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1. Introduction

Decompositions of tensors as sums of decomposable tensors, also known as tensor-rank decompo-
sitions or canonical polyadic decompositions, are ubiquitous in many areas of applied mathematics and
engineering, see Kolda and Bader (2009); Landsberg (2012); Sidiropoulos et al. (2017); Ballico et al.
(2019a). We are interested in decompositions having minimal length.
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Definition 1.1. The rank of a tensor T e CM ® --- ® C™ is the minimum integer r such that

.
T=) P withPi=v/® @V eC"® - ®C™
i=1
We denote it by rk(T).

The computation of the rank is known to be an NP-hard problem (Hillar and Lim, 2013).

In the recent paper Fawzi et al. (2022), the authors proposed a reinforcement learning approach to
find minimal decomposition of the third-order tensor representing matrix multiplication: one of the
most challenging problems on tensor decompositions, see Landsberg (2017). The authors formulate
the search as a game, called TensorGame, which goes as follows:

o the start position is a given tensor To =T;
e at each step t, the player takes a tuple of vectors (v!,...,v¥) and the current state by defining

Te < Tt —v! ®-~'®Vk;

o the game ends when Tg =0.

The challenge is to find, at each step, a rank-one tensor that drops the rank in such way the number
of steps performed during the game are exactly the rank of the tensor T.
The natural question is then the following:

given a tensor T what are the rank-one tensors that drop the rank of T?

Definition 1.2. The decomposition locus of a tensor Tc C"M @ ... @ C™ is
Dr = [(vl,...,v")e(C’“ X oo x CM k(T — ! @ -~ @ V) = 1k(T) — 1,
for some A € (C}.
The forbidden locus Fr of T is the complement of Dy in C™ x ... x C™, i.e.

Fr = {(Vl,...,vk)e(C'11 X - x Cl rk(T—kv1 ®---®vk)zrk(T), foranyxe(C}.

These objects were introduced in Carlini et al. (2017) for symmetric tensor decompositions, also
known as Waring decompositions of homogeneous polynomials, and computed for particular fami-
lies of polynomials. Those ideas were used in Mourrain and Oneto (2020) to classify homogeneous
polynomials of rank at most 5 in terms of algebraic properties of sets of points supporting their min-
imal decompositions. A first example of symmetric tensor having empty (symmetric) forbidden locus
is provided in Flavi (2024). A version of forbidden loci for non-reduced zero-dimensional schemes
apolar to homogeneous polynomials was considered in Ventura (2019). The notion of decomposition
locus is strictly related to the more geometric notion of entry locus (see Russo (2009); Ionescu and
Russo (2008)).

An important question treated in the literature is whether the critical rank-one approximations
of a tensor, i.e., one of the critical points of the Euclidean distance function from the tensor to the
variety of rank-one tensors, belong to the decomposition locus. This is justified on one side by the
fact that there exists algorithms to compute the best rank-one approximation of tensors, see e.g.
Friedland and Ottaviani (2014), but, on the other hand, different from the matrix case, the best rank-
one approximation does not always belong to the decomposition locus, see Stegeman and Comon
(2010). This makes the question for tensors very interesting. In a recent pre-print Horobet and Turatti
(2023), the authors study geometric properties of the Zariski closure of the set of tensor admitting
one of the critical rank-one approximations in the decomposition locus. We believe that a systematic
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study and an explicit description of decomposition loci of tensors, like the one we present here, might
shed lights also in this direction.

In this work, we concentrate on tensors of order three for which the orbits under the action of
GLy, € x GLp, C x GL,, C are finite in number. Consequently, it should be noted that our work cannot
be directly applied to compute the rank of the matrix multiplication tensor M 3y; however, we hope
that it will provide valuable insights.

1.1. Structure of the paper

In this paper, we address the question for some special families of tensors. For sake of complete-
ness, we first recall the well-understood case of matrices, see Section 3. In Section 4, we consider
tensors that lie on the tangential variety of Segre varieties of any order. In the literature of quantum
information, these are known as W -states, see e.g. Ballico et al. (2019b) and the references therein.
Our proof of Theorem 4.3 gives also a recipe to construct minimal rank decompositions of W -states
starting from almost any rank-one tensor, see Proposition 4.6. In Sections 5 and 6, we consider tensors
in C2@C2®C" and C2® C3 ® C", namely pencils of 2 x n and 3 x n matrices. These are the only
spaces of tensors, beside matrices, in which we have finitely many orbits with respect to the action
of the product of general linear groups, see Section 2.2. Our computation will be explicitly made on
their normal forms by using the algebra software Macaulay2 (Grayson and Stillman) and can be found
at https://sites.google.com/view/alessandrooneto/research/publications.
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2. Preliminaries

