ON THE NON-DEFECTIVITY OF SEGRE-VERONESE
EMBEDDINGS

EDOARDO BALLICO

ABSTRACT. We prove a theorem which implies that all Segre-Veronese varieties
of multidegree (d1,...,dx) and format (ni,...,ng) with nqg > --- > np >0
are not defective if di > 3, do > 3 and d; > 2 for all ¢ > 2. As a particular
case we prove the non-defectivity of any Segre-Veronese variety with at least 2
factors and d; > 3 for all 7, extending to the case k > 2 a theorem of Galuppi
and Oneto. Our general result also shows that many Segre-Veronese varieties
with 2 factors are not secant defective if they are embedded in bidegree (z,2),
x> 4.

1. INTRODUCTION

In this paper we study the vector space, V', of the partially symmetric tensors
of format (ny +1) X - -+ (ng + 1) and multidegree (dy, ..., d) and for each positive
integer a the dimension of the subsets of V formed by the partially symmetric
tensors with prescribed rank or with prescribed border rank.

Let X C P” be an integral and non-degenerate variety. Fix a positive integers
a. Take g € P". The point ¢ is said to have X-rank a if a is the minimal integer
such that ¢ is contained in the linear span of a points of X. Let ¢%(X) denote the
set of all points of P” with X-rank a and let o,(X) denote its closure in P". Over
C it is known that we may take the closure in the euclidean topology or in the
Zariski topology and get the same variety, o,(X). Elements of 0,(X) are said to
have border rank a. It is known that o,(X) is an irreducible variety of dimension
at most min{r, =1 + a(1 + dim X)}. The integer min{r, =1 + a(1 + dim X)} is
the expected dimension of o,(X). X is said to be not secant defective or just not
defective if for each positive integer a the a-secant variety o,(X) has dimension
min{r,a(dim X + 1) — 1}. Suppose we know the dimension, z, of 4(X). It is
known that ¢?(X) is constructible in the sense of Chevalley, i.e. it is a finite union
of locally closed subsets of P" for the Zariski topology of P", and hence that it
contains a non-empty Zariski open subset of its closure, 0,(X) ([2I, Ex. I11.3.18
and Ex. 11.3.19]). Thus we know the dimension, z, of 02(X). Hence if X is not
secant defective we know the dimensions of all o,(X) and all 69(X).

Take a multiprojective space Y := P™" x --- x P and let v : Y — P", r :=
-1+ Hle ("i;di), be the embedding of Y of multidegree (di,...,dg). Set X :=
v(Y). The projective space P in which X sits is P(V'), with V' the vector space
of all partially symmetric tensors of format (n; + 1) X - - - (ng + 1) and multidegree
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(di,...,dr). Take v € V, v # 0. The partially symmetric rank of v is the X-
rank of the point [v] € P(V) and hence v has border rank a > 2 if and only
[v] € 04(X)\0g—1(X). This is the main motivation for the study of the dimensions
of the secant varieties of Segre-Veronese varieties. On this topic there are many
recent results ([11 2] 3] [, 51 [12], T3] [14] (151 [16], 17, 18], 20, 23] 24]). See the references
of the quoted papers and [25] and its references for many other older papers.

We prove the following result.

Theorem 1.1. Fix integers k > 3, n1 > --->np >0 and d; > 2, 1 <i <k,
such that dy > 3 and do > 3. Then the Segre-Veronese embedding of multidegree
(di,...,dx) of P™ x .- x P™ 4s not secant defective.

As a particular case of Theorem [I.I] we get the following result.

Theorem 1.2. Let X be a Segre-Veronese embedding of multidegree (dy, . ..,dy) of
a multiprojective space with k > 2 factors. If d; > 3 for all i, then X is not secant
defective.

The case k = 2 of Theorem was conjectured by Abo and Brambilla ([4,
Conjecture 5.6] and proved by Galuppi and Oneto ([20]). For Theorem [1.2| we
need the case k = 2 proved in [20] (we do not have another proof). With our
inductive method we could not get Theorem without proving Theorem
For the case k = 1 there are the exceptional cases in the Alexander-Hirschowitz
list ([8, @ 10)), i.e. (dimX,dy) € {(2,4),(3,4),(4,3),(4,4)}. For 2-factors Segre-
Veronese embeddings we prove the following result, certainly not optimal, but in
our opinion very interesting.

Theorem 1.3. Fiz integers y > 2, m > 2 and x > 4 such that (y‘;x) > 2(y +m)?
and (m+1)(2m—1) > (y+m)%(y+m+3). Ify < m assume 2ym+m? — 2y —3m —
D) = 2(y+m+1)(y + m—1)2. Then the embedding of PV x P™ in bidegree
(z,2) is not secant defective.

All defective Segre-Veronese embeddings of P¥ x P! are known ([3]). By [20] all
embeddings of PY x P™ in bidegrees (x,t), x > 2, t > 2, are not secant defective.
Thus in the statement of Theorem we only state the bidegree (z,2). It would
be very interesting to know for which (y,m) the embedding of P¥ x P in bidegree
(z,2) , x < 3, is not secant defective.

Theorem 1.4. Fix an integer k > 2 and positive integers n;,d; such that di >
2. Setn:=ny4+---+ng, m:=mng, Y =P x... x P11 X =Y x P

and o = Hi:ll (”’Jd’) Assume a > 2n%, n > m + 2 and either m = 1 or
(m+1)(2m — 1)a > n?(n+3). If m > n/2 assume
(1) (2nm —m? —2n —m —1)a > 2(n+ 1)(n — 1)?

Assume that the Segre-Veronese embedding of Y of multidegree (dy, .. .,dk—1) is not
secant defective. Then the Segre-Veronese embedding of X of multidegree (dy, . . . ,dy)
s mot secant defective.

Recursively we get the non-secant defectivity of many Segre-Veronese varieties of
multidegree (dy,...,d;) with many (but not all) d; = 1. There are many defective
cases for multidegrees (dy,...,dy) with many (or all) d; = 1 ([2, B, [, [5]). There is
a general method (called unbalanced in [4,[5]) to construct defective Segre-Veronese
varieties). A few cases are listed in [4].
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Since the Segre-Veronese varieties are homogeneous, for a fixed format (nq, ..., ng)
and a fixed multidegree (dy, ..., dg) only a small number of secant varieties need to
be checked ([16]), but these are the hardest. Indeed, for any non-degenerate variety
X C P if a secant variety 04,(X) C P", @ > 2, has dimension a(dim X + 1) — 1,
then dimo,(X) = z(dim X + 1) — 1 for all 1 < z < a, while if 0,(X) = P", then
oy(X) =P for all y > a.

Assume that X C P" is not secant defective. A. Massarenti and M. Mella proved
a fundamental result ([26, Th. 1.5]) which gives the identifiability of a general
element of the secant variety o,(X) # P, except at most for one a, under very
mild assumptions. We spell out it in the case of Theorems but it is well-known
that [26, Th. 1.5] applies to almost all linear algebra problems related to secant
varieties of homogeneous projective algebraic varieties. See |26, Remark 3.10] for
an example in which its assumption does not hold and identifiability fails.

