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1 Introduction

Consider the following stochastic differential equation in L?(0, 27) (norm |-|,
inner product (-, -)),

dX = [} (Xge — X) — XP]dt +dW (t), X(0) ==z € L*(0,27), (L.1)

1
2

where € € [0,27], X is 2m—periodic and W () is a cylindrical Wiener process
(defined below) and X denotes the second derivative of X with respect to

€.

Denote by (ex)rez the complete orthonormal system of L?(0, 27),

er(§) = = ™, £e0,2n], ke Z

and define
W(t) = Bult)ex

keZ

where (B (t))kez is a family of standard Brownian motions mutually inde-
pendent in a filtered probability space (2, F, (F)i>0, P).
Let us write equation (1.1) in the following mild form

X(t) = ez — /Ot eHAXB(s) ds + Wu(t), (1.2)

where !

LH?2(0,27) is the usual Sobolev space.



Az = 5 (ree — ), € {ye H*0,2m): y(0) = y(2m), ye(0) = ye(27)}
and

Wa(t) = /0 () = 3 /0 LR () (13)

kEZ

It is easy to see that the stochastic convolution W4(t) is a Gaussian random
variable in L?(0, 27) with mean 0 and covariance operator

Cty=C(l—e), t>0
where

Notice that )

S — 6 s
1+ k2"
so that C(t) is a trace class operator. Moreover, one can see that the proba-
bility measure (on L*(0,27))

Cep = ke Z,

exp{—1 027r 2A(€) de }
v(dz) = p(dz), (1.4)

/ exp{—1 7"y ac} p(dy)
L2(0,27)

where p is the Gaussian measure with mean 0 and covariance operator C,
is the invariant measure of the Markov semigroup associated to the process
X(1).

It is not difficult to solve equation (1.2) by a fixed point argument, see
e.g. [14].

Try now to generalize this result to the two dimensional case by consid-
ering the equation

1

dX =
E

(A¢ — X) —Xﬂ dt +dW(t), X(0)==x (1.5)

in the space L?((0,27)?). Proceeding as before we consider the complete
orthonormal system (e )rezz in L?((0,2m)?),

en(€) = % €i<k,£)’ k= (ki k) € ZZ’ e [0,27r]2

and define
W(t) = Z ﬂk(t)ek,

keZ?
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where (B (t))gezz is a family of standard Brownian motions mutually inde-
pendent in (2, F, (Ft)i>0, P).

Again, we write equation (1.5) in mild form
t
X(t) =z — / eUDAX3(s) ds + Wu(t), (1.6)
0

where
Az =1 (Aex—x), ze{ye H*((0,2m)%) : y,ye,, e, periodic in &, &}

and

Wa(t) = /Ote(t_s)AdW(s) = Z /Ot ez (E=)A+E) 13, (s). (1.7)

keZ?

But n thlS case the operator
1 —1

is not of trace class. In other words the stochastic convolution Wy(t) is not
a well defined random variable with values in L?((0,27)?). One can easily
see that it is well defined and Gaussian in every Sobolev space H<((0, 2m)?)
with ¢ > 0; thus, it is natural to try to solve equation (1.6) in this space.
However, a problem will arise since the nonlinear term 2 is not well defined
in H~¢((0,2m)?) which is a distributional space.

For this reason the function 3 is replaced by the following one

= J\PE;O ([zn]* = 3p3an)
where
TN = Z (er, x)ey
Ik[<N
and
1/2
1 1
PN=on 2 1+ |k2
I <N

and the limit exists in L*(H, u) where H is a suitable extension of the space
H and p is a Gaussian measure of covariance C, see the section 3 below for
details. In this way we have changed the original problem with the following
one

dX = [1 (AeX — X)— X2 dt +dW(t), X(0) = . (1.8)

3



This is the so called renormalization procedure. This choice is physically
justified in quantum field theory and somebody believes that it is natural even
in other situations as: reaction diffusion and Ginzburg-Landau equations, see
e.g. [6].

In the past few years, some attention has been payed to the so called
stochastic quantization, see G. Parisi and Y.S. Wu [25], in order to compute

integrals of the form
| faywas)
H

where v is the invariant measure of (1.8) defined as (1.4), using the ergodic

theorem
JECECEE 1330?/ F(X

The renormalization has a long story, also in connection with the constructive
field theory in the euclidean framework, see J. Glimm-A. Jaffe [17], B. Simon
[27] and references therein.

In this paper we shall describe the renormalization of the power and
the Nelson estimate, following essentially the ideas in B. Simon [27]. We
shall proceed similarly as in [11], where we presented a reformulation of the
theory in the space H~1((0,27)?), but here we prefer to enlarge the space
L?((0,27)?%) introducing the product space

H - >< Rk, Rk = R,

kez?
identifying H with ¢*(Z?%) C (R?)*™ and setting
p= X Nz
kez?

where N4 y2)-1 represents the one-dimensional Gaussian measure with mean
0 and variance (14|k|?)~*. This is essentially equivalent to work in the space
of distributions, but it avoids for example the use of the Minlos theorem.

62 is devoted to adapt some basic results on Gaussian measures to the
product space H.

In §3 we shall define for every integer n the Wick product :¢™: with respect
to the Gaussian measure p. As shown here, this definition corresponds,
roughly speaking, to subtract to ¢" some divergent term.

In §4 we present the Nelson estimate which allows to define the measure

exp{— % ¢ty

v(dg) =
/HGXP{—§<L:¢4:>} pu(dy)

p(de), (1.9)
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In §5 we construct the Dirichlet form corresponding to v using ideas in
S. Albeverio-M. Rockner [4]. In that paper this result was used to find a
weak solution of (1.8) through the infinite dimensional generalization of the
Fukushima theory (see [15]), due to [3].

In §6 we solve the Kolmogorov equation in L'(H,v), corresponding to a
modified form of (1.8), namely

dX = —L CXdt — CF . X3 dt + C*2dW (#), (1.10)

where € > 0.

Finally, §7 is devoted to some generalization of the renormalization method
in higher dimension. We show in particular that the Wick product :¢*: can-
not be defined in dimension 3. A final remark is devoted to show that the
Kardar—Parisi model too cannot be treated in this framework.

