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ARTICLE INFO ABSTRACT

Keywords: Reliable simulations of pest population dynamics are essential tools for effective pest management. Here we
St.age-structured population present a demographic model designed to describe overwintering stage-structured population dynamics. In ad-
Dlapguse:j dent fecundi dition to accounting for development, mortality, and fecundity, the model explicitly incorporates diapause, a
Eee:tsslty’ ependent fecundity key physiological process enabling pests to survive winter conditions. We detail the formulation of the mortality

rate function based on the development rate and the proportion of individuals dying within each developmental
stage. Simulations are performed for the case of Lobesia botrana, a major vineyard pest. Results show, under
both constant and fluctuating temperature regimes, the necessity of employing a density-dependent fecundity
function to regulate population growth. Under constant temperature conditions, when fecundity depends on to-
tal population density, the system dynamics converge to a steady state regardless of the temporal discretization
step, though peak values vary. Conversely, if fecundity is a function of adult density only, the model yields pe-
riodic oscillations. Under variable temperature regimes, diapause facilitates seasonal population resurgence and

mitigates peak pupal and adult densities in the fall.

1. Introduction

Pest management strategies are founded on a comprehensive under-
standing of pest phenology under varying environmental conditions that
influence development, mortality, and fecundity, thereby driving fluctu-
ations in population abundance. The capacity to accurately predict pest
population dynamics under such variable conditions is instrumental for
reducing pesticide interventions, enhancing product quality, and pro-
moting the health and sustainability of agricultural production. Math-
ematical models serve as indispensable tools to describe and forecast
insect population behavior.

The importance of mathematical models in integrated pest manage-
ment has long been acknowledged. Getz and Gutierrez (1982) provided
a historical review of systems analysis in crop protection, while Curry
and Feldman (1987) compiled mathematical methodologies for mod-
eling the population dynamics of poikilotherms. Mechanistic models
driven primarily by environmental variables, especially temperature,
are widely employed to characterize pest population dynamics (see ref-
erences in Gilioli et al. (2016)). Since pests typically pose a threat at a
specific life stage (Kumar and Rathor, 2020), it is essential to consider
stage-structured populations (Kooi and Kelpin, 2003; Manly, 1990),
wherein stages are demarcated by distinct biological events such as
egg hatching, molting, adult emergence, and onset of oviposition. Key
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biological parameters characterize individual behavior at each stage, in-
cluding stage-specific development times, fecundity profile as a function
of female “age”, and mortality rates. Accurate knowledge of these pa-
rameters is crucial for developing population dynamics models capable
of realistically representing infestation growth over time (Kontopoulos
et al., 2024). Stage-structured models can be classified as demographic
or phenological (Pasquali et al., 2019). Demographic models describe
population abundance as a function of time and age, whereas pheno-
logical models focus on the cumulative flux of individuals transitioning
through stages.

Population dynamics models adopt either Lagrangian or Eulerian
approaches (Buffoni and Pasquali, 2007). The Lagrangian formal-
ism, often termed individual-based modeling (random flights, Monte
Carlo methods), simulates the life histories of numerous individuals,
subsequently aggregating results to infer population dynamics. How-
ever, this approach does not yield insights into population evolution
prior to computation. Conversely, the Eulerian formalism employs bal-
ance equations: hyperbolic PDEs in the Von Foerster approach and
parabolic PDEs in the Kolmogorov approach. The Von Foerster equa-
tions (Hoppenstaedt, 1975) treat development deterministically, while
the Kolmogorov equations model development as a stochastic pro-
cess (Buffoni and Pasquali, 2010, 2013; Pasquali, 2021; Pasquali and
Trivellato, 2023).

Received 27 August 2024; Received in revised form 4 June 2025; Accepted 9 June 2025

Available online 14 June 2025

0022-5193/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/jtbi
https://www.elsevier.com/locate/jtbi

$s$


$1$


$s-1$


$s$


$D^i$


$i<s$


$D^s$


$m^2$


$\phi ^i(t,x) \; dx$


$i$


$t$


$(x, x+dx)$


$({}^\circ C\, d)$


$x$


$x$


$^\circ C\, d$


$T(t)$


$^\circ C$


$t$


$d$


$x$


\begin {align}\frac {\partial \phi ^i} {\partial t} + v^i(t) \frac {\partial \phi ^i} {\partial x} + m^i(t) \phi ^i = S^i(t), \quad t > t_0, \; x \in (0,D^i), \label {vonfos1}\end {align}


\begin {align}\phi ^i(t,0) = F^i(t), \label {vonfos2}\end {align}


\begin {align}\phi ^i(t_0,x) = {\hat \phi }^i(x), \label {vonfos3}\end {align}


$i=1,2,\ldots ,s$


$v^i(t) \; (\geq 0)$


$m^i(t) \; (> 0)$


$x$


$S^i(t) \; (\geq 0)$


${\hat \phi }^i(x) \; (\geq 0)$


$F^i(t)$


$i$


$t$


$F^1(t)$


\begin {align}F^1(t) = \sigma \int _0^{D^s} b(t,x) \; \rho \phi ^s(t,x) \; dx, \label {vonfos4}\end {align}


$b(t,x)$


$\textnormal {eggs}/\textnormal {female}/^\circ Cd$


$\hat b(t,x)$


$\textnormal {eggs}/\textnormal {female}/d$


\begin {align*}b(t,x)=\frac {\hat b(t,x)}{v^1(t)}.\end {align*}


$\rho $


\begin {align*}\rho = \frac {\textnormal {females}} {\textnormal {females + males}}\end {align*}


$\sigma $


$F^i$


$v^i(t)>0$


$v^i(t)=0$


$v^i(t)>0$


$F^i(t)$


$i>1$


$i-1$


$i$


\begin {align}F^i(t) = \phi ^{i-1}(t,D^{i-1}) v^{i-1}(t)/v^i(t), \quad i>1. \label {vonfos5}\end {align}


$v^i(t)=0$


$\phi ^i(t,x)$


$S^i(t)$


$i$


$x=0$


$t$


$v^{i-1}(t)>0$


$v^i(t)=0$


$\phi ^i_0(t+\Delta t)$


$i>1$


$v^{i-1}(t)$


$v^i(t)$


$i-1$


$i$


$\phi ^i_0(t+\Delta t)$


\begin {equation}\phi ^i_j(t+\Delta t)=q^i(t) \phi ^i_j(t)+\Delta t S^i_j(t) + \delta _{1i} \delta _{0j} F^1(t), \quad j=0,1,\ldots ,n^s, \label {deq2v0}\end {equation}


$i-1$


$i$


$i$


$t+\Delta t$


$i-1$


$i$


$i$


$\phi ^i_0(t+\Delta t)$


$i-1$


$i$


$i$


$\phi ^i_0(t+\Delta t)$


\begin {align}F^i(t)=\phi ^{i-1}_{n^{i-1}}(t) q^{i-1}(t) \frac {v^{i-1}(t)} {v^{i}(t)}, \quad i>1. \label {effei}\end {align}


$v^{i-1}(t)$


$v^i(t)$


$\phi ^i_0(t+\Delta t)$


$i-1$


$i$


$0$


$0$


$\phi ^i_0(t)\;\exp (-m^i\Delta t)$


$0$


$>0$


$0$


$>0$


$0$


$\phi ^{i-1}_{n^{i-1}}(t)\;\exp (-m^{i-1}\Delta t)+\phi ^i_0(t)\;\exp (-m^i\Delta t)$


$>0$


$>0$


$\phi ^{i-1}_{n^{i-1}}(t)\exp (-m^{i-1}\Delta t)\;v^{i-1}(t)/v^i(t)$


$\phi ^i(t,0)$


$\bar {N}^i(t)$


$i$


$t$


$N(t)$


\begin {equation*}\bar {N}^i(t) = \int _0^{D^i} \phi ^i(t,x) dx \qquad N(t)=\sum _{i=1}^s \bar {N}^i(t).\end {equation*}


$v^i$


$m^i$


$x$


$x$


$i$


$T^i_{min}$


$T^i_{max}$


$T^i_{min}<T^i_{max}$


$D^i$


$\Delta x$


$\Delta t$


\begin {equation*}\frac {\Delta x} {\Delta t}=V^i \; \textnormal {in} \; ^\circ C, \quad \frac {\Delta x} {D^i \Delta t}=R^i \; \textnormal {in} \; d^{-1}.\end {equation*}


$1/R^{i}$


$i$


$V^i(T(t))=v^i(t)$


$T$


$R^i(T)$


$R^i(T)$


$T$


$T^i_{opt}$


$R^i(T)$


$T$


\begin {align}R^i(T)= a^i T (T-T^i_{min}) \sqrt {(T^i_{max}-T)}, \quad \textnormal {for} \; T^i_{min} \leq T \leq T^i_{max}, \label {dev1}\end {align}


$R^i(T)=0$


$T$


$N^i(t)$


$i$


$t$


$M^i(T)$


\begin {align}\frac {dN^i} {dt} + M^i(T) N^i=0, \label {evol1}\end {align}


\begin {align}\frac {N^i_{t_1}} {N^i_{t_0}} = \exp {\big (-M^i(T) (t_1-t_0)\big )}. \label {evol2}\end {align}