Corollary 1.5. Fiz integers k > 3, ny > -+ >ngp >0 and d; > 2,1 <1i <k,
such that di > 3 and do > 3. Setn:=ni+---+n; andr == -1+ Hle (”’:d’)
Fiz a positive integer o such that (« + 1)(n + 1) < r+ 1. Then a general rank
a partially symmetric tensor of format (n1,...,ng) and multidegree (dy,...,d)
has an essentially unique representation as a sum of a rank 1 partially symmetric

tensors.

It seems out of reach to get a test that given a format and multidegree says
whether or not the corresponding Segre-Veronese is defective. A few classes are
perfectly understood, e.g. n; = 1 for all ¢ ([24]) or n; < 2 for all ¢ with mild
restrictions on the multidegrees ([I4]) or k¥ = 2 and ny = 1 ([4]). However, the
papers [13] [14] handle (in the cases they list) a more general problem: start with a
non-defective pair (Y, £) (in which Y is not assumed to be a multiprojective space).

Question 1.6. Is it possible to give the full list of all & > 2, formats (nq,...,ng),
multidegrees (di,...,dx) and a such that d; > 2 for all 4 and the a-secant variety
of Opny X +++ X Opni (dy, ... ,dy) is defective?

Question 1.7. Is it possible to extend [I3] [I4] to the case ¥ x P™ with respect
to the line bundle p} (L) ® p4(Opm (1)), t > 2, starting from a non-defective pair
(Y, L) only knowing that (Y, £) is not-defective and knowing the integers dimY
and h°(L), just imposing that h°(L) is large enough with respect to the integers
dimY and m?

In some small cases it is even possible to assume less than the non-defectivity
of L, just that it is has at most one defective secant variety, adding a stronger
assumption on the integer h°(£) ([13, Th. 3]). We tried with no luck Question
We tried to mix the Differential Horace Lemma (|8, [I0]) with the Blowing Up
Horace Method ([9]).

In this paper all our proofs we only use the Differential Horace Lemma (see
Lemma [24] for its classical formulation and Lemma [2.6] for a stronger version also
used in [13] [14]). By the Terracini Lemma ([6l Cor. 10], [7, Lemma 2.1]) computing
the dimension of the a-secant variety of an embedded variety is translated in the
computation of the Hilbert function of a general union of a double points of the
variety. It is to this translated problem that the Horace Method and its variations
are applied. We use in an essential way joins of different varieties and [6, Cor. 10]
and [7, Lemma 2.1] are stated and proved in this more general setting.
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Section [2] (resp. Section [3) gives the preliminaries and notation not related
(resp. related) to the multiprojective spaces and their Segre-Veronese embeddings.
In particular they contain the fine tuning of [7] that we need for our proofs.

Section [] contains the proof of Theorem [I.4

Section [f] contains the proof of Theorems and

Section [6] contains some suggestions for further works.

We work over an algebraically closed field of characteristic 0.

We want to thank the referee who improved the exposition.

2. (GENERAL PRELIMINARIES

For any subscheme E of a projective space let (E) denote its linear span. For
any smooth variety M and any p € M let (2p, M) (or just 2p) denote the closed
subscheme of M with (Z,, M)2 as its ideal sheaf. For any variety D let D,e; denote
the set of its smooth points.

We first state a general result due to B. Adlandsvik ([7, Prop. 2.1(ii)] in a slightly
stronger form that the one contained in [16].

Theorem 2.1. Let X C P be an integral and non-degenerate variety. Let W C P”
be an integral variety (we allow the case W = () and the case W degenerate).
Set n := dim X and w := dim W, with the convention w = —1 if W = (. For
all integers i > 0 set b;(X, W) := dim[o;(X), W] and a;(X, W) = bj1(X, W) —
bi(X,W). Assume that no o;(X) # P" is a cone. Let ¢ > 0 be the mazimal
integer such that dim[o;(X), W]) = w + ni. Let g be the minimal integer such that
[04(X); W] =P". Assume ¢ < g and setk:=g—c and s :=r —dimW — 1. Then:

(1) We have 0 <k < n.

(2) We have a;11 (X, W) < a;(X, W) foralli=c—1,...,9 — 2.

s+1 ko k(k—1
(3) We have ¢ > =5 — 755 + 2(n+2).

s+1 k(k_l)
(4) We have g < etk

Fixz an integer a > 0. Let B C W be a general double point of W with the convention
B=0ifW=10. Let AC X be a general union of a double points of X. Then
(i) r —dim(AU B) < max{0,r —an —w —n(n +1)/2}.
(ii) Ifw+ (n+1a<r—(n+1)n/2, then dim(AUB) =w+ (n+ 1)a.
(i) Ifw+ (n+ Da>r+ (n+ 1)n/2, then (AU B) =P,

Proof. The integer g is well-defined, because X is non-degenerate. By the definition
of g we have a4(X,W) = 0. Since ay(X,W) = 0, we have ¢ < g. Part (2) is [7
Prop. 2.1(ii)]. By assumption ¢ < g, i.e. k > 0. Part (2) gives part (1). By the
definition of ¢ we have a;(X,W) = n+11if i < ¢ and a.(X,W) < n. Thus (2)
implies that the non-zero a;(X, W) # n+ 1 are among the integers {n,...,1} with
each integer a;(X, W) appearing at most once. Thus each of the non-zero integers
dimo;(X,W) —i(n+ 1) — w + 1 appears at most once in the set {n,...,1}. We
have Y ;i = n(n+ 1)/2. Thus (1), (3) and (4) hold. Part (i), and hence parts
(ii) and (iii), follows from (3) and (4) and the Terracini Lemma ([6l Cor. 1.10], [7]
Lemma 1.1]). O

Remark 2.2. Take X C P as in Theorem If there is an algebraic group G
acting on X and the embedding X C P" is induced by a complete linear system
|R| such that G acts on H°(R) and H°(R) is an irreducible G-representation, then
no proper secant variety of X is a cone and hence we may apply Theorem In
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our case X =P x -« x P and G = GL(n; + 1) X --- GL(ny + 1). However, to
use the Differential Horace Method we also need the case W # () and this is the
reason to state Theorem In our applications to the proof of Theorem and
the other results listed in the introduction, W will be a secant variety op(H) with
H a divisor of X. In our case H is homogeneous for the action of a smaller group
Gy :=GL(n1 +1) X --- x GL(ng—1 + 1) x GL(ny) and we know a decomposition
of HY(R) into irreducible representations (Remark . To apply, as here, the
Differential Horace Lemma, to the homogeneous embeddings of the homogeneous
variety X it is necessary to apply Theorem with as W the b-secant variety of
an effective divisor D of X with b < n — 1. Since b is very small, it is easy to prove
that op(D) = bn — 1 and hence we may take w = bn — 1 (see Lemma for our
application to the proof of Theorem [1.4)).

In several preliminary versions to get better bounds in the case m = 2 we used
this result.