In this section we briefly recall some basic definition and notation. For an extensive introduction
to tensor decomposition and its algebro-geometric approach see Landsberg (2012); Bernardi et al.
(2018).
2.1. Segre varieties and secant varieties

Vectors are denoted in bold face, e.g., v, and their corresponding projective class is denoted within
brackets, e.g., [v]. First, we recall notation for the space of rank-one tensors, i.e. Segre varieties, and the

Zariski closure of the space of rank-r tensors, i.e. r-th secant varieties of Segre varieties. Due to the in-
dependence of tensor rank by scalar multiplication, it is natural to consider these spaces projectively.

Definition 2.1. Fix integers n = (11, ...,n;). The Segre embedding is the map of P(C™) x --- x
IP(C™) defined by the line bundle Op cni)x.. ey (19, ie.,
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vp: P(CM)x..xP(C%) — P(CM"®-. @C")
(' VD) AR e

The Segre variety is X, = Im(vy). Its r-th secant variety is

0r(Xn) :WC P ((C”l Q- ®(C”k).

We use the notation n* = (n,n, ...,n) € N,
The first r such that [T] € 6;(Xp) is called the border rank of [T]:

brk(T) = min{r : [T] € 0;(Xn)}.

Remark 2.2. With an abuse of notation, we will denote by Dt the decomposition locus of the tensor
T defined in Definition 1.2 also when regarded as subspace of the Segre variety product of projective
spaces PC™ x -.. x PC™ or when regarded as a subset of the Segre variety Xp; analogously for the
forbidden locus.

By conciseness (see Landsberg, 2012, Proposition 3.1.3.1) or autarky (see Ballico and Bernardi, 2017),
ifTeVi®---®V, where V; C C", then Dy C V1 x --- x V. Hence, we will always consider tensors
in their concise space, namely T € V1 ® - -- ® Vi such that thereisno W1 @ --- @ Wy C V1 ®---® Vi
containing the tensor T.

Definition 2.3. For m = (mq, ..., my), let Suby be the space of tensors that, up to change of coordi-
nates, lie in some P(C™ ® ... @ C™),

A way to understand if a tensor is concise is by looking at its flattenings.

Definition 2.4. The i-th flattening of a tensor T € C" ® ... ® C"™ is the linear map

flatt;(T) : (C")" — (X) C™"
J#
given by contraction on the i-th factor. Sometimes, we will also refer to flatt;(T) as the associated
matrix in the standard basis.

A classical construction is the one of dual varieties. If we consider the Segre variety in the dual
projective space X, C P(C™ ® --- @ C™)Y, then, by biduality, we consider its dual variety X, C
P(CM ®-..®C™). This is a hypersurface if and only if nj — 1 < Z#i n;—1, for all i. In the following,
we will mostly consider dual varieties of three-factors Segre varieties that are hypersurfaces. In such
cases, the defining equation of &)Y , .. is the so-called hyperdeterminant, denoted by Hn, n,.ns. See
Gelfand et al. (2008); Ottaviani (2013).

2.2. Spaces of tensors with finitely many orbits

The group GL;, x --- x GLp, naturally acts on C™ x ... x C™. In Kac (1980), the author proved
that the only spaces of tensors C™ ® - -- ® C™ with a finite number of (GLn] X oo X GLnk)-orbits are

a) C"eC",;

b) C2@C2QCH;

) C2eC3gCn.

The case of matrices is well-understood and orbits correspond to matrices with equal rank.

In Parfenov (2001), normal forms for tensors in C2 ® C? ® C¢ with b < 3 were provided. Recall
that any three-factor (concise) tensor T € C?> ® C™ ® C™ can be studied as a pencil of ny x n3

4



A. Bernardi, A. Oneto and P. Santarsiero Journal of Symbolic Computation 131 (2025) 102451

matrices by looking at the 2-dimensional image of the first flattening. Explicitly, if we consider the
standard basis {eﬁ,...,efqi} for the i-th factor of C" @ --- ® C™ and we write in coordinates T =
Yijktijke] ® €5 ® e}, then we associate to T the pencil of matrices uA + vB, where A = (t1, ;)
and B = (tp; j) are the matrices of size np x n3 obtained as images of e} and e; through flatt;(T),
respectively. Clearly, the notation as pencil of matrices of T is not uniquely determined, but a pair
of linearly independent matrices A, B determines uniquely the pencil. In Buczyfiski and Landsberg
(2013), all ranks and border ranks of tensors in C? ® C?> ® C" and C2 @ C3 ® C" were computed
through the interpretation the so-called Kronecker normal forms of pencils of matrices and the theorem
by Grigoriev (1978), JaJa (1979) and Teichert (1986) on ranks of pencils of matrices.

