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ARTICLE INFO ABSTRACT

Keywords: The experimental assessment of networks within a complex system requires the inference of links. A common
Networks way to detect a link relies on the assumption that time series recorded out of two nodes contain sufficient
Connectivity shared information so as to detect a correlation, using either linear measures or more sensitive information-
Correlation

theoretical tools. While this assumption is theoretically granted for any system described by deterministically
coupled differential equations, in an experimental scenario the emergence of chaotic regimes can hinder its
validity. In this work we explore the issue of assessing connectivity in the prototypical case of a linear network
of nonlinear oscillators, experimentally-implemented via a scalable electronic analog circuitry. Despite strong
coupling, the assessed connectivity strength decays for an increasing length of the network. This phenomenon,
which is interpreted in terms of a “topological unpredictability” of chaos, eventually leads to an apparent
lack of connection between nodes that, in reality, are physically coupled. Our results provide insights on the
difficulty of inferring links out of time series, with implications in the identification of networks in real systems,

Mutual information
Permutation entropy
Chaotic systems
Burridge-Knopoff model

for example in Earth science and neuroscience.

1. Introduction

Given a complex system made of interacting subsystems, one of
the most fundamental and challenging issues is the identification of
collective behaviors: under certain conditions, a set of subsystems start
showing correlations in the time evolution or, in other terms, a network
of nodes connected by links appears [1]. The issue — shared by many
fields ranging from economics [2] to social sciences [3] and engineer-
ing [4,5], and from Earth science [6-8] and climate research [9,10]
to physiology [11] and neuroscience [12] — is ultimately tackled by
solving two problems: identifying the existence and strength of a link
between two nodes, and thereupon inferring a network structure in a
set of mutually linked nodes [13].

From a mathematical perspective, a system made of interacting
subsystems is described by a set of coupled differential equations.
Absent a mathematical description, the existence and strength of a
link are customarily determined by assessing correlation metrics out of
time series of observables generated at each node. (Observables need
not correspond to the same physical quantity.) Among the most used
metrics [14,15], it is worth mentioning Pearson’s cross-correlation and
mutual information. While the former assumes a linear dependence

between the two sources [2,16], it can be morphed into a nonlin-
ear measure by introducing surrogate-based hypothesis testing [17].
Mutual information [18] is the prototypical information-theoretical
measure that allows for the assessment of links according to the de-
gree of information flowing between the nodes. Information-theoretical
methods appear to be more powerful in terms of sensitivity and robust-
ness to noise than their linear counterparts: quoting a seminal paper
on the topic [19], “in contrast to the linear correlation coefficient, [they
are] sensitive also to dependences which do not manifest themselves in the
covariance”. On the other hand, linear methods are more informative
with regard to the significance of their outcomes, due to the availability
of solid, theoretical estimates thereof [20].

A framework to describe collective behaviors is provided by the
concept of synchronization, epitomized by the mutual frequency har-
monization of two coupled linear oscillators, first observed by Huygens
in pendulum clocks [21]. In the case of coupled, periodically oscillating
subsystems, it is straightforward to define frequencies and phases, and
thus to both theoretically and experimentally analyze synchronization.
On the other hand, the scenario becomes far less clear in the case of
chaotic oscillations, whose dynamics cannot be described in terms of
a finite set of characteristic frequencies. While theoretical approaches
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based on a generalization of the definition of phases exist [22], the issue
becomes challenging in experimental investigations, especially when
the system at hand is a “black-box” accessible solely via recordings of
scalar observables. Neglecting the trivial case of “complete” synchro-
nization, whereby two coupled chaotic oscillators end up exhibiting
exactly the same evolution [21], a crucial experimental question con-
cerns to which extent correlation is detectable between networked
systems in chaotic regimes. In other words, the question is whether
— despite full determinism — coupled chaotic regimes can show such
a diverse, “uncorrelated” dynamics that any possibility of detecting
coupling out of time series is compromised.