$T \in (T^i_{min},T^i_{opt})$


$N^i_{t_0}$


$N^i_{t_1}$


$i$


$t_0$


$t_1$


$t_1-t_0=1/R^i(T)$


\begin {align}M^i(T)=-R^i(T) \; \ln \frac {N^i_{t_1}} {N^i_{t_0}}. \label {mit1}\end {align}


$(N^i_{t_0}-N^i_{t_1})/N^i_{t_0}$


$U$


$T$


$T \in (T^i_{min},T^i_{max})$


\begin {align}1- \frac {N^i_{t_1}} {N^i_{t_0}} = U^i(T)= \left [ \frac {T-T^i_{U1}}{T^i_{U2}} \right ]^2, \label {U}\end {align}


$T^i_{U1}$


$T^i_{U2}$


$M^i(T)$


\begin {align}M^i(T)=-R^i(T) \; \ln \big (1-U^i(T)\big ), \quad T \in (T^i_{min},T^i_{opt}). \label {mit2}\end {align}


$T^i_{opt}>T^i_{U1}>T^i_{min}$


$M^i(T)$


$T \in \left (T^i_{U1},T^i_{opt}\right )$


$M^i(T)$


$T \geq T^i_{opt}$


\begin {equation}\label {Msup} M^i(T)=M^i(T^i_{opt})+a^i_0 (T-T^i_{opt}), \quad T \geq T^i_{opt},\end {equation}


$a^i_0=[dM^i(T)/dT]_{T=T^i_{opt}}$


$M^i(T)$


$T^i_{min}$


$T$


$T \geq T^i_{min}$


$M^i(T)$


$T$


$T_{min}$


\begin {equation}\label {Minf} M^i(T)=b^i_1(T-T^i_m)^2+a^i_1(T-T^i_m)+M^i(T^i_m), \quad T\leq T^i_m.\end {equation}


$T^i_{min}$


$\left (T^i_m,T^i_{opt}\right )$


$T^i_{min} \leq T^i_m \leq T^i_{U1}$


$a^i_1=[dM^i(T)/dT]_{T=T^i_m}$


\begin {equation}\label {bi1} b^i_1=\frac {K^i-M^i(T^i_m)-a^i_1\left ( T^i_{K}-T^i_m\right )}{\left ( T^i_{K}-T^i_m\right )^2}\end {equation}


$K^i$


$T^i_{K}<T^i_{min}$


$M^i(T)$


$T \in (T^i_{K}, T^i_m)$


$T>T^i_{K}$


$T=T^i_m$


$F^1(T)$


$b(t,x)$


$\textnormal {eggs}/\textnormal {female}/^\circ C\, d$


$\textnormal {eggs}/\textnormal {female}/d$


\begin {align}b(t,x)=f(x) \; \alpha (\hat {T} (t)) \; \beta (P(t)), \label {btx}\end {align}


$f(x)$


$\textnormal {eggs}/\textnormal {female}/^\circ C\, d$


$\alpha (\hat {T}(t))$


$f(x)$


$\alpha (\hat {T}(t))$


\begin {align*}\hat {T}(t) = \frac 1 {\tau } \int _{t-\tau }^t T(t^{\prime }) \; dt^{\prime },\end {align*}


$\tau $


$\beta (P(t))$


$P(t)$


$\beta (P(t))$


$t_{0D}(T,P_p)$


$T$


$P_p$


\begin {align*}\vspace *{-1.5pt} \psi (t,x)\, dx = \textnormal {number of diapause individuals at time} \; t>t_{0D}.\vspace *{-1.5pt}\end {align*}


$k$


$\phi ^k\, dx$


$\mu $


$\psi (t,x)$


\begin {align*}\vspace *{-1.5pt} \frac {\partial \psi } {\partial t} + \mu \psi = \nu \phi ^k,\quad t>t_{0D}, \; \psi (t_{0D},x)=0,\vspace *{-1.5pt}\end {align*}


$\nu \phi ^k$


$\nu $


$t_{1D}(T,P_p)$


$\psi ^* = \psi (t_{1D},x)$


$\Upsilon $


$t_{2D}$


$\psi (t_{2D}, x) = 0$


\begin {align*}\vspace *{-1.5pt} \frac {\partial \psi } {\partial t} + \mu \psi = -\Upsilon ,\quad t>t_{1D}, \; \psi (t_{1D},x)=\psi ^*,\vspace *{-1.5pt}\end {align*}


\begin {align*}t_{2D} = t_{1D} + \frac 1 {\mu } \ln (1+ \mu \psi ^* / \Upsilon ).\end {align*}


$\Upsilon $


$t_{0D}$


$t_{1D}$


$v^i(t)>0$


$dx/dt=v^i(t)$


$v^i(t)$


$t$


$\Delta x$


$x$


$\Delta x=v^i(t) \Delta t$


$\Delta t$


$\Delta x$


$v^i(t)$


$t$


$\Delta x$


$\Delta x$


$x$


$\Delta x$


\begin {align*}x_j=j \Delta x, \; j=0,1,\ldots ,n^i, \quad \textnormal {with} \; n^i= \frac {D^i} {\Delta x}\vspace *{-1.5pt}\end {align*}


$\phi ^i_j(t)=\phi ^i(t,x_j)$


$j=1,2,\ldots ,n^i$


$t$


$v^i(t)>0$


$v^i(t)=0$


$i=1,2,\dots ,s$


$T_0^i$


$T_L^i$


$i$


$\phi ^i_j(t)$


$t$


$\phi ^i_j(t+\Delta t)$


$t+\Delta t$


$\phi ^{i}_{j}(t)$


$\phi ^i_j(t+\Delta t)$


$(v^i(t)>0)$


$(v^i(t)=0)$


$\phi ^i_0(t+\Delta t)$


$i>1$


$v^{i-1}(t) \geq 0$


$v^i(t) \geq 0$


$k$


$t$


$(1-\nu ) \phi ^k \rightarrow \phi ^k$


$v^i(t)>0, \; i=1,2,\ldots ,s$


$\phi ^i_j(t)$


$t$


$(t, t+\Delta t)$


$t$


$v^i(t)$


$m^i(t)$


$S^i(t)$


$(t, t+\Delta t)$


\begin {equation}p^i(t)=\frac {v^i(t) \Delta t} {\Delta x}, \quad q^i(t)=\exp \Z (-m^i(t) \Delta t \R ). \label {piqi}\end {equation}


\begin {equation}\frac {d_{\cal {L}_{\rm {j}}} \phi ^i} {dt} + m^i(t) \phi ^i(t)= S^i(t), \label {deq1}\vspace *{-1.5pt}\end {equation}


${\cal {L}}_{\rm {j}}(t)$


$(t, x_j-v^i(t) \Delta t)$


$(t+\Delta t, x_j)$


$x_j-v^i(t) \Delta t \geq x_{j-1}$


\begin {equation}p^i(t) \leq 1. \label {piqi1}\end {equation}


\begin {equation*}\phi ^i_j(t+\Delta t)=q^i(t) \phi ^i(t, x_{j}-v^i(t) \Delta t) + \Delta t S^i_j(t).\end {equation*}


$\phi ^i(t,x)$


$x$


$(x_{j-1}, x_j)$


\begin {equation}\phi ^i_j(t+\Delta t)=q^i(t) \Z [ p^i(t) \phi ^i_{j-1}(t) + (1-p^i(t)) \phi ^i_j(t) \R ] + \Delta t S^i_j(t). \label {deq2}\end {equation}


$\phi ^i_0(t+\Delta t)=F^i(t)$


\begin {align}F^1(t)= \sigma q^1(t) \rho \Z [ b(t,0) \phi ^s_0(t) \frac {\Delta x} 2 + \sum _{j=1}^{n^s-1} b(t, x_j) \phi ^s_j(t) \Delta x + b(t, x_{n^s}) \phi ^s_{n^s}(t) \frac {\Delta x} 2 \R ], \label {effe1}\end {align}


$v^i(t)=0, \; i=1,2,\ldots ,s$


$v^i(t)=0$


$(t,t+\Delta t)$


$\delta _{\alpha \beta }$


$\delta $


$F^1(t)$


$\Delta t$


$\Delta x$


$\Delta t$


$\Delta x$


$T(t)$


$\Delta t$


$\Delta t < \delta \simeq 1/12 d \;(=2~h)$


\begin {equation*}v^i(t) \frac {\Delta t} {\Delta x} \leq \max _{i, t}v^i(t) \frac {\Delta t} {\Delta x} < 1\end {equation*}


$\Delta t/\Delta x$


\begin {align}&\frac {\partial \phi ^i} {\partial t} + V^i(T(t)) \frac {\partial \phi ^i} {\partial x} + M^i(T(t)) \phi ^i = 0, \qquad t > t_0, \; x \in (0,D^i), \; i=1,2,3,4,\nonumber \\ &\phi ^1(t,0) = \sigma \int _0^{D^4} b(t,x) \; \rho \phi ^4(t,x) \; dx, \label {phi1}\\ &\phi ^i(t,0) = \phi ^{i-1}(t,D^{i-1}) V^{i-1}(T(t))/V^i(T(t)), \qquad i=2,3,4,\nonumber \\ &\phi ^i(t_0,x) = {\hat \phi }^i(x), \qquad i=1,2,3,4.\nonumber \end {align}