We recall in Table 1 the normal forms of tensors in C2 ® C"™ ® C™ for n, < 3, following the
numeration of Buczynski and Landsberg (2013).

Notation. We denote by T, the n-th normal form of Table 1 and by O, the corresponding orbit.

Remark 2.5. Note that, since the tensor rank is invariant under the action of GLy; x -+ x GLy,, if T
and T’ belong to the same orbit, then we can obtain the decomposition locus of one from the other.
Say T =(Aq1,...,Ay) - T/, for A; € GL;; then

Dr={@'®--@a: A7 A @ e -®d)eDr)
={(A1,..., A - (N1 ®---®V) : Vi®---QVk € Drr},
and similarly for the forbidden loci. Therefore, besides the case of matrices and tangential tensors, in

Sections 5 and 6 we symbolically compute equations of decomposition loci only of tensors in normal
forms.

3. Matrices

As a first example of computation, we describe the case of matrices, generalizing (Carlini et al.,
2017, Corollary 3.2) which considered only the symmetric case. This section covers the orbits n.1, 2,
3, 4 and n.10 of Table 1.

Let A € Matp,»,(C) be a m x n matrix of rank r and consider its thin Singular Value Decomposition
(SVD) A=UXV*, where U € Maty,»(C) and V € Mat,,,(C) are such that U*U =1, and V*V =1,

V* denotes the transpose conjugate and X = diag(oy, ..., 0y) € Mat,,(C) is a diagonal matrix whose
diagonal contains the ordered singular values o1 > --- > o > 0 of A. Then,
r
A= Z oiu; ® V;
i=1

where u; € C™ and v; € C" indicate the ith column and row of the matrices U and V*, respectively.
In particular, we have that A is concise in the subspace

UV:i=(u,....,u) ®(Vy,...,v) CC"®C".
The matrix At :=VX~1U* is the pseudoinverse of A, where ¥~ ! := diag(;—], <y =) € Mty (O).
Proposition 3.1. Let U ® V be the concision space of A € Maty,x, (C). The decomposition locus of A is

Dy = {(u,v) cUxVCCmxCn: vTA+u7é0].
Proof. As mentioned in the introduction, by either concision for tensors (cf. Landsberg, 2012, Propo-
sition 3.1.3.1) or autarky property (cf. Ballico and Bernardi, 2017), D4 C U x V. We first compute the

decomposition locus of the rank-r matrix X € Maty,(C) from the thin SVD of A= UXV*. By linear
algebra computation,
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Table 1
The 26 normal forms in C? ® C? ® C¢ with b <3 or c <6.
n. Kronecker normal form pencil brk rk  Ref.
1 eloedoe (u) 1 1 Proposition 3.1
2 elgeleeltel®elxel (uv) 2 2 Proposition 3.1
1 2 @ed el 2 @ a3 u iti
3 e Re®e;+e,Qe;®e; u) 2 2 Proposition 3.1
1 2 3 1 2 3 u iti
4 e Re;Re] te, Qe e v) 2 2 Proposition 3.1
1 29edteled 1 2 o a3 uv
5 e Q(ejRete;06e) e, Qe u) 2 3 Theorem 4.3
1 2 3 1 2 3 u i
6 e Re;Re] +te,Qe;R0€, v) 2 2 Section 5.1
1 2 9edteled 1 2 o a3 uv ;
7 e ®((e]Re +e;Re3)+e,Re;Re; u) 3 3 Section 5.2
1 22e3texead 1 2 9 e3 1 a2 el uv i
8 eleEae+eloe)tel®E e +eloel) ) 3 3 Section 52
1 2 3 2 3 1 2 3 2 3 uwv i
9 e Qe te;®e;)te,®(e;®e; +e;0e) uv) 4 4 Section 5.3
u
10 eloEloet+eloe+eined) u ) 3 3 Proposition 3.1
11 el@Eoel+elrel)+elreirel Section 5.2

3 3 Section 5.2

<
=

12 elgE@oel+elred)t+elaEioe +eigel)

<

< =
=
~— T ~~—=
w
w

13 el®@Elgel+elrel)+el@(el@el +e3@el) Section 6.2.1

=
<
< =
SN—
w
N

=

=
w
w

14 eleEoe+eine))+teloeioel Section 6.1

15 elopEloel+eleeltelved)telvelne u 3 4 Section 6.2.2
16 eloEoe+eloeltelred)tela (el +elmed) Section 6.2.3
uv
17 el@Eoel+elrel)+el®Eieel +elred) u ) 3 4 Section 6.2.4
\4