These questions are pivotal in the investigation of time series
recorded out of non-controllable systems, like brain and climate [23], in
which the topological structure of the network is unknown. As a bridge
between these natural, non-controllable systems and the theoretical
world, experimental studies on small-scale networks of controllable
nonlinear systems [24] allow for investigating in a more direct way
the physics behind connectivity [25].

In this work we address the issues outlined above in a prototypical,
controllable experimental system: a linear network of electronically-
implemented Burridge-Knopoff (BK) oscillators [26,27]. In its original
conception, a BK oscillator is the building element of a model of
earthquake faults. Its electronic implementation is achievable by a
relatively simple schematic relying on affordable electronic analog
components [28]. The resulting reliability and versatility reflect in
the reproducibility of the operation, the possibility of setting the dy-
namics by acting on a voltage parameter, as well as the simplicity
of establishing arbitrary network topologies. With regard to the time
evolution of systems made of at least two BK oscillators, robust chaotic
regimes, as well as “spike-like” and “avalanche” behaviors reminiscent
of neuron dynamics are promptly obtained [26,28]. Within a linear
network consisting of up to 25 oscillators, we evaluate connectiv-
ity strength by means of two different estimators: Pearson’s cross-
correlation, and mutual information of the time series ordinal patterns
(MIOP). This last measure combines the virtues of both mutual infor-
mation and permutation entropy [29,30], resulting in a noise-robust
and computationally-efficient tool to assess connectivity.

By evaluating connectivity for different lengths of the linear net-
work, we show that — despite the system being fully deterministic
and couplings between oscillators being “strong” — chaoticity hinders
the capability of connectivity detection as the length increases, up to a
point where correlation is completely washed out. This finding suggests
that, besides the well-known temporal unpredictability of chaotic sys-
tems, quantified by the maximum Lyapunov exponent, a “topological
unpredictability” exists. While temporal unpredictability implies that
the evolution of a system beyond a certain temporal horizon is un-
correlated with the present state, topological unpredictability can be
defined as the state of a subsystem being uncorrelated with the state of
another subsystem beyond a certain topological horizon. Intriguingly,
we find that the maximum correlation between oscillators decreases
exponentially with the topological distance, in a striking analogy with
exponential divergence of trajectories in the temporal domain.

The results of our study shed light on the issue of network identifica-
tion in complex systems made of nonlinear, possibly chaotic oscillator
units, providing a foothold for investigations on real cases addressing
the dependence of the link strength on geometric and/or topolog-
ical properties [31-34]. It might also be worth noting that, while
previous works (see e.g. Ref. [35]) addressed the issue of how connec-
tivity influences nonlinear dynamics, here the approach is the converse
one, namely to investigate how nonlinear dynamics influences the
detectability of connectivity.

The paper is organized as follows. The experimental implementation
of the BK oscillator network is presented in Section 2. Correlation
estimators are introduced in Section 3. Section 4 provides the re-
sults of the analysis and their interpretation in terms of topological
unpredictability. Concluding remarks are drawn in Section 5.
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2. Experimental setup and measurements
2.1. Network of BK oscillators

The BK model was first devised as a mechanical “spring-block”
description of an earthquake fault [26]. Each massive block is coupled
via springs to its nearest neighbors and connected, also via a spring, to
an upper ceiling moving at constant speed; the horizontal surface on
which the blocks lie exerts a nonlinear, velocity-dependent friction, in
fact the only nonlinearity in the system. The system can be understood
as a network of nonlinear stick-slip oscillators each being described by
two state variables (position and speed). Consequently, if uncoupled
from the others, a single oscillator can only produce a periodic mo-
tion [28]. Therefore, chaotic regimes in a network of BK oscillators can
only emerge as a “collective” behavior, as opposed to more frequently
investigated networks of systems that are autonomously capable of
chaos [25]. In our model the oscillators are supposed to be “equal”,
modulo the slight differences provided by the intrinsic variability of
the constituent devices and elements.

