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The decomposition locus of a tensor is the set of rank-one tensors 
appearing in a minimal tensor-rank decomposition of the tensor. 
For tensors lying on the tangential variety of any Segre variety, but 
not on the variety itself, we show that the decomposition locus 
consists of all rank-one tensors except the tangency point only. We 
also explicitly compute decomposition loci of all tensors belonging 
to tensor spaces with finitely many orbits with respect to the ac-
tion of product of general linear groups.
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1. Introduction

Decompositions of tensors as sums of decomposable tensors, also known as tensor-rank decompo-
sitions or canonical polyadic decompositions, are ubiquitous in many areas of applied mathematics and 
engineering, see Kolda and Bader (2009); Landsberg (2012); Sidiropoulos et al. (2017); Ballico et al. 
(2019a). We are interested in decompositions having minimal length.
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Definition 1.1. The rank of a tensor T ∈Cn1 ⊗ · · · ⊗Cnk is the minimum integer r such that

T =
r∑

i=1

Pi, with Pi = v1
i ⊗ · · · ⊗ vk

i ∈Cn1 ⊗ · · · ⊗Cnk .

We denote it by rk(T ).

The computation of the rank is known to be an NP-hard problem (Hillar and Lim, 2013).
In the recent paper Fawzi et al. (2022), the authors proposed a reinforcement learning approach to 

find minimal decomposition of the third-order tensor representing matrix multiplication: one of the 
most challenging problems on tensor decompositions, see Landsberg (2017). The authors formulate 
the search as a game, called TensorGame, which goes as follows:

• the start position is a given tensor T0 = T ;
• at each step t , the player takes a tuple of vectors (v1, . . . , vk) and the current state by defining

Tt ← Tt−1 − v1 ⊗ · · · ⊗ vk;
• the game ends when T R = 0.

The challenge is to find, at each step, a rank-one tensor that drops the rank in such way the number 
of steps performed during the game are exactly the rank of the tensor T .

The natural question is then the following:

given a tensor T what are the rank-one tensors that drop the rank of T ?

Definition 1.2. The decomposition locus of a tensor T ∈Cn1 ⊗ · · · ⊗Cnk is

DT :=
{
(v1, . . . ,vk) ∈Cn1 × · · · ×Cnk : rk(T − λv1 ⊗ · · · ⊗ vk) = rk(T ) − 1,

for some λ ∈C
}
.

The forbidden locus FT of T is the complement of DT in Cn1 × · · · ×Cnk , i.e.

FT :=
{
(v1, . . . ,vk) ∈Cn1 × · · · ×Cnk : rk(T − λv1 ⊗ · · · ⊗ vk) ≥ rk(T ), for any λ ∈C

}
.

These objects were introduced in Carlini et al. (2017) for symmetric tensor decompositions, also 
known as Waring decompositions of homogeneous polynomials, and computed for particular fami-
lies of polynomials. Those ideas were used in Mourrain and Oneto (2020) to classify homogeneous 
polynomials of rank at most 5 in terms of algebraic properties of sets of points supporting their min-
imal decompositions. A first example of symmetric tensor having empty (symmetric) forbidden locus 
is provided in Flavi (2024). A version of forbidden loci for non-reduced zero-dimensional schemes 
apolar to homogeneous polynomials was considered in Ventura (2019). The notion of decomposition 
locus is strictly related to the more geometric notion of entry locus (see Russo (2009); Ionescu and 
Russo (2008)).

An important question treated in the literature is whether the critical rank-one approximations 
of a tensor, i.e., one of the critical points of the Euclidean distance function from the tensor to the 
variety of rank-one tensors, belong to the decomposition locus. This is justified on one side by the 
fact that there exists algorithms to compute the best rank-one approximation of tensors, see e.g. 
Friedland and Ottaviani (2014), but, on the other hand, different from the matrix case, the best rank-
one approximation does not always belong to the decomposition locus, see Stegeman and Comon 
(2010). This makes the question for tensors very interesting. In a recent pre-print Horobet and Turatti 
(2023), the authors study geometric properties of the Zariski closure of the set of tensor admitting 
one of the critical rank-one approximations in the decomposition locus. We believe that a systematic 
2
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study and an explicit description of decomposition loci of tensors, like the one we present here, might 
shed lights also in this direction.

In this work, we concentrate on tensors of order three for which the orbits under the action of 
GLn1C× GLn2C× GLn3C are finite in number. Consequently, it should be noted that our work cannot 
be directly applied to compute the rank of the matrix multiplication tensor M〈3〉; however, we hope 
that it will provide valuable insights.

1.1. Structure of the paper

In this paper, we address the question for some special families of tensors. For sake of complete-
ness, we first recall the well-understood case of matrices, see Section 3. In Section 4, we consider 
tensors that lie on the tangential variety of Segre varieties of any order. In the literature of quantum 
information, these are known as W -states, see e.g. Ballico et al. (2019b) and the references therein. 
Our proof of Theorem 4.3 gives also a recipe to construct minimal rank decompositions of W -states 
starting from almost any rank-one tensor, see Proposition 4.6. In Sections 5 and 6, we consider tensors 
in C2 ⊗C2 ⊗Cn and C2 ⊗C3 ⊗Cn , namely pencils of 2 × n and 3 × n matrices. These are the only 
spaces of tensors, beside matrices, in which we have finitely many orbits with respect to the action 
of the product of general linear groups, see Section 2.2. Our computation will be explicitly made on 
their normal forms by using the algebra software Macaulay2 (Grayson and Stillman) and can be found 
at https://sites .google .com /view /alessandrooneto /research /publications.
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2. Preliminaries

In this section we briefly recall some basic definition and notation. For an extensive introduction 
to tensor decomposition and its algebro-geometric approach see Landsberg (2012); Bernardi et al. 
(2018).

2.1. Segre varieties and secant varieties

Vectors are denoted in bold face, e.g., v, and their corresponding projective class is denoted within 
brackets, e.g., [v]. First, we recall notation for the space of rank-one tensors, i.e. Segre varieties, and the 
Zariski closure of the space of rank-r tensors, i.e. r-th secant varieties of Segre varieties. Due to the in-
dependence of tensor rank by scalar multiplication, it is natural to consider these spaces projectively.

Definition 2.1. Fix integers n = (n1, . . . , nk). The Segre embedding is the map of P (Cn1 ) × · · · ×
P (Cnk ) defined by the line bundle OP (Cn1 )×···×P (Cnk )(1k), i.e.,
3
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νn : P (Cn1) × · · · × P (Cnk ) −→ P
(
Cn1 ⊗ · · · ⊗Cnk

)
([v1], . . . , [vk]) 	→ [v1 ⊗ · · · ⊗ vk].

The Segre variety is Xn = Im(νn). Its r-th secant variety is

σr(Xn) = {[T ] : rk(T ) ≤ r} ⊂ P
(
Cn1 ⊗ · · · ⊗Cnk

)
.

We use the notation nk = (n, n, . . . , n) ∈Nk .
The first r such that [T ] ∈ σr(Xn) is called the border rank of [T ]:

brk(T ) = min{r : [T ] ∈ σr(Xn)}.

Remark 2.2. With an abuse of notation, we will denote by DT the decomposition locus of the tensor 
T defined in Definition 1.2 also when regarded as subspace of the Segre variety product of projective 
spaces PCn1 × · · · ×PCnk or when regarded as a subset of the Segre variety Xn; analogously for the 
forbidden locus.

By conciseness (see Landsberg, 2012, Proposition 3.1.3.1) or autarky (see Ballico and Bernardi, 2017), 
if T ∈ V 1 ⊗· · ·⊗ Vr where V i ⊆Cni , then DT ⊂ V 1 × · · ·× Vr . Hence, we will always consider tensors 
in their concise space, namely T ∈ V 1 ⊗ · · · ⊗ Vk such that there is no W1 ⊗ · · · ⊗ Wk ⊊ V 1 ⊗ · · · ⊗ Vk
containing the tensor T .

Definition 2.3. For m = (m1, . . . , mk), let Subm be the space of tensors that, up to change of coordi-
nates, lie in some P (Cm1 ⊗ · · · ⊗Cmk ).

A way to understand if a tensor is concise is by looking at its flattenings.

Definition 2.4. The i-th flattening of a tensor T ∈Cn1 ⊗ · · · ⊗Cnk is the linear map

flatti(T ) : (Cni )∨ →
⊗
j �=i

Cn j

given by contraction on the i-th factor. Sometimes, we will also refer to flatti(T ) as the associated 
matrix in the standard basis.

A classical construction is the one of dual varieties. If we consider the Segre variety in the dual 
projective space Xn ⊂ P (Cn1 ⊗ · · · ⊗ Cnk )∨ , then, by biduality, we consider its dual variety X∨

n ⊂
P (Cn1 ⊗· · ·⊗Cnk ). This is a hypersurface if and only if ni −1 ≤ ∑

j �=i n j −1, for all i. In the following, 
we will mostly consider dual varieties of three-factors Segre varieties that are hypersurfaces. In such 
cases, the defining equation of X∨

n1,n2,n3
is the so-called hyperdeterminant, denoted by Hn1,n2,n3 . See 

Gelfand et al. (2008); Ottaviani (2013).

2.2. Spaces of tensors with finitely many orbits

The group GLn1 × · · · × GLnk naturally acts on Cn1 × · · · × Cnk . In Kac (1980), the author proved 
that the only spaces of tensors Cn1 ⊗ · · · ⊗Cnk with a finite number of 

(
GLn1 × · · · × GLnk

)
-orbits are

a) Cm ⊗Cn;
b) C2 ⊗C2 ⊗Cn;
c) C2 ⊗C3 ⊗Cn .

The case of matrices is well-understood and orbits correspond to matrices with equal rank.
In Parfenov (2001), normal forms for tensors in C2 ⊗Cb ⊗Cc with b ≤ 3 were provided. Recall 

that any three-factor (concise) tensor T ∈ C2 ⊗ Cn2 ⊗ Cn3 can be studied as a pencil of n2 × n3
4
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matrices by looking at the 2-dimensional image of the first flattening. Explicitly, if we consider the 
standard basis {ei

1, . . . , e
i
ni

} for the i-th factor of Cn1 ⊗ · · · ⊗ Cnk and we write in coordinates T =∑
i, j,k ti, j,ke1

i ⊗ e2
j ⊗ e3

k , then we associate to T the pencil of matrices u A + v B , where A = (t1,i, j)

and B = (t2,i, j) are the matrices of size n2 × n3 obtained as images of e1
1 and e1

2 through flatt1(T ), 
respectively. Clearly, the notation as pencil of matrices of T is not uniquely determined, but a pair 
of linearly independent matrices A, B determines uniquely the pencil. In Buczyński and Landsberg 
(2013), all ranks and border ranks of tensors in C2 ⊗C2 ⊗Cn and C2 ⊗C3 ⊗Cn were computed 
through the interpretation the so-called Kronecker normal forms of pencils of matrices and the theorem 
by Grigoriev (1978), JáJá (1979) and Teichert (1986) on ranks of pencils of matrices.

We recall in Table 1 the normal forms of tensors in C2 ⊗ Cn2 ⊗ Cn3 for n2 ≤ 3, following the 
numeration of Buczyński and Landsberg (2013).

Notation. We denote by Tn the n-th normal form of Table 1 and by On the corresponding orbit.

Remark 2.5. Note that, since the tensor rank is invariant under the action of GLn1 × · · · × GLnk , if T
and T ′ belong to the same orbit, then we can obtain the decomposition locus of one from the other. 
Say T = (A1, . . . , Ak) · T ′ , for Ai ∈ GLni then

DT = {a1 ⊗ · · · ⊗ ak : (A−1
1 , . . . , A−1

k ) · (a1 ⊗ · · · ⊗ ak) ∈ DT ′ }
= {(A1, . . . , Ak) · (v1 ⊗ · · · ⊗ vk) : v1 ⊗ · · · ⊗ vk ∈ DT ′ },

and similarly for the forbidden loci. Therefore, besides the case of matrices and tangential tensors, in 
Sections 5 and 6 we symbolically compute equations of decomposition loci only of tensors in normal 
forms. 

3. Matrices

As a first example of computation, we describe the case of matrices, generalizing (Carlini et al., 
2017, Corollary 3.2) which considered only the symmetric case. This section covers the orbits n.1, 2, 
3, 4 and n.10 of Table 1.

Let A ∈ Matm×n(C) be a m ×n matrix of rank r and consider its thin Singular Value Decomposition 
(SVD) A = UΣV ∗ , where U ∈ Matm×r(C) and V ∈ Matn×r(C) are such that U∗U = Ir and V ∗V = Ir , 
V ∗ denotes the transpose conjugate and Σ = diag(σ1, . . . , σr) ∈ Matr×r(C) is a diagonal matrix whose 
diagonal contains the ordered singular values σ1 ≥ · · · ≥ σr > 0 of A. Then,

A =
r∑

i=1

σiui ⊗ vi

where ui ∈Cm and vi ∈Cn indicate the ith column and row of the matrices U and V ∗ , respectively. 
In particular, we have that A is concise in the subspace

U ⊗V := 〈u1, . . . ,ur〉 ⊗ 〈v1, . . . ,vr〉 ⊆ Cm ⊗Cn.