Lemma 2.3. ([14, Theorem 1]). Take X =Y x P2, (Y, L) not secant defective and
set y :=dimY. Assume
(1) @ >60 fory=2,3;
(2) a>98 fory=4;
(3) a>133 fory=5;
(4) a> 176 for y = 6;
(5) @« >231 fory="7;
(6) o> (27y® + 14y* + 210y + 79)/81 for y > 8.
Then for all t > 2 the line bundle L[t] is not secant defective.

3
4
5
6

Note that Lemma [2.3] is much more than the case of a multiprojective space,
since (Y, L) is any secant non-defective pair (with mild numerical conditions only
related to the integers dim Y and h°(Y, £)).

Let M be an integral projective variety, D C M an effective divisor and Z C M
a zero-dimensional scheme. The residual scheme Resp(Z) of Z with respected to
D is the zero-dimensional subscheme of M with Z; : Zp as its ideal sheaf. We
have Resp(Z) C Z and deg(Z) = deg(Z N D) + deg(Resp(Z)). Fix p € Myeg. If
P € Dyeg, then DN (2p, M) = (2p, D) and Resp((2p, M)) = {p}. If p ¢ D, then
Resp(2p, M)) = (2p, M). For any line bundle R the following sequence

(2) 0 — TResp(2) ®R(=D) — 17 ®R — Iznp,p @ Rp — 0

is exact.
We often use the following Differential Horace Lemma ([8 @] [11]).

Lemma 2.4. ([8 9, [II]) Let M be an integral projective variety, D C M and
irreducible effective Cartier divisor, R a line bundle on M and Z C M a zero-
dimensional scheme. Fix a positive integer e. Let A C X be a general union
of e double points of M. Let S C Dyeg be a general subset of cardinality e. To
prove that h*(M,Zzu,4 @ R) = 0 (resp. h%(M,Zz,4 ® R) = 0) it is sufficient to
prove b (D, Ziwrpyus @ Rip) = 0 and b (M, Tes,, (2yu(25,0) @ R(=D)) = 0 (resp.
hO(DaI(WmD)us ® R\D) =0 and h°(M, TResp(2)u(28,D) @ R(=D)) =0).

Remark 2.5. Let Z C W be zero-dimensional subschemes of the projective variety

M and R a line bundle on M. Obviously, h°(M,Z; ® R) > h°(M,Zy @ R).
Now assume h®(Zy @ R) = h°(R) — deg(W) (resp. h'(M,Zy ® R) = 0). Since
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dim W = 0, we have h'(W,Zzw ® Rjw) = 0. Thus the long cohomology exact
sequence of the ideal sequence of Z in W gives h°(M,Zz ® R) = h®(R) — deg(2)
(resp. h'(M,Zz @ R) = 0).

Lemma 2.6. Let M be an integral projective variety, e € N, D C M an integral
Cartier divisor of M, W C M a zero-dimensional scheme and S C M a general
subset of D with #S = e. Assume h°(M, Ty ® R) = h°(M,R) — deg(W).

(a) We have h®(M,Iwyus @ R) = h°(M,R) — deg(W) — e if and only if
hO(M; IResD(W) ®R(7D)) < hO(M7 R) - deg(W) — ¢

(b) We have h°(M, Ty s ® R) = 0 if and only if h°(M,Zw @ R) < e and
h°(M,R(—D)) = 0.

Proof. We first prove part (a).

Obviously, h°(M, Zyus ® R) > h9(M,R) — deg(W) — e. The lemma is trivial if
e = 0. Thus we may assume e > 0 and that the lemma is true for a smaller number
of general points of D. Fix p € S and set A := S\ {p}. By the inductive assumption
hO(M,Twua @ R) = hO(M,R) — deg(W) — e + 1. Assume h°(M,Zyyus @ R) >
hO(M,R) — deg(W) — e and hence h°(M,Zwyus ® R) = h°(M,Zywua @ R). Note
that Resp(W U A) = Resp(A). Since p is general in D, we get that D is contained
in the base locus of H°(M,Tyyua ® R) and hence h®(M,R) — deg(W) —e+1 =
RO(M,Zwua @ R) = h(M, Ipes, (w) ® R(—D)), a contradiction. The proof also
give the (never used) “only if” part.

Part (b) follows from part (a) taking ¢’ := h°(M,R) — deg(W) —e and S’ C S
such that #5’ = ¢'. O

Remark 2.7. Let Y be a projective variety. Set X := Y x P™, m > 1. Let
py : X — Y and ps : X — P™ denote the projections. For any line bundle £ on
Y and any t € Z set L[t] := p} (L) @ p5(Opn (t)). The map (L£,t) — L[t] induces an
isomorphism between Pic(Y) x Z and Pic(X). Now assume ¢ > 0. The Kiinneth
formula gives h°(X, L[t]) = hO(Y,£)("") and h'(X, L[t]) = KXY, L)(™F"). We
will always use (Y, £) such that h*(£) = 0. If £ is spanned, then L][t] is spanned. If
L is very ample and ¢ > 0, then L[t] is very ample. Let Z C X be a zero-dimensional
scheme. Let py (Z) denote the scheme-theoretic image of Z. For instance, if Z is a
double point of X, then py (Z) is a double point of Y. The definition of £]0] gives
h(Zz @ L[0]) = h(Y, L,y (z) ® L).

3. PRELIMINARIES ON THE MULTIPROJECTIVE SPACES

Take X :=P™ x .-« x P k > 2 n; >0 for all 5. Let m; : X — P™ denote
the i-th projection. Set Y := P" x ... x P™-1. Note that X =Y x P". Let
my : X — Y denote the projection.

For all (ay,...,ax) € ZF set Ox(ay,...,a;) = @F_ 75 (Opni(a;)). Every line
bundle on X is isomorphic to some Ox (a1, ...,ax). The line bundle Ox (ay,...,ax)
is globally generated if and only if a; > 0 for all 5. Assume a; > 0 for all ¢ The
Kiinneth formula gives h%(Ox (ay, . . ., ax)) = [1r, ("L;:“l) and h'(Ox(ay,...,a;)) =
0. The line bundle Ox(ds,...,dy) is very ample if and only if d; > 0 for all 4.

We write v or vq, .. 4, for the embedding of X in P", r := —1+ Hle (ke

for the embedding induced by |Ox(ds,...,d;)| (the Segre-Veronese embeddiné of
X of multidegree (dy,...,d)).
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Set ex := (a1, ...,a) € N¥ with a; = 0 for i < k and ap = 1. Fix H € |Ox/(e1)|.
The variety H is a divisor of X and H =Y x P™ 1. Note that Vg is the Segre-
Veronese embedding of H of multidegree (dy,...,dg). If n, =1, then H =Y x {p}
for some p € P*.

For a fixed multidegree (di,...,dy) and all (a,b) € N? let o, (X, H) denote the
join of a copies of v(X) and b copies of v(H).

Lemma 3.1. Assume o > n. Let B C H be a general union of n — 1 double points
of H. Then h'(H,Zp g ® L[1]) = 0.