A natural gauge for the degree of coupling between BK oscillators is
provided by the stiffness of the pulling spring connecting each block to
the ceiling. So, a coupling can be deemed to be strong if the stiffness of
the coupling springs is of the same order as the stiffness of the pulling
springs, leading to the coupling terms in the differential equations to
be of the same order of the autonomous terms. The coupling is then
diffusive, as it depends on the difference between the oscillators’ states,
and linear, since this dependence is described by Hooke’s law [21].

A more handily strategy to experimentally address the dynamics
of the BK model is to implement an electronic analog. Indeed, mim-
icking dynamical systems by means of electronic analog circuits is a
powerful approach to simulate and investigate complex systems, like
lasers [36] and neurons [24], complementary to a merely compu-
tational approach. A first crucial aspect to highlight is the intrinsic
variability of the electronic components, which results in the absence
of the artificial symmetry within the system that one faces in nu-
merical simulations. The experimental platform used in the present
work consists of a board hosting 25 BK oscillators, whose electronic
implementation and governing equations are detailed in Ref. [28]. The
platform is indeed a scaled-up version of the pair of oscillators dis-
cussed there, and it consists of a single printed circuit with a common
power supply. The dynamics of a BK oscillator is described by two
state variables, a “pseudo-position” W and a “pseudo-speed” V, both
mapped as voltages. The only parameter that controls the dynamics
is the “pseudo-speed” of the driving ceiling, also mapped through a
voltage Vj.

A second crucial aspect is the fact that the physical delays due to
signal propagation within the circuit, whose size is of order 30cm,
are of order 1ns, which is negligible as compared with the single
oscillator’s period, of order 1ms, as well as with the reciprocal of
the op-amp bandwidth, of order 1ps. Consequently, the coupling is de
facto instantaneous and thus oscillators can be regarded as being at a
vanishing physical distance from one another. The coupling induces a
topological structure in the system, rather than a spatial one. In this
sense, the distance between the end oscillators of an M-fold chain,
equal to the number M — 1 of physical links, is to be intended as a
topological distance rather than a physical one.

2.2. Setup and measurements

The circuit board, hosting 25 BK oscillators, is powered by a bench
power supply with +12V and drawing about 5W. In principle, each BK
oscillator can be connected with any four other ones, thus allowing for
a wide range of network topologies. In the present study, we connected
M oscillators in a linear chain, where M is an integer varying from 2
to 25. Given an M -fold chain, we henceforth label the ith BK oscillator
as B;, with 1 <i < M. Consequently, /3, and B,, are connected to /3,
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Fig. 1. Example of evaluation of the cross-correlation and the 5th-order MIOP between the end oscillators B,, B, of a 6-fold chain of BK oscillators. (a) “Pseudo-speed” voltage
signal x, sampled from the oscillator B, as a function of 7. (b) Signal x, sampled from the oscillator B,. (c) Cross-correlation C’,,b, as a function of the lag z, evaluated on a
single pair of 10°-point segments of the time series simultaneously collected from the oscillators 53, and B, (see main text). The maximum value max(C‘m) of €, ¢ is highlighted.
(d) 5th-order incremental MIOP ASf‘() computed on the same segments considered in (c). (e) Average cross-correlation <CA‘L6> computed out of 16 independent pairs of 10°-point
segments. The light-blue shaded area represents the related uncertainty. The gray shaded area corresponds to the narrowest lag range being symmetric about the origin and such
that, outside it, the average cross-correlation differs from zero by less than twice its uncertainty. (f) As in (e) but for the average 5Sth-order incremental MIOP (AS]5'6>. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

and B,,_,, respectively, while B;, with 2 <i < M — 1, is connected to
both B, .

