)l
eIk

is concise, Lemma 1.1.20 implies Zj(ix, ;) = 0. This shows that (xk)zf“;lf = 0 whenever
i # . Similarly, if i, > 2, setting (zk(zk));’f = (a:k)Z:;i“ — (mk)ﬁ’f, we have Zy(ix).S = 0,
.. k . k k
hence Z (i) = 0 and therefore (.I‘k)z:;lf = (xk)}jiﬂ for every iy.
k k

We deduce that Xj, = Idy, ® Z, for some Z;, € gl(Wy). Now, let Z = (Z1,...,Z). We
conclude

0=X.(TRS)=Z(TRS)=TKZ.S

and therefore Z € gg. This concludes the proof. O

1.2 Quantum Physics

We present the six postulates of Quantum Mechanics, mainly following [CTDL*77],
with the aim to introduce notations and definitions useful to the reader. The postulates
give the foundation of the physical theory and describe its mathematical formulation.
In Subsection 1.2.2 we briefly define spin systems, highlighting the connection to the
representation theory of the Lie algebra of SLs given in Chapter, 1, Section 1.1.2.

1.2.1 Postulates of Quantum Mechanics
In Quantum Mechanics, a physical system is described by three entities: states, observ-

ables and the dynamics or law of time evolution.

States. Each isolated physical system is associated to a complex Hilbert space H, that
in this thesis will always be a finite dimensional complex vector space, H ~ C", endowed
with a positive definite Hermitian inner product, i.e.

h:HxH—=C
(w,y) = h(z,y),

such that

1. h(xz,z) > 0 for every = # 0.
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2. h(aw + By, %) = ah(z, 2) + Bh(y, 2), for every a, 6 € C and z,y, € H,
3. h(z,ay + Bz) = ah(z,y) + Bh(y, 2), for every o, 3 € C and z,y,z € H.
and that satisfies h(z,y) = h(y, x), for every x,y € H.

The standard Hermitian inner product on C" is defined as h(z, y) := y'x, where t denotes
the conjugate transpose. The inner product allows the identification between H and its
dual space H* via the map

R:H—>H"

y— (yT:a:»—>yT )

The norm of x € H is defined as |z| ;== Va'lz.

Given a linear operator A € End(#), the adjoint operator of A is AT € End(H); it
satisfies h(ATz,y) = h(z, Ay). An operator A is called Hermitian if A = AT,

Postulate (1-th). The state of a quantum physical system is represented, at a fixed
time to, by a projective point [v(to)] € P(H), where H is a Hilbert space, called the state
space.

Two vectors v, w € H represent the same state if and only if their projective classes are
equal. Therefore a quantum state v € H can be identified with its equivalence class
[v] € P(H). The linear combination of states is called superposition.

Remark 1.2.1. In physics, vectors are denoted by the Dirac notation ket |v) € ‘H and
linear funcionals by the bra (f| € H*.

Composite systems. The state space of a system that includes several quantum sub-
systems is a Hilbert space and it is the tensor product of the state spaces associated to
the subsystems.

Given d > 1 Hilbert spaces (#H;, h;), ¢ = 1,...,d, the Hermitian scalar product on
Hi1® - ® Hg is given by the unique map h: (H1 ® - @ Hg) X (H1 ® - @ Hq) — C
which verifies

h(vl R RV, U Q- ®ud) = h1(U1,U1) e ’hd(vdaud),

for all vj,u; € H; ,1=1,...,d.
The tensor product of operators acts on the tensor product of vector spaces as follows:

Proposition 1.2.2. Let H1,...,Hq be finite dimensional complex vector spaces. Let
A; € End(H,;), for i = 1,...,d be linear operators. Then there exists a unique linear
operator in End(H; ® - - - @ Hy), denoted by A1 ® --- @ Ag, such that

A1®...®Ad(vl®---®’ud):(A1U1)®"'®(Advd)a
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forallv,e H;, i=1,...,d.
If A;, B; € End(H,;), fori=1,...,d, then

(A1 ®--®Ag)(B1® - ®Bg) = (A1B1) ® -+ ® (AgBa).

In physics, operators acting on single factors or some of the factors of the tensor product
are called local operators. They naturally extend to operators acting on the tensor product
of spaces:

Definition 1.2.3 (Extension of local operators). Let H;, i = 1,...,d, be Hilbert spaces.
Consider H = H1®---®@Hq and let A; € End(H;), fori =1,...,d. Foreveryi=1,...,d,
associate to A; a linear operator A; € End(H)

Aii=Tdgy, @ @1dy, | ® A @ Idy,,, @ - @ Idy,,
where Idyy, is the identity on H;, defined by
jz.(m@...@w) Z:Ul®"'®Ai(Uz‘)®"'®Ud~

The linear operator gi, defined on the whole Hilbert space H, is called the extension of

A; on H, c.f. [CTDL*77].
Fix 1 <i<j<d. Let A€ End(#;) and B € End(#H;). We write

AiBj =1y, ® - ®@1dy, , ® A®Idy,,, ® -+ @Idy, , ® BIdy,,, ® - @ Idy,.

Observables. Physical observables are physical quantities that can be measured. The
are represented by Hermitian operators on H, i.e. H € End(#H) such that H = H := H .
Since H is Hermitian, its eigenvalues are real.

Postulate (2-nd). Every measurable physical quantity A is described by a Hermitian
operator A acting on the state space H. This operator is an observable.

In the finite dimensional case the spectrum of A, denoted by o(A), is discrete. Since
A is Hermitian, its eigenvectors form a basis of H. Given A € o(A), the number of
independent eigenvectors associated to the eigenvalue A is usually known as geometrical
multiplicity; in physics, it is called degeneration and it is denoted by d(\). An eigenvalue
A € 0(A) with d(\) =1 is said to be non-degenerate.

Postulate (3-rd). The only possible result of the measurement of a physical quantity A
is one of the eigenvalues of the corresponding observable A of A.

Consider a system whose state is characterized, at a given time, by v € H.

Definition 1.2.4. Let A € End(#) be an observable, i.e. a hermitian operator associated
to a physical quantity A. The ezpectation value of A in the state v € H is defined as

o vl Av

(A viv
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Remark 1.2.5. Notice that the expectation value of any observable does not depend on
the choice of the representative v € H, since (A), = (A),, for every w € [v].

Let X = C” and let A € End(#) be an observable. Suppose o(A) = {A1,..., A}

with all eigenvalues \;, i = 1,...,n distinct and non-degenerate, i.e. d(\;) = 1 for every
i =1,...,n. Then there is a unique (modulo scalar multiplication) eigenvector associated
to each eigenvalue: Av; = A\v;, for every ¢ = 1,...,n, with all v;, i = 1,...,n distinct
and linearly independent. We can assume vj v;=1foreveryi=1,...,n. Letv e Hbea

normalized vector, vfv = 1. It can be written in the eigenvectors basis as v = o civg,
with ¢; € C,i=1,...,n. Then

(A)y = ol Av = o <Z Aww}) v=Y_ Ai(viv;) (v]v) = D Aifofui* = Aifes.
i i i i=1

Postulate (4-th, discrete non-degenerate spectrum). When a physical quantity A, as-
sociated to the observable A, is measured on a system in a normalized state v € H,
the probability P()\;) of obtaining the non-degenerate eigenvalue \; of the corresponding
observable A is

P()\l) = |’UTU1‘|2,

where v; is a normalized eigenvector associated to A;.

Assume ), is degenerate, of degeneration d(\;) = gi. The eigenspace associated to A is
denoted by E),, with dimension g;. Then there exist {vi}jzl,_”gk independent vectors

associated to A\g: Avy = A\jvy, and they give a basis of E), .

Postulate (4-th, discrete spectrum). When the physical quantity A is measured on a
system in a normalized state v € H, the probability P();) of obtaining the eigenvalue \;
of the corresponding observable A is

gi
P = ]2,
j=1

where g; is the degeneration of \; and {vf }jzl,...,gi is an orthonormal set of vectors which
form a basis of the eigenspace E), associated to A; of A.

Given w € H such that wiw = 1, define P = ww' € End(H) the one dimensional
projector on the subspace generated by w € H. It is an observable, its expectation value
onv € His
vl (wwhv = (vTw)(wv) = [vTw|?,
and it is called transition probability from v to w.
AN

Denote the projector on E), by P;, given by P; = Je1 Vi v
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Postulate (5-th). If the measurement of a physical quantity A on the system in a state
v € H gives the result \;, the state of the system immediately after the measurement is
the normalized projection

Pi(v)

VulPw

of v onto the eigenspace associated to A;.

Recall that, for any A € End(#) hermitian, the projector operators have the follow-
ing properties: P2 = P,, for every a € o(A), PoPs = 0 when @ # 3 € o(A) and
ZQEO'(A) Pa — Id’H

Postulate (6-th). The time evolution of a state vector v(t) € H is governed by the
Schrédinger equation

L d
zh%v(t) = H(t)v(t), (1.4)

where £ is the reduced Plank constant and where H(t) is the observable associated to
the total energy of the system, called Hamiltonian.

Definition 1.2.6 (Ground state). Denote g the lowest eigenvalue of the Hamiltonian
H,ie. A = min{A € R : X € o(H)}. If unique (modulo scalar multiplication),
the eigenvector associated to Ag is called the ground state of H. If Ay has degeneration
d(XAo) strictly greater than 1, then the associated eigenspace E), is d(\g)-dimensional
and vectors in E), are called degenerate ground states.

In the thesis, we restrict our attention mainly to ground states of gapped local Hamilto-
nian.

Definition 1.2.7. Let H = H1 ® --- ® Hg, with d € N, and let H : H — H be the
Hamiltonian of a physical quantum system. The gap of the Hamiltonian is defined as
A = A1 — Ao, where A\g and A; are the two smallest distinct eigenvalues of H. We say
that H is gapless [Mov17] if for any constant € > 0 there exists a d > 0 such that A <.
Otherwise, we say that H is gapped.

Definition 1.2.8. Let H = H1 ® -+ ® Hg, with d € N, and let H : H — H be the
Hamiltonian of a physical quantum system. The Hamiltonian is said to be local if

H=) hij=> 1" on,,
o o

with h : H; ® H; — H; ® H; local operator acting on sites 0 < ¢ < j < d. We are
interested in nearest-neighbor Hamiltonians H : (C")®¢ — (C")®¢ of the form

1
H =

h; = ZIdj_l @ h®Id*1,
=1 j

<

with h : C" ® C" — C™ ® C" local operator acting on two nearby sites. In words, the
physical system associated with a site interacts only with its neighbors.
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1.2.2 Spin representation

Definition 1.2.9. A representation of a group G on a vector space V is a linear action,
i.e. a group homomorphism

p:G— GL(V)
g p(g) v p(g)(v).

We denote p(g)(v) with either g - v or g(v). We will call representation either the vector
space V or the group homomorphism p. A representation is called irreducible if there is
no non-trivial subspace W ; V', such that g-w C W for every g € G and w € W.

If g is a Lie algebra, then a complex representation of g is a Lie algebra homomorphism
m: g — gl,. The notion of irreducibility is defined analogously for representations of
Lie algebras. Moreover, every definition holds for the real case: if V= R™ we have the
notions of real (matrix) Lie group and real (matrix) Lie algebra.

Remark 1.2.10. Every representation of a matrix Lie group gives rise to a representation
of the associated Lie algebra. The vice versa holds in the case of simply-connected Lie
groups, therefore there is a one-to-one correspondence between the representations of a
simply-connected matrix Lie group and its Lie algebra.

Irreducible representation of slo. The special unitary group, denoted by SU, C
SL,, is the group of unitary matrices with determinant one, i.e. U'U = UU' = 1d,,
and det U = 1 for every U € SU,. The group SUs is a relevant group in physics since
its representations describe spins. The matrix Lie group SUs is simply-connected and
its representations are found studying the representations of it Lie algebra susy, which
is a real Lie algebra. Moreover, the irreducible complex representations of sus, are
in one-to-one correspondence with the irreducible representations of its complexification
SUy,, +isuy, ~ sl,, which is the Lie algebra of SLo [Hall5]. We introduce the representation
theory of sls and we give the definition of spin in terms of its irreducible representations,
c.f. Remark 1.2.16.

Denote by SLs the complex special linear group, the group of complex 2 x 2 invertible
matrices. Its Lie algebra, denoted by slo, is the simple Lie algebra of 2 x 2 trace zero
complex matrices. It is C-span by the three operators

o= o )=o) = 000)
which satisfy the following commutation relations
[H,X]=2X, [HY]=-2Y [X,Y]=H.
We recall here classical results about the complete classification of the irreducible repre-

sentation of sly, we refer to [FH13, Hall5].
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Proposition 1.2.11. For each integer m > 0, there is an irreducible representation v (m)
of slo with dimension m + 1.

Removing the hypothesis of irreducibility we have the following result:

Theorem 1.2.12. Suppose  is any finite-dimensional, complez-linear representation of
sly acting on a space V. Then, we have the following results:

1. Every eigenvalue of w(H) is an integer.

2. If v is a nonzero element of V' such that 7(X)v = 0 and w(H)v = Av, then
there is a mon-negative integer m such that X = m. Furthermore, the vectors
v, 7(Y)v,...,7(Y)™0 are linearly independent and their span is an irreducible in-
variant subspace of dimension m + 1.

Proposition 1.2.13. If 7 is an irreducible representation of slo with dimension m + 1,

then T is equivalent to the m-th symmetric power of the standard representation C2.

Proof from [FH13|. The trivial one-dimensional representation C of sly is V(9. Consider
the standard representation of sly on C2. If {x,y} is the standard basis of C?, then
H(z) =z and H(y) = —y. Therefore V=C-z2®C-y=V_ 0V, =V,

A basis of the 2-nd symmetric power Sym?(C?) is given by {2, 2,3} and the action is
H(x-z)=xzH(z)+ H(x)x = 2x - x,
H(z-y) =xH(y) + H(y)z =0,
H(y-y)=—2y-y,

so that Sym?(C?) =V, @ V@ Vo = V),

m—1

In general, a basis of the m-th symmetric power of C2, Sym™(C?), is given by {z™, 2™ 1y, ...

and the action is

H (2" *y") = (m — k) H () - 2™ y" + kH (y) - 2™ 7hy
= (m — 2k) - xmfkyk.

The eigenvalues of H on Sym™(C?) are —m, —m+2, ..., m—2,m, each one of multiplicity
1; therefore Sym™(C?) is irreducible and isomorphic to V(™). O

Definition 1.2.14. If g is a Lie algebra and m; and my are representations of g acting
on spaces V7 and Vb, then the tensor product of 71 and 7o is a representation of g acting
on V) ® V5 defined by

T ®7TQ(X) :7T1(X)®Id—|—1d®ﬂ'2(X),

for every X € g.
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Suppose m; and 7y are irreducible representations of sl acting on V™) and V. In
general V(™ @ V(") will not be an irreducible representation but it can be decomposed
into a direct sum of irreducible invariant subspaces.

Theorem 1.2.15. For any non-negative integer k, let V®) denote the irreducible rep-
resentation of sl of dimension k + 1. For two non-negative integers m and n, consider
V) @ V) as a representation of sly. Assume m > n. Then

VM @ () ~ yimtn) g ymin=2) gy gy (m=—nt2) gy 7 (m—n)

where ~ denotes an equivalence of sla representations.

Remark 1.2.16. In the physics literature, this decomposition is referred to as either
the Clebsch-Gordan theory or as the addition of angular momentum. The irreducible
representations V(") have been labeled here with the integer m; physicists use to label
them by the spin s:

m
s = y

2
that can have therefore rational values : 0, %, 1, %,
In particular with spin s we refer to the sly representation

V(m) ~ Cm+1 _ C25+1.

Example 1.2.17. Consider the first case W = VD @ V)| with V(1) = C2 the standard
representation, with basis {eq, ea}. The basis of W is given by {e;; := e;®e; : 1,5 = 1,2}.
Since e; and es are eigenvectors of H with eigenvalue +1 and —1 respectively, then
{eij}ij=1,2 are eigenvectors of eigenvalues {2,0,0,—2}. Since eq; is associated to the
largest eigenvalue 2, then X(ej;) = X(e1) ® e1 + e1 ® X(e1) = 0; on the other hand
Y(e1r) = e12 + ea1, Y2(e11) = 2e22 and (e11, Y (e11) = 1 + €21, Y2(e11) = 2e20) = VP
is the 3-dimensional irreducible representation. The space (e — e21) = V() is also
invariant under the action of sly and it is the orthogonal complement of V2 inside
C? ® C2. We have the following decomposition as sly representations

CCeClrvOgv®,
Spins: sly representations in physics. In physics, the representation V") is called

the spin s representation, for s = 7, c.f. Remark 1.2.16.

If H = C? then any Hermitian matrix in Endy is an observable. The space of such
matrices is spanned by the Pauli matrices

L1001\ 5 1[0 =\ 5 1(1 0
=5 0)7 T3\ 0)7 T2\0 -1/

Therefore the algebra of observables is isomorphic to slo and H is the 2-dimensional
sly-representation, that is H = V(1.
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If H = C3 then it is the 3-dimensional sly-representation, isomorphic to V() and it is
spanned by the so called spin 1 operators

L (010 L (0 i 0 10 0
St=—110 1],8%=—1|: 0 —i|,83=[0 0 0]. (1.5)
v2\p 1 0 AV 00 —1

Let €77 be the Levi-Civita antisymmetric tensor, i.e.

1 if sgn(a,B,7) =0 mod 2
ePr.=4 -1 if sgn(a, B,7) =1 mod 2
0 fa=pBora=~vor g=1.

Both bases satisfy the commutation relations of sl

[0“,06] = eIk gh [Sa,Sﬂ] = ik Gk
Consider d € N spin s particles. The state space of the j-particle is H; = ym) —
V(29) ~ C25+1 and the state space of the composite system consisting of all the particles

is therefore H = ®?:1 H; = ®?:1 C2?s*1. We call chain the composite system of particles
if we place the particles on a line.
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Chapter 2

Tensor network varieties

Tensor network varieties are varieties of tensors described by the combinatorial structure
of an undirected simple graph. In this chapter, we define the tensor network variety
via the language of graph tensors , following [VC17, CVZ19]. We exhibit the basic
properties of tensor network varieties and we show the equivalence between two different
construction of them: their constructions via the graph tensor and via contractions of
tensors associated to graphs. Finally, we give the definition of tensor network variety
associated to hypergraphs and we show that the Secant variety of the Segre variety is
isomorphic to a specific tensor network variety associated to a hypergraph.

2.1 Graph tensor and tensor network variety

Definition 2.1.1. An undirected simple graph I" is a pair I' = (v(T"), e(T")) where v(I")
is the set of vertices, and e(I") is a non-empty set of pairs of vertices, called edges. In
addition, the graph has no loops on the vertices and no multiple edges between two
vertices. More precisely, for every e € e(I'), then e = {i,j}, for i,j € v(I'), i # j;
and if it exists e = {i,j} € e(I') connecting the vertices ¢ and j, then it is unique. If
e ={i,j} € e(I'), with the notation e 3 ¢ we mean that the edge e € e(I') is incident to
the vertex i € v(I').

Let T' = (v(I'),e(I")) be an undirected simple graph, with vertex set v(I') = {1,...,d}
and edge set e(I') = {e1,...,er}. A collection of bond dimensions is a set of weights
m = (m, : e € e(I')) on the edges of I'. Given a collection of bond dimensions m, define

the graph tensor associated to I' as follows.
For an edge e = {i1,i2}, denote by v(()i), for i € v(T) \ {i1,42}, a generator of C! and, for

p=1,2 {vj(.l”) :j=1,...,me} two bases of a copy of C". The unit tensor defined on
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the edge e and bond dimension m, is

ue) (me) ZU“ ®U ) ® ® UO eC™@C™@C'® --®C,
17 7
127611,12

with the superscripts indicating the ordering of the tensor factors. The graph tensor
associated to a graph I' with bond dimensions m is

T(Fa m) - &eEe(F)u(e) <m€>v (2'1)

where X denotes the Kronecker product defined in Definition 1.1.2. This is a tensor of
order d whose i-th factor has a local structure

Wi =) C™. (2.2)

=)

Remark 2.1.2. In coordinates, we may describe the graph tensor 7'(I', m) as the tensor
product of identity matrices Id,,, € C™ @ C™« for e € e(I") laying on the edges of the
graph; this product is regarded as a tensor of order d where the i-th factor is the product
of the spaces C™¢ incident to vertex ¢. Note that from this point of view one of the two
copies of C™e is identified with its dual space C™<*, see Figure 2.1.

u(23)(m2,3)
U3 1)(ms1) X ma3.1 ’

o——0
u(q,2)(m12) mi,2

Figure 2.1: Pictorial representation of the construction of the graph tensor T(I',m) on the
triangular graph: T'(T', m) is the tensor product of the three identity matrices ue(m.); regarded
as a tensor on three factors.

Remark 2.1.3. Let I" and I be two graphs on the same set of vertices and with e(T") =
e(I") U {e}. In other words, I" is the graph obtained from I' after removing the edge e.
Let m be a collection of bond dimensions on I" and let m’ be the collection m restricted
to I'". Tt is clear from the definitions that if m, = 1 then T(T',m) = T(I", m’) because in
this case u)(me) is a decomposable tensor hence T'X u)(m.) = T for every tensor 7.
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Remark 2.1.3 guarantees that up to modifying the underlying graph, one can always
assume m, > 2.

Let n; € N be integers associated to the vertices of I' and let V; = C". Write n =
(n4)i=1,....q for the collection of dimensions of the vector spaces V;. We call the elements of
n local dimensions associated to I'; in physics, they are usually called physical dimensions.
A triple (I',m,n) consisting of a simple graph, a collection of bond dimensions and a
collection of local dimensions is a tensor network; see Figure 2.2.

Va MM V3

Figure 2.2: The tensor network data pictorial representation. The graph I' := Cj is the cyclic
graph with 3 vertices, we call it the triangle graph. The vector spaces associated to the vertices
i=1,2,3 are W; = @,5, C™, associated to the collection of bond dimensions m. € m, e € e(T")
incident to the vertex i € v(T'); and V;, associated to the physical dimensions n; € n, i.e.
dim(V;) = n;.

A tensor network naturally provides the following algebraic variety.

Definition 2.1.4. The tensor network variety in V1 ® - - - ® Vy associated to the tensor
network (I',m,n) is

TNS&}H = {T eV -V T=X1® - ©Xqg) -TIT m),X; e Hom(VVj,Vj)},
where the closure can be taken equivalently either in the Euclidean or the Zariski topology
since we are working over the complex numbers.

The definition of TNSan provides a natural parametrization of a Zariski open dense
subset, given by the image of the following map

® : Hom(Wy, V1) @ -+~ & Hom(Wy, V) = V1 @ - @ Vy,
(Xl,..-,Xd)»—>(X1®'~®Xd)-T(I‘,m).
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Let 77\/5Fm"7n be the image of the map ®. The map ® factors as follows:

@ Hom(W;, V;) —— Hom(Wy @ - @ Wy, Vi @ --- @ V)

—

Vl®"‘®vd

where p is the d-linear map defined as p(Xy,...,Xy3) = X1 ® --- ® Xy3. We denote the
image of u by
Hom(Wh, ..., Wy Vi,...,Vy) :=Im (u); (2.3)

If we denote N, := dim W, for v € v(I"), then
P(I’IOHI(I/Vl7 ceey Wd; ‘/1, ey Vd)) = V(P(Hom(Wl, Vl)) X oo X P(HOI’H(Wd, Vd)))
= SNini—1,...,Ngng—1,

where v is the Segre embedding of P(Hom (W1, V7)) x -+ - x P(Hom(Wy, Vy)) in the space
®§1:1 Hom(W;,V;) ~ Hom(W; ® --- @ Wy, Vi ® -+ ® V) and Snyn,—1,...Nyny—1 is the
Segre variety; c.f. Definition 1.1.5. Therefore the image of p is the cone over the Segre

variety, i.e. Snyni—1,.. Nyng—1 = Hom(Wy,...,Wg; V1,...,Vy), and its affine dimension
is
d
dim(Hom(Wy, ..., Wg; Vi,...,Vg)) = > (dim(Hom (W, V;)) — 1) + 1
=1
d
= dim(Hom(W;, V;)) —d + 1
=1
— Z Nyny —d+ 1.
vev(D)
The map

O :Hom(W1®@ - @Wg, Vi@ V) - Vie -2V,
is the evaluation at the graph tensor, therefore the restriction of ® to the subvariety

Hom(Wh,...,Wy; Vi, ..., Vy) provides a parametrization of T./\/'S&n; denote this restric-
tion by

& Hom(Wy,...,.Wa:Vi,... . V) 5 Vi@ 0V (2.4)
(X1®~-®Xd)i—>(X1®--'®Xd)'T(F,m).

The set TNSE

m,n

is an irreducible algebraic variety [YL18|. Indeed, the Segre variety

Since the map ® is a morphism of varieties, then Im (®) is a constructible set and
TNSEl’n is irreducible. It is known that if the graph I' is a tree, i.e. a graph without
loops, then the closure in the definition of TNSELH is not needed, but if I' contains cycles

then there are examples where it is necessary to take the closure of the set TNerxf,n in
order to get an algebraic variety, c.f. [LQY12, CLVW20, BLF22].

33



Remark 2.1.5. If m and m’ are two collections of bond dimensions on I' such that
m,, < m, for every edge e € e(T'), then TNanlm C TNShn-

Indeed, assume T € TNSEE’/W then there exist X! € Hom(W/,V;), for i = 1,...,d,
such that 7' = (X] ® --- ® X)) - T(I',m’). Since m/, < m, for every edge e € e(I),
W; = ®6€e(F) Cme C ®669(F) C™e. In general, if W’ is a vector subspace of W and
X : W' — V a linear map, then X can be extended linearly to W. Denote N’ =
dim(W’) < N = dim(W) and assume that {w],...,w),} is a basis of W’. We extend
the basis of W' to a basis {w], ..., wh,,wi,...,wny_n'} of W. Define X : W — V such
that X (w}) = X'(w}) for 1 <j < N"and X(w;) =0for 1 <j < N — N'. For every
i=1,...,d, X! : W] — V; can be extended to X; : W; — V; and clearly, by construction,
T=(X1® - ®Xq) - T(I',m), that is T € TNS}; ..

Notation 2.1.6. Let I' be an undirected simple graph and let e(I') = {ej,...,er}
be the set of edges. Define m; := me, for j = 1,..., R, so that m = (my,...,mpg)
is the set of bond dimensions associated to the edges of I'. For the local structure of
the graph tensor (2.2) and for Remark 2.1.2, every edge is associated to C"* @ C".
Denote by «; the formal index associated to the vector space C" (and C™*) for j =
1,...,R, ie. o € {1,...,m;} and define the set of all indices associated to the (edges

of the) underlining graph: e = {a1,...,agr}. Consider a vertex i € v(I') and assume
€l,...,€6k D14, ie. e1,...,e; are the edges incident to vertex i € v(I'). We denote by
o, = {a1,...,ar} = {a; : e; 3 i} the corresponding set of indices.
1 1 1
el (D) _ mi ma E— aq Q2
2 €3 3 2 m3 3 2 a3 3

Figure 2.3: Pictorial example of Remark 2.1.6. Let T" be the triangle graph with e(T') =
{e1, ea,e3}. The set of indices associated to I' is & = {1, a0, a3}, a; = 1,...,m;, with m; bond
dimension associated to edge e;. Then o), = {a1, a2}, o, = {a1,03}, o), = {2, a3}. Every
aj for j =1,2,3 belongs to two sets |, ,«x|, , with i # k.

Let i € v(T') be a vertex of I" and assume ey,...,ex > i, i.e. eq,...,e, are the edges
incident to vertex ¢ € v(I'). By Notation 2.1.6 we denote the corresponding set of indices
by e, :={a1,..., o} = {a; : e; 3 i} and we define
k
Cay, 1= €a; @+ ®eqy € ®ij ~ W;.
j=1
With this notation, we can fix a basis {eq } of Wi = @).5;C™, for every vertex
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i=1,...,d. The graph tensor can be written as

(T Z@eal €®W

aca i=1

Remark 2.1.7. For construction, every index a; € {e,} is such that a; € {e, }, for
one and only one k € {1,...,d}, k # 1.

We fix the basis {v;}72, of V; and we denote by {e*a‘,} the basis of W;*. Then X; €
Hom(W;,V;) ~ W} ® V; is written in coordinates as

X Z Z a‘ ea‘ ®UJ

7=1 OIGQ‘

The tensor T'= (X; ® --- ® X4) - T(I', m) in these coordinates is

= (X1®--© Xq) - <Z®€a|>

acax =1
ni,...,n d
- Z oo D (XE (X en, © - @en v | Y Qea,
Jise-ja=1laca) afay, a€a i=1
Tl yeensTlg

- Z Z Z Z X1 Xd)]d o oy, (ea|1)®"'®e:‘1|d(€a\d) @ vjy..

Jiseda=1 \ € aco, aca),
n1,...,Nq
j17"'7jd:1 aco

where the internal sum is taken accordingly to the given rule of Remark 2.1.7.

2.1.1 Another construction of the tensor network variety

By Definition 2.1.4, an element of TNS Fmom is given by the application of a multilinear map
on a specific tensor, i.e. the graph tensor, given in Equation (2.1). The most common
construction of the tensor network variety consists instead in building an element of
77\/'SFm°7Il as the contraction of a collection of tensors in a way prescribed by the given
graph, see for example |Oral4, LQY12|. More precisely, let I' = (v(I'),e(I")) be an
undirected simple graph. To every vertex v € v(I') we associate a tensor X, € C™ ®
X5y €™, with n = (n, : v € v(I')) local dimensions and m = (m, : e € e(I')) bond
dimensions. We get a collection of tensors, one for each vertex. We consider the tensor
product of all these tensors

X xoe @ Ce (K) (C™aC™).

vev(l) vev(T) ece(I)
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Then a contraction map contracts C™¢ with its dual C™e*, for every e € e(I'), (after
the identification of one copy of C™e with its dual C™<*). Finally, an element of the
tensor network variety is defined as the image of the application of the contraction map
on the element ®vev(r) X,. We describe the second construction in detail since it will
be used in the thesis and we show that the two definitions of tensor network varieties are
equivalent.

Firstly, we recall the notion of contraction map between isomorphic vector spaces.

Definition 2.1.8. Let V be a vector space over C. The contraction map between V and
the dual space V* := Hom(V, C) is the linear map
C:V*@V =C
fowe f(w),

given by the bilinear form

V*xV —=C
(fyw) = f(w).

Let {v;}?, be a basis of V, then f = >, fiv € V* and w = > jwjv; € V, for
fi,w; € C,i=1,...,n. By linearity

Cfeow)= Z fivy @ wjvj) = Z fiw; C(vi @ vj)

ij=1 ij=1

= Z fzwj U Uj Z 5,3 fle Zfzwz
=1

4,j=1 1,j=1

Definition 2.1.9. Given two tensor spaces W =W ® -- - @ Wy and V=V ® -V,
such that W1 Vi, the contraction map between V}* and W1 sC: WV — W2 Q- ®
Wp Vo ® -+ ® V,, given by the bilinear map defined on rank 1 tensors as follows

WXV W@ - W,V -V,
(W @+ @ Wy, 11 @+ @ Uy) = (Wi (v1)) (W2 @+ @ Wy, AU R -+ R Uyy).

Fix a basis of V7 and the dual basis of V|* and let T;,. ;, and S}, ;. be the coordinates
of tensors T € V and S € W, respectively. Then their contraction is C(S ® T) = C €
Wo®--- W, V- ®V, with coordinates given by

dim(V7)
C

e frmieein = E Okt Stjs..jm This...in
k=1

dim(V7)

Z Skijorjm Lhio..in - (2.6)
k=1
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Contraction map. Given the data of the tensor network (I';m,n), we have defined
for every vertex i € v(I") the vector space

Wi = Q) Un, -

e>i
with either U, = C™¢ or the dual copy U,,, = C™*.

By the isomorphism Hom(W;, V;) ~ W} ® V;, the element X; € Hom(W;, V;) can be seen
as a matrix X; €e W@ V;, forevery i =1,...,d.

Fix an edge ¢/ € I'. For construction, see Remark 2.1.7, we can select two vertices
J.k € v(I'), j # k, such that C™ is a factor of W; and (C™¢)* is a factor of Wj. We
highlight this two factors of the domain of the map:
d
QR ev)=WeWe W eaV)e - oW;eV)e- (W W)
i=1

~(WieW)® (®U ®V) ®(®U6®Vk>®---®(W{‘®%)
ed>j] edk
d
:(Cme/®®Ue®Vj)®(Cme/*®®Ue®Vk> ®(W*®V)
2 2o ik
~ (C™* @ C™) ® (®U6®Vj) ® (®U ®Vk:> ®(W*®V)
e3j edk
e#e’ efte’ 7/75]7

This can be done for every edge e’ € e(I") of the graph leading to
d d

RQrev) ~ & €™ oc™) o @V
ece(l)

=1 i=1

Finally, we consider the contraction map:

d d
QWi eV)= @ C™ el e@ViwVie-oVy (27
i=1 ece() i=1

which, for every e € e(I"), contracts the factors C™e* @ C™e as prescribed in Definition
2.1.9. The image of contraction map ¢ will be written in coordinates in the proof of the
following proposition.

Proposition 2.1.10. The map ¢ is well defined and the definition of the tensor network
variety associated to (I';m,n) given in Definition 2.1.4 is equivalently given by

TNSﬁLn:{TeV1®-~-®Vd:T:¢(X1®~--®Xd),XieWi*®Vi},

where the closure can be taken equivalently either in the Euclidean or the Zariski topology.
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Proof. The contraction map given in Equation (2.7)

d d
o QRQWreV)~ X C ™) e@Viohe oV,

=1 ece(T) =1

contracts, for every e € e(T"), the factors C"<* @ C™e as prescribed in Definition 2.1.9.
The map is well defined since for every vertex v € v(I') and every edge incident to v,
e 3 v, there exists one and only one w € e(I'), w # v, w 3 e such that the vector space
C™e (factor of W,,) admits one isomorphic dual copy C™<* (factor of W,,).

Consider the restriction of ¢ to Im (¢) C Hom(W; ® -+ @ Wy, V1 @ -+ ®@ V) =~ (W} ®
Vi)® - @ (W] ® Vy), c.f. Equation (2.3), which is given by:
¢ :Hom(Wy,.... Wy Vi,.... Vi) - V1@ -V,
(X1®"'®Xd) H¢(X1®'--®Xd).

with X; € W]f" ® Vj for every j = 1,...,d. Clearly we have that
Im(gb):{T€V1®--~®Vd:T:¢(X1®-'-®Xd),X¢EWZ-*(X)Vi}.

The maps ¢ and the parametrization of the variety ® of Equation (2.4) have the same
domain and the same codomain. If we prove that Im (¢) = Im (®), then also their
closure will coincide and we can conclude.

Let T € Im (¢), T = ¢(X1® - ® Xg), for some X; € W@ V;. We fix the basis {v;}72,
of V; and we denote by {e*a‘/_} the basis of W;*; see Notation 2.1.6. Then X; € W ® V;
is written in coordinates as

X, = ZZ a‘ a‘ ® vj.

j=lacq),

Following the indices contraction given in Definition 2.1.9, Equation (2.6), it is now
straightforward to see that 7' = ¢(X; ® - - - ® Xg) is

ni,...,Nq
S S ICS-IET PR

Ji,-Jja=1 \a€a
where the sum is taken over all indices of @ = {a1,...,ar}, accordingly to Remark 2.1.7.

Finally, by the canonical isomorphisms ¢; : W @ V; — Hom(W;,V;) we have that, if
Telm(¢), T=¢(X1® - ® Xy), for X; € Wr®V;, j=1,...,d, then T € Im (®),
T=(X]® - ®X}) T, m), for X} ~1;(X;) € Hom(W;,Vj), with j = 1,....,d, c.f.
Equation (2.5).
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Vice versa, if T' € Im (®), T = ¢(X; ®@---® Xy) = (Xi ® ®Xd) T(T',m), for

X; € Hom(W;,Vj), j = 1,...,d, then T € Im (¢), T = ¢(X] - ® Xp), for X ~
GHX) EeWreVi, j=1,....,d.
Therefore Im (¢) = Im (®), and this concludes the proof. O

2.1.2 Matrix product states

We explicitly compute the image of the maps ® and ¢ for the tensor network variety
associated to the cyclic graph and known as matrix product state. From the viewpoint
of the second construction presented, the matrix product state variety is determined by
the contraction of tensors of order 3 (usually denoted by the letter A instead of X).

Figure 2.4: The cyclic graph Cy, with d vertices v(I') = {1,...,d} and d edges e = {e1, ..., e},
such that e; = {¢,i + 1},i=1,...,d.