18 eleEloe+edoe))rel@E@®e+el®el) utv 3 3 Section§i

=
<

=
<

'S
'S

19 el@Elee+elrelt+eive))+relaEle +elael) Section 6.3.1

20 e} ® (e% ® e? + e% ® e; 4 e% ® ez) +el® e% ® e% u 4 4 Section 6.3.2
21 el@Elee+eoel+einel)+el®El®el+teirel) uv 4 5  Section 6.4
22 eleEieet+eloel)tel®E el +elreld) u 4 4 Section 6.3.3

23 el®Ee+elioe+eioed)teiEle +elnel +elne)) uv 4 4 Section 634

=
<

24 eloEloet+relvelteioel)telo e ®el+elxel) 5 5  Section 6.5

=
<

5 5 Section 6.5

=
<

25 ej@@E®elt+eieel+eige))teielrel +teiel +elned)

=
<
=
SN~——

=
<

26 el®Elee+evel+einel)teloEl el teirel +reived) Section 6.6

D N N T I N N T N S S P RGN
= =
= <
= <
w
N

=
<
=
<
=
<
S~—
[=)]
[=)]
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.
1
det(Z + Ax®@y) =det(Z)(1+ Ay =7 'K =010, +1 Y —xiyi.
; Oj
i=1
Hence, Dy = {(x,y) € C" x C" : y"=~1x £ 0}. Denote by V the matrix whose entries are complex
conjugated of the entries of V. Now, since At = VE~1U*, we have that 0 £y’ 2 Ix =y V*AtUx =
(Vy)TATUX and this gives D4 from Dx:
Dp={w,v)eUxV : (Uu, Vv) e Dx}
={w,veUxV : vIVSlU*u£0}={u,v) e Ux V : v Atu#£0}. O
4. Tangential tensors
We consider here tangential tensors, namely tensors lying on the tangential variety of the Segre
variety but not on the Segre variety itself. In the literature of quantum information, these are known

as (tensors in the orbits of) W -states, see e.g. Diir et al. (2000). This case corresponds to the orbit n.5
from Table 1.

Definition 4.1. The tangential variety of the Segre variety is

T(Xn) = {[T] : 3q € Xn such that [T] € T¢Xa},

where Ty X, denotes the tangent space to the Segre variety at q.

If Q =v! ®--- ® vk € X, then it is immediate to see that the all tensors in the tangent space at
g=1[Q] € Xn can be written as T = Z{-‘Zl Vi --@wW ®- - ®Vk for some wi € C". In particular,
T € Suby.

Remark 4.2. Let g € Xy« and [T] € Tq(Xy) \ {q}. Then, there exists a 0-dimensional scheme of length
two J c (P1)*k supported at g such that [T] € (vok(J)). Such a scheme is classically called a 2-jet (cf.
Alexander and Hirschowitz, 1997; Bernardi et al., 2009). By Ballico and Bernardi (2013, Theorem 1),
the rank of T is determined by the conciseness of J; in particular, the rank of T is equal to the
number of factors of its concise expression.

We prove that the only forbidden point for tangential tensors is the tangency point. This general-
izes the analogous result for symmetric tensors in Carlini et al. (2017).

Theorem 4.3. Fix q € Xp, D= (11, ..., n) withk > 3. Let [T] € TqXn ~ {q}. Then, Fr = {q}.

The latter theorem gives a very immediate way to check if a rank-one tensor is forbidden for
a tangential tensor. Indeed, if T is tangential tensor at ¢ = [Q], then the image of all flattenings
flatt;(T) contains only one rank-one tensor: that is exactly the image by flatt;(T) of the annihilator
by contraction of the i-th factor of Q in (C™)V. See Algorithm 4.1.

Algorithm 4.1 Test if a rank-1 tensor is in the forbidden locus of a tangential tensor.
Input:

e Tangential tensor T € C" @ --- ® C™ with k > 2.
o Rank-one tensor P=p'®---@p*cC" @ ... @ C™.

Output: Whether P € Fr or P & Fr.
Procedure:

e Foranyi=1,..., k, let (p') ((C"')V. be an annihilator of p' by contraction in C™.
e If, forany i=1,...,k rk(flatt;(T)((p'))) > 1, then P & Fr; otherwise, P € Fr.

First of all we show that the tangency point is indeed forbidden.
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Lemma 4.4. Fixq € Xp, n = (n1,...,n) withk > 3. Let [T] € T¢Xn \ {q}. Then, q € Fr.