The oscillators share the same control voltage V. This control pa-
rameter is provided by an external control-and-acquisition board based
on a system-on-chip (Xilinx Zynq-Z7010) running a custom firmware
and connected to a workstation via Ethernet. The system-on-chip,
which combines a field-programmable gate array (FPGA) with a general
purpose processor, drives simultaneously 8 analog-to-digital converters
(ADCs), each working with 12-bit resolution at a sampling frequency
of 1 MHz. Real-time averaging of 16 consecutive samples results, for
each one of the 8 channels, in an improved resolution of 16bit and
an effective sampling frequency of 62.5kHz, corresponding to a sam-
pling period T = 16 ps. The sampling frequency largely overcomes the
spectrum shown by the network dynamics (< 5kHz). The implemented
control-and-acquisition setup allows for automatizing the data acquisi-
tion process in a versatile, reproducible, and reliable manner, which is
typical of FPGA-based solutions [37].

In a typical acquisition, the “pseudo-speed” signal generated by
an oscillator is sampled over a time span of 500s, thus producing a
sequence of 31250001 points. Each time series is then partitioned into
31 consecutive, non-overlapping segments of N = 10° points. In order
to obtain a collection of independent time series, the even-numbered
segments — the 2nd, the 4th, ..., the 30th — are discarded. As a result,
for each sampled time series, 16 segments, each spanning about 16 s and
separated by at least the same time, are available.

Let x;(r) be the “pseudo-speed” voltage signal of the ith oscillator
B, with 1 < i < M, and let x;[n] = x;(nT) be the corresponding

sampled sequence, with 0 < n < N — 1, n € Z. Given the sequence x;[n],
let 4i;, 62 be the related sample mean and sample variance, respectively.
Examples of the time series recorded for two BK oscillators are shown
in Fig. 1(a),(b).

3. Connectivity estimators
3.1. Cross-correlation

The cross-correlation C;;(r) between B; and B, is defined as a

function of the lag r as follows:

_ O -] e - wl)

i l

where the operator (-) indicates the ensemble average, while yu, o,
with k =i, j, are the population mean and the population standard
deviation of x, (1), respectively. An estimator of the cross-correlation
in the case of a lag = ¢T, ¢ € Z, is given by

N _ ,
66;

where

X N—1-max(0,¢) x,—[k]xl-[k + Lo]

C,-_j (Z,ﬂT) = T

k=max(0,-¢)

A lag-independent estimate of the error on a single evaluation of
CA‘[V ;(¢T) can be obtained by error propagation, provided that N > |7|
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and assuming homoskedasticity concerning the uncertainty of the sin-
gle voltage samples. So we have

52 4 A2 52 n2
\/ai +6; +2(/4i +/4j) -,
6o ® — —_—
”’ 0,0, VN
where o, is the common uncertainty on the single voltage samples,
which was found to be about 0.3 mV.

To measure the connectivity strength between B; and B;, we con-
sider the maximum value max( ) of C S(&T),

B

max(C, ;) = max[C, ,(¢T)] ,
computed on two segments recorded simultaneously. The procedure
is repeated for all 16 segment pairs. The final value of connectivity
strength is then taken as the sample mean of the resulting 16 maxi-
mum values, with the sample standard deviation providing the related
uncertainty.

An example of the evaluation of the cross-correlation between the
time series recorded for two BK oscillators is shown in Fig. 1(c),(e).

3.2. Mutual information of time series ordinal patterns

MIOP is a measure of the amount of information shared by two
scalar time series. It relies on symbolic encoding, as follows. Given the
sequence x;[n] sampled from the oscillator B; and an integer dimension
m > 2, we consider, for any n such that 0 < n < N — m, the m-tuple, or
trajectory,

X;, = (x,-[n], xin+1], ..., x;j[n+m— 1]).

The trajectory is then encoded into the symbolic sequence, henceforth
referred to as a word,

m _ 0 1 m—1
Sin = (Si,n’ Sim> > Sin ) ’

where the integer s¥ , with k =0, 1, — 1, corresponds to the rank
of x;[n+ k] within x‘ ,»» namely, the posmon denoted by an integer
in the range [0, m — 1], that x;[n + k] would have within the same m-
tuple sorted in ascending order. In the case of an equality between two
or more elements of x,,, the relative rank is provided by the index
k. The number of possible words of order m is given by the number
of permutations of 0, 1, ..., m — 1, namely m!. As a straightforward
generalization, we can state that the sequence x;[n] is encoded into a
sequence {s } of words of order m, with0 <n< N —m.