We recall further results which will not be reviewed in this paper.

e Equation (1.10) with € > -% was solved in [20] by a suitable extension
of the Girsanov formula. For further interesting developments of this
theory the reader can look at [21]. Other contributions in this direction
can be found in [7] and [16].

e Existence of a martingale solution of (1.8), was proved in [23], [16].

e A construction of the measure v in infinite volume (instead of the box
[0,27]?) in dimension 2 can be found in Glimm-Jaffe [17], Simon [27]
and references therein.

e The method of renormalization in dimension 2 does not extend in a
straightforward way to dimension 3; a further subtraction of an infinite
term is needed, see [17] and [5].

Finally, we recall that existence and uniqueness of the strong solution
of equation (1.8) by a fixed point argument in suitable Besov spaces was
proved in [9] for equation (1.8) and in [8] for the 2-D Navier—Stokes equation,
see also [1], [2]. Notice that in the case of 2-D Navier—Stokes equation the
renormalized problem coincides with the original one; the renormalization
procedure is a useful tool for the proof.

2 Gaussian measures in product spaces

Let H = L*(O) (norm |-|, inner product (-, -)), where O is the square [0, 27]?.
We denote by (ex)rezz the complete orthonormal system of H

1 .
€k<§) = % €Z<k7§>7 5 € O: k= (kla k?) S ZQ?



where (k,£) = k1&1 + koo, and by Hy the linear (not closed) span of (e)pezz.
For any « € H we set

(z,e) =z, forallk € Z2

We shall identify H with the space ¢*(Z?) of all square summable sequences
(k)reze C R through the isomorphism

x € H v (z3)pez € (2(Z7).
A basic role in the construction of the Wick products will be played by the
following linear bounded operator in H,

Cep = ex, k€ Z2.

1+ |k|?
Notice that C' = (1—A)~! (where A is the realization of the Laplace operator
in L?(O) with periodic boundary conditions) and that Tr C' = 400, so that
C is not the covariance operator of a Gaussian measure in H. For this reason
we shall introduce a larger space ‘H, namely the product space,
H= X R, R,=R
kez?

and we shall consider H (identified with ¢*(Z?)) as a subspace of (R?)>*. We
shall denote by x,y, z, ... elements in H and by ¢,,(,... elements in H.

Next we define the Borel product measure g on H (endowed with the
product topology),

p= X N tik2)-1
kez?

where N(14|2)-1 represents the one-dimensional Gaussian measure with mean
0 and variance (1 + |k|*)~!. Notice that u(H °(0)) =1 for all € > 0, where
H¢(0) is the usual Sobolev space with negative exponent.

The following duality between Hy and H is important in what follows.
For any = € Hy and any ¢ € 'H we define

T,0) =Y Trty.
keZ?

Now, we can extend without any difficulty the usual definition of white noise.
First for any z € Hy we define a function W, in L?(H, i) setting (note that
the sum below is finite),

W.(¢) = (C72,0) = Y V14 kP 2, ¢ €M

keZ?
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It is easy to check that

/ W (D)W () )u(de) = (z,2"), =z, 2" € H,y. (2.1)
H
Therefore the mapping

HO - L2(H,,LL), z = W27

is an isometry and consequently it can be extended to the whole H. Thus
W, is a well defined element of L?*(H, u) for any z € H.

Proposition 2.1 For any z € H, W, s a real Gaussian random variable
with mean 0 and variance |z|*.

Proof. Let first z € Hy. Then

W.(0) = (C7%2,0) = Y 1+ k] 2.

keZ?

Thus W, is the sum of a finite number of independent Gaussian random
variables and consequently is Gaussian with mean 0 and covariance,

SO (14 [KP) 22 /H G = |

keZ?

Let finally z € H be arbitrary and let (z,) C Hy be such that z, — z in
H. Then
lim W,, = W(z) in L*(H,pu),

n—oo

as easily checked. So, W, is Gaussian N|,p-distributed as claimed. []

2.1 Wiener chaos

Let us recall the definition of Hermite polynomials. Let F' denote the function

t2
F(t,&)=e 7 teR

Since F' is analytic, there exists a sequence of functions (H,)eojun such
that

n

F(t,€) :Z ), tE€R (2.2)

n=0

\]



Proposition 2.2 For any n € {0} UN the following identity holds

H,(€) = CV" 5 po (% £€R (2.3)
n - m 13 I . .
Proof. We have in fact
F(t, &) = ege_%(t_g)2 = i": = e§ D} <€_%(t_§)2>
’  nl ¢ t=0

n=0

=5

2 2
(—=1)" e%ng (6_52) .

Thus the conclusion follows. O

By the proposition we see that for any n € NU {0}, H,, is a polynomial
of degree n having a positive leading coefficient. H,, are called Hermite
polynomials.

We have in particular

Ho(€) =1, Hy(€) =€, Ha(€) = —

5 (€ —1),

5

1 1
Hs(6) = — (€ = 3¢), Hy(&) = ——
In the following proposition some important properties of the Hermite poly-
nomials are collected. The corresponding proofs are straightforward, they
are left to the reader.

(&' — 687+ 3).

Proposition 2.3 For any n € N we have
an<§> =vn+1 H'fl—i-l(g) + \/ﬁ Hn—1(§)7 5 € ]R7 (24)

Dan(g) = \/ﬁ Hn—l(g)a 5 € Rv (25)
DZH,(€) — EDeH,(€) = —nH,(€), €€R. (2.6)

Identity (2.5) shows that the derivation D acts as a shift operator with
respect to the system (H,)nc{oyun. Moreover by (2.6) it follows that the
Hermite operator

is diagonal with respect to (H,)nefojun.