Proof. Without loss of generalities, we may assume n=2* and T concise in (C2)®. In particular, the
2-jet J supported at q such that [T] e (v (J)) as in Remark 4.2 is also concise. Therefore, if g =[Q],
since (v, (J)) is exactly the line ([T],q), then the tensor T — AQ is also tangential and concise for
any A € C. In particular, rk(T —1Q) =1k(T) for any A and g € Fr. O

To finish the proof of Theorem 4.3 it remains to show that Q is the only point in Fr. We distin-
guish the case k =3 from all the others.

Proposition 4.5. Theorem 4.3 holds for k = 3.

Proof. Recall that the tangential variety of X2, c P7 is defined by the vanishing of the Cayley
equation (cf. for instance Landsberg, 2012, Theorem 8.1.4.2 and Section 8.2.7) and it is the clo-
sure of the set of rank-3 tensors in P((C2)®3) (see Buczyhski and Landsberg, 2013, Section 6). Let
p=[Pl=[a®b®c] € X2, with a=ase] +azel,b=bie} +byel, c=ce3 +cze3. If p e Fr then
T — AP has rank three for all A € C, in particular, the Cayley’s hyperdeterminant of T — AP should
vanish for all » € C. Up to change of coordinates, we assume Q =e! ® 2 ® e3 and

T=el®@el®el +ej@eiRel +tel el el cTyXumm.

By evaluating the Cayley’s hyperdeterminant Hay, (cf. Gelfand et al., 2008, Ch. 14, Proposition 1.7) at
T — AP, we get

H222(T — AP)
=32 (@3b363 + 2a3bibacrca + 2mazhercs + a3bic) + 2mazhibac} +atbicl)  (41)
—4)razbyc;.
If P € Fr, then equation (4.1) is identically zero as univariate polynomial in C[a, b, c][A]. Therefore,
a necessary condition is azbac, = 0. If ay =0, then Hy(T — AP) = A%a2b3c3: since a # 0, then either

b, =0 or ¢y = 0. Therefore, since equation (4.1) is invariant under permutation of a, b, ¢, we deduce
that

}'TC(e} xe%x]P’l)U(e}x]P’l ><e%)U(P1 xe%xe?). (4.2)

Now, let p =[P] be an element of the right-hand side of equation (4.2). Say P = e} ®e% ® (ae? —l—ﬁeg)
with (o : 8) e P1.If 0, then

1 o
T— EPZ ((—Ee} —|—e;> ®ef +e] ®e§> ® e,

i.e.,, P € Dr. Hence, Fr C {q}. The fact that q € Fr is Lemma 4.4. O

Proposition 4.6. Fix g =[v! ® --- ® VK] € Xp, n = (n1, ..., n) with k > 3. Let [T] € TqXn ~ {q}. Consider
p=[p'® - ®p"]such that [p'] #* [Vilforalli=1,... k Then, p € Dr.

Proof. Up to change of coordinates, we may assume q = [e} R ® e’l‘] and T = Zi'(:l e} R ® e; ®
e® e’;'

We construct a curve Cy of multidegree 1¥, i.e. a rational normal curve of degree k passing through
p and such that T belongs to the tangent line to C, at q. This will show that p, belonging to the
rational normal curve to which T is tangent and being distinct from the point of tangency itself (the
only prohibited point for tangent points to a rational normal curve), is a point of decomposition for
T.
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We may assume that p' = p,-e'll + e; for i =1,...,k. Consider the projective linear map f;:
P(C?2) — P(C?) defined by the matrix (; ‘i"), ie.,
fi:PT > PL(x:y) > (x+piy: y). (43)

Let C; be the image of f = vy o (fi x -+ x fi) : P — (P1)*k — X,,. The points p,q belong to
Cy since f(1:0)=gq and f(0:1) = p. The tangent line to C; at q contains the tensor T: consider
the limit of the secant lines (f(1:0), f(1:t)) for t — 0 and compute the linear part of the Taylor
expansion of f(1:t):

coeffi (f(1:t)) = coeff; (((1 +pivel +ehy @ @ (1 + prorek + te’g))

=<Zm>e%®---®e’{+Te(q,T)-

1

Therefore T is tangent to C, in g, which means that T is actually a degree d monomial in two
variables of the form x?~!y and it satisfies all assumptions of Carlini et al. (2017, Theorem 3.3), so
one can conclude that p e Dy. O