$i=3$


$\rho =0.5$


$R^i(T)$


$T_M$


$D^i$


$T_M = 33^\circ C$


$D^i$


$i$


$D^i$


$D^i$


$a_0^i$


$a_1^i$


$b_1^i$


$T_{min}^i$


$T_m$


$T_M$


$T_{U1}$


$T_{U2}$


$i=1$


$i=2$


$i=3$


$i=4$


$D^i$


$79$


$317$


$125$


$320$


$^\circ C\;d$


$i$


$a_0^i$


$({}^\circ C\;d)^{-1}$


$a_1^i$


$({}^\circ C\;d)^{-1}$


$b_1^i$


$^\circ C^{-2}\;d^{-1}$


$T_{min}^i$


$({}^\circ C)$


$T_m$


$14$


$^\circ C$


$T_M$


$33$


$^\circ C$


$T_{U1}$


$^\circ C$


$T_{U2}$


$^\circ C$


$320^\circ C d$


$D^4$


$9.61^\circ C$


$9.5^\circ C$


$11.5^\circ C$


\begin {equation*}M^i(T)=\left \{\begin {array}{@{}lc} -R^i\left (T_m\right ) \ln \left [1-U\left (T_m\right )\right ]+b_1^i\left (T-T_m\right )^2\\ \quad + \; a_1^i \left (T-T_m\right ), & T<T_m\cr -R^i(t) \ln \left [1-U(T)\right ], & T_m\leq T \leq T_{opt}\cr -R^i\left (T_{opt}\right ) \ln \left [1-U\left (T_{opt}\right )\right ]+a_0^i \left (T-T_{opt}\right ), & T>T_{opt} \end {array}\right .\end {equation*}


\begin {equation*}U(T)= \left [ \frac {T-T_{U1}}{T_{U2}}\right ]^2\end {equation*}


$b_1^i$


$T_m$


$T_{U1}$


$T_{U2}$


$U(T)$


$K^i=1$


$i=1,2,3,4$


$T_K=0$


\begin {equation}b(t,x)=c_1 \left (x-x_0\right ) e^{-c_2 \left (x-x_0 \right )}\left [1-\left (\frac {\hat T -\hat T_1}{\hat T_2} \right )^2 \right ] \beta \left (P(T)\right ) \label {btx_Lb}\end {equation}


$b(t,x)$


$\beta (P(t))$


$x_0$


$^\circ C\;d$


$c_1$


$\textnormal {eggs}/\textnormal {female}/({}^\circ Cd)^2$


$c_2$


$({}^\circ C\;d)^{-1}$


$\tau $


$\hat T$


$d$


$\hat {T}_1$


$^\circ C$


$\hat {T}_2$


$^\circ C$


$P(t)$


$P(t)=1$


$\beta (1)=0.31$


$P(t)=2$


$\beta (2)=0.48$


$P(t)=3$


$\beta (3)=1$


$\hat T$


$\tau =10 \;d$


$v^i>0$


$\Delta x$


$\Delta t$


$T=20 ^\circ C$


$1/R^i(T)=D^i/(T-T_0)$


$M^i(T)=-R^i \ln \left (1-U(T)\right )$


$\emph {Lobesia botrana}$


$T=20 \; ^\circ C$


$1/R^i\;(d)$


$M^i\;(d^{-1})$


$\alpha (T)=0.64$


$\beta (P(t))=0.5$


$[0,1]$


$\beta (P(t))$


$b(x)=0.32 \cdot f(x)$


$T=20^\circ C$


$\sigma $


$\sigma $


$z(t)$


$z(t)=N(t)$


$z(t)=N^4(t)$


$\sigma (z)$


$z$


$T=20 ^\circ C$


$\sigma (N)=\exp (-\eps N)$


$\eps $


$\Delta t$


$\Delta x$


$\phi ^i_j(0)=0, \; i=1,2,3, \; \forall j; \quad \phi ^4_j(0)=50/(n^4 \,\Delta x), \; \forall j$


$\eps > 0$


$\eps \rightarrow 0$


$\log _{10}N^4$


$t=3 y$


$\eps $


$\Delta t = 1/24 d$


$\Delta x=2 ^\circ Cd$


$\log _{10}\eps $


$\log _{10}N^4$


$\eps $


$v^i \Delta t/\Delta x \leq 1$


$v^i \Delta t/\Delta x=1$


$x_j-v^i \Delta t=x_{j-1}$


$\Delta x=1 ^\circ Cd$


$\Delta x=2 ^\circ Cd$


$\Delta t$


\begin {equation*}\Delta t= 1/96~d \; (0.25~h), \; 1/48~d \; (0.5~h), \; 1/24~d \; (1~h), \; 1/12 \; d \; (2~h).\end {equation*}


$\eps =0.05$


$\Delta t \in [0.25h, 2 h]$


$T=20 ^oC$


$\sigma (N)=\exp (-\epsilon N)$


$\epsilon =0.05$


$\Delta x=2 \;^o C d$


$\Delta t=1/96 \;d$


$\Delta t=1/12$


$\Delta t=1/96$


$\Delta t=1/12$


$\Delta x=2 ^\circ Cd$


$\Delta t$


$\sigma (N)=\exp (-\epsilon N)$


$\epsilon =0.05$


$\Delta t=1/24 \;d$


$\Delta x=2 \;^\circ \!C\, d$


$T=20 ^oC$


$\sigma (N)=\exp (-\epsilon N)$


$\epsilon =0.05$


$\Delta t=1/24 \;d$


$\Delta x=2 \;^o C d$


$\sigma (N)=\exp (-\epsilon N^4)$


$T=20 ^oC$


$\sigma (N)=\exp (-\epsilon N^4)$


$\epsilon =0.05$


$\Delta t=1/24 \;d$


$\Delta x=2 \;^o C d$


$\sigma =1$


$\sigma (N)=\exp (-0.05 N)$


$N^4(0)=50$


$\Delta x = 2 ^oCd$


$\Delta t = 1/24 \, d$


$\sigma (N)=\exp \left (-0.05 N\right )$


$\Delta t= 1/24 \; d$


$\Delta x= 2 \; ^oC d$


$20 ^oC$


$14.15 \, h$


$P_p$


$20 ^oC$


$\nu $


$P_p$


\begin {equation}\label {diapausa} \nu (P_p(t))=\left \{\begin {array}{@{}lcl} \min \left \{0.46 \,(14.15-P_p),1\right \} & & P_p\leq 14.15,\\ 0 & & \textnormal {otherwise}.\\ \end {array}\right .\end {equation}


$\mu =0.005 \; d^{-1}$


$\Upsilon =0.005/\Delta t \; d^{-1}$


$11.5 ^oC$


$P_p>14.15$


$\Delta t=1/24 \; d$


$\Delta x = 2 ^oC d$


$1{\rm st}$


$N^4(0)=50$


$\Delta x = 2 ^oCd$


$\Delta t = 1/24 \, d$


$\sigma (N)=\exp \left (-0.05 N\right )$


$\epsilon $


$1{\rm st}$


$N^4(0)=50$


$\Delta x = 2 ^oCd$


$\Delta t = 1/24 \, d$


$\sigma (N)=\exp \left (-0.05 N\right )$


$\sigma =1$


$(T \simeq 20^\circ C)$


$T \in (\simeq 5^\circ C , \simeq 35^\circ C)$


$\Delta t$


$\Delta t$


$\Delta x$


$T=20^\circ C$


$\sigma $


$v$


$^\circ C$


$p^i(t)$


$q^i(t)$


\begin {equation*}p^i=\frac {v^i \Delta t} {\Delta x}, \quad q^i=\exp \Z (-m^i \Delta t \R ).\end {equation*}


$\sigma $


\begin {equation}\phi ^i_j(t+\Delta t)=q^i \Z [ p^i \phi ^i_{j-1}(t) + (1-p^i) \phi ^i_j(t) \R ], \label {deq2c}\end {equation}


$\phi ^i_0(t+\Delta t)=F^i(t)$


\begin {equation}F^1(t)=\sigma q^1 \rho \Z [ b_0 \phi ^s_0(t) \frac {\Delta x} 2 + \sum _{j=1}^{n^s-1} b_j \phi ^s_j(t) \Delta x + b_{n^s} \phi ^s_{n^s}(t) \frac {\Delta x} 2 \R ], \label {effe1c}\end {equation}


\begin {equation}F^i(t)=\phi ^{i-1}_{n^{i-1}}(t) q^{i-1} \frac {v^{i-1}} {v^{i}}= \phi ^{i-1}_{n^{i-1}}(t) q^{i-1} \quad i>1. \label {effeic}\end {equation}


$\varphi ^i(t)$


\begin {equation*}\varphi ^i(t)=[\phi ^i_0(t), \phi ^i_1(t),\ldots , \phi ^i_{n^i}(t)].\end {equation*}


\begin {equation*}\varphi ^1(t+\Delta t)=A^1 \varphi ^1(t)+\sigma B^4 \varphi ^4(t),\end {equation*}