The matrix A+ := V Σ−1U∗ is the pseudoinverse of A, where Σ−1 := diag( 1
σ1

, . . . , 1
σr

) ∈ Matr×r(C).

Proposition 3.1. Let U ⊗V be the concision space of A ∈ Matm×n(C). The decomposition locus of A is

DA =
{
(u,v) ∈U ×V ⊆ Cm ×Cn : vT A+u �= 0

}
.

Proof. As mentioned in the introduction, by either concision for tensors (cf. Landsberg, 2012, Propo-
sition 3.1.3.1) or autarky property (cf. Ballico and Bernardi, 2017), DA ⊆U ×V . We first compute the 
decomposition locus of the rank-r matrix Σ ∈ Matr×r(C) from the thin SVD of A = UΣV ∗ . By linear 
algebra computation,
5
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Table 1
The 26 normal forms in C2 ⊗Cb ⊗Cc with b ≤ 3 or c ≤ 6.

n. Kronecker normal form pencil brk rk Ref.

1 e1
1 ⊗ e2

1 ⊗ e3
1 ( u ) 1 1 Proposition 3.1

2 e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
2 ⊗ e3

1 ( u v ) 2 2 Proposition 3.1

3 e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
2 ⊗ e3

2

(
u

u

)
2 2 Proposition 3.1

4 e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
1 ⊗ e3

2

(
u

v

)
2 2 Proposition 3.1

5 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ e2
1 ⊗ e3

2

(
u v

u

)
2 3 Theorem 4.3

6 e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
2 ⊗ e3

2

(
u

v

)
2 2 Section 5.1

7 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ e2
1 ⊗ e3

2

(
u v

u

)
3 3 Section 5.2

8 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3)
(

u v

u v

)
3 3 Section 5.2

9 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4)
(

u v

u v

)
4 4 Section 5.3

10 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3)

(
u

u

u

)
3 3 Proposition 3.1

11 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

3 ⊗ e3
2) + e1

2 ⊗ e2
2 ⊗ e3

1

(
u

v

u

)
3 3 Section 5.2

12 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
2 ⊗ e3

1 + e2
3 ⊗ e3

2)

(
u

v u

v

)
3 3 Section 5.2

13 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

3)

(
u v

u

v

)
3 4 Section 6.2.1

14 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ e2
3 ⊗ e3

3

(
u

u

v

)
3 3 Section 6.1

15 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ e2
1 ⊗ e3

2

(
u v

u

u

)
3 4 Section 6.2.2

16 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3)

(
u v

u v

u

)
3 4 Section 6.2.3

17 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

3)

(
u v

u

v

)
3 4 Section 6.2.4

18 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
2 ⊗ e3

2 + e2
3 ⊗ e3

3)

(
u

u+v

v

)
3 3 Section 6.1

19 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3)

(
u v

u v

u

)
4 4 Section 6.3.1

20 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
4) + e1

2 ⊗ e2
1 ⊗ e3

2

(
u v

u

u

)
4 4 Section 6.3.2

21 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4)

(
u v

u v

u

)
4 5 Section 6.4

22 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

4)

(
u v

u

v

)
4 4 Section 6.3.3

23 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3 + e2
3 ⊗ e3

4)

(
u v

u v

u v

)
4 4 Section 6.3.4

24 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
5) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4)

(
u v

u v

u

)
5 5 Section 6.5

25 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3 + e2
3 ⊗ e3

5)

(
u v

u v

u v

)
5 5 Section 6.5

26 e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
5) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4 + e2
3 ⊗ e3

6)

(
u v

u v

u v

)
6 6 Section 6.6
6
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det(Σ + λx ⊗ y) = det(Σ)(1 + λyT Σ−1x) = σ1 · · ·σr + λ

r∑
i=1

1

σi
xi yi .

Hence, DΣ = {(x, y) ∈ Cr ×Cr : yT Σ−1x �= 0}. Denote by V the matrix whose entries are complex 
conjugated of the entries of V . Now, since A+ = V Σ−1U∗ , we have that 0 �= yT Σ−1x = yT V ∗ A+U x =
(V y)T A+U x and this gives DA from DΣ:

DA = {(u,v) ∈U ×V : (U u, V v) ∈ DΣ}
= {(u,v) ∈U ×V : vT V ∗Σ−1U∗u �= 0} = {(u,v) ∈U ×V : vT A+u �= 0}. �

4. Tangential tensors

We consider here tangential tensors, namely tensors lying on the tangential variety of the Segre 
variety but not on the Segre variety itself. In the literature of quantum information, these are known 
as (tensors in the orbits of) W -states, see e.g. Dür et al. (2000). This case corresponds to the orbit n.5 
from Table 1.

Definition 4.1. The tangential variety of the Segre variety is

τ (Xn) = {[T ] : ∃q ∈ Xn such that [T ] ∈ Tq Xn
}
,

where Tq Xn denotes the tangent space to the Segre variety at q.

If Q = v1 ⊗ · · · ⊗ vk ∈ Xn then it is immediate to see that the all tensors in the tangent space at 
q = [Q ] ∈ Xn can be written as T = ∑k

i=1 v1 ⊗ · · · ⊗ wi ⊗ · · · ⊗ vk , for some wi ∈ Cni . In particular, 
T ∈ Sub2k .

Remark 4.2. Let q ∈ X2k and [T ] ∈ Tq(X2k ) ∖ {q}. Then, there exists a 0-dimensional scheme of length 
two J ⊂ (P 1)×k supported at q such that [T ] ∈ 〈ν2k ( J )〉. Such a scheme is classically called a 2-jet (cf. 
Alexander and Hirschowitz, 1997; Bernardi et al., 2009). By Ballico and Bernardi (2013, Theorem 1), 
the rank of T is determined by the conciseness of J ; in particular, the rank of T is equal to the 
number of factors of its concise expression.

We prove that the only forbidden point for tangential tensors is the tangency point. This general-
izes the analogous result for symmetric tensors in Carlini et al. (2017).

Theorem 4.3. Fix q ∈ Xn , n = (n1, . . . , nk) with k ≥ 3. Let [T ] ∈ Tq Xn ∖ {q}. Then, FT = {q}.

The latter theorem gives a very immediate way to check if a rank-one tensor is forbidden for 
a tangential tensor. Indeed, if T is tangential tensor at q = [Q ], then the image of all flattenings 
flatti(T ) contains only one rank-one tensor: that is exactly the image by flatti(T ) of the annihilator 
by contraction of the i-th factor of Q in (Cni )∨ . See Algorithm 4.1.

Algorithm 4.1 Test if a rank-1 tensor is in the forbidden locus of a tangential tensor.
Input:

• Tangential tensor T ∈Cn1 ⊗ · · · ⊗Cnk with k ≥ 2.
• Rank-one tensor P = p1 ⊗ · · · ⊗ pk ∈Cn1 ⊗ · · · ⊗Cnk .

Output: Whether P ∈ FT or P �∈ FT .
Procedure:

• For any i = 1, . . . , k, let (pi)′ ∈ (Cni )∨ be an annihilator of pi by contraction in Cni .
• If, for any i = 1, . . . , k, rk

(
flatti(T )((pi)′)

)
> 1, then P �∈ FT ; otherwise, P ∈ FT .

First of all we show that the tangency point is indeed forbidden.
7
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Lemma 4.4. Fix q ∈ Xn , n = (n1, . . . , nk) with k ≥ 3. Let [T ] ∈ Tq Xn ∖ {q}. Then, q ∈FT .

Proof. Without loss of generalities, we may assume n = 2k and T concise in (C2)⊗k . In particular, the 
2-jet J supported at q such that [T ] ∈ 〈ν2k ( J )〉 as in Remark 4.2 is also concise. Therefore, if q = [Q ], 
since 〈ν2k ( J )〉 is exactly the line 〈[T ], q〉, then the tensor T − λQ is also tangential and concise for 
any λ ∈C. In particular, rk(T − λQ ) = rk(T ) for any λ and q ∈FT . �

To finish the proof of Theorem 4.3 it remains to show that Q is the only point in FT . We distin-
guish the case k = 3 from all the others.

Proposition 4.5. Theorem 4.3 holds for k = 3.

Proof. Recall that the tangential variety of X222 ⊂ P 7 is defined by the vanishing of the Cayley 
equation (cf. for instance Landsberg, 2012, Theorem 8.1.4.2 and Section 8.2.7) and it is the clo-
sure of the set of rank-3 tensors in P ((C2)⊗3) (see Buczyński and Landsberg, 2013, Section 6). Let 
p = [P ] = [a ⊗ b ⊗ c] ∈ X222, with a = a1e1

1 + a2e1
2, b = b1e2

1 + b2e2
2, c = c1e3

1 + c2e3
2. If p ∈ FT then 

T − λP has rank three for all λ ∈ C, in particular, the Cayley’s hyperdeterminant of T − λP should 
vanish for all λ ∈C. Up to change of coordinates, we assume Q = e1

1 ⊗ e2
1 ⊗ e3

1 and

T = e1
2 ⊗ e2

1 ⊗ e3
1 + e1

1 ⊗ e2
2 ⊗ e3

1 + e1
1 ⊗ e2

1 ⊗ e3
2 ∈ Tq X222.

By evaluating the Cayley’s hyperdeterminant H222 (cf. Gelfand et al., 2008, Ch. 14, Proposition 1.7) at 
T − λP , we get

H222(T − λP )

= λ2
(

a2
2b2

2c2
1 + 2a2

2b1b2c1c2 + 2a1a2b2
2c1c2 + a2

2b2
1c2

2 + 2a1a2b1b2c2
2 + a2

1b2
2c2

2

)
(4.1)

− 4λa2b2c2.

If P ∈ FT , then equation (4.1) is identically zero as univariate polynomial in C[a, b, c][λ]. Therefore, 
a necessary condition is a2b2c2 = 0. If a2 = 0, then H222(T − λP ) = λ2a2

1b2
2c2

2: since a �= 0, then either 
b2 = 0 or c2 = 0. Therefore, since equation (4.1) is invariant under permutation of a, b, c, we deduce 
that

FT ⊂
(

e1
1 × e2

1 × P 1
)

∪
(

e1
1 × P 1 × e3

1

)
∪

(
P 1 × e2

1 × e3
1

)
. (4.2)

Now, let p = [P ] be an element of the right-hand side of equation (4.2). Say P = e1
1 ⊗e2

1 ⊗ (αe3
1 +βe3

2)

with (α : β) ∈P 1. If β �= 0, then

T − 1

β
P =

((
−α

β
e1

1 + e1
2

)
⊗ e2

1 + e1
1 ⊗ e2

2

)
⊗ e3

1,

i.e., P ∈DT . Hence, FT ⊂ {q}. The fact that q ∈FT is Lemma 4.4. �
Proposition 4.6. Fix q = [v1 ⊗ · · · ⊗ vk] ∈ Xn , n = (n1, . . . , nk) with k ≥ 3. Let [T ] ∈ Tq Xn ∖ {q}. Consider 
p = [p1 ⊗ · · · ⊗ pk] such that [pi] �= [vi] for all i = 1, . . . , k. Then, p ∈DT .

Proof. Up to change of coordinates, we may assume q = [e1
1 ⊗ · · · ⊗ ek

1] and T = ∑k
i=1 e1

1 ⊗ · · · ⊗ ei
2 ⊗

· · · ⊗ ek
1.

We construct a curve Ck of multidegree 1k , i.e. a rational normal curve of degree k passing through 
p and such that T belongs to the tangent line to Ck at q. This will show that p, belonging to the 
rational normal curve to which T is tangent and being distinct from the point of tangency itself (the 
only prohibited point for tangent points to a rational normal curve), is a point of decomposition for 
T .
8
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We may assume that pi = piei
1 + ei

2 for i = 1, . . . , k. Consider the projective linear map f i :
P (C2) →P (C2) defined by the matrix 

(
1 pi
0 1

)
, i.e.,

f i : P 1 → P 1, (x : y) 	→ (x + pi y : y). (4.3)

Let Ck be the image of f = ν2k ◦ ( f1 × · · · × fk) : P 1 → (P 1)×k → X2k . The points p, q belong to 
Ck since f (1 : 0) = q and f (0 : 1) = p. The tangent line to Ck at q contains the tensor T : consider 
the limit of the secant lines 〈 f (1 : 0), f (1 : t)〉 for t 	→ 0 and compute the linear part of the Taylor 
expansion of f (1 : t):

coefft( f (1 : t)) = coefft

(
((1 + p1t)e1

1 + te1
2) ⊗ · · · ⊗ ((1 + pkt)ek

1 + tek
2)

)

=
(∑

i

pi

)
e1

1 ⊗ · · · ⊗ ek
1 + T ∈ 〈q, T 〉.