Consider the cyclic graph I" with d vertices v(I') = {1,...,d} and d edges e = {e1, ..., e4}.
Every edge e; € e(T") is such that e; = {4,741}, i.e. it connects the vertices ¢ and (i +1),
with vertices d 4+ 1 and 1 identified, see Figure 2.4. For every edge ¢; € e(I'), fix m; € N.

Fix the bases {e{i) :j = 1,...,m;} and {e(ZH) :j = 1,...,m;} of C™* and C™:
(k)

respectively and vy, a generator of C! for k # i,i + 1. We define the unit tensor on
ei € e(l), as

.(my) Ze Hl ® ( ® vék))ECmi*@)Cmi@( ® ch

ki i+1 ki,i+1

Ue,
In this case, we explicitly compute the graph tensor
d
T(F, m) = XIi:lu(ei)(ﬂ%)

_ § : (1) ' (2) ' (d) '
- 1 (ejd ® eﬁ)) ® (ejl ® eg)) ®- & (ejdfl ® 6@)) < @ Wi.
Ji=1...,m; 1=
i=1...d
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The local structure on the vertex k € v(I') is given by
Wk — ka,1 ® ka*’

with the convention C™° = C™d; we refer to Figure 2.5 for a pictorial representation.

k41 k-1 k1 k-1
+ - n )

k —
(ka* ® ka) & (kafl* ® kafl) ka ® (ka* ® kafl) ® kafl*

Figure 2.5: Pictorial representation of the spaces associated to the edges of the graph (left)
and then associated to the vertices of the graph (right), after the Kronecker product.

We fix d complex vector spaces V; of dimension n;, for ¢ = 1,...d, and the respective
canonical bases {vj@ ci=1,...,d,j=1,...n;}.

We identify X} = Lj_l(Xj) ~ X via the isomorphism ¢; : W @ V; — Hom(W}, V;) and
we show ¢( X1 ® - @ Xy) = (X1®--®@Xg) - T(Iim) =¢(X1 @ ® Xy).

In what follows, we use the Einstein convention, i.e. there is implicit summation over
an index variable appearing twice. The elements X; € Hom(W;,V;) ~ W ®@ V; ~
Cmi-1* @ C™i @ V; can be written in coordinates as

X; = (xi)g”eﬁ) ®ed @ v,(yi).

We recall that el (e(ﬂiﬂ)) = 5(z)§ = e€+1)(eﬁf)). It is straightforward to see that an

element in the image of ® is given by

(X1 ® @ Xg) - T(0,m) = [(21)307 (22)327% .. (2a)52 o) @ -+ @ wld)

Qq a1 ag—11"7 Yd

= Tr(X]" - ..ng)vg) R ® v%).
Now, the domain of the contraction map ¢ can be reshaped into
d d
®(Wz* ® V;) ~ ®(Cm¢71* ®C™Mi ® V;) ~ (le* Q Cm1) QVI® - ® (Cmd* Q Cmd) V.
k=1 k=1

The map ¢ and its restriction ¢ are defined by contracting the spaces C™* @ C™: for
every it =1,...,d

qb:(le*®Cm1)®V1®"'®(Cmd*®cmd)®vd—>V1®"'®Vd
X1®--®@Xg— ¢(X1 @ ® Xq).
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Each contraction generates a Kronecker delta 5(2)?}1, as shown in Equation (2.6). In

coordinates we get

d
’ <® ()5 ety @bl @ v%i)> = (@)@ @)ed™ - (@aag o) @ - @ of)
k=1

2.1.3 Hypergraph and secant varieties of Segre variety

In this thesis, we always restrict to simple graphs but the theory generalizes to more
general notions of graphs; we refer to [CLVW20, CGMZ21] for the definitions and the
basics in the general setting. In this subsection, we state the definition of tensor network
variety associated to a hypergraph and we show that secant varieties of the Segre variety,
c.f. 1.1.1, can be seen as tensor network varieties. The proof of the equivalence between
secant varieties of the Segre variety and a tensor network variety associated to particular
tensor networks is based on a characterization of tensors of bounded border rank given
in [Lanl7, CGMZ21].

Definition 2.1.11. An undirected hypergraph H is a pair H = (v(H), E(H)) where
v(H) is the set of vertices, and E(#) is a set of non-empty subsets of v(H) called
hyperedges. Therefore, E(H) is a subset of P(v(#H)) \ {0}, where P(v(H)) denotes the
power set of v(#), i.e. the set of all the subsets of v(H).

Figure 2.6: The hypergraph #, with v(H) = {1,...,8} and E(H) = {I1, s, I3,14}, with
L ={1,2,3,4,5}, I = {5,6,7}, Is = {1,3,5} and (simple edge) I, = {2,8}.

Let H = (v(H), E(H)) be a hypergraph, with vertex set v(H) = {1,...,d} and edge set
E(H); see Figure 2.6 for a pictorial representation. For every hyperedge I € E(H), let
my € N be an integer weight.

For every hyperedge I = {i1,...,i,} € E(H), define the tensor

mr . . .
u(my) = Zeyl) ®-® eE-zp) ® ®e((f) € ®C”’ ® ®C17
j=1 i ¢l icl i ¢l
where egi), cees eﬁfﬁ), is a basis of C™ for every ¢ € I, and e(()i/) is a fixed basis element of

C! for i’ ¢ I.
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Definition 2.1.12. The graph tensor associated to the hypergraph H = (v(H), E(H))
with weights m = (my : I € E(H)) is defined as the Kronecker product

T(T,m) := Krecpagyu(mr).

In this way T'(H,m) is a d-tensor in W1 ® - - - ® Wy whose j-th factor has local structure
W; = <®19j Cmf) ® (®I¥j Cl) and has dimension dim Wj = [],5; ns.
Let n; € N be integers associated to the vertices of H and let V; = C™. Write n =

(n)i=1,...a for the d-uple of dimensions of the vector spaces V;. Definition 2.1.4 can be
restated in the case in which H is a hypergraph.

Definition 2.1.13. The tensor network variety in Vi ® - - - ® Vy associated to the tensor
network (#H, m,n) is defined as

TNS%J]: {TG M --Vy:T= (X1®®Xd)T(H,m),XJ eHom(Wj,Vj)},

where the closure can be taken equivalently either in Euclidean or Zariski topology.

Remark 2.1.14. The variety TNS%}n is invariant under the action of G = GL(V}) x
-+« X GL(Vy), defined by

(915, 92) (X1 @ @ Xg) - T(H,m)) = (91 X1) ® - - ® (9aXa)) - T(H, m),
with (g1,...,94) € G.

We recall the definition of degeneration of a tensor T' € Vi ® - - - ® V; under the action of
G = XL GL(V;), c.f. [Lan17, CGMZ21].

Definition 2.1.15. Given two tensors T, S € V1 ®- - -®Vy, we say that T'is a degeneration
of S, and write T' 1 S, if
TeG-S

that is, T belongs to the closure (equivalently either in Zariski or Euclidean topology) of
the G-orbit of S.

Definition 2.1.16. Let V; = C", for every 7« = 1,...,d. The d-tensor or rank-r unit
tensor is defined as

ug(r) =Y e @ - @el? e (cn)®, (2.8)
j=1

where {egi), . ,67@} is a fixed basis of V;.

We have the following characterization of tensors of bounded border rank in terms of
degeneration of the unit tensor, c.f. [Lan17, Section 3.3.1]. Given T € (C")®?, then

brk(T) <r iff T Jwug(r).
This equivalence leads directly to the following Proposition.
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Proposition 2.1.17. Let V = Vi ®---®@Vy, such that dim(V;) = n;+1 and let Sy, .. n, €
PV be the Segre variety. Let r € N be such that r <min{n; +1 : i =1,...,d}. Then

Or (Snl,..,,nd) = TNSHd

7N

where Hg = (Vv(Haq), E(Hq)) is the hypergraph with d vertices v(Hq) = {1,...,d} and
E(Hgq) = {1}, one single hyperedge I = {1,...,d} of associated weight r € N.

1

3 4

Figure 2.7: Example of a hypergraph with only one hyperedge: the graph is Hs, with v(H5) =
{1,2,3,4,5} and E(Hs5) = {I}, with only one hyperedge I = {1,2,3,4,5} containing all the

vertices.

Proof. We simply notice that T'(Hq, ) = ug(r). Indeed, since there is only one hyperedge
I ={1,...,d}, of weight » € N, connecting all the vertices of Hg4, the graph tensor
coincides with the unit tensor defined on hyperedge I:

T d
T(’Hdﬂ“) — UI(mI) — Z%U R ® egd) e (Cr)®d C ®(Cm)7
Jj=1 i=1

which is exactly ugq(r), c.f. (2.8). By construction

TNS(Hd,T, n) = (GLT X X GLT) : T(Hd,T)
= (GL, X -+ x GLy) - ug(r).

Therefore, given T € (C")®4, then T € TNS(Hg, r,n) if and only if T <wugy(r) if and only
if brk(7T") < r if and only if T' € 0,(Sp,,... n, G(X)). d

2.2 Gauge subgroup

From now on the graph we consider is always an undirected simple graph, see Definition
2.1.1. In this section, we define the gauge subgroup, which is a group acting on the vector
spaces associated to the edges of the graph. This means that the gauge subgroup acts
on both the graph tensor and the factor W, of X,, for every v € v(T'), i.e. it acts on
both the graph tensor and the domain of the Parametrization (2.4). The gauge subgroup
will be a fundamental object in Chapter 3 because the study of its action on the domain
of the parametrization will lead to determine an upper bound on the dimension of the
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tensor network variety and an exact value of the dimension in a particular range of the
parameters.

Let I be a graph and m = (m. : e € e(I')) be a collection of bond dimensions. Let
T=T(m)e W ®---®W; be the associated graph tensor. Fix an edge e = {i1,i2} €
e(I"): by definition of T'(I',m) there exist vector spaces U., W; , W, such that W; =

117
U@ W/ and W, = U} ® VV-'2 where dim U, = m, and the tensor product structure

217 7

depends on the local structure at the vertices ¢; and 3, see Figure 2.8. The group
GL(U.) x GL(U}) acts on the factor U. @ U of W;, ® W, with kernel the central
subgroup Z, = {(Aldy,, A~ dy:) : A € C*}.

Will ® Cme ® Cme* ® Wi/2

19

Figure 2.8: Fix an edge e € e(I') and m, bond dimension. The vector space U, is either C™e
or Cme*,

This defines a homomorphism
U, : (GL(U.) x GL(U}))/Ze — GL(Wy, @ Wy,) = G(Wy, : k € v(I)).

We recall that the group G(Wj : k € v(I)) is a subgroup of GL(Qyey ) W) acting
faithfully on Qe Wi; c.f. Equation (1.1), where the group G(Wj, : k € v(I')) is
defined.

As e varies among the edges of I', the images of the different ¥.’s commute and therefore
they induce a homomorphism

U X (GLU.) x GL(UY))/Z. = G(Wy, : k € v(T)), (2.9)
ece(T)

which turns out to be injective. Regrouping the factors, we can write

Im (¥)=1| X HU] /1 X Z.
vev(T) ece(l)
where H, = X, GLm,; here GL,,, is GL(Ue) or GL(U;) depending on whether U, or

U} is the tensor factor appearing in W,. With abuse of notation, we will denote by H,
the quotient <HU, [XQEQ(F) Ze]>/[><e€e(f‘) Ze] C Im (W) as well, where for subgroups
H, K, one denotes by (H, K) the subgroup generated by H and K.

Let GLTA% C GL(U.) x GL(U}) be the subgroup lying “diagonally”, that is GL%E =
{(A,A_lT) € GL(U.) x GL(U}) : A € GL(U,)}; its image under the homomorphism W,
is a copy of PGLy,, C G(W1,...,Wy) called gauge subgroup on the edge e.
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The image of the homomorphism W restricted to X, GLﬁ‘ne is a subgroup

Grm~ X PGLy, CG(Wy:kev())
ece(l)

called gauge subgroup of I' with bond dimensions m. Denote by gr m the Lie algebra of
the gauge subgroup Gr m of I'.

Definition 2.2.1. Consider the vertex v € v(I'). Regard X, € Hom(W,, V,,) as a tensor
inWyeV, = (®69v Ue) ® V,, where U, = C™< or U, = C™¢*,

Suppose {e € (') : e > v} = {ey,...,ex}, with associated bond dimensions (mej )i=1,.. k-
Given gy = (Gmey s> Ime, ) € Xosy PGLim, € Grym, define

9o Xp = X, (gmel®"'®gmek> cQU.aV,.

esv

Let g € Grm and X = X7 ® -+ @ Xg € Hom(Wq,...,Wy; Vi,...,Vy), then the gauge
action is given by

The action of Gr y is trivial on ®®€V(F) Vu, and, for every v € v(I'), it is the multilinear
multiplication of g, on the factor W, of X,,.

Example 2.2.2. Let I" be the path graph with two vertices v(I') = {1,2} and a single
edge e = {1,2}. Fix m = (m) and n = (ny,n2). Then the graph tensor is 7'(I',m,n) =

Z;”Zl egl) ® e§2) € C™®C™. Given X = X; ® X; € Hom(C™,C"™; V;, V,), then

(I)(Xl ® X2) — (Xl ® X2) . Zegl) ® 6;2) — ZXl(eg'l)) X X2(€§.2))
j=1 Jj=1
-3 Xl = 3 P
7j=1 j=1

= X1(Id,,,) X5 = X1 X2,
Given A € PGLy, = Gr m, the action given in Definition 2.2.1 is
A-X = (XA ® (Xp4Y).

Notice that ®(X1471) @ (X2A4%) = X1 A7TAX] = X1 X! = (X ® Xo).

2.3 Isotropy group of the graph tensor

The main result of this section states that the identity component of the isotropy group
of the graph tensor Gp(r m) coincides with the gauge subgroup. Equivalently, the graph
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tensor is stabilized only by the gauge subgroup. In order to claim this, we prove that the
isotropy Lie algebra of the graph tensor T'(I', m) coincides with Lie algebra of the gauge
subgroup. We refer to Chapter 1, Section 1.1.2, for definitions and results on the isotropy
group of tensors under the action of products of linear groups. The result generalizes
the known result for the iterated matrix multiplication tensor [dG78, Ges16], that is the
graph tensor associated to the cycle graph. We prove a more general form of this fact
in Theorem 2.3.3; the result on graph tensors will follow via an inductive argument in
Corollary 2.3.4.

The following result is immediate from the definitions:

Lemma 2.3.1. The gauge subgroup on the edge e € e(I'), PGL,,, C G(W1,...,Wy),
stabilizes T(I', m).

Proof. Let e = {i1,i2}, so that PGL,,, only acts on the copy of U, @ U C W;, @ W,,.
In fact, because of the structure of 7'(I', m), PGL,,, only acts on the Kronecker factor

Ue = Idg’:lle;m) ® (®j7€i1,i2 'U(()])> clU.®Us® ®j7’57;1,i2 ct.

For A € PGLyy,, we have A -u, = (A"1d%"2 4) ® (®#i17i2 v(()j)> = u.. Therefore

PGL,,, stabilizes u.. ]

Corollary 2.3.2. The graph tensor T(I',m) is stabilized by Gr m.

Theorem 2.3.3. Let T' € C! ® ®;i:1 Wj be a concise tensor of order d + 1. Let
Y = (v(X),e(X)) be a the graph on d + 1 wvertices v(X) = {0,...,d} with edge set
e(X) = {e1,...,ex}, where ej = {0,5}. Let m = (m; : j = 1,...,k) be a set of bond
dimensions on X. Let

S:=T(Z,m)cC™" ™M aCMg...C™" ®C' g ...@C!
be the associated graph tensor. Let T = SXT € Vo ® --- ®@ Vy. Then

gr = bT’ +g2,m - g(%? . '1Vd)

where g, m 15 the Lie algebra of the gauge subgroup Gy m of X and b is the isotropy
Lie algebra of T" in g(Ct, W{, ... ,W})).

A pictorial representation of the tensor 1" of Theorem 2.3.3 is given in Figure 2.9.

Proof. The inclusion b7 + gx m C gr is immediate.

Forj=1,...,k, write V; = Uj®WJ{ where U; = C™i. Write 1 = CloUr®-- -®Uj;. For
j=1,...,k, let {uf] 245 =1,...,m;} be a basis of the Uj; let {u?le
be the basis of Vo ~ Uf®- - -@U}: dual to the induced basis {u;, ®- - -®uf]C tij=1,...,m;}
of U1 ® --- ® Uy,. Therefore

:ijzl,...,Mj}

§= Z uz(?,)...,ik(g)uz(‘ll)@"'@u(f) ®ug+l®...®ug

i
11,00k
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Figure 2.9: The tensor T in Theorem 2.3.3: the Kronecker product of the tensor S, associated
to the star graph e(X) centered at vertex 0, and a tensor 77 whose 0-th factor is 1-dimensional.

where for j = k+1,...,d, ug is a generator of the corresponding C! factor.
Let X = (Xo,...,Xq) € g(Vo, ..., Vy). Suppose X € gp, that is X.T' = 0. By Leibniz’s
rule X.7' =9 ) X;.T = 0.

. el :
Write Xo = ((370)11 7i¥) in the chosen basis: we have

0\ 50k 0 1 k
Xo.T = (Xo.8)RT = | Y () g @up ® - @uy | KT

X kY
S Yol AN ik

U150k

-/ !

(/I

Forj =1,....,k, write X; € gl(V;) as X; = S AYROY where AY) = ((679)7) € al(U})
J
and ©) € gl(W}); then

;1= [aY.s|m el .| =
p

115000k i

=3 | X e @) e od | & [eP.T].
P

If j > k, then V; = C! ® W} and we have X;.T = S X X;.T".
For indices 7, ...,4%,71, ..., %, write X.T' = u%,...,i; ®U711 - -®u§lC @T;llv’.'_:;;: for tensors

- -
(T

e W/ ®- - @ W). Since u i © U’zll ®: - ® uifk are linearly independent, the

Tloe Tk i
" . . Bt it . e~ -
condition X.T" = 0 is equivalent to TTll,..ﬁ: = 0 for every 47,...,15,%1, ..., 0.
Note that if (¢,...,4;) and (21,...,7) differ in at least two entries, then Tzll,,,,g: only

depends on Xp: indeed, the summands X;.T for j # 0 only give rise to terms where
(i%,...,45) and (21,...,7) differ in at most one entry. Write Xy = X{ + X{/ where X
is the component where (i},...,4;) and (71, ...,7) differ in at least two entries and X{
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is the complementary component. In particular, X is the only component of X which

contributes to T%lm;k when the two sets of indices differ in at least two entries. By

linearity, the discussion above shows X{.T" = 0. Since T is concise, Lemma 1.1.20 implies
that X, = 0. This shows

Xo =Y1 ®idy;g.-eu; + - +idu;e.-eur_, @Yk

with Y; € gl(U;). Hence, we may renormalize X using gr,m and obtain Xo = 0. In
particular, we reduced the analysis to X € g(V; : j # 0).
Consider X € grNg(V; : j #0). By Lemma 1.1.20, we have

orne(Vi:j#0)= )  er (2.10)
ReIm (Flat(T))

where Flat(T) : V7 = V1 ® --- ® V3 is the 0-th flattening map. For indices (i1,..., 1),
write T (i1, ..., i) = Flat(T)(uEO) ) = We.. g US:) XIT’. The intersection in (2.10)

1reeolk i1
can be reduced to a set of generators of Im (Flat(T")); therefore we obtain

grNg(Vj:5#0) = ﬂ 977 (i ... i) -

Ulyensll
Since T (i1, . . ., i) is not concise in Vi ®- - - @V, we have 97 (in,oin) = DT (ir i) OPi oo
where By, 4, is the annihilator of T”(i1, ..., i) in gl((ul ) @ W]) & --- & g[((ufk) ®
W) @ gl(Viy1) @ - @ gl(Va) and py,,.. 5, is the parabolic subspace which annihilates
(uf, W) @ -+ @ (uf, @W}) @ Viy1 ® -+ @ Vg, that is
P = |(Wh) @V @ (1 W) & @ [(Wh)F e W) @ U e W))|.
Since T"(i1,...,ik) = u}l ® - ®ufk X T', we have

bT/(il,---,ik) = Id<uzll>®®<ui€k> ® g,

regarded as a subalgebra acting on the subspace uj, ® - ® uf’k QW ® - W, Vi1 ®
e ® Vd-

Observe that, as a subspace of End(V; ® - -+ ® V), we have

07 (i .o0i) = [Id<u}1>®...®<u§k> ®9T’} ® Pir,ip = |Mduig-gu, ® QT’} D Piy,...pi

This follows directly from Leibniz rule and the fact that, for every i1,. .., i, Idy,¢..0u, =
Id<“zl1®"’®“§k> + P, .. i, where P, € 9. .. We deduce

grne(Vi:j#0) = [ [(dre-sv, ©917) @ Py,

U150l
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and by Lemma 1.1.18, we have grNg(V; : j # 0) = (Idy, g--.0u, ® GT’)@mil,...,ik Pit,osiy =
Idy, .U, @ g7 because ﬂnlk Pir,ip = 0.

This concludes the proof, as we showed

97 =97 +85m =97 Ng(V; : j #0) + 85 m = 977 + 8- m- O

Applying Theorem 2.3.3 to graph tensors, we deduce the following result:

Corollary 2.3.4. Let I' = (v('),e(I")) be a graph with d vertices and let m = (me : e €
e(T")) be a set of bond dimensions on T'. Let T := T(I',m) € ®?:1 W; be the associated
graph tensor. Then the isotropy Lie algebra of T coincides with Lie algebra of the gauge
subgroup of I'; in symbols

97 = 8'm-

Proof. We proceed by induction on the number of vertices d. If d = 1, the statement is
clear as T is a single vector, with trivial isotropy Lie algebra.

Suppose I' is a graph with d + 1 vertices and write v(I') = {0,...,d}. Let ¥ be the
subgraph of I' given by the edges incident to the vertex 0. In other words v(X) =
{0,...,d}, e(X) ={e €e():0 € e}. Let I'" be the graph with v(I'V) = {0,...,d} and
e(I”) =e(')\ e(X) and let m”, m’ be the corresponding subsets of the collection of bond
dimensions m. Write S = T'(3X, m"”) and 77 = T(I”, m’); then

T=SXT.
By the induction hypothesis, g7v = g/ m’ and gs = gx, m~. By Theorem 2.3.3
gr =977 + gx.m” = 8" m’ + 8> m” = 8'\m,

and this concludes the proof. O

Conclusion. We have introduced the definition and some properties of the tensor net-
work variety. We have defined the gauge subgroup Gr m, and proved that it coincides with
the stabilizer of the graph tensor under the action of G(W1, ..., Wy), i.e. Gprm) = Grm-
This result is essential for determining the exact value of the dimension of the tensor
network variety in a particular range of parameters, Corollary 3.5.2 in Chapter 3, Sec-
tion 3.5.
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Chapter 3

Dimension

In this chapter, we address the problem of determining the dimension of tensor network
varieties. The results of this chapter have appeared in slightly altered form in the paper
[BDLG22|, co-authored with Alessandra Bernardi and Fulvio Gesmundo, that has been
published in Communication in Contemporary Mathematics. The dimension of the vari-
ety provides a measure of how large the set of tensors allowing a certain tensor network
representation is, which in turn gives a measure of the expressiveness of the tensor net-
work class. We provide a completely general upper bound in Theorem 3.0.2. The result
is based on a lower bound on the dimension of the generic fiber of the parametrization
of the variety. The lower bound is given in Theorem 3.3.1, and it descends from the fact
that the generic fiber of the parametrization contains the orbit of a generic element of
the domain of the map, under the action of the gauge subgroup. We illustrate how to
refine the upper bound in cases relevant for applications in Corollary 3.4.5 and Corollary
3.4.6. In Corollary 3.5.2, we give the exact value of the dimension of the tensor network
variety in a particular range of parameters, where it can be realized as the closure of the
orbit of the graph tensor under the action of G(W7, ..., Wy). Therefore, in this case, the
dimension is completely controlled by the dimension of the stabilizer of the graph tensor
that, by Corollary 2.3.4 (previous chapter), coincides with the gauge subgroup. Finally,
in Section 3.6 we further analyze some cases arising from small values of the parameters,
and we provide a more precise calculation of their dimension.

The dimension of an irreducible algebraic variety is defined as the dimension of its tangent
space at a smooth point. We refer to [Sha94, Ch. 3] for the basic properties of dimension.
Recall that Hom(Wh, ..., Wg; Vi, ..., Vy) := Im (u), where

d
,u:@Hom(Wi,Vi)—>H0m(W1®---®Wd,V1®-'-®Vd)
i=1
(Xl,...,Xd>i—>X1®"‘®Xd.
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The parametrization of TNSIFH’H is therefore given by

(I):Hom(Wl)"de;‘/lu"de)_>‘/1®"‘®Vd
(X1®~-®Xd)i—>(X1®-"®Xd)'T(F,m).

The Theorem of Dimension of the Fibers [Sha94, Thm. 1.25] provides the following
expression for the affine dimension of the tensor network variety:

dim TAS, , = dim [Hom(Wy, ..., Wy Vi, ..., V)] — dim @ (7)) (3.1)

where T is a generic tensor in the image of ®.
We recall that the affine dimension of Hom(W1, ..., Wy Vi,...,Vy) is

d
dim Hom (W, ..., Wg; Vi,..., Vg) = > dim(Hom(W;, V;)) — d + 1.
1=1

Therefore we want to determine the dimension of the fiber dim ®~!(T) for a generic
T € Im (®). We focus on determining lower bounds for dim ®~!(7'), which via Equation
(3.1) provide upper bounds for dim TNSELH.

We first give the following definitions, which determine the ranges of parameters of the
tensor network, c.f. [LQY12].
Definition 3.0.1. Let (I';m,n) be a tensor network. A vertex v € v(I') is called

- subcritical if T], 5, me > ny; strictly subcritical if the inequality is strict;

- supercritical if T] 5, me < ny; strictly supercritical if the inequality is strict;

- critical if v is both subcritical and supercritical.

The tensor network (I';m,n) is called [strictly| subcritical (resp. supercritical) if all its
vertices are [strictly| subcritical (resp. supercritical).

Mey

Figure 3.1: A vertex v € v(I'), with k incoming edges {ei,...,e;} with associated bond
dimensions m,,, for i =1,..., k. Then dim W, = Heau Me.

The main theorem of the chapter is the following.
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Theorem 3.0.2. Let (I'ym,n) be a tensor network and let TNSan,n be the corresponding
tensor network variety. Then

dim TAS}, , <

min Z (ny - Ny) —d+1— Z (m? —1) + dim Stabg,. ., (X), H Ny ¢,
vev (D) ece(T) vev (D)

where Ny = [].5, me, X = X1®---@Xq with X, € Hom(W,, V;) generic and Stabg,. ., (X)
is the stabilizer of X under the action of the gauge subgroup.

In the statement of the theorem, Gr m, is the gauge subgroup associated to the tensor
network, defined in Chapter 2, Section 2.2, and the term .o (m2—1) is its dimension.
The term Stabg,. ., (X) is the stabilizer under the action of the gauge subgroup of a generic
d-tuple of linear maps.

The proof of Theorem 3.0.2 consists of different steps.

First, in Section 3.1 we determine a reduction that allows us to assume that the bond
dimensions associated to the edges incident to a fixed vertex are balanced, in a way made
precise in Lemma 3.1.1.

Then, in Section 3.2 we provide a second reduction, proving that the tensor network
variety built from a tensor network having strictly supercritical vertices can be realized
via a vector bundle construction as a natural extension of the tensor network variety
where the strictly supercritical vertices are reduced to be critical.

Finally, in Section 3.3 we provide an upper bound for dim TNS}ﬂn’n in the subcritical

range that concludes the proof of Theorem 3.0.2. Moreover, we provide the exact value
of the dimension dim TNSFm,n in the critical and supercritical ranges in Section 3.5.

3.1 Reduction of bond dimension

We observed in Remark 2.1.3 that we may always assume bond dimensions at least 2.
Here, we show that if they are “too unbalanced”, then they can be reduced without
affecting the dimension of the tensor network variety.

We say that a tensor network (I', m, n) has overabundant bond dimension if there exist
a vertex v € v(I') and an edge e € e(I") incident to v such that

Me > Ny H Mer. (3.2)

e'sv,e'Fe

The following result shows that overabundant bond dimensions do not contribute to the
dimension of the tensor network variety.
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Lemma 3.1.1. Let (I'ym,n) be a tensor network. Fiz v € v(I'), let k be the degree of
the vertex v and {e1,..., e} be the edges incident to v; assume me, < -+ < me, . If
(3.2) holds for v, that is

mek > My - Mey * - m6k717
then
TNSmJ] - TNSE,D

where m is defined by Me = me if € # e and Me, = Ny - M1 -+ Mg, -

Proof. Let T € TNSmn C V1 ® --- @ V; be a generic element and let (Xi,...,X,) €
Hom(Wh,...,Wyg; Vi,...,Vy) be an element such that (Xq,...,Xg) - T(F,m) =T.
Suppose v =d and e; = {d, j} for j =1,..., k. Write U; = C"; let Wy =U{®---Q U},
so that, for j =1,...,k, we have W; = U; ® W]’ where W]’ depends on the other edges
incident to the vertex j.

Regard X as a tensor in W; ® V; = U1§> e UE® VY. Sigce Mey > M+  Mey,_, * N,
Xg4 is not concise on the factor Uy: let Uy C Uy with dim Uy = me, -+ -me,_, - ny be a

subspace such that Xy € U1 ® - - @ Up_1 ® U, ® V. Correspondingly, let Uk = Uk /Uk
Note that T'(T', ) coincides with the image of T(T';m) via the projection U} — U on
the d-th factor.

Now, define Wy = Uf @ --- @ U;_, ® Uy, and W), = W, ® Uy. Let X4 = X4 be the
linear map regarded as an element of Hom(W 4, V). Moreover, the space Hom(Wy, V) =
(Wk QU,)*® Vi, = W/ @ Uy @ Vj naturally projects onto W/* ®Uk®Vk = Hom(Wy, Vi):
let X be the image of X} under this projection.

Now, one can verify that
T=X1® X)) -TC,m)= (X1 ® --® Xg)-T(I,m)
where X, = X, if v # k., d. ]

3.2 Reduction for supercritical vertices

The tensor network variety built from a tensor network having strictly supercritical
vertices can be realized as an extension of the tensor network variety where the strictly
supercritical vertices are reduced to be critical. The reduction of this section appeared
already in [LQY12]. We include it here for completeness.

For a vector space V' with dim V' = n and an integer k£ < n, let G(k,V) be the Grass-
mannian of k-dimensional linear subspaces of V. Recall that dim G(k,V) = k(n — k).
The variety G(k, V') has a tautological bundle

o:8— G(k,V);
the fiber of S over a point [E] € G(k, V) is the plane E itself: Sz = E.
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Proposition 3.2.1. Let (I'ym,n) be a tensor network. Suppose that the vertex d € v(I)
is supercritical and write N = dimWy = [[.5yme. Let n' = (n}, : v € v(T')) be the

d-tuple of local dimensions defined by n), = n, if v# d and n/; = N.

Then
dim TS, = N(ng — N) + dim TS, -

Proof. Let S;G@m@vd*l be the vector bundle over the Grassmannian G(N, Vy) whose
fiber over a plane [E] is V1 ® --- ® V41 ® Ej this is the tautological bundle augmented
by the trivial bundle with constant fiber V; ® --- ® V;_1. Consider the diagram

S;/1®-~®Vd_1
G(N,Vd) V1®"'®Vd

where the second projection m maps an element of the bundle to its fiber component:
([E],T) — T. By conciseness, this projection is generically one-to-one.

Consider the subbundle of S;/1®"'®Vd’1 whose fiber at [E] is TNS), v where the d-th
factor is identified with E. Let TNS{n’ s be the total space of this subbundle. We have

dim TAS;, s = dim G(N, V) + dim TAS}, v = N(ng — N) + dim TNS, .
The projection 7 is generically one-to-one and maps TNSEI’ s surjectively onto T/\/'anm.

Therefore dim TNSan = dim TJ\/’SFm s and this concludes the proof. O]

Iteratively applying Proposition 3.2.1, one can reduce all strictly supercritical vertices to
critical vertices.

Theorem 3.2.2. Let (I'ym,n) be a tensor network. For every v € v(I') let N, =
[I.5, me- Let 0’ be the set of local dimensions defined by n;, = min{N,,n,}. Then

dm TNS,, = Y nj(ny — n}) + dim TS, .

vev(T)

Note that the tensor network (I',m,n’) appearing in Theorem 3.2.2 is, by definition,
subcritical.

It remains to understand dim '77\/:9,(1;1’n in the subcritical range.

3.3 Subcritical range and general case

We provide an upper bound for dim TNSELH when the tensor network (I', m, n) is sub-
critical. The upper bound is obtained, via Equation (3.1), by determining a lower bound
on the dimension of the generic fiber of .
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Theorem 3.3.1. Let (I'ym,n) be a subcritical tensor network. Then the dimension of
the generic fiber of the map ® is bounded from below by the dimension of the Gr m-orbit
of a generic element of Hom(Wy, ..., Wg; Vi, ..., Vy).

Proof. Consider T € Im (®), T' = (X1 ® --- ® Xg) - T(I',m), with X3 ® --- ® X4 €
Hom(W1y,...,Wy; Vi,..., Vg) a generic element. The fiber of ® : Hom(Wi,..., Wy Vi ®
@ Vy) = TNSLyq over T is

@71(T):{Y1®"'®YdGHom(Wl,...,Wd;Vl,...,Vd) (V1®---@Yy) - T(C,m) =T}

Since every vertex is subcritical, for every j, a generic element of Hom(Wj, V;) is surjec-
tive. Let Y1 ®---®Yy € ®~1(T). By conciseness, Y; has the same image as X, therefore
Y is surjective as well, and there exists g € GL(W;) such that Y; = Xjg;.

For X =X;® - ®@Xg,and g=¢1 ® - ® gq € GW1,...,Wy), write . X = X191 ®
-+ ® Xggq. In particular, if g € Gr m then
Y -T(T,m)=(9.X) -T(I'ym)
=X -T(I''m) =T,
and the dimension of the fiber is bounded by
dim® HT) =dim{Y : Y -T(I',m) = T}

=dim{g.X : g€ GW1,...,Wy),(¢.X) -T(I',m) =T}

> dim{g.X : ¢ € Grm}

= dim(gnm . X)

Therefore the dimension of the generic fiber is bounded from below by the dimension of
the Gr m-orbit of a generic element of Hom(W1,..., Wy Vi, ..., Vy). O

®
Xe@*@)///A\\\ —
A

(

Figure 3.2: Pictorial representation of the tensor network variety map &
Hom(Wy,..., Wy Vi ® -+ @ Vy) — TNSp, .. Given T € TNSy, ., the fiber ®~1(T) in red
contains at least the orbit of X € ®~1(T') under the action of the gauge subgroup Gr m.

Applying the Theorem of the Dimension of the Fibers [Sha94, Thm. 1.25] to the Gr m-
orbit of a generic element X € Hom(Wh,..., Wy Vi,...,Vy), we deduce the following
corollary, which completes the proof of Theorem 3.0.2.
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Corollary 3.3.2. Let (I'm,n) be a subcritical tensor network with no overabundant
bond dimensions. Then

dim TNSFn,n < ZUEV(F)an” —d+ 1i| - Eeee(f‘) (mg - 1) + dim Stabgr,m (X)

where Ny =[] .5, me and X = X1 ® -+ @ X4 with X,, € Hom(W,,V,) generic.

esv

Proof. From (3.1) dim TS}, ,, = dim Hom(W1,..., Wy, Vi, ..., Vy) —dim ®~}(T') where
T is a generic element of TNSEI’H.

Now dim Hom(W7y, ..., Wy Vi,..., Vy) = Zvev(F)anU —d+ 1. By Theorem 3.3.1,

dim &~ (T) > dim Gy - X
=dim Gp m — dim Stabg,.  (X)
:Zeee(F) (m? — 1) — dim Stabg. .. (X)),

where X € Hom(Wh,..., Wy, Vi,...,Vy) is generic. O

3.4 Sharpening the upper bound

The term dim Stabg,. . (X) in Theorem 3.0.2 makes the statement not immediate to
apply in full generality, as it describes the dimension of the tensor network variety in
terms of the dimension of another object which is not immediate to compute. However,
as explained in this section, the value dim Stabg.  (X) can be bounded from above by
the dimension of a potentially larger stabilizer which can be computed from the local
structure of the graph, rather than from its global combinatorics. In fact, a consequence
of Proposition 3.4.4 will be that the term dim Stabg. . (X) is trivial in a wide range of
cases.

Definition 3.4.1. Let G be an algebraic group acting on an algebraic variety V. We
say that the action is gemerically stable if there exists an element v € V such that the
stabilizer Stabg(v) is a finite group.

In particular, the condition that the action of Grym on Hom(Wh, ..., Wy Vi, ..., Vy) is
generically stable is equivalent to the fact that the value dim Stabg,. . (X) in Corollary
3.3.2 is zero.