\begin {equation*}\varphi ^i(t+\Delta t)=B^{i-1} \varphi ^{i-1}(t)+A^i \varphi ^i(t), \quad i=2,3,4.\end {equation*}


$A^i$


\begin {equation*}A^i \!=\!\left | \begin {array} {@{}ccccccc@{}} 0 & 0 & 0 & \ldots & 0 & 0 & 0\cr q^i p^i & q^i (1-p^i) & 0 & \ldots & 0 & 0 & 0\cr 0 & q^i p^i & q^i (1-p^i) & \ldots & 0 & 0 & 0\cr \ldots & \ldots & \ldots & \ldots & \ldots & \ldots & \ldots \cr \ldots & \ldots & \ldots & \ldots & \ldots & \ldots & \ldots \cr 0 & 0 & 0 & \ldots & q^i p^i & q^i (1-p^i) & 0\cr 0 & 0 & 0 & \ldots & 0 & q^i p^i & q^i (1-p^i)\cr \end {array} \right |.\end {equation*}


$B^i$


$B^4$


\begin {equation*}q^1 \rho \Delta x [0.5 b_0, b_1,\ldots ,b_{n^s-1},0.5 b_{n^s}],\end {equation*}


$(1,n^i)$


$B^i, \; i=1,2,3$


$q^{i-1} v^{i-1}/v^i=q^{i-1}$


\begin {equation*}\cal {M}=\left | \begin {array} {@{}cccc@{}} A^1 & O & O & \sigma B^4\cr B^1 & A^2 & O & O\cr O & B^2 & A^3 & O\cr O & O & B^3 & A^4\cr \end {array} \right |,\end {equation*}


$\mu _1$


$\mu _2$


$\cal {M}$


\begin {equation*}\mu _1=\min [q^i, \; q^1 E] \quad \mu _2=\max [q^i, \; q^1 E],\end {equation*}


\begin {equation*}E(\sigma )=\sigma \rho \Delta x \left (0.5 b_0 + \sum _{j=1}^{j=n^s-1} b_j+0.5 b_{n^s}\right ).\end {equation*}


$\lambda (\sigma )$


$\cal {M}$


$\mu _1(\sigma ) \leq \lambda (\sigma ) \leq \mu _2(\sigma )$


$\sigma $


$\lambda (\sigma )$


$\cal {M}$


$T=20^\circ C$


$\Delta x=2$


$\Delta t=1/24$


$p^i$


$q^i$


$p^i$


$q^i$


$\sigma =1$


$E= 357.6426$


$\mu _1=0.9998$


$\mu _2=357.6247$


$\lambda \gg 1$


$\sigma =0.002615$
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Buffoni et al.

This study focuses on the implementation of simple yet reliable Von
Foerster demographic models for simulating pest infestation dynamics,
particularly in agricultural contexts. By simple, we refer to limiting the
number of stages through the introduction of macro-stages (Murdoch
and Briggs, 1996), i.e., grouping biologically similar individual stages
into single aggregated stages (for instance, combining multiple larval
stages). This strategy serves to reduce the model’s parameter complex-
ity and facilitate analytical tractability, though it may also reflect lim-
itations in available data. Furthermore, the dynamics of the structured
population is assumed to be governed by the primary biological pro-
cesses underpinning an individual’s life history: development, repro-
duction, and mortality. Generally, the rates of these processes are func-
tions of abiotic variables varying over time, chiefly temperature and
feeding.

The model presented herein extends conventional demographic
frameworks by explicitly incorporating the diapause process, which en-
ables individuals to survive adverse winter conditions through halted
development until favorable conditions return (Gill et al., 2017). Al-
though recent studies have increasingly examined diapause (e.g., Ewing
et al. (2021); Gutierrez et al. (2012); Lou et al. (2019); Pak et al. (2022)),
it is still little explored. For instance, in Pak et al. (2022), where pop-
ulation dynamics are modeled via differential equations with distinct
developmental rates for diapausing individuals, diapause induction de-
pends solely on the day of the year. In contrast, our approach models
diapause as a function of average temperature over a time interval and
photoperiod. Moreover, unlike Sperandio et al. (2024), who model only
diapause termination, our model accounts for both entry and exit con-
ditions. Diapausing individuals form a distinct stage governed by their
own dynamic equation, differing from Lou et al. (2019) where diapause
effects are incorporated through modified dynamics within fixed stages
over the diapause interval.

While laboratory data under constant temperature conditions are
available for development durations in many species, mortality rate
data are often lacking, complicating the estimation of mortality func-
tions. Statistical approaches leveraging population dynamics data have
been developed to estimate parameters in the absence of direct biologi-
cal measurements (Gilioli et al., 2016; Lanzarone et al., 2017; Pasquali
et al., 2022), it is also possible to estimate development and mortality
rate functions concurrently (Rossini et al., 2022, 2023). Here, we pro-
pose a mathematical formulation of the mortality rate function derived
from the development rate and the proportion of dying individuals. Ad-
ditionally, to prevent uncontrolled population growth when mortality
is insufficient, we introduce density dependence in fecundity rates, con-
sistent with literature where density dependence is incorporated in both
fecundity and mortality (Curry and Feldman, 1987; Lou and Sun, 2022;
Mcnair, 1995).

The Von Foerster model is applied to the dynamics of the grape
berry moth Lobesia botrana, a major vineyard pest in the Mediterranean
basin (Cabi, 2014). The biodemographic functions of L. botrana have
been estimated (Gilioli et al., 2016; Gutierrez et al., 2012). This study
analyzes the impacts of density-dependent fecundity and diapause pro-
cesses through two-year simulations.

The paper is structured as follows. Section 2 summarizes the Von Fo-
erster demographic equations utilized. Section 3 formulates the rates of
key biological processes under simplified population structures, revis-
iting and detailing the derivation of mortality rates from development
rates and proportions of dying individuals. Section 4 integrates the di-
apause process within the Von Foerster framework. Section 5 describes
the numerical discretization, emphasizing the handling of positive ver-
sus null development rates. Section 6 presents the case study, includ-
ing biological annual cycle descriptions, refined dynamic equations with
parameter estimates for L. botrana, and numerical simulation results il-
lustrating system behaviour over one or more years. Finally, Section 7
offers concluding remarks. The simulation code is publicly accessible on
GitHub (Buffoni et al., 2025).
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2. The basic equations of the demographic model

Suppose the insect population is divided into s stages, with stages 1
to s — 1 representing the immature individuals and stage s representing
the reproductive adults. Denote by D' the average degree-days neces-
sary for the development of an individual in stage i < s, and D* as the
average life span of an adult. We are interested in the average number
of individuals (expressed as either number of individuals per m? of soil
or individuals per plant). We consider

¢'(t,x) dx = average number of individuals in stage i at time ¢,
with physiological age in (x, x + dx).

Here, it is assumed that the “status” of an individual can be identified
by its stage and a single physiological variable, representing its physi-
ological age within the stage in terms of degree-days (°C d) (Curry and
Feldman, 1987). It will be denoted by x, and more precisely it represents
the degree-days experienced by an individual in a stage, i.e. x (measured
in °C d) is the integral of the temperature T(¢) (measured in °C) over
time ¢ (measured in d) between the initial time in the stage and the
current time. From now on, x will simply be referred to as age.

From an Eulerian perspective, and within a deterministic framework,
the dynamics is described here in terms of the Von Foerster hyperbolic
equations (Hoppenstaedt, 1975) written as

! V4 . ) ) .

ai: + v’(t)% +m' (' =S'(1), t>1t,, xe(0,D), 1
#'(t,0)= F'(t), 2
¢ (to, x) = ' (%), 3

where i = 1,2, ..., s, v/(¢) (> 0) and m(¢) (> 0) are the specific develop-
mental and mortality rates, respectively, assumed independent of age
x, S'(t) (> 0) are possible external inputs to the system, and ' (x) (= 0)
is the initial distribution. The terms F'(¢) in the boundary condition
Eq. (2) represent the input of individuals into stage i at time 7.

The function F!(r) describes egg production, assumed to be given by

D
Wm=a/ b(t, x) pd’(t, x) dx, (€))
0

where b(t, x) is the specific fertility rate expressed as eggs/female/°Cd
(taking into account also temperature and diet effects). Note that if b(t, x)
is the specific fertility rate expressed in terms of eggs/female/d, then

b(t, x)

b = .
=00

Finally, p is the ratio

_ females
females + males

and the factor ¢ is a possible nonlinear function of the population, rep-
resenting a basic feedback due to population size on the recruitment
(Bergh and Getz, 1988).

Two different cases have been considered to compute the fluxes F':
vi(t) > 0 and v'(r) = 0. When v/ () > 0, the terms F'(¢), i > 1, are obtained
by imposing the continuity of the fluxes of individuals from stage i — 1
into stage i

Fi)y= ¢~ '@, D" @) /v (), P> 1. (5)

When v/(f) =0, Eq. (1) becomes an ODE, and the time evolution of
¢'(t,x) is only influenced by the mortality and possibly by the exter-
nal input S’(f). Moreover, this situation gives rise to an accumulation of
individuals in stage i at x = 0 at times ¢ when v"~!(¢) > 0 and v'(¢) = 0.
In Table 1 the values that should be assigned to ¢/(,0) in the discrete
equations, for all the possible outcomes, are reported.
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Finally, the average number N'(¢) of individuals in stage i at time ¢,

and the total population N (7) are obtained by
D! s
Ni@) = Ht,x)dx  N@) = Z Ni@).
i=1

For the sake of simplicity, we do not take into account dependence
on the physiological age for development and mortality, even if the de-
terministic formulation Egs. (1)-(3), with v and m’ dependent also on
the age x, is widely proposed and studied in the literature (see, for in-
stance, Abia et al. (2004); Angulo and Lopez-Marcos (2004); Buffoni and
Pasquali (2007); Murphy (1983); Sulsky (1994)).