Now we define Hermite polynomials in H. They will be useful for costruct-
ing a complete orthonormal system on L*(H, ). To this end we need the
following



Lemma 2.4 Let h,g € H with |h| = |g| = 1 and let n,m € NU {0}. Then
we have:

/H Ho (W) Ho (W, )dpt = bl ) (2.7)

Proof. For any t,s € R we have

2452
/ F(t,Wy)F(s,Wy)dpu = e~ 3 / eWantsWo gy
& H

2452 2452 1 2
e e_ 2‘S 6Wth+89 d/J/ — 6_ 2‘5 eElthJ’_Sg‘ — et8<hvg>,
H

because |h| = |g| = 1. It follows that

. g™
etsthg) — / H,(W)H,(W,) dp,
n;;;g/vqgggi i ( h) ( g) H

which clearly implies (2.7). O

We are now ready to define a complete orthonormal system in L?(H, u).
Let I be the set of all mappings
v:Z* = {0} UN, n+ 7,
such that

V= e < +oo.
kez?
Note that if v € I" then ~,, = 0 for all n, except at most a finite number. For
any v € I' we define the Hermite polynomial,

H,(9) = [] H(Wer(9), ¢ € M.

kez?

This definition is meaningful since all factors, with the exception of at most
a finite number, are equal to Hy(W,, (¢)) =1, ¢ € H.
We can now prove the result.

Theorem 2.5 System (H,),er is orthonormal and complete on L*(H, p).

Proof.  Orthonormality. Let v,n € T', then we have, taking into account
Lemma 2.4, and recalling that the random variables W, are mutually inde-
pendent,

H H

nezZ?

= H \/’}—{H H(Wen)Hnn(Wen)d’u - 577’7’

nez?



where 0, = [[,,cz2 Onn,yn- S0 the system () er is orthonormal.

Completeness. Let 1 € L?(H, u) be such that

/ WH,dp =0, Vyer. (2.8)
H

We have to show that 1) = 0.
By (2.8) it follows in particular that

/H@/JH;C(Wel)d,u =0, VkeZ
that implies by (2.2)
/HzﬁF(tl, We,)dp =0, Vt; €R.
In a similar way we obtain
/H@bF(tl, We ) F(to, We,)...F(t,, We, )du = 0,
for all n € N, tq,1s,...,t, € R, that yields
/Hw ezzzlam’“du =0, VneN, a,as,...,a, € R.

Since the linear span of the set of functions

{exp {Z akqﬁk} . neN, a,ag,...,ap € R} ,
k=1

is dense in L?(H, p), it follows that ¢ = 0 as required. [

Now, we define the It6—Wiener decomposition. For all n € {0} UN we
denote by L?(H, ) the closed subspace of L?('H, i) spanned by

{H,(Wy): feH, [fl=1}.

In particular, LZ(H, i) is the set of all constant functions in L*(H, ) and
L3(H, ) is given by

LA(H.p) = {Wy: feHY.

We shall denote by II,, the orthogonal projector onto L2 (H, ), n € {0} UN.
Arguing as in the proof of Theorem 2.5 we see that

L*(H,p) = €D LA(H, ).
n=0
We give now a characterization of L2(H,u), n € {0} UN.
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Proposition 2.6 For anyn € {0}UN the space L2(H, 1) coincides with the
closed subspace of L*(H, 1) spanned by

Vi ={H,: |y| =n}.

Proof. 1t is enough to show that if n, N € N, f € H with |f| =1, ky,...,kn €
N, and k; + ... + kxy # n, we have

/HHk1(Wel)---HkN(WeN)Hn(Wf)dM =0. (2.9)
We have in fact

I: = / F(tl,Wel)...F(tN,WeN)F(tN—‘rlef)d:U‘
H

_ e;(t%+...+t?\,+1)/eWt1e1+u.+tNeN+tN+1fdlu
H

— etN+1(t1f1+~--+thN)

On the other hand we have

tkl t?VN+11
x / Hk?l(Wel)"'Hk?N(WeN)HN+1(Wf)dM7

I = L
k1 k’zj\q_l —0 \/ kN+1

.....

and the conclusion follows. [J
We now prove an important property of the projection II,,.

Proposition 2.7 Let f € H such that |f| =1, and let n € N. Then we have
(V) = Vil Ho(Wy), 2.10)

Proof. Since v/n! H,,(W;) € L2(H, 11) by definition, it is enough to show that
for all g € H such that |g| = 1, we have

/H WP — il Ho (W) Ho (Wy)dp = 0,

or, equivalently,

| WrHAWdn = Vil (190" (211)
H
Now (2.11) follows easily from the identity
Fim [ VW)= e (fg)) (2.12)
H \/ﬁ
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(by differentiating n times with respect to s and then setting s = 0), that we
shall prove now. We have, taking into account (2.7),

AP RUALAUALY
= et [(g)"),

that yields (2.12). O

Now we can compute easily the projections of an exponential function.

Corollary 2.8 Let f € H with |f| = 1. Then we have

1 2
I, () = — sz H,(W 2.13
(") = = (Wy). (2.13)
Proof. We have in fact
S . S
1) § o I, (Wf) = s ne's H, (Wy).
k=0

g

2.2 The Sobolev space W12(H, )

We denote by FC°(H ) the set of all functions u = u(¢), depending only
on a finite number of variables ¢, which are of class C§°. We set D), =
Dy, ., h € Z>.

We need the following integration by parts formula.

Proposition 2.9 Let u,v € FCF(H ). Then for any k € Z* we have,

/ Dyu v dpy = —/ Dkvudu+(1+|k|2)1/z/ O uv dy. (2.14)
H H H
Proof. Assume that u,v depend only on ¢, |k| < N. Let Hy be the span

of (er), |k| < N. Hy is obviously a finite dimensional Hilbert space with
coordinates ¢N) = (¢r) k<~ and with Lebesgue measure dé™): note that
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the marginal measure of 1 on Hy has a density py (o)) with respect to the
Lebesgue measure d¢™) given by

1
PN(¢(N)) = cy exp —5 Z (1 + ‘k|2)1/2¢i

[k|<N

whith
27T N/2 H + |k’ 1/4

k|<N

Then we have (for |k| < N)

/ Dewvdp=cy | Du(6™) o(6™) pr(6)dp™)
H

Hy

—/uDkv d,u—l—(1+|k|2)1/2/uvdu.
H H

g

Proposition 2.10 For any k € Z* the operator Dy is closable.
Proof. Let k € Z?, (u,) C FCF(H ) and v € L*(H, ) be such that
U, — 0, Dpu, — v in L*(H,v).