Remark 4.7. Our proof of Proposition 4.6 allows for a more general statement for partially-symmetric
tensors, e.g. see Bernardi et al. (2018) for definitions. If the tensor T and the rank-one tensor
p in the statement of Proposition 4.6 share the same partial symmetries, i.e., they belong to
the same space Sym™ (C") ® --- @ Sym% (C'm)c (C")®h @ ... @ (C™)®dm  then p appears in a
minimal rank partially-symmetric decomposition of T. Indeed, by definition of tangential tensors,
there is (A1,...,Am) € GLy, X --- x GLy, such that T' = (Ay,..., Ap) - T is symmetric: note that,
p =(A1,....,An) -peSymT(C")®---® Symim(C"m) is not necessary symmetric. Now, if we follow
the proof of Proposition 4.6 for T’ and p’, we notice that the parametrization equation (4.3) respects
the same partial symmetry, i.e., C is contained in the same space of partially symmetric tensors.
Therefore, we construct a partially symmetric minimal decomposition of T’ which involves p’. By ap-
plying the inverse transformation (Al’l, ...y A1) € GLy, X -+ x GLy,,, we obtain a partially symmetric
minimal decomposition of T which involves p.

We like to stress that the proof of Proposition 4.6, combined with classical apolarity theory for
binary forms, is constructive. We give an explicit example for third-order tensors.

Example48.let T=el ®e?®e +el ®el®e’ +el ®e? ® e} be a tangential tensor in its normal
form. Consider P = (e] + e]) ® (e +e3) ® e3. Then, the rational normal curve C3 C X2, defined by

f:@:b)eP'—[(@a+b,b)®(@+b,b) ® (a,b)] € X222

ie, fa:b)=((@+b)?a:(@+b)*b:(a+b)ab: (a+b)b*: (a+b)ab: (a+b)b?:ab?:b%) e P7, passes
through p = [P] and contains T on the tangent line at ¢ = [e! ® e? ® €3]. The curve C; is the section
of X257 by the linear space H = {X101 — X110 — X111 = Xo11 — X110 — X111 = Xo10 — X100 = X001 —
X100 — X110 — X111 = 0}. Therefore, on H, we can use the coordinates Yq := Xogo, Y1 = X100, Y2 =
X110, Y3 = X111. In order to make the parametrization of the curve C3 in H in the classical monomial
form of Veronese embedding, we actually consider the change of coordinates given by

Wo = Y0—2Y1+Y2, W1 = Y1 —YZ, W2 = Yz, W3 = Y3.

In these coordinates, we identify H with the space of binary cubics in C[x, y] by associating to W; the
i-th element of the monomial basis, i.e.,, W; = (?)x*"_"yi. Namely, C3 is the curve of powers of linear
forms, the tensor T has coordinates (—2:1:0:0) and corresponds to the binary cubic F = —2x3 +
3x2y. The tensor P instead has coordinates (0:0:0:1) and corresponds to y3. By classical apolarity
theory, minimal decompositions of homogeneous polynomials as sums of powers of linear forms are
constructed by looking at sets of points of minimal cardinality whose defining ideal is contained

9
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in the annihilator ideal Ann(F) ={g € Clo, B] : g(dx, dy) o F =0}, see larrobino and Kanev (1999,
Lemma 1.15) or Bernardi et al. (2018, Lemma 5). The coordinates of the points give the coefficients
of the summands of minimal decomposition. In our case: Ann(F) = (a2, o> + 2a28). Since F has
rank three, we want to find a cubic polynomial in Ann(F) having distinct roots and divisible by
a (ie., one of the roots is (0:1)). Such a cubic is of the form a(a? + 2af + %) where p is
general, i.e,, it is such that the quadratic factor has distinct roots. For example, if we consider u = —3,
then (o — B)(a + 38) € Ann(F). That means that a minimal rank decomposition of T is given by
{f(0:1), f(1:1), f(—3:1)}. It is easy linear algebra to see that indeed

_ _l l 1 1 2 2 3 3
T= 3P + 4(2e] +e) R ((2e7 +€3) R (e] +€3)
1
+5 (—2e] +e)) ® (—2e? +e3) ® (—3e] +e3).
Similar construction can be pursued whenever we are in the assumption of Proposition 4.6.

We are now ready to complete the proof of the main theorem of this section.

Proof of Theorem 4.3. Without loss of generalities, we may assume n= 2 and T concise in (C2)®k,
In particular, the 2-jet J supported at q such that [T] € (v (J)) as in Remark 4.2 is also concise. Up
to change of coordinates, we may assume g =[el ® ---@eland T=Y" el ® ---@e,® - @ek

By Lemma 4.4, q € Fr.

Vice versa, let p=[p' ®--- ® p¥). If [p'] # [e‘i] for all i =1,...,k then we conclude by Proposi-
tion 4.6. Assume that [p'] = [e"]] for some i: without loss of generalities, up to reordering, we may
assume that equality holds for i =1, ..., m. Recall that m < k because [p] # [q].