3. Rates of biological processes

The development, mortality, and fecundity rates of insect pests are
strongly influenced by environmental conditions, among which temper-
ature plays a major role (Kontopoulos et al., 2024; Pawar et al., 2024).
The dependence of insect biology on climate change has been studied
extensively for many years (Bhagarathi and Maharaj, 2023; Subedi et al.,
2023). Thus, we assume that the rates of biological processes are time-
dependent through temperature, but remain independent of the physi-
ological age x of individuals within the stage.

3.1. Developmental rates

The development process of an individual in stage i is characterized
by the following critical parameters:

- the minimum and maximum temperature thresholds 7/, and T}

) . max
(assuming T! . < T! ) determining the temperature range that sup-

min max
ports a positive development,
- the mean total requirement D' of degree-day units to complete the

process.

The developmental rate of an individual is defined as the ratio be-
tween the average age increment Ax gained during a time interval Ar.
Two quantities can be defined to estimate the developmental rate of an
individual:

Ax

- Ax
— =V'in°C,
At

DiAt
The time 1/R’ is the average developmental time in days for the indi-
viduals in stage i.

We use capital letters to denote parameters that depend on temper-
ature, and lowercase letters for those that vary with time: for instance,
V(T (t)) = v'(t). In Briére et al. (1999); Kontodimas et al. (2004), several

=R ind "

R'(T)

0 ﬂnin ﬂ)]}t Tmaz T

Fig. 1. Qualitative trend of a Briére development rate R'(T") vs temperature 7.
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possible functional relationships between T and R/(T') are reported for
some arthropods, from a linear relationship to more complex dependen-
cies, such as the Briére function represented in Fig. 1. A complete and
up-to-date review of thermal performance curves can be found in Kon-
topoulos et al. (2024).

Briere and Pracros (1998) state that the linear model overestimates
the developmental rate at high temperatures, while at low temperatures
“the linear model provides a value for the zero developmental thresh-
old”. The model’s concavity at higher temperatures reflects the existence
of an optimum temperature range for the development process. It is
worth noting that very few experimental values are detected for temper-
ature values greater than the optimum temperature value T;p, (Fig. 1).
Arrhenius (1915) mentioned this phenomenology when dealing with the
dependence of the velocity of chemical reactions on temperature: “It is
a very common feature that vital and even enzymatic processes show an
optimum of temperature” (Arrhenius, 1915, p. 56), and “The peculiarity
that in many cases optimum temperatures are observed in life-processes
or enzymatic actions are easily explained by the destructive influence
of high temperatures on living cells or enzymes” (Arrhenius, 1915, p.
59). Thus, this trend should be related to the increased mortality at suf-
ficiently high temperatures, confirmed by the data reported in Briere
and Pracros (1998) regarding the number of insects completing devel-
opment.

To take into account these nonlinear boundary effects, Briere and
Pracros (1998) have fitted their data with different models, in partic-
ular with Logan et al. (1976) and Lactin et al. (1995) models, but ob-
viously, the best result could not be detected. Nevertheless, whatever
model for RY(T) is chosen, it should be considered acceptable only in
the range of T values supported by experimental results. Briéere et al.
(1999) proposed the following function
R(T)=dT(T-T!

min)

(T

max

T), forT, <T<T:. . (6)

and R/(T) =0 for T elsewhere. The authors concluded that due to its
simplicity, desirable properties, and satisfactory fit to empirical data,
this development model “has a wide range of applications for insects”.

3.2. Mortality rates

Let N'() be the average number of individuals in stage i at time 7,
and let M(T) be the mortality rate of these individuals. Assume the
mortality process to be described by the negative exponential equation

i . .
dd—]\t]+M’(T)N’:O, @)

which, under a constant thermal regime, gives the survival fraction
i
—L = exp (= M), ~ 1)) ®)
N 1~ o))
To
Assume T € (T,’;”.",T{fﬂ), so that the development of the individuals is
increasing. Since ero and N/ are the average number of individuals
entering stage i at time ¢, and leaving it at time ¢,, then we should have
t; —ty = 1/R(T), so that
i
. _ . 1
M(T) = —R{(T) In ~ 9)
To
The survival and death of an individual are strongly affected by the tem-
perature regime. The hazard rate function in terms of reliability is gen-
erally described by a bathtub-shaped function (Wang et al., 2002). Ac-
cordingly, the ratio between dead and initial individuals (N fo - N fl )/N fo
should follow a U-shaped distribution with respect to T in the inter-

valT e (T,,,. T, ). Assuming for this ratio a quadratic function

NG T-1..1°
1-—L=vim= [—m] : 10
TU2
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Fig. 2. Qualitative trend of the mortality rate M(T) vs temperature T. The
continuous blue line represents the mortality defined in Eq. (11) and the thin
part shows the unrealistic trend near 7,,,. The red dashed line for high temper-
atures is the mortality defined in Eq. (12), while the green dashed line for low
temperatures is defined in Eq. (14).

where T, [‘] , and Tl”]2 can be estimated using data on the proportion of
individuals who died or survived. To avoid the proportion of dead in-
dividuals dropping to zero, a constant term can be added to Eq. (10)
(see Gilioli et al. (2016)).

Then, the rate M(T) is estimated from Egs. (9) and (10) by

MYT)=-R'(T) In(1-U"T)), TeT.,.T. ). an

min’ = opt
; i i i
Assuming Tom >Th, > T

M(T) is positive and increasing for T € (Tl’J " T;pz

it follows from Egs. (10) and (11) that
). Thus, M‘(T) can be

linearly extrapolated for T > TO"pt:

i
T 2 Topt’

M(T) = MI(T!

opt

) +ay(T =T, ),

opt

(12)

where o) = [dM (T)/dTy_gi -
opt
However, M(T) given by Eq. (11) shows an unrealistic trend near
T! , ie., increasing with T for T > T!  (Fig. 2). Recall that the rate
Eq. (11) has been obtained under the assumption Eq. (7); however, this
assumption may fail near T;”.n. Thus, we have to confine the validity of

Eq. (11) to an interval (T,L,T" ), with T! < T < Tl"]l. Defining a”1 =

opt
[dM'(T)/dT ;i and

Ki— MATY=d (T. =T
b,] — ( m) al( K m) (13)

(T}~ 13)’

where K’ is the value of the mortality at T} < T, , and can be defined
according to the knowledge of the insect, M/(T) can be approximated
by a second-order polynomial in T € (T%,T"), which is decreasing for
T > T}, and continuous at T = T, given by

M(T)=b (T -TY +d (T -T))+MT}), T<T:. a4

Note that the resulting mortality rate is a continuous function.
3.3. Eggs production rate

The average egg production, in terms of individuals entering the egg
stage, is given by the term F!(T) in (4). The egg production rate b(t, x),
measured in eggs/female/°C d (or eggs/female/d if the age is measured
in days), is expressed as the product

b(t,x) = f(x) a(T'(1)) B(P()), 15)

where f(x) is the fecundity rate as a function of adult female age, ex-
pressed in the units eggs/female/°C d, while a(T (1) is a dimensionless
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factor accounting for the effects of temperature. Various oviposition pro-
files f(x) are discussed in Pasquali et al. (2019).

The factor a(7'(r)) depends on temperature through the mean tem-
perature value

t
T=1 / T(t) dt,

T Ji-t
where 7 is a suitable time interval characterizing the thermal regime
influencing the physiological status of adult females.

In addition, a scaling factor f(P(r)), ranging between 0 and 1, may
be introduced. This factor depends on the phenological stage P(t) of the
host plant, which serves as the pest’s food source (Gilioli et al., 2016;
Gutierrez et al., 2012). The factor f(P(r)) modulates the number of eggs
laid by a female depending on the developmental stage of the host plant.

4. Diapause processes

When temperature (or its average over a given time interval) and
photoperiod decrease, typically in late summer or fall, insects may en-
ter diapause, a dormancy state that enables survival during unfavor-
able environmental conditions (Gill et al., 2017). Diapause occurs at a
species-specific developmental stage.

Let typ (T, P,) denote the initial time of the diapause period as a func-
tion of temperature T and photoperiod P,, and let

y(t, x) dx = number of diapause individuals at time 7 > 1.

Let k be the overwintering stage; then ¢* dx denotes the number
of diapausing individuals. Assuming that diapausing individuals experi-
ence a mortality rate u, the function y(#, x) satisfies the equation

Z—Vt/ +uy = vt
where the term v¢* represents the rate of individuals entering diapause.
Note that v may be time-dependent and is not necessarily constant.