Therefore T is tangent to Ck in q, which means that T is actually a degree d monomial in two 
variables of the form xd−1 y and it satisfies all assumptions of Carlini et al. (2017, Theorem 3.3), so 
one can conclude that p ∈ DT . �
Remark 4.7. Our proof of Proposition 4.6 allows for a more general statement for partially-symmetric 
tensors, e.g. see Bernardi et al. (2018) for definitions. If the tensor T and the rank-one tensor 
p in the statement of Proposition 4.6 share the same partial symmetries, i.e., they belong to 
the same space Symd1 (Cn1) ⊗ · · · ⊗ Symdm (Cnm )⊂ (Cn1 )⊗d1 ⊗ · · · ⊗ (Cnm )⊗dm , then p appears in a 
minimal rank partially-symmetric decomposition of T . Indeed, by definition of tangential tensors, 
there is (A1, . . . , Am) ∈ GLn1 × · · · × GLnm such that T ′ = (A1, . . . , Am) · T is symmetric: note that, 
p′ = (A1, . . . , Am) · p ∈ Symd1 (Cn1) ⊗ · · ·⊗ Symdm (Cnm ) is not necessary symmetric. Now, if we follow 
the proof of Proposition 4.6 for T ′ and p′ , we notice that the parametrization equation (4.3) respects 
the same partial symmetry, i.e., Ck is contained in the same space of partially symmetric tensors. 
Therefore, we construct a partially symmetric minimal decomposition of T ′ which involves p′ . By ap-
plying the inverse transformation (A−1

1 , . . . , A−1
m ) ∈ GLn1 ×· · ·× GLnm , we obtain a partially symmetric 

minimal decomposition of T which involves p.
We like to stress that the proof of Proposition 4.6, combined with classical apolarity theory for 

binary forms, is constructive. We give an explicit example for third-order tensors.

Example 4.8. Let T = e1
1 ⊗ e2

1 ⊗ e3
2 + e1

1 ⊗ e2
2 ⊗ e3

1 + e1
2 ⊗ e2

1 ⊗ e3
1 be a tangential tensor in its normal 

form. Consider P = (e1
1 + e1

2) ⊗ (e2
1 + e2

2) ⊗ e3
2. Then, the rational normal curve C3 ⊂ X222 defined by

f : (a : b) ∈ P 1 	→ [(a + b,b) ⊗ (a + b,b) ⊗ (a,b)] ∈ X222

i.e., f (a : b) = (
(a + b)2a : (a + b)2b : (a + b)ab : (a + b)b2 : (a + b)ab : (a + b)b2 : ab2 : b3

) ∈ P 7, passes 
through p = [P ] and contains T on the tangent line at q = [e1

1 ⊗ e2
1 ⊗ e3

1]. The curve C3 is the section 
of X222 by the linear space H = {X101 − X110 − X111 = X011 − X110 − X111 = X010 − X100 = X001 −
X100 − X110 − X111 = 0}. Therefore, on H , we can use the coordinates Y0 := X000, Y1 = X100, Y2 =
X110, Y3 = X111. In order to make the parametrization of the curve C3 in H in the classical monomial 
form of Veronese embedding, we actually consider the change of coordinates given by

W0 := Y0 − 2Y1 + Y2, W1 := Y1 − Y2, W2 := Y2, W3 := Y3.

In these coordinates, we identify H with the space of binary cubics in C[x, y] by associating to W i the 
i-th element of the monomial basis, i.e., W i = (3

i

)
x3−i yi . Namely, C3 is the curve of powers of linear 

forms, the tensor T has coordinates (−2 : 1 : 0 : 0) and corresponds to the binary cubic F = −2x3 +
3x2 y. The tensor P instead has coordinates (0 : 0 : 0 : 1) and corresponds to y3. By classical apolarity 
theory, minimal decompositions of homogeneous polynomials as sums of powers of linear forms are 
constructed by looking at sets of points of minimal cardinality whose defining ideal is contained 
9
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in the annihilator ideal Ann(F ) = {g ∈ C[α, β] : g(∂x, ∂y) ◦ F = 0}, see Iarrobino and Kanev (1999, 
Lemma 1.15) or Bernardi et al. (2018, Lemma 5). The coordinates of the points give the coefficients 
of the summands of minimal decomposition. In our case: Ann(F ) = (α2, α3 + 2α2β). Since F has 
rank three, we want to find a cubic polynomial in Ann(F ) having distinct roots and divisible by 
α (i.e., one of the roots is (0 : 1)). Such a cubic is of the form α(α2 + 2αβ + μβ2) where μ is 
general, i.e., it is such that the quadratic factor has distinct roots. For example, if we consider μ = −3, 
then α(α − β)(α + 3β) ∈ Ann(F ). That means that a minimal rank decomposition of T is given by 
{ f (0 : 1), f (1 : 1), f (−3 : 1)}. It is easy linear algebra to see that indeed

T = −1

3
P + 1

4
(2e1

1 + e1
2) ⊗ (2e2

1 + e2
2) ⊗ (e3

1 + e3
2)

+ 1

12
(−2e1

1 + e1
2) ⊗ (−2e2

1 + e2
2) ⊗ (−3e3

1 + e3
2).

Similar construction can be pursued whenever we are in the assumption of Proposition 4.6.

We are now ready to complete the proof of the main theorem of this section.

Proof of Theorem 4.3. Without loss of generalities, we may assume n = 2k and T concise in (C2)⊗k . 
In particular, the 2-jet J supported at q such that [T ] ∈ 〈ν2k ( J )〉 as in Remark 4.2 is also concise. Up 
to change of coordinates, we may assume q = [e1

1 ⊗ · · · ⊗ ek
1] and T = ∑k

i=1 e1
1 ⊗ · · · ⊗ ei

2 ⊗ · · · ⊗ ek
1.

By Lemma 4.4, q ∈FT .
Vice versa, let p = [p1 ⊗ · · · ⊗ pk]. If [pi] �= [ei

1] for all i = 1, . . . , k then we conclude by Proposi-
tion 4.6. Assume that [pi] = [ei

1] for some i: without loss of generalities, up to reordering, we may 
assume that equality holds for i = 1, . . . , m. Recall that m < k because [p] �= [q].

If k − m ≥ 3, then we write

T + λp1 ⊗ · · · ⊗ pk =
m∑

i=1

e1
1 ⊗ · · · ⊗ ei

2 ⊗ · · · ⊗ ek
1 + (

e1
1 ⊗ · · · ⊗ em

1

) ⊗ T ′,

where T ′ = ∑k
i=m+1 em+1

1 ⊗· · ·⊗ ei
2 ⊗· · ·⊗ ek

1 +λpm+1 ⊗· · ·⊗ pk . Since T ′ and pm+1 ⊗· · ·⊗ pk satisfy 
the assumptions of Proposition 4.6, there exists some λ �= 0 such that the rank of T ′ is k − m − 1. 
Therefore, for such λ, we have that T + λp1 ⊗ · · · ⊗ pk has rank k − 1, i.e., p �∈FT .

If k − m < 3, then we consider

T + λp1 ⊗ · · · ⊗ pk =
k−3∑
i=1

e1
1 ⊗ · · · ⊗ ei

2 ⊗ · · · ⊗ ek
1 +

(
e1

1 ⊗ · · · ⊗ ek−3
1

)
⊗ T ′,

where T ′ = ∑k
i=k−2 ek−2

1 ⊗· · ·⊗ ei
2 ⊗· · ·⊗ ek

1 +λpk−2 ⊗· · ·⊗ pk . Now, we cannot apply Proposition 4.6

because m ≥ k − 2, i.e., [pk−2] = [ek−2
1 ]. However, T ′ and pk−2 ⊗ · · · ⊗ pk satisfy the assumptions of 

Proposition 4.5. Hence, there exists some λ �= 0 such that the rank of T ′ is 2. Therefore, for such 
lambda we have that T + λp1 ⊗ · · · ⊗ pk has rank k − 1, i.e., p �∈FT . �
5. Tensors in C2 ⊗ C2 ⊗ Cn

In this section, we explain how to compute the decomposition locus of tensors whose normal form 
is concise in C2 ⊗C2 ⊗Cn , for n ≥ 2. The case of tangential tensors (orbit n.5) has been treated in 
Section 4. Hence, accordingly to the normal forms explained in Section 2.2, we only have the following 
cases.
10
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5.1. Orbit n.6: concise tensors of rank two

If T ∈ C2 ⊗ C2 ⊗ Cn , with n ≥ 2, is concise of rank 2, then T ∈ Sub222. By Kruskal criterion 
(Kruskal, 1977), it is known that tensors in Sub222 are identifiable, i.e., there is a unique way to write 
T = P1 + P2. See also Ballico et al. (2021, Proposition 2.3). Hence, DT = {[P1], [P2]}.

5.2. Orbits n.7, n.8, n.11, n.12: tensors of rank-3 and border rank-3

Accordingly to the table in Section 2.2, we have two normal forms for concise tensors in C2 ⊗
C2 ⊗C3 of rank three. These are

T7 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ e2
1 ⊗ e3

2,

T8 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3).

The orbits n.11 and n.12 correspond to the orbits n.7 and n.8 by swapping second and third factor.
Both of them are non-identifiable rank-3 tensors and they have been classified in Ballico et al. 

(2021, Theorem 7.1) (see also Santarsiero, 2023, Corollaries 3.2 and 3.3). Below a description of their 
decomposition loci.

Proposition 5.1. Let T ∈ Oi ∈C2
1 ⊗C2

2 ⊗C3 , i = 7, 8, as in Section 2.2. Then [T ] ∈ 〈ν233(C ×P 2)〉 with C
a conic section of X22 ⊂P (C2

1 ⊗C2
2) and

DT = {P = a ⊗ b ⊗ c : C([a ⊗ b]) = 0,∃λ ∈C s.t. either H223(T − λP ) �= 0

or T − λP ∈ Sub122 ∪ Sub212},
with C the (1, 1)-form of (C2

1 ⊗C2
2)∨ defining C .

Proof. For both case T7 and T8 a geometric picture is described in Ballico et al. (2021, Examples 3.6 
and 3.7). Indeed, both cases are generic elements in a certain 〈ν223(C×P 2)〉 = σ3(ν223(C×P 2)) with 
C a conic section of X22 which is irreducible, in the case T8, and reducible for T7. This geometric 
description tells us that a rank-1 tensor P = a ⊗ b ⊗ c belonging to the decomposition locus of either 
T7 or T8 should vanish on the (1, 1)-form defining C . Moreover, since rank-2 tensors in C2 ⊗C2 ⊗C3

are non concise along the third factor and do not belong to τ (X223), either H223(T − λP ) �= 0 or 
T − λP ∈ Sub122 ∪ Sub212. �
Remark 5.2. For the particular case of T ∈ O7 we also have a more elementary description given in 
terms of the two matrices describing it. More precisely, notice that by the GL2 ×GL2 ×GL3-action, any 
T ∈O7 is

T = u1 ⊗ u2 ⊗ w + u1 ⊗ u′
2 ⊗ w′ + u′

1 ⊗ u2 ⊗ w′′.

Call A1 = u2 ⊗ w + u′
2 ⊗ w′ , A2 = u1 ⊗ w + u′

1 ⊗ w′′ . Then,

T = u1 ⊗ A1 + u′
1 ⊗ u2 ⊗ w′′ (5.1)

and, if ι12 :C2
1 ⊗C2

2 ⊗C3 →C2
2 ⊗C2

1 ⊗C3 swaps the first two factors, then

ι12(T ) = u2 ⊗ A2 + u′
2 ⊗ u1 ⊗ w′. (5.2)

Equation (5.1) and equation (5.2) clearly show that {u1} ⊗DA1 and ι12({u2} ⊗DA2 ) are contained in 
DT and, by Ballico et al. (2023, Proposition 4.6), their union is actually equal to DT . In particular, this 
proves the following.

DT =
{

v1 ⊗ v2 ⊗ v3 : v2⊗v3∈DA1 and v1=u1, or

v1⊗v3∈DA and v2=u2

}
.

2
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5.3. Orbit n.9: tensors of maximal rank

As recalled in Section 2.2, the normal form of rank-4 concise tensors in C2 ⊗C2 ⊗Cn is given by

T9 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4).

Notation. Given a tensor T ∈ Cn1 ⊗ · · · ⊗ Cnk , we denote by T ∗ ∈ (Cn1 ⊗ · · · ⊗ Cnk )∨ the tensor in 
dual coordinates. We write 〈·, ·〉 for the dual pairing (Cn1 ⊗ · · · ⊗ Cnk )∨ × (Cn1 ⊗ · · · ⊗ Cnk ) → C. 
Given a tensor T ∗ ∈ (Cn1 ⊗· · ·⊗Cnk )∨ we denote by V (T ∗) its vanishing set, i.e., the kernel of 〈T ∗, ·〉.

Proposition 5.3. Let T ∈O9 ⊂C2 ⊗C2 ⊗C4 such that (A, B, C) ·T = T9 . Then, FT = V ((AT , BT , C T ) ·T ∗).