A rich theory has been developed in the study of stable group actions (and more generally
semistable actions) starting from [KN79] and related works. We refer to [MFK94]| for the
theory.

Proposition 3.4.2. Let (Cyq, m,n) be the tensor network on the cycle graph with constant
bond dimension m = (m, ..., m). Assume n; > 2 for at least one index. Then the action
of Goym on Hom(Wr, ..., Wy Vi, ..., Vy) is generically stable, i.e. dim Stabgcdym(X) =
0, for X € Hom(Wh, ..., Wy; V4, ..., Vy) generic.
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Proof. Let X1 ® --- ® Xg € Hom(Wy,...,Wy; Vi,...,Vy) be a generic element. Write
W; =U; ® Uz, with Uj = Ujq1 = C™. Then Xj is a generic element of U @ Uj41 ® Vj,

with dim V; = n; > 1. For every j, write X; = E;il X;p) ® vp where vy,..., v, is a

J
basis of V; and X](p) eU; ®@Ujp.

By genericity X ](-1) is a fixed isomorphism X ](-1) : Uj — Ujy1; after choosing bases in Uj,

we write X](-l) = Id,, in coordinates for j =1,...,d — 1 and X(gl) : Ug — Uy is a generic
diagonal matrix.

The stabilizer Stabg,, ,(X) is contained in the stabilizer of X§1) ® - ®X§1): this is the
(1)

centralizer of X dl ; in coordinates this is the maximal torus ©,, € PGL,, of diagonal

matrices in PGL%, where PGLY C Goym = X?Zl PGL(Uj) lies on the diagonal of the
direct factors. Therefore Stabgcd’m (X) C O,

Now, there exists at least one index j such that n; > 2. Correspondingly, there is a map

XJ@) : Uj = Ujta. Therefore Stabg,, . (X) € Stab@m(X](?)). By genericity, XJ@) has

full rank and is not diagonal in the fixed basis, hence Stabg,, (X ;2)) is trivial.

This shows that a generic X € Hom(W7,...,Wy; Vi,...,Vy) satisfies
dim Stabg,, ., (X)=0,

hence the action of Go, m on Hom(W1,..., Wy Vi,..., Vy) is generically stable. O

When the stabilizer is finite, dim Stabg, . (X) = 0, then the dimension of the generic
fiber is bounded by the dimension of the gauge subgroup associated to the tensor network,

dim Grom = > ce(r) (m2—1), see Section 2.2. The role of this group in the theory of tensor
r

network is known and it is expected that it entirely controls the value of dim TNSy, ,,

c.f. [YL18, LQY12, HMOV14].

In the case of matrix product states associated to graphs without loops, the exact value
of the dimension is given in [HMOV14] and coincides with our result

min ¢ > (g [lgyme) —d+1— > (m2=1), J[ noy- (3.3)

vev(T) ece(I) vev(D)

However, in Section 3.6, we will observe that there are at least some cases where the
inequality is strict. They are in particular cases of matrix product states with loops.

For what concerns the stabilizer, we cannot extend the argument of Proposition 3.4.2 to
the general case. Instead, we further localize the action, reembedding the gauge subgroup
Or m in the group H = Im ¥, where ¥ is the map described in Section 2.2. This will allow
us to use results on the stability of the action on tensor spaces which in turn guarantee
the stability of the action of Gr m, in a wide range of cases. For this reason, we generally
expect that dim Stabg. . (X) = 0, at least when the bond dimensions are balanced.
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Since Grm € H, clearly Stabg,. . (X) C Stabgy(X). Therefore, if the action of H on
Hom (W1, ..., Wy, Vi,...,Vy) is generically stable, then the action of Gr m is generically
stable on Hom(W7y, ..., Wy, V1,..., Vg).

We establish the following result, whose proof is immediate from the product structure
of Hom(Wy, ..., Wy, Vi,...,Vy) and of X.

Lemma 3.4.3. If X = X1 ®--- ® Xq then

StabH(X): X StabHv(Xv).
vev(T)

In particular, the action of H on Hom(W1, ..., Wy, Vi, ..., Vy) is generically stable if and
only if for every v the action of H, on Hom(W,,V,) is generically stable.

Now, regard X,, € Hom(W,,V,) as a tensor in V, @ W;f =V, ® (®63U Ué) where U = U,
or U, = U} depending on whether U, of U} appears in W,. The group H, acts trivially
on V,; by Lemma 1.1.18, we deduce that Stabp, (X,) is the point-wise stabilizer of
Im X,(V)) € Q.5, Ul In particular, if X, is generic, Staby, (X,) is the simultaneous
stabilizer of n, elements of W,;.

Therefore, we are reduced to studying the stability of the action of a product of special
linear groups SL(Uy) X -+ x SL(Uy) on the space U3 ® -+ ® U ® V. The study of the
stability of this action is characterized in the recent [DM21, DMW20| and in the special
case where dim V' = 1 it is characterized in [BRVR18].

Proposition 3.4.4. Let k > 3 and consider vector spaces Uy, ...,U, V with dimU, =
m, dimV = n. The action of SL(Uy) X -+- X SL(Ug) on U1 ®--- @ U @V is generically
stable unless (k,m,n) = (3,2,1).

Proof. The case (k,m,n) = (3,2,1) corresponds to the action of SLy X SLy x SLs on
C? ® C? ® C?; this is not stable since

9 = dim(SLy x SLy x SLy) > dimC*®C*® C? = 8.

Except for this case, the result follows from [DMW20, Theorem 1.5 (Case 4)], since the
inequality m < %mkiln is always verified. O

Relaxing the hypothesis of Propositions 3.4.2 and 3.4.4, we state the following corollaries
of Corollary 3.3.2, for MPS and PEPS respectively.

Corollary 3.4.5. Let (Cq,m,n) be the tensor network on the cycle graph on d vertices
with constant bond dimension m and constant local dimension n > 2. Then

dim TNSS, < min{d(n — 1)m? + 1,n%}.
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Corollary 3.4.6. Let I' be a graph on d vertices such that all vertices of I' have degree
k > 3. Let (I'ym,n) be the tensor network on T' with constant bond dimension m and
constant local dimension n. Then, unless (k,m,n) = (3,2,1), we have

dim TA'S;, ,, < min Z nmd°e®) —d 41— Z (m? —1),n?
vev(T) ece(T)

3.5 Ciritical case

In this section, we give the exact value of the dimension of the tensor network variety
in the critical and supercritical ranges of the parameters. Indeed, in the critical range,
the variety is the orbit-closure of the graph tensor under the action of G(Wrq,..., Wy).
The dimension is therefore controlled by the dimension of the stabilizer of the graph
tensor that, by Corollary 2.3.4, coincides with the gauge subgroup. In particular, the
dimension of the tensor network variety in the critical range equals the upper bound of
Corollary 3.3.2 with dim Stabg. . (X) = 0. As a consequence, via Theorem 3.2.2, we
obtain equality in the supercritical range.

Proposition 3.5.1. Let (I', m, n) be a supercritical tensor network. Write Ny, = [],5,, me.
Then
dimTNS;n = Z nylNy —d+1— Z (m? —1).

vev(T) ece(T)
Proof. First consider the critical case, that is N, = n,. In this case, a generic X, €
Hom(W,, V,,) is invertible. Therefore
dim TNSY, ,, = dim G(W1, ..., W) - T(T, m)

=dimG(Wi, ..., Wg) —dimGrm= Y NZ—d+1- > (m?—1).
vev(T) ece(I)

In the supercritical case, we apply Theorem 3.2.2. Write N = (N,, : v € v(I')), so that
the tensor network (I',m, N) is critical. Then

dim TNSE, , =dim TS, n+ > Ny(ny — Ny)

vev(D)
= Y NZ—d+1- > (mZ-1)+ > Ny(n,—N,)
vev(lD) ece(I) vev(T)
= > mNy—d+1- > (mI-1). O
vev(T) ece(l)

Corollary 3.5.2. Let (I';m,n) be a supercritical tensor network. Then

dm TS, =min ¢ > (ny - [[gyme) —d+1— > (m2 1), [] no

vev(T) ece(T) vev(T)
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3.6 Analysis of small cases

In this section, we analyze some cases of tensor network varieties for small graphs and
small bond dimensions. If I' only contains two vertices with local dimensions n = (ny,n2),
then the tensor network variety is easily described as the variety of matrices whose rank
is upper bounded by the bond dimension of the unique edge, m = m. The variety is
isomorphic to the affine cone over the m-secant variety of the two factor Segre, c.f. 1.1.1,
and its projected dimension is bounded by dim o, (P™~! x P27 < min{m(ny + ng —
m) — 1,nyng — 1}. This is the well-known case of n; x ny complex matrices of rank
bounded by m and it is completely understood, e.g. [Lanl2].

Therefore, we start our analysis with the case of three vertices.

3.6.1 Triangular graph

The graph tensor associated to the triangular graph is the matrix multiplication tensor.
This is the object of a rich literature, devoted to determining the value of the exponent
of matrix multiplication. We refer to [Bl413, Lan17] for an overview on the subject.

Let C5 be the triangular graph. Write {1,2, 3} for the three vertices and m12, mos, ms1
for the three bond dimensions and (ni,ng,n3) for the three local dimensions, ordered as
follows:

ns
ma3
ms3i
n2
ni mi2

If m = (mj2, ma3, m31) = (a,b,1) (in other words, the edge {3,1} is erased) then every
tensor in Wi ® Wso ® W3 is a restriction of the graph tensor. In particular, if n =
(n1,n2,n3) with n; < a, ny < ab, n3 < b, then

TNSS =V @ V2 ® V.

Therefore, the first interesting case is the one with bond dimensions m = (2,2,2). We
record the cases in the subcritical range in Table 3.1. For each of these cases, the lower
bound for the dimension is obtained by computing explicitly the rank of the differential of
the parametrization map ® at a random point. We perform this calculation in Macaulay2
|GS20]. The scripts performing the calculation are available at https://fulges.github.
io/code/BDG-DimensionTNS.html.

Since the point to compute the differential is chosen at random, we are confident that
the number recorded as a lower bound is equal to the actual dimension of the tensor

60


https://fulges.github.io/code/BDG-DimensionTNS.html
https://fulges.github.io/code/BDG-DimensionTNS.html

n ‘ lower bound | upper bound

(2,2,2) 8 8
(2,2,3) 12 12
(2,2,4) 16 16
(2,3,3) 18 18
*(2,3,4) 22 24
*(2,4,4) 26 29
(3,3,3) 25 25
(3,3,4) 29 29
(3,4,4) 31 31
(4,4,4) 37 37

Table 3.1: Upper and lower bound for dim TNS&H. The lower bound is obtained via a direct
calculation. The upper bound is the value obtained in Corollary 3.4.5. In the cases marked with
* the two bounds do not coincide.

network variety TNS%H. However, from a formal point of view, the sole calculation of
the rank of the differential at a random point does not provide a complete proof.

The only cases where the lower bound does not match the upper bound given in Corollary
3.4.5 are the ones with n = (2,3,4) and n = (2,4,4). In these cases, we prove that the
dimension of the tensor network variety equals the lower bound of Table 3.1. We provide
the following result, that we prove in general and will be used in Theorem 3.6.2 in the
cases (a,b,7) = (3,4,2) and (a,b,r) = (4,4,2).

Lemma 3.6.1. Let Vi, Vs, V3 be vector spaces with dim V) = 2, dim V5 = a, dim V3 = b.
Let 0, C P(Va ® V3) be the variety of elements of rank at most r. Define

Zapr = {T e Vi@ Ve® Va:T(V]) No, contains at least two points} CPV1®@VLa®Vs)
Then Z,p. 1s an irreducible variety and

dimZ,p, =2r(a+b—1)+1

Proof. Define the variety of secant lines

Sapr = {L € G(2,V,® V3) : PL N o, contains at least two points} CG(2,Va®V3),
where G(2, V2 ® V3) denotes the Grassmannian of 2-planes in Vo ® V3.

Then Sg - is an irreducible variety of dimension 2dim o, = 2[r(a +b—r) — 1] [EH16].

The variety Z, 5, is an SL(V1)-bundle on S, . This guarantees that 2, , is irreducible
and provides

dimZ,p, =dimS,p, +3=2[r(a+b—r)—1]+3=2r(a+b—1)+1
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as desired. O

Theorem 3.6.2. Let m = (2,2,2).
o ifn=(2,3,4) then TNSSﬁn = 2374,2, in particular dim TNSCS = 22;

o ifn=(2,4,4) then TNSS?, = Z449; in particular dim TNSS, = 26.

Proof. The lower bound on the dimension follows from Table 3.1.
By Lemma 3.6.1, we have

dim23,4’2 :4(3+4—2)+1 = 21,
dimZ47472 :4(4+4—2)+1 = 25.

In the rest of the proof, we show that TNS (2.3.4) C 2342 and TNSE? m(2.4.4) S Z44 2

here, if Y C PW is a projective variety, Y denotes its affine cone in the space W, c.f.
Definition 1.1.4.

Fix generic X7, X2, X3 with Xj S HOHI(Wj, V}) and let T'= X; @ Xo ® Xg(T(Cg,m))
Let L =T(V}") C Vo ® V3. It suffices to show that PL N oy contains at least two points
in the two cases of interest.

We can normalize the linear maps X7, X5, X3 using the gauge subgroup in GL(W7y, Wa, W3)
and the action of GL(V1) x GL(Va) x GL(V3) on Vi @ Vo ® V3.

Identify X; with a 2 x 2 matrix B (vgl),vél)) whose entries are linear combinations of

the elements of a basis {vgl), v§2)} of V1 and similarly for X9 and X3. In this way

X, ® X5 ® X3(T(Cy,m)) = ﬁ(Bl(v§1),v§U) By, .. 0Py Bs(® .. Ug@)).

Write By (vgl), vél)) = Blv ( )+ B; vé ) and similarly for the other matrices.
By genericity, the map X3 is invertible: using the action of GL(V3), we may assume
By=(§8). Bi=(88), Bi=(19), Bs=(§9).

Moreover, the linear space (B{, Bf) contains at least one matrix of rank 1; using the

action of GL(V4) and of the gauge group, we may assume B = (} ).

With these normalizations, it is possible to verify that the line P(T'(V}*)) contains two
rank two matrices. We provide a Macaulay2 script determining the intersection P(T'(V}*))N
o2 at https://fulges.github.io/code/BDG-DimensionTNS.html.

If n = (2,3,4), this shows TNSS?, C Z349;if n = (2,4,4), this shows TNSS: . C Z440.

Finally, since TJ\/’Sgin - 23,472 and they are both irreducible varieties of dimension 22,
equality holds. Similarly, equality holds in the inclusion TNSSﬁn - ZA47472. O
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3.6.2 Square graph

Consider the square graph Cy with bond dimensions m = (m12, ma3, m34, m41) and local
dimensions n = (ng,...,ny4).

n m34 ns
maq1 ma3
n mi2 n2

We focus on the case where all bond dimensions are equal to 2. As in the previous
section, we record in Table 3.2 the lower bound obtained computing the differential of
the parametrization at a random point and the upper bound obtained via Corollary
3.4.5. As before, because of the random choice of point, we are confident that the value
recorded as lower bound coincides with the value of dim TNS%H. We provide a formal
proof for the case n = (2,2,2,2) in Theorem 3.6.3.

Theorem 3.6.3. Let m = (2,2,2,2) and n = (2,2,2,2). Then
dim TASSE, = 15;

more precisely TNSS

mn 18 @ hypersurface of degree 6.

Proof. The lower bound dim TNSSﬁn > 15 is obtained in Table 3.2.

Since dim V] ® V5 ® V3 ® V4 = 16, we obtain that either TNS%fn is the entire space or it
is a hypersurface.

We determine an irreducible equation of degree 6 vanishing on TNS&{H.

This equation is a degree 6 invariant for the action of GL(V1)x- - -xGL(Vy) on Vi ®- - -®@Vj.
Its construction is described explicitly in [LT03, HLT12]. The evaluation of the invariant
is performed by a Macaulay2 script [GS20] available at https://fulges.github.io/
code/BDG-DimensionTNS.html.

We illustrate here how to construct it and how to exploit the action of GL(V}) x -+ x
GL(Vy) and of the gauge group to normalize the linear maps and reduce the degrees of
freedom in order to allow the script to evaluate the invariant.

Given a tensor T' € V; ® Vo ® V3 ® Vi, consider the bilinear map 73 : VIEx Vs = V@V,
This makes Vo ® V} into a space of 2 x 2 matrices depending bilinearly on Vi x V3. Let
F(T) = det(T*?) be the determinant (of the 2 x 2 matrix Vo ® Vj) evaluated on the
image of 713, So F(T) is a polynomial of bidegree (2,2) in V; x V3, therefore it can be
regarded as a bilinear form on S%V; x S?V5, where S?W denotes the second symmetric
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n ‘ lower bound | upper bound

*(2,2,2,2) 15 16
*(2,2,2,3) 20 21
*(2,2,2,4) 24 25
(2,2,3,3) 25 25
(2,2,3,4) 29 29
(2,2,4,4) 33 33
*(2,3,2,3) 24 25
*(2,3,2,4) 28 29
(2,3,3,3) 29 29
(2,3,3,4) 33 33
(2,3,4,3) 33 33
(2,3,4,4) 37 37
*(2,4,2,4) 32 33
(2,4,3,4) 37 37
(2,4,4,4) 41 41
(3,3,3,3) 33 33
(3,3,3,4) 37 37
(3,3,4,4) 41 41
(3,4,3,4) 41 41
(3,4,4,4) 45 45
(4,4,4,4) 49 49

Table 3.2: Upper and lower bound for dim ’TNS%H. The lower bound is obtained via a direct
calculation. The upper bound is the value obtained in Corollary 3.4.5. In the cases marked with
* the two bounds do not coincide.
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power of a vector space W. Since dim S?C? = 3, this bilinear form has an associated
3 x 3 matrix. The invariant Ig that we are interested in is the determinant of such matrix,
which is a polynomial of degree 6 in the coefficients of the original tensor T

. . . C . .
In order to prove that Ig vanishes identically on TNSnﬁm we apply a normalization

which reduces the total degrees of freedom, then we perform the calculation symbolically
in Macaulay?2.

Write T € TNSGE, as

T ="Tr <B1 (U%l), U£1)> te B4(U§4)a U§4)))

where Bp(v§p), ng)) = Bévgp) + Bgvgp) are 2 X 2 matrices depending linearly on a fixed
basis of V.

Since TNS%{H is invariant under the action of GL(V7) x --- x GL(V}4) and the graph
tensor is invariant under the action of the gauge subgroup, we may use these groups
to normalize the matrices Bj. In particular, by the action of GL(V;) and GL(V3), we
may assume B and B} are rank one matrices; further, using the action of the gauge
subgroup, we may assume B{ = B} = (}9).

With this normalization, the evaluation of the invariant is performed and we can verify
that I4(T) = 0 whenever T' € TNSS{{n.

Since Ig is irreducible, we conclude TNS%n is a hypersurface of degree 6. O

If d =5,6,7, the calculation of the differential at a random point shows that in the case
of constant bond dimension 2 the dimension of tensor network varieties coincides with
the upper bound of Corollary 3.4.5. Therefore, we propose the following conjecture:

Conjecture 3.6.4. Letd >3, m=(2,...,2) andn = (n1,...,nq) with nj > 2. Then

dim TJ\/S%{n = min {4 <Z§l:1nj — d) +1, H;l:lnj}
except in the following cases:
e ifd =3: n=(2,n9,n3), with ng > 3, ng >4 and their cyclic permutations;
o ifd=4: n=(2,n9,2,n4) with ng,ng > 2 and their cyclic permutations.

The results of this section, together with Theorem 3.2.2, confirm Conjecture 3.6.4 for
d = 3. As mentioned above, a direct calculation confirms the conjecture for d = 5,6, 7.
In the case d = 4, the conjecture is confirmed in the case n = (2,2,2,2), in all cases
where the upper and lower bounds coincide in Table 3.2 and in the supercritical cases
constructed from those.
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Conclusions. In this chapter, we studied the dimension of the tensor network variety.
We provided a completely general upper bound in Theorem 3.0.2 and we illustrated how
to refine it in the cases relevant for applications in Corollary 3.4.5 and Corollary 3.4.6.
In Corollary 3.5.2, we gave the exact value of the dimension of the tensor network variety
in the supercritical range of parameters. Finally, we provided the calculation of the
dimension of some cases, arising from small values of the parameters, in which the upper
bound of Theorem 3.0.2 is not sharp.
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Chapter 4

Linear span of uniform matrix
product states

In this chapter, we study the linear span of uniform matrix product states. The results
contained in the chapter are based on the paper [DLMS22al, co-authored with Harshit
J. Motwani and Tim Seynnaeve, that is submitted at the moment of writing. From
a quantum mechanics perspective, uniform matrix product model translation invariant
physical systems of sites placed on a ring. The geometry of uniform matrix product
states has been extensively studied [PGVWCO07, HMOV14, CM14, CMS19|, but our
understanding of them is still far from complete, and several fundamental mathematical
problems remain open.

Our geometric point of view is the following: we fix a tensor space (C")®¢, and consider
the set of all tensors in this space that admit a translation-invariant matrix product state
representation, with a given bond dimension m. After taking the closure of this set, we
obtain an algebraic variety, which we denote by uMPS(m,n,d). The goal of this chapter
is to determine which linear equations, if any, vanish on our variety, more precisely:

Problem 4.0.1. Describe the linear span (uMPS(m,n,d)) of the variety of uniform
matriz product states, answering the following questions:

o What is the dimension of (uMPS(m,n,d))? (Question 4.1.3)

e For which parameters m,n,d € N does (uMPS(m,n,d)) fill the ambient space?
(Question 4.1.6)

o How does (uMPS(m,n,d)) decompose as a GLy-representation? (Question 4.1.9)

The variety uMPS(m, n, d) does not only arise from tensor networks, it is also a very nat-
ural geometric construction in its own right. Indeed, as we will soon see, uMPS(m, n, d)
is the closed image of the polynomial map that takes as input an n-tuple of m x m-
matrices, and outputs the traces of all d-fold products of the given matrices. In this way,
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it is a natural generalization of the classical Veronese variety. Our main Problem 4.0.1
is therefore equivalent to the following:

Problem 4.0.2. Let Ay, ..., An,_1 be m xm matrices with generic entries. Which linear
relations hold between the polynomaials

TI“(Ail s Aid)7

where (i1, ...,iq) € [n]??

The ring generated by all polynomials Tr(A;, - - - A;,), where the generic matrices are fixed
but we allow d to vary, is known as the trace algebra. In his classical work [Pro76]|, Procesi
described how to obtain all relations between the generators of this ring in principle. Note
however that the question we are asking is slightly different: we are only interested in
relations between traces of matrix products of a fized length d.

The chapter is divided into three sections. In Section 4.1, we define the variety of
uniform matrix product states and describe its natural symmetries. In Section 4.2 we
undertake a computational study of the space (uMPS(m,n,d)) in the smallest nontrivial
case m = n = 2. Since the variety uMPS(m,n,d) is invariant under the action of
GL,, we approach the problem from a representation theory perspective. We recall the
basic properties of the representation theory of GL, and we describe an algorithm that
can compute (uMPS(2,2,d)), viewed as a G Lo-representation. Based on this result, we
obtain a conjectured formula for the character (and in particular: the dimension) of
(uMPS(2,2,d)). In Subsection 4.2.3 we describe an algorithm that computes the highest
weight vectors of the S Lo-representation I (uMPS(2,2,d), i.e. the degree k-part of the
ideal of the variety. This in particular allows finding explicitly higher degree equations of
uMPS(2,2,d). Section 4.3 contains our main theoretical results: we introduce a powerful
method to find linear equations that vanish on (uMPS(m,n,d)), based on the Cayley-
Hamilton theorem. As a corollary, we show that for d > (m + 1)(m + 2), the linear span
(uMPS(m,n,d)) does not fill its natural ambient space Cyc?(C"), the space of cyclically
symmetric tensors; significantly improving the state of the art. In Subsection 4.3.1 we
study the special case m = n = 2, based on the computations done in Section 4.3. Using
the trace parametrization we show an upper bound on the dimension of (uMPS(2,2,d))
which is close to optimal, and we take some first steps towards proving our conjectured
character formula using again our Cayley-Hamilton technique.

4.1 Uniform matrix product states

We once and for all fix three parameters m,n,d € N. We will consider tensors in the
space (C™)®?. The standard basis of C" will be written as {eg, ..., e,_1}. We abbreviate
the set {0,...,n — 1} to [n].

Definition 4.1.1. The uniform matrix product state parametrization is given by the
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map
(b: (mem)n N (Cn)®d
(Ao,...,An_l) — Z Tr(Ail"’Aid) €4y ®"'®6id. (4'1)

0<i1,...,;g<n—1

We denote the image of this map by uMPS®(m,n,d). The closure of uMPS°(m,n,d),
taken equivalently either in the Euclidean or the Zariski topology over the complex num-
bers, is the algebraic variety of uniform matrix product states, denoted by uMPS(m, n, d).

Remark 4.1.2 (Graphical representation). If we think of (C™*™)" as the space of
m X m X n tensors, then the uMPS parametrization takes a tensor in this space and
contracts it d times with itself in a circle; see Figure 4.1. Compared to the pictorial
representation we give in the previous chapters, c.f. 2.2, from now on we add to every
vertex v € v(I') of the graph I' another edge that reminds us of the local dimension
associated to the vertex. This addition is of common use in the physics literature.

n
n n n
m m
m m ¢
d-sites
m m
n n
n

Figure 4.1: Graphical representation of map (4.1) defining uMPS(m, n,d). There are total d
tensors involved with order m x m x n.

The main question we try to answer in this chapter is the following:

Question 4.1.3. Determine the linear span of uMPS(m,n,d); i.e. the smallest vector
subspace of (C™)®? containing uMPS(m,n,d). In particular: what is the dimension of
this space?

4.1.1 Cyclic and symmetric invariance

The space (C™)®? comes equipped with an action of the symmetric group &4: for o € &4
and w = v ® - - ® vg € (C*)®? we have

o- (1 ® - ®ug) = VUo-1(1) @+ * @ Up-1(q)-

The symmetric group &4 naturally contains the cyclic group Cy and the dihedral group
Doy as subgroups. To be precise: let r,s € &4 be the cyclic permutation and reflection
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defined respectively by

r(i) =1+ 1(modd) and s(i)=d+1—1,
then Cy C G4 is the cyclic subgroup generated by r, and Dyg is the subgroup generated
by r and s.

Definition 4.1.4. The cyclically symmetric tensors and dihedrally symmetric tensors
are then the elements of (C?)®¢ that are invariant under the action of these subgroups:

Cycl(C") :={we (CV® |o-w=w VoeCy},

Dih?(C") := {w € (C)®? |0 -w=w VYo € Dy}
Note that both are linear subspaces of (C")®¢, and that Dih?(C™) C Cyc?(C"), where
the inclusion is strict unless d <2 or n =2 and d < 5.

Observation 4.1.5. The set uMPS(m, n, d) is a subset of the space of cyclically invariant
tensors Cyc?(C") c (C")®¢ because of the trace invariance under cyclic permutations of
the matrices: given My, ..., My € C™*™ then

Tr(My -+ Ma) = Tr(Myq1y - Mo(ay),

for o € Cy.

In other words, we can think of uMPS(m,n,d) as a subvariety of the ambient space
Cyc?(C™). As noted in [CMS19, Corollary 3.18], if we fix n and d and let m grow, the
space uMPS(m, n, d) will eventually fill the ambient space Cyc?(C™).

Question 4.1.6. For fixred n and d, what is the smallest m such that

(uMPS(m, n, d)) = Cyc?(C™).

It is known that for m = d, equality holds [CMS19, Proposition 3.11]. On the other
hand, it follows from a dimension count (|[CMS19, Theorem 3.14], see also [NV18]) that
if d > m, the inclusion (uMPS(m,n,d)) C Cyc?(C") is strict. In Section 4.3 we will
prove that already for d = O(m?), we have a strict inclusion.

Observation 4.1.7. In the case m = n = 2, we have the stronger inclusion
uMPS(2,2,d) C Dih%(C™).

This is a consequence of the identity Tr(A;, --- A;,) = Tr(A;, --- A;,), which holds for
any pair of 2 x 2 matrices Ag, A1 and sequence i1, ...,iq with i; € {0,1}. See [Grel4,
Theorem 1.1]

Example 4.1.8. Consider uMPS(2,2,6). For every Ag, A1 € C?*2, it holds the trace
relation Tr(A2A43A40A1) = Tr(A149A3A3), that does not come from the invariance of
trace under cyclic permutations of the matrices.
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4.1.2 (GL,-invariance

The general linear group GL, naturally acts on the space (C*)®%: given g € GL,, and
w=v® - vy € (C")® we have
g.(vl®...®vN) = (901)®®(91}N)

Clearly, Cyc?(C") and Dih%(C") are invariant under this action. The following compu-
tation shows that uMPS(m,n, d) is invariant under this action as well:

n

g-o(Ar,... Ay = Z Tr(AJi e 'Ajd) (Z gil,j16z‘1) Q- ® (Z gid:jdeid)

J177]d:1 i1=1 Zdzl

n n
= > D Gngi e Giwaa DAy Ay e @ e,

Jiseenja=11i1,...0a=1

n n
= DD Te(Gn g An e GiwgaAi) e © - Qe

J1seesda=111,..,ig=1

n n n
= Z Tr |:<Zgilﬂ.lAjl)...(ZgidyjdAjd)}eijL@...@eid
01,..0,0g=1 j1=1 ja=1
n

= (Z)(Zgl,jAj?"'?Zgn,jAj)‘ (42)
j=1 Jj=1

This means that the space (uMPS(m,n,d)) we are interested in is naturally a represen-
tation of GL,. We briefly recall what we will use about the representation theory of
GL,, and we fix the notation.

We once and for all fix a torus T' C G L, consisting of all diagonal matrices; and identify

T with (C*)™. For A = (Ag,...,A\n—1) € Z" and ¢t = diag(to,...,tn—1) € T, we write

th = t(’]\o o ~t:‘t’f11 € C*. Let V be any representation of GL,,. For any A\ € Z", the weight

space V) is defined as
Vw={veV|t-v=tv VteT}.

It is a well-known fact from representation theory that
V=W
Aezn

as vector spaces; and that knowing the dimensions of the weight spaces uniquely deter-
mines the representation V up to isomorphism. The polynomial

Xv =Y (dimVy)t*.
AeZ™

is known as the character of V. If we view our representation as a morphism p : GL, —
GL(V), the character xy is equal to Tr(p(diag(to,...,tn-1)))-

So we can refine our main Question 4.1.3 to:
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Question 4.1.9. Let V = (uMPS(m,n,d)), viewed as a GLy,-representation. For every
weight A € Z™, determine the dimension of the weight space V).

4.1.3 Words, necklaces and bracelets

As a warm-up, let us consider the classical representation V = (C")®d. Its character is
equal to (t;+- - -+1t,)? and by expanding we find that dim V} is equal to the multinomial
coeflicient (Al,fl.)\n) if >7\, = d, and zero otherwise. We can also see this in terms of
coordinates, and this will be useful later:

Definition 4.1.10. A word of length d on the alphabet [n] is just an ordered tuple I =
(t1,...,1q), with i; € [n]. The weight of a word I is a tuple w(I) = (wo, ..., wp—1) € Z",
where w; is the number of entries in I that are equal to i. We denote by W (n, d) the set
of words of length d on the alphabet [n].

For every word I = (i1,...,%q), we can define a vector ey := e;; ® --- ® e;,. The space
(C™)®4 has a basis given by the ey, where I runs over all words of length d on the
alphabet [n]. In addition, every ey is a weight vector of weight w(I). So the dimension of
the weight space V) is the number of words of weight A, which is indeed the multinomial
coefficient (/\17?_7)\71).

We move on to the subrepresentations Cyc?(C") and Dih?(C"), the natural ambient
spaces for uniform matrix product states.

Definition 4.1.11. A necklace (of length d on the alphabet [n]) is an equivalence class
of words, where two words are equivalent if they agree up to the action Cy. A bracelet
(of length d on the alphabet [n]) is an equivalence class of words, where two words are
equivalent if they agree up to the action Dy4. For a fixed necklace or bracelet, all words
in the equivalence class clearly have the same weight; this is the weight of the necklace
or bracelet. We denote by N(n,d), resp. B(n,d), the set of necklaces, resp. bracelets,
of length d on [n] and by Ny(n,d) C N(n,d), resp. Bx(n,d) C B(n,d), the subset of
elements of weight \ € Z™.

To every necklace N € N(n,d), we associate a basis vector ey := é Zoecd o - er, where

I is any representative of N. Then Cyc?(C") has a basis given by {ex : N € N(n,d)}.
Moreover, ey is a weight vector of weight w(INV), hence we find that the dimension of the
weight space of weight A is given by the number |Ny(n, d)| of necklaces of weight .

Remark 4.1.12. The number |N(n,d)| of necklaces of length d on [n] can be counted
using Polya’s enumeration theorem, see for instance [Stal3, Theorem 7.10|:
1
dim Cyc(C") = [N (n,d)| = ~ l§|dj¢<z>n‘?,

where ¢ is Euler’s totient function.
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There is also a formula for |Ny(n,d)| = dim Cyc?(C™),: it is equal to the coefficient of

)\0 .. >\n71

xy° -2, in the polynomial

1 /e /e d
Gy el <£> .
0d
o - ey, where [

To every bracelet b € B(n, d), we associate a basis vector e, := ﬁ ZUeDM

is a representative of b. Then Dih?(C") has a basis given by {e, : b € B(n,d)}, and the
dimension of the weight space of weight A is given by the number |B)y(n, d)| of bracelets
of weight .

Remark 4.1.13. The number of bracelets of length d on [n] is given by

LIN(n,d)| + $(n + 1)n%?  for d even,
IN(n,d)| + in(dt1)/2 for d odd.

N[— N

dim Dih%(C") = |B(n, d)| = {

We only state the formula for |By(n,d)| in the case of binary bracelets (i.e. n = 2), as
that is the only case that is relevant to us:

(71d Zl| ged(d,w) SO(Z)(
(Tld > 1 ged(d.w) PO

d
Q) for w odd,
|B(w,d—w) (27 d)| =

d
2) for w even.
2

4.2 Computations

In this section, we describe how to computationally answer Question 4.1.9 for fixed
parameters. We focus on the smallest interesting case m = n = 2. In this case we
are dealing with representations of GLg, so the weights are in Z2. Moreover, the only
occurring weights in (C2)®? are t}]”tcll*w for w = 0,...,d. For subrepresentations of
(C?)®4, we will abbreviate the weight spaces Viw,d—w) to Viy. Our goal is to determine
the dimension of the weight spaces (uMPS(2,2, d)).

All of our dimension counts in this section and the next use the following easy observation.

Observation 4.2.1. For py,...,pn € Cly1, ..., ys] polynomials, and X the image of the
polynomial map

cs —cV
(ylv"' 7y8) = (pl(ylv"' 7y8)7' . '7pN(y17"'7yS))’

a linear equation Y «;z; vanishes on X if and only if the identity > a;p; = 0 holds in
the polynomial ring Clyi, ..., ys]. In particular, the dimension of the linear span of X is
equal to the dimension of the subspace of Clyi, ..., ys| spanned by the p;’s.
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4.2.1 The trace parametrization

If we directly use Definition 4.1.1, we see that uMPS(2,2,d) is the closed image of a
polynomial map C® — Dihd(CQ). However, in this specific case there is an alternative
parametrization by C® instead of C®: the trace parametrization, which appears to be
computationally more efficient in practice. It is based on the connection between uniform
matrix product states and invariant theory of matrices.

Definition 4.2.2. Let
R = Cl(af;)1<i j<mi1 <k<n]

be the polynomial ring in m?n variables, and for k = 0,...,n —1, let A}, := (afj)lgi,jgm

be generic m x m matrices. The trace algebra Cy, , is the subalgebra of R generated by
the polynomials Tr(A;, - - A;,), where (i1,...,is) runs over all words (or equivalently:
necklaces) in [n].

Remark 4.2.3. The trace algebra is precisely the subring of R consisting of all elements
that are invariant under simultaneous conjugation:

f€Cnn < f(P'AGP,..., P A, 1P) = f(Ag,...,An_1) VP EGL,,.

This is known as the first fundamental theorem in the invariant theory of matrices [Sib68,
Pro76].

Proposition 4.2.4 ([Sib68, Corollary 2|). The trace algebra Ca2 is generated by the
following five polynomials:

Tr(Ag), Tr(Ay), Tr(A2), Tr(AgAy), Tr(A?),
and moreover, there are no polynomial relations between these generators.
Corollary 4.2.5. For every bracelet b = (b1,...,by), there is a unique polynomial
Py(To, T1, Too, To1, Th1) € C[To, T1, Too, To1, T11]
such that for every pair (Ag, A1) of 2 X 2 matrices, the following equality holds:

Tr(Ap, - Ap,) = Py(Tr(Ap), Tr(Ay), Tr(A2), Tr(Ag A1), Tr(A7)).