As temperature (or its average) increases, typically in late winter or
spring, and the photoperiod lengthens, diapausing individuals resume
development from the same age at which they entered diapause. Denot-
ing this moment by ¢, (T, P,), we assume that the number of individuals
decreases from a maximum value y* = y(t, p, x) at a constant rate Y, un-

til it reaches zero at time 7, , such that y(t,, x) = 0. From
oy

— +uy =-1,
ot ny

it follows that

thp =tip+ iln(l + py* /).

t>typ, w(typ,x) =0,

t>tip, w(typ,Xx) =y,

This model can be generalized by allowing Y to vary with time.

In general, both 7y, and 7, namely the times marking the onset
and termination of diapause, respectively, depend on species-specific
thresholds for both temperature and photoperiod and may vary from
year to year.

5. The numerical approximation

A natural approach to solve the problem Egs. (1)-(3), when v/(t) > 0,
is the method based on the integration of Eq. (1) along the character-
istic curves dx/dt = v'(t). However, when v/(¢) depends on time ¢, the
grid step Ax related to the age variable x becomes time-dependent:
Ax = v/ (t)At, where the time step At is assumed fixed. If the charac-
teristic method is implemented on a grid with a time-independent age
step Ax when v/(¢) is time-dependent, then interpolation procedures are
necessary to compute, at each time ¢, the unknown variable at the grid
points. These numerical techniques lead to an artificial dispersion (de-
pendent on Ax) of the individuals during the temporal evolution process.

Despite this limitation, we implement the approach with an age step
Ax independent of the stage. Let the grid for the age variable x, with
age step Ax, be defined by

) ) i
', withn' = L4
Ax

X =jAx, j=0,1,...,n,

and let q.')j.(t) =¢i(t,x;), j=1,2,...,n'.
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Fig. 3. Link between the variables ¢/ () and qﬁi,(r + Ar) in the discrete equations. (a) Positive development, which allows individuals to move from one stage to the

next; (b) Null development, which keeps individuals in the same stage.

Table 1

Values of ¢6(t + At) for i > 1 depending on the values of v'~!(¢) and v/(¢). In the first case, where development
is zero for both stage i — 1 and stage i, we have only individuals already present at the previous time step,
and ¢, + Ar) is given by formula Eq. (22). In the second case, where development is zero in stage i — 1 and
positive in stage i, there are no individuals entering stage i at time 7 + At. In the third case, where development
is positive in stage i — 1 and zero in stage i, at the beginning of stage i, individuals come both from the previous
stage and from the current one, and ¢)(t + A1) is given by formula Eq. (22). In the fourth case, where develop-
ment is positive in both stage i — 1 and stage i, at the beginning of stage i, we have only individuals arriving
from the previous stage, and ¢ (7 + Ar) is given by formula Eq. (21).

PO () it + An)

stage
i-1 i

0 0 @ (1) exp(—m! Ar)
0 >0 0

>0 0

>0 >0

¢:;‘, ) exp(—mi‘lAt)+¢;](Z) exp(—m' Ar) //

G (O exp(=m=" An) v (1) /01 (1)

[/
/1]

For simplicity, in the following, we assume that at any time ¢ we
have either v/(r) > 0 or v’(t) = 0 for i = 1,2, ..., s. This assumption holds
in some situations where T(; and T£ are weakly dependent on the stage
i. Thus, the discrete equations link the variables ¢’(s) at the age grid
points at time r with the variables qu.(t + Ar) at the same grid points
at time ¢ + At, as shown in Fig. 3, for both positive (v/(f) > 0) and null
(V'(¢) = 0) development of the individuals.

The conditions that must be specified to compute q.’)f)(t + Ar) when
i > 1, for arbitrary values of v'~!(t) > 0 and v/(¢) > 0, are summarized in
Table 1.

We observe that, when diapause is active for stage k, the developing
individuals must be updated at each time 7 as (1 — v)¢* — ¢*.

The discrete equations associated with Egs. (1)-(3), for both positive
and null development, are given in the next subsections.

5.1. Positive development: v'(t) >0, i =1,2,...,s

Let the state variables qb;, (1) at time ¢ be known, and assume the rates
and the sources are constant in the time interval (¢,7 + Af) and given
by their values at time #: v'(t), m'(t), S'(t). Under this assumption, the
characteristic curves are straight lines in the interval (z,7 + Af). Let us
define

Lo U(DAL
p= A

We integrate Eq. (1), written as

diﬁi +m ') = S'(t) a7
dt N ’

¢'(t) = exp (—m' (NAL). 16)

along the characteristic line £;(r) from the point (1, x; — v'(N A1) to (r +
At,x;). To have x; = vi()AL > Xj_1, We choose the age and time steps so

that

PO<L (18)
We obtain

¢;(z + AN =g O ¢ x; — V' (DA + Azsj'i(t).

By assuming a linear trend of ¢'(¢, x) with x in the age interval (x 15 X))s
we obtain

B+ 20 = ¢ 0[P OF_, 0+ = SO 0] + ArSia). 19)
The boundary values qﬁé(t + At) = F'(t) are given by

n—1

Fl(t) = O‘ql(t)p |:b(t, 0)(}58(1‘)% + b(t, x ~)¢j(t)Ax + b(t, x5 )(]53.,Y (I)% s
j=1

(20)

L}ifl(l‘)

TR i>1. (21)

Fl(y = ¢ (0™ (1)

5.2. Null development: vi(t) =0, i =1,2,...,s

As previously mentioned, when v'(f) = 0, Eq. (1) becomes an ordi-
nary differential equation, and its solution in (z, ¢ + Ar) is simply written
as

4);(: +Af) = q"(z)qa;(r) + ArSl’i(t) +6,,80;F' (0. j=0.1,....n", (22)

where §,, is the Kronecker’s § and F 1(t) is given by Eq. (20).
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12 " min

(a) Estimated values of the durations D', of the parameters a;, a|, b|, T,,, introduced in the mortality rates Egs. (12) and (14);

(b) estimated values of the stage independent critical temperature values 7,,, Ty, Ty, Ty, (see Figs. 1 and 2) for L. botrana.

(a)
Parameter Description i=1 i=2 i=3 i=4 Unit
D’ Average degree-day units 79 317 125 320 °Cd
to complete development
in stage i
a; Coefficient in Eq. (12) 0.06165 0.01536 0.03896 0.01522 cCd)!
a Coefficient in Eq. (14) -0.00239  -0.000596  -0.00151 -0.00059  (°Ca)!
b Coefficient Eq. (13) 0.00477 0.00502 0.00489 0.00502 °C2d-!
T Minimum development 9.61 9.5 11.5 11.5 o)
temperature
(®)
Parameter Description Value Unit
T, Lower limit temperature for the validity of Eq. (11) 14 °C
Ty Upper limit temperature for positive linear development 33 °C
Ty, Temperature in Eq. (10) 22.5 °C
Tur Temperature in Eq. (10) 12.5 °C

5.3. Bounds for At and Ax

Bounds for Ar and Ax are dictated by biological considerations. Since
the rates of the main biological processes depend on time through abi-
otic variables, mainly through the temperature 7'(¢), the time variations
of temperature should be described thoroughly in the numerical simu-
lation of the dynamics of the whole process. The thermal diurnal cycle
requires an upper bound for Ar: At < § ~ 1/12d (=2 h). Moreover, the
technical limitation Eq. (18) must hold:

i\ At i\ At
= < =
v'(1) x_rr}’e}xv(t) x<1

which implies an upper bound for the ratio Ar/Ax.

6. The case study: Lobesia botrana

In this section, the modelling approach presented in the previous
sections is applied to the main vineyard pest in Europe: the grape berry
moth Lobesia botrana. We consider four stages for this insect: eggs, lar-
vae, pupae and adults. Therefore, the system Egs. (1)-(3) becomes

% vicey 2 M T =0,

ll 99 t>1ty, x€(0,D), i=1,2.34,
ot 0x
D4
$'(1,0)=0 / b(t, x) pd*(t, x) dx, (23)
0

¢ (1,00 = ¢ ¢, DOV T (1) V(T @),
@ (19, %) = P'(x), i=1,2,34.

The grape berry moth overwinters in the pupal stage, namely i = 3.
Moreover, we assume that the average number of females and males is
equal, that is p = 0.5.

In the following, the development, mortality and fecundity functions of
the grape berry moth will be made explicit to describe the behavior of
different stages of the pest. We will then choose to simplify some func-
tions to focus on describing the life cycle of the pest, without claiming
to fit the abundance data collected in the field, but to get an idea of the
population cycle.

Development. In Gilioli et al. (2016), the development rate functions
RY(T) for the different stages of the grape berry moth are represented
by Lactin functions. Since the increasing part of this rate is well approx-
imated by a linear function, we can consider the development rates

i=2,3,4,

i T(t) B Trilin -1 i i o
R(T) = —F—= @™, V(D) =TO-T,, CC).
for T!, <T@ < Ty, 24

and zero elsewhere, where T, is a value between the optimal and the
maximum development temperatures. Linear development rate func-
tions are also used in Kettle et al. (2024).