We have to show that v = 0. If w € FC°(H ), then by (2.14) we have

/Dkunwdyz—/un Dyw dy—i—(l—i—]k:]Q)l/Q/gék Uy W dt.
H H H

As n — oo the first integral tends to fH vwdp, the second and the third
integral tend to 0, since ¢pw belongs to L?(H, ). Therefore fH vwdp = 0
for all ¢ € FCF(H ), so that v = 0 as required. [

We shall still denote by Dy the closure of Dy on L?(H, u). If ¢ belongs
to the domain of Dy we say that Dy belongs to L*(H, p).

We now define the space W2?(H, 1) as the linear space of all functions
u € L*(H, p) such that Dyu € L*(H, p) for all k € Z* and

Z/|Dku ®)|Pu(dp) < +oo.

kez?
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Wh2(H, 1), endowed with the inner product,

(U, V) Wiz = (U, V) 200, + Z/ (Dyu)(Dyv)dp,

keZ?

is a Hilbert space.
If ue WH(H, p) we set

Du(¢) = Z Dru(o)ey, p— a.e. in H.

Since

[Du(@)* = > |Deu(¢)’, p—ae. in H,

keZ?

the series is convergent for almost all ¢ € H. We call Du(¢) the gradient of
u at ¢. Notice that
Du € L*(H,u; H).

3 Renormalization of the power

We fix here n € N and x € H. Our goal in this section is to give a meaning
to the function on H,

(@07 = [ a0 (€)ae
For this we shall proceed as follows. Given ¢ € H and £ € O we set

o (&) =D (ex, d)er(§).

kez?

Notice that ¢ € C*(O).

Since (as one can check) ¢% (£) does not converge as N — oo in L*(H, 1)
we shall replace ¢%(€) by its projection on the n'® Wiener chaos L2(H, )
setting,

P () = T (dx(8))- (3.1)

To compute I1,,(¢%(£)) we shall use (2.10). For this it is useful to express
the function ¢ — ¢%(£) in terms of the white noise function. We can write
obviously

<W§VW c-re).
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and so

On(E) = pnWine(9), £€ 0O, NeN, (3.2)
where
(3.3)
WZ;V 1+ \k:\?
and
1 1 V2
PN =5 [Z TW (3.4)
keZ?

Notice that |ny(£)] = 1. Now we can prove the following result

Proposition 3.1 We have

s (© = Vi iy, (“20)) VR HaWiio). €€0, (35)

PN

PR (€) is called the renormalization of ¢ (€).
Note in particular that

1Pt (§) = on(8),

9% (€) = [on (O] — pi,

9% (€) = [on (O = 3pion(€),

1oyt (§) = [on (§)]* = 3k [on (O)]” + 6y

So, for any n € N, :¢%: is equal to ¢% up to lower order terms which are
divergent as N — oo.
The following asymptotic behavior of py is basic in what follows

px = O(log N). (3.6)
It can be seen from
1 1 /N r 1
— -~ ——dr = ~log(1+ N?).
(2m)? EN 1+ |h|? o 1472 2

The main result of this section is to prove that for any fixed x € H, there
exists the limit

(z,:¢™) = lim [ :¢%:(€)x(£)dE in L2(H, p). (3.7)



This will be done in §3.1 below. To understand the spirit of the proof it is
useful to see first that supy Iy < oo where

INI:/
H

Iy = /O sl dsde /H B (62) 0% (E2)dp

2

pu(de). (3-8)

/ B (6) (€)de
O

We have in fact

= n!p?v"/ x(fl)x(fz)d&d&/ Hoy (W 60)) Hn (W e2) ) dit
Ox0O H

g [ s(€e(e) (e (@) desde
OxO
To compute the last integral note that

<77N(§1),77N(f2)> = ! /YN(gl - §2>a 51752 S 07 N e N? (39)

2
N
where 1
= —_ N € N. 3.10
IN Z 1+ |k:|2 ks € ( )
|k|<N
Then we have
o= [ a@)a@ni - Ghade, (3.11)
X

To compute the supremum of Iy we have to find the behaviour of v} as
N — +oo. For this it is useful to define

1
= —— e, NeN. 3.12
g Zl+\k|2ek ( )
kez?

It is interesting to notice that v € L?(O) and coincides with the kernel of C,
that is

Cr(e) = /O (€ = €)a(€1)des =y % 2(6), x € H,

as easily checked. Notice that 7 is not bounded but it belongs to LP(O) for
all p > 1. We have in fact the result
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Proposition 3.2 For all p > 1 we have

Y vy < (2m)F [Z (ﬁ) p_l] " (3.13)

heZ?

Proof. Let us consider the mapping

Dt N}z — D Anen.

hez?
Then

[:¢47* — L>*(0), with norm (27) ',
[:(*7Z?) — L*(0), with norm 1.
By the Riesz—Thorin theorem if p > 2 and ¢ = }% we have
[:(9Z*) — LP(O), with norm less or equal to (27?)1)2;2,

and the conclusion follows. [
Therefore, since v € L™ it follows by (3.11) that supyey Iv < +00.

3.1 Existence of the limit (3.7)

We need a lemma.
Lemma 3.3 Ifp > 2, we have
1Y — N0y < bpN 7, (3.14)
where b, = (p — 1)(27?)1%2.
Proof. We have in fact

p
_ 1 p—1
_ < (2m)55 E -
|/7 7N|LP(O) = ( 7T) 2 (1 + |h|2>

|h|>N
“+oo
p— 2
< (27T)22/ =
N (1472t

p—2

= (p= D) (1 + N7 < (p - )En)TN

O
We shall use the following straightforward identity. If M > N we have
1
(v (&), mu(€)) = w(E—=¢), §feD NelN (3.15)
PNPM
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Lemma 3.4 For any z € H we have

[ s 6 D Putde) = (o« 2.2). (3.16)

Proof. Set

Ly = /H (eo5 D) = |

Then we have

/O ((O) - 2(€)de| uldo).