Remark 4.2.6. If we give the ring C[Ty, 11, Too, To1, 111] a grading by putting deg(Tp) =
deg(T1) = 1 and deg(Too) = deg(Tp1) = deg(T11) = 2, then the polynomial P, is homo-
geneous of degree length(b).

The above means that uMPS(2, 2, d) is the image of the polynomial map
¢ : C° = Dih?(C?)

(To, T, Too, Tor, Tur) = > Po(Th, T1, Too, Tor, T e,
b
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where b runs over all bracelets of length d. This is the trace parametrization.

In order to compute the polynomials Py, for bracelets of length 3, one verifies that
1.5 3 1, 1
Pooo = —§T0 + §T0T00, Pioo = —§T0 T+ §T1T00 + ToTo1,

1 1 1 3
Piip = —5T0T12 + §T0T11 + ThTon, P = —§T13 + §T1T11-

For bracelets of length > 4, we can inductively use the following identity [Sib68], which
holds for every quadruple (A, B,C, D) of 2 x 2-matrices:

2Tr(ABCD) =Tr(A) (Tr(BCD) — Tr(B) Tr(CD)) + Tr(B) (Tr(CDA) — Tr(C) Tr(DA))
+ Tr(C) (Tr(DAB) — Tr(D) Tr(AB)) + Tr(D) (Tr(ABC) — Tr(A) Tr(BC))
— Tr(AC) Tr(BD) + Tr(AB) Tr(CD) + Tr(AD) Tr(BC)
+ Tr(A) Tr(B) Tr(C) Tr(D).

4.2.2 Computing the character
The weight space (uUMPS(2,2,d)),, is the image of the map
C5 — Dih?4(C?),,

(To, T, Too, Tor, Tin) = > Po(To, T1, Too, Tor, T e,
b

where b ranges over all bracelets of weight w. By Observation 4.2.1, we need to compute
the dimension of the linear subspace of C[Ty, T4, Too, To1, T11] spanned by the P,’s. This
can be done computing the rank of the matrix of coefficients of P,’s.

Putting everything together, we obtain Algorithm 1, which for a given d computes the
character (in particular the dimension) of (uMPS(2, 2, d)).

The results are summarized in Table 4.1, where we write D,, := dim(uMPS(2,2,d)).,.
For d < 8, the space (uMPS(2,2,d)) is equal to the ambient space Dih?(C™).

We implemented this algorithm in SageMath [The20]. The code is available at
https://github.com/harshitmotwani2015/uMPS/.
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Algorithm 1: Linear span of (uMPS(2,2,d))
Input: d
Output: Character of the representation (uMPS(2, 2, d))
To — TI‘(A()); T1 — TI“(Al); Too — TI‘(A(Q)), T01 — TI‘(AoAl); T11 — TI‘(A%),
for / =3 to d do
bracelets = bracelets of length /;
for b in bracelets do
‘ Plb|] < Tr(Ap, - - - Ap,), expressed in the Tj;
end

end

for w =0 to d do

List the monomials y®*,...,y® appearing in the P[b], where b ranges over all
bracelets of weight w;

Write P[b] = Zj Br iy

Compute the rank of the matrix (5, ;)s.;:

end

d |Dy Dy Dy D3 Dy D; Dg D; Ds Dy Dig|dim(uMPS(2,2,d)) | dim Dih*(C")

8 |1 1 4 5 7 29 30

9 |1 1 4 6 8 40 46
101 1 5 7 11 11 61 78
1111 1 5 8 12 14 82 126
1211 1 6 9 15 17 20 118 224
1311 1 6 10 16 20 23 154 380
1411 17 11 19 23 29 29 211 687
151 1 7 12 20 26 32 35 268 1224
16 |1 1 8 13 23 29 38 41 45 353 2250
1711 1 8 14 24 32 41 47 51 438 4112
1811 19 15 27 35 47 53 61 61 559 7685
191 19 16 28 38 50 59 67 71 680 14310
201 1 10 17 31 41 56 65 77 81 86 |846 27012

Table 4.1: Character of (uMPS(2,2,d)). Since D,, = Dy_,,*, we only list D,, for w < [4].

'More generally: for every GLa-representation V' we have that Viy, 1) = Viby ,b0)-
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Based on these computations, we make the following conjecture:

Conjecture 4.2.7.

1+ d(v;l)v — 2<U_1)g(zv_1) + UL%J — 202 4+v  forw =2v,
14+ dv(l;rl) . 211(1}4—1%(211—&-1) fOT‘ w=2+1.

dim(uMPS(2,2,d)), = {

This would in particular imply

Conjecture 4.2.8 (Corollary of Conjecture 4.2.7)).

L(d* — 4d®> +192d +192)  for d even,

dim(uMPS(2,2,d)) = 192
(@ = 10d% +192d 4 201)  for d odd.

4.2.3 Higher order equations of uMPS(2,2,d)

Equations of tensor varieties, such as Secant varieties of the Segre variety or Veronese
variety, are hard to compute. For uniform matrix product states, Critch and Morton
gave a complete description of the ideal of the varieties uMPS(2,2,4) and uMPS(2,2,5)
and, in [CM14], several linear equations of uMPS(2,2,d) are given for d until 12. The
generators of the ideal of uMPS(2,2,d) for d = 4, 5,6 are given in [CMS19]. Our method
does not find equations for the variety via an implicitization problem as in the previ-
ously cited work. Such problems are difficult in general. We instead exploit represen-
tation theory, computing directly the highest weight vectors of the SLo-representation
I,(uMPS(2,2,d)), the degree k part of the ideal of the variety. Our method turns out to
be based on the solution of a linear system of equations in unknown coefficients, i.e. a
linear algebra problem.

Defining equations. Let V be a complex vector space of dimension S and V* its dual
space. Let {v1,...,vs} and {z1,...,z5} be the respective canonical bases. The ring of
polynomial functions of V' over C is denoted by C[V]| ~ Clx1,...,xg]. It is isomorphic
to the symmetric algebra of V*; C[V] =~ Sym(V*) = @, Sym*(V*). Sometimes we
will denote Sym*(V*) = C[V];. Let X C V be an algebraic variety. Its defining ideal
decomposes by degrees

I(X)={f €C[V]: f(p) = 0,%p € X} = P In(X),
k>0

where It (X) is the vector space of homogeneous polynomials of degree k vanishing on
X.

The variables of the polynomial ring C[Cyc?(C™)] can be written as xy, with N € N(n, d).
In the particular case m = n = 2, the variables of C[Dih%(C?)] are xp, with B € B(2,d).
The variety uMPS(2,2, d) is invariant under the action of the general linear group given
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in Equation (4.2). The action naturally induces an action on the ring of polynomial
functions C[Dih?(C2)] ~ Sym(Dih?(C2)") and on the ideal of the variety

I(uMPS(m,n,d)) = €P I (uMPS(2,2,d)).
k>0

We therefore consider the space I, (uMPS(2,2,d)) C Sym*(Dih%(C2)") as a representa-
tion of SLo and we implement an algorithm that explicitly computes its highest weight
vectors in the ranges Kk = 1 and d < 16, k = 2 and d < 9, k = 3 and d < 8. The
highest weight vectors are in particular equations of the variety. On the other hand, the
collection of highest weight vectors allows to determine the SLy-decomposition, degree
by degree, of the ideal into irreducible subrepresentations. The decomposition of the
degree one part I (uMPS(2,2,d)), seen as a vector space isomorphic to the dual of the
linear span of the variety, is coherent with the computations done in Section 4.2.

Weight vectors. Let s = diag(sg,s1) € T C GLy be an element of the torus. Let
I = (i1,...,1q) € W(2,d) be a word of length d in the alphabet [2]. The action of the
torus on the tensor product V = (C2)®? is given by

sler) = s(ei) @ - @ s(ei,) = 55 “ster,
where w is the number of entries in I that are equal to 1. The element e; = ¢€;, ®---®e;,
is therefore a weight vector of weight w(I) = (d — w,w), w € {0,...,d}.

Define tg := sal, t = 31_1 and t = diag(to,t1) € T C GLy. The action of the torus on
xy € V* is therefore given by

s(xr) = (so ) (s7 1) ar = 15T, iy (4.4)

We want to determine the action on the k-symmetric power of V*. An element of C[V];
is a monomial = xy, ... x5, with I; = (¢,...,&) € W(2,d), for j = 1,...,k. Let
w; :=w(l;) € Z? be the weight of I;. By Equation (4.4) the action on the monomial is

k k
d—S"k . k .
gj) = H 3(3319') = H S(xi{,‘ r th w]twji _ (t(] Z]:let?]=1w1> x (45)
j=1 j=1

Define w := Z?lej. Clearly w € {0,...,kd} and it is the number of 1’s appearing in

z € C[V]),. We have that every monomial z € C[V]y is a weight vector of weight ¢4
for some w € {0,...,dk}. We abbreviate again “weight A = (dk — w,w) € Z" to “weight
w". The action naturally restricts to C[Dih?(C?)]; C C[V]x.

k—
wt‘f,
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Highest weight vectors. We summarize the facts we need here about the represen-
tation theory of slo, the Lie algebra of SLs, c.f. Chapter 1, Subsection 1.1.2.

The Lie algebra of SLy, denoted by sls, is the space of 2 x 2 trace-zero matrices with
complex entries. It is C-span by three operators

10 0 1 0 0
me(o )=o) =000)

which satisfy the commutation relations [H, X| = 2X,[H,Y] = —2Y and [X,Y] = H. For
every non-negative integer n there is an rreducible SLo-representation V,, of dimension
(n + 1); isomorphic to Sym™(C?). If v € V(n) := {v € C? : H(w) = n - v} then
X(v) =0 and {v,Y(v),...,Y"(v)} spans V,,. A vector v € V,,, eigenvector of H, such
that X (v) = 0 is called highest weight vector and its corresponding eigenvalue is called
highest weight.

The operator X, called the raising operator, acts on the elements of the basis as X (ep) =
0, X (e1) = ep and the induced action on the tensor product is given by the Leibniz’s rule
X(e]) :)((61'1)@)612 Q- Re,+--+e, Q- ey ®X(€id) = Z €r,

Jisesdd
where (ji1,...,Jq) are all the possible words such that 1 is replaced by 0.
The action on the coordinate x;y € V* is
T = Z Lo (4.6)
j17"'7jd
where (ji,...,Jq) are all the possible words such that 1 is replaced by 0.

The opposite holds for the so called lowering operator Y, which acts on the elements of
the basis as Y (eg) = e1,Y (e1) = 0, where (ji, ..., jq) are all the possible words such that
0 is replaced by 1.

Given the monomial ¢ = zy, ...x1, € C[V], with [; = (zjl,,lzl) e W(2,d), for
j=1,...,k, by Equation (4.6) we have

X(@)= > - X(zg) 2. (4.7)

1<j<k

The action naturally restricts to C[Dih?(C?)].

We have that the highest weight vectors for the SLo-representation C[Dih%(C?)], ~
Sym*(Dih?(C?)") are the polynomials in the variables of Dih?(C2?)" which are linear
combinations of monomials of degree k of the same weight w € {0, ..., [dz—k] }, described
in Equation (4.5), and which are killed by (the induced action of) the raising opera-
tor X as in Equation (4.7). The number of highest weight vectors of a fixed weight
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we{0,..., (%W} gives the multiplicity, denoted by ¢,, € N, of the corresponding irre-
ducible module, denoted by V,, C Sym* (Dihd(C2)*). The elements of V,, are recovered
by applying the powers of the lowering operator on the respective highest weight vector.
Applying X, resp. Y, on an element of weight w we obtain an element of weight w — 1,
resp. w+ 1.

We can write the decomposition into irreducible SLs-representation:

Ex
Sym*(Dih?(C?)") = €P V5. (4.8)

w=0

Lemma 4.2.9. Let V,, be the irreducible S Lo-module of the S Ly-representation Sym* (Dih%(C2)")
associated to the weight w € {0,...,[%]}. Then

iy

dimV, =dk+1- 2w, for w:O,...,[2

that is the module V,,(= V(dk,w’w)) is 1somorphic to the vector space May_on,11 of dimen-
ston dk — 2w + 1.

Proof. An irreducible SLy-subrepresentation of Sym*(Dih%(C2)") is isomorphic to the
module V,, ~ Symdk_Qw(CQ). The highest weight vector associated to the weight w = 0
generates the irreducible SLy-module Vy ~ Sym®(C?) of dimension dk + 1. Fixed
w € {0,...,[%]} we have dim V, = dim Vy — 2w = dk + 1 — 2w. O

Decomposition (4.8) can be written as

2
Sym*(Dih(C*)") = €D (Mar—20+1)%.

w=0
Determining the highest weight vectors of the SLa-representations
I,(uMPS(2,2,d)) C Sym*(Dih?(C?)")

reveals the decomposition into irreducible SLo-modules, i.e. the multiplicities a,, € N
such that

dk
(%

I (uMPS(2,2,d)) = P (Mar—2041)%",  au < ¢y

w=0
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Algorithm for highest weight vectors. The algorithm we describe does not find
equations of the variety via an implicitization problem. The method is based instead
on the solution of a linear system of equations in unknown coefficients. More precisely,
a highest weight vector of the SLs-representation I(uMPS(2,2,d)) is a polynomial in
the variables of Dih?(C2)” which is a linear combination of monomials of degree k and
of the same weight w € {0,..., [%]} (see Equation (4.5)) such that the following two
conditions are satisfied:

1. the polynomial is killed by (the induced action of) the raising operator X (see
Equation (4.7));

2. it is zero, evaluated in the generic point of the variety uMPS(2,2,d).

Imposing these two conditions to the linear combination of monomials generates a linear
system of equations in the unknown coefficients. We solve the linear system in order to
obtain the highest weight vectors of the fixed weight w.

Let k be a fixed degree and w € {0, ..., [%’ﬂ} be a weight. Consider the linear combina-
tion of all the monomials z, of C[Dih%(C?)];, of degree k and weight w

f=3"xal € CDI(C), (4.9)
h

where 7}’ € C are unknown coefficients. We impose the conditions that f is a highest
weight vector, i.e. X(f) =0, and that it is an element of the ideal of uMPS(2,2,d), i.e.
f(P) =0, for every P € uMPS(2,2,d). This is equivalent to solving a linear system of
equations in the indeterminates ~}.

Solve the linear system. We report a method proposed in [BM05| by N. Bray and
J. Morton. The general problem is the following: given a polynomial map g with ring
map g* : Clzy,...,z¢] = Cly1,...,ys], we want to find the ideal I, of relations among
the z;. Let 2% = Hflzl z" € Clxy,...,zy] and denote g*(z*) = g* € Clyi, ..., yy]. Then
I, is the ideal of polynomials ), a,x® € Clxy,...,zy] such that ) a,g® = 0.

Fix the degree k and let P = {z% : 2% € Clz1,..., x|k} = {x1,...,%x¢} C Clz1,..., 2]
be the set of all monomials of degree k in the variables {z;};—1 . p. Denote the image
of the set by ¢*(P) = {g1,...,8} C Cly1,...,ys]. Notice that the element g; for
i =1,...,t can be a linear combination of monomials in {y;};=1,. . If we denote by
{¥1,...,ys} the set of all monomials in {y;};=1 s that appear in ¢*(P) then we can

write i
gi=> By
j=1
for every i = 1,...,¢ and for some coefficients 3;; € C.

Consider the matrix of coefficients B = (;;) € C'*¢ and its transpose B! = (Bi;) € Csxt
with ﬁéj = Bji. We compute a set of generators of the kernel of B* with Macaulay2
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[GS20]. They consist in g vectors: ol = (a!,...,al), for | = 1,...,q and they are such
that, for every for [ = 1,...,q, we have

t t s S t t
Salg =S el [y | =3 (z /aijcé) g =3 (z a;iaz) vy =0
=1 =1 7j=1 1 =1 =1

S
j= L 7=1

In particular, we obtain the relations among {x;}i=1 ., i.e. among the monomials of
degree k in the variables {z;};—1 .y, given by

¢
Zaéxi € I,NClxy,...,zply, foreveryl=1,...,q.

=1

We apply this technique, degree by degree and weight by weight, to find the coefficients
7’s of Equation (4.9). In our case the map g¢* is first the linear map induced by the
rising operator X on C[Dih?(C?)],, and then the evaluation map in the coordinates of the
trace parametrization.

Decomposition tables. We do not report all the equations of the highest weight
vectors obtained with our code. They are provided using the code available at https://
github.com/claudia-dela/uMPS_highest-weight-vectors/. Instead, we display the
decomposition into irreducible SLs-representations of the degree 1, 2 and 3 part of the
ideal in Tables 4.2, 4.3 and 4.4, respectively. The decomposition is given by

dk
(%

I,(uMPS(2, 2, d)) = @ (Mar—2.01) ™.

w=0

where Mgg_ou,41 is a dk — 2w + 1-dimensional irreducible module of SLy and a,, its
multiplicity. In particular M; is an i-dimensional irreducible S Lo-module associated to
a; highest weight vectors of weight w = %.

As an example, consider the degree 2 part of the ideal of uMPS(2,2,8) given in Table
4.3. The last term of the third line of Table 4.3 is 5My. The corresponding weight of
the module My is w = dk+21_9 = 8'2+21_9 = 4. One of the 5 equations of degree 2 of
uMPS(2,2,8) of weight 4, that we denote by p‘8173, has the expression:

4
Pg,3 =200000000L11101000 — £00000000¥11011000 — Z00000000211100100+

— £000000002L11010100 1 £00000000L10110100 + Z00000000L11001100-
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d I,(uMPS(2,2,d))

8 M

9 Ms+ M,y

10 OMy + 4Ms + Ms

11 4Msy + 6 M4 + 2Mg

12 9My + 7TMs + 11M5 + 3M~

13 16My + 18 My + 15Mg + 4 Mg

14 7My + 41M3 + 28 M5 + 23 M7 + 5 My

15 44Ms + 68My + 49Mg + 29Mg + 7TMq

16 61M7 + 92M3 + 124M5 + 69M7 + 41 Mg + 8M7q

Table 4.2: Decomposition of the degree one part of the ideal of uMPS(2, 2, d) into irreducible
S Lo-representations, for d =8, ..., 16.

I(uMPS(2, 2, d))

My + M5

0Mq + 3Ms3 + 2Ms + M~

10My + 7TMs + 15M5 + 5M7 4+ 5My

OMq + 31 M3 + 31 M5 + 27TM7 + 14Mg + 6 M7 + M3

© 00 J O | X

Table 4.3: Decomposition of the degree 2 part of the ideal of uMPS(2,2,d) into irreducible
S Lo-representations, for d = 6,7,8,9.

I3(uMPS(2,2, d))

6M3 + 3Ms + 6 M7 + Mg + My
10Ms + 18 My + 20Mg + 14Mg + 11Mqg + 3Mio + My
54My + 64Ms + 122M5 + 94 M7 4 97My + 50M11 + 37My3 + 9My5 4+ 5My7

0 N O |

Table 4.4: Decomposition of the degree 3 part of the ideal of uMPS(2,2,d) into irreducible
S Lo-representations, for d = 6,7, 8.

In particular, comparing the decomposition of the ambient space Dihd(C2) (Table 4.5)
with the decomposition of the degree one part of the ideal (Table 4.2) we obtain the
decomposition of the linear span of uMPS(2,2,d), for d = 8,...,16, whose dimension
agrees with the dimension given in Table 4.1 of the previous subsection.
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d Dih%(C?)

8  3My + M3+ 3Ms5 + My

9  3Ms + 3My + 3Mg + Mg

10 0M1 —|—8M3—|—3M5—|—4M7—|—M11

11 6Ms + 10My + 5Mg + 4Mg + Mo

12 12M1 —|—9M3+17M5+6M7—|—5M9+M13

13 19Ms + 22My4 + 21 Mg + 8 Mg + 5M1g + M4

14 7My + 47Ms3 + 32M5 + 31M7 4+ 9Mg + 6 M1 + M5

15 47My + 74My + 55Mg + 37Mg + 12Myg + 6M12 + Mg

16 65M7 + 95M3 + 133Ms + 75M7 + 51 Mg + 13M71 + TMi3 + Mir

Table 4.5: Decomposition of the space of dihedrally symmetric tensors into irreducible SLo-
representations, for d =8, ..., 16.

d  Linear span (uMPS(2,2,d))

2M1 + Mg + 3Ms + My
9  2Ms + 2My + 3Mg + Mg
10 0M1 —|—4M3—|—2M5—|—4M7—|—M11
11 2Ms + 4My + 3Mg + 4Mg + Mo
12 3M1 —|—2M3+6M5+3M7+5M9—|—M13
13 3Msy +4My + 6 Mg + 4Mg + 5Mig + Mg
14 OMy + 6M3 + 4Ms + 8 M7 + 4Mg + 6Mq1 + Mis
15 3Msy + 6My 4+ 6 Mg + 8Mg + 5M1g + 6 M2 + Mg
16 4My + 3M3 + 9Ms + 6 M7 + 10My + 5Myq + 7TMq3 + My

Table 4.6: Decomposition of the linear span of uMPS(2,2,d) into irreducible SLs-
representations, for d =8, ..., 16.

4.3 Linear relations via Cayley-Hamilton

We show that the linear span of the space of cyclically invariant matrix product states
uMPS(m, n, d) is a proper subspace of the space of cyclically invariant tensors Cyc?(C")
for n > m+ 2 and d > MW In particular, Theorem 4.3.6 gives nontrivial
trace relations that do not follow either from cyclic permutations or reflections. We
recall the classical Cayley-Hamilton theorem. We apply this result in order to find lin-
ear equations of uMPS(m,n,d +t) C Cyc?T(C"), t > m based on linear equations of

uMPS(m,n, N) C CycV(C"), N =d,d+1,...,d+m — 1, in Lemma 4.3.3.

Theorem 4.3.1 (Cayley-Hamilton). Let A € C"™*™ be an m x m complex matriz and
pa(X) = det(Ald,,, — A) be its characteristic polynomial. Then pa(A) = 0.
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In fact, the only thing we will use is the following statement, which (since degps4 = m)
immediately follows from Theorem 4.3.1.

Corollary 4.3.2. Let A € C™ ™. Then A%, for ¢ > m can be written as a linear
combination of its previous powers.

Proof. Consider A7 = A™A?™™ with ¢ > m. Let p4 be the characteristic polynomial. If
q = m then by the Cayley-Hamilton Theorem

pa(A) = A™ 4+ 9 A" 4 1 A+ yoldyy, = 0.

Al =A™ = — (v, 1 A 4y A+ yold,y,), e A9, g = m can be written as a linear
combination of its previous powers A%, for i =0,...,m — 1. Assume that ¢ > m, then

AM pam AmAAq—m—l — _('melAm_l + .4 f-}/lA + "}/OIdm)AAq_m_l
= —(Ym—1A™ + - + 71 A% + A AT

and after ¢ — m — 1 steps we have

AT = — (1 AT AT g AT,

This concludes the proof. ]
Lemma 4.3.3. Let ¢ = (c1,...,c5) € C® be a vector of coefficients and {iZ}ISZSd,ISjgs
be indices, with i) € [n]. Assume that for every n-tuple (Ao, ..., An—1) of mxm matrices

and every k < m the following identity holds:
> g Te(A, - Ag Aby =o. (4.10)
d
j=1

Then the same identity holds for arbitrary k € N.

Proof. We use induction on k > m. By Corollary 4.3.2, A’g can be written as a linear

combination of its previous powers A?, for ¢ =0, ..., m — 1. Therefore, we have
s s m—1
Do Te(Ay - Ay AR = ey Tr [y -+ Ay (Y g
j=1 j=1 =0
s m—1
= Z ¢; Z 7l(Tr(AZg1 AzéAg))
j=1 =0
m—1 s
= 'yl( Cj(Tr(Agl A%Ag))) =0 O
=0 j=1
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Corollary 4.3.4. Let ¢ = (c1,...,¢s) € C® be a vector of coefficients and let I; =

GR zil) € W(n,d), forj=1,...,s, Let 0™ := (0...0) be the word of m zeros and let
~——

m-times

m-times

be the word obtained concatenating l; and 0™. Then, if the following relations hold

ho := cixy, + -+ + csxp, € I (uMPS(m, n,d)),
hi = cizy0+ -+ + csxp0 € L1 (uMPS(m,n,d 4 1))

him—1 := 12, gm=1 + - - - + csxy gm—1 € I1(uMPS(m,n,d +m — 1)),
then, for every q > m, it holds

ht = Clgjlloq + . e + 051'130‘1 S Il(uMPS(m,n, d + t))

Proof. Simply notice that, for every ¢ € N, hy € I (uMPS(m,n,d + ¢) if and only if
S
Z Cj T‘F(AZ{ s AZ;AS) = 0.
j=1

The result descends directly from Lemma 4.3.3. O

The usefulness of Lemma 4.3.3 stems from the fact that one can find expressions of the
form (4.10) which are trivial for small k, in the sense that they follow from the cyclic
invariance of the trace, but nontrivial for large k. We illustrate this in the example below.

Example 4.3.5. We show that for any 2 x 2 matrices Ag, A1, As, A3 and any k > 0, the
following identity holds

Tr(AlAngAgAIS) + TI“(AQAngAlAIS) + TI"(AgAleAQAIS)
=Tr(A; AgAs A3 AE) + Tr(A Ag Az Ay AE) + Tr(A3Ag A1 A AS).

By the above argument, it suffices to show the identity for k = 0 and k£ = 1. But these
both follow from cyclic invariance of the trace:

TI‘(AlAQAoAg) + TI‘(AQAngAl) + TI‘(AgAleAQ)
:TI‘(AleAQAg) + TI‘(AQAoAgAl) + TI‘(AngAlAQ)

TI‘(AlAQAoAng) + TI”(AQA3A()A1A0) + TI‘(AgAleAQAo)
:TI‘(AlA()AQAng) + TI‘(AQA()AgAle) + TI‘(AngAlAQAo).
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This immediately gives us a nontrivial linear relation on uMPS(2,4,d), for d > 6. But
we can also find linear relations on uMPS(2, 2, d). For instance, if we put k = 2, Ay = A?
and A3 = AgAq, we find

Tr(AJAZA1A2) + Tr(A2 AgA1 AgA 1 A3) + Tr(A2 A3 A2 Ay)
=Tr(A3AgA1 AZA 1 Ag) + Tr(A2AZAZAZ) + Tr(ATA3 A Ay),
which is the unique linear relation on uMPS(2,2,8) that doesn’t follow from dihedral
symmetry.
Theorem 4.3.6. Let Ay, ..., An, B be m x m matrices. Then for every £ € N it holds
that

> sgn(o)sgn(r) Tr(A ) B° O A, 1)B°W - Ay B DAL BY) = 0,
0€6 ., TECm 41
(4.11)

Here &, is the symmetric group acting on {0,1,...,m — 1}, and Cp,41 is the cyclic
group acting on {0,1,...,m}.

Proof. We will first show the statement for ¢ € {0,1,...,m — 1}. So let us fix such an /.
We will write

T(o,7):= TI"(AT(O)BU(O)AT(l)BU(l) cee AT(mfl)BU(mil)AT(m)Be).
Let us write ¢, for the permutation that cyclically permutes the first a elements. Precisely

i1+1 fori<a-—1
ca(i) =10 fori=a—1

7 fori>a—1.

Step 1. For ¢ € G,,, and 7 € )41, we define

~ . _ -1 o) +1
0:=00C, 111 °Cm

~ a1 (0)+1
TI=TOC,.1

we have T'(o,7) =T(0,7).
Indeed, if we write k = o~1(£), then
T(o,7) = Tr(AT(O)B”(O) .. AT(k)BG(k)AT(kH)BU(’fﬂ) e AT(m—l)Bg(m_l)AT(m)Ba(k))
= Tr(AT(kH)BG(kH) - AT(m)BU(k)AT(o)BG(O) e AT(kfl)Bo'(kil)AT(k)BU(k))
=T(o,7).
Where for the last step, note that

o k+1 :cfntrll(O), ey m:cﬁiﬁl(m—k—l), O:c:f,#l(m—k), ey k:cﬁ;trll(m).
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o k+1l=cl(ckH(0)), ..., m—1=c (KM m—k=-2)), k =l (cE (m—k-1)),

O—Ckil( kl(m —k)), ..., k— 1—cki1( k1 (m — 1)).

Step 2. Note that the assignment

Gm X C’m—o—l — Gm X Cm+1
(0,7)— (0,7)

is an involution. Indeed, we have
~ —o—l()— _ oL — _
o 1(6) =Cny © l(ccr*l(f)—&-l(g 1(6») =Cny ® 1(0) =m-=0o 1(6) -1

So, again writing k = o~ 1(¥)

=050 c;}%ﬂ o C;?nfl(f)—&-l
oo ckil ocktlo et och k
=o0.
To see the last equality:
e For i < k: c;il( k“(cm k( k(i) = ckil(cﬁfl(c;{k(m —k+1i))) =
(e m —k+i) =, (i +1) =i
o Fori=k: ¢l (chil(e,t ( mk(R)))) = ey (5 (e (0) =
ckil(ckﬂ(m k— = ck+1( )=k

e For i > k: 01;1_1( Kl(c k( k@) = c,;j_l(cﬁj'l(cgll_k(i — k) =

Ck—il—l(ck+1( —k-1)= Ck+1( i) =1i.

And furthermore 7 = 7o *TL o ¢k

m+1 ° cm—l—l =T
Step 3. Note that

sgn(0) sgn(7) = (—1)F DD son () sgn(r)

= —sgn(o)sgn(T).

From Step 1 we have that T'(o,7) = T'(, 7). There will be cancellations of terms in (4.11)
as sgn(o) sgn(7) = —sgn(o)sgn(r) from Step 3. Finally using Step 2 we ensure that all
terms will cancel out therefore establishing the given identity for 0 <1 < m — 1. Now
using Lemma 4.3.3, we conclude that the given identity (4.11) holds for all I € N. O

Corollary 4.3.7. If n > 3 and d > w, then uMPS(m,n,d) is contained in a
proper linear subspace of the space of cyclically invariant tensors.
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Proof. Let £ > m and let &,,,11 denote the symmetric group acting on {0, 1,...,m—1,¢}.
Then we can rewrite (4.11) as follows:

> sgn(o) Tr(AgB° WA B°W .- Ay 1 B7 MY A, BOW) = 0. (4.12)

0€EGm+1

Let Xo, X1, X2 be m x m matrices, and in (4.12) substitute Ag = Xy, B = X3, and
A; = Xo fori =1,...,m. Note that even after that substitution, the ternary bracelets
corresponding to the (m + 1)! terms in (4.12) are all distinct. Hence no two terms will
cancel, and we get a nontrivial linear relation on uMPS(m, 3,d), where d =142+ ---+
(m—1)+0+m+1)>14+2+-+ (m+1) = ("]?). O

Remark 4.3.8. With a bit more care, one can also get nontrivial relations on uMPS(m, 2, d)
in this way. For instance if we take £ = m and in (4.12) we substitute Ag = XOX{nHXO,

B = X1, and A; = X for ¢ = 1,...,m, one verifies that again no terms cancel, and

hence we found a nontrivial linear relation on uMPS(m, 2,d), where d = (m;r 3).

4.3.1 Linear equations for uMPS(2, 2, d)
From the trace parametrization, we can give an upper bound on dim(uMPS(2,2, d)).
Theorem 4.3.9. For every d € N, we have the inequality

15 (d+6)(d +4)*(d +2) for d even,

dim(uMPS(2,2,d)) < { H
15 (d+T7)(d+5)(d+3)(d+1) ford odd.

Proof. Tt follows from (4.3) and Remark 4.2.6 that dim(uMPS(2,2,d)) can be at most
the number of degree d monomials in C[Ty, T, Too, To1,T11]. Counting these monomials
gives the above formula. O

Note that asymptotically for d — oo, the above bound agrees with our conjectured
formula in Conjecture 4.2.8.

As in the previous section, we abbreviate “weight A = (w,d —w) € Z2" to “weight w". In
the rest of this section, we provide a proof of Conjecture 4.2.7 in the cases w =0, 1, 2, 3.

Consider the parametrization of uMPS(2, 2, d) in coordinates
¢ : (C¥*?)2 - Dih?(C?)
(Ag, A1) = (Tr(AY), Tr(AZ 1 Ay), ..., Tr(AD)).

It is in particular a polynomial map in the unknown entries of the matrices Ag, A; € C2*2,

we denote by
_ (a1 a2 o bl b2
Ao = ((13 a4> A= (b3 174) '
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We will write
Tiy iy :=Tr(A4; ... Aiy) €Clay,...,bs]g and Wy = (T} : b€ By(2,d))
By Observation 4.2.1, we have
dim(uMPS(2,2,d)),, = dim W,,.

The cases w = 0 and w = 1 are easy:

Proposition 4.3.10. The space Wy is a 1-dimensional vector space generated by the
polynomial Ty, .. o = Tr(Ag). The space W7 is a 1-dimensional vector space generated by
the polynomial T1g..0 = Tr(AlAg_l).

Proof. If w = 0 then b = (0...0) € By(2,d) is the only binary bracelet of weight zero,
and if w =1 then b= (10...0) € B;(2,d) is the only binary bracelet of weight 1. O

We now turn to the case w = 2. Then Conjecture 4.2.7 states that dim W,, = {%j But
|2] is exactly the number Bs(2,d) of generators T}, of W,,; hence we need to show that
they are linearly independent.

Proposition 4.3.11. The polynomials {T} : b € Ba2(2,d)} are linearly independent.

Proof. Note that

, d
W2 = <T10i10d—271‘ | 1 = 0, PN LgJ — 1>

If we make the following substitutions:
01 10
a=(10) =0 2)

. . . . d
Tygingi-z—i = Tr(Ay AL AL A2 = g 4 00271 =0, .| bJ -~ (4.13)

our generators 1j become

Since for the given choice of Ay, A1 the polynomials (4.13) are L%J linearly independent
polynomials, the same holds for a generic choice of matrices. O

Finally, we prove the case w = 3. In this case our conjectured formula states that
dim Wy, = d — 3. Consider the following subset of B3(2,d):

Bs := {b € B3(2,d) : b contains 11 or 101} C Bs(2,d).

Lemma 4.3.12. The cardinality of Eg equals d — 3.
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Proof. The cardinality of Eg is the sum of the number of binary bracelets of weight 3

containing 11 and the number of binary bracelets of weight 3 containing 101 but not 11,

that are [%52] and [%42] respectively. Therefore the cardinality of Bj is

2] 4] - m

In order to prove the case w = 3 we need to show that {7} : b € ég} is a basis of W3.
We first show linear independence:

Lemma 4.3.13. The polynomials {T}, : b € Eg} are linearly independent.

Proof. We will show that the polynomials are linearly independent even after the follow-

ing substitution:
01 10
w=(i) 2=(2)

Then W3 is spanned by the following polynomials:

d—3
fb = T110b10d7b73 = .’Eb + .I'd_b_g =+ 2$d_3 b S {0, ey L?J }’

d—4
gp ‘= T1010b10d—b—4 = $b+1 + xdibig + 1’d74 + l'dig b c {1, ey L?J }

We now simply have to put the coefficients of these polynomials in a matrix and show it
has full rank. For d even the matrix of coefficients is given by

1 3
1 1 2
1 1 2
S=10 1 1
001 0 2 1
0 1 1 11
0 2 011
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and for d odd, given by

1 0 3

1 01 2

1 1 0 2

1 1 0 2

5= 2 0 2

0 0 1 0 2 1

0 0 1 1 1

0 0 1 1 01 1
By elementary row operations, we can reduce the left upper part to a diagonal matrix of
order L%j The left lower part is filled with zeros. The (rectangular) right lower block

%J X Ld%ﬂ can be put in the following upper triangular forms, for d

even and odd respectively

of dimension |

0 oo-1 2 -1 2.0 ... L1
0 2 3 -1
1 1 1 -1
0 1 =1 — ) 5 —3 for d even,
—1 1 . 0 0 2
2 0 0 1 1 0 0
0 -1 2 -1 10 ... 01 0
-1 1 1 =1 01 0 0 —1
O e 0 3 2 ford =2 odd.
-1 1 ~1 0 1
1 0 ... 0 1 0 0

Both the obtained blocks have rank | 45* |. We have that the rank of S is | 452 |+ | 945 |
d — 3, and this concludes the proof.

ol

We finish our proof by showing that {7} : b € Eg} spans Wj:

Lemma 4.3.14. Every polynomial Tygaigp19e = Tr(A1 AZA; AJA1AS), with 1 < a <b <
¢, a+b+c=d—3is an element of the linear span (T}, : b € Bs).