Proof. Since T ∈ (C2 ⊗C2 ⊗C4) ∖ σ3(X224), it has rank 4, then

FT = {P ∈ X224 : [T − λP ] �∈ σ3(X224) ∀λ ∈C}.
Assume first T = T9. In this case, the determinant of the third flattening of T − λP for P = a ⊗ b ⊗ c
is

λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b2c4) − 1 = λ〈T ∗
9 ,a ⊗ b ⊗ c〉 − 1.

Now, let T ∈ O9 such that (A ⊗ B ⊗ C) · T = T9. Then, as observed in Remark 2.5, a ⊗ b ⊗ c ∈ FT if 
and only if (A ⊗ B ⊗ C) · (a ⊗ b ⊗ c) ∈ FT9 . Hence, the conclusion follows from the computation of FT9

and

〈T ∗
9 , (A ⊗ B ⊗ C) · (a ⊗ b ⊗ c)〉 = 〈(AT ⊗ BT ⊗ C T ) · T ∗

9 ,a ⊗ b ⊗ c〉. �
6. Tensors in C2 ⊗ C3 ⊗ Cn

In this section, we explain how to compute the decomposition locus of tensors whose normal form 
is concise in C2 ⊗C3 ⊗Cn , for n ≥ 3.

6.1. Orbits n.14 and n.18: concise rank-3 tensors of border rank-3

As recalled in Table 1, a rank-3 tensor T ∈ C2 ⊗C3 ⊗C3 of border rank 3 belongs either to the 
orbit n.14 or to the orbit n.18 whose normal forms are:

T14 = e1
1 ⊗ (e2

1 ⊗ e3
1 + ⊗e2

2 ⊗ e3
2) + e1

2 ⊗ e2
3 ⊗ e3

3,

T18 = e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
3 ⊗ e3

3 + (e1
1 + e1

2) ⊗ e2
2 ⊗ e3

2.

Remark 6.1. Case 14 can be written as T14 = e1
1 ⊗ I12 +e1

2 ⊗e2
3 ⊗e3

3 where I12 is a 3 ×3 matrix having 
ones in position (1, 1), (2, 2) and zero elsewhere.

By Ballico et al. (2021, Proposition 3.10, Item 2.) (cf. also Ballico et al., 2023, Lemma 4.4), we have 
that

DT14 = (αe1
1) ⊗DI1,2 ∪ {(α1e1

2) ⊗ (α2e2
3) ⊗ (α3e3

3)}
with α, α1, α2, α3 ∈ C. Further, by the GL2 × GL3 × GL3-action, any T ∈ O14 can be expressed as 
T = u1 ⊗ M + u2 ⊗ v ⊗ w, for independent u1, u2 ∈C2 and for some rank-2 square matrix M of size 
3 s.t. rk(M + v ⊗ w) = 3. Therefore, the decomposition locus of T14 ∈O14 is

DT14 = {u1} ⊗DM ∪ {u2 ⊗ v ⊗ w}.

12
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Remark 6.2. Case 18 can be written as a rank-3 tensor as

T18 = e1
1 ⊗ e2

1 ⊗ e3
1 + e1

2 ⊗ e2
3 ⊗ e3

3 + (e1
1 + e1

2) ⊗ e2
2 ⊗ e3

2.

This is identifiable since its GL2 ×GL3 ×GL3 orbit closure coincides with σ3(X233) which fills perfectly 
the ambient space and the secant degree is 1 (it is classically known that generic (2 × k × k)-tensors 
are identifiable, cf. e.g. Hauenstein et al., 2019). In our particular instance,

DT18 = {e1
1 ⊗ e2

1 ⊗ e3
1, e1

2 ⊗ e2
3 ⊗ e3

3, (e1
1 + e1

2) ⊗ e2
2 ⊗ e3

2}
and more generally any other tensor in the GL2 × GL3 × GL3 orbit of T18 is identifiable and so its 
decomposition locus is given only by the 3 points arising in its unique decomposition.

6.2. Orbits n.13, n.15, n.16 and n.17: rank-4 tensors in C2 ⊗C3 ⊗C3

As mentioned, in C2 ⊗ C3 ⊗ C3, the generic rank is 3, but the maximal rank is 4. The closure 
of the set of tensors of rank 4 is the dual variety X∨

233 of the Segre variety X233. This is classically 
known to be a hypersurface in P 17 (cf. Gelfand et al., 2008, Ch. 14, Theorem 1.3) whose defining 
equation is the previously defined hyperdeterminant. Following the Schläfli method (cf. Gelfand et al., 
2008, Ch. 14, Sec. 4), such hyperdeterminant is computed as follows. Regard the generic tensor in 
C2 ⊗C3 ⊗C3 as a pencil of 3 × 3 matrices, i.e., write T ∈ ∑

i, j,k ti, j,ke1
i ⊗ e2

j ⊗ e3
k ∈C2 ⊗C3 ⊗C3 as

T = u

( t1,1,1 t1,1,2 t1,1,3
t1,2,1 t1,2,2 t1,2,3
t1,3,1 t1,3,2 t1,3,3

)
+ v

( t2,1,1 t2,1,2 t2,1,3
t2,2,1 t2,2,2 t2,2,3
t2,3,1 t2,3,2 t2,3,3

)
=: u A0 + v A1.

Its hyperdeterminant is equal to the discriminant of the binary cubic polynomial in C[ti, j,k][u, v]
given by the determinant of the matrix u A0 + v A1 (cf. Gelfand et al., 2008, Ch. 14, Sec. 4).

Following the classification in Buczyński and Landsberg (2013, Table 3), the following are the nor-
mal forms for the orbits of concise tensors of rank 4 contained in C2 ⊗C3 ⊗C3:

T13 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

3),

T15 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ e2
1 ⊗ e3

2,

T16 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e2

3),

T17 = e1
1 ⊗ (e2

2 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
2 ⊗ e3

2 + e2
3 ⊗ e3

3).

(6.1)

The dual variety X∨
233 is the Zariski-closure of the orbit of T17. The concise tensors in the singular 

locus of X∨
233 correspond to the normal forms T13, T15, T16 and also

T14 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ e2
3 ⊗ e3

3. (6.2)

The latter one, T14, has rank 3 instead of 4, see Parfenov (2001, page 108).
We describe here a procedure to compute the forbidden locus of a concise tensor T of rank 4 in 

C2 ⊗ C3 ⊗ C3, i.e., a tensor T belonging to one of the orbits of the tensors in equation (6.1). By 
definition, we look for the rank-one tensors P such that rk(T − λP ) = 4 for all λ’s. By Buczyński and 
Landsberg (2013), the latter is guaranteed by the following:

(1) T − λP is concise for every λ: indeed, in C1 ⊗C3 ⊗C3 and C2 ⊗C2 ⊗C3 the maximal rank is 
3, this implies that T − λp �∈ σ2(X233) ∪ Sub223 ∪ Sub232;

(2) T − λP ∈ X∨
233 for every λ: indeed, a necessary condition for having rank 4 is to be on such a 

variety;
(3) T −λP �∈ (GL2 ×GL3 ×GL3) · T14 whose closure is the join variety J (X233, P 1 ×σ2(P 2 ×P 2)) (this 

is very clear from the generator T14 but see also Holweck et al. (2012, Table 4, Orbit OX I V )) for 
every λ’s: indeed, by Buczyński and Landsberg (2013, Table 3), that is the only orbit of concise 
tensors of rank 3 contained in the X∨

233.
13
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The first two conditions are easy to check. Condition (1) is checked by imposing the maximal rank 
of the flattenings. Condition (2) is checked by imposing the vanishing of the hyperdeterminant. As 
regards condition (3), we need a few more observations on the orbits of tensors in equations (6.1)
and (6.2).

This description is summarized in the following.

Proposition 6.3. For any tensor T ∈ O13 ∪ O15 ∪ O16 ∪ O17 , the forbidden locus FT is given by the points 
P ∈C2 ⊗C3 ⊗C3 such that, for all λ ∈C, [T − λP ] belongs to

X∨
233 ∖

(
σ2(X233) ∪ Sub223 ∪ Sub232 ∪ J◦(X233,P

1 × σ2(X3,3)))
)
,

where J ◦ denotes the dense subset of the join variety of points lying on lines joining distinct points.

In order to make this description effective, we need the following lemma which is straightforward 
and should be classically known: we include here a proof for sake of completeness.

Lemma 6.4. Let T ∈ C2 ⊗ C3 ⊗ C3 be a concise tensor in X∨
233. Let �T ⊂ P (C3 ⊗ C3) be the line corre-

sponding to the pencil of 3 × 3 matrices associated to T . Denote G = GL2 × GL3 × GL3 . Then:

(1) if T ∈ G · T13: �T ⊂ σ2(X33);
(2) if T ∈ G · T15: the support of �T ∩ σ2(X33) is a single point of rank 1;
(3) if T ∈ G · T16: the support of �T ∩ σ2(X33) is a single point of rank 2;
(4) if T ∈ G · T14: the support of the intersection �T ∩ σ2(X33) are two distinct points and �T ∩ X33 �= ∅;
(5) if T ∈ G · T17: the support of the intersection �T ∩ σ2(X33) are two distinct points and �T ∩ X33 = ∅.

Proof. Since the Segre variety X33 and its secant varieties are closed under the action of GL3 × GL3, 
it is enough to prove the claim for T ∈ {T13, T14, T15, T16, T17}.

The pencils corresponding to T13, . . . , T17 are associated to the following matrices depending on 
(u : v) ∈P 1:

�T13 :
(

u v 0
0 0 u
0 0 v

)
; �T14 :

(
u 0 0
0 u 0
0 0 v

)
, �T15 :

(
u v 0
0 u 0
0 0 u

)
, �T16 :

(
u v 0
0 u v
0 0 u

)
, �T17 :

(
u v 0
0 u 0
0 0 v

)
.

Then:

(1) the determinant of the matrix associated to �T13 is identically 0 and then �T13 ⊂ σ2(X33).
(2)-(3) The determinant of the matrices associated to �T15 and �T16 is u3, i.e., the pencils �T15 and 

�T16 intersect σ2(X33) only for (u : v) = (0 : 1). In the first case it corresponds to a rank-one 
matrix, in the second case it corresponds to a rank-two matrix.

(4)-(5) The determinant of the matrices associated to �T14 and �T17 is u2 v , i.e., the pencils �T14 and 
�T17 intersect σ2(X33) for (u : v) ∈ {(0 : 1), (1 : 0)}. However, the pencil �T14 contains a point of 
rank-one for (u : v) = (0 : 1) while the ideal of 2 × 2 minors of the matrix associated to �T17

is the irrelevant ideal (u, v), i.e., �T17 ∩ X3,3 = ∅. �
We show here how to use Algorithm 6.1 to give a symbolic description of the forbidden loci for 

tensors in the orbits O13, O15, O16, O17, respectively.

Notation. Given multihomogeneous polynomials f1, . . . , fm ∈ C[a] ⊗ C[b] ⊗ C[c], we denote by 
Z( f1, . . . , fm) the zero-locus of f i ’s as a subspace of the set of rank-one tensors.

6.2.1. Orbit n.13
Consider the generator of the orbit

T13 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

3).
14
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Algorithm 6.1 Test if a rank-1 tensor lies in the forbidden locus of a concise rank-4 tensor of C2 ⊗
C3 ⊗C3.
Input:

• Rank-4 concise tensor T ∈C2 ⊗C3 ⊗C3.
• Rank-one tensor P ∈C2 ⊗C3 ⊗C3.

Output: Whether P ∈ FT or P �∈ FT . 
Procedure:
Step 1. Compute the principal ideal I := ( f ) ∈C[λ] of maximal minors of all flattenings of T − λP .

• If I �= (1) then T − λP is not concise for all roots of f ,
hence return P �∈ FT ;

• otherwise, if I = (1) then T − λP is concise for all λ and we proceed to Step 2.
Step 2. Compute the hyperdeterminant of T − λP , i.e., H233(T − λP ) ∈C[λ].

• If H233(T − λp) �≡ 0 then T − λP �∈ X∨
233 for all λ’s different from the roots,

hence return P �∈ FT ;
• otherwise, T − λP ⊂ X∨

233 for all λ’s and we proceed to Step 3.
Step 3. Arrived at this point, we know that T − λP ⊂ X∨

233 and all its points are concise. We need to distinguish if some of 
them belongs to the orbit O14 or not. We apply Lemma 6.4.
Let MT −λP ∈ Mat3×3(C[u, v][λ]) be the pencil of matrices corresponding to T − λP for any λ.
We compute the determinant det(T − λP ) := det(MT −λP ) ∈C[u, v][λ] and the ideal of 2 × 2 minors 
I2(T − λP ) := I2(MT −λP ) ⊂C[u, v][λ].

• If, for some λ �= 0, we have that I2(T − λP ) �= (1) and det(T − λP ) is neither zero or a pure cube, then P �∈ FT ;
• otherwise, return P ∈ FT .