To determine the values of D', that is the average degree-days needed
to complete the development in a stage, for immature individuals, we
consider the linear fit of the development data in Baumgaertner and
Baronio (1988); Briére and Pracros (1998), used to obtain the Lactin
function in Gilioli et al. (2016), up to T;; = 33°C. The upper temperature
limit of the straight line can be chosen based on available development
rate data and abundance data collected in the field for different stages.
The inverse of the straight line slope represents the average degree-days
D' needed to complete development in stage i; values of D' are reported
in Table 2 and are in agreement with those calculated in Gutierrez et al.
(2012).

The age of the adult females is obtained from the fecundity rate func-
tion proposed by Baumgaertner and Baronio (1988). The production of
eggs by an adult female is negligible after 320°Cd, so we consider this
value as the maximum age D* for an adult female (Table 2).

The straight lines describing the development rate give a minimum
development temperature of 9.61°C for eggs, 9.5°C for larvae and 11.5°C
for pupae (Table 2). For adults, we consider the same minimum devel-
opment temperature as for pupae.

Mortality. Recall the mortality rate function

—R(T,)In[1 -U(T,)] + 5 (T -T,)*

MiT) = +a,(T-T,), T<T,
~R®n[1-UD)], _ T, <T<T,,
—R\(T,,,) In[1 = U(T,, )| +a(T = T,,) T>T,,
with
T Ty 1?
UT) = [_U'}
TU2
i d i
dy = [=[-Romp-vay|
=Lopt
d = [L-ROmn-van]

m

and b"l defined in Eq. (13). For the sake of simplicity, we chose the same
values of T,,, T;;; and Ty, for all the stages (Table 2). We are aware that
parameters in U(T) are also stage-dependent, but as mentioned earlier,
we simplify some functions to focus on pest cycle behavior. In any case,
we consider reasonable parameters according to models in the literature
(Gilioli et al., 2016).
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Estimated values of the parameters introduced in the eggs production rate b(z,x) in Eq. (25) for L. botrana (see
Baumgaertner and Baronio (1988) and Gutierrez et al. (2012)). (a) parameters of the fecundity rate function Eq. (25);
(b) definition of the step function f(P(r)) representing a scaling factor for fecundity.

(a)

Parameter Description Value Unit

Xo Minimum adult age for reproduction 16 °Cd

¢ Coefficient in Eq. (25) 1.4176 eggs/female/(°Cd)?
¢ Coefficient in Eq. (25) 0.0251 ccd)!

T n. of days for the average temperature 7' 10 d

T, Temperature in Eq. (25) 24.5 °C

T, Temperature in Eq. (25) 7.5 °C

(b)

Plant stage Value of P(r) Scaling factor

Inflorescence P()=1 p(1)=0.31
Green berries P(t)y=2 p(2) =0.48
Maturing fruits P =3 p3)=1
Table 4 Table 5
Lobesia botrana: average developmental times for log,, N* at time t = 3y vs. e. At = 1/24d, Ax = 2°Cd.
eggs, larvae, pupae, life span for adults, and mor-
° . log,g € -1 1.3 -2 -3 -4 6
tality rates, for all stages, at T =20 °C.
: , log,y N* 1.4 1.7 2.4 3.4 4.4 6.4
stage 1/R" (d) M (@)
Eggs 7.6 0.005369
Larvae 30.2 0.001352
Pupae 14.7 0.002776 . . _ . L _
Adults 376 0.001084 Pasquali, 2007): e.g. z(t) = N(¢) is the overall population size or z(r) =

The parameters of the mortality function defined in Egs. (12)—(14)
for low and high temperature values are reported in Table 2, for K’ =
(i=1,2,3,4)at Ty =0.

Fecundity. The parameters of egg production rate

N N 2
b(t,x) = ¢ (x = xg)e 20 1 - (T - u ) B(P(T)) (25)

2

are reported in Table 3 and come from Baumgaertner and Baronio
(1988) and Gutierrez et al. (2012). The egg production rate is a function
of the average temperature 7" over the last 10 days, i.e. 7 = 10 d.

In real-world situations, the environment temperature is obviously
time-dependent, and it may also vary rapidly with time. Nevertheless,
it is worth considering first the ideal case of a constant and favourable
temperature regime, in which v’ > 0 (positive development of the indi-
viduals in any stage and at any time). This scenario allows us to estimate
the numerical effects due to variations of the two parameters Ax, At, on
the dynamics of the system, and to enlighten the response of the model
in the absence of possible control due to the variability of the environ-
mental conditions.

6.1. Constant temperature without diapause

Assuming a constant temperature 7 =20°C, favorable for in-

sect growth, the average developmental times 1/R/(T) = D' /(T — T,)
and the rates M(T)=—R'In(1 —U(T)) for the sample population
Lobesia botrana are given in Table 4.
By considering the values in Table 3, we obtain «(T) = 0.64; moreover,
we choose f(P(t)) = 0.5 (mean value of the range [0, 1] of variability of
PB(P(1)) in the rate of egg production Eq. (25), so that b(x) = 0.32 - f(x).
The scenario of constant temperature T = 20°C with a linear system
of evolution Egs. (1)-(5) (with ¢ constant in Eq. (4)), i.e. without any
explicit control feedback of the population on its growth, is discussed in
the Appendix.

Let us now assume the factor ¢ in Eq. (23) to be dependent on some
characteristic z(¢) of the population (Bergh and Getz, 1988; Buffoni and

N*(t) is the adult abundance. The control function o(z) may be either
a decreasing or a unimodal function of z (Buffoni and Pasquali, 2007),
and it provides the basic control of the population on the recruitment,
and then on the population growth. The existence and stability of steady-
state solutions to the discrete problem Egs. (19)-(22) hold under suitable
conditions (see Buffoni and Pasquali (2007)). Numerical experiments
have been performed with T = 20°C, ¢(N) = exp(—eN), and for differ-
ent €, At, Ax. The initial condition is 50 adults uniformly distributed
over the age, that is qS;(O) =0,i=1,2,3,Vy; d)j.‘(O) =50/(n* Ax), Vj.
Positive equilibrium states exist for ¢ > 0. As ¢ — 0, the population fast
increases (see Table 5), and an equilibrium state is attained with damped
oscillations in about three years (a period that slightly increases for
small €).

70 . :
60

50

n. of adults
N
o

W
o

20

0 | . . . . . .
0 50 100 150 200 250 300 350 400

time (d)

Fig. 4. Dynamics of adults of L. botrana with constant temperature 7 = 20°C, no
diapause, when ¢(N) = exp(—eN), for ¢ = 0.05, Ax =2°Cd, At =1/96 d (blue
continuous line), At =1/12 (red dashed-dotted line). Initial condition of 50
adults uniformly distributed over the age.
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Fig. 5. Dynamics of eggs, larvae, pupae and adults of L. botrana with constant temperature T = 20°C, no diapause, when ¢(N) = exp(—eN) for ¢ = 0.05, At = 1/24 d,

Ax =2 °Cd. Initial condition of 50 adults uniformly distributed over the age.
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Fig. 6. Dynamics of eggs, larvae, pupae and adults of L. botrana with constant temperature T = 20°C, no diapause, when ¢(N) = exp(—eN*) for € = 0.05, At = 1/24 d,

Ax =2 °Cd. The initial condition of 50 adults uniformly distributed over the age.

Under the assumptions made in this subsection, condition Eq. (18)
becomes v'At/Ax < 1. The choice v'At/Ax =1 corresponds to the
method of characteristics for which no interpolations are needed (i.e.,
x; - viAL = xj_1)-

For both Ax = 1°Cd and Ax = 2°Cd, numerical simulations have been

performed for the following Ar:
At =1/96 d (0.25 h), 1/48 d (0.5 h), 1/24d (1 h), 1/12d Q2 h).

The peaks for pupae and adults for the different generations, for e =
0.05, are weakly sensitive to At € [0.25h,2h], as shown in Fig. 4, where
the differences between the adult dynamics for the two extreme cases
At =1/96 and Ar=1/12, for Ax =2°Cd, are reported. Moreover, the
equilibrium state is not affected by Ar.

When fecundity depends on the overall population density, i.e.,
6(N) = exp(—eN) with e = 0.05, At = 1/24 d, and Ax =2 °Cd (Fig. 5),
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Fig. 7. Hourly temperatures in Conselice (RA), Emilia Romagna region, Italy,
year 2011. The orange ellipse denotes the anomalous peak in November.

the population dynamics converge to a steady state characterized by
10.39 eggs, 40.58 larvae, 19.86 pupae, and 49.9 adults.

If a density-dependent fecundity rate is considered with control act-
ing only on the adult population, i.e., 6(N) = exp(—e N*), the dynamics
of all developmental stages exhibit periodic behavior, and the steady
state becomes unstable (Fig. 6).

6.2. Variable temperature and diapause

In general, it can be observed that a variable temperature regime fails
to control the fast growth when ¢ = 1 in Eq. (4). Therefore, we consider
a density-dependent egg production (Bergh and Getz, 1988; Buffoni and
Pasquali, 2007). When o(N) = exp(—0.05N), starting from an initial pop-
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100 200 300
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400
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ulation on April 10, consisting of 50 adults uniformly distributed over
the physiological age, and using a set of hourly temperatures collected in
2011 in Conselice (RA), Emilia Romagna region (shown in Fig. 7), we
obtain the population dynamics represented in Fig. 8 for Ar=1/24d
and Ax =2 °Cd.