Proof. Notice that the elements of Bs(2,n)\ Bs can be written without loss of generality
in the form

10910°10¢, withl<a<b<e.
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We use induction on a. If a = 0 and @ = 1 then (10°10°10%) € B3 and we are done. If we
substitute 47 — A1A871, Ay — A1A8 and A3 — Aj in the equation given by Theorem
4.3.6, we get

Tr(A1A8_1A1A8+1A1A8) + TI(A1A8A1A0A1A8+C_1) —+ Tr(A%AgAlAg-i-C) —
TT(A1A8A1A8A1A8> + TI‘(AlAg—’_lA%AgJ'_C_l) + TT(A1A0A1A8_1A1A8+C).

Reordering the summands we obtain
Tiga10v10c = (Tigp10100+e-1 + Th1gatgore — Tigb+11100+e-1 = Thgrga-1100+e) + Tiga-1100+1 100

All terms in the parenthesis have as subscript an element of ég, and the last term is in
({T} : b € Bs}) by the induction hypothesis. This concludes the proof. ]

Conclusions. In this chapter, we studied the linear span (uMPS(m,n,d)). Theorem
4.3.6 introduces a new method to find linear equations that vanish on (uMPS(m, n,d)),
based on the Cayley-Hamilton theorem. As a corollary, we provided that for d >
(m + 1)(m + 2), the linear span (uMPS(m,n,d)) does not fill its natural ambient space
Cycd(C"), significantly improving the state of the art. For the special case m = n = 2, we
described an algorithm that computes (uMPS(2,2,d)), viewed as a G La-representation
and we obtained a conjectured formula for its dimension that we proved in the first cases,
using our Cayley-Hamilton technique. Moreover, using the trace parametrization we gave
an upper bound on the dimension of (uUMPS(2,2,d)) which is close to optimal.
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Chapter

Nonlinear conjugate gradient
method on MPS

In quantum physics, every physical system is associated to a Hilbert space. Moreover,
a system composed of several subsystems is associated to the tensor product of the
Hilbert spaces associated to the subsystems. One of the main problems in studying or
simulating these many-body quantum systems is the exponential growth of the dimension
of the tensor product in the number of its factors.

Consider a quantum many-body system of d particles. Let Hy = C”k, fork=1,...,dbe
the state space of the single k-th component and let H = H1 ® - - - ® Hg be the Hilbert
space associated to the composite system. For every k = 1,...,d, fix a basis {e )}
of Hy. An element ¢ € H can be written as

Jrk=1

N1y M

1 d
Z L~ gl) “®e§'d)'

J1yeedda=1

The tensor ) is usually called wave function and it is completely characterized by its
coefficients v, . ;,. We immediately notice that the dimension of the Hilbert space

dim(H H dim(H H Mg,

increases exponentially in the number of factors of the tensor product, meaning that the
number of parameters needed to describe the state ¢ € H is exponentially large in the
system size. From a computational point of view, this means that the representation of
1 is inefficient. This leads to the problem of finding an efficient representation of 1 that
also provides an accurate physical description of the system, in particular of the expected
entanglement properties of the state [Oral4].
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Bond dimensions and entanglement. Tensor network varieties play a major role
in this context, where they are used as a variational ansatz class to describe strongly
correlated quantum systems, whose entanglement structure is given by the underlying
graph. A state of the tensor network is the result of a contraction of tensors prescribed
by the edges of the graph. By the physical interpretation of this construction, the edges
of the graph encode the structure of the entanglement of the state v, and the bond
dimension associated to every edge is considered a quantitative measure of the amount
of quantum correlation in the wave function. For example, low-energy eigenstates of
gapped Hamiltonians with local interactions exhibit little entanglement relative to typical
states and therefore they can be efficiently approximated with matrix product states and
projected entangled pair states with finite bond dimensions [ECP10, Has07, VWPGCO06].
Particularly relevant and studied are therefore lattice graphs. We provide examples of
matrix product states (MPS) and projected entangled pair states (PEPS) in Figure
5.1. Matrix product states (projected entangled pair states) with periodic boundary
conditions are said to be translation invariant if the same tensor is associated to every
vertex of the underlying graph. If the graph is the path graph, the associated matrix
product state (projected entangled pair states) with open boundary conditions can be
translation invariant only in the so called thermodynamic limit, where the number of
vertices approaches infinity.

(a)

(c)

Figure 5.1: Examples of lattice graphs: MPS with open (a) and periodic (b) boundary condi-
tions; PEPS with open (¢) and periodic (d) boundary conditions.

We refer to [Orial4, STGT19, PGVWC07, CLVW20] for a full description of the subject
from the viewpoint of quantum physics and for details on the construction of MPS,
PEPS and other related entanglement structures. The entanglement theory behind the
construction of the MPS ansatz led to the introduction of variational MPS algorithms
applied to PEPS [VWPGC06, VC04| and tensor network varieties associated to higher
dimensional graphs.
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Dimension. Moreover, the dimension of tensor network varieties is polynomial in the
system size allowing for an efficient parametrization of states of a composite system.

Let TNSFm’n C H be the tensor network variety associated to (I',m,n). By Theorem
3.0.2 in Chapter 3 we have the following upper bound on the dimension of the variety

dimTNSan < Z (ny - Ny) —d+1— Z (mg —1) + dim Stabgr,m(X)7
vev(T) ece(I)

where N, = [[.5,Me, X = X1 ® --- ® X4 with X, € Hom(W,,V,) generic and
Stabg. . (X) is the stabilizer of X under the action of the gauge subgroup.

By naive computation, if we denote by Nyax = max,cy(r) Vy, then
dim 77\/’8&7n = O(poly(d) poly(Nmax))-

Therefore, if we approximate the state ¢ to be an element of TNSIFn,n C H, the number
of parameters needed to describe 1 grows polynomially in the system size, allowing an
efficient parametrization of the wave function.

State of the art. The original motivation in quantum physics is the description of
quantum spin chains [AKLT88, FNW92, OR95]. In particular, I. Affleck, T. Kennedy,
E. H. Lieb and H. Tasaki [AKLT88| proved that ground states of the AKLT model
admitted an analytic solution corresponding to a matrix product state representation.
While in general analytical solutions of ground states are too hard to be found, the AKLT
model suggested the use of matrix product states as variational classes of tensors for the
approzimation of ground states.

Let H=C" ®---®C™, Let H : H — H be the Hamiltonian describing the dynamics
of a quantum physical system. We denote the lowest eigenvalue of H by Ag € R, and the
associated eigenspace by E),. Vectors of I, are the so called ground state.

The expectation value of the Hamiltonian in v € H is the real valued operator p : H — R,

defined as
v Ho

vt

p(v) = (H), =

The Courant-Fischer-Weyl min-max theorem [RS78| ensures that the minimum eigen-
value of H corresponds to
Mo =min{p(v): veH}.

Therefore, the ground states of H correspond to eigenvectors that realize the minimum.
Denote a ground state by vg.

Problem 5.0.1. The variational ansatz consists in approzimating the ground state vg
with a tensor vy € H of a chosen tensor network representation, i.e. fized (I',m,n)
tensor network, in finding

To = argmin {p(v) : v € TNS S, }.
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Matrix product states are the first nontrivial class of tensor network varieties and they
received great attention in the recent years. Several techniques have been developed in
order to study their geometry and to build ad hoc algorithms for exploiting the efficiency
of the MPS representation.

Problem 5.0.2. Given ¢ : Dyps — MPS C H, the parametrization of the variety of
matriz product states, problem 5.0.1 can be restated as: finding

. B _ (A)THe(A)
argmin(p o ¢(4)) = argmin = S-S0

Equivalently, finding A € Dyps which realizes the minimum of the functional f = po ¢ :
Dyips — R, given by

P(A)TH(A)

I = =S ayreay

(5.1)

Variational ansatz. White [Whi93| introduced an algorithm to find an approximate
ground states that nowadays is the well-known Density Matrix Renormalization Group
(DMRG) variational algorithm [Vid04, Sch1l]. The DMRG is an adaptive algorithm
that optimizes the MPS in order to make it an approximation of the lowest eigen-
value of a given Hamiltonian. The algorithm consists in the sequential solution of
minor diagonalization problems: all but one or two tensors of the MPS are fixed, an
eigensolver is performed on the reduced eigenvalue problem and then the MPS form
(that can have been lost) is restored through a Singular Value Decomposition. The
DMRG has been generalized to arbitrary loop-free tensor network formats (Tree-Tensor
Networks) [STGT19] and MERA (Multiscaled Entanglement Renormalization Ansatz)
[Vid07, Vid08, EV11, EV14].

The best known and most powerful method for approximating the time-evolving wave
function within the MPS manifold is the Time-Evolving Block Decimation (TEBD) de-
veloped by Vidal [Vid04]. Given a Hamiltonian H : ‘H — H, the time evolution of a
quantum state 1(t) € H is dictated by the Shrodinger equation (1.4)

L d
ihu(t) = H(O(0),
whose solution is given by

W(t) = e MM (ty),  to = 0.

The new idea is to use a Lie-Trotter-Suzuki decomposition for the evolution operator
e~ WH/M for small time steps & < 1. Given a decomposition H = H®) + H®) such that
H® and H® separately contain local terms that all commute, we can write

i —isHMY) _isH®2) —isHWM) _isH®2)
e i0H —e i0H e i0H +O(52) e iW0H e i0H )

~R§—0
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The decomposed evolution operator is sequentially applied to the wave function in the
MPS representation. Again, after every application, a truncation step (SVD or Schmidt
decomposition) is performed to restore the wave function to the MPS format.
Assuming that H is independent of time and considering the substitution 7 = it

1

d
(r) = 2 H(7),

the solution in imaginary time is given by

(1) = e 7/ Mp(r9), 19 =0.

and the evolution of the initial state (1) € H will tend to the ground state, for time
going to infinity. The TEBD can now be applied in combination with imaginary time
evolution, in order to find a ground state approximation within the variational class.
Notice that, before the SVD, the state leaves the variational manifold and a representative
from the manifold must be found that best approximates the new time-evolved state. In
general, the truncation step is not guaranteed to be optimal.

Moreover, as in all sequential methods, either the evolution and re-embedding or the
optimization of the state update some but not all the tensors of the network. The
drawback of this local update in translational invariance systems is the breaking of the
symmetry, immediately after a single step.

The Time-Dependent Variational Principle (TDVP) was proposed [HCO'11, HOV13,
HLO™16] to overcome these limits, in the framework of translation invariant matrix
product states in the thermodynamic limit. The algorithm relies on the concept of tan-
gent space of the uMPS manifold. Moreover, in [ZSVF'18], an alternative scheme has
been proposed that applies global updates in order to preserve the translation invariance
of the MPS. The method combines the DMRG with MPS tangent space concepts.

The TDVP transforms the linear Schrodinger equation H into a non-linear set of dif-
ferential equations in the parameter space of the variational manifold. The right-hand
side of the Schrodinger equation is projected onto the tangent space of a chosen MPS
with fixed bond dimension so that the evolution never leaves the manifold. The TDVP
describes the best direction in which the quantum state can evolve without leaving the
variational manifold in order to approximate the time-dependent Schréodinger equation.
The simulation of time evolution consists in the integration of a set of non-linear coupled
differential equations and produces an approximation to a gradient descent in the full
Hilbert space.

Conjugate gradient methods have been introduced in [PVV11l, VHCV16| in order to
approximate ground states of translation invariant systems with periodic boundary con-
ditions. Moreover, based on the TDVP, a variational conjugate gradient method has
been proposed in [MHO13] and it has been applied to critical quantum field theory. Very
recently Riemannian gradient-based optimization has been proved to be a competitive
method applied to the tensor network ansatz [HVDH21].
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The outlined methods sequentially minimize the functional on a selected subspace of
the parameter space of the variety. We review and apply a global minimization method
instead, namely the nonlinear conjugate gradient method, with the aim to keep the
structure of the variety unchanged, minimizing over all the parameters simultaneously.
Moreover, the global approach allows us to exploit further the knowledge on the dimen-
sion of the variety.

The first sections of the chapter are meant to describe our framework: the application of
the nonlinear conjugate gradient method constrained to the variational class of matrix
product state with open boundary conditions, in order to approximate the ground state
of the AKLT Hamiltonian.

The nonlinear conjugate gradient method is described in detail in Section 5.1. Matrix
product states with open boundary conditions, that we denote by MPS(m, n, d) (usually
referring to general matrix product states) are defined in Section 5.2. We also study
the case of homogeneous matrix product states with open boundary conditions which
are subvarieties of matrix product states constructed via site-independent tensors and
a boundary condition, c.f. [NV18]. We denote the variety by hMPS(m,n,d) (usually
referring to general homogeneous matrix product states). The general setting is devel-
oped for matrix product states with open boundary conditions and then specialized to
the homogeneous case.

In Sections 5.3 and 5.4, we review the AKLT model and the matrix product operator
representation (MPO) of the AKLT Hamiltonian, respectively. In Section 5.5, we com-
pute the gradient of the functional f (5.1) needed to implement the variational nonlinear
conjugate gradient method on the matrix product states class.

The second part of the chapter, consisting of Sections 5.6 and 5.7, introduces a theory
that is meant to reduce the number of coordinates of the gradient.

In Section 5.6 we describe a first attempt we made that consists in the selection of a
linear subspace of the domain of the matrix product state map of dimension equal to the
codimension of the variety. The subspace of the parameter space contains a finite number
of points of each fiber of the map. It takes the role of the domain of a reparametrization
of the variety, of the minimal dimension, i.e. the dimension of the variety. Even if the
attempt led to the implementation of an algorithm with a higher time of convergence
compared to the standard algorithm, we report it in the thesis since we believe that it is
interesting from a geometric point of view.

In Section 5.7, we study in more detail the fiber of the matrix product state map and its
tangent space. In the case of matrix product states with open boundary conditions, our
results in Chapter 3 and the results in [HMOV14], imply that the fiber of the map in a
given point coincides exactly with the gauge orbit of the point. Therefore the domain
of the map admits a natural pointwise decomposition in the tangent space to the gauge
orbit and its complementary vector space.
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5.1 Nonlinear conjugate gradient

In this section, we describe the linear conjugate gradient method and the nonlinear
adaptation, based on [NWO06] which we refer to for a detailed treatment of the topic.
One of the routines that the method invokes is the line search, c.f. Algorithm 3, that is
the most expensive part of the algorithm in terms of time.

Linear Conjugate Gradient method (CG). Consider the Hilbert space H = C%.
The CG method is an iterative method for solving a linear system of equations

Hzx = b,
where x € C4, H € C?*? Hermitian and positive-definite, and b € C9.

If f(z) := %xTHa: — b 4+ ¢, with ¢ € C, the problem is equivalent to the following
minimization problem
min f(x).
x
The gradient of f is
Vf(x)=Hz —b,
and it coincides with the residual of the linear system Hx — b, i.e. if x = xp, then the

residual is defined by rp = Hxy, — b and it coincides with V f(zy).

Two vectors ,y € C? are said to be conjugate with respect to H if and only if zf Hy = 0.
Any two such vectors are moreover linearly independent.

Consider a starting point zy € C? and a basis of C? given by a conjugate set {po, ..., pg—1},
i.e. piHpj = ;5. Define

Tg41 = Tk + QkPk,
where oy = argmin,, f(zr + apg). The coefficient oy € R is the one-dimensional mini-

mizer of the quadratic function f along xp + apy; it is analytically computed by solving
%f(xk + api) = 0 and it is explicitly given by

r ;ipk

pZH Dk

(5.2)

A — —

Moreover, each direction pg can be chosen to be a linear combination of —rj, the deepest
descent direction for f, and only the previous one pj_1

Pk = =Tk + Brbr—1,

if By is such that p,LHpk_l = 0, that is given by

pL,alk
Po=+——
D1 Hpr—1
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Remark 5.1.1. For a general quadratic function successive minimization along coordi-
nate axes may not find the solution in ¢ iterations. The importance of conjugacy lies in
the fact that f is minimized in exactly ¢ steps by successively minimizing it along the
directions in the conjugate set.

Nonlinear Conjugate Gradient method (NLCG). A modified version of the linear
conjugate gradient method was proposed by Fletcher and Reeves [FR64], in order to
extend the method to general nonlinear functions, f : H — R, approximately quadratic
near the stationary points. The changes to the CG algorithm are the following.

1. In the CG method, the one-dimensional minimizer ay € R such that

ay = argmin f(xy + apy),
[0

has the analytic solution given in Equation (5.2). In the NLCG method instead an
approximate line search is performed, which consists in an iterative method that
finds an approximate minimum of f in direction py.

2. The residual r is replaced by the gradient of the nonlinear function f

Te = vf(xk')a
and [ is defined as

By = AR i V[ (@511) 'V f (Th41)
LT PR G )TV f ()

3. After ¢ iterations, Bgfl =0 (and pg+1 = =V f(24+1)), i.e. there is a restart of the
method after every ¢ steps.

The NLCG method is given in Algorithm 2. We fix in input the tolerance ¢ € R that we
want to be reached by the norm of gradient.

Line search. Consider the one-dimensional minimization problem

oy = argmin f(xx + apg).
a€eR

An approximate line search is an iterative method that determines a step length a3 € R
such that f(xg+agpk) is a good approximation of min,er f(zx+ apg). The approximate
line search we implement satisfies the strong Wolfe conditions

flan + arpr) < flzr) + eV f(z) (5.3)
IV f (25 + apr) 'or] < —eaV f(z1) i, (5.4)

where 0 < ¢; < 2 < % Typically, for the NLCG method, ¢; = 0.1 and ¢y = 0.0001
[NWO06|. Condition (5.3) is called sufficient decrease condition and it imposes a reduction
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Algorithm 2: NLCG

Input: function f; initial point x¢ € CY; tolerance t € R.
Output: z* = 44 approximation of argmin,ccq f(z).
Evaluate fo = f(z0);

po < —V f(x0);

k < 0;

while |V f(z)| >t do

‘Oék = argmin,, f(z) + apy) ‘;

Set xx+1 = Tk + QrPr;
Evaluate V f(zy1);

if |k = ¢q| then

FR V(eri) 'V (@ri) |,
Bri1 < ka(;;i)TVf(xSI ’

end

Prt1 < —Vf(@hs1) + Bispr;
k<+—k+1;

end

of f proportional to both the step length oy and the directional derivative V f (mk)Tpk. It
therefore imposes a sufficient decrease of f. Condition (5.4) is called curvature condition
and it imposes to V f(xg + akpk)fpk, called slope, to be greater than the initial slope
V f () pe. It ensures to avoid too short steps, moreover it does not allows the gradient
to be too positive and this excludes from the search points that are far to be stationary
for f. Moreover, consider the hermitian product

V(@) e = =V F(@e)|* + BERV f(zn) pri. (5.5)

In an exact line search Vf(z1) pr_1 = 0. In an approximate line search instead it can
occur V f(z) pr_1 < 0 if the right hand part of (5.5) is dominated by the second term.
In this case py is not a descent direction. The curvature condition (5.4) ensures that py
is always a descent direction.

The line search method, whose pseudo-code is given in Algorithm 3, begins with a trial
step length a4, and keeps increasing it until it finds either an acceptable step length, i.e.
a step length that satisfies conditions (5.3) and (5.4), or an interval that contains the
acceptable step length. In the latter case, it is invoked the so called zoom function, given
in Algorithm 4, which successively decreases the size of the interval until an acceptable
step length is reached.
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We always refer to [NWO06], in particular to Section 3.5 for a detailed discussion on the
line search method and the zoom function which the line search invokes and to Section
5.2 for their use in the NLCG.

We define
o) == f(zp + apy).
The derivative with respect to « is therefore

¢'(a) = Vf(zk + apy) p.

Notice that both routines require several evaluations of the function and computations
of gradients in order to find an acceptable step length.

Algorithm 3: Line search with strong Wolfe conditions
Input: Initial point € CY, direction p € C9.
Output: o, ~ argmin, g ¢(o) with p(a) := f(z + ap), i.e. step length satisfying
strong Wolfe conditions.
Set the lower step length ag < 0;
Choose upper step length amax > 0;
Choose an initial step length a; € (0, amax);
1 < 1;
while 1 do
Evaluate ¢(o;);
if o(a;) > ¢(0) 4 c1a;¢'(0) or (p(a;) > @(a;—1) and i > 1) then
oy < zoom(w_1, «;) and stop;
end
Evaluate ¢'(c;);
if |¢/ ()| < —c2¢/(0) then
| set a, < «; and stop;
end
if ¢'(a;) > 0 then
| set ay < zoom(a;, ;1) and stop;
end

Choose ;11 € (@, max): @p = a1, a1 = min(max, 301);
141+ 1;
end

103



Algorithm 4: Zoom function

Input: interval of step length (avo, ani)

Output: o, ~ argmin,cg ¢(a) with p(a) := f(x + ap), i.e. step length satisfying
strong Wolfe conditions.

Fix a bound on the number of iterations t € N;

for i< 1tot do

Qo+ .
2 )

Oéj =
Evaluate ¢p(o;);
if p(ay) > ¢(0) + c1a5¢'(0) or ¢(aj) > p(ay,) then
Qo < Oy
else
Evaluate ¢'(a;);
if |¢'(a;)] < —c2¢'(0) then
| Set ay < «a; and stop
end

if ' () (an; — ) > 0 then
|  Qpi < Qo

end
Qo < O3
end

end

5.2 MPS with open boundary conditions

Matrix product states have been introduced in Chapter 2, Subsection 2.1.2 as an example
of tensor network variety and their dimension has been studied in Chapter 3 for partic-
ular ranges of the parameters. We give here the well-known basis-dependent definition,
already obtained in Subsection 2.1.2, then we define the subvariety of matrix product
states with open boundary conditions and the homogeneous matrix product states with
open boundary conditions, that we are going to use as variational classes.

Let Cq = (v(Cq),e(Cq)) be the cyclic graph on d vertices, v(Cy) = {1,...,d} and
e(Cy) = {e1,...,eq} with e; = {i,i + 1}. Let m = (mq,...,mg) the set of bond
dimensions: each m; is associated to e;. Let n = (n1,...,ng) be the sets of local
dimensions.

Definition 5.2.1. The parametrization associated to the tensor network (Cy,n,m) is
given by

d
@ X CMR—1XXM Y@L @) T (5.6)
k=1
N1,..Ng
(Alw--,Ad)’_) Z Tr<A211...Azld)el(ll)@...@el(j)’
i1yerig=1
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where {eg‘;) :4j =1,...,n;} is the canonical basis of V;. The variety of matrix product

states is either the Zariski or the Euclidean closure of the image of the map ¢. According
to Chapters 2 and 3, we denote the variety by TNS%{H.

ni
nd mg & My n2
d-sites
Nh+1 mi, Omy_ NE—1
ng

Figure 5.2: Graphical representation of a tensor in TNSS{f,n. There are total d tensors involved
with order m;_1 x m; x n;, fori =1,...,d and mg := my.

Matrix product states with open boundary conditions are a particular class of matrix
product states. Consider the tensor network (Cy, n, m) given in Definition 5.2.1. Assume
that eq = {d, 1} has associated bond dimension mg = 1. By Remark 2.1.3, the edge eg4
can be removed, c.f. Figure 5.3. We obtain the following tensor network: (P, m =
(m1,...,mg—1),n), where P; denotes the path graph with d vertices.

Definition 5.2.2. The parametrization associated to the tensor network (FPy, m,n),
(mg =mo = 1), is given by

d
¢ . >< Clk X Mg—1 XM _ Ve - ® Vd (57)
k=1
N,y Ng A '
(A1, A > Al A Do wel,
i yeeyig=1
where {ez(f ) i; =1,...,n;} is the canonical basis of V. The variety of matrix product

states with open boundary conditions is either the Euclidean or the Zariski closure of the
image of the map ¢. We denote matrix product states with open boundary conditions
by MPS(m, n,d) (usually referring to general matrix product states).

We denote the domain of ¢ by Dyps = Xzzl CMe—1XMe XMk (with mg = mg = 1) and its
dimension by Nyps = dim Dyps.
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S A S " -

Figure 5.3: Underlying graph associated to matrix product states with open boundary condi-
tions. As an example, we show the cyclic graph (left) T' = Cy with d = 5 vertices.Tensors A;
and Ay, associated to vertices 1,d € v(I') respectively, are connected by the edge ey of weight
mgq = 1. The graph obtained removing the edge e, is the path graph with d = 5 vertices (right).
The tensor network varieties associated to the two graphs are equivalent: matrix product states
with open boundary conditions.

Remark 5.2.3. In the case of matrix product states with open boundary conditions,
a complete result regarding the dimension of the tensor network variety is given in
[HMOV14, Thm 14]. In the language of Theorem 3.3.2, the result of [HMOV14] is

(formally setting mg := 1 =: my)
d d—1
dimMPS(m,n,d) = Znimi_lmi - Z m?, (5.8)
i=1 i=1
that coincides with the expected value of the dimension given in Equation (3.3)

d—1 d—1
dim MPS(m, n, d) = ((nlml) + (nagma-1) + Znimilm@) —d+1-) (mf-1).
=2 =1

Therefore, for matrix product states with open boundary conditions, the generic fiber of
the map ¢ (5.7) is isomorphic to the orbit of a generic element in the fiber, under the
action of the gauge subgroup.

Example 5.2.4. Fix all bond dimensions equal to m > 2 and all local dimensions equal
to n > 2, then
dim MPS(m,n,d) = 2(mn — 1) + (d — 2)(m*n — 1) + 1 — (d — 1)(m? — 1)
= 2mn + (d — 2)m*n — (d — 1)m>.

Remark 5.2.5 (Vector reshape). The element A = (A1,...,A4) € Dyps is a collection
of d tensors of order 3. Fixed k € {1,...,d}, the k-th tensor A € C™>Mk-1XTk ~
C™ @ C™k—1 @ C™k has coordinates Aj = (ak);’; S Therefore the coordinates of Dyips
are the collection of the entries of all the A, for k=1,...,d:

{C”k:;ék k= 1,...,d,ik = 1,...,nk,’yk = 1,...,mk,1,5k = 1,...,mk,}.
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We fix once for all the linear map

Lk: : an ® ka,1 ® ka — anmkflmk

Ciy & Cyy @ €51 7 €l (i ,08) 0

with l @ [ng] X [mg_1] X [mg] — [nEgmr_1my] bijection of indices. Our choice of the
bijection [, is such that Lj(Ay) has coordinates

1 1 1 n
Li(Ag) = (akn, e QT s Qe g - 7aknfk71mk> .

We give a pictorial representation in Figure 5.4.

ik
Tk (Sk .
A = - (ak)fyljctsk

J .
L(Ay) = @—— = (ap)j
Figure 5.4: Top: graphical representation of a 3-order tensor. Bottom: tensor Ay is reshaped
into a vector with coordinate (ak-j)?ignk_lmk. The index j = Ix (i, V&, 0x) is such that Ly (Ax)
has coordinates (ax1, -, Gkmy_ympny) = (@k11s- - QelE )

Given A = (Ay,...,Ay) € Dyps, the natural extension to Dyps is given by
d
L: X C' @ C™-1 g C™ — CNups
k=1
d
X €, ® ey, ® 5, — Cl(kyik i ,0k)
k=1

with bijection [ such that the Nyps coordinates of L(A) = L(A4,...,Ay) are

AW _ 1 1 ni 1 ng 1 ng
(aj)jzlv"'uNMPS - (alllv A112y -+ Almomqr A2115 + -+ s A2 ymgy - -+ 5 Ad11y - - - >admd_1md)'
L1(A1) La(A2) La(Aq)

With abuse of notation, we denote I (ix, vk, 0x) and I(k, ik, mg_1, mg, ng) simply by I
and [ respectively.

On the other hand, it is sometimes useful to think about the tensor A; € C™k*"k—1x"%k

as a collection of ny matrices in C™*—1*™k  Therefore the tensor A is identified with
the collection of matrices (A},..., A*), with AL = (al),s,-
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5.2.1 Homogeneous MPS with open boundary conditions

Homogeneous matrix product states are matrix product states constructed via site-
independent tensors and a boundary condition, c.f. [NV18]. Fix m; = m, n;, = n
for every i = 1,...,d and one tensor A € C**™*™_ Fixed the canonical basis, we
identify the tensor A with a tuple of n matrices A; € C™*™ for 1 < j < n. Denote
A= (A,...,Ay) € (C™)*™ and let w € C™.

Definition 5.2.6. The Zariski or Euclidian closure of the image of the map

@: Cm><m > (Cme)Xn N (Cn)®d

p=(w,A)— Z Tr(w Az‘l"‘Aid)ez‘1®"‘®€id7

i1 eyig=1
is the variety of homogeneous matrix product states.

Notice that uniform matrix product states, c.f. Definition 4.1.1, that we have studied in
Chapter 4 can be seen as subvarieties of homogeneous matrix product states, imposing
the condition w = Id,,,. Here we are interested instead in the subvariety determined by
the condition rk(w) = 1.

Definition 5.2.7. Let w = v ® vg be the rank one decomposition of the matrix w €
C™*™_ Under this assumption parametrization given in Definition 5.2.6 becomes

@ : C™ x (CMXmyXn s Cm — (C)®4 (5.9)

n
p = (vr, A, vR) — Z <UTLAZ'1 s AidvR>€i1 K- Q ey,

i1,eyig=1

The associated variety is the homogeneous matrix product states with open boundary con-
ditions. Again with abuse of notation, the variety is denoted by hMPS(m, n,d) (usually
referring to general homogeneous matrix product states).

Remark 5.2.8. Homogeneous matrix product states with open boundary conditions
are in particular matrix product states with open boundary conditions associated to the
path graph P, with d 4 2 vertices, see Figure 5.5 for a pictorial representation. In
this Chapter, every computation done for matrix product states with open boundary
conditions naturally holds for homogeneous matrix product states with open boundary
conditions.

n n n
[ 4 .
vrL A A A UR
Figure 5.5: Example of a homogeneous matrix product state with open boundary conditions

with bond dimensions equal to m and local dimensions equal to n. Each inner vertex is associated
with the same tensor A € (C™*™)*"  The boundaries are vectors.
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We must be careful with homogeneous matrix product states with open boundary con-
ditions. They are clearly subvarieties of matrix product states with open boundary
conditions. On the other hand, they are subvarieties of homogeneous matrix product
states and their dimension is site-independent. Uniform matrix product states are sub-
varieties of homogeneous matrix product states as well, but there are no containment
relations with homogeneous matrix product states with open boundary conditions. In
conclusion, we cannot use either our results on the dimension of general matrix product
states with open boundary conditions or the results on general uniform matrix product
states. However, from a simple count of parameters, analogous to that of our main result
of Chapter 3, the dimension of homogeneous matrix product states with open boundary
conditions, with n > m > 2, can be bounded from above by

dim hMPS(m,n,d) < 2(m — 1) + (m?n —1) +1 — (m? — 1)
=2m+m?(n—1) -1, (5.10)

which is the count of parameters of the domain of the parametrization minus the di-
mension of the gauge subgroup. Indeed, in this case, we can say that the stabilizer of
the gauge subgroup is trivial since the stabilizer of n matrices in C™*™ is trivial for
n>m > 2.

5.3 AKLT Model

We describe in detail the AKLT model, following the paper by I. Affleck, T.Kennedy,
E.H. Lieb and H. Tasaki [AKLT88]. We are interested in their results since ground states
of the AKLT Hamiltonian admit an analytic solution that is exactly a matrix product
state representation.

Consider a quantum system consisting of a chain of d spin 1 particles. The composite
system of d spin 1 particles is associated to a state space H = ®?:1 Hj, with H; = c3
the state space associated to the j-th spin 1 particle, c.f. Section 1.2.

3 3 3 3 3 3
Figure 5.6: Chain of spin 1 particles, represented as vertices of a graph. The vertices are not
linked by edges, meaning that the bond dimensions between vertices are equal to 1 and the tensor

network variety associated to the graph is H = ®?:1 H;, with H; = C3. The local dimension
associated to each vertex is dimH; = 3.

Consider the spin 1 operators whose matrix representation in the canonical basis is given
in Equation (1.5) and that we recall here

0 —i 0 10 0
i 0 —i]|,$*=100 0|,
0 0 00 —1

1

010
St=—110 1|,58%=
01 0 V2
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and denote S = (S1, 52, 53) € (C3*3)*3, The action of S%, a € {1,2,3}, on the site j of
the chain is given by
s¢ =1V Y R s rIdf ) e c3,

where X denotes the Kronecker product given in Definition 1.1.2. We denote the scalar
product of vectors of matrices by

3 3
i S =3 808%, = > (1Y R SR S RId@TIY) e 3L (5.11)
a=1

a=1

The AKLT Hamiltonian is the operator H : H — H whose matrix representation is given
by

H= § <§j - Si + %(s} : s}H)?) e C¥"3" ~ End(H). (5.12)
i=1

More compactly, we Zdeﬁne the matrix

M =518} + 5252 + 8783 = ST WS+ 52K 5% + S3 K 3, (5.13)
and the local operator acting on two sites by

h:=M + %MQ e CPY,
Then, the extension of h € C”*? to the whole space C3"x37 ig
hy =1d%0-D R p R 1A ¢ ¢33 (5.14)

and the Hamiltonian (5.12) can be written as a sum of local terms

U

-1
H=Y h,

=1

Construction of Hamiltonian and ground states. We summarize the steps which
bring to the construction of the AKLT Hamiltonian (5.12) and its ground states. Recall

that V(™) ~ C"™*+1 corresponds to spin %, see Remark 1.2.16.
1. Consider the spin 1 chain. Each couple of adjacent spin 1 sites, j and j + 1, admits

a decomposition into irreducible sls-representations
CaclxvWgpv@gvi®~cloc®ec?, (5.15)

where the first ~ is an isomorphism of sls representations, given by Theorem 1.2.15,
and the second ~ is an isomorphism of vector spaces. This means that C? @ C3
decomposes into spin 0, 1 and 2.
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2. In [AKLTS8S|, they consider a local Hamiltonian H, ie. defined as the sum over
j=1,...,d—1 of local operators h; : H — H, acting on nearby pairs of spins.
The local operator is explicitly expressed in terms of the spin operators

~ 1- = §..5.2 1
h] N 55] . j+1 + <‘76]+1) + gIdgd.
Thus in particular
B —1~ d—1 1 1 1
H .= hj = <2S] . Sj+1 + E(SJ : Sj+1)2 + 3Id3d> .
j=1 j=1

The local operator ﬁj is proved to be the projector on spin 2, i.e. V® ~ C% in

Decomposition (5.15). In particular ker(%j) =V av®~CclgcCs

3. The Hamiltonian H = Z;-l;i ﬁj, as a sum of projectors, is positive definite therefore
its lowest eigenvalue is Ag = 0 and its ground states are elements of its kernel. The
kernel of H is constructed from the kernel of the local operator h;. A basis of

ker(%j) ~ VO ¢ V@ is explicitly determined, for every j = 1,...,d — 1 and a
4-dimensional family of degenerate ground states of H is built.

4. Finally, notice that h; given in Equation (5.14) is

hj = 2Fs — STdga = 8- Sy + (85 - §y)
and Hamiltonian (5.12) is the shifted operator
~1 L N A1 yd-l 9
H = 2 hj = 2 (2hj — 31d3d> = 2;@ -3 ;Idgd =2H — 2(d = 1)ldya.

Therefore, the 4-dimensional family of degenerate ground states of H is a 4
dimensional family of degenerate ground states of H, with (shifted) lowest eigen-
value Ao g =0 — 2(d — 1).

Local operator and Hamiltonian. Assume d = 2. We study the local Hamiltonian
between sites (1,2) of the chain

~ 1 — — 1—» — 1
h:i=h==(S S+ =(5- 5))+=Id
1 2(1 2+3(1 2))-1-3 9
—1 1 2 1 9%9
=5 (M+3M?) +31dy € C™7, (5.16)

where M € C%<? is given in Equation (5.13). We show that it is the projector on
V@ ~ C5 [AKLTSS].
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The characteristic polynomial of M € C**Y (5.13) is pas(7) = (z+2)(z+1)3(x — 1) and
gives D = diag(—2,—1,—1,—1,1,1,1,1, 1), the diagonal matrix of eigenvalues of M.

Let A be an eigenvalue of M and FE) the associated eigenspace generated by the collection
of orthonormal vectors {v¥,k = 1,...,dy}, of dimension d). Denote by B = {vl 1 X e
{—2,-1,1},j =1,...,dy} the basis of C? given by the collection of eigenvectors.

The projector on E) is
dx
Ppy =D _vhes.
i=1

We denote Py := P gy, P1 := Pi_1) and P» := Pf), since these are actually the
projectors on V), V2 and V¥, ie. on spin 0, spin 1 and spin 2 respectively. Then

M=-2P— P+ Ps.