. BRGE S

x / o (Wi 0)(2)) Ho (Wi e () ()
H

= g / €)2(E) [ (€), mw (E0)]" dedey
OxO

_ / V(€ — 6)2(€)2(E)deds,
OxO

= nl{v} * 2, 2).
O
Theorem 3.5 Let M > N and x € H. Then we have

[ s s O Putdo) = o3 =) ). (317
Moreover there exists ¢,, > 0 such that
Cn
[ Mo s =y (o) < 5 ol (3.18)
H
Therefore there exists the limit
lim (z,: ¢% ) = (: @™, x), in L*(H, p). (3.19)

Proof. Let N > M, and set
Iar = [ 1o 39 = (o 5 (o).
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Then we have

LNM = nl X/[ Xz ﬁd d 1
| p/ow(f)@)&f
<[ B HAWao@) — A HaWo 0 (0)
H
X [p%Hn(WUM(&)(qb)) - p%Hn(WUN(&)(Qb))]M(de)

x nl/@ 02(5)@{/)?\?[(nM(S),nM(fl)H"—p%p’fv [ (€), v (€0))]"

— P [ar(€), v (EN]" — o [ (€), v (€0))]" }d€d§1

~ / R (E — €)= 29 (€ — &) + 7R — E)]6(€)DE)dedes
OxO

= (VN — V) * ¢, 9).

Therefore (3.17) is proved.
It remains to prove (3.18). We have in fact

n n i n—1—j
Vi = YRl < /O(VM — NN dé.
=0

Using the Hélder estimate, and taking into account (3.13), we obtain

n—1
n n n n n n |Jj n n |n—1—j
i = lee) <D = ARl = Yoy 7 = W -0
7=0
o 2b2 nzi n—1—j
N ay j 4(n—1-j)"
=0

The proof is complete. [J
Remark 3.6 :¢™ does not belong to L*(H, u; H). In fact by (3.16) we have

[ Vi Putao) = 3 [ ewssons Putas) = i T (07 = o

keZ?
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However we are able to define C°:¢™: as an element of L*(‘H,u; H) for any
€ > 0, as the next proposition shows.

The following result can be proved as Proposition 3.5.

Proposition 3.7 Let M > N and z € H. Then we have

€. 4N, e.n . |2 — —1 '
/H\c (P —C% o P u(dg) = n! (Z (1+\k|2)1+2€> . (3.20)

kez?

Thus there exists the limit

A}im Ce = C%:¢™, in L*(H, pu; H). (3.21)

4 The Nelson estimate

We shall need some hypercontractivity estimates. We shall present here a
proof based on purely combinatorial arguments, following Simon [27, Lemma
(I.18)]. For a modern proof based on log-Sobolev inequality one look at [18],
see also Nualart [24].

4.1 Hypercontractivity estimates

Let ¢ € L2(H, ). We want to prove that ¢ belongs to L*™(H, ) for any
m € N.
We need two lemmas.

Lemma 4.1 Let N € N, Q1,...,Qn be countable sets (of indices). Set, for
I=1,2,...,N,

-~

ip={i1, . l—1, 041, -5 0N T
and .
Qr={Q1 X+ X Q1 X Qrp1 X -+ X Qn}.
and, forl=1,2,...,N, let a® be a mapping

(@

. A . . . .
a() : Ql - Ra (217 -1, U, 7ZN) - ail,"'77;l—17il+1a"'ﬂ‘N'

Then we have

N
Z ag)---ag) SH Z (a%?)z. (4.1)

1,€Q,,l=1,..,.N k=

20



Proof. The proof follows by using several times Holder’s estimate. [
Lemma 4.2 Let f € H such that |f| =1, and let m € N. Set

2m
Ikl ..... kzm = /Ev Hsz(Wf)d/’L7 (42)
=1

where ky, ..., kay € NU {0}.
Let moreover My, 1, the set (possibly empty) of all finite sequences

p=A{pi; e NU{0}, i<y, i,j=1,...,2m},

such that )
Pi2+pi3+ -+ Diom =k

P2+ P23+ -+ prom = ko

(4.3)
[ Prom + D22m + -+ Dam—12m = Fom.
Then we have
m 1/2
17 k! ‘
> % if My, oo # 0
Ikl ..... kzm = peMkl aaaa kom Hi<j:1 pz,] (44)
0 Zka'l ----- kom — @
Moreover A
Iy ooy < (2m —1 PR 4.5
1,.--5R2

Proof. First notice that

2m
/ H F(ti, Wf)dy = 67% St / 6212:1 tindILL
Hi=1 H

_ il tity
Now (4.4) follows easily. Let us prove (4.5). We set for brevity

-----



We have

s~ [k

2m
pEM Hz<] pl:]

1/2 1/2
-y l ] / [ bim! /
peM 1, 2']?1 3-° - P1, om! P1,2m!p2,2m! e 'p2m—1,2m!

Taking into account Lemma 4.1 it follows that

s~ e

peEM Hz<] p’h]

. 1/2 o | 1/2
1 2m-
(Z p1,2!p1,3! e 'p1,2m!> <Z pl,Qm!pQ,Qm! e 'pzm—1,2m!> .

pEM pEM

Since for any [ =1,...,2m,

|
> ! < (2m— 1)k

pEM pz,1 *Pi—1 z'pz 141! *Pi2m-

the conclusion follows. [

We are now ready to prove the main result of this section.

Theorem 4.3 Let n,m € N, and u € L2(H,v). Then we have

</H\u(¢)!2mu(d¢))2 (2m —1)% (/ ()2 d¢) . (4.6)

Proof. Since
= Z Yala,

O{GFn;

we have
2
@ = E Q1) = goamm)Ha(n < Ha(Zm).

aD)..qm)cr,

By integrating on E it follows

/ lo(@))*™v(dz) = Z Oa1) = * Pom) H Ial(l)_._QEQm)-
E 1=0

aD...qm)er,
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Therefore, by Lemma 4.2,

/ o)™ v(de) < 2m—1)™ Y CaatmPam - Paem, (A7)
E

aD.q@m)er,

where

1if./\/l(1) (2m>7é@, VZEN,
o)y
Ca(l),,,a(Qm) —

0 otherwise.