Let P = a ⊗ b ⊗ c.
Step 1. The ideal of maximal minors of all flattenings of T13 − λP is

I = (b3c2,b2c2,b3c1,b2c1, λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b3c3) − 1) ⊂ C[a,b, c][λ].
Note that the latter generator is exactly λ〈T ∗

13, P 〉 − 1 while

(b3c2,b2c2,b3c1,b2c1) = (b2,b3) ∩ (c1, c2).

A necessary condition for P ∈FT13 , is I = (1) ⊂C[λ], then

FT13 ⊂
[
C2 ⊗C3 ⊗C3 ∖ (Z(b2,b3) ∪ Z(c1, c2))

]
∪ V (T ∗

13). (6.3)

Step 2. Another necessary condition P ∈ FT13 is that T13 − λP , interpreted as a pencil in C3 ⊗C3

is contained in the dual variety X∨
33 which is defined by the vanishing of the hyperdeterminant. As 

already recalled, it is defined by the discriminant of the cubic polynomial given by the determinant 
of T13 − λP :

H233(T13 − λP ) = −λ4 (b3c1 − b2c2)
2 (a1c1 + a2c2)

2 (a1b2 + a2b3)
2 .

Hence,

FT13 ⊂ [(Z(b3c1 − b2c2) ∪ Z(a1c1 + a2c2) ∪ Z(a1b2 + a2b3))∖ (Z(b2,b3) ∪ Z(c1, c2))]

∪ [
(Z(b3c1 − b2c2) ∪ Z(a1c1 + a2c2) ∪ Z(a1b2 + a2b3)) ∩ V (T ∗

13)
]
.

Step 3. Now, we consider T − λP as a pencil of 3 × 3 matrices: its determinant is

det(T13 − λP ) = λ (c2u − c1 v) (b3u − b2 v) (a1u + a2 v) .

This is identically a pure cube if and only if P ∈ Z(b3c1 − b2c2) ∩ Z(a1c1 + a2c2) ∩ Z(a1b2 + a2b3). In 
such a case, we know that P ∈FT by Lemma 6.4.

In order to understand the remaining cases, we study the intersection of the pencil with the Segre 
X33: the radical ideal of 2 × 2 minors decomposes as

(u, v) ∩ (b3c1 − b2c2, c2u − c1 v, b3u − b2 v, λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b3c3) − 1) ;
in other words, if P ∈ Z(b3c1 − b2c2) ∖ V (T ∗

13), then T −λP ∈O14 for some λ and P �∈FT13 . In all the 
other cases, the pencil does not meet X33 and P ∈FT13 . Hence, we get the following.
15
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Corollary 6.5. The forbidden locus of the tensor T13 ∈C2 ⊗C3 ⊗C3 defined in Table 1 is

FT13 = [(Z(a1c1 + a2c2) ∪ Z(a1b2 + a2b3))∖ (Z(b2,b3) ∪ Z(c1, c2))]

∪ [
(Z(b3c1 − b2c2) ∪ Z(a1c1 + a2c2) ∪ Z(a1b2 + a2b3)) ∩ V (T ∗

13)
]
.

6.2.2. Orbit n.15
Consider the generator of the orbit

T15 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ e2
1 ⊗ e3

2.

Let P = a ⊗ b ⊗ c.
Step 1. The ideal of maximal minors of all flattenings of T15 − λP is

(a2c3, b2c1, a2c1, a2b3, a2b2, λ(a1b1c1 + a2b1c2 + a1b2c2 + a1b3c3) − 1) ⊂ C[a,b, c].
Note that the latter generator is exactly λ〈T ∗

15, P 〉 − 1 while

(a2c3, b2c1, a2c1, a2b3, a2b2) = (b2,b3, c1, c3) ∩ (a2,b2) ∩ (a2, c1).

Hence, a necessary condition for P ∈FT15 is I = (1) ⊂C[λ], then

FT15 ⊂
[
C2 ⊗C3 ⊗C3 ∖ (Z(b2,b3, c1, c3) ∪ Z(a2,b2) ∪ Z(a2, c1))

]
∪ V (T ∗

15). (6.4)

Step 2. Another necessary condition for P ∈ FT15 is that the line T15 − λP is all contained in the 
dual variety X∨

33. Restricting the hyperdeterminant at such pencil, we get:

H233(T15 − λP ) = a2
2b2

2c2
1λ

3(D · λ − 4a2b2c1) ∈C[a,b, c][λ] (6.5)

where

D = a2
2b2

1c2
1 + 2a1a2b1b2c2

1 + a2
1b2

2c2
1 + 2a2

2b1b2c1c2 + 2a1a2b2
2c1c2

+ a2
2b2

2c2
2 + 2a2

2b1b3c1c3 + 2a1a2b2b3c1c3 + 2 a2
2b2b3c2c3 + a2

2b2
3c2

3.

The univariate polynomial in equation (6.5) is identically zero if and only if a2b2c1 = 0. Hence, we 
refine equation (6.4) as

FT15 ⊂ [Z(a2b2c1)∖ (Z(b2,b3, c1, c3) ∪ Z(a2,b2c1))]

∪ [
Z(a2b2c1) ∩ V (T ∗

15)
]
. (6.6)

Step 3. Now, we apply Lemma 6.4. We know that P �∈ FT15 if T15 − λP ∈ G · T14 for some λ. A 
necessary condition, is that the pencil associated to T15 − λP contains rank-1 matrices for some λ. 
The radical ideal of 2 × 2 minors of T15 − λP , saturated with respect to the ideal (u, v), is

(u, λa2b3c3, λa2b2c3, λa2b3c1) = (a2, u) ∩ (b2, λ, u) ∩ (b3,b2, u) ∩ (c1, λ, u) ∩ (c3, c1, u).

Since, we only need to consider λ �= 0, we have only three cases in which, to fully apply Lemma 6.4, 
we need to check also the intersection of the pencil with σ2(X33). Indeed, if a2 = 0 or b2 = b3 = 0 or 
c1 = c3 = 0, then, for every λ, we have that the point (0 : 1) of the pencil has rank equal to 1.

The determinant of the pencil T15 − λP becomes:

• for a2 = 0:

det(T15 − λP ) = (−λ(a1b1c1 + a1b2c2 + a1b3c3) + 1) u3 + λa1b2c1u2 v

which is never identically zero, but it is identically a pure cube if a1b2c1 = 0;
16
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• for b2 = b3 = 0:

det(T15 − λP ) = (−λa1b1c1 + 1) u3 − λa2b1c1u2 v

which is never identically zero, but it is identically a pure cube if a2b1c1 = 0;
• for c1 = c3 = 0:

det(T15 − λP ) = (−λa1b2c2 + 1) u3 − λa2b2c2u2 v

which is never identically zero, but it is identically a pure cube if a2b2c2 = 0.

Hence, we get the following.

Corollary 6.6. The forbidden locus of the tensor T15 ∈C2 ⊗C3 ⊗C3 defined in Table 1 is

FT15 =
[

[Z(a2b2c1)∖ (Z(b2,b3, c1, c3) ∪ Z(a2,b2c1))] ∪ [
Z(a2b2c1) ∩ V (T ∗

15)
] ]

∖

[
[Z(a2)∖ Z(a1b2c1)] ∪ [Z(b2,b3)∖ Z(a2b1c1)] ∪ [Z(c1, c3)∖ Z(a2b2c2)]

]
.

6.2.3. Orbit n.16
Consider the generator of the orbit

T16 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3).

Let P = a ⊗ b ⊗ c.
Step 1. The ideal of maximal minors of all flattenings of T16 − λP is

(a2, b3c2, b2c2, b3c1, b2c1, λ(a1b1c1 + a1b2c2 + a1b3c3 + a2b1c2 + a2b2c3) − 1) .

Note that the latter generator is exactly λ〈T ∗
16, P 〉 − 1 while

(a2, b3c2, b2c2, b3c1, b2c1) = (a2,b2,b3) ∩ (a2, c1, c3).

Hence,

FT16 ⊂ [C2 ⊗C3 ⊗C3 ∖ (Z(a2,b2,b3) ∪ Z(a2, c1, c3))] ∪ V (T ∗
16). (6.7)

Step 2. Another necessary condition is that T16 − λP is contained in X∨
233 for all λ’s. Evaluating the 

hyperdeterminant at T16 − λP we get

H233(T16 − λP ) = λ2(Aλ2 + Bλ + C)

where

A = a4
2b2

1b2
2c4

1 + 2 a1a3
2b1b3

2c4
1 + a2

1a2
2b4

2c4
1 − 4 a4

2b3
1b3c4

1 − 8 a1a3
2b2

1b2b3c4
1 − 2 a2

1a2
2b1b2

2b3c4
1

+ 2 a3
1a2b3

2b3c4
1 − 8 a2

1a2
2b2

1b2
3c4

1 − 8 a3
1a2b1b2b2

3c4
1 + a4

1b2
2b2

3c4
1 − 4 a4

1b1b3
3c4

1 + 2 a4
2b1b3

2c3
1c2

+ 2 a1a3
2b4

2c3
1c2 − 10 a4

2b2
1b2b3c3

1c2 − 10 a1a3
2b1b2

2b3c3
1c2 + 2 a2

1a2
2b3

2b3c3
1c2 − 8 a1a3

2b2
1b2

3c3
1c2

− 20 a2
1a2

2b1b2b2
3c3

1c2 − 2 a3
1a2b2

2b2
3c3

1c2 − 8 a3
1a2b1b3

3c3
1c2 − 2 a4

1b2b3
3c3

1c2 + a4
2b4

2c2
1c2

2

− 8 a4
2b1b2

2b3c2
1c2

2 − 2 a1a3
2b3

2b3c2
1c2

2 + a4
2b2

1b2
3c2

1c2
2 − 10 a1a3

2b1b2b2
3c2

1c2
2 − 6 a2

1a2
2b2

2b2
3c2

1c2
2

− 2 a2
1a2

2b1b3
3c2

1c2
2 − 2 a3

1a2b2b3
3c2

1c2
2 + a4

1b4
3c2

1c2
2 − 2 a4

2b3
2b3c1c3

2 + 2 a4
2b1b2b2

3c1c3
2

− 2 a1a3
2b2

2b2
3c1c3

2 + 2 a1a3
2b1b3

3c1c3
2 + 2 a2

1a2
2b2b3

3c1c3
2 + 2 a3

1a2b4
3c1c3

2 + a4
2b2

2b2
3c4

2

+ 2 a1a3
2b2b3

3c4
2 + a2

1a2
2b4

3c4
2 + 2 a4

2b1b2
2b3c3

1c3 + 2 a1a3
2b3

2b3c3
1c3 − 12 a4

2b2
1b2

3c3
1c3

− 16 a1a3
2b1b2b2

3c3
1c3 − 2 a2

1a2
2b2

2b2
3c3

1c3 − 16 a2
1a2

2b1b3
3c3

1c3 − 8 a3
1a2b2b3

3c3
1c3 − 4 a4

1b4
3c3

1c3
17
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+ 2 a4
2b3

2b3c2
1c2c3 − 20 a4

2b1b2b2
3c2

1c2c3 − 10 a1a3
2b2

2b2
3c2

1c2c3 − 16 a1a3
2b1b3

3c2
1c2c3

− 20 a2
1a2

2b2b3
3c2

1c2c3 − 8 a3
1a2b4

3c2
1c2c3 − 8 a4

2b2
2b2

3c1c2
2c3 + 2 a4

2b1b3
3c1c2

2c3

− 10 a1a3
2b2b3

3c1c2
2c3 − 2 a2

1a2
2b4

3c1c2
2c3 + 2 a4

2b2b3
3c3

2c3 + 2 a1a3
2b4

3c3
2c3 + a4

2b2
2b2

3c2
1c2

3

− 12 a4
2b1b3

3c2
1c2

3 − 8 a1a3
2b2b3

3c2
1c2

3 − 8 a2
1a2

2b4
3c2

1c2
3 − 10 a4

2b2b3
3c1c2c2

3 − 8 a1a3
2b4

3c1c2c2
3

+ a4
2b4

3c2
2c2

3 − 4 a4
2b4

3c1c3
3;

B = −4 a3
2b3

2c3
1 + 18 a3

2b1b2b3c3
1 − 6 a1a2

2b2
2b3c3

1 + 36 a1a2
2b1b2

3c3
1 + 6 a2

1a2b2b2
3c3

1 + 4 a3
1b3

3c3
1

+ 6 a3
2b2

2b3c2
1c2 + 18 a3

2b1b2
3c2

1c2 + 24 a1a2
2b2b2

3c2
1c2 + 6 a2

1a2b3
3c2

1c2 + 6 a3
2b2b2

3c1c2
2

− 6 a1a2
2b3

3c1c2
2 − 4 a3

2b3
3c3

2 + 18 a3
2b2b2

3c2
1c3 + 36 a1a2

2b3
3c2

1c3 + 18 a3
2b3

3c1c2c3;

C = −27a2
2b2

3c2
1.