Substituting M in (5.16), the local Hamiltonian diagonalizes in the B basis as

~ 1 1 1
h=3 (—ZPO—P1+P2+3(—2P0—P1+P2)2> + 31y
1 2 2 4 1
2( 30 31+32>+3(0+ 1+ 2) 2

The operator h has eigenvalues \; = 1 of degeneration 5 and A\g = 0 of degeneration
4. The latter is the lowest eigenvalue of h and its eigenspace is given by ker(Ps) =
EsaoE 1=VOgyv®,

For d > 2, 7Lj is simply the Kronecker product of P, and d — 2 copies of the identity
matrix Is:
hy = (1d20-D & AR I1d@EI-D) e ¢33,

The Hamiltonian H = Z;t% Ej is a sum of projectors and it is therefore positive definite:

the lowest eigenvalue of H is Ao = 0. Since d(\g) = 4, t}}ve associated eigenspace E), C
(C3)®? has dimension 4. It corresponds to the kernel of H and it is the space of ground
states.

Since Hamiltonian (5.12) is the shifted operator
~ 2
H — 2H - g(d - 1)Id3d7
its lowest eigenvalue is the shifted value
2
Ao,d = _§(d -1) (5.17)

with associated eigenspace E),, that is therefore the space of ground states of H.
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Kernel of the local operator. We explain the construction of an element of the
kernel h; (5.16) in order to build the elements of ker(H) (and ker(H)) which are the
ground states of H (and H).

We consider the spaces C? with basis {eg, e1} and the tensor products C? ® C? with basis
given by {eqo, €01, €10, €11}, where we recall that e;; := e; ® ej. The space C2®C? can be
1

seen as the state space of a system of two spin 5 particles. As highlighted in Example

1.2.17, we have its decomposition into irreducible slo-representation
CCeClavVOgv®~clecs (5.18)

A basis of the spin 1, V?), is given by taking the symmetric part of the tensor product

of two spin 1/2: {vgo = ego, v10 = vo1 = “FE0 4y = e1}. Moreover, we fix a basis of

V2
V(0 = C!, given by the element

€01 — €10 1 5 (0) 2 o ~2
wi=———=— (eys€’?) € VIV C C* ® C%,

with € € C2 ® C? the Levi-Civita antisymmetric tensor, i.e.

=0 mod 2
=1 mod 2 (5.19)

1 if sgn(y,
€ :={ —1 if sgn(y,

0 ify=94

9)
9)

Remark 5.3.1. The element w is called the spin singlet. It is a generator of V(0 ~ C!
in Decomposition (5.18), i.e. of the spin 0 component of C?> ® C?. Notice that it is a
rank-2 tensor.

Now consider four spins 1/2 particles, i.e. (C? ® C?) ® (C? ® C?) ~ C* @ C* which
decomposes into irreducible sly-representation as follows
CtecCt~C’e(C?®C?)eC?
~C?*®(CleC?) ®cC?
~(C*eCH e (C*eC’xC?
~(CtaCHe(ClacCaCacCh) (5.20)
In physics, fixing a valence bond in C* ® C* ~ C? ® (C2 ® C?) ® C? means fixing the spin

singlet tensor w in the middle pair (C? ® C?), i.e. considering the following element of
QecCtech

Q= ) ecu@wecC’®(CPaC)eC (5.21)
«a,=0,1

We pictorially represent the constraint given by fixing w € C? ® C? in Figure 5.7.
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Figure 5.7: Consider two sites. On each site, there is a couple of spin % (meaning C?). The
spin singlet is fixed between nearby pair of spin 1/2 in different sites. The pair of spin 1/2 inside
each site can have only either spin 0 or 1. The number 2 under the edge connecting the 1/2 spins
indicates the rank of the spin singlet.

We have that Q € C* @ C* can be written as

I
—
@

Q
o
®
9N
—
=
[
@
Q
—
®
D
o
=
~—

Defined the following matrix

then Q takes the form

Q= E seay @ esp.

Remark 5.3.2. By construction, ﬁa@ =w € C! C C?2® C?, therefore Q € C! ¢ C3 C
C* ® C*. This means that Q is an element of the left vector space of the Decomposition
(5.20), i.e. it can have only either spin 0 or spin 1. In particular, it is in the kernel of
the projector h = P, (5.16).

In order to recover the spin 1 pair, the element Q € C*®C* is mapped to C3®C3. This is
done via the map from C* to its symmetrized part (isomorphic to C3); see Decomposition
(5.18). Fix the basis {¢”} of C** ® C?* and the canonical basis {v1,v2,v3} of C? given
by the eigenvectors of S? of eigenvalues 1,0, —1 respectively; the map is the following

601 + 610

V2

Pi=v ®@e” +v® ( ) +v3 @ el
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for j=1,...,d. It can be written in the form

Pi= Y Pl (5.22)
«a,=0,1
v=1,2,3

with the following matrices

1
pro (b0 e (0 ) pr (00)
0 0 L0 01

In what follows we omit the summation over repeated indices until last expression

P; @ Pis1(Q) = (P4 Bys P2 5 )P (e04)e2% (e55) vj, @ vy,

a1 azf32
(PcuﬁlE a252)5a1616a26 Vj; & Ujy

= Z Z Z ozBlE:BlOQPg;B) Vj, X Vj, = Qe C3 X C3.
J1,92=1,2,3 «,8=0,1 a2,51=

Remark 5.3.2 immediately implies that {2 € C3 ® C3 can have either spin 0 or 1 and it is
therefore in the kernel of h, the projector on spin 2.

2 2 2 2

3 3

Figure 5.8: The pairs of 1/2 spins are projected to the symmetric part C3. The circle containing
the pair of spin 1/2 can be thought of as the map P; acting on the j-th site.

Remark 5.3.3. Denote

Qap = Z Z aﬂlEﬁlcmPazﬁ) Vj1 @ Vj -
J1,72=1,2,3 az,f1=
V00

If we identify v1 = voo, v2 = vo1(= v10),v3 = vi1 via Pjlcs, and we define ¢hoo = 292,
Yo1 = Y10 = vo1 and Y11 = %, then we recover

1
Qa,@ = = Z ¢a7 & %56767
\/i 7,6=0,1

which is the expression given in the original article [AKLTS8S].
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Ground state. A 4-dimensional family of ground states v,; € (C3)®? of H is con-
structed. It is obtained from a chain of couples of spin 1/2 in each site j = 1,...,d,
fixing w € C? ® C? between every pair of adjacent spin 1/2 (one from site j and one
from site j +1); then mapping the pair of spin 1/2 in the site j onto the symmetric part,
isomorphic to C3.

Generalizing Equation (5.21) we take an element 1) € (C*)®? with fixed spin singlets
between all pairs of spin 1/2, connecting adjacent sites. In coordinates, it is written as

7 Z Z €afs D €anfy @+ ® eadﬁeﬂum . Paraa

a,8=0,1 a;=0,1 B=
§=2,...d l:l,...,d—l
= E , (Eﬁ1012E52,043 ce Eﬁd—lad) €aB @ CazBy @+ & €ayp,
a,8=0,1 a;=0,1  $,=0,1
j=2,..d 1=1,..d—1

where F is the matrix

1

For any two adjacent sites j and j + 1, there is a spin 1/2 at site ¢ and a spin 1/2 at site
i+ 1 which are contracted with an € tensor (c.f. Equation 5.19) to form a singlet. Thus
when 1 is restricted to sites j and j + 1, it has only spins 0 and 1. Hence hjﬂ =0 and
therefore 1 is a ground state of H = Zd 'h h;.

2 2 2 2
w

Figure 5.9: On each site, we consider a pair of spin 1/2. Every nearby pair of spin 1/2 in
different sites are put in a spin singlet. The pair of spin 1/2 inside each site can have only spin
either 0 or 1.

In order to recover the spin 1 chain, we consider the projector from (C*)®? to (C3)®4
given by the tensor product of projectors (5.22), for j =1,...,d

d
P=QPi= > (Pls - Pllg)en @M@ @ey, @ ek
.7:1 aj’ﬂj:071
v;=1,2,3,
G=1..,d

and applied to element ¢ € (C*)®? it gives

v=Y ¥ (PaﬁlEBIOQPg;B?)~~E'5d71adpgjﬂ)€mm7dG(C3)®d. (5.23)

a,$=0,1 a;,5;=0,1
’Yj:1,2,3
j=1...d
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Notice that 4 degrees of freedom remain free at the boundaries of the chain.
o E ‘,\ E ‘,\ E ‘,\ E 5 E ‘,\ E ‘,\ p
2 2 2
3 3
Figure 5.10: The spin 1 chain obtained by the spin 3/2 chain (pairs of 1/2 spins), after

projecting C? ® C? into the symmetric part C3. The boundaries have 2 degrees of freedom left
corresponding to the indices a and 3 respectively.

Expression (5.23) is simplified introducing Al = PiE, i =1,2,3, so that
L 1
Al — 0 /2 ’gzz(_g (1))7g3: 01 0 .
0 0 0 3 -7 0

LI 3
AT AT = 21dy:
izl 4 2

Notice that

therefore the matrices A’ may be rescaled by %, Al = %g’, 1 =1,2,3. We obtain

- 3\®d
v = Z Z (Azl,&Agiaz T Agjjadpgjﬁ> €yi..qa € (C )® .

a,=0,1 a;,3;=0,1
~i=1,2,3
i=1....d

Fixing indices o and 8 we have the tensor
— v gt Yd— 2t 3\y®d.
Vap = Z (AﬂélyﬁlAﬁiOQ o Aﬂd—iadpajﬁ) €.y € (C7)F%
a;,Bi=0,1

vi=1,2,3
i=1...d

In [AKLTS88| it is proved that oo, 101, ¥10, %11 are linearly independent and that con-
sequently they span a 4-dimensional vector space of ground states. Therefore, for every
choice of vectors vy, Ur € C? an element of their span can be written as

Yakit = Z (vLTA%A”Y2 “e P7d5R> ey @ @ ey

If we multiply by (%E)(TP’E_I) and we denote @E‘WR = vg we have

Yakit = Z (’ULTAAHAW2 .. A’YdUR) ey @ ® ey
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with the choice of matrices

2 -L 0 0 0
0 0 /3 —\V3

We obtain a 4-dimensional eigenspace associated to the lowest eigenvalue of the Hamilto-
nians H and H. The tensor 1, is a ground state for every vy, vg € C? for construction.
Moreover 1,0y € MPS(2,3,d), see Definition 5.2.2; in particular ¢, € hMPS(2, 3, d),
see Definition 5.2.7.

5.4 Matrix product operators

A Matrix Product Operators are generalizations of matrix product states to the space of
operators. We give the definition of matrix product operator for O € Hom((C")®4, (C")®4)
(associated to the path graph), but the definition can be generalized to the case of oper-
ators in Hom(®§l:1 cmi, ®f:1 C™) and to other graphs.

n n n n
M M M M
® e P
or, Wh Wy Wa_1 Wy OR
n n n n

Figure 5.11: MPO representation associated to the path graph on d vertices, with open bound-
ary conditions. Analogously to matrix product states, a tensor W}, is associated to each vertex,
for every k = 1,...,d and two vectors are associated to the boundaries. The tensors are pairwise
contracted along the edges of the graph.

Consider O € Hom((C™)®4, (C™)®%). Let {e;}-; and {ej,}?,zl be chosen basis of C"
and C™ respectively. Let M € N and let {vj}j]vil and {vjl}yzl fixed basis of CM and its
dual CM* respectively.

We define, for every k = 1,...,d, a tensor (of order four) W, € C* @ C™* @ CM @ CM~*,
In particular, for every jg, j;. = 1,...,n we have

Wiy € CHP,

which is an M x M matrix in the given bases. Let or,0r € CM be boundary vectors
(analogously to the case of matrix product states with open boundary conditions).

Definition 5.4.1. An operator O € Hom((C™)®? (C™)®%) is said to have an MPO
representation if it can be written as
0= Z [OE Wlﬁ'“Wd;Z OR (€j1®"‘®€jd)®(€]l®"'®€]d)-

]:}»~~~7]:<Ii:1
J1sedg=1
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A local Hamiltonian, c.f. Definition 1.2.8, can be exactly represented in the MPO format,
with bond dimensions M small enough, c.f. [Sch11, HP18§].

Consider the local Hamiltonian H : (C")®¢ — (C")®d

U

-1 —1
H=) hj=) I 'RARIA*I (5.24)
1 1

U

<.
Il

<.
Il

with h: C" ® C" — C" ® C™ local operator acting on two nearby sites.

If the Hamiltonian is a sum over the number of sites of the same local term, as in
expression (5.24), then Wy, = W € (C™ @ C") ® (CM ® CM*), for every k = 1,...,d.
Moreover, for o,/ = 1,..., M, the matrix Waa/ € C™ ™ has a form that is related to the
standard writing of the Hamiltonian H, i.e. it is a matrix whose entries are the operators
appearing in the local operator h. We give the example of the AKLT Hamiltonian.

Example 5.4.2. The AKLT Hamiltonian admits an exact MPO representation. We
recall the Hamiltonian (5.12), defined in Section 5.3, where S; is given in Equation

(5.11)

IS
—

H

(§j. i1+ = (5 §j+1)2>

<
Il
—_ =

U
&
>—\
QU

—1

=258 +1+25252+1+2535+1+ (DS RSN+ (SN ) +

j=1 i=1 1

d—1
" %(ZS Sitt +ZSJ S+ ZS?’S?+1 +3sis%)
= Jj= j=1

7=1

1N
<.
<.
Il

=('RS'RIT"" +. + 1Y RSB R S)+

+ %((51)2 R (S22 RIAY T + -+ 1Y ) (S%)2 K (5%)%)+

3(5152 KNSRI+ + 14 K S3S?K $352).
Notice that the spin operators
—i 0 10 0
0 —i].,83=10 0 0
i 0 00 —1

01
L
01

)

% =

V2 V2

o = O
o

can be written in terms of products the S7S*, using the commutation relations

St = —i8%8% +i536%, §% = —i$35t 45183, 83 = —ists? +iS%st
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With these substitutions in the Hamiltonian, we get
W= -1
1 2 3 a3
H= Zs Sl +ZS Sit1 +Zsj5j+1 +

d—
—% Z}J+1+251 R +ZS3 +1+ZSS§”+1 +
=1 7j=1

+ S 52 X 5251 md@d b+ I TR SIS RSES
+ 2RSS RIAYT 4+ 1Y KSR R S35
+ S RSISBRIE T - + 1Y T RSS2 RS2SR =
1 _ .
= (e m s R 0 () (57)) ¢
2 2
+ 5152 (—35152 + 2RI+ 4+ 1RSSR (—55153 + 538N+
2 - - 2
+5°5' 1 (—55°5" + 515%) W Idggd I RS2SR (—55°5% + 5%5%)+
2 - - 2
+5°5' M (—55°5" + 515 W 14377 4+ 1T RSS2 (—55°5° +5°5°).
Consider the following matrix W e CMnxMn with M = 11 and n = 3; whose entries are
operators appearing in the Hamiltonian:

Id3 (51)2 (52)2 (53)2 5152 Slsd SQsl S253 Sdsl 5352 O3><‘3

( 25152+S2S1)
( 53153+S331)
0O30x30 (—25%8% + §182)
(—25%5% + 8381
(—29381 + 515%)
(—39%5% 4+ §25%)
Ids

The matrix W € CMnxMn g o matrix reshape of the tensor W we are looking for.

It is straightforward to check that this matrix (of matrices) gives the matrix product
operator representation of the Hamiltonian H, that is:

H = OTL <&?:1W> OR,

with ol = (1,0...,0) € CM* and og = (0,...,0,1)" € CM.
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5.5 Computation of the gradient

In order to solve Problem 5.0.2 and to implement the nonlinear conjugate gradient on
the variational variety of matrix product states with open boundary conditions, we need
to compute the gradient Vf € Dyps, where f := po ¢ : Dyps — R (5.1) is defined as
follows:

$(A)THe(A)
flA)=pop(A) = —F——=.
=P 0l = ayiaa)
Choose a set of coordinates {z1,...,24} for # = C?%. The gradient of the expectation
value p in z = (21,..., %) is computed as the partial derivative with respect to the
conjugate variables z = (z1,...,%,), c.f. [PP108].

Vp, =

ap(2) _2<Hz AHz Z)

0z 2tz (2f2)2

1
Q—H—h
e 0

T(H hl,)z € C4,  where h = p(z).

Consider A = (Aj,...,Ay4) € Dyps and B = (By,...,Bg) € TaDyps ~ Dyps. The
differential map of ¢ at A, dpa : TaDmps ~ Dups — Tya) MPS, is given by

dop(A +tB M i i ’
dgﬁA(B):qb(dt)}t:O: Z Z (All'”Bkk”’Aild>ez(‘11)®"'®ez(j)-

Remark 5.5.1. We can pictorially represent the vector dpa(B) € Ty4) MPS:

a9 (B) Ek1($—f T ﬁ )

Analogously, the linear operator d¢ 4 is represented as a sum of d tensors with the same
format of ¢(A), each one with the k-th tensor removed:

. A1 A2 A\k Ad—l Ad
d¢A:Zk:1( ?_?7 %% 4?_? )

Denote by A the element of Dypg with coordinates that are complex-conjugated to
the coordinates of A. The function p(¢4(-)) is a real valued function depending on the
independent variables A and A. Notice that, if A € Dyps, then

P(A)" = p(A)".
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Denote the vector of partial derivatives with respect to the formal conjugated variables
of Dyips by

(o) @)~ 65) L (&
aA aAk k:17""d 8aklk ll;g::lllj:..:(lid 86‘7 j:l 861{:;’2(»@ kik'}’kék ,

where I, kK = 1,...,d and [ are indices associated to bijections Lg, kK =1,...,d and L
given in Remark 5.2.5.

Given A € Dyps, the gradient V(p o ¢)4 is computed by the chain rule, differentiating
over the variable A of Dypg and it is the vector reshape of the following tensor

g 2000 A) _y 0 (6(A)HOA)
G A ’ < d(A)tp(A) > (5.25)
2 b ., P t
G (/05 GG Ho) - (s Hot) I (oA o))

= s (A @) U 116D, where h = p(o()

Denote the MPO representation of (H — h-1) by f[, c.f. Section 5.4, and denote

2 8 oy~ B
Cale= Sariaray <8Ak(¢(A) )H¢(A)>, for k=1,...,d.

The gradient can be compactly written as G4 = Zizl(G A)k and its pictorial represen-
tation is given in Figure 5.12.

o~

Ay

R TIa

Ay

Figure 5.12: The pictorial representation of the gradient G4 = V(po ¢) .

Algorithm. Algorithm 5 is the pseudo-code of the NLCG method applied to f =
p o ¢. With abuse of notation, we always consider the vector reshape of tensors under
consideration, i.e. we denote A = L(A), G4 = L(G4). In the pseudo-code, we denote
elements of Dyps by A(;) with j € N.
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Remark 5.5.2. Notice that the NLCG method computes the tangent vector correspond-
ing to the steepest descent direction in the Hilbert space, but then updates the tensors
by simply adding them in the parameter space. Other methods could in principle do a
line search along geodetic paths through the variety, which would involve integrating the
geodesic equation or exploiting the concepts of retraction and vector transport, which
are relaxations of the classical geometric concepts of motion along geodesics and parallel
transport [AMS09, HVDH21|. Moreover, p;; is obtained by adding vectors G AGi and
p; that belong to tangent spaces at different points A(;,1) and A(;). This would require
the parallel transport of p;. Instead, we are approximating A(;;1) = A(j) + a;p;j, with
pj = —G Ageny T BJFEI pj. In any case, the line search ensures the decrease of the func-
tional value after every step and the only disadvantage consists in a slower convergence

IMHO13).

Algorithm 5: NLCG on MPS

Input: Initial point Ay € Dyps, tolerance t € R

Output: A* € Dypg such that ¢(A*) € MPS approximate ground state
Compute N = dim Dyps;

Evaluate f4, = f(Aw));

po < —Ga;

J 0

while [G4 | >t do

a; = argmin, f(A(j) + apj) |

Set Agjn) = Ag) + aypj;
Compute GA(J.+1);

if then

B 0

J<0;

else

Gt Ga,.
BFR AGrn A6+ |
7+1 GT Ga )
Ay G

end

FR ., ..
pj+1 < —Ga ) + B4 s
J< i+
end
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5.6 Section of the domain

In this section we describe the selection of a linear subspace of the domain of the matrix
product state map. The subspace of the parameter space that we will construct, will
contain a finite number of points of each fiber of the map. We briefly explain how we
used the theory to propose a first variation of the NLCG and why the method was not
successful. In the following, we recall again the Theorem of Dimension of the Fiber
[Shad4, Thm. 1.25] of a morphism and the Bertini Theorem |[Har13, Thm. 8.18|. The
theorems allow us to give a reparametrization of the matrix product state map.

Proposition 5.6.1 (Fiber of a morphism). Let ¢ : W — V be a dominant regular map
of irreducible varieties. Then

1. dim(W) > dim(V).

2. If Q € ¢(W), then dim(¢~H(Q)) > dim(W) — dim(V) for every Q € V, with
equality holding exactly on a nonempty open subset U of V.

3. The sets V; = {Q € V|dim(¢~1(Q)) > i} are closed in ¢(W).

Theorem 5.6.2 (Bertini). Let V be a nonsingular closed subvariety of P, where K
is an algebraically closed field. Then there exists a hyperplane Y C P, not containing
V, and such that the scheme Y NV 1is regular at every point. Furthermore, the set of
hyperplanes with this property forms an open dense subset of the complete linear system
|Y'|, considered as a projective space.

Let ¢ : Dyps — Im (¢) = MPS°(m, n,d) be the parametrization of matrix product
states with open boundary conditions (5.7), with

d
Dypg = X CMe=1XTXMk - g = mg = 1.
k=1

Denote the dimension of the domain of ¢ by Nyps = Z?:l nimi—1mg;, (mo = mg = 1)
and assume sypg = dim MPS(m, n, d).

The set MPS°(m,n,d) = Im (¢) is a cone [CMS19]: if @ € MPS°(m,n,d) then \Q €
MPS°(m, n, d) for every A € C. Consider the associated map between projective spaces
n—1

¢y s Pl (x P”im“mi_1> x Prama-1 _, P(MPS®(m, n,d)) C P(C" ®---@C"),
=2

which is polynomial and dominant. Define Im (¢,) =: Mps(m,n,d). Denote the do-
main of ¢, by Dayps, its projective dimension by Naqs = Nvps — 1 and the projective
dimension of Mps(m,n,d) by saps = smps — 1.

Given [Q] € Mps(m, n,d), by Proposition 5.6.1 the dimension of the fiber ¢, *([Q]) is
bounded by

dim(¢p " ([Q1)) = Natps — Smps = €tps-
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Moreover, by Bertini’s Theorem 5.6.2 the intersection of ¢, '([Q]) with eqs general
hyperplanes Y;, for j = 1,..., eaqps:

YN N Yey,. Ny H([Q))

consists of a finite number of reduced points that coincides with the degree of the fiber.
Denote Y :=Y;N---NY, Therefore, ¢p_1|y 1Y C Dapps = Mps(m,n, d) gives a

eMps*
reparametrization of the variety Mps(m,n,d).

Pp
( y

Figure 5.13: Pictorial representation of the matrix product state maps. Given [Q] €
Mps(m,n,d), the fiber ¢, ([Q]) (in red) intersects ¥ = Y1 N---NY, in a finite number

EMps
of reduced points. Therefore ¢,(Y) = Mps(m,n, d).

The first attempt we did was based on this approach: in the affine setting, we fixed an
embedding ¢ : C5MPS s Y ¢ Dyips in order to set a general Y ~ Cowps Dyips such
that

Y = {A € Dyps : A = i(v),v € CMPS},

We applied the NLCG to the following minimization problem

oin p(Q) = ,Telg pod(A) =min{po¢(i(v)) : v € CMS}

(SO HOGR) . o
- {¢<i<v)>f¢@<v>> vec }

in order to find a solution of Problem 5.0.2.

Notice that, the domain of the reparametrization is a fixed vector space of the minimal
number of parameters needed to parametrize the variety. This implies that the gradient of
the functional po ¢ o4, which is an element of 1?, has the minimal number of parameters.
For this reason, implementing the NLCG with this method, the computations of the
reparametrized gradient turned out to be faster compared to the standard one. On the
other hand, the variation of the algorithm was not competitive due to the substantially
higher number of iterations performed to reach convergence. The number was so higher
to always make longer the runtime to convergence, compared to the standard algorithm.
We can heuristically explain this behavior. We expect that the gradient, constrained to
be a vector of the fixed subspace }?, finds a sequence of points that are certainly contained
in different fibers of ¢. However, even if we expect that the gradient is a vector that
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points to the minimum at every step, it is not the deepest descent direction anymore and
the algorithm takes too many more steps to reach convergence compared to the original
gradient.

5.7 Decomposition of the domain

In this section, we describe a natural pointwise decomposition of the domain of the matrix
product state map. We start from the general setting of tensor network varieties and
then, in Subsection 5.7.1, we focus on the case of matrix product states. Finally, we
study the open boundary case for both matrix product states and homogeneous matrix
product states, c.f. Subsections 5.7.2 and 5.7.3 respectively.

Coming back to the general setting, we describe a natural pointwise decomposition of
the domain of the parametrization of tensor network varieties.

Let (I'ym,n) be a tensor network and let V = TNSELH be the associated tensor network
variety defined as either the Euclidean or Zariski closure of the map

(I):Hom(Wl,...,Wd;Vl,...,Vd)—)VCV1®"'®Vd,
X=(X10 - ®X) = (X1© - ®Xg) T(I'm).

DenoteD:Hom(Wl,...,Wd;Vl,...,Vd) andH=V1®- -V
The differential map of ® at the point X € D is

dbx : TxD ~D — T@(X)V,

d
Y=Y, ... Y)Y (1@ 0% @ - ®X,) T, m).
k=1

Denote the dimension of the domain D by

N =: dimD = Z Nyn, —d+ 1.
vev (D)

The gauge subgroup, defined in Section 2.2, is the group

Grm~ X PGL,, CGW,:vev()),
ece(T)

of dimension
g:=dimGrm = Z (m2 —1).

ece(T)

The action of Gr y, on D is given in Definition 2.2.1. We denote the gauge orbit of X € D
by Og(x) = Gr,m - X. Denote f = dim Stabg,. ,(X), then the dimension of the orbit is
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dim Og(x) = g — f. By Corollary 3.3.2, we can assume that the dimension of the variety
V is bounded by

dimV=s<N —(g—f).

Since the domain D of ® is isomorphic to CV, we endow D with the standard inner
product of CV

h:CVxclV—cC
(v, w) — h(v,w) == wv.

The inner product allows the identification between CV and its dual CV* via the isomor-
phism

R:CN —chr
w (wT:vr—HuT )
Let T € V be a smooth point of the variety. If X € ®~1(T) C D is a point in the fiber,

then 1k(d®y) = s. We denote by Nx := ker(d®x) C Tx® Y(T) C TxD the vector
space of tangent directions to the fiber at X. We define

Bx =Nsx={veD : vin=0, for every n € Nx} c D.
Then
dim Ny = dim® 1(T) = codimp V = N — s,
dim By = N — dim Ny = s = dim .

The tangent space of D at the point X, as a complex vector space, splits into the following
direct sum

TxD ~D = Nx @ Bx,
and we have the following isomorphism of vector spaces

d‘bx|3x : gX ~ Tx'D//\N/X — T@(X)V.

Therefore, every tangent vector in v € Tg(x))V admits a unique representative w € By
such that d®x(w) = v.

As we can see in the proof of Theorem 3.3.1, we have that Og(x) C ®~1(T) and therefore
TxOgx) C Nx,
whose dimension is bounded by

dim Tx Og(x) = dim Gp ;m — dim Stabg. (X)) =g~ f < N —s.
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Moreover, for every X € D, TxOgx) is naturally isomorphic to the Lie algebra of Gr m
quotiented by the Lie algebra of the stabilizer Stabg,. . (X), that we denote by sy:

TXOg(X) ~ EB E[mﬁ/ﬁx.
ece(l)

Remark 5.7.1. Based on results in Chapter 3, Section 3.4, we expect f = 0 in a wide
range of cases and therefore dim Tx Og(x) = g. In this case, Theorem 3.3.2 implies that
s < N — g. If moreover we assume that the orbit fills the fiber of ® then

V=s=N-g=dimD — dimGr,

is the expected dimension of V, c.f. Equation (3.3), and therefore of Bx. Under these
assumptions we have N
TxD = TXog(X) @ Bx.

with isomorphism

TXOg(X) ~ @ 5[me~
ece(l)

By Remark 5.2.3, this holds for matrix product states with open boundary conditions.

5.7.1 Gauge orbit of matrix product states

We specialize the study of the gauge orbit in the case of matrix product states. Recall
the map defining matrix product states TNS%{H given in Definition 5.2.1

N1,...,Nq
O(Ay,..., Ay) = Z Tr (Alll - -A;d)el(ll) ®-® ez(-j).
i1 yeeesig=1

Denote the domain of the map by D = XZ:I CMk—1XME XNk with mg = my.

Consider A = (Ay,...,Ay) and B = (By, ..., By) € D. The differential map of ¢ at the
point A € D is the linear map

s : TaD = D — Ty, TNSGE,

B d¢ 4(B).
given by
— d Ny, ng
- d¢(A+tB i i i) (1 d
dqu(B)_(dt)‘to_Z Z TI"(All'”Bkk"‘Add)€§1)®"'®€§d)~

(5.26)
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Gauge action on matrix product states. Let (I';m,n) be a tensor network. The
gauge subgroup associated to (I', m,n), c.f. Section 2.2, is the group

Grm>~ X PGL,, CGW,:vev()),
ece(l)
that is the image of the homomorphism (2.9)
U: X (GL(U.) x GL(U}))/Ze - G(Wy, - k € v(I)),
ece(T)

restricted to
Grm:= X GL4 ~ X GLp,.
ece(T") ece(T)

In words, the gauge subgroup is obtained by taking, for every edge e € e(T"), the quotient
of GLy,, with the central subgroup Z, = {(Ady,, A 'Idy=) : A € C*}.
We call Gt gauge group.

Considering matrix product states, the gauge group is

d
Go,m = X GLy,.

e=1

Definition 5.7.2. Given M = (M;,...,My) € G, m and A € D, the gauge action
Gc,m X D — D is given by

M-A= ((Mk_1)_1AkMk)k:1,...,d

= (My—1) AP My) 31, s

ip=1,....,ng

with convention My = M. Denote the orbit of A € D under the action of G¢, m by
Og(A) = {M . A, for M € GC’d,m} C D.

Lemma 5.7.3. Given a point of the variety Q@ € TNSS¢  and an element A € D such

that A € ail(Q), then Og(ay is contained in the fiber iil(Q).
Proof. The result follows from Corollary 2.3.2 but it is easy to see that
G(M - A) = ¢(M; A1 My, ..., My AgMy)

N1,ye.Ng

= Y T ((MaMHA LMY - Al e @ @l
01,0 y0g=1
N1,eensTig ' ' " W B
= Z Tr<All1...Azld)ei1 ®-®e) = p(A),
i1 yeensia=1
for every M = (Mi,...,Mg) € G, m. 0
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Tangent space to the gauge orbit. We now study the tangent space to the gauge
orbit and we characterize its elements in terms of the Lie algebra of the gauge group.

Let (I';m,n) be a tensor network. In Section 2.3 we denoted the Lie algebra of Gr m by
gr.m- In the case of matrix product states it is

d
8Cy;m = @ E[miy
=1

where sl,,, is the Lie algebra of m x m complex matrices with trace zero [HOV13|.
The Lie algebra of the gauge group G, m is denoted by gc, m and is

d
9¢,m = @) End,y,, - (5.27)

i=1

Consider the action of G¢,; m on D, given in Definition 5.7.2. We define the orbit map
9A) Gc,m — D by A (M) = M - A. The image of the map is clearly the orbit
Ogay of A € D under the given action. Denote the identity element of the group by

(4)

e= Idch’m. The surjective map 9" : Goy;m — Og(a) induces the map

AW : T.Geym =~ 80, m — TaOg(a),
where go, m is the Lie algebra of G¢, m, given in Equation (5.27).

Let m = (my,...,mg) € g, m- For every component m; € End,,, consider the 1-
parametric subgroup

gk :R— GLp,
t — exp(tmyg).

For every k =1,...,d, gr(t) = exp(tmy) is a smooth curve in GL,,, passing through the
identity gx(0) = Id,,, of End,,,, and such that g, (0) = my.

Denote y(t) = (g1(t),...,g9a(t)). It is a smooth curve in G¢, m passing through the
identity e € G¢, m, and such that 4/(0) = m. For each A € D we have [Leel3]

d

i ) = (99 07)(0) = 5
t=0

’Y(t) cAi=wvy € TAOG(A)-

Forevery Ae D, k=1,...,dand s =1,...,n;, we compute the action:

Ge1(t) LA gr(t) = exp(tmy_q) "L A5 exp(tmy,)
= (Idp_1 — tmp_1 + O(t*)) A; (Idg + tmy, + O(t?))
= Aj —tmy_1 A}, +tATm + O(tY), w>2
= Az + t[Aka - mk,lAZ] + O(tw), w > 2.
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Then the infinitesimal generator of the action is

d

— (gr—1(t) T Agr(1)) = Afmy — my_1 A}
dt |i—o

This defines the action of m = (my,..., my) € gc,m on A € D given by

m- A= (Ajmy —my_1 A7) k=1,...d € TAOG(A), (5.28)

s=1,....,ng

and therefore the expression of the generic element of the tangent space to the gauge

orbit at the point A € D.

Define Ny = ker(d¢ ) and B4 = (Na)* and consider the following decomposition of the

tangent space for matrix product states

TaD :NA@BA. (5.29)

Lemma 5.7.4. The tangent space TaOgay C D is contained in Na, for every A € D.

Proof. 1t is straightforward to see that

V = (Ajmy, — mp_1AL) k=1,...a € ker(dd,),

s=1,...,ng

substituting the expression of V' in place of B in Equation (5.26):

k=1
T (A maA)AF - A) + T (A7 (A i AB) A 4

LTy (Alf .. 'Aziid:ll (Aiiimd — md_lAild))

=Tr (AillmlAé? AN mg AT AR A AT AR My Al ATy AR Al

11 id—1 gig i1 id—1 iq
b Al A flag A -~-Ad_1md_1Ad)

T ( —mg AT AR Al AT -Aif;;Ajldmd) —0;

since for every k € {1,...,d} the first term of the (k — 1)-th tensor AZ’“_‘II cancels out

with the second one of the k-th tensor A;"
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5.7.2 Open boundary conditions with bond dimension two

We compute the tangent space to the gauge orbit in the case of MPS(2,n, d) the variety
of matrix product states with open boundary conditions and bond dimension two.

We start with a general consideration on the dimension of matrix product states with
open boundary conditions. Fix I' = P, the path graph on d vertices. Consider the variety
of matrix product states with open boundary conditions, MPS(m, n, d), parametrized by
the following map:

d—2

¢ CXM (X Cn><m><m) < CMXn _y (Cn)®d
i=1
(A1, Az, ..., Agr, Ag) = Z Al A ey ©- ey,
U150estg=1
where {e;; : j =1,...,d,i; = 1,...,n} is the canonical basis of the d copies of C". Denote

the domain by Dyipg >~ C2nm+(d_2)”m2 and its dimension by Nypg := 2nm—+ (d— 2)nm2.
The gauge group is Gr ,, = Xk 1 Y GL,, and its Lie algebra gr ., = @Z;i End,,

As we have already highlighted in Remark 5.2.3, our formula of the dimension of the
variety coincides with Equation (5.8), given in [HMOV14]. More precisely:

dim MPS(m, n, d) = dim Dyipg(m,n,¢) — Am Grm

d—1
= dim P~ 4 dim PP dim PPl 4 =y " dim P(G Ly, )
=2
d—1 d—1
= (nam1) + (ngma—1) + Y _(nimi_ym;) = (d—1) =Y _mi + (d — 1)
=2 =1

d—1

_§ M -1 — § m _NMPS(mnd) Grm.
i=1 i=1

where we are considering all affine dimensions. By a dimension count, for matrix product
states with open boundary conditions, decomposition (5.29) can be written as

TaDypsmn,d) = TaOga) ® Ba,

with the following isomorphism:
TaOq(a) ~ 9Pym; (5.30)

where By = (TaOg(a))*+ = (ker(¢4))* and dim B4 = dim MPS(m, n, d).
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Bond dimensions two. Now, consider the parametrization of matrix product states
with open boundary conditions, MPS(2,n,d), with m = 2 fixed:

d—2
¢ :CnXQ % (>< Cn><2><2) % C2><n N (Cn)®d
=1

(A1, As, ..., Ag1, Ag) = Z A Al e, @ @ ey,

01 yeeyig=1
The domain is denoted by Dypg =~ C4(d=1) and its dimension is defined as Nyps =
4n(d — 1). The gauge group is Gra = Xi;i GL9 and its Lie algebra gro = @Z;% End,.

The dimension of the variety is given in Example 5.2.4 and it is

dim MPS(2,n,d) =4(nd —d —n+1) =4(n —1)(d — 1) = Nyps — dim Gt 2.