The results show three annual generations of the grape berry moth,
which is consistent with the known biology of L. botrana, typically ex-
hibiting 3 to 4 generations per year. The dependence of fecundity on the
total population effectively limits excessive growth. The population dies
out in late fall when temperatures drop to low values. Pupae and adults
persist until early November, likely due to an anomalous temperature
peak during this period (highlighted in Fig. 7).

Next, we introduce diapause. In Roditakis and Karandinos (2001),
the authors conducted a series of experiments in which grape berry moth
eggs and larvae were exposed to different photoperiods at 20°C, and
found that the percentage of diapausing pupae increased below 14.15 h
as the photoperiod P, decreased. Following this, we assume that dia-
pause is induced by an average temperature over the past 48 hours be-
low 20°C, and that v is a function of time through the photoperiod P,
as in Gutierrez et al. (2012):

min {0.46 (14.15 - P,), 1} P, <1415,

2
0 otherwise. (26)

V(P, (1) = {
We assume a constant mortality rate for diapausing individuals, x =
0.005 d~', and a constant diapause exit rate Y = 0.005/At d~!. Pupae
terminate diapause when the average temperature over the previous 48
hours exceeds 11.5°C (see Gutierrez et al. (2012)) and the photoperiod
P, > 14.15. We simulate the dynamics for At = 1/24 d and Ax =2°Cd
over two years, starting from the same initial condition as in the previ-
ous case. Since the aim is to show the output of our model when diapause
is included, without aiming to reproduce specific field data, the two-year
temperature set is generated by repeating the temperatures from 2011 in
Conselice (RA). The resulting dynamics are shown in Fig. 9. For longer
periods (e.g., five years) using the same cycled 2011 temperature data,
the dynamics converge to an annual pattern consisting of three genera-
tions, matching the second year results in Fig. 9. By increasing the value
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Fig. 8. Dynamics of eggs, larvae, pupae and adults of L. botrana in Conselice (RA), Emilia Romagna region, Italy, using temperatures of the year 2011 represented
in Fig. 7. Initial condition at April 10, (day 100) of N*(0) = 50 adults uniformly distributed over the physiological age, Ax = 2°Cd, At = 1/24d, 6(N) = exp (=0.05N),

no diapause.
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Fig. 9. Dynamics of eggs, larvae, pupae and adults of L. botrana in Conselice (RA), Emilia Romagna region, Italy, when considering diapause. Temperatures are
obtained by cycling the temperature in Fig. 7 for two years. Time 0 is January 1st. Initial condition at April 10, (day 100) of N*(0) = 50 adults uniformly distributed

over the physiological age, Ax =2°Cd, At =1/24d, 6(N) = exp (—0.05N).

90

80 b

70 q

60 B

50 [ b

n. of diapausing

0 . . . . . .
300 400 500 600 700 800

time (d)

Fig. 10. Dynamics of diapausing pupae of L. botrana in Conselice (RA), Emilia
Romagna region, Italy. Temperatures are obtained by cycling the temperature
in Fig. 7 for two years. Time O is January lst. Initial condition at April 10,
(day 100) of N*(0) = 50 adults uniformly distributed over the physiological age,
Ax =2°Cd, At =1/24d, c(N) = exp (—0.05N).

of ¢, the three generations overlap more, although the total number of
generations remains unchanged. The number of diapausing individuals
(pupae) over time is shown in Fig. 10.

By comparing Figs. 8 and 9, we observe that the pupal peak in fall is
significantly attenuated by diapause, as is the all adult peak. Diapausing
pupae resume development at the end of April of the following year. As
shown in Fig. 10, diapausing pupae peak around late October and then
decrease due to mortality until late April, when diapause exit begins.
This exit accelerates the decline, which continues until the end of May.

10

7. Concluding remarks

In this work, a demographic model is presented that integrates sev-
eral crucial processes regulating the life of an insect population. The
model is based on a system of partial differential equations governed
by development, mortality, and fecundity rate functions. While devel-
opment and fecundity parameters can often be estimated from literature
data on the species’ biology, laboratory data on mortality rates are fre-
quently lacking. Consequently, we propose a functional form for the
mortality rate that depends on the development rate function and on
the proportion of individuals dying during each stage.

The model has been employed to simulate the dynamics of the grape
berry moth. Without incorporating any population control feedback on
its growth, i.e., for o = 1, both under a constant temperature regime
favourable to insect growth (T ~ 20°C) and under realistic environmen-
tal conditions T' € (=~ 5°C, ~ 35°C), population growth remained uncon-
trolled. This highlighted the necessity of introducing a feedback con-
trol mechanism regulating population growth within the model equa-
tions. This can be effectively achieved through a control of the total
population affecting recruitment (Bergh and Getz, 1988; Buffoni and
Pasquali, 2007). In Gilioli et al. (2016), to prevent population explo-
sion, an additional mortality term was incorporated, whereas in Pasquali
et al. (2022), mortality was modelled as a linear combination of cubic
splines, with coefficients estimated from grape berry moth population
dynamics. Here, to regulate the population, a density-dependent term,
depending either on adults or on the entire population, is introduced
in the fecundity rate function. Under constant temperature conditions,
when the additional term depends on the entire population, the dynam-
ics converge to a steady-state solution, while dependence solely on the
adult stage results in periodic behaviour.

Furthermore, numerical simulations under constant temperature
conditions indicate that the peaks for pupae and adults are only
marginally influenced by the timestep Az, whereas the equilibrium state
remains independent of Az. Minor variations in peak magnitudes are
also observed for different spatial discretizations Ax over time.
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An additional significant contribution of this work is the precise
formulation and integration of the diapause process into the PDE
model, thereby enabling simulations of pest dynamics over multiple
years. The overwintering process is regulated by temperature and
photoperiod. We assume that individuals enter diapause when both the
photoperiod and the average temperature over a specified time interval
fall below critical thresholds. The diapause process attenuates the fall
peaks of pupae and adults and permits a resumption of population
dynamics in the subsequent spring. This advancement facilitates
long-term simulation of pest populations (not limited to L. botrana) and,
crucially, allows prediction of spring dynamics in advance based on
temperature data, thus informing targeted field data collection guided
by model forecasts.
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Appendix A. Appendix - the time evolution of the linear system
under the assumption T = 20°C and ¢ constant

Under the assumptions made in Section 3.1 on the developmental
rate, from Eq. (24), the rate v is in °C and is stage-independent. Thus,
the quantities p(¢) and ¢/(¢) in Eq. (16) are given here by

; VAt
p _Ax s
In the case of positive development with constant coefficients, and
null sources, the linear (¢ constant) discrete Egs. (19)—(21) are written
as

q' =exp (—miAt).

P+ a0 =4 [ ¢, 0+ - P00, A1)
while the boundary values qﬁg(t + At) = Fi(t) are given by
Ax o A
s X s 5 X
Fl(t) = oq'p [bod;o(t)7 + ; by b (DA + b ¢n3(t)7] , (A.2)
. . Cpl )
Fi=¢7 ¢ =T (g™ i> 1. (A3)

12

Let the vector ¢/(¢) be defined as
@' = [¢6(l)7 @@, ... ,¢;,-(1)]~
Egs. (A.1)—(A.3) are written in vector form as
@'+ a0 = Ao (1) + o B4 (1),

@'t + AN =B o)+ AlQi(r), =234

Journal of Theoretical Biology 611 (2025) 112191

Let A’ be the matrices given by

0 0 0 0 0 0

qp 4 -ph) 0 0 0 0

0 qp ga-py .. 0 0 0
Al=

0 0 0 .. 4P da-=pH 0

0 0 0 0 ir g p)

Moreover, the entries of the matrices B’ are zero except: the first row of
B*, given by

g pAX[0.5by, by, ..., bys_1,0.5b,s],

and the entry (1,n') of B', i =1,2,3, given by ¢"~1v/~!/v/ = ¢'""!. The
iteration matrix is

A 0o o0 oB*
B! A2 0O o

o B2 A3 o/
o o0 B 4

M=

and it is a non-negative irreducible matrix. Let 4, and u, be the mini-
mum and maximum of the sum of the entries of each row of M

uy =min[g’, ¢"E] p, = max[q’, ¢'E],

where

j=n*-1
E(a):apr(O.5b0+ > bj+0.5bns).

j=1
Then the spectral radius A(c) of M satisfies y;(c) < A(c) < u,(c) and it is
increasing with ¢ (Varga (1962), p.20). The iterative process, governed
by A(0), is essentially the power method applied to the matrix M. With
the parameter values given in Section 6.1 for T =20°C, and Ax =2,
At = 1/24, we obtain the parameters in Table A.6.

Table A.6

Parameters p' and ¢’ in formula Eq. (16).
stage P q
1 0.2164583 0.9997763
2 0.21875 0.9999437
3 0.177083 0.9998843
4 0.177083 0.9999548

With ¢ = 1 the number of eggs is E = 357.6426, consequently yu, =
0.9998 and y, = 357.6247. Numerical simulations produce a fast diver-
gent process, showing that 4 > 1. With ¢ = 0.002615 the number of eggs
is 0.8458 and the dynamics converge to a steady state.
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