Note that

√
(A, B, C)

sat = (b3c1,a2b3c2,a2b2c1)

= (a2,b3) ∩ (a2, c1) ∩ (b2,b3) ∩ (b3, c1) ∩ (c1, c2),

where the saturation is intended with respect to the irrelevant ideal of the multigraded ring C[a] ⊗
C[b] ⊗C[c]. Hence, if we restrict (6.7) with this condition, we deduce

FT16 ⊂ [Z(b3c1,a2b3c2,a2b2c1)∖ (Z(a2,b2,b3) ∪ Z(a2, c1, c3))]
∪ [Z(b3c1,a2b3c2,a2b2c1) ∩ V (T ∗

16)]. (6.8)

Step 3. Now, we apply Lemma 6.4. If T16 −λP belongs to the orbit n.14 for some λ, then the pencil 
of 3 × 3 matrices given by T16 − λP contains a rank-one matrix. The radical ideal of 2 × 2 minors of 
T16 − λP , saturated with respect to (u, v), is

(c1,b3, u, λ(a2b1c2 + a2b2c3) − 1).

Hence, by Lemma 6.4, under the assumptions c1 = b3 = 0 and a2(b1c2 + b2c3) �= 0, we need to 
understand the intersection of the pencil with the secant variety of X33. In particular, under these 
conditions, the determinant of the pencil T − λP is

(−λa1b2c2 + 1) u3 − λa2b2c2u2 v

which is identically a pure cube if a2b2c2 = 0.
Note that (b3c1, a2b3c2, a2b2c1) = (b3c1, a2b3c2, a2b2c2, a2b2c1) ∩ (b3, c1).
Therefore, we conclude the following.

Corollary 6.7. The forbidden locus of the tensor T16 ∈C2 ⊗C3 ⊗C3 defined in Table 1 is

FT16 =
[
[Z(b3c1,a2b3c2,a2b2c1)∖ (Z(a2,b2,b3) ∪ Z(a2, c1, c3))]

∪ [Z(b3c1,a2b3c2,a2b2c1) ∩ V (T ∗
16)]

]
∖ [Z(b3, c1)∖ Z(a2b1c2 + a2b2c3,a2b2c2)]. (6.9)
18



A. Bernardi, A. Oneto and P. Santarsiero Journal of Symbolic Computation 131 (2025) 102451
6.2.4. Orbit n.17
Consider the generator of the orbit

T17 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

3).

Let P = a ⊗ b ⊗ c.
Step 1. The ideal of maximal minors of all flattenings of T17 − λP is[

(a1,b1,b2) ∩ (a2,b2,b3) ∩ (a1, c1, c2) ∩ (a2, c1, c3)
]
+ (

λ〈T ∗
17, P 〉 − 1

)
.

Hence,

FT17 ⊂
[
C2 ⊗C3 ⊗C3 ∖ (Z(a1,b1,b2) ∪ Z(a2,b2,b3) ∪ Z(a1, c1, c2) ∪ Z(a2, c1, c3))

]
∪ V (T ∗

17). (6.10)

Step 2. We evaluate the hyperdeterminant at T17 − λP :

H233(T17 − λP ) = λ(Aλ3 + Bλ2 + Cλ + D)

where

A = a2
1a2

2b4
1c4

1 + 2 a3
1a2b3

1b2c4
1 + a4

1b2
1b2

2c4
1 + 4 a2

1a2
2b3

1b2c3
1c2 + 6 a3

1a2b2
1b2

2c3
1c2 + 2 a4

1b1b3
2c3

1c2

+ 6 a2
1a2

2b2
1b2

2c2
1c2

2 + 6 a3
1a2b1b3

2c2
1c2

2 + a4
1b4

2c2
1c2

2 + 4 a2
1a2

2b1b3
2c1c3

2 + 2 a3
1a2b4

2c1c3
2

+ a2
1a2

2b4
2c4

2 − 2 a1a3
2b3

1b3c3
1c3 + 2 a2

1a2
2b2

1b2b3c3
1c3 + 8 a3

1a2b1b2
2b3c3

1c3 + 4 a4
1b3

2b3c3
1c3

− 6 a1a3
2b2

1b2b3c2
1c2c3 + 4 a2

1a2
2b1b2

2b3c2
1c2c3 + 8 a3

1a2b3
2b3c2

1c2c3 − 6 a1a3
2b1b2

2b3c1c2
2c3

+ 2 a2
1a2

2b3
2b3c1c2

2c3 − 2 a1a3
2b3

2b3c3
2c3 + a4

2b2
1b2

3c2
1c2

3 − 8 a1a3
2b1b2b2

3c2
1c2

3 − 8 a2
1a2

2b2
2b2

3c2
1c2

3

+ 2 a4
2b1b2b2

3c1c2c2
3 − 8 a1a3

2b2
2b2

3c1c2c2
3 + a4

2b2
2b2

3c2
2c2

3 + 4 a4
2b2b3

3c1c3
3;

B = −2 a1a2
2b3

1c3
1 − 8 a2

1a2b2
1b2c3

1 − 2 a3
1b1b2

2c3
1 − 6 a1a2

2b2
1b2c2

1c2 − 16 a2
1a2b1b2

2c2
1c2

− 2 a3
1b3

2c2
1c2 − 6 a1a2

2b1b2
2c1c2

2 − 8 a2
1a2b3

2c1c2
2 − 2 a1a2

2b3
2c3

2 − 2 a3
2b2

1b3c2
1c3

− 2 a1a2
2b1b2b3c2

1c3 − 20 a2
1a2b2

2b3c2
1c3 − 4 a3

2b1b2b3c1c2c3 − 2 a1a2
2b2

2b3c1c2c3

− 2 a3
2b2

2b3c2
2c3 − 12 a3

2b2b2
3c1c2

3;

C = a2
2b2

1c2
1 + 10 a1a2b1b2c2

1 + a2
1b2

2c2
1 + 2 a2

2b1b2c1c2 + 10 a1a2b2
2c1c2 + a2

2b2
2c2

2

+ 12 a2
2b2b3c1c3;

D = −4 a2b2c1.

Note that√
(A, B, C, D)

sat = (b2c1, a2b2c2, a2b1c1) (a2,b2)

∩ (a2, c1) ∩ (b1,b2) ∩ (b2, c1) ∩ (c1, c2),

where the saturation is intended with respect to the irrelevant ideal of the multigraded ring C[a] ⊗
C[b] ⊗C[c]. Hence, if we restrict (6.10) with these conditions, we deduce

FT17 ⊂ [Z(b2c1,a2b2c2,a2b1c1)∖ (Z(a1,b1,b2) ∪ Z(a2,b2,b3) ∪ Z(a1, c1, c2)

∪ Z(a2, c1, c3))] ∪ [Z(b2c1,a2b2c2,a2b1c1) ∩ V (T ∗
17)]. (6.11)

Step 3. We apply Lemma 6.4. First we check the intersections of the pencil T17 − λP with the Segre 
X33: the radical of the ideal of 2 × 2 minors, saturated with respect to (u, v), is
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(c1, b2, u, λ(a2b1c2 + a2b3c3) − 1) ∩ (c3, c1, b3, a2, v, λa1b2c2 − 1)

∩ (c3, b3, b2, a2, v, λa1b1c1 − 1) .

Hence, we have three numerical conditions to check also the intersection of the pencil with σ2(X3,3).
The determinant of the pencil T17 − λP becomes:

• if b2 = c1 = 0:

det(T17 − λP ) = −λa1b3c3u3 + (−λa2b3c3 + 1) u2 v

which is never identically zero or a pure cube;
• if a2 = b3 = c1 = c3 = 0:

det(T17 − λP ) = (−λa1b2c2 + 1) u2 v

which is never identically zero or a pure cube;
• if a2 = b2 = b3 = c3 = 0:

det(T17 − λP ) = (−λa1b1c1 + 1) u2 v

which is never identically zero or a pure cube.

In conclusion, we have that T − λP never intersects O14, namely it is all contained in O17. In partic-
ular, (6.11) is an equality.

Corollary 6.8. The forbidden locus of the tensor T17 ∈C2 ⊗C3 ⊗C3 defined in Table 1 is

FT17 =
[
C2 ⊗C3 ⊗C3 ∖ (Z(a1,b1,b2) ∪ Z(a2,b2,b3) ∪ Z(a1, c1, c2) ∪ Z(a2, c1, c3))

]
∪ V (T ∗

17). (6.12)

6.3. Orbits n.19, n.20, n.22 and n.23: rank-4 tensors in C2 ⊗C3 ⊗C4

In C2 ⊗C3 ⊗C4 concise tensors have rank at least 4 and the maximal rank is 5. Following Table 1, 
the normal forms of rank-4 tensors in C2 ⊗C3 ⊗C4 are:

T19 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3),

T20 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2),

T22 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
3 ⊗ e3

4),

T23 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
3) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3 + e2
3 ⊗ e3

4).

(6.13)

Recall that in C2 ⊗C3 ⊗C4 there is only one canonical form of rank 5 which is T21 in Table 1.
We give a general description of the decomposition loci of tensors in the orbits (6.13).

Lemma 6.9. Let T be a tensor in the orbits (6.13). Then, P = a ⊗ b ⊗ c ∈DT if and only if one of the following 
conditions occurs:

(i) either there exists λ ∈C such that T − λP ∈ Sub134;
(ii) or there exists λ ∈C such that

(a) either T − λP ∈ Sub223;
(b) or T − λP ∈ (Sub233 ∖X∨

233) ∪ (Sub233 ∩O14).

Proof. It follows directly from Table 1 (cf. also Buczyński and Landsberg, 2013, Tables 1, 3 and 4). 
Indeed:
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• if T − λP ∈C1 ⊗C3 ⊗C4, then we reduce the matrix case and rk(T − λP ) ≤ 3;
• if T − λP ∈C2 ⊗C2 ⊗C3 then its rank is at most 3, see Section 5;
• if T −λP ∈C2 ⊗C3 ⊗C3 then it has rank at most three unless it belongs to the dual Segre variety 
X∨

233 but not to the orbit O14, see Section 6.

In all other cases T − λP is concise and has rank at least 4. �

Algorithm 6.2 Test if a rank-1 tensor lies in the decomposition locus of a rank-4 tensor in C2 ⊗C3 ⊗
C4.
Input:

• Rank-4 concise tensor T ∈C2 ⊗C3 ⊗C4.
• Rank-one tensor P ∈C2 ⊗C3 ⊗C4.

Output: Whether P ∈ DT or P �∈ DT . 
Procedure:

Step 1. Compute the principal ideal I1 := ( f1) ∈C[λ] of maximal minors of the first flattening of T − λP .

• If I1 �= (1) then T − λP ∈ Sub134 for all roots of f1,
hence return P ∈ DT ;

• otherwise, we proceed to Step 2.

Step 2. Compute the principal ideals I2 := ( f2), I3 := ( f3) ∈C[λ] of maximal minors of the second and third flattening of 
T − λP , respectively.

• If I3 �= (1), then rk(T − λP ) is at least four for all λ’s;
then, return P �∈ DT ;

• else, if f2 and f3 have a common root λ, then T − λP ∈ Sub223 and it has rank at most 3;
then, return P ∈ DT ;

• else, if there exists a root λ of f3 such that H233(T − λP ) �= 0, then T − λP ∈ Sub233 ∖X∨
233 and it has rank 3;

then, return P ∈ DT ;
• else, if there exists a root λ of f3 such that H233(T − λP ) = 0 but T − λP ∈ O14 (which can be checked as 

explained in Lemma 6.4 and Algorithm 6.1), then it has rank 3;
then, return P ∈ DT ;

• else, if none of the above is satisfied,
then return P �∈ DT .

We use Algorithm 6.2 on each one of the orbits in (6.13). Similarly to Section 6.2, we use the 
structure of Algorithm 6.2 for symbolic computations by working on C[a, b, c] and assuming P =
a ⊗ b ⊗ c. Note that the application of Lemma 6.4 in Step 2 of Algorithm 6.2 involves a higher level 
of intricacy compared to its use in Section 6.2. Indeed, once we know the constraints on P and λ
such that T − λP ∈ Sub233, then we need to perform the change of coordinates in order to explicitly 
express T −λP as a tensor in C2 ⊗C3 ⊗C3 and then make the computations as in Section 6.2. Such 
a change of coordinates cannot be uniquely chosen, but need to be changed depending on conditions 
on a, b, c.

6.3.1. Orbit n.19
Let T19 = e1

1 ⊗ (e2
1 ⊗ e3

1 + e2
2 ⊗ e3

2 + e2
3 ⊗ e3

4) + e1
2 ⊗ (e2

1 ⊗ e3
2 + e2

2 ⊗ e3
3) and P = a ⊗ b ⊗ c.

Step 1. The ideal of maximal minors of the first flattening of T19 − λP is I1 = (1).
Step 2. The ideal of maximal minors of the second and third flattening of T19 −λP are, respectively:

I2 = (c3, c2, c1,a2,a1b3c4λ − 1),

I3 = (b2b3,a2b3,a2b1 − a1b2, λ(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4) − 1).