Proof. Since deg(B) = n(n — 1) and h%(H, L[1]|g) = no > n?, it is sufficient to
prove that h'(H,Zp g ® L[1]j) = 0. If m =1 the result is true, because (Y, L) is
not secant defective. Thus we may assume m > 1 and use induction on m. Take
H; € |Og(ek)|, specialize one connected component of B to a double point of H
with reduction contained in H; and apply the residual exact sequence of H; C H,

the inductive assumption on m and that h'(Z, ® R) = 0 for every spanned line
bundle R on X. (]

Remark 3.2. Take H € |Ox(ex)|. The group Gy := GL(n1+1)x---xGL(ny) acts
transitively on H. For each (ay, ..., ax) € N¥ the vector space H*(H, Og(ay,. .., ar))
is an irreducible Gi-representation. The inclusion H C X induces an inclusion
of GL(ny) into GL(nj + 1). This inclusion induces an injective map from G to
G :=GL(n1+1)x---xGL(n,+1) and we use this injective map to see G as a sub-
group of Gy. Now assume a; > 0 for all i. The surjection H*(Ox/(a1,...,ax)) —
HY(H,Opn(ay,...,ax)) allows as to see vy, .. a1 (H) as asubvariety of v, 4, (X) C
P(H°(Ox (a1, ---,ar)). Since G is reductive, the G-module H(Ox (a1, ...,ax)) is
a direct sum of irreducible G-representations. The restriction of the GL(ny + 1)-
representation H?(Opny. (a;)) to GL(ny) is the direct sum of ay + 1 representations
isomorphic to the GL(ng)-representation H?(Opn,-1(c)) , 0 < ¢ < ay (use the
expansion of a homogeneous polynomial with respect to the last variable or use
Pieri’s formula ([I9, p. 80]). Thus H°(H, O (ai,...,ax)) splits as a direct sum of
ap, + 1 irreducible G-representations H°(H, Og(ay,...,c)), 0 < ¢ < a. Since these
ar, + 1 irreducible representations are pairwise not isomorphic, H°(Ox (a1, ..., ax))
has only finitely many G1-subrepresentations and each of these Gi-invariant linear
subspaces is equal (not just isomorphic) to a sum of some of these representations
and the sum is a direct one.

Proposition 3.3. Assume o > n. Fiz a positive integer t and (a,b) € N? such
that b <n —1. Let Z C X be a general union of a double points of X and b double
points of H. Then h°(Iz ® L[t]) < max{0, (" ")a — (n+1)a — nb+ n(n/2 + 1)}.

Proof. Let v be the Segre-Veronese embedding of X induced by |L[t]|. Since v(X)
is homogeneous and non-degenerate, no proper secant variety of v(X) is a cone.
Set W := o,(H) C |L[t]]V with the convention W = @) if b = 0. Since b < n, Lemma
[3:1) gives w := dim W = bn — 1. Apply the Terracini Lemma and the last part of
Theorem 211 (I

Remark 3.4. Fix the integer n —m and then take m > 0. The assumption a > n
made in Proposition [3.3]is not satisfied.

Lemma 3.5. Let W C X be multiprojective spaces with X depending on k fac-
tors. Fiz (ay,...,a;) € N. Then the restriction map p : H°(Ox(a1,...,a)) —
HO(W, Ow(ay,...,a)) is surjective.
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Proof. Note that Ow (ay, ..., ax) is well-defined as the restriction of Ox (aq, ..., ax)
to W. By induction on the integer dim X — dim W we reduce to the case dimW =
dim X — 1. Thus there is ¢ € {1,...,k} such that W € |Ox(e;)|. Since a; —1 >
—1, the Kiinneth formula gives h'(Ox/(ay,...,ax) —&;)) = 0. The defining exact
sequence of W as divisors of X gives that p is surjective. O

Corollary 3.6. Assume o > n and 0 < b < n — 1. The join o,,(X,H) has
dimension (n + 1)a +nb—1 (resp. v = =1+ (m + 1)a) with respect to L[1] if
(n+la+nb—1<(m+1a—n(n+1)/2 (resp. (n+1)a+nb>a+nn+1)/2).

Proof. Since b < n — 1, we may apply Lemma [3.1] and Proposition [

4. PROOF OF THEOREM [I.4] AND RELATED RESULTS

In this section we prove Theorem [I.4] by induction on ¢. First we prove the case
t = 2 (Theorem , then the case t = 3 using the proved case t = 2 (Theorem
and then the cases t > 4 by induction on t.

Set m :=ny, and fix H € |Ox/(gg)|- Note that H Y x P~ 1,

Theorem 4.1. Assume o > 2n?, n > m+2 and eitherm = 1 or (m+1)(2m—1)a >
n%(n+3). If m > n/2 assume (1)). Then L[2] is not secant defective.

Proof. The case m = 1 is true by [13].

Thus we may assume m > 1. In step (c) we will prove that we may omit the
assumption (1)) if m <n/2.

Set u:= | ("F)a/(n+1)], ur == ("I a— (n+1)u, and v == [ (") e/ (n+1)].
Let Z C X (resp. W C X) be a general union of u (resp. v) double points of X.
By Remark to prove the theorem it is sufficient to prove that h'(Zz @ L[2]) = 0
and h°(Zw @ L[2]) = 0. Set e := | ("] ")a/n)] and e; := ("]*)a — ne. We have
0<e1 <n-—1.

(a) In this step we prove that h'(Zz®L[2]) = 0. Let Z’ C X be a general union
of u—e —e; double points of X. Take a general (S,S5’) C H x H such that #S =e
and #5” = e;. By the inductive assumption on m we have h'(H,Zz» g @ L[2] ) =
0, where Z" is a general union of e double points of H. Thus k' (H,Zz» y®L[2] o) =
e1. Since S’ is general in H, h'(H,Zzny s ®L[2]jg) = 0,1 = 0,1. We specialize e
of the connected components of Z to double points of X with a different point of S
as their reduction. By the Differential Horace Lemma (Lemma to prove that
h'(Zz ® L[2]) = 0 it is sufficient to prove that h'(Zzysus/,my ® L[1]) = 0. Since
(n+1)u < h%(L[2]), we have deg(Z'USU(2S’, H)) < h°(L[1]). The generality of Z
gives Z'NH = (. Since S’ is general in H, to prove that h' (Zzisu(esr,m) @ L[1]) =
0 it is sufficient to prove that hl(IZ/U(QS/’H) ® L[1]) = 0 and h°(Zz ® L[0]) <
hO(L[1]) — deg(Z’) — deg(S) — deg((25", H)) = (m + 1)a — deg(Z') — e — ney + uy
(Lemma [2.6).

(al) In this step we prove that h'(Zz/ s/ 1y @ L£[1]) = 0. By Proposition
and the inequality e; < n—1, it is sufficient to prove that (n+1)(u—e—e1)+ne; §
(m+1)a—n(n+1)/2, ie. n—|—1) —(n+1l)e—e; < (m+1)a—n(n+1)/2. Since e =
((mgl)a—el)/n and (n+1)u < (m;2)o¢ we have (n+1)u—(n+1)e—e; < (m+2)
(n+1)(m;1)a/nfel/n. Hence (n+1)u—(n+1)e—e; < ( ;2) n+1)(m;1)a/n.
We have (m+2)n—(n+1)m = 2n—m and (m+1)(2n—m)—1 = 2nm—m? —2n—
m — 1. We have u; > 0 and (m;2)o¢ —(n+ 1)(7”;1)04/71 =(m+1)(2m — 1)a/2n.
Thus (n+ u—(n+ e—e; — (m+ a < (m+ 1)(2m — 1)a/2n. Hence it it
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sufficient to assume (m + 1)(2m — 1)a > n?(n + 1). In step (bl) we will need the
stronger inequality (m + 1)(2m — 1)a > n?(n + 3).