Besides x;[n], we now consider also the sequence x-[n] stemming

from the oscillator B; as well as its encoded sequence . The two
sequences of words are then merged, with a variable lag T= fT ¢ e,
to obtain the joint sequence

{ (Si,n’ Sj.n+f) } ,

with n = max(0, -¢), ..., N — 1 —max(0, #), and where each pairing
(Simr s i +¢) can be interpreted as a “vector concatenation”.

Given a lag #T, the occurrences of each of the (m!)? possible joint
words, denoted by S, ,» (with k, k" =1, 2, ..., m!), are counted in or-
der to obtain the corresponding lag-dependent joint relative frequency
B;;(Syr 4 )- The mth-order MIOP S7(#T) between B; and B; is finally
evaluated as

ST =

m!  m! N
D: '(Sk’ k")
pL (S ) In| —2—— 2 |,
2 & o) [ﬁf (k") B (k")

kK'=1k"=1

where

m!
2 ﬁij (Skr’ku) s

K'=1

k” Z p,] Sk’ krr
k'=1
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are the marginal relative frequencies. In the expression of SP(T), we
use the natural logarithm.

In the present work, MIOP is evaluated for m = 5 and, as a trade-off
to avoid redundance and irrelevance, upon downsampling each time
series by a factor of 20, thus reducing the number of points N = 10° to
5-10%

In the case of pairs of non-adjacent BK oscillators, for large absolute
values of the lag 7, |r| 2 0.3s, the 5th-order MIOP Sfj(r) tends to
fluctuate about a constant value 55 Therefore, also for the sake of
comparison, rather than MIOP we con31der henceforth the incremental
MIOP ASfj('r), defined as

48},(x) = 87,(0) = 57,

In this last expression, the baseline SSI is obtained by averaging S5 (r)
on the lag values 288 ms < |7| < 320 ms.

Conversely, in the case of adjacent oscillators, i.e. when j =i+1,
the baseline S‘f:j is more difficult to evaluate, as MIOP decays too slowly
with |z|. For this reason we use as a reference S‘fj the baseline inferred
by considering pairs of independent time series sampled at different
times from a single “reference” oscillator, as described in Section 4.2.

As for cross-correlation, the maximum value of ASf/.(r) can be
considered as a measure of the connectivity strength between B; and
B;. Also in this case, for each pair of coupled oscillators considered, the
search for the maximum incremental MIOP max ASS ) is repeated for
each independent pair of time series collected from the two oscillators,
summarizing the results with their sample mean and their sample
standard deviation.

An example of the evaluation of the 5th-order incremental MIOP
between the time series recorded for two BK oscillators is shown in

Fig. 1(d),(D.
4. Dependence of connectivity on topological distance

In this Section, we finally discuss the measurements and the analysis
of the dependence of connectivity on topological distance.

Henceforth, given an (M + 1)-fold chain of BK oscillators, we con-
sider the “pseudo-speed” signals simultaneously sampled from the end
oscillators B, B,;.,. The two oscillators turn out to be separated
by a topological distance M. For the sake of clarity, with regard to
the connectivity estimators introduced in Section 3, we define the
cross-correlation C,,(r) and the Sth-order incremental MIOP ASISW(T)
as

CA‘M(T) = él m+1(7),
AS3,(7) = AS] L (@),

respectively. The maximum values max(Cy,), max(4S3,) are defined
accordingly.

4.1. Periodic behavior

For appropriate values of the control voltage V;, the BK oscillators
exhibit a periodic behavior. As an example, Fig. 2 shows the Lissajous
curves of the end oscillators of a 10-fold chain (M = 9) in two different
regimes. The plot in Fig. 2(a) reveals a periodic behavior, which is
apparent from the regular shape of the curve. In this case, the connec-
tivity estimators max(Cy,) and max(S5,) amount to about 0.7 and 1.1,
respectively. Compared with the results obtained in the chaotic regime
(Fig. 2(b)) and discussed below, the reported values reveal the presence
of a significant correlation between the two end oscillators.