Hence, we have that

DT ⊂ Z(b2b3,a2b3,a2b1 − a1b2)∖ Z(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4).
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In the ring C[λ, a, b, c]/(b2b3, a2b3, a2b1 − a1b2, λ(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4) − 1), we get 
that I2 = (a2, c1, c2, c3): hence, by Lemma 6.9, under these conditions T19 −λP ∈ Sub223 and P ∈DT19 .

We need to check under which conditions T19 − λP ∈ X∨
233. In the ring C[λ, a, b, c]/(b2b3, a2b3,

a2b1 − a1b2, λ(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4) − 1), the ideal of maximal minors of the pencil 
T19 − λP of 3 × 4 matrices is equal to (c3u3 − c2u2 v + c1uv2). The discriminant of the principal 
generator is c2

1(4c1c3 − c2
2). Hence, if c1(4c1c3 − c2

2) �= 0 then T19 − λP �∈X∨
233 and P ∈DT19 .

Assuming c1(4c1c3 − c2
2) = 0, we check if T19 − λP ∈O14 by employing Lemma 6.4. The saturation 

with respect (u, v) of the ideal of 2 × 2 minors of the pencil T19 − λP is equal to (b3, c1, c4, u). 
Imposing b3 = c1 = c4 = 0, the radical ideal of 3 × 3 minors becomes (c3u2 − c2uv) which has two 
distinct roots unless c2 = 0. Therefore, we deduce the following.

Corollary 6.10. The forbidden locus of the tensor T19 ∈C2 ⊗C3 ⊗C4 defined in Table 1 is

DT19 =
[
[Z(b2b3,a2b3,a2b1 − a1b2)∖ Z(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4)]

∖
[

Z(c1(4c1c3 − c2
2))∖ [Z(b3, c1, c4)∖ Z(c2)]

]]
∪

[
[Z(b2b3,a2b3,a2b1 − a1b2)∖ Z(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4)]

∩ Z(a2, c1, c2, c3)
]
.

6.3.2. Orbit n.20
Let T20 = e1

1 ⊗ (e2
1 ⊗ e3

1 + e2
2 ⊗ e3

3 + e2
3 ⊗ e3

4) + e1
2 ⊗ e2

1 ⊗ e3
2 and P = a ⊗ b ⊗ c.

Step 1. The radical ideal of maximal minors of the first flattening of T20 − λP is

I1 = (c4, c3, c1, b3, b2, λa2b1c2 − 1) .

Hence, Z(b3, b2, c1, c3, c4) ∖ Z(a1b1c2) ⊂DT20 .
Step 2. The radical ideals of maximal minors of second and third flattenings of T20 − λP are

I2 = (c2, c1, a2, λ(a1b2c3 + a1b3c4) − 1) ,

I3 = (a2b3, a2b2, λ(a1b1c1 + a2b1c2 + a1b2c3 + a1b3c4) − 1) ,

respectively.
In the ring C[λ, a, b, c]/(a2b3, a2b2, λ(a1b1c1 + a2b1c2 + a1b2c3 + a1b3c4) − 1), we get that I2 =

(a2, c1, c2): hence, by Lemma 6.9, under these conditions, T20 − λP ∈ Sub223 and P ∈DT20 .
We need to check under which conditions T20 − λP ∈ X∨

233. In the ring C[λ, a, b, c]/(a2b3, a2b2,

λ(a1b1c1 + a2b1c2 + a1b2c3 + a1b3c4) − 1), the ideal of maximal minors of the pencil T20 − λP is 
equal to (c2u3 − c1u2 v). The discriminant of the generator is identically zero, i.e., T20 − λP ∈ X∨

233. 
We check if it belongs to O14 by employing Lemma 6.4. The saturation with respect to (u, v) of the 
ideal of 2 × 2 minors of the pencil T20 − λP is (u): hence, the pencil always contains a rank-one 
matrix. The radical ideal of maximal minors is generated by c2u2 − c1uv which has two distinct roots 
unless c1 = 0. Therefore, we deduce the following.

Corollary 6.11. The forbidden locus of the tensor T20 ∈C2 ⊗C3 ⊗C4 defined in Table 1 is

DT20 =
[

Z(b3,b2, c1, c3, c4)∖ Z(a1b1c2)
]

∪
[
[Z(a2b3, a2b2)∖ V (T ∗

20)]∖ Z(c1)
]

∪
[
[Z(a2b3, a2b2)∖ V (T ∗

20)] ∩ Z(a2, c1, c2)
]
.
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6.3.3. Orbit n.22
Let T22 = e1

1 ⊗ (e2
1 ⊗ e3

1 + e2
2 ⊗ e3

3) + e1
2 ⊗ (e2

1 ⊗ e3
2 + e2

3 ⊗ e3
4) and P = a ⊗ b ⊗ c.

Step 1. The radical ideal of maximal minors of the first flattening of T22 − λP is I1 = (1).
Step 2. The radical ideals of maximal minors of second and third flattenings of T22 − λP are

I2 = (c2, c1, c3c4, a1c4, a2c3, a1a2, λ(a1b2c3 + a2b3c4) − 1) ,

I3 = (b2b3, a1b3, a2b2, λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b3c4) − 1)

respectively.
In the ring C[λ, a, b, c]/(b2b3, a1b3, a2b2, λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b3c4) − 1), we get

I2 = (c2, c1, c3c4, a1c4, a2c3, a1a2) .

By Lemma 6.9, under these conditions T22 − λP ∈ Sub223 and P ∈DT22 .
We check under which conditions T22 − λP ∈ X∨

233. In the ring C[λ, a, b, c]/(b2b3, a1b3, a2b2,

λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b3c4) − 1), the radical ideal of maximal minors of the pencil T22 − λP
is equal to (c2u2 v − c1uv2) whose discriminant of the generator is c2

1c2
2. Hence, if c1c2 �= 0, then 

T22 −λP �∈X∨
233 and P ∈DT22 . We check if T22 −λP ∈O14 by employing Lemma 6.4. The radical ideal 

of 3 × 3 minors of the pencil T22 −λP inside the ring C[λ, a, b, c]/(b2b3, a1b3, a2b2, c1c2, λ(a1b1c1 +
a2b1c2 + a1b2c3 + a2b3c4) − 1) is equal to the ideal (c2uv, c1uv, a1a2uv) = (u) ∩ (v) ∩ (c2, c1, a1) ∩
(c2, c1, a2). In particular, we observe that the pencil T22 − λP it is either fully contained in the secant 
variety of X33 or it intersects it in only one point: by Lemma 6.4, that means that T22 − λP never 
belongs to O14.

Therefore, we deduce the following.

Corollary 6.12. The forbidden locus of the tensor T22 ∈C2 ⊗C3 ⊗C4 defined in Table 1 is

DT22 =
[
[Z(b2b3, a1b3,a2b2)∖ V (T ∗

22)]∖ Z(c1c2)
]

∪
[
[Z(b2b3, a1b3,a2b2)∖ V (T ∗

22)] ∩ Z(c2, c1, c3c4, a1c4, a2c3, a1a2)
]
.

6.3.4. Orbit n.23
Let T23 = e1

1 ⊗ (e2
1 ⊗ e3

1 + e2
2 ⊗ e3

2 + e2
3 ⊗ e3

3) + e1
2 ⊗ (e2

1 ⊗ e3
2 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
4) and P = a ⊗ b ⊗ c.

Step 1. The radical ideal of maximal minors of the first flattening of T23 − λP is I1 = (1).
Step 2. The radical ideals of maximal minors of second and third flattenings of T22 − λP are

I2 = (1),

I3 =
(

b2
2 − b1b3, a2b2 − a1b3, a2b1 − a1b2, λ(a1b1c1 + a1b2c2 + a1b3c3 + a2b3c4) − 1

)
respectively.

We check under which conditions T23 − λP ∈ X∨
233. In the ring C[λ, a, b, c]/(b2

2 − b1b3, a2b2 −
a1b3, a2b1 −a1b2, λ(a1b1c1 +a1b2c2 +a1b3c3 +a2b3c4) −1), the ideal of maximal minors of the pencil 
T23 − λP is equal to (c4u3 − c3u2 v + c2uv2 − c1 v3) whose discriminant of the generator is equal to 
Δ := −c2

2c2
3 + 4 c1c3

3 + 4 c3
2c4 − 18 c1c2c3c4 + 27 c2

1c2
4. If Δ �= 0, then T23 −λP �∈X∨

233 and P ∈DT23 . We 
need to check if T23 − λP ∈O14: the saturation of the ideal of 2 × 2 minors is equal to (1), hence the 
pencil T23 − λP does not contain any rank-one matrix and, by Lemma 6.4, it never belongs to O14. 
Therefore, we deduce the following.

Corollary 6.13. The forbidden locus of the tensor T23 ∈C2 ⊗C3 ⊗C4 defined in Table 1 is

DT23 =
[
[Z(b2

2 − b1b3, a2b2 − a1b3, a2b1 − a1b2)

∖ Z(a1b1c1 + a1b2c2 + a1b3c3 + a2b3c4)]∖ Z(Δ)
]
,

where Δ = −c2
2c2

3 + 4 c1c3
3 + 4 c3

2c4 − 18 c1c2c3c4 + 27 c2
1c2

4 .
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6.4. Orbit n.21: rank-5 tensors in C2 ⊗C3 ⊗C4

There is one orbit of rank-5 tensors in C2 ⊗C3 ⊗C4:

T21 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4).

The orbits n.19, n.20 and n.21 are the concise components of the singular locus of X∨
234 which is the 

Zariski closure of the orbit n.22, see (Buczyński and Landsberg, 2014, Table 4). The orbit n.23 consists 
of concise tensors which do not lie in X∨

234. Here, we compute the forbidden locus of T21 by checking 
under which conditions T − λP ∈ O21 for all λ’s. In order to do that, we need to distinguish these 
orbits.

Lemma 6.14. Let T ∈O19 ∪O20 ∪O21 ∪O22 ∪O23 and let �T ⊂P (C3 ⊗C4) be the corresponding pencil 
of matrices. Then:

(1) if T ∈O19 then �T ∩ σ2(X34) is a single smooth point;
(2) if T ∈O20 then �T ∩ σ2(X34) is a 2-jet supported at a rank-one point;
(3) if T ∈O21 then �T ∩ σ2(X34) is a 2-jet supported at a rank-two point;
(4) if T ∈O22 then �T ∩ σ2(X34) is supported at two distinct points;
(5) if T ∈O23 then �T ∩ σ2(X34) = ∅.

Proof. Since the rank of a matrix is invariant under the action of GL2 × GL3 × GL4, we can work with 
the orbit representatives.

The pencils associated to T19, . . . , T22 are

�T19 =
⎛
⎝u v 0 0

0 u v 0
0 0 0 u

⎞
⎠; �T20 =

⎛
⎝u v 0 0

0 0 u 0
0 0 0 u

⎞
⎠ ; �T21 =

⎛
⎝u v 0 0

0 0 u v
0 0 0 u

⎞
⎠ ;

�T22 =
⎛
⎝u v 0 0

0 0 u 0
0 0 0 v

⎞
⎠ ; �T23 =

⎛
⎝u v 0 0

0 u v 0
0 0 u v

⎞
⎠

respectively. The saturation of the ideals of 3-minors are:

minors3(T19)
sat = (u), minors3(T20)

sat = minors3(T21)
sat = (u2),

minors3(T22)
sat = (uv), minors3(T23)

sat = (1).

In order to distinguish the cases n.20 and n.21, note that the saturation of the ideals of 2-minors are:

minors2(T20)
sat = (u), minors2(T21)

sat = (1). �
Now, we are ready to compute symbolically the forbidden locus of T21 and we will follow the 

procedure described in Algorithm 6.3.

Proposition 6.15. The forbidden locus of T21 is

FT21 =
[
(Z(b3) ∩ Z(α′))∖ Z(c1)

]
∩

[
Z(b1,b2) ∪ Z(b2,a1c1 + a2c2) ∪ Z(a2,b1c1 + b2c3)

]
∪

[
(Z(b3) ∩ Z(α′) ∩ Z(c1)

]
∩

[
Z(b2,a2b1c2) ∪ Z(a2,a2b2c3) ∪ [Z(c3)∖ (Z(b2)∖ Z(a2b1c2))]

]
∪ [Z(a2)∖ Z(b3)] ∩ Z(c1, c3),

where α′ = a1b1c2
1 + a2b1c1c2 + a1b2c1c3 + a2b2c2c3 .
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Algorithm 6.3 Test if a rank-1 tensor lies in the decomposition locus of a rank-5 tensor in C2 ⊗C3 ⊗
C4.
Input:

• Rank-5 tensor T ∈C2 ⊗C3 ⊗C4.
• Rank-one tensor P ∈C2 ⊗C3 ⊗C4.

Output: Whether P ∈ FT or P �∈ FT . 
Procedure:
Step 1. Compute the principal ideals of maximal minors of all flattenings I1 = ( f1), I2 = ( f2), I3 = ( f3) in C[λ]. If deg( f i) > 0

for any i, then T − λP is not concise for any root of f i ;
return P �∈ FT21 .