(a2) Here we prove that h®(Zz @ L£[0]) < (m + 1)a — deg(Z’) — e — ne;. We
have deg(Z’) + e + ney = (n+ 1)u — ne — e; with ne +e; = (" a, (n+ u =
(m;Q)a —uy and 0 < uy < n. Thus h°(L[1]) — deg(Z’) — deg(S) — deg((25’, H)) =
u; > 0. Hence it is sufficient to prove that h%(Zz ® L[0]) < uy. Since £ is not
defective and 7y (Z’) is a general union of u — e — e; double points of Y, we have
h%(Zz @ L£[0]) = max{0,a — (n —m+1)(u — e — e1)}. Thus we need to prove that
a>n-m+1)(u—e—e;)—uy = —u1+(n—m+Lu—(n—m+1)e—(n—m+1)e;.
We have u = ("f?)a/(n + 1) —ui/(n + 1) and e = ("J")a/n — e;/n. Thus
—up+n—m+Lu—(n—m+1le—(n—m+1)eg = —ug —&—(n—m—l)((mjz)a—
w)/(n+1) — (n—m+1)(("F)a —e)/n— (n —m+ 1)e;. Since u; > 0 and
(n—=m+1)/(n+1) > 0, it is sufficient to prove that (n—m — 1)((m;2)a—u1)/(n—|—
H—(n—m+ 1)((7";1)04 —e1)/n—(n—m+ 1)e; < a. Since e; < n — 1, we have
(n—m+1)e;—(n—m+1)e;/n = e (n—m+1)(n—1)/n < (n—m+1)(n—1)%/n. We
have (m+2)n—(n+1)m = 2n—m and (m+1)(2n—m)—1 = 2nm—m?—2n—m—1.
Thus it is sufficient to assume ().

(b) In this step we prove that h%(Zy @ L[2]) = 0. Let W’ C X be a general
union of v—e—ey double points of X. We take (.5,S") as in step (a). Thus we reduce
the proof that h%(Zy @ L[2]) = 0 to the proof that h%(Zyysues r) ® L[1]) = 0.
Since S is general in H, it is sufficient to prove that h° (Zwrus,my ® L[1]) < e and
that 7°(Zy» ® L£[0]) = 0 (Lemma [2.6).

(b1) We first check that h%(Zy 1257, 1y ®L[1]) < e. Instep (al) we proved that
W (Zz0sues 1) ® L[1]) = 0 and hence h(Zz 25, m) @ L[1]) = e+up <e+n+1.
Thus it is sufficient to prove that hl(IW/U(QS’H) ® L[1]) = 0. We adapt step (al)
with v € {u,u + 1}. If v = w, i.e. if uy = 0, then we proved it in step (al). Now

assume u; > 0. We have (n + 1)v = (m+2)a +n+1—u withn+1-—u <n.
m+2) m+2
2 2

2
Thus it is sufficient to use ( o + n instead of (
assume (m + 1)(2m — 1)a > n?(n + 3).

(b2) Now we prove that h(Zy» ® L£[0]) = 0. Since £ is not defective and
7y (W) is a general union of v—e—e; double points of Y, we have h°(Zy @ L[0]) =
max{0, a—(n—m+1)(v—e—ey)}. Thus we need to prove that (n—m+1)(v—e—ey) >
a. We have ne+e; = (™) ")a and hence (n—m+1)v—(n—m+1)e—(n—m+1)e; >
(n—m+1)(m2+2)a/(n+1)—(n—m—l— 1)(m;r1)a/n—(n—m+1)61+(n—m—|—1)61/n.
We have v = ((m2+2)oz +(n+1—wu1))/(n+1)and e= ((mgl)a —e1)/n. We have
m—m+1)(n+1—-uy)/(n+1)>0. Since e; <n — 1, we have (n —m + 1)e; —
(n—m+1ei/n=er(n—m+1)(n—1)/n < (n—m+1)(n—1)?/n. We have
(m+2n—(n+1)m=2n—mand (m+1)2n—m)—1=2nm—m? —2n—m—1.
Hence it is sufficient to assume the inequality .

(¢) Now assume m < n/2. For fixed n and « call f(m) the difference between
the left hand side and the right hand side of (I). We have f/(z) = 2nz—2z—1>0
for all n/2 < z < n. Thus it is sufficient to prove that f(n/2) > 0, i.e. (3n?/4 —
3n/2 — 1)a > 2(n + 1)(n — 1)2, which is true by the assumption a > 2n? and the
inequality n > m + 2 > 4. O

)a. Hence it is sufficient to

Lemma 4.2. Assume a > 2n%, n>m+2 >4 and (m+1)(2m —1)a > n?(n+3).
If m > n/2, assume (). Set u := L(m;3)a/(n +1)|, e:= L("L;2)a/(n +1)| and
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e := (m;rz)a—(n—kl)e. Let 7' C X be a general union of u—e—ey double points of
X. Take a general S C H such that #S’ = ge1. Then h'(Zz,08 1) ® L[2]) = 0.

Proof. Set uj := (m;?’)a— (n+1)u. Thus 0 < uy < n. Since ne+e; = (m;r2)oz, we
have deg(Z’)+deg((25", H)) = h°(L[2]) —e—us < h%(L[2])—e. Set ¢ := | (") a/n]
and ¢ := (mgl)a — nc. Since e; < n — 1, the assumption of « gives ¢ > e;. We
specialize Z' to a general union of u — e — ¢ double points and e — c¢; double points of
X with reduction contained in H. To prove the lemma using part (a) of the proof
of Theorem it is sufficient to prove that e > e; +¢;. We have e; +¢; < 2n — 2.
By the definition of e, it is sufficient to prove that n + (n + 1)(2n —2) < ("?)a,
an obvious inequality for m > 2 by the assumption o > 2n2. (]

Theorem 4.3. Assume o > 2n?, n > m+2 and eitherm = 1 or (m+1)(2m—1)a >
n*(n+3). If m > n/2 assume (). Then L[3] is not secant defective.

Proof. The case m = 1 is true by [I3]. Thus we may assume m > 1 and use
induction on m. Set u := L(m;‘?’)a/(n—l—l)J and v := [(m;'?’)a/(n—l—lﬂ. Let Z C X
(resp. W C X)) be a general union of u (resp. v) double points of X. To prove the
theorem it is sufficient to prove that h'(Zz ® £[3]) = 0 and h°(Zy ® L[3]) = 0. Set
e:= L(m;2)oz/nj and e] = (m2+2)oz —ne. Wehave 0 <e; <n—1.