Assume now that o --- ™ ig such that
.Ma(l).”a(Zm) 7é Q), V1ieN.
1 l

In order to estimate the sum in (4.7), it is worth to change notation
in the following way. Any element v in I',, has all but a finite number of
components that are zero, say vy, = 0 for all k£ not in {ky, ko, ..., k. }; it is
natural to indicate the  itself by the following n-uple of integers

(kvykay ook, ko koy oo koo ke koo k)
~ ~~ h ~~ d —

Vi1 Vho Vier

Hence T',, can be viewed as the set of all n-uples of integers (iy,is,...,10,)

The fact that the coefficient c,q)...,cm) 1s 1 is equivalent to say that, for
any [ € N that appears in some of the 2m n-uples associated respectively to
a ...a®™) there exists a solution pglj) i<j=1,...,2m, l€Nto

l l
( P+ P+ + bl = af

! 2
PS)QWLP() o Doy = Q

t ! l 2m
. pg,)Qm +p;,)2m + +p;7)n—1,2m = al( ).

Therefore we are able, for each of the o/’s, considered as n-uple, to find a
partition (7, ;, Ty, -+ M1, T 01, > Tj2m) Of the set of the n integers of
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the n-uple, in such a way that

1
a( ) A (ﬂ-112’ 7-(-1,37 e 77T1,27n)
2
a? (71'1,2, a3y " 77T2,2m)
3
a® o (T13, T2, " " > Ma2m)
2
al?™) o (7T1,2m7 Tooms " " 77T2m—1,2m)

where 7, ; in a® and in a(?) is the same set of integers.
Then the sum in (4.7) can be written as

E Pr1,2,71,3500T1,2m PT1,2,72,3,00T2,2m "~ " P 2m T2, 2m  T2m—1,2m * (49)

Now the conclusion follows from Lemma 4.1. [J

4.2 The Nelson estimate

We fix here, once and for all, an even integer n € N and set

Ulg) =(:9¢" 1), Un(d)=( ¢k :1), o€N.
By Theorem 3.5 there exists a > 0 such that

a
|U = UnllL2) < \/_N (4.10)

Since U, Uy € L2(H, i), by the Theorem 4.3 it follows that

ap”

VN

Moreover let ¢, > 0 be such that H,(0) < —c,. Then there exists b > 0
such that

U = Un|lzrrp < (4.11)

Un(¢) > —b(log N)", ¢ € H. (4.12)

Proposition 4.4 For any p > 1 we have e7V € LP(H, ).
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Proof. 1t is enough to prove the proposition for p = 1. We first note that,

+00 +oo
/ e Vdu = / p(e™V > t)dt :/ u(U < —logt)dt. (4.13)
H 0 0

Set
F(t) = p(U < —logt), t>0,

and notice that if u(¢) < —logt we have
U(¢) < —logt < —logt +1 < —b(log N(t))" < Un(y)(9), (4.14)
provided N (t) is chosen such as

—b(log N(t))" > —logt + 1,

N(t) = exp { (logi_ 1) Un} . (4.15)

Now, by (4.14) it follows by the Markov inequality that for any p > 2,

that is

F(t) = (U < —logt) < u (U = Unw| = 1) < U = Uniyls 34,

By (4.11) and (4.15)

logt —1\"
F(t) < appnpN(t)—pm < aPp™ exp {_Z_) ( 08 > } .

2 b
Finally, we choose p = p(t) such that for some M, X > 0,
F(t) = p(U < —logt) < Mt~ A0 >0, (4.16)
and so, by (4.13), we see that [, e”Vdu < +o0. O

Proposition 4.5 We have

lim eUNu(dx):LeUu(dx). (4.17)

N—o0 M

Proof. Let Ny € N be fixed and set

V(z) =min{U,Upn,}, Vn(x) =min{Uy,Un,}.

Then we have
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IV = Vnllzaew < NU = Unllzew,

and
Vn(x) > —b(log N)".

Now, arguing as in the proof of Proposition 4.4 (see (4.16)), we find

M
/e_VNOd,ug/e_Vdugl—i-—,
H H A

and the conclusion follows. [

5 Construction of the dynamic by variational
method

We fix n € N and for any z € H we set

U.(¢) = (z,:0™), p-a.e. inH.
Lemma 5.1 For any z € H and almost any ¢,v € H we have
d 1
_ = "), q
S U6+ )| =nlien ) (51)
Proof. Let v» € H, N € N. Set

9(€) = Uo(o + e) = (z,:(¢ + €))™)

and
gn(€) = (2,:(d + e)x).

Then

() = nlz, (6 + )i,
Consequently, by Theorem 3.5, it follows that

]\P_{noo gn(€) = g(e)

and

Jim (€)= n(z,i6" ).

Thus, the conclusion follows. [

For any z € H and any ¢,v¢ € H we define

DU, (o) = % F.(¢+ ) .= n{z,:¢" ).

€e=
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5.1 The Sobolev space W1?(H,v)
We define the following probability measure in L*(H, v),

v(de) = ae~2 " u(dg),

where
"= / e s B (dy).
H
We set )
p(¢) = ae™z 19 e H
and

pr(d) = ae™z B9%) g e H.

We start with an integration by parts formula.

Proposition 5.2 Let u,v € FC°(H ), where Dy, = Dy, , h € Z*. Then we

have,
/DhuvdV:—/ Dyv u dv
H H

+2/ uv{e,: ¢* Ndv + (1 + |k:|2)1/2/ én wv dv.
H H

(5.2)

Proof. Let u,v € FC;°(H ) and N € N. By (2.14) we have

/Dhuvad,u:—/thudep,
H H

—/ vu Dppn d,u+(1—|—|k|2)1/2/ ¢ uv dp.
H H

Taking into account Lemma 5.1 we can write

/Dhuvad,u:—/thude,u
H H

+2/ v ulen,: Py )pn du+(1+|k‘|2)1/2/ d uv dp.
H H

Now, the conclusion follows letting n — oco. [J

Proposition 5.3 For any h € Z?* the operator Dy, is closable in L*(H,v).