If k —m > 3, then we write

m
T+ip'® - @p'=) ej® - ®e)® e/ +(ej@--®el)aT,
i=1

where T'=Y% e ®...@e,® --@e+1p™!® .-.@p* Since T’ and p"*' ®--- @ p* satisfy
the assumptions of Proposition 4.6, there exists some A # 0 such that the rank of T’ is k —m — 1.
Therefore, for such A, we have that T +Ap' ® --- @ p* has rank k — 1, i.e., p & Fr.

If k —m < 3, then we consider

k-3
T—}-Apl®---®pk:Ze}®---®e‘2®~-®e’1‘+(e}®---®e’§’3>®T/,
i=1

where T/ =Y, ,ek2®...0el® - -®e +1p*2®--- @ p*. Now, we cannot apply Proposition 4.6
because m >k — 2, ie., [p¥2] = [e’{’z]. However, T’ and p* 2 ® --- ® p* satisfy the assumptions of
Proposition 4.5. Hence, there exists some A # 0 such that the rank of T’ is 2. Therefore, for such
lambda we have that T+ Ap' ® ---®p* hasrank k — 1, i.e, p¢ Fr. O

5. Tensorsin C2@ C2@ C"

In this section, we explain how to compute the decomposition locus of tensors whose normal form
is concise in C2 ® C% ® C", for n > 2. The case of tangential tensors (orbit n.5) has been treated in
Section 4. Hence, accordingly to the normal forms explained in Section 2.2, we only have the following
cases.

10
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5.1. Orbit n.6: concise tensors of rank two

If TeC?® C2®C", with n> 2, is concise of rank 2, then T € Subyyy. By Kruskal criterion
(Kruskal, 1977), it is known that tensors in Subyy, are identifiable, i.e., there is a unique way to write
T = P1 + P;. See also Ballico et al. (2021, Proposition 2.3). Hence, Dy = {[P1], [P2]}.

5.2. Orbits n.7, n.8, n.11, n.12: tensors of rank-3 and border rank-3

Accordingly to the table in Section 2.2, we have two normal forms for concise tensors in C2? ®
C2 ® C3 of rank three. These are

T=ej@El@el+tesRel) +eel®es,
Ts=e]@(ej@e]+ej@e))+e)® (el ®el +e3®e)).

The orbits n.11 and n.12 correspond to the orbits n.7 and n.8 by swapping second and third factor.

Both of them are non-identifiable rank-3 tensors and they have been classified in Ballico et al.
(2021, Theorem 7.1) (see also Santarsiero, 2023, Corollaries 3.2 and 3.3). Below a description of their
decomposition loci.

Proposition 5.1. Let T € O; € C? ® C2 @ C3,i=7,8, as in Section 2.2. Then [T] € (v233(C x P?)) with C
a conic section of Xy, C IP’((C% ® (C%) and

Dr={P=a®b®c :C([a®b])=0,3A eC s.t. either Hy3(T — AP) #0
or T — AP € Subq; USubs12},
with C the (1, 1)-form of (C2 ® C3)" defining C.

Proof. For both case T; and Tg a geometric picture is described in Ballico et al. (2021, Examples 3.6
and 3.7). Indeed, both cases are generic elements in a certain (v223(C x P2)) = 03(v223(C x P2)) with
C a conic section of X,» which is irreducible, in the case Tg, and reducible for T. This geometric
description tells us that a rank-1 tensor P =a ® b ® ¢ belonging to the decomposition locus of either
T7 or Tg should vanish on the (1, 1)-form defining C. Moreover, since rank-2 tensors in C2eC2eC?
are non concise along the third factor and do not belong to 7(X223), either Hyp3(T — AP) # 0 or
T — AP € Subyy; USuby1. O

Remark 5.2. For the particular case of T € O; we also have a more elementary description given in
terms of the two matrices describing it. More precisely, notice that by the GL; x GL; x GL3-action, any
TeOyis

T=1@WAW+U QU W +u; @u QW'
Gll A= @w+u, W, A =u; @ w+u; ®w”. Then,

T=w1®A +u;@u W’ (5.1)
and, if 112: C2®@ C3 ® C* - C2 @ C? ® C3 swaps the first two factors, then

(M =wA+u,Qu; QW (5.2)

Equation (5.1) and equation (5.2) clearly show that {u;} ® Da, and t12({uz} ® Da,) are contained in
Dr and, by Ballico et al. (2023, Proposition 4.6), their union is actually equal to Dr. In particular, this
proves the following.