Let m = (my,...,my) € gro and A € Dyps. For every m; € Endg, i =1,...,d — 1, we
fix the canonical basis and write m; = (xzaﬁ) fori=1,...,d—1and o,8 = 1,2. An

element A € Dyps is a collection of two boundary tensors A; = (a13) and Aq = (add),
for s = 1,...,n and j = 1,2; and the inner tensors A; = (aigﬁ), fori=2,...,d—1,
s=1,...,nand o, =1, 2.

We compute the coordinates of m - A € T4Og(4). More precisely, by Equation (5.28),
m-A=(VZ)fork=1,...,dand s =1,...,n is given by

Vls = A‘iml = mﬁAi,

Vf:Afmi—mi,lA,f, ’i:2,...,d—1,

Vds = —md_lAfl.

We start computing V,*, for every t =2,...,d—1land s =1,...,n

.S ] % % i—1 i—1 s s
Ve — @il Qi) (T Ti2) _ [ T11 9512 [ @1 Galg
i T a8 ;s xi xi 1—1 —1 ;s ;8
i21  @ig2 21 To3 Ty Ty i21  @i22
i i—1\ s i—1 s 8 i =1y s _ i—1_s i .8
_ < (95111— Ty )ai; — 12, %iz1 + b ait (53221 L1 )ails T, %i22 + Zy9ai1y >
i—1 s I s i .8 =1 s i i s i .8 .
—xyy ;Y + (T — Ty )Aisy + ThAiZe  —Thy Qifs + (Thy — Thy )aidy + T1i5,

Reshaping the matrix V;* € C2*2 into a vector, we obtain t{ € C*:

% 1\ s i—1 s 7 s
(z9, — 95111)%11 95121@121 + X9 Gi19
7 7 s
o (93221_ T1 )aily — 95121@122 +ziraif;
VA (A
9321 aijy + («f; — 9522 Jais; + xhiais,

—1 21
—ahyaity + (why — xhyaidy + hhaid,
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Define

i i—1 i i—1
T11 — 21 Loy D) 0 )
T’ by — 247 0 -zt
Ki(mi_l,mi) = 112_1 22 11 ; i1 i12 c C2><2
—Tg 0 T11 — T2 Loy
0 _xz—l xi xi _ xz—l
21 12 22 22

and denote the vector of entries of A}, 7=2,...,d—1and s=1,...,n by
S S K K s\t C4
ai® = (ail1, ail2, @i%1, aid)" € C°.

Then t} = K;(m;—1,m;)a;®, for every i =2,...,d—1land s=1,...,n.

We compute now the coordinates of the action on the boundary tensors, i.e. the vectors
Vi and V7, for every s =1,...,n:

1 1 1 1 s
T T T x aj
S _ A8 (. s s 11 Ti2) _ (P11 21 1
VP = Aim; = (011 012) <$1 rk > = (xl rl ) <a 5) )
21 Tag 12 T3 19

d—1 d—1 s
—X —X a
s _ s _ 11 12 d1
Vi =-mg14; = ( d—1 d1> (a s) )
—xop —Tog d2

where a$ = (a;§,a;3)! € C?, for i = 1,d — 1. Define the matrices
11 d—1 d—1
Ty T —x —x
Ky(my) o= (P10 P20} go(mgy) = 11 12 )
1( 1) (5’3%2 x%Q d( d 1) —ﬂfgfl _93512—1
Then Vls = Kl(ml)als and Vds = Kd(md,l)ads.

We define a block diagonal matrix of order Nyips:

M(m) :=diag{Ki(my),..., Ki(my), Ka(my,mg),..., Ko(m, ma)...

n-t;;nes n-times
Ki1(mg_o,mg_1),..., Kg_1(mg_o,mg_1), Kg(mg_1),..., Ka(mg_1)},
n-times n—t;:nes

that is the matrix representation of the action of m € gro on A € Dyps. If we denote
by a € C"VPS the column vector of all the entries of A, then

M(m) : Dyps =~ TaDups — TaOgay C TaDyips
a— M(m)a.

Since the tangent space of the gauge orbit at the point A € Dyps is parametrized by
the Lie algebra gr o via isomorphism (5.30), we choose a basis B for the gr 2 in order to
find a basis of TaOga), for every A € Dyips.
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Denote by E; ; € Endy the matrix with 1 in the (¢, j)-th entry and zero otherwise. The
set £ = {Fap}ap=1,2 gives a basis of Endy. The tangent space to the gauge orbit is
spanned by the image of M(m), for m varying in B = X;‘;l E:

Ta(Og(a)) = (M(m)a)mes.

For m;,—1 = EH, E12, Egl, E22 we have

0O -1 0 0 a;s —a;s
, s _ i12 | _ 12
Ki(En,0)a; 0 0 0 0| |as, 0 |
0 0 0 0/ \ais 0
0 0 —1 0 ai‘fl —aigl
00 0 -1 a;s —a;s
. s _ 112 _ 122
KilBi2, 000" =g o o ey | T o |
00 0 0 aisy 0
0 0 0\ /[ad, 0
0 0 0 0] [as 0
: 5 _ i12 | —
KilBa0a =\ 5 g 0 o lag | = | ~aits |
0 —1 0 0/ \ad, —ais,
00 0 0 ait 0
00 0 0 a;s 0
Ki(E S = a2
(F2 0™ =14 o 1 0 | |as —aigy |
0 0 0 _1 ai§2 _ai§2
respectively. For m; = E11, F1o, Fo1, Fog we have
000 0][as 0
K;(0, Ey1)a;® = 2 | — ,
O0-Ea =150 1 o | as ai%,
00 0 0/ \a,
00 0 0\ [af,
1 0 0 O a;3 a
. s 112 _ 111
Ki(0, EipJai® = g g ¢ o as, | | o |’
0 010 @i39 aisy
0100 aiiq ails
000 0][as 0
K;(0, Eoy)a;® = i1z | _ ,
{0 F)a” = o o 1| | as, aisy
00 0 0/ \a
00 0 0\ [a?, 0
010 0]]a a;s
, s _ i12 | _ | %12
Ki(0, Ex)ai 000 0]|as, 0o |’
000 1) \aiy aisy
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respectively. For the boundary vectors, for m; = E11, E19, Fo1, Fog we have

1 0 alf o alf
0 alg o 0 ’

)

s 0 0\ (a1
Kl (Egg)al = <0 1) (aii) =
2

-1 0 ads —ads
s _ 1) _ 1
e = (' 0) () - (57)
0 -1 ad“{ —adg
s __ —
wamnr=( ) () - (59,
0 0\ (a4} 0
s __ _
s (% ) () (4)
0 O ad; 0
s __ 1) —
HalBn)od” = (0 —1> <ad§> B <—ad§> ’
respectively. We can define the following matrices
s e ali 0 015 0 _ s
mL(l) = ( 0 al‘i 0 a1§ = a1 &Idg,
—aify —aiz; 0 0 afy 0 aif O
S(a\ . _aiiz _ai§2 O O O aiil O aii2
m(i) = 0 0 —aily —@iy a3 0 aigy 0
0 0 —aify —aize 0 a3 0 a3y

= (—1d2 ¥ (A" (A RIdy), i€{2,...,d—1}

s i _adi —ad§ 0 0 _ s
mi(d) ._< 0" 0" eyt ) = e B,

that are the building blocks that constitute the matrix, that we will denote by T 4, whose
columns generate (and provide a basis of ) T4(Og(a)), for every A € Dyps. In particular,
T4 is a Nyps x dim Gt y,, complex matrix.
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Example 5.7.5. The tangent space to the gauge orbit of MPS(2, 3, 3) is

ar! X 1dy O2x4
a1? M 1dy Ogx4
a1® X 1dy O2x4
—Idy W (AD)E AL Id,
Ta=|-lda X (A3 A3XIde
—Idy ¥ (A43)!  A3XIdy
O2x4 —Idy X a3t
O2x4 —Ids X a3?
O2x4 —Idy M as?,

which is a 24 x 8 matrix.

Remark 5.7.6 (Orthonormal complement). In the next chapter, we will need a or-
thonormal basis of the vector space B4 = (TA((’)GM)))J—, for every A € Dyps.

We will numerically compute the QR decomposition of the matrix T4, i.e. T4 = QaR4.
The columns of Q4 give an orthonormal basis of T4 (O¢(4)). Therefore, the orthonormal
completion of a basis of Ty Dyips >~ Dyps provides the vectors which span B4. In order
to obtain the completion, we will compute P4 = ker(QL‘) whose columns span the space
By for A € Dyps.

5.7.3 Homogeneous case

Analogous computations are done in the case of hMPS(2, n, d) homogeneous matrix prod-
uct states with open boundary conditions and bond dimension two. However, in this case,
the use of affine coordinates gives rise to redundant scalar degrees of freedom. This will
be made clear in Remark 5.7.7. As a consequence, the kernel of the differential of the
parametrization contains at least one vector space which is not generated by the gauge
Lie algebra action.

Fix I' = Pjy9, the path graph on d + 2 vertices. Consider the parametrization (5.9) of
homogeneous matrix product states with open boundary conditions hMPS(m, n, d):

w S C™M (mem)xn < C™ (Cn)®d

p= (v, A, vR) — Z (v}Ail -~~AidvR)e¢1 ® - ® ey,

Denote the domain by
DhMPS —C™ x (mem)xn % CM ~ C2m+m2n'

The gauge group is Gr,, = G L, and its Lie algebra gr ,,, = End,,,. Given m € gr,, and
p = (vr, A,vR) € Dnyuvps, the action of the Lie algebra (5.28) specializes to

m- (vg, A ug) = (vzm, A’m —mA® —mog) fors=1,...,n. (5.31)
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Remark 5.7.7. The upper bound on the dimension of the variety, given in Equa-
tion (5.10), is the following:
dim hMPS(m, n, d) < 2dim P™! 4+ dim P! + 1 — dim P™’
=2m—1)+ (m*n—1)+1—(m?-1)
=2m+m?(n—1)— 1.
Define the upper bound on the dimension by
expdim hMPS(m,n,d) := 2m + m?*(n — 1) — 1.

On the other hand, when working in the affine setting we have Nyyvps = dim Dyvps =
2m + m?n and dim Grm = m?. Therefore the vector space (T]D(Dg(p))L for p € Dymps
has dimension

dim(TpOg(p))J‘ = Npmps — dim Gr o, = 2m + m?n —m? =2m+ m2(n -1)
= expdim hMPS(m,n,d) + 1.

The 1-dimensional gap is due to the overabundant affine coordinates that we are consid-
ering in the domain of the parametrization. The kernel of the differential of the map,
ker(dip,) for p € Dyunips(m,n,d), contains at least one vector space which is not generated
by the gauge Lie algebra action. We denote this vector space by S, ~ C and we have
Sp C ker(diy) \ TpOg(p)- We will provide this vector space order to obtain

TyDumps = (1,06 © Sp) @ By,
with dim B, = expdim hMPS(m, n, d).

Bond dimensions two. We fix now m = 2. Let m € gr = Ends and p € Dpvps ~

C**+1) We fix the canonical basis and write m = (244)a =12, A = (agﬁ)zzﬁl;‘l"g, and

the boundary tensors vy, = (v},0%)!, vg = (vk, vR)E

We compute the coordinates of m - p € 7,0,y which, by Equation (5.31) is given by
m-p= (Vg, V7, Vg) is given by

= v}m = mtﬁL,

VPi=Am—-—mA® s=1,...,n

VR = —mug,
where v, = (vi,v%)L.
We start computing V7, for every s =1,...,n
S S S S
V= ayy Qg (T T2\ (Tl X2\ (a1 Qi
as; as) \T21 T2 T Ta2) \ad; ad,
. —1:12(131 + :E216L‘i2 ({L‘QQ — :Ell)an — :r12a§2 + .”Elza‘il
—.I'Qlai;l + (51511 — 5622)051 + a:21a§2 —5621(1f2 + l’lgagl
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Reshaping the matrix V; € C2*2 into a vector, we obtain t* € C*:

—x12a§1 + .I'Qla‘b
(z22 — T11)aiy — T12a55 + T1207,

t5 =
—x91a5; + (x11 — T22)as; + x21a3,
—T21G79 + T12a3;
Define

0 o1 —X12 0

T12 T2 — T11 0 —T12

K(m) =

—T21 0 T11 — T22 T2

0 —T21 19 0

and denote the vector reshape of A* € C?*2 for s =1,...,n by
a® = (ail’ai% aglv a;?)t € C4'
Then t° = K(m)a® for every s = 1,...,n.

The action on the boundary tensors is given by:
t Tl T12 r11 w21 (V]
Vi =wvpm = (v vf) = 7
T2l T22 T12 T2/ \VL

1
—Ti —x12)\ (v
VR = —mug = g,
—r21 —r22) \Vp
where we recall that v, = (v}, v?)!,vr = (vg, v%)! € C2. Define

r11 oz —x —x
Ki(m) = ( 11 21)7 Kp(m) = (_ 11 - 12>
T12 T22 Z21 22
then Vi = KL(m)vL and Vi = KR(m)vR.
We define a block diagonal matrix of order Nyypg
M(m) = diag{ K (m), K(m),..., K(m), Kr(m)},

n-times

which is the matrix representation of the action of m € gro = Ends on p € Dyyps. If
we denote the vector reshape of A% € C?*2 for s =1,...,n, by

a® = (aty, afy, a3y, a3y)" € C*
and the vector reshape of p = (v, A,vg) € Dymps by

102 1 noo1 2\t A(n+1
a=(vp,vi,a ... a" vR,vR) e cHntl),
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then we can write

M(m) : D =~ T,D — T,0¢q(, C T,D
a— M(m)a.

Again, since the tangent space of the gauge orbit at the point p € Dyvps is parametrized
by the Lie algebra gr 2, we fix a basis B of gr 2 in order to determine a basis of T,0g ),
for every p € D:

oty Y=y ) 0= 0 )= (0 2

The tangent space to the gauge orbit is spanned by the image of M(m), for m varying
in B
Tp(Og(p)) = (M(m) - a)mes.

We compute the blocks associated to the internal tensor

000 0\ [a 0
000 0|][a 0
K (I s 12 —
()™=t 5 0 of|as, of
000 0/ \a3 0
0 0 0 0\ [a, 0
0 20 0| [a —2a3
s __ 12 _ 12
K(H)a" = 2 0] |ag, | ~ | 203 |7
0 0 0 0/ \a, 0
00 -1 0\ /a, —a3,
10 0 -1 ai aj, — aj
s __ 12 _ 11 22
KX =100 0 o ||a |~ 0 ’
00 1 0 a3 a3,
0 1 0 0\ /a, as,
0 0 0 0|]a 0
s __ 12 —
KX =\ 1 g 0 1| |ag | = [agy—as,
0 -1 0 0 a3 —afy

We compute the blocks associated to the boundary vectors

Ky (Idg)vy, = <Z§> , K(H)vp, = < ”§2> , KL(X)vp, = <UO1> , KL(Y)vp = (“;) :

L - L

Kadzyon = (U8) . Kn()n = (" 40) KnCown = ("0F) . wuvyen= (0,

R
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We define the building blocks

S S
S S S
s . [0 —2aiy af; —ay 0 -1
my = 0 2as 0 S __ S ) s§=4 s T
as Qg — Q711
S S
0 0 a3y —ajs

fui vi 0 v%
v% —U% vi 0
0 0 —a%l ab
0 72a%2 ah — a%Q 0
m, 0 2a3, 0 ady —aly
my 0 0 a3y —a12
=1 z : € Chims .
m 0 0 —ay afy
mp 0 —2dfy afy —ay 0
0 2ay, 0 ayy — ayy
0 0 ay; —aly
—vp vR 0 —Vp

In order to find the 1-dimensional vector space S, >~ C C ker(de,) \ T,Oc(p) for every
p € Dupvps, c.f. Remark 5.7.7, we notice that there is an action of C* on the domain of
the parametrization which leaves invariant the image of the map but that is not provided
by the action of the gauge group Gr .

Consider a point p € Dyyps and «, 5,7y € C*. Then
w(OWLy ﬂAa fva) = a/Bd’Y w(vLu A7 UR) = w(va A7 UR)

if and only if a8% = 1. Fix a = =% and ~ = 1, which satisfy the condition a8%y = 1.
We define an action of C* on the domain Dyypg of 9 as follows: given p = (v, A,vR) €
Dyvps and § € C*, the action is given by

B-p= (8", B4, vR).

Let 5 € C such that §(t) = exp(tg) is a smooth curve in C* passing through the identity
of C, 3(0) = 1, and such that 8’(0) = 3. The action of 3 € C on p € Dppps is given by
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Bep=(Vy, VL VP, ..., VR) € ker(dip,), with

d ~ ~ g
Vi =—  exp(th) dvz = —dp d 11}2,
dt |i—o

d ~ ~ ~ ~
Vi=" exp(th)A® = (Fexp(th)A”))_, = BA%, s=1,...n,

r= dt |10
Vi = 4 exp(0)vp =0
R = dt 1o xp(U)vr = 0.

Fixing the generator B =1 € C we obtain the vector
U1 (p) = (—d’Ui, —d?.l%, (lh, a%% ceey agQ? Oa 0) ker(d¢p) \ TPOG(p)'

and finally we define the matrix

—dvi vi Ui 0 U%
—dv% v% —v% vi 0
1 1 1
ary 0 0 —as aia
: 1 1 1
: 0 _2?12 11 — Ga9 . 0 .
‘132 0 2a9, ? 5 —1011
ay 0 0 asy —aj9
T,=| : : : : € Churs O, (5.32)
n—1 n n
Q99 0 0 —aa aja
n n n n
ar 0 —2afy afy —ay 0
. n n n
: 0 2a%, 0 a5y — aqq
n n n
0 —v}%i v% 0 —v}%

whose columns span S, & 1,0 () C Dumps.

Remark 5.7.8. Let p € Dyyps. Denote the second column vector of the matrix T,
(5.32) by va(p). The vector can be compactly written as va(p) = (vr,0, —vg)t. Notice
that, fixing v = a~! and B = 1 is equivalent to the gauge action of the matrix alds:

a 0 al 0 a 0 a0 1
Y(vL <0 a) ; ( 0 a—1) A (0 a> ; ( 0 a_1> vRr) = Y(avr, A,a” vR),
and actually provides va(p), which is the second column vector of T, (5.32). This is the

only scalar multiplication which derives from the affine gauge group Gr 2.

Moreover, if we consider the remaining choice, & = 1 and v = =% (which is symmetric
to a = B~ ~v = 1), we obtain the vector

s(p) = (0, A, —dvg),

which is a linear combination of v1(p) and ve(p), precisely s(p) = v1(p) + dva(p).
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Conclusions. In this chapter, we have collected all the ingredients to implement a
variational conjugate gradient method on matrix product states (with open boundary
conditions). In the last part of the chapter, we analyze further the geometry of the fiber
of the variety of matrix product states; in particular we study the role of the gauge orbit
and of its tangent space. We describe a pointwise decomposition of the tangent space to
the fiber that we specialize to the case of open boundary conditions. The decomposition
will be used in the following chapter for finding a good representative of the gradient of
the functional we want to minimize.
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Chapter 6

Preliminary numerical calculations

In this chapter, we present preliminary numerical results on the performance of the
nonlinear conjugate gradient method on the variational class of matrix product states
with open boundary conditions. The physical model we use is the AKLT model, c.f.
Sections 5.3 and 5.4. The code, implemented in MATLAB [Mat20| and available at
https://github.com/claudia-dela/NLCG_MPS_open-boundaries/, makes use of the
general tensor network contraction routine ncon() [PESV14|. The analysis is done with
real random starting points but the code works also in the complex field.

In Section 6.1, we analyze the runtime of the algorithm implemented using all the ingre-
dients exposed in Chapter 5. Minimizing the expectation value functional, the NLCG
properly approximates the lowest eigenvalue of the AKLT Hamiltonian and an associated
ground state. More precisely, given ¢ : Dyps — MPS®(m, n, d), the parametrization of
matrix product states with open boundary conditions, and H the AKLT Hamiltonian,
the method solves Problem 5.0.2

. B p(A)THp(A)
Al JA) = i )

Meanwhile, we compare the method to a first small variation. The variation is a slight
modification of the algorithm which consists in restarting the NLCG after less steps and
it is based on dimensional considerations. The variation will lead to a small gain in terms
of time of convergence, for a small number of sites.

In Section 6.2 we combine the restart reduction with a variation of the line search, which is
the most expensive routine invoked by the NLCG algorithm. The modification of the line
search is based on the decomposition of the domain described in Chapter 5, Section 5.6.
In particular, we reparametrize the gradient V f : Dyps — Dayps, computed in Section
5.5, reducing the number of its coordinates from dim Dyrpg to the minimal number of
parameters needed to parametrize the variety, i.e. the dimension of matrix product
states with open boundary conditions and the “expected dimension” of homogeneous
matrix product state with open boundary conditions.
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6.1 Restart in less iterations

In this section, we show the performances of the algorithm compared to a slightly modified
version. By Theorem 3.3.1 in Chapter 3, the matrix product states parametrization (5.6)
is overparametrized since its generic fiber is a high dimensional subspace of the domain.
Moreover, by Remark 5.2.3, in the case of matrix product states with open boundary
conditions, the generic fiber of the parametrization (5.7) is isomorphic to the gauge orbit
and the dimension of the variety, that we denote by syps = dim MPS(m, n, d), is given by
Equation (5.8). Therefore, we have a strict inequality syps < dim Dypg. The first small
variation of the algorithm that we compare to the standard one consists in restarting the
iterations of the NLCG after syps steps.

6.1.1 Results on MPS(2,3,d)

Fix m; = m = 2 and n; = n = 3 for every i = 1,...,d. Under these assumptions, the
matrix product state map (5.7) is given by

d—1
¢: C3><2 % X C3><2><2 % CQ><3 N (C3)®3 (61)
=2
3 . .
(A1,...,Ag) — Z Al Al e @ ® ey,
i1yeig=1
3 3 3 3
2 2 2 2
A A Adg—1 Ag

Figure 6.1: Matrix product state with open boundary conditions associated to the path graph
with d vertices. The first and last tensors A; € C3*2 and Ay € C2*3 are matrices; the inner
tensors are A € C3*2%2 for k = 2,...,d — 1 and can be seen as a collection of 3 matrices of
order 2, i.e. A} € C**? is a matrix for iy, = 1,2, 3.

Denote the domain of the map (6.1) by

d—

DMPS — C3><2 % ><1 C3><2><2 % C2><3 ~ C12(d—1)
k=2

and its dimension by Nypg := dim Dyps = 12(d — 1). Let A = (Ay,..., Agq) € Dups be

a point of the domain. Then, tensors A; and Ay have order 2 and they can be thought of

as collections of 3 vectors of C2, and the inner tensors Ao, ..., Ag_; have order 3 and each

one can be thought of as a collection of 3 matrices of C?*2. In this case, the dimension
of MPS(2,3,d), given in Example 5.2.4 and plotted in Figure 6.2, is

sups = dim MPS(2,3,d) = 12(d — 1) — 4(d — 1) = 8(d — 1).
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250 T . ; .
X Nyps = dim(Dyips)
X syps = dim(MPS(2, 3, d))
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X
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Figure 6.2: Comparison, for d = 3,...,19, between the dimension of the domain of the MPS
map Nyps = 12(d — 1) and the dimension of the variety syps = dim MPS(2,3,d) = 8(d — 1).

We consider Algorithm 5 on MPS(2, 3, d), with different restarts: Nypg for the standard
NLCG, and sypg for the variation. For d = 3,...,19 number of sites, we run 50 times
the algorithms; each run starts from the same random point of Dypg for both variants
of Algorithm 5. The gradient’s tolerance is set to t = 10~® and, for every d and in both
variants, it allows to accomplish a precision of 107 with respect to the exact minimum
Xo.d = —2(d — 1) (5.17) of the functional for the Hamiltonian of the AKLT model, see
Figure 6.3.

X
2 F X
X
X
-4 + X
g X
[4 X
£ 6 x
€ x
8 x
S 8 x
x
x
10 + X
x
X
12 I .
2 4 6 8 10 12 14 16 18 20

Figure 6.3: Value of global minimum computed by Algorithm 5 with restart Nyps = dim Dyps
(standard NLCG), and restart syps = dim MPS(2,3,d) (variation), for d = 3,...,19. Both
variants accomplish a precision of 1075 with respect to the exact minimum Mg 4 = —%(d —1).
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The two variants of Algorithm 5 have a comparable time of the single line search on
average, but they perform a different number of line searches in order to converge, c.f.
Figure 6.4. The variation of the algorithm performs less line searches, i.e. less iterations

of the NLCG, in the range [3,...,

around the 8%, which can be seen in Figure 6.5.

0.9

‘o

Restart Nyps — dim(Dyps)
Restart syps = dim(MPS)

0.7 +

0.6 -
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130
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40

12]. This provides a slightly faster time of convergence,

*

. . .
%  Restart Nyps = dim(Dyps)

Restart syps = dim(MPS)

Figure 6.4: Comparison, for d = 1,...,19,

14 16 18 20

30

20

between Algorithm 5 with restart after Nyps =

dim Dypg iterations (standard NLCG) and syps = dim MPS iterations (variation), respectively.
Left: comparison of the time of one line search; the time is comparable. Right: Comparison of
the number of line searches needed by the two versions of the algorithm to reach convergence:
the variation with restart syps needs less iterations in the range [3,...,12] of sites. This leads
to a moderate gain in time of convergence.

120

100

80

Time [s]
3

40

20

Restart Nyps = dim(Dyps)
Restart syips = dim(MPS)

20

Figure 6.5: Time comparison, ford = 1,...,19, between Algorithm 5 with restart after Nyipg =
dim Dyps iterations (standard NLCG) and syps = dim MPS iterations (variation), respectively.
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Plots 6.4 and 6.5 refer to convergent runs for both algorithms. Indeed, both variants
of the algorithm have a small number of runs which do not reach convergence. The
presence of non convergent runs is due to an iteration bound that we decide to impose to
3smps, within which the algorithms essentially converge. The role of the bound will be
made more clear in the next section, precisely in Remark 6.1.1. However, the inclusion
of non convergent runs in the MPS(2, 3, d) model analysis is not much informative: in
the case of non convergent runs, the runtime of Algorithm 5 is essentially the same for
both variants, since, at the same runtime of line search, both variants reach the iteration
bound. The comparison of the number of non convergent runs is shown in Figure 6.6 for
the sake of completeness.

o

© >
L ——

number of non convergent runs
o
—F
—F

o _
bt
b
L
bt
X
*

N
IS
>
®
3
N
=
>
>
8

Figure 6.6: Comparison, for d =1,...,19, of the number of non convergent runs (over 50 runs)
due to the imposed iteration bound of 3sypg iterations.

6.1.2 Results on hMPS(2,3,d)

We restrict our attention to homogeneous matrix product states with open boundary
conditions hMPS(2, 3, d), c.f. Definition 5.2.7. When m = 2 and n = 3 the homogeneous
matrix product state map (5.9) is the following

i1 C? x (C¥2)*% x C? — (C*)®3 (6.2)
3
p= (vp, A, vR) — Z <U2Ai1 e AidUR>ei1 @R ey
01 yeeeytg=1

The domain of the hMPS map (6.2) is Dypyps := C', of dimension Nyypg := 16. An
element (vp, A,vr) € Dpyps is such that vy, vr € C? and A = (Aj, Ay, Ag) € (C?*2)*3
is a tensor of order 3, identified with a set of 3 matrices of order 2.

A bound on the dimension of the variety is given in Equation (5.10) and in this case, it
is dim hMPS(2, 3, d) < 11. We consider the upper bound on the dimension of the variety
as its “expected dimension” and we define

spmps = expdim hMPS(2,3,d) = 11.
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vL A A A A VR

Figure 6.7: Graphical representation of a homogeneous matrix product state with open bound-
ary conditions, with bond dimensions equal to 2 and local dimensions equal to 3. Each inner
vertex is associated with the same tensor A € (C2*2)*3 with A; € C? for every i = 1,2,3. The
boundaries are vectors vy, vg € C2.

We consider Algorithm 5 with different restarts: Nyps for the standard NLCG, and
smps for the variation. The two variants of Algorithm 5 have comparable performances
again. More precisely, for d = 3, ..., 40 number of sites, we run 100 times the algorithms;
each run starts from the same random point of Dyypg for both variants. The gradient’s
tolerance is set to ¢ = 1079 In Figure 6.8 we display the functional values reached.
Unlike the case of MPS(2,3,d), minimizing on the subvariety hMPS(2, 3,d), both the
NLCG and the variant converge to two different kinds of points, for every d: one point
that approximates a ground state and that accomplishes a precision of 10~ with respect
to the exact minimum of the functional Ao g = —%(d —1) (5.17), and another point that
satisfies the tolerance condition that we have fixed to t = 107%. These second kind of
points approximately lie on a line of slope —1/3 that can be approximately described by
the expression —(¢ + (1/3)(d — 1)), with ¢ ~ 0.05.
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Figure 6.8: Values of global minima (lower data) and another point (upper data), for d =
3,...,40, computed by Algorithm 5 with restart Nyyps = dim Dpvps (standard NLCG), and
restart spvps = expdim hMPS(2, 3,d) (variation). The global minimum, in both variants, has
a precision of (the order of) 107! with respect to the exact minimum Aoy = —2(d — 1). The
other point lies on the line —(¢q + (1/3)(d — 1)), with ¢ ~ 0.05.
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Non global minimum. The gradient of f : Dyyps — R, computed in Section 5.5,
Equation (5.25), is given by
2 0,
Ga= s (g @A) = 1)6(4)) . where h = p(o(4).

When the gradient is zero, i.e. G4 = 0, for A € Dpyps then either ¢(A) is an eigen-
vector of H with associated eigenvalue h = p(¢(A)), or dop7 = a%(qS(Z)t) =0, or
(H—h-1)¢p(A) € ker(dgp ). With a direct computation in the range of sites [3,. .., 14]
(computationally possible), we verified that the non-global “stationary” points reached
do mnot satisfy the eigenvalue equation, i.e. |H@(A) — ho(A)|p > 103, with | - | the
Frobenius norm. The convergent points which are not points of global minimum are not
even points of local minimum. We therefore assume that the algorithm finds one global
minimum for each d. However, within the tolerance threshold imposed, the algorithms
converge to these points. In the following analysis, we take them into account since, a
priori, we can only see that the algorithms are converging to them: we will consider their
runtime, which is longer than that of the global minima, and their contribution to the
total time of the algorithms. We will refer to them as “false local minima”.

Remark 6.1.1 (Iteration bound). We decide to bound the number of iterations by
3sumps = 33, i.e. 3 complete rounds of NLCG with restart after spypg = 11 iterations.
We think that the bound is a natural threshold to impose: it ensures convergence to the
global minimum on average, for every d and both algorithms. Indeed, in the range of sites,
the global minimum is reached, on average, in 18 iterations by the standard Algorithm 5,
and in 16 iterations with the lower restart spyps, that is the variation needs less iterations
to satisfy the tolerance condition. The number of global and non-global minima reached
(in 100 runs) is compared in Figure 6.9 (left) and (right), respectively.
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Figure 6.9: Left: Comparison, for d = 3, ...,40, of the number of runs converged to the global
minimum (over 100 runs). Right: Comparison, for d = 3, ..., 40, of the number of runs converged
to the false local minimum (over 100 runs). Both refer to convergent runs reached by Algorithm 5

with restart Nyyps = dim Dyyps (standard NLCG), and restart spyvps = expdim hMPS(2, 3, d)
(variation).
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The false local minimum needs more iterations for convergence (26 and 24 on average)
and therefore it has a slower runtime to convergence compared to the global minimum.
The iteration bound causes a loss of convergent runs in both variants. The 100 runs
divide into the number of runs converged to the global minimum, 59%, the number of
runs converged to the false local minimum, 12%, and the number of runs that do not
reach convergence. The latter runs are compared in Figure 6.10 (around 29% of runs).
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Figure 6.10: Comparison, for d = 3,...,40, of the number of non convergent runs (over 100

runs) within the iteration bound described in Remark 6.1.1.

In general, the two algorithms have a comparable time of line search, c.f. Figure 6.11.

0.9 T T T T

O Restart Nyyps = dim(Dpaps)
0.8 Restart syyps = exp dim(hMPS)

Figure 6.11: Comparison, for d = 3, ..., 40, of the time of one line search, on average, between
Algorithm 5 with restart after Nyyvps = dim Dyvps iterations (standard NLCG) and spvps =
expdim hMPS iterations (variation). The time is comparable.

On the other hand, Algorithm 5 with restart after spypg iterations performs less line
searches to reach convergence. Since the runtime to convergence is roughly the time of
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the line search multiplied by the number of line searches (iterations), the latter determines
the runtime comparison, retaining the comparable time of line search.

Considering the overall performance, i.e. the time of all runs (convergent and non con-
vergent), Algorithm 5 implemented with restart syyps performs, on average, around 23
against 22 line searches over the whole interval of sites, c.f. Figure 6.12 (left). In terms
of time, this leads to a gain of 7% of runtime that can be seen in Figure 6.12 (right).

25 T T T T

O Restart Nups = dim(Dyyps)
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Figure 6.12: Left: Comparison, for d = 3,...,40, of the number of line searches between

Algorithm 5 with restart Nyyvps = dim Dyvps (standard NLCG) and spvps = expdim hMPS
(variation); the variation needs less iterations leading to a gain in total runtime. Right: Overall
time comparison.

Comparing the convergent runs for both variants of the algorithm, the iterations needed
to converge are, on average, 19 against 18 and the variation gains around 8% of runtime,
c.f. Figure 6.13.
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Figure 6.13: Comparison, for d = 3,...,40, of the number of line searches needed to reach

convergence: Algorithm 5 with restart spyps = expdim hMPS needs less iterations, leading to a
gain in time of convergence. Right: Runtime comparison to convergent runs.
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Comparing the convergent runs to the global minimum for both the variants of the algo-
rithm, the iterations needed to converge are, on average, 18 against 16 and the variation
gains around 8% of runtime, c.f. Figure 6.14.

22 T T T T T T T 18
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Figure 6.14: Left: Comparison, for d = 3,...,40, of the number of line searches needed by
the two variants of Algorithm 5 to reach the global minimum: the variation needs less iterations
leading to a gain in time of convergence. Right: Runtime comparison to the global minimum.

In conclusion, the NLCG properly finds an approximation of the ground state of the
AKLT Hamiltonian: a gradient’s tolerance t = 10~ allows for a precision of 107! on
MPS(2,3,d), and a tolerance t = 1079 allows for a precision of 10~!' on MPS(2, 3, d).
Moreover, the first small variation of Algorithm 5 with restart after less iterations, corre-
sponding to the dimension of the respective variety, either MPS(2, 3, d) or hMPS(2, 3, d),
gains around 8% of runtime to convergence in the respective interval of sites. The speed-
up is due to the fact that less iterations of the line search are needed for convergence,
retaining a comparable time of each line search. We want to highlight that this is generally
the reason why one algorithm performs better than the other: the principle bottleneck
of the NLCG runtime is the number and the expensiveness of line searches performed.
On the variety MPS(2,3,d), both variants of Algorithm 5 find a global minimum and
they fail few times to converge within the fixed bound on the number of iterations. On
hMPS(2, 3, d), instead, they both find one value of global minimum but they fail several
times to converge to it, within the bound. Indeed, both variants can also converge to a
non global minimum (fixed the tolerance to t = 107%), which is assumed to be a “false
local minimum”. We have a probability of 59% of finding the global minimum in the
runtime given in Figure 6.14, and 12% the false local minimum. In general, the runtime
to convergence is clearly higher in the case of MPS(2, 3, d), since the dimension of the
variety increases in the system size, contrary to the homogeneous case hMPS(2, 3, d) in
which the dimension is independent of the number of sites.
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6.2 Variation of the algorithm

We finally present our work for a matrix product state algorithm to approximate ground
states of systems with open boundary conditions. Our algorithm is a variation of the
nonlinear conjugate gradient method (c.f. Section 5.1), based on computations of Section
5.7 in Chapter 5.

Let ¢ : Dyps — MPS(m,n,d) be the parametrization of the matrix product states
with open boundary conditions, given in Definition 5.2.2. Let @ € MPS(m,n,d) be a
smooth point of the variety and let A € ¢~1(Q) be a point in the fiber. In the case
of matrix product states with open boundary conditions, the fiber ¢~1(Q) of the map
coincides exactly with the orbit of A € Dypg under the action of the gauge group
Og(a)- Equivalently, the kernel of the differential of the map ker(d¢a) coincides with
the tangent space to the gauge orbit TaOg(a). Denote Ny = ker(dpa) = TaOga)
and the complementary vector space by By = N j‘-. The domain of the map admits a
natural pointwise decomposition given by the tangent space to the gauge orbit and its
complementary vector space:

Dyips ~ TaDyps = Na @ Ba, (6.3)

where, in particular, syps = dim B4 = dim MPS(m,n,d) < dim Dyps. Every vector
w € Ty MPS therefore admits a representative v € B4 C T4 Dyps such that w = dg4(v).