(a) In this step we prove that h'(Zz®L[3]) = 0. Let Z’ C X be a general union
of u—e —e; double points of X. Take a general (S,S5’) C H x H such that #S =e
and #S’ = e;. By the inductive assumption we have h'(H,Zz» gy @ L[3]|z) =0,
where Z” is a general union of e double points of H. Thus h'(H,Zz» g ® L[3]|x) =
e1. Since S” is general in H, h'(H,Zznys 1 @ L[3]jg) = 0, i = 0,1. We specialize e
of the connected components of Z to double points of X with a different point of .S
as their reduction. By the Differential Horace Lemma (Lemma to prove that
h'(Zz ® L[3]) = 0 it is sufficient to prove that k' (Zz/su2s/, 1) @ L]2]) = 0. Since
(n+1)u < h%(L[3]) and ne+e; = (mgz)a, we have deg(Z'USU(25’, H)) < h°(L[2]).
The generality of Z’ gives Z’ N H = (). Since S’ is general in H, to prove that
hl(IZ/UsU(QS/’H) ® L[2]) = 0 it is sufficient to prove that hl(IZ/U(QS/’H) ®L[2])=0
and h(Zz ® L[1]) < hO(L[2]) — deg(Z’) — deg(S) — deg((25’, H)) (Lemma [2.6).
Lemma gives W' (Zzu280, 1) ® L[2]) = 0.

Now we prove that h%(Zz @ L[1]) < h°(L[2]) —deg(Z') —deg(S) —deg((25’, H)).
We have h?(L[2]) — deg(Z') — deg(S) — deg((2S5’, H)) = uy > 0.

Recall that #S = e and deg((25’,H)) = ne;. Since ne +e; = (mé"l)a and
(n+1u < (m;'?’)a, we have (7”;'2)04 — deg(Z') > e + ney. By Proposition E to
get h%(Zz @ L[1]) = 0 it is sufficient to prove the inequality (n + 1)(u —e —e1) >
(m+1Da+n(n+1)/2.

We have (n + 1)u > (7”;3)01 —n. We have ne +e; = (mg'Q)a and hence (n +
1)(e+er) = (n+1)(m;2)a/n—|—nel. Thus (n+1)(e+e1) = (n+ 1)(m;'2)a/n+nel.
Since e; <n—1, we get (n+1)(u—e—e1) > ("F)a— (n+1)(" ) a/n—n?+n.

We have n(m+3) — (n+1)m = 3n —m and hence (m;rg)a —(n+ 1)(m3+2)oz/n =
(3n —m)(m + 2)(m + 1)a/6n. Since (3n —m)(m + 2) — 6n = 3nm — m? — 2m, we
have (2n —m —1)(m + 2)(m + )a — 6n(m+ 1)a = a(m + 1)m(3n — m — 2). We
have n? —n +n(n+1)/2 =n(2n — 1)/2. Thus it is sufficient to have

(3) m(m +1)(3n —m — 2)a > 3n%(3n — 1)
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Since n > m + 2 and a > 2n?, is satisfied if m > 3. Now assume m = 2.
In this case is the inequality 2(3n — 4)a > 3n2(3n — 1), which is true by the
assumptions a > 2n2 and n > 4.

(b) Now we prove that h®(Zy ® L[3]) = 0. Since Z = W if u; = 0, we may
assume W # Z and hence deg(W) = (n 4+ 1) — uy + (m;r‘g)a > 1+ (m;‘g)a. Let
W’ C X be a general union of v — e — e; double points of X. As in step (a) take a
general (5,S5") C H x H such that #S = e and #5’ = e;. As in step (a) by Lemma
to conclude the proof it is sufficient to prove that h°(Zy s m) @ L[2]) < e
and that h°(Zy» @ L[1]) =0

Lemma gives hl(IZ/U(2517H) ® [:[2]) =0 and hence hO(IZ’U(2S’,H) &® ,C[Q]) =
e+ uy. The same proof (or step (b1) of the proof of Theorem [4.1)) with W’ instead
of A gives hO(IW/U(QS/’H) X £[2]) S €

Now we prove that h%(Zy @ L[1]) < hO(L[2]) —deg(W') —deg(S) —deg((25’, H)).
We have h°(L[2]) — deg(Z’) — deg(W’) — deg((25’',H)) =n + 1 —u; > 1. In step
(a) we proved that h°(Zz ® L[1]) = 0 and hence h°(Zy @ L[1]) = 0. O

Proof of Theorem[I1.]} The case m = 1 is true by [I3]. Thus we assume m > 1 and
use induction on m.

We also use induction on ¢. The case t = 2 is true by Theorem 4.1} The case
t = 3 is true by Theorem 4.3 Thus we may assume ¢ > 3 and that L',[t — 1] and
L[t — 2] are not secant defectlve.

Set u = [(""™a/(n+1)], uy :== ("M)a— (n+1)uand v:= [("")a/(n+1)].
Let Z C X (resp. W C X) be a general union of u (resp. v) double points of X. By
Remark [2.5] it is sufficient to prove that h'(Zz @ L[t]) = 0 and h°(Zy @ L[t]) =
Set e := L("H't 1)a/nJ and e; := (mrjil)a —ne. We have 0 < e¢; < n. Take a
general (S,5") C H x H such that #S5 = e and #5’ = e;.

(a) In this step we prove that h'(Zz ® L[t]) = 0. Let Z’ C X be a general
union of u — e — ey double points of X. By the inductive assumption on m we have
hY(H,Zz» g®L[t)m) = 0, where Z" is a general union of e double points of H. Thus
h'(H,Zzv g @ L[t)|g) = e1. Since S’ is general in H, h*(H,Izrus 5 @ L[] g) = 0,
i = 0,1. We specialize e of the connected components of Z to double points
of X with a different point of S as their reduction. By the Differential Horace
Lemma (Lemma to prove that h'(Z; @ L[t]) = 0 it is sufficient to prove that
W Lz 0s0es 1) @L[E—1]) = 0. Since (n+1)u < h°(L[t]) and ne+e; = (m;;:l)a,
we have deg(Z'USU(2S’, H)) < h%(L[t—1]). The generality of Z’ gives Z'NH = ().
Since S’ is general in H, to prove that h'(Zzusues,my @ L[t —1]) = 0 it is
sufficient to prove that h'(Zzyes m @ L[t —1]) = 0 and h°(Zz @ L[t —2]) <
RO(L[t — 1]) — deg(Z’) — deg(S) — deg((25’, H)) (Lemmal2.6). Since e; < n—1 and
e> (") /n— 1, we have e > ¢;.