v2®v3eDA1 and v'=u!, or
vigv? €Dy, and vi=u? |-

Dr = {vl RV:RV :

11
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5.3. Orbit n.9: tensors of maximal rank
As recalled in Section 2.2, the normal form of rank-4 concise tensors in C2 ® C? @ C" is given by
To=e|® (@6l +es0e)) +e,® (e] ®e; +e3Rey).
Notation. Given a tensor T € C™" ® --- ® C™, we denote by T* ¢ (C" @ --- ® C™)V the tensor in

dual coordinates. We write (-, -) for the dual pairing (C" ® --- C*)¥ x (C"M @ ---® C™) — C.
Given a tensor T* € (CM @ ---® C™)Y we denote by V (T*) its vanishing set, i.e., the kernel of (T*, ).

Proposition5.3. Let T € Qg C C2QC2®C* suchthat (A, B, C)-T = To. Then, Fr = V (AT, BT, CT)-T*).

Proof. Since T € (C2® C2® C*) \ 03(X224), it has rank 4, then

Fr={P € X4 : [T —AP] € 03(X224) VA € C}.

Assume first T = Tq. In this case, the determinant of the third flattening of T — AP for P=a®b®c
is

Maibic1 +azbicy +aibacs +azbacy) — 1= A(Tg,a®b®c) —1.

Now, let T € Qg such that (A® B® C) - T = Tg. Then, as observed in Remark 2.5, a@ b® c € Fr if
and only if (AQ B® () - (a®b®c) € Fr,. Hence, the conclusion follows from the computation of Fr,
and

(TS, (A®B®C)-(a®b®c) =((AT®B"®C") . T{,a®b®c). O
6. Tensorsin C2 @ C3@ C"

In this section, we explain how to compute the decomposition locus of tensors whose normal form
is concise in C2 ® C3 @ C", for n > 3.

6.1. Orbits n.14 and n.18: concise rank-3 tensors of border rank-3

As recalled in Table 1, a rank-3 tensor T € C2 @ C3 ® C3 of border rank 3 belongs either to the
orbit n.14 or to the orbit n.18 whose normal forms are:
Tu=el®@E e +resnel)+eloelxel,
Tis=el@el®el +telelnel+ (el +e)elwel.
Remark 6.1. Case 14 can be written as T14 = e} ® I12 +e) ® €2 ® e where Iy, is a 3 x 3 matrix having
ones in position (1, 1), (2,2) and zero elsewhere.
By Ballico et al. (2021, Proposition 3.10, Item 2.) (cf. also Ballico et al., 2023, Lemma 4.4), we have
that
Dr,, = (ce]) @ Dy, U {(@1€}) ® (22€3) ® (ar3€3)}

with «, a1, a9, 3 € C. Further, by the GL, x GL3 x GLs-action, any T € Q14 can be expressed as
T=u1 ®M+u; ®vw, for independent uy, u; € C2 and for some rank-2 square matrix M of size
3 s.t. rk(M + v ® w) = 3. Therefore, the decomposition locus of T14 € O14 is

Dr, ={1} @Dy U {u; @ v Wi,

12
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Remark 6.2. Case 18 can be written as a rank-3 tensor as

Tis=e]®el®el +tel@elmel+ (el +e))@elmel.

This is identifiable since its GL, x GL3 x GL3 orbit closure coincides with o3 (X333) which fills perfectly
the ambient space and the secant degree is 1 (it is classically known that generic (2 x k x k)-tensors
are identifiable, cf. e.g. Hauenstein et al., 2019). In our particular instance,

Dr,=lel®eleel eloelwel, (el tel)velxel)

and more generally any other tensor in the GL, x GLs x GL3 orbit of Tig is identifiable and so its
decomposition locus is given only by the 3 points arising in its unique decomposition.

6.2. Orbits n.13, n.15, n.16 and n.17: rank-4 tensors in C2 ® C3 @ C3

As mentioned, in C2 ® C3 ® C3, the generic rank is 3, but the maximal rank is 4. The closure
of the set of tensors of rank 4 is the dual variety A}, of the Segre variety X333. This is classically
known to be a hypersurface in P17 (cf. Gelfand et al., 2008, Ch. 14, Theorem 1.3) whose defining
equation is the previously defined hyperdeterminant. Following the Schlifli method (cf. Gelfand et al.,
2008, Ch. 14, Sec. 4), such hyperdeterminant is computed as follows. Regard the generic tensor in
C?®C3®C? as a pencil of 3 x 3 matrices, i.e., write T €, ; . ti j k€] ®e§ ®e cC?C*®C3 as

t1,1,1 t1,1,2 01,13 21,1 621,202,133
T=ultiz1t122t.