27



Proof. Let k € Z?, (u,) C FCF(H ) and v € L*(H,v) be such that
U, — 0, Dpu, — v in L*(H,v).

We have to show that v = 0. If w € FC;°(H ), then by (5.2) we have that

/Dkunwduz—/Dkunwdv
H H

+2/ u, wep,: ¢ Ndv 4+ (1 + |k|2)1/2/ Gk Up w dv.
H H

Letting n — oo we find [, vwdp = 0 for all w € £(H), so that v = 0 as
required. [

We shall still denote by Dy the closure of Dy on L*(H,v). If ¢ belongs
to the domain of Dy, we say that Dy belongs to L*(H,v).

We now define the space W12(H,v) as the linear space of all functions
u € L*(H,v) such that Dyu € L*(H, u) for all k € Z? and

> [ IDa(o)Prlds) < +x.
kez2 ” M
Wh2(H, v), endowed with the inner product,
(u, V) w12,y = (U, V) 2030 + Z / Dyu Dyv dv,
kez2 VM
is a Hilbert space.

If ue WH2(H,v) we set

Du(¢) = Z Diu(¢)ex, v —a.e. in H.

Since

|Du(¢)]* = |Dyu(¢)’, v—ae in H,

keZ?

the series is convergent for almost all ¢ € H. We call Du(¢) the gradient of
u at ¢. Notice that Du € L*(H,v; H).
We set now V = WH2(H, v) and define the Dirichlet form,

a(u,v) :/H<Du, Dv)dv. (5.3)
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Clearly, a is continuous in V' x V and coercive. So, by the Lax—Milgram
Theorem there exists a linear bounded operator A mapping from V' into its
dual V'. Moreover, the operator,

Aju=Au, weDA)={ueV: AueV},
is self-adjoint in L*(H,v) and
Pu(¢) = ¢1u(9),

defines a symmetric strongly continuous semigroup in L?*(H,v) having v as
invariant measure.

Remark 5.4 The Dirichlet form approach here presented was introduced
in [4]. Here existence and uniqueness of a weak solution (in the sense of
Fukushima) of (1.8) was also proved.

6 Essential m—dissipativity of the Kolmogorov
operator in L'(H, i)

The Kolmogorov operator corresponding to the stochastic differential equa-
tion (1.10) is the following

Kou(op) = % Tr [C°D*u] — % (Du,C=71¢) — (C*/2Du, C=/* : ¢*:),  (6.1)

where € > 0 and u € FC;°(H). We notice that the condition € > 0 is essential
in what follows.

Proposition 6.1 The following statements hold.

(i) The measure v is invariant for Ko, that is
/H Kou(@)(dé) = 0, ue FC(H). (6.2)
(ii) We have
| Boulo) o) viae) = =3 [ 1 Due)Priae). e ).

(6.3)
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Proof. (i) Assume that u depends only on variables ¢, with |k| < N. Then
we have

1
A, /Tr C D)y = 3 /(1+\k|2)—€/29,3udy.
H H

|k|<N

By the integration by parts formula (5.2) (with Dyu replacing u and 1 re-
placing v) we obtain,

I=> " (14 k)~ {2/Hu(ek,:¢3 :>du+(1+|k|2)1/2A¢kudu}

|k|<N

= 5 (DU, C) + (DU, ¢ ),

so that (i) follows.
To prove (ii) it is enough to integrate with respect to v over ‘H the straight-

forward identity
Ko(UQ) = 2UK(]U + |CE/2DU‘2.

g

Consider now the approximating operator, also defined in FCg°(H ),

1
Kyu = Z(1+|k|2)—ap,3u—5 > (14 k) kD
k<N I|<N

(6.4)
— > (L [7) " (en,: 6 (6) ) Dyu,

[N
or, equivalently,
Kyu(6) = % Tr [C5, D] — % (Du, C516) — (C2Du, 1% 6% ), (6.5)
where

Cyvo = (1+ k) drex.

Ik|<N

Moreover, let us consider the following approximating equation.
)\UN - KNUN == f, (66)

where A > 0 and f € FC;°(H ). Equation (6.6) has a unique solution uy by
classical results on elliptic nonlinear equations.
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It is convenient to write (6.6) in the following form
My — Kouy = f + (C’fv/QDuN,C’fvﬂ(: ¢ — ). (6.7)
We prove now an a priori estimate for uy.

Lemma 6.2 There ezists a constant ¢ = ¢(|| f]|s) Such that

/Wc%”DuNFm/Scuuwxy/|C%Qc¢3:—:¢%afdu (6.8)
H H

Proof. By multiplying both sides of (6.7) by u,, integrating on v over H and
taking into account (6.3) yields,

1
)\/ lun [*dv + = )\/ |C]€V/2DUN|2dI/
H 2 Jn

:/ fundv + / (C']E\,/2DUN,C]€\,/2(: ¢ — N ) undr.
H H
By the Maximum principle we have,

1
Juxloe < 5 11l

Consequently,

1 . 1
A [ Jusfav +5 A [ 103 Dux Py < 5 1l 2o
H H

1 , 1/2 ) 1/2
#5010 Dunar) ([ 163660 s o o)
H H

Now the conclusion follows from the Gronwall Lemma. [

We are now ready to prove, arguing as in [13], the main result of this
section.

Theorem 6.3 The closure of Ky in L*(H,v) is an m-dissipative operator.

Proof. By Lemma 6.2 we deduce that
lim (Cf\,/QDuN,C'fV/%:ng?’: — %)) =0 in L'(H,v).

N—oo

Therefore, by (6.7) we see that the range of A — Ky is dense in L'(H, v), since
its closure includes FC3°(H ). Thus, the closure of Ky is m—dissipative in
L'(H,v) in view of the theorem of Lumer and Phillips, see e.g. [26].
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Remark 6.4 Tt is possible to show that the closure of Ky in L*(H,v) is
m~—dissipative or, equivalently, that K| is essentially self-adjoint. For this a
somewhat tricky estimate for

/ |C/% Duy|*dv,
H

is needed, [22], [12].