It is worth noticing that for all other measurements reported in
the present work the control voltage V; is set to 0V to ensure chaotic
behavior.
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Fig. 3. (a) Average cross-correlation (C‘o) and (b) average 5th-order MIOP <S3 )
both as a function of the lag 7, computed from 8 pairs of independent 10°-point time
series sampled from the same BK oscillator (end oscillator B, in a 25-fold chain) at
different times. In both plots, the shaded area represents the uncertainty of the related
connectivity estimator.

4.2. Assessment of the connectivity estimator baselines

Fig. 3 shows the cross-correlation and the 5th-order MIOP computed
from 8 pairs of independent time series sampled from the same oscil-
lator at different times. These pairs are obtained by pairing two sets
of 8 segments resulting from the segmentation of an experimental time
series as described in Section 2.2.

As highlighted in Fig. 3, the cross-correlation fluctuates by construc-
tion about zero. Conversely, MIOP fluctuates about a constant value S‘g .
This very level is taken as a reference for MIOP assessments in the case
of adjacent oscillators, as anticipated in Section 3.2. It is worth noting
that this reference baseline is compatible with the baselines that are
inferred from MIOP values computed at large lag (|z| 2 0.3s) for each
(M + 1)-fold chain, with M > 2.

4.3. Chaotic behavior and predictability horizon in the topological domain

Figs. 4 and 5 show the cross-correlation C‘M () and the incremental
MIOP 4S3, (1), respectively, for 1 < M < 24.

It is worth noting that, in a periodic regime, noise is present, which,
however, does not hinder the emergence of a correlated behavior. On
the other hand, in a chaotic regime and despite being driven by the
very same set of coupled differential equations, the system does not
produce anymore a correlated behavior: correlation between oscillators
vanishes, regardless of the delay, provided that the length of the chain
is sufficiently large.

The maximum values taken on by cross-correlation and MIOP as a
function of the chain length M are shown in Fig. 6. As qualitatively
shown in Figs. 4, 5, these maxima decrease with M. Interestingly,
this decrease appears to be exponential with M for both metrics, up
to M 2 9. Beyond this point, the values settle to a minimum given
by the noisy fluctuations of cross-correlation and MIOP in the case of
uncorrelated sources.
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A linear fit to Inmax(Cy,)| as a function of M in the interval
3 < M <8, which corresponds to an exponential decay of maX(C‘ M) as
exp(—M /M), yields M = 2.6 +0.2. The very same procedure applied
to In[max (4S5 )] yields a decay constant equal to Mg = 2.0 +0.2. Re-
markably, the decay constants M, Mg are compatible, suggesting that
the rate of correlation loss is independent of the metric used for its
assessment.

This observation suggests that, analogously to the time-domain
predictability horizon induced by a positive Lyapunov exponent, there
exists a topological predictability horizon induced by chaos and by the
topology of couplings, and quantified by the decay constants M., M.

5. Discussion

Leveraging on an experimental nonlinear electronic system, we
provided evidence that for a network in a chaotic regime the dynamics
of constituent units — despite being fully deterministic and instanta-
neously coupled — wind up being uncorrelated. This observation holds
for two connectivity metrics, completely unrelated from one another
— linear cross-correlation and nonlinear information-theoretical MIOP
metric — thus hinting at an universal phenomenon. More in detail,
we showed that the effect of chaos on a topologically structured set
of subsystems (in this case, a linear chain) turns out to be an expo-
nential reduction in connectivity strength as the topological distance
increases. This exponential reduction can be interpreted in terms of a
topological unpredictability of the system, which parallels the temporal
unpredictability of chaos. The result has crucial implications in the
identification of networks in real systems: the observed topological
unpredictability poses, in chaotic regimes, an upper limit to the degree
of correlation that two nodes can express.