(al) Here we check that h°(Zz @ L[t —2]) < h°(L[t —1]) — deg(Z’) — deg(S) —
deg((25', H)). Since (n+1)u < (") and ne+e; = (™1 11)a we have h?(L[t —
1]) —deg(Z’) — deg(S) — deg((25’, H)) > 0. Since L[t — 2] is not secant defective, to
prove that h%(Zz @ L[t —2]) = 0 it is sufficient to prove that (n+1)(u —e —e;) >
("T2)a. We have (n+1)u > (" )a—nand (n+1)(e+er) = et+ner + ("1 11)a.

m

Thus (n+ 1) (u—e—e1) > —n+ ("' Na —e —ne; with e < (" Na/n and
(" e = (T a/n 4 n?.

e1 < n— 1. Thus it is sufficient to prove that
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We have (™) — (M) o= (M 1)[t/m —1/n]. Since t > 3, m > 2 and
n > m + 2, it is sufficient to use that a > n?
(a2) Here we prove that k' (Zz/(2s, )®£[t— 1) = 0. Set ¢:= [("™*)a/n]

m—1
and ¢; = (mgf_lz)a ne. Since (m+t 2)a >n(n—1) and e; < n—1, we have ¢ > e;.
Let Z" C X be a general union of u — e — ¢ double points of X. Let S” C H be a
general subset of H with cardinality ¢ —e;. Set Z; := Z"” U28"” U (25’, H). By the
semicontinuity theorem for cohomology to prove that h'(Zz:as:, m@L[t—1]) = 01t
is sufficient to prove that h'(Zz, @ L[t—1]) = 0. We have Resy (Z;) = Z""US". Since
ne < ("?1':2)04 and L[t — 1]y is not secant defective, h'(H,Zz,nn @ L[t—1]x) = 0.
Hence it is sufficient to prove that h!(Zz»,s»@L[t—2]) = 0. We have deg(Z"US") =
deg(Z)— (m;le)a— (mJ:Q)oz—e—&—cl. Since ¢; < n—1 < e, we have deg(Z"US") <
hO(L[t—2]). Since L[t—2] is not secant defective, we have h!(Zz» ® L[t—2]) = 0 and
h9(Zz» @ L]t —2]) > c. By Lemma to conclude the proof that h'(Zz @ L[t]) =
it is sufficient to prove that h%(Zz» @ L[t —3]) < ("'7") —deg(Z") — c. We proved
that the right hand side of the last inequality (to be proved) is > 0. We have
deg(Z") = (m";fl_Q)a —u1 — e —c. Assume for the moment ¢ > 5, so that L[t — 3] is
not defective. In this case either h®(Zz» @ L[t — 3]) = 0 or h'(Zzn[t — 3]) = 0 and
hence h®(Zz» @ L[t — 3]) = (mﬁf?’)a — deg(Z"). In the latter case it is sufficient
to use that (" 13)a > ¢, because m +t — 2 < n(t —2) and nc < (mgif)

Now assume ¢t = 4. Since h'(Zz» @ L[2]) = 0, we have h®(Zz» @ L[2]) =
(m;r2)a —deg(Z"). By Proposition |3.3|we have h(Zz» ® L[1]) < max{0, (m+1)a—
deg(Z") +n(n+1)/2}. Thus to conclude the step proving that h°(Zz» ® L[1]) =0
it is sufficient to prove that ("F*)a > (m+ Da+c+n(n+1)/2, ie. ("f)a >
c+n(n+1)/2. We have ¢ < (m;r2) /m. Thus it is sufficient to prove the inequality
n("Ma > ("F?)a+n?(n+1)/2. This inequality is true for m = 2, because n > 4.
We claim that for m > 3 the inequality is true by induction on m with n and «
fixed. Indeed, n("}?) —n(";") = n(m + 1), while (m;?’) - (7”;'2) = ("F?).

(b) In this step we prove that h°(Zw @ L[t]) = 0. If uy = 0, ie. if u = v,
this is true by step (a), because h®(Zz ® L[t]) = h'(Zz @ L[t]) if uy = 0. Thus
we may assume u; > 0. Set v; ;= n+1—u;. Let W C X be a general union
of v — e — e; double points of X. By the inductive assumption on m we have
hY(H,Zz» g®L[t)m) = 0, where Z" is a general union of e double points of H. Thus
h'Y(H,Zzv g @ L[] ) = e1. Since S” is general in H, h'(H,Zzryus 1 ® L]t]|g) =0,
i =0,1. We specialize e of the connected components of W to double points of X
with a different point of S as their reduction. By the Differential Horace Lemma
to prove that h°(Zy @ L[t]) = 0 it is sufficient to prove that h°(Zw ysu(es: i) @
L[t —1]) =0. Since (n+1)v > ("o and W NH =0, Lemmashows that to
prove step (b) it is sufficient to prove that h°(Zy(as,m) @ L[t — 1]) < e and that
hO(IW/ X E[t — 2]) =0.

(b1) Since L[t —2] is not secant defective, to prove that h®(Zy @ L[t —2]) =0
it is sufficient to check that deg(W’) > (mtffz)oz Since e < n — 1 and ne =

(Mt a—ey, we have (n+1)(e+e1) = (n4+1) (") (n+1)/n+ e (n? 71)/n<

m

(n+ 1)(m+t 1)/n + (n? = 1)(n — 1)/n. Since (n + 1)v > (m+t+m)a to prove that
KO (Zw @ L[t — 2])) = 0 it is sufficient to check that n (™) a — (n+1)("+ " a >

m—1
(n? —1)(n — 1). By our assumption on « it is sufficient to prove that c(n,m) :=

n(mnjt) —(n+ 1)(mniri;1) > 2. We have ¢(n,2) =n(t+2)(t+1)/2— (n+ 1)(t +
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1) > 2, because t > 4. Now assume m > 2 and that c¢(n,m — 1) > 2. We
have d(n,m) := c¢(n,m) — c(n,m — 1) = n(™"'71) — (n + 1)(™7?). We have
mld(n,m) =7 (m+t —1—d)[n(m+t—1) = (n+1)m] > 0.

(b2) Here we check that h®(Zyy2s,m) @ L[t — 1]) < e. In step (a2) we proved
that hl(IZ/U(QS’H) X C[t — 1]) = 07 1.e. hO(IZ/U(QS’H) ® ﬁ[t — 1]) = U1 + €, Wthh
is not enough to conclude, unless u; is very low. Since n+1 > n+ 1 — uq, it is
sufficient to prove that hl(IW/U(QS/,H) ® L[t —1]) = 0. We take ¢ and S” as in step
(a2). We have ¢ > e3. Let W” C X be a general union of v — e — ¢ double points
of X. We specialize ¢ — e; of the connected components of W’ to different points
of §’. Since L[t — 1]y is not defective, a residual exact sequence shows that it is
sufficient to prove that h'(Zyysr @ L[t —2]) = 0.

Observation 1: As in step (a2) we see that deg(W") +c—e; = (mfifz)a +
v1 + ¢ —e. Since e > 2n — 1, we get deg(W" U S") < (m-:i_2)oz

By Lemma to conclude the proof of the theorem it is sufficient to prove that
R (Zwn @ L[t—2]) = 0 and that A% (Zy» @ L[t—3]) < (") a—deg(W") —(c—e1).

Since L[t—2] is not secant defective, Observation 1 gives h!(Zy»®@L[t—2]) = 0. If
t > 5, L[t—3] is not secant defective. Thus h®(Zy» @ L[t —3]) = max{0, (" ")a—
deg(W")} and we saw that ¢ —e; < ("' 7*)a — ("%

Now assume ¢t = 4. We proved in step (a2) that h°(Zz» @ L£[1]) = 0. Hence
RO (Zwr ® L]1]) = 0. O

5. PROOFS OF THEOREMS [[.1] AND [[.3] AND COROLLARY
Proof of Theorem[I.3: The theorem is a particular case of Theorem O

Proof of Theorem[I.1: We set m := ny and n := nj + -+ + ny. By [20] we may
assume k > 3 and hence m < n/k. It is sufficient to prove that the assumptions of
Theorem are satisfied. In steps (a) and (b) we assume m > 1.