7 Generalizations

Let H = L*(O) (norm ||, inner product (-, -)), where O = [0,27]¢ and d € N.
We denote by (ey)rezae the complete orthonormal system of H,

er(€) = 2m) ¥ e*0 e c O, k ezt
and by Hy the linear span of (ey)peze. For any = € H we set
(x,ep) = xp, forall k = (ky, ky) € Z%

We shall identify H with the space £2(Z%) of all square summable sequences
(k) peze C R through the isomorphism

r € Hw— (xk)kGZQ S 82(Zd)

In order to construct the Wick products we introduce the following linear
bounded operator in H,

Cep = M\ €k, ke Zd,

where {\;}reza is a fixed suitable sequence of positive numbers.
As in §1 we introduce the product space H,

kezd

and consider H (identified with (2(Z%)) as a subspace of (R?)*°. We shall
denote by x,y, z.... elements in H and by ¢, 1, (, ... elements in H.

Next we define the Borel product measure g on H (endowed with the
product topology),

= X N Ak
kezd

where NN, represents the one-dimensional Gaussian measure with mean 0
and variance \j.
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Next we introduce a duality between H, and H as follows. For any
x € Hy and any ¢ € H we define

kezd

Moreover, we extend the previous definition of white noise. First for any
z € Hy we define a function W, in L*(H, 1) setting,

Wa() = (C7V22,0) = Y NP uon, o
kezd

Since the mapping
HO - LQ(H,M), Z = Wza

is an isometry, it can be extended to the whole H. Thus W, is a well defined
element of L*(H, p) for any z € H.

Different properties of the space L*(H, ) as the Wiener—Itd decomposi-
tion can be proved as in §2.

As in §3 we give a meaning to the function on H,

(2,67 = /O (€)™ (€)de,

where n € Nand z € H.
Given ¢ € H and ¢ € O we set

On (&) = D lex, D)er(©).

|k|<N

Notice that ¢ € C*(O). Moreover, we can write,

on(§) = < Z /\/1;/2 €k,C_1/2¢> :

|k|<N
and so
on (&) = pnWinie(9), €€ 0, N €N, (7.1)
where .
(€ =— > N e(d) e, (7.2)
PN <
and



Notice that |ny(§)| = 1. Finally, we set

on(§)

PN

s (© = Vil (“0)) VR W), €€0. ()

Notice also that

! (& — &), &, €0, NeN, (7.5)

P

(v (61), v (82)) =

where

YN = Z A €k, N e N. (76)

|k|<N

Our goal is to see whether the limit

lim /O:df]i,:(f)x(f)df = (7,:¢™) in L*(H, p), (7.7)

N—oo

exists for any fixed € H. For this end, it is necessary to check that, setting

INI:/
H

the supremum supycy In < +00. Namely, we have

2

p(de), (7.8)

/wmmm%
O

ma/ammw%@/ﬁwmwm@w
OxO H
Zn!p?\?/o Off(fl)x(fz)dfld&/HHn(WnN(&))Hn(an(sz))d#

:mﬂ/ (E0)2(E) (v (€2), v (62))" dEdEy.

Consequently,

Iy = / 2(&1)2(§2) N (&1 — &2)dE1dEs, (7.9)
Ox0O

from which we arrive to the following necessary condition to guarantee the
existence of the limit (7.7)

sup/o O:c(&)x(ﬁg)’y}f](fl — &)d&1dEy < +o0. (7.10)

NeN
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This holds provided the sequence {7y} is bounded in L"(O). Set

Y= Z )\k €L. (7.11)

kezd
The following proposition is proved similarly to Proposition 3.2

Proposition 7.1 For alln > 1 we have
n(n—2) Ll
V7o) < (2m) 20D Z A (7.12)

Example 7.2 Consider the case of

1

d
W«ek, keZ".

C’ek =

This corresponds to A = —% C1= —% (A —1)2. By Proposition 7.1 we have
that v € L"(O) if and only if either d < 4 or if d > 4 and n < ;%.

7.1 Renormalization in R?

Here we consider equation (1.8) in the square [0, 27)*> with n = 3 and set

1

Cek

Then by Proposition 7.1 we see that v € L"(R3) if and only if n < 3. Hence,
it is not possible to define :2%: and consequently to consider the measure v
defined by (1.9).

Nevertheless, because of the physical relevance of measure v in quantum
field theory, Glimm and Jaffe found a measure v, introducing further suitable
subtractions in the exponent of (1.9).

7.2 The Kardar—Parisi—-Zhang equation

We take here d = 1 and consider the following Burgers equation in L?(0, 27)
(norm | - |, inner product (-, -)),

[(Xee — X) — De(X?)] dt + %, X(0) =z € L*0,2n),

X = OHOE
(7.13)

N | —
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where ¢ € [0, 27], X is 2n—periodic and

W(t,€) = en(&)Bi(t),

where (0(t))kez is a family of standard Brownian motions mutually inde-
pendent in a filtered probability space (2, F, (F¢)i>0, P).

Equation (7.13) was introduced in [19] as a model of the interface growing
in the phase transitions theory.

Let us write equation (7.13) in the following mild form

t t
X(t) = ez — / 91D (X?)ds + / e DABAW (s), (7.14)
0 0
where

Az = = (zee —x), ze{yeH*0,2r): y(0) = y(2m), ye(0) = ye(2m)},

DN | —

Br = Dexr x € {ye€ HY(0,27): y(0) =y(2m)}.
Now consider the stochastic convolution
t t
Wa(t) :/ e(t—s)ABdW(s) — sz/ e~ 3 (th)(1+|k|2)dﬁk(S). (7.15)
0 keZ 0

Wa(t) is a Gaussian random variable in L?(0, 27) with mean 0 and covariance
operator

where

In order to study (7.14), the first step would be to define : z?: (since Dy :
X?2%= D¢(X?)). However, since C has eigenvalues

k2

o=
T kY

ke Z,

this, by Proposition 7.1, shows that the bound (7.12) on +, rendering renor-
malization possible, does not hold.
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