Consider now the functional to minimize f = po ¢ : Dyips — R, given by

$(A) Hop(A)
o(A)Tp(A)

The gradient of the functional G4 = Vfa € TaDyps >~ Dyps has been computed in
Chapter 5, Section 5.5. In this section, we show that the gradient Vfa € Dyps is a
vector that naturally lives in the subspace B4 C T4Dwmps. Therefore, if we find a basis
of Ty Dyps, for every A € Dyps, given by the union of a basis of B4 and a basis of Ny,
the gradient V f4, in this basis, has null components in N4 and can be represented in
smps = dim B4 coordinates.

f(A) =poo(4) = (6.4)

Assuming to have an orthonormal basis satisfying this condition, we can represent the
gradient in this new basis. Indeed, the basis requested can be derived from computations
done in Section 5.7 of Chapter 5. In Subsections 5.7.2 and 5.7.3 we exactly computed
the matrices T4, whose columns span the space N4 = TaOga) (not necessarily or-
thonormal), for (homogeneous) matrix product states with open boundary conditions.
Then, in the case of matrix product states with open boundary conditions, for every
A € Dyps, the orthogonal completion of the columns of T4 in Dyps gives a set of vec-
tors which span the space B4. These vectors are used to build a matrix, denoted by P4,
c.f. Remark 5.7.6. More precisely, in our algorithm the matrix P, is found numerically
with MATLAB |[Mat20]: the matrix T4 is orthonormalized with a QR decomposition,
Ta = QaR4, and then Py = ker(QL) is computed. For homogeneous matrix product
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states with open boundary conditions we obtain instead a matrix whose columns span
B, for every p € Dyyps, which has dimension equal to the “expected dimension” of the
variety. Based on this change of coordinates of the gradient, we propose a variation to
the nonlinear conjugate gradient method.

6.2.1 Change of coordinates of the gradient

Let ¢ : Dyps — MPS(m,n,d) be the parametrization of the matrix product states
with open boundary conditions, c.f. Definition 5.2.2. Let L : Dypg — C¥MPS be the
bijection given in Remark 5.2.5, which is a fixed reshape of tensors into vectors. Let
G =V fa € TyDyps ~ Dyps be the gradient of the functional f (6.4).

Lemma 6.2.1. Let Q € MPS(m,n,d) and A € ¢~4(Q) C Dups. The gradient G4 €
Duips, is orthogonal to the tangent directions to the fiber ¢~(Q), and therefore to the
tangent directions of the gauge orbit.

Proof. If v € Tx¢~1(Q) C TaDyps then v € ker(dg,), and
LIGa) v =V(po )l v=d(po¢)a(v) = dp:|.paydda(v) =0. [

Corollary 6.2.2. Let A € Dyps. The gradient L(G4) € Dwyps is a vector of the
orthogonal complement of the kernel of the differential in A € Dyps, i.e. L(G ) € Ba =
N+t in decomposition (6.3).

Remark 6.2.3. The image of the matrix product state map is gauge invariant, c.f.
Theorem 3.3.1. “Fixing” the gauge degrees of freedom refers to fixing a representative
of the fiber of the map. It is a well-known technique in physics and, in the context of
matrix product states, it usually consists in putting the tensors of the network in the so
called canonical form which consists in imposing the conditions

N

S Al AR —1d,,,,

=1

for every k = 1,...,d. We refer to [PGVWCO07| for the definition and properties of
this representation. After fixing a representative of the fiber of the map, gauge degrees
of freedom are left in the representation of vectors of the tangent space to the variety
[HMOV14], because, on the other side, the kernel of the differential of the map is non
empty because it contains the tangent directions to the gauge orbits. Our method has
precisely the goal to “fix” the gauge degrees of freedom of the tangent space of the variety,
pointwise choosing a representative of the tangent space. This technique is used also in
the TDVP [HCO™11] and the VUMPS algorithms [ZSVF118|. We want to highlight
that a motivation which made our first tentative interesting, c.f. in Section 5.6, is the
fact that it fixes the gauge degrees of freedom of the fiber and of the tangent space,
simultaneously. This is due to the fact that the section of the domain of dimension
equal to the codimension of the variety provides a new domain of the parametrization.

155



The new domain has dimension equal to the dimension of the variety and it can be
identified with the tangent space of the variety, since the kernel of the differential of the
reparametrization is trivial for a dimensional count.

Ba / ¢
W/ Ga
TN
Ny
A
\_/
Dhips

Figure 6.15: Graphical representation of the matrix product state map. The fiber ¢=1(Q) is
represented as a red line in the domain of the map Dyps. The vector space T’y Dyips decomposes
into N'a @ Ba, with Na = ker(¢4) and B4 = Ni. In the case of open boundary conditions
Ny = TAOG(A) and dim B4 = symps.

Assume that syps = dim MPS(m, n, d) and that {wq(A), ..., weups(A)}, wi(A) € Dups,
is an orthonormal basis of B4. Denote

Py = (wi(A) ... ws(A)) € CHmDups)xsups, (6.5)

The matrix Py = (w(A)}) =Y  is reshaped into a tensor B € Dypg ® CMPS* in the

3 J7j=1,...,smPs
following way

SMPS
(2 - o E i * SMPS*
Bk'}/kék = Blfl(z) = wj(A) €; € Cc )
Jj=1

where {e} }7¥]® is the canonical basis of C*MP$* and (kiyyxdx) = 171(i), where 7! is the

inverse of the index bijection given in Remark 5.2.5. That is, every column of P4, which
is a vector in CPVPs is reshaped via L.
Analogously, the dual operator PL is reshaped into B € Djpg ® C5MPs

SMPS

Bk’Yk(sk - Bl*l(i) - Z w;(A) ej € CMPS,
i=1
where {e;}7¥]® is the canonical basis of C*Ps.

Since, by Corollary 6.2.2, the gradient L(G4) € B4 then ga = PLL(GA) € CoMPs g
the gradient written in coordinates with respect to the basis {wi(A)...ws(A)} of Ba.
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Equivalently, g4 is the vector

which is represented in Figure 6.16.

Aq

Figure 6.16: The pictorial representation of the projection of the gradient on the orthogonal
complement of the tangent space to the fiber of the parametrization.

Remark 6.2.4. Notice that ijPA = Idg, and PAP:[1 is the projector on B4. If v €
B4 C Dyps then PPy = v. In particular, L(G4) = PPYL(GA) = Pga, equivalently

IsH

Ga=B(ga) = _ Br(gal-
k=1

Moreover, notice that

L(GA)'L(GA) = (Paga) (Paga) = ¢!\ PiPaga = gl\ga,

therefore |L(G4)| = |ga|. This implies that every scalar product between gradients is
computed between vectors written in the basis {wi(A),...,ws(A)} of Ba, i.e. vectors of
CSMPS.

Notation 6.2.5. Recall that, with abuse of notation, we always consider the vector
reshape of tensors, i.e. we denote A = L(A), G4 = L(G4). In this notation, we have the
following relations

ga = P,LGA,
Ga = Paga.
6.2.2 Variation of the line search

We describe the variation of the line search. In particular, we will highlight the difference
between the two versions in the performance of the first and second steps of the NLCG.
The line search method, Algorithm 3, solves

aj = arg ngin f(A(]-) + apj)
ac
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requiring several evaluations of the functional and several computations of gradients. In
what follows, we compute these two quantities, highlighting the role of matrices Pl and
P,, that are the changes of basis of B, inside T Dyips.

First line search. Let A € Dypg be the starting point. Compute the gradient G4 €
Dyyps as prescribed in Equation (5.25). Let pg = —G4 = —PAPJ‘GA be the first descent
direction. The first line search solves
ap = argmin f(A — aG4).
a€eR

Let A = A—aG 4, a € R be a point on the line A — aG 4, and compute Py4. In the line
search we have several computations of

1. Functional value:

F(A)) = f(A—aGa) = f(A— aPaPiGa) = f(A— aPaga). (6.7)

2. Gradient:
Ga =Ga—ac, = Pa—acr94-ac, = Pargar. (6.8)

First step comparison. The variation of the line search consists in the following pro-
cedure: for every iteration of the algorithm, we fiz inside the line search routine the
vector space B4 and therefore the matrix P4 € CNmpsxsmps — The consequence is the
definition of an approzimate gradient, that will be given in Equation (6.10). This mod-
ification of the line search is based on two observations, whose graphical representation
is given in Figure 6.17:

1. The gradient is a vector of B4 for every point A € Dypg, therefore the point
A" = A+ ap, with p € Dypg search direction is in a different gauge orbit (and
different fiber of the parametrization), with respect to A.

2. In a neighborhood of the point A € Dyps the vector space BB, remains approxi-
mately parallel to B4. More precisely, if A’ = A+ap € Dyps for a admissible step
length, then the columns of P4 and P4 generates approximately the same vector
space.

Definition 6.2.6. Given A, A’ € Dyps and P4, Py € CPMPsXsMPs a5 in equation (6.5);
define
gﬁl = P:,_RGA/, Gﬁ/ = Pagar.

Notice that, for every A € Dyipg, the gradients trivially satisfy: ga = P,ZG A= gﬁ and
Gao = Paga = Gﬁ.

Let A € Dyips be the same starting point. Compute P4 and g4 = PI‘GA € CSMPS a3 in
Equation (6.6). The first descent direction is p4 = —ga and the first line search solves

ap = argmin f(A — aPaga).
a€eR
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Na

Dyips

Figure 6.17: Graphical representation of the domain Dyps. At each point A € Dypg the
domain admits the decomposition Dypg = N4y @ Ba. The step from A € Dyps, along the
direction p € B4 brings to another point A’ € Dyps which is contained in another fiber of the
map. The vector space B4 is replaced by the previous By.

Denote A" = A — aPaga, a € R. In the line search, we impose the following rules for
evaluating the functional values and computing of gradients:

1. Functional value:

f(A") = f(A—aPaga)(= f(A—aG.)). (6.9)

2. Approximate gradient:

gﬁlzPLGA/#PLGA/ =4ga’. (610)

Notice that the computation of the functional value (6.9) is equivalent to (6.7) but the
approximate gradient (6.10) is different from gradient (6.8).

Remark 6.2.7. Notation 92‘/ indicates that the approximate gradient is obtained by the
gradient G 4/ calculated in the point A’, but multiplied by the matrix P4. The columns
of Py give a basis of B4, that is a vector space containing G 4, the starting gradient
computed in A.
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Algorithm 6: Variation of NLCG on MPS

Input: Initial point Ay € Dyps, tolerance t € R

Output: A* € Dypg such that ¢(A*) € MPS approximate ground state
Compute syps = dim(MPS) < N = dim Dyps;

Evaluate fa, = f(A());

Compute Py, and g4 ;

Po = —9Aqs

J=0;

while |g4, | >t do

oj = arg min,, f(A(j) + aPA<].)pj) )

Set A(J+1) = A(j) + O[]PA(])(pj),
Compute Pag and 9Aan)

if then

F )
IBJ R — O)
J<0;
else
+
9a,. gA, .
FR G+ 770D |
ﬁj“ = 9y ga
A 746
end
FR )
Pj+1 — _gA(j+1) + Bk+]_ PA(],) (pj)v
J< it
end

Second step comparison. Let Ay € Dyps be the starting point and Ag) the pre-
vious point computed by both the NLCG and the variation. Denote the current search
directions by p = _GA(1> + BGA(()) € Dyps and p = —9An T BgA(O) € C5MPs_ of the
NLCG and the variation respectively.

Then for the NLCG we have

1. Functional value: f(A’), with

A = A(l) +ap = A(l) + Oé(—GA(l) + BGA(O)) = A(l) — OzGA(l) + afG 4, .

2. Gradient:
GA/ = PL,gA/.

For the variation of the algorithm we have:
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1. Functional value: f(A"”) # f(A’), since

A
= A(l) — OéGA<1> + OZBGAES 7& A/'
2. Gradient:

A
9,4/(1) = leu)GA/ = Pilu)PA/gA' # P,ZIPA'QA' =gar.

In general, from the second iteration on, we obtain two non equivalent algorithms. We
give the pseudo-code of the NLCG variation in Algorithm 6.

We compare again the performances of Algorithms 5 and 6 on the varieties MPS(2, 3, d)
and hMPS(2,3,d), with open boundary conditions. We show that the algorithms are
comparable and Algorithm 6 has a gain in terms of the time of convergence.

6.2.3 Results on MPS(2,3,d)

Consider the variety of matrix product states with open boundary conditions, c.f. Defi-
nition 5.2.2. In particular, the variety MPS(2, 3, d) is parametrized by the map

¢ :C3X2 > d>_<1 C3><2><2 % C2><3 — (C3)®3

=2
3 . .
(A17A27"'7Ad717Ad)'_> Z AyilAfid €i1®"'®eid7
i1yig=1
3 3 3 3
2 2 2 2
A Ay Ag1 Ay

Figure 6.18: Example of a matrix product state with open boundary conditions associated
to the path graph with d vertices, bond dimensions 2 and local dimensions 3. The first and
last tensors A; € C3*2 and Ay € C2X3 are matrices; the inner tensors are A; € C3*2%2 for
k=2,...,d—1and A}* € C>*? is a matrix for every iy = 1,2, 3.

The domain of the parametrization is Dypg := C!2(4=1D the gauge group, Xf:_ll GLs,

has dimension 4(d — 1) and the variety has dimension sypg := 8(d — 1).

In Section 5.7, Subsection 5.7.2, we compute the tangent space T4Og(4) in A € Dyps
to the gauge orbit of A € Dyps. The building blocks for writing the matrix T4 €
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C12(d=1)x4(d=1) "whose columns generate TaOg(a), are:
mi(l) = als X Idg,
m®(i) = (—Ida B (A)" (A)W1dy), i=1,...,d,
mx(d) = —1da X ay’®(2),

where the boundary tensors are 41 = (a1) € C3*2 and Ay = (aqj) € C3*2 and the
inner tensors are A; = (aijl) € C3¥>2x2 fori=2,...,d—1.

Given the starting point, A € Dyps, of a line search, the matrix T4 € C2(d=1)x4(d—1)

is orthonormalized with a QR decomposition, T4 = Q4R4 and then P4 = Q:E‘ €
C12(d=1)x8(d=1) i5 computed (Equation (6.5)). Both computations are done numerically
in MATLAB [Mat20| and are available at https://github.com/claudia-dela/NLCG_
MPS_open-boundaries/. In our variation of the NLCG, for every line search, the matrix
P, is computed at the starting point of the line search A € Dyps, and it is fixed inside
that line search routine.

We compare again convergent runs for both algorithms. For d = 3,...,19 number of
sites, we run 50 times the algorithms, each run starts from the same random point of
Dyps. The gradient’s tolerance is set again to t = 1078 and it allows to accomplish a
precision of 10~ with respect to the exact minimum of the functional Ao,d = —%(d —1)
(5.17), for every d also for Algorithm 6, c.f. Figure 6.19.
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Figure 6.19: Value of global minimum computed Algorithms 5 and 6, for d = 3,...,19. Both
algorithms accomplish a precision of 107'* with respect to the exact minimum Ao q = —2(d—1).

We give a naive formula that models the time of the algorithm. For every d =3,...,19,
denote the time of the algorithm by Tjz(d). The time of one line search is denoted by
Sis(alg) (d), that is the time to compute:

aj = arg IIRlin f(Ag) + aPa, pj).
aE
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The computational time outside the line search in one iteration of NLCG, is denoted by
Ois(alg) (d). For Algorithm 5, it is the cost of computing the following part:

Set A(j+1) = A(j) + a;p; (Oéj = argmin,, f(A(j) + apj))3
Compute |G, |

if ] = NMPS then
BT 05

J <0

else

!
FR . Gy FAu+ |
j+1 )

:
“a5) %)
end

) _ FR . ..
Pj+1 < GA(j_H) + ﬁk+1 Py

and for Algorithm 6, it is the cost of computing the following part:

Set A1) = Agy + ajPA(j>(pj) (o = argmin,, f(Ag) + aPA(j)pj));
Compute PA(j+1) and JAGn b

if j = SMPS then
B 0;

J <0

else

.
FR IAG11) 946+ |

i+l ;
45 746)

end
pj+1 — _gA(‘7+1) + 511551 PA(J') (pj)v

Denote the number of line searches by Nig(aie)(d). The overall time of line search per
algorithm is therefore Tig(a15)(d) = Sig(alg) (d) Nig(alg) (d) and, analogously, the overall time
outside the line search is A,g(d) = Oig(alg) (d) Nig(alg) (d). Therefore we have:

Talg(d) = Tls(alg) (d) + Aalg(d) = (Sls(alg) (d) + Ols(alg) (d)) le(alg) (d)

In the plots that follow we decide to simulate data for d = 20,...,25. We simply perform
a linear interpolation in MATLAB [Mat20] of the data for d = 3,...,19. The vertical
line in Plots 6.20 and 6.21 divides the collected data from the simulated ones.
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Figure 6.20: Left: Comparison of time of the single line search Sig(aig)(d), for d = 3,...,25:
Algorithm 6 is faster in the line search. Right: Comparison of the number of line searches
Nig(alg) (d), for d = 3,...,25: for d > 11, Algorithm 5 needs less iterations to reach convergence.

We can see in Figure 6.20 (left) that the line search of Algorithm 6 is faster than the
line search of Algorithm 5, because computations depend on the number of sites d and
therefore involve syps = 8(d — 1) coordinates instead of Nypps = 12(d — 1). On the
other hand, the number of line searches of Algorithm 6 switches from lower to higher
after d = 12, Figure 6.20 (right). Despite the latter observation, the overall time of the
line search routine is lower for our Algorithm 6, in the range [3,...,19], as can be seen
in Figure 6.21.
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Figure 6.21: Comparison of the overall time of line search Tig(aig) (d) = Sig(alg) (d) Nis(alg) (d), for
d=3,...,95.

The runtime costs that do not depend on the line search routine are plotted in Figure 6.22

(left).
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Figure 6.22: Left: Comparison of the time cost outside the line search per iteration Ojg(aig)(d),
ford =3,...,19. Right: Comparison of the overall time outside the line search routine A, (d) =
Ols(alg) (d)le(alg) (d)7 for d = 37 ) 19.

Notice that, retaining the comparable runtime cost outside the line search per iteration,
compared in Figure 6.22 (left), the higher number of line searches of Algorithm 6, c.f.
Figure 6.20 (right) affects the total cost outside the line search, Figure 6.22 (right).We
expect that increasing the number of sites, the rise of the number of line searches in
Algorithm 6 (Figure 6.20, right), which weighs on the computational cost both inside
and outside the line search routine, can make it lose the gain. In the simulation, after
d = 25 sites, the algorithms become comparable in terms of time, c.f. Figure 6.23.
However, despite the previous observation, in the interval under consideration [3, ..., 19]
we gain on average the 22% in terms of the time of convergence, see Figure 6.23.
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Figure 6.23: Overall time comparison between Algorithm 5 and Algorithm 6 on MPS(2, 3, d),
ford=3,...,25.
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Recall that we impose a bound of 3sypg on the number of iterations and that the two
algorithms are compared within this bound. Also in Algorithm 6 the 50 runs divide into
the number of runs converged to the global minimum and the number of runs that do
not reach convergence within the bound. The latter are compared in Figure 6.6. We
can notice that Algorithm 6 is faster to reach the iteration bound because, retaining the
same number of iterations, its line search is faster. Moreover, we can notice that our
Algorithm 6 (which has a faster line search) has few non convergent runs over the 50
runs, except for the cases d = 3 and d = 4,17, in which the algorithm loses respectively
5 and 1 convergent runs. Algorithm 5 loses runs over the whole range of sites. However
we do not consider the runtime of non convergent runs for the model MPS(2, 3, d) as in
the previous comparison: it is negligible due to the relatively low number of such runs.

6
X Standard NLCG
*  Variation NLCG

IS o
T

w
T

number of non convergent runs

- N
ek

Figure 6.24: Comparison, for d = 3,...,19, of the number of non convergent runs (over 50
runs) within the iteration bound 3syps.

6.2.4 Results on hMPS(2,3,d)

We restrict our attention to the homogeneous case with open boundary conditions hMPS(2, 3, d),
c.f. Definition 5.2.7, defined by the map

1’/) . C2 % (CZXQ)XE} % C2 N (C3)®3
3

b= (UL7A7UR) = Z

i1yerig=1

/N

vail . 'AidvR>ei1 ® . o ® eid7

The domain of the parametrization is Dyyps := C'9, of dimension Nyyvps := 16 and the
gauge group is GG Lo of dimension 4.

Denote again the upper bound on the dimension of the variety by

ShMPS ‘— expdim hMPS(2, 3, d) =11.
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vL A A A A VR

Figure 6.25: Example of a homogeneous matrix product states with open boundary conditions
with bond dimensions equal to 2 and local dimensions equal to 3. Each inner vertex is associated
with the same tensor A € (C?*2)*3  with A; € C? for every i = 1,2,3. The boundaries are
vectors vy, vp € C2.

In Section 5.7, Subsection 5.7.3, we compute the tangent space to the gauge orbit 7,0 ;)
and the 1-dimensional vector space Sy, for p = (v, A,vr) € Dyvps, such that
By = (S ® T,06()) "

with dim B, = expdim hMPS(m, n,d). Equation (5.32) gives the matrix whose columns
generate Sy, ® T;,0c(p) C ker(dy,). For m =2 and n = 3 we have:

—dvi vi vi 0 U%
—dv% v% —v% vi 0
ajy 0 0 —@1 a%z
a%z 0 _2“%2 ah - a%z 0
a%l 0 2“%1 0 G%Q - ah
a§2 0 0 a%l _a%z
agl 0 0 , 2—a%1 , a%Z
T, = G%Q 0 _2312 a1 — a9 ) 0 , | e CNivps X5
asy 0 2a5, 0 Qg9 — a7y
a%z 0 0 a%l _3%2
aqy 0 0 _agl a:{’2
a?z 0 —2a51"2 a?l - a§’2 0
a%l 0 2a§1 0 a§2 - a%
a%z 0 0 a%l —ai”Q
0 —v]l% —vll;i —v% 0
0 —1)12% v% 0 —v}%

The matrix P, with p € Dyy\ips is constructed analogously to that of the previous model.
We compute the QR decomposition T, = @Q,R,, and then the kernel of the conjugate
transpose of Qy:

P, =ker(Q}), p€ Dnups,

where @, € CVumpsXsumps s such that T, = QpR,. We obtain a Nyvps X snvps matrix
P, for p € Dymps, whose columns span the spypg-dimensional vector space By,.

We compare Algorithm 5 and Algorithm 6 implemented on hMPS(2,3,d). In our vari-
ation, given p € Dyyvps as a starting point of a line search, the matrix P, is computed
and it is fized inside that line search routine. For d = 3,...,40, we run 100 times the
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algorithms, each run starts from the same random point of Dy\psg for both algorithms.
The gradient’s tolerance is set again to ¢t = 1075, Our Algorithm 6 also converges to two
different kinds of points, for every d: one global minimum and one false local minimum,
c.f. Figure 6.26. The point which approximates a ground state accomplishes a precision
of 10712 with respect to the exact minimum of the functional A4 = —%(d —1) (5.17),
against the precision 107! of Algorithm 5. Again the false local minima lie on a line of
slope —1/3 that can be approximately described by the expression —(¢ + (1/3)(d — 1)),

with g ~ 0.05.

§§Xxxx
X X x
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5 x Xxx
x XX
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-10 + x Xxx
X XX
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© X x
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X
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X
.30 .
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Figure 6.26: Values of global (lower data) and false local (upper data) minima, for d = 3, ..., 40,
computed by both Algorithms 5 and 6. The variation of the algorithm allows for a precision
of 107'% with respect to the exact value of the global minimum Xo4 = —(d — 1), against the
10711 of the standard algorithm (c.f. Subsection 6.1.2). The other point lies again on the line
—(g+(1/3)(d — 1)), with ¢ ~ 0.05.

We recall that we set a bound on the number of iterations to 3symps = 33, c.f. Remark
6.1.1 and that, unlike the general MPS case, the NLCG finds, for every d, the ground
state and another point that satisfies the tolerance condition on the gradient, fixed to
t = 107%  Algorithm 6 also converges to this point that we refer to as “false local
minimum”. Within the imposed bound 3spyps, the 100 runs divide into the number
of runs converged to the global minimum (Figure 6.27 (left)), the false local minimum
(Figure 6.27 (right)) and the number of runs that do not reach convergence (Figure
6.28). On average, Algorithm 6 needs 16 iterations in order to find the global minimum
against the 18 needed by Algorithm 5. We have a probability of 59% of finding the global
minimum, which coincides with that of Algorithm 5.
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Figure 6.27: Left: Comparison, for d = 3,...,40, of the number of runs converged to the
global minimum (over 100 runs). Right: Comparison, for d = 3,...,40, of the number of runs
converged to the false local minimum (over 100 runs). Both plots refer to the comparison between
Algorithms 5 and 6 on hMPS(2, 3, d).

On the other hand, Algorithm 6 has less probability to reach the false local minimum,
around 8%, compared to the standard algorithm (12%). This is because Algorithm 6
needs around 30 iterations of NLCG (against 26 of the standard algorithm) in order to
converge to the false local minimum. Therefore, some runs which are converging to the
false local minimum in Algorithm 5, do not converge in Algorithm 6. The number of non
convergent runs (over 100 runs) is plotted in Figure 6.28 for the two algorithms (again
around 33%).

50
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number of non convergent runs

Figure 6.28: Comparison, for d = 3,...,40, of the number of non convergent runs within
the iteration bound (over 100 runs) given in Remark 6.1.1, between Algorithms 5 and 6 on
hMPS(2, 3,d)
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Despite the case of MPS(2, 3, d), the runtime of the line search, Figure 6.29, is comparable
since Npmps — Shvps = 16 — 11 = 5 is small. The difference between the two algorithms
lies in the number of line searches, in particular in the case of convergence to the global
minimum. Taking into account the overall runtime (convergent and non convergent runs),
Algorithm 5 and Algorithm 6 perform an almost comparable number of iterations over
the whole interval of sites, c.f. Figure 6.30 (left). For this reason, at a first sight, the
two algorithms have the same performance in the interval [3,...,40], as shown in Figure
6.30 (right).

0.9 T T T
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0 5 10 15 20 25 30 35 40

Figure 6.29: Comparison, for d = 3, ..., 40, of the time of one line search, on average, between
Algorithms 5 and 6 on hMPS(2,3,d). The time of the single line search is comparable over the
whole interval of sites.
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Figure 6.30: Left: Comparison of the number of line searches between Algorithms 5 and 6
on hMPS(2, 3, d); the number is almost comparable. Right: Overall time comparison between
Algorithms 5 and 6 on hMPS(2, 3, d). The overall runtime is comparable.
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The difference in runtime becomes more clear when we compare convergent runs for
both the algorithms. Algorithm 6 needs, on average, 17 iterations against 18 (standard
NLCG) in order to converge, c.f. Figure 6.31 (left), and the variation gains around 12%
of runtime, c.f. Figure 6.31 (right).
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©
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#
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Figure 6.31: Left: Comparison of the number of line searches needed by the algorithms to reach
convergence: the variation needs less iterations leading to a gain of 12% in time of convergence.
Right: Runtime comparison to convergent runs.

Finally, we focus on the convergent runs to the global minimum for both algorithms.
The iterations needed to converge in Algorithm 6 are on average 16 against 18 of the
standard NLCG, c.f. Figure 6.32 (left), and therefore Algorithm 6 gains again around
12% of runtime, c.f. Figure 6.32 (right).
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Figure 6.32: Left: Comparison of the number of line searches needed by the algorithms to reach
global minima: the variation needs less iterations leading to a gain of 12% in time of convergence.
Right: Runtime comparison to global minima.
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Summing up the section, our variation of the NLCG correctly approximates the global
minimum on both MPS(2,3,d) and hMPS(2,3,d). We notice that, in the case of
hMPS(2,3,d) the precision of the minimum is higher (107! against 107!1), at the same
gradient’s tolerance. Our Algorithm 6 gains around 22% of runtime to convergence on
MPS(2,3,d), for d € {3,...,12} and 12% of runtime to global minima on hMPS(2, 3, d),
for d € {3,...,40}. In the case of MPS(2,3,d) the speed-up is due to the reduction of
the runtime of each line search, in the region in which less iterations of the line search are
needed. However, we expect that by increasing the number of sites, the advantage is lost
because of the opposite trend of the number of line searches. In the case of hMPS(2, 3, d)
the speed-up is due to the lower number of line searches, retaining the comparable time
of the line search. In this case, we expect that our variation is always faster than the
standard NLCG. On hMPS(2, 3,d), our Algorithm 6 also can fail to reach convergence
or it can converge to the “false local minima” that, in general, need more line searches
(and time) to converge. In practice, a proper restriction of the iteration bound gives
a probability of 59% of finding the ground state in the averaged runtime described in
Figure 6.32.

Conclusions. In this chapter, we show a simple data analysis of our test of the nonlin-
ear conjugate gradient method, for approximating ground states of the AKLT on matrix
product states with open boundary conditions. We have proposed a variation of the
algorithm, based on dimensional considerations, which modifies the line search, the most
expensive routine of the algorithm. We moved our first steps towards the study of the
NLCG performances and the comparison with our variation. A first analysis demon-

strates that the variation has a slightly faster runtime to convergence compared to the
standard NLCG.

The analysis of the algorithms of this last chapter of the thesis is preliminary and it
would need further work; first of all, a direct comparison with the existing algorithm. In
what follows we want to make some qualitative considerations, mainly concerning our
algorithm implemented on homogeneous matrix product states.

Consider the well-known Density Matrix Renormalization Group (DMRG) algorithm.
The algorithm sequentially solves minor diagonalization problems: all but one or two
tensors of the MPS are fixed, an eigensolver is performed on the reduced eigenvalue
problem and then the MPS form (that can have been lost) is restored through a Singular
Value Decomposition. In terms of runtime to convergence, the DMRG applied to the
AKLT model is extremely fast: for d = 40, bond dimension fixed to 2 and 4 complete
sweeps of the chain, it takes around 5 seconds to converge, providing a precision of
107 with respect to the global minimum. Allowing the bond dimension to increase
from 2 to 3, the precision is enhanced to 107'2, essentially with the same runtime. The
NLCG takes around 20 seconds to reach 1072, Even if the computational costs of the
functional contraction and gradient contraction are comparable to those of the DMRG,
we cannot control either how many computations of them are needed to complete each
line search or how many iterations will be performed to reach convergence. This is
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essentially the bottleneck of the algorithm that we tried to modify with our proposition.
Therefore, in terms of runtime, the NLCG and our variation are not much competitive
compared to the DMRG. One difference we highlight is that the DMRG cannot guarantee
a monotonically decreasing energy and it needs an increase in the bond dimension to
provide a more precise convergence, contrary to the gradient descent of the NLCG,
which ensures convergence with fixed bond dimension equal to two, clearly at the cost
of runtime. One of the further works would be a study of the runtime of the NLCG
imposing different tolerances of the gradient. The other main difference which makes
NLCG interesting is the fact that, contrary to the DMRG (and the majority of sequential
algorithms), it always preserves the symmetries of the network. In particular, in the
homogeneous matrix product states model, the NLCG updates the single inner tensors
A along the whole chain. A very natural further work would be the implementation of
the NLCG for matrix product states with periodic boundary conditions, exploiting this
global and preserving update of the network. In general, the global method allows once
for all fixing the tensor network format and its properties. From a geometric point of
view and differently from the sequential methods, the search of ground states does not
need to move outside the variety and subsequently project into it. As far as we know,
the only non global algorithm that preserves the translation invariance of the MPS is the
VUMPS algorithm [ZSVFT18]. However, the algorithm applies to translation invariant
matrix product states in the thermodynamic limit, in contrast with the NLCG, which
works in the homogeneous finite chain model (hMPS).

We tested the algorithm on the AKLT integrable model, whose ground states, in the finite
open spin chain, are exactly tensors of MPS(2, 3,d) and hMPS(2, 3, d), that we used as
the natural variational varieties for the methods. We have verified that the NLCG still
finds the correct solution for ground states of the AKLT Hamiltonian increasing the
bond dimensions. Therefore we expect that the algorithm could be applied to other 1-
dimensional spin models, with different entanglement properties. However, the increasing
of bond dimensions, and thus the number of parameters of the model, would inevitably
cost in terms of runtime, which is already high compared for example to the runtime of
the DMRG.

In a more general framework, our variation of the NLCG could in principle be tested
in any case in which an overabundant parametrization is given, whose fiber structure
is determined by the action of a group. In this case, the kernel of the differential of
the parametrization coincides with the tangent space of the group orbit and it can be
computed via the Lie algebra of the group. The complementary space, that we decide to
fix in each line search, is the space that naturally contains the gradient of the functional
we are minimizing on the parametrized variety.
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Conclusions and further works

In this thesis, we studied tensor network varieties, which are varieties of tensors deter-
mined by the combinatorial structure of a given graph. In particular, we focused on the
problem of determining their dimension, one of the most basic and fundamental geo-
metric properties of the variety. In the framework of tensor network theory, many open
problems concerning the dimension of tensor network varieties were and are still open.

In this thesis, we contribute to deepening the understanding of the dimension of tensor
network varieties with a completely general result, which gives an upper bound on the
dimension of the tensor network variety. With particular attention to cases relevant for
application, we refine the bound for matrix product states and projected entangled pair
states. Unexpectedly, we prove that matrix product states with bond dimension two can
have a dimension that is not completely controlled by the gauge subgroup, as generically
foreseen in literature. We characterize the dimension in the encountered cases and we
conjecture that the value of the dimension of matrix product states of bond dimension
two, is the “expected” one with the only exceptions we classify. There are several paths
left open. First of all deepen the geometrical understanding of the “defective cases”, since
this phenomenon has not a general geometric characterization yet. On the other hand, it
would be interesting to have a general understanding of lower bounds for the dimension of
tensor network varieties, but this is a challenging problem. Determining lower bounds on
the dimension can be reduced to determining lower bounds on the rank of the differential
of the parametrization of the variety at a point; however, determining a suitable point,
and computing such rank is non-trivial. An indirect method to determine lower bounds
on the dimension of tensor network varieties consists in determining subvarieties of known
dimension contained in it. We used this technique for characterizing the “defective cases”
of matrix product states. This perspective has the power to link tensor network varieties
to other classically studied varieties of tensors, such as determinantal varieties, Segre
varieties and secant varieties to Segre varieties.

The second main contribution of the thesis concerns uniform matrix product states,
which are translation invariant matrix product states. Matrix product states and uni-
form matrix product states earn their main relevance in the field of quantum many-body
physics, where they represent particles placed on a ring and on an infinite chain, re-
spectively. They are effectively used as variational ansatz classes for the simulation of

174



quantum spin chains. From the mathematical point of view, uniform matrix product
states are parametrized by traces of products of matrices. This fact naturally links them
to the classical trace algebra theory and consequently to the use of representation theory
techniques. Even in this very relevant and first nontrivial class of tensor network variety,
several problems related to the dimension are not completely solved. In the thesis, we
approach the problem of studying the linear span of uniform matrix product states. The
problem proves to be challenging even in the first nontrivial case of bond and local di-
mensions equal to two. In this case, we provide an upper bound on the dimension of the
linear span. Then, we conjecture a value of the dimension which is in agreement with the
given upper bound and which is strongly supported by numerical computations. In the
general setting instead, we prove a theorem that provides nontrivial trace relations for
the variety of uniform matrix product states. In particular, the result implies that the
linear span of the variety is strictly included in the ambient space as long as the number
of sites is at least quadratic in the bond dimension, improving the state of the art.

Finally, we address the ground state approximation problem. We set up the theoretic
framework to implement the nonlinear conjugate gradient method on the variational class
of matrix product states with open boundary conditions. We propose a variation of the
method which shows that the knowledge on the dimension of the variety can enhance the
performances of the global algorithm. The analysis that we provide in this framework is
preliminary and requires further work. The most interesting attempt we want to highlight
is the application of the nonlinear conjugate gradient method and our proposition on
the homogeneous matrix product states. Since the dimension of this variety is site-
independent, the runtime of the algorithm is acceptable taking into account that the
method globally updates the whole parameter space. Further, the method preserves the
symmetry properties of the network also in the finite chain configuration, contrary to the
majority of sequential methods.

Tensor network varieties are attractive geometric objects. We venture into the problem of
their dimension and we contribute by providing our original theoretical results. We could
investigate the topic from three different perspectives. We prove the general upper bound
on the dimension of the tensor network variety using algebraic geometric techniques. We
study the linear span of uniform matrix product states through representation theory and
the Cayley-Hamilton theorem, which lies at the basis of classical trace algebra theory.
We approach the problem of determining ground states, arising from quantum physics,
which has led us to the study of a global numerical method and to move our first steps
towards the development of a variation of the algorithm, based again on dimensional
considerations.
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