One might argue that topological unpredictability arises as a by-
product of the combination of Lyapunov exponents and the time typi-
cally required to a signal to propagate through a chain. However, for
M > 3, the time-dependent correlation patterns displayed in Figs. 4, 5
do not show any significant relationship between time lag r and M, and
thus between r and the physical distance. Consequently, correlations
indeed appear as collective phenomena that make the argument of
signal propagation a non-starter.

Besides being an interesting concept to be further explored from the
point of view of chaos theory, the observation of topological unpre-
dictability prompts some intriguing speculations concerning complex
systems in nature. For example, one might model — in an oversimplis-
tic way — the Earth climate as a very large system made of smaller
units, e.g. convection cells, that are driven by a deterministic dynamics
and are coupled with each other in a nearest-neighbor fashion. The
whole system would be described by a large set of N coupled differ-
ential equations. Nonetheless, according to the results of the present
work, the chaotic nature of the dynamics would induce a topological
— and, in this example, also spatial — unpredictability.

Going back to the inceptive geophysical problem from which the
BK model was devised, one might propose a similar consideration
regarding an earthquake fault modeled as a set of N coupled BK
oscillators. In a chaotic regime, the evolution of a given part of the
fault is not expected to provide any information on the evolution of
another part, even if the dynamics were fully deterministic. A further
major example could concern neuronal networks, which are prominent
examples of topologically-structured nonlinear oscillators. In this case,
the topological unpredictability ensuing from a chaotic regime would
allow for higher activity variability — and thus information processing
capability — within the network [35]. In this context, and as a first
possible development of the present work, given the spike-like nature
of the dynamics of BK oscillators, it might prove fruitful to address
connectivity also by relying on point-process techniques [38,39].

It is worth highlighting that, in the present work, symmetrically,
instantaneously and bidirectionally coupled systems were considered.
On the one hand, we avoided introducing delays, which in fact play a
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the related uncertainties. For both log-scale plots, a straight line (red) is fitted to the
experimental points obtained for 3 < M < 8. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

significant role in the real systems mentioned above. On the other hand,
we overlooked the issue of directionality, namely whether there are
differences in the way node 1 influences/forecasts node 2 with respect
to the way node 2 influences node 1. The issue of link directionality
was first tackled by Granger [40], who introduced the “causality”
measure named after him for bivariate linear models. The concept
was then widened to address multivariate linear models [41,42] and
nonlinear systems [43,44]. Also in this case, for reasons similar to
the ones mentioned above, information-theoretical methods [45-48]
have become more attractive than their linear or nonlinear parametric
counterparts due to their being model-free and less noise-vulnerable.
Future developments of the present work include the extension of the
investigation to address directionality by exploiting the versatility of
the available experimental setup. To the purpose of addressing direc-
tionality, an additional possible research direction consists of exciting
the BK oscillators and to observe the network’s response [49].

Although the approach followed in the present work is to inves-
tigate connectivity in a linear chain by analyzing the correlation of
the two end oscillators, an important future step would be to carry
out the analysis considering all possible pairs. In principle, this more
complex analysis should provide comparable results with respect to
the present assessment of topological unpredictability. Nevertheless, a
possible variability of the decay constants M., Mg along the chain
might emerge as a consequence of the intrinsic variability of the circuit
parameters.

Possibly the most relevant development of the present study would
concern configurations beyond the simple chain topology discussed
above. As a first step, one could consider two-dimensional configur
ations — i.e. lattices of BK oscillators — that can be easily assembled
by means of the experimental platform used here, or any extension
thereof. These configurations could present different local and nonlocal
topological properties and different degrees of symmetry, for example
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ordered lattices or hub-leaves structures. Addressing two-dimensional
configurations is expected to provide elements to better understand
the origin of topological unpredictability and the role of the network
diameter.

Finally, while the present MIOP analysis was carried out for a single
value of the dimension m = 5, it would be worth investigating MIOP for
different values of m.
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