Step 2. Compute the ideal maximal minors of the pencil T − λP in C[λ][u, v].
• If it is equal to (�(u, v)2) for some linear form � then it means that for any λ the intersection of the pencil 

T21 − λP with σ(X34) is a 2-jet,
return P ∈ FT21 ;

• else, return P �∈ FT21 .

Proof. Since O21 is the only orbit of rank-5 tensors in C2 ⊗C3 ⊗C4, we have that p ∈ FT21 if and 
only if T − λp ∈O21 for all λ’s. In order to check this condition we apply Lemma 6.14.

We first compute the ideals of maximal minors of all flattenings. In particular, we get

I = (1), I2 = (c3, c2, c1, a2, λa1b3c4 − 1) ,

I3 = (b3, b2, λ(a1b1c1 + a2b1c2) − 1) ∩ (b3, a2, λ(a1b1c1 + a1b2c3) − 1) . (6.14)

Now, by Lemma 6.14, we know that T −λP ∈O21 if and only if it is concise and the corresponding 
pencil of 3 × 4 matrices intersects the 2nd secant variety of X34 is a 2-jet supported at a rank-2
matrix. Hence, we compute the ideal of maximal minors of the pencil corresponding to T −λP (this is 
saturated with respect to (u, v) ∩ (λ)). That is the ideal in C[λ, a, b, c][u, v] given by the intersection 
of the following primary components:

p1 =
(

b2
3, b3u, b2u − b3 v, u2

)
,

p2 =
(

a2
2, a2u, a1u + a2 v, u2

)
,

p3 =
(

c2u − c1 v, α(a,b, c)λ − c2
1,(

λ(a1b1c2
1 + a1b2c1c3 + a1b3c1c4) − c1

)
u

+
(
λ(a2b1c2

1 + a2b2c1c3 − a1b3c1c3 − a2b3c2c3 + a2b3c1c4

)
v,

(λ(a1b1c1 + a1b2c3 + a1b3c4) − 1) u2

+ (λ(a2b1c1 + a2b2c3 − a1b3c3 + a2b3c4) uv − λa2b3c3 v2
)
,

where

α(a,b, c) := a1b1c3
1 + a2b1c2

1c2 + a1b2c2
1c3 + a2b2c1c2c3 − a1b3c1c2c3 − a2b3c2

2c3

+ a1b3c2
1c4 + a2b3c1c2c4.

If b3a2 · α(a, b, c) �= 0, then, for a generic λ, T21 − λP does not belong to σ2(X34) and, in particular, 
P �∈FT21 .

We deduce that FT21 ⊂ Z(b3) ∪ Z(a2) ∪ Z(α(a, b, c)).

• Let P ∈ Z(α(a, b, c)) ∖ [Z(b3) ∪ Z(a2)]. Computationally, we consider this case by passing to the 
quotient ring modulo (α(a, b, c)) and by saturating the computed ideal also by (a2b3). Then, we 
get only two primary components given by
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(
c2

3, c2c3 − c1c4, c1c3, c2
1, c4u − c3 v, c3u, c2u − c1 v, c1u, u2

)
and (

c2
2, c1c2, c2

1, c2u − c1 v,

(λ(a1b2c1c3 + a1b3c1c4) − c1) u + λ (a2b2c1c3 − a1b3c1c3 − a2b3c2c3 + a2b3c1c4) v,

(λ(a1b1c1 + a1b2c3 + a1b3c4) − 1) u2 + λ (a2b1c1 + a2b2c3 − a1b3c3 + a2b3c4) uv

− λa2b3c3 v2
)
.

It is immediate to notice that, if c1 �= 0, then we have empty intersection. If c1 = 0 but c2 �= 0, then 
only the first component is not irrelevant and it is immediate to see that we always get a simple 
point. If c1 = c2 = 0, then we are left with the principal ideal generated by

(λ(a1b2c3 + a1b3c4) − 1) u2 + λ (a2b2c3 − a1b3c3 + a2b3c4) uv − λa2b3c3 v2.

If c3 = 0, then the above expression factors as u((λa1b3c4 − 1)u − λa2b3c4 v) which gives us two 
distinct points (since c4 cannot be also equal to zero). If c3 �= 0, then for a general λ such principal 
generator is not a square and then we get again two distinct points.

In other words, we have that if P ∈ Z(α(a, b, c)) ∖ [Z(b3) ∪ Z(a2)] then T21 − λP �∈ O21 for all 
λ �= 0, i.e., P �∈FT21 .

• Let P ∈ Z(b3). Then the ideal of maximal minors of the pencil T − λP becomes

(u) ∩ (b2, u2) ∩ (a2, u2)

∩
(

c2u − c1 v, λα′ − c1, (λ(a1b1c1 + a1b2c3) − 1) u + λ (a2b1c1 + a2b2c3) v
)

with α′(a, b, c) := a1b1c2
1 + a2b1c1c2 + a1b2c1c3 + a2b2c2c3.

If α′ �= 0, then we get either two simple points (if c1 �= 0) or one simple point (if c1 = 0).
If we additionally restrict to α′ = 0 and c1 �= 0, then the ideal of maximal minors of T21 − λP

becomes

(u, b1c1 + b2c3) ∩ (u, a1c1 + a2c2) ∩
(

b2, b1, u2
)

∩
(

a2, b1c1 + b2c3, u2
)

∩
(

b2, a1c1 + a2c2, u2
)

∩ (a1,a2, u2).

This defines a 2-jet only if a2b2 = 0. In particular: if a2 = 0, then it becomes (a1, u2) ∩ (b1c1 +
b2c3, u2); if b2 = 0, then it becomes (b1, u2) ∩ (a1c1 + a2c2, u2).

If we restrict to α′ = c1 = 0, then the ideal of maximal minors of T21 − λP becomes

(c3, u2) ∩ (c2, u) ∩ (c2, (λa1b2c3 − 1)u + λa2b2c3) ∩ (b2, u2) ∩ (a2, u2)

∩(b2, u3, λa2b1c2 − 1) ∩ (a2, u3, λa1b2c3 − 1).

This defines a 2-jet only if a2b2c3 = 0. In particular: if a2 = 0, then it becomes (u2) ∩ (c2, λa1b2c3 −
1) ∩ (u3, λa1b2c3 −1); if b2 = 0, then it becomes (u2) ∩ (u3, λa2b1c2 −1); if c3 = 0, then it becomes 
(u2) ∩ (b2, u3, λa2b1c2 − 1). Note that the cases in which the intersection becomes a 3-jet corre-
spond to the cases in which T21 − λP is not concise by (6.14).

Hence, FT21 ∩ Z(b3) equals[
(Z(b3) ∩ Z(α′))∖ Z(c1)

]
∩

[
Z(b1,b2) ∪ Z(b2,a1c1 + a2c2) ∪ Z(a2,b1c1 + b2c3)

]
∪

[
(Z(b3) ∩ Z(α′) ∩ Z(c1)

]
∩

[
Z(b2,a2b1c2) ∪ Z(a2,a2b2c3) ∪ [Z(c3)∖ (Z(b2)∖ Z(a2b1c2))]

]
.
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• Let P ∈ Z(a2) ∖ Z(b3). Computationally, we now work modulo a2 and we saturate the ideal of 
maximal minors also by a1b3 since a �= 0 and b3 = 0 has been already considered. Then, the ideal 
becomes

(u) ∩ (
c2u − c1 v, λα′′ − c1, (λ(a1b1c1 + a1b2c3 + a1b3c4) − 1) u − λa1b3c3 v

)
,

with α′′(a, b, c) := a1b1c2
1 + a1b2c1c3 − a1b3c2c3 + a1b3c1c4.

If α′′ �= 0, then we get either two simple points (c1 �= 0) or one simple point (c1 = 0).
If we additionally restrict to α′′ = 0 and c1 �= 0, then the ideal of maximal minors of T21 − λP

becomes (u, b1c2
1 + b2c1c3 − b3c2b3 + b3c1c4), which never defines a 2-jet.

If instead we restrict to α′′ = c1 = 0, then we get the ideal (c3, u2) ∩ (c2, u) ∩ (c2, (λ(a1b2c3 +
a1b3c4) − 1)u − λa1b3c3 v). This defines a 2-jet if and only if c3 = 0. Note that if c1 = c3 = 0 then 
α′′ = 0.

Therefore, we conclude that

FT21 ∩ [Z(a2)∖ Z(b3)] = [Z(a2)∖ Z(b3)] ∩ Z(c1, c3). �
6.5. Orbits n.24 and n.25: concise tensors in C2 ⊗C3 ⊗C5

Concise tensors in C2 ⊗C3 ⊗C5 have rank and border rank 5 and are divided into two families:

T24 =e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
5) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4),

T25 =e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
2 + e2

3 ⊗ e3
4) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

3 + e2
3 ⊗ e3

5).

We compute the forbidden loci of these tensors. By Lemma 6.14, we have that, given T ∈ O24 ∪O25, 
then P ∈FT if and only if, for any λ either T − λP is concise or belongs to the orbit O21.

Proposition 6.16. The forbidden locus of T24 is

FT24 = C2 ⊗C3 ⊗C5 ∖

[
[Z(a2, c1, c2, c3, c4)∖ Z(a1b3c5)] ∪ [Z(a2b3)∖ V (T24∗)]

]
.

Proof. Let P = a ⊗ b ⊗ c. Then, the maximal minors of all flattenings of T24 − λP are

I1 = (1), I2 = (c4, c3, c2, c1, a2, λa1b3c5 − 1) ,

I3 = (a2b3, λ(a1b1c1 + a2b1c2 + a1b2c3 + a2b2c4 + a1b3c5) − 1) .

Assume that we are in a case in which the third flattening has not maximal rank, i.e., computationally 
we work over the quotient ring modulo I3. The ideal of 3 × 3 minors of the pencil of 3 × 5 matrices 
T24 − λP is

(b3, u) ∩ (a2, u) ∩ (b3, c2c3 − c1c4, c4u − c3 v, c2u − c1 v)

∩ (a2, c2c3 − c1c4, c4u − c3 v, c2u − c1 v) .

Clearly, there is not choice of P such that this intersection is a 2-jet, i.e., such that T24 − λP ∈ O21. 
Therefore, FT24 consists of all rank-one tensors P such that T − λP is concise for any λ. �
Proposition 6.17. The forbidden locus of T25 is

FT25 = C2 ⊗C3 ⊗C5

∖

[[
Z(a2b1 − a1b2)∖ Z(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4 + a2b3c5)

]
∖ Z(c4, c5, c2

2 − 4c1c3)
]
.
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Proof. Let P = a ⊗ b ⊗ c. Then, the maximal minors of all flattenings of T25 − λP are

I1 = I2 = (1), I3 = (a2b1 − a1b2, λ(a1b1c1 + a1b2c2 + a2b2c3 + a1b3c4 + a2b3c5) − 1) .

Assume that we are in a case in which the third flattening has not maximal rank, i.e., computationally 
we work over the quotient ring modulo I3. The ideal of 3 × 3 minors of the pencil of 3 × 5 matrices 
T25 − λP is(

c5u − c4 v, c3c2
4 − c2c4c5 + c1c2

5, c3c4u + (−c2c4 + c1c5) v, c3u2 − c2uv + c1 v2
)

. (6.15)

If c4 = c5 = 0, then the latter simplifies to (c3u2 −c2uv +c1 v2) which defines a 2-jet if c2
2 −4c1c3 = 0.

If c4 �= 0 or c5 �= 0, then (6.15) cannot define a 2-jet and, therefore, T − λP �∈ O21; in particular, 
P �∈FT25 . �
6.6. Orbit n.26: tensors of maximal rank in C2 ⊗C3 ⊗C6

The maximal rank of a tensor T ∈C2 ⊗C3 ⊗Cn is 6 and it is achieved for n = 6. The correspond-
ing normal form for this class is

T26 = e1
1 ⊗ (e2

1 ⊗ e3
1 + e2

2 ⊗ e3
3 + e2

3 ⊗ e3
5) + e1

2 ⊗ (e2
1 ⊗ e3

2 + e2
2 ⊗ e3

4 + e2
3 ⊗ e3

6).

Therefore, a rank-one tensor P = a ⊗b ⊗c belongs to the forbidden locus of T26 if and only if T26 −λP
is concise for all λ’s.

Proposition 6.18. Let T ∈O26 ⊂C2 ⊗C3 ⊗C6 such that (A, B, C) · T = T26 . Then,

FT = V ((AT , BT , C T ) · T ∗).

Proof. Let P = a ⊗ b ⊗ c ∈ C2 ⊗ C3 ⊗ C6. The maximal minors of all three flattenings of T26 − λP
are

I1 = I2 = (1), I3 = (λ〈T ∗
26, P 〉 − 1).

Now, let T ∈ O26 such that (A ⊗ B ⊗ C) · T = T26. Then, as observed in Remark 2.5, a ⊗ b ⊗ c ∈ FT if 
and only if (A ⊗ B ⊗ C) · (a ⊗ b ⊗ c) ∈FT26 . This concludes the proof. �
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