(a) Assume k = 3. We have o = (dl:[l”l) (d2:2"2). Thus « is an increasing
function of d; and dy. Thus it is sufficient to check the case di = dy = 3. First
assume n; = ng = ng and hence n = 3m and a = (m + 3)*(m + 2)%(m + 1)2/36.
We have 2n? = 18m3. If m > 6 we have (m + 3)?(m + 2) > 36 - 18 and hence
a > 2n% If m = 5 we have a = 562 > 2250 = 18m3. If m = 4 we have
a =352 > 18-64. If m = 3 we have a = 400 > 2 -81. For m = 2 we have
a =100 > 2-62. We have n?(n+3) = 27(m + 1)m? and hence (m+1)(2m —1)a >
n?(n + 3) for all m > 2. Now assume again (dy, d2) = (3, 3), but we allow the case
ny > n3. We write a(ng,ns) instead of a and of course n = ny + ng + m. We
have a(ny + 1,n2)/a(ny,na) = ("1;4)/("1”) = +4)/n =1+ nil. We have
2(ny 4+ 1+ ny +m)?/2(ny +ng +m) = (1 + -—5—-)% < 14 7. In the same way
we see that passing from (nq,ng, m) to (n1,n2+ 1, m) only improve that inequality.
Now we fix m and consider the inequality

(4) (m+1)(2m — D > (ng +ng +m)*(ny +ng +m +3).

For a fixed m call a(n1,n2) (resp. b(ni,ng)) the left hand side (resp. the right
hand side) of the inequality |44 We saw that a(n; + 1,n2)/(a(ny,n2) =1+ n%' We
have b(ny + 1,n2)/b(n1,n2) = (1 + n1+n2+m)2(1 + m+n21+m+3) <14 nil. In the
same way we see that a(ni,ng + 1)/a(ni,n2) > b(ny,ne + 1) /b(n1,ns), concluding

the proof of the case k = 3.
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(b) Assume k > 3. Since « is an increasing function of the variables dy, . . ., dg_1,
it is sufficient to do the case dy =ds =3 and d; =2 fori=3,...,k— 1.

First assume n; = m for all 4 and hence o = (mgs)Q(m;2)k_3
km and hence 2n? = 2k*2m?. For a fixed m we write a; instead of a. We
have 2(k + 1)?m?/2k?m? = (1 + £)?. We have aji1/op = (m;—2) > 3. Thus
we conclude by the case kK = 3 by induction on k. We also have (m + 1)(2m —
Dagsr/(m + 1)2m — Dog = (M%) > 3 > (14 £)*(+427)- Then we fix k
and, as in step (a) pass from the inequality for (nq,...,ng_1) to the inequality for
(my,...,mg_1) with m; > n; forall i and my +-+--+mg_1 =n1+--+np_1+1
with a(mq,...,mg—1)/a(ny,...,ng_1) =1+ n% fmi=n;+1for3<i<k-—1.
We have (ny+---+ng_1+m~+1)2/(ni+---ng_1+m)> = (1+ m)z(l-i-

m)Q < l—i—% and (n1+---—|—nk_1—|—m—|—1)2(nl+~--—|—nk—1 +m+

m) Since n; S (n1 + ng + nz)/3 for all ¢ > 2, if ¢ > 2 we have

1+ 7% > (1 + n1+”'+ilk—l+m)2(1 + n1+'--+ni_1+m+3>'

(c) Now assume m = 1. If n; = 1, then we quote [24]. Now assume n; > 2.
We have n > 4 and o > n%. Thus we may use [13], starting with the projective
space P™ x --- x P™  where ¢ is the maximal integer such that n; > 1, unless
ny = 1. If ny = 1, we use P"* x P! in bidegree (di,ds) to start the induction. [J

. We have n =

Proof of Corollary[I.5: We apply [26, Th. 1.5] to the Segre-Veronese embedding
X C P" of multidegree (dy,...,d) of P™ x --- x P* . We only need to check the
assumption “X not Gaussian defective” of [26, Th.1.5]. This check is obvious in all

interesting cases for linear algebra. In our case it is true, because X is not ruled by
lines ([22] p. 173]). O

6. RELATED OPEN PROBLEMS

Of course, if we can improve the numerology of the proof of Theorem then
more cases can be done. The key step would be to weaken the numerical assump-
tions in the statement of Theorem [.1] since the numerical inequalities to be checked
for the proof of Theorem [4.3| are weaker (we need the ones of Theorem because
we use L[2] in the proof of of Theorem [4.3)). It would also improve Theorem [1.3
Even easier is the inductive proof of Theorem for t > 5, with only small checks
for the case t = 4. This is of course old news, spelled out explicitly in [4] and
implicitly since the earlier papers by J. Alexander and A. Hirschowitz ([8} 9] 10} [11]
and earlier papers).

We want to stress some open possibilities of extensions.

(a) Take a homogeneous variety X, a very ample homogeneous line bundle R
on X and an integral effective divisor D such that all line bundles R(tD), t > 1, are
homogeneous. We do not require that D is G-homogenous for the same algebraic
group G such that X = G/P, because usually no such D exists, but we require
that R(¢tD) is G-homogeneous. Set n := dim X. Call j the embedding induced by
|R(D)|. Call o,4(X, D) CPH(R(D))V the join of a copies of j(X) and b copies of
J(D). If we know that o (X, D) has the expected dimensions for all 0 < b <n—1,
we apply Theorem to all 04,5(X, D) and then we are in the set-up of the use of
the Differential Horace Lemma for all R(tD), t > 2. Each (X,R) should require
different numerical assumptions.
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(b) Take X, R and D as in (a) with (X, R) homogenous with respect to an
algebraic group GG; and D homogeneous for a proper subgroup G C G; for which
we know the decomposition of HY(R(¢D)) into irreducible G-representations. We
tried to use it with D := H (Remark , but we got worst bounds on « to prove
that £]2] is not secant defective.

(¢) In the set-up of (a) consider for |R(¢D)| the dimensions of all joins of a
copies of the image of X and b copies of the images of D for all possible a and b. It is
easy in the step R(tD) = R((t 4+ 1)D) to increase both a and b. By the Terracini
Lemma we get the equivalence of this problem and the interpolation problem with
the union of a general double points of X and a general double points of D.

(d) Theorem is proved by induction on t, the key step being to prove the
case t = 2 using a far weaker statement for ¢ = 1 coming from Theorem [2:1] for
t = 1. To get the case ¢t = 3 it is sufficient to have a weaker statement for t = 2
(but far better than the one coming applying Theorem for ¢ = 2). And so on,
of course, if the result for ¢t = 2 is not sufficient to get for ¢ = 3 the non-defectivity
of all secant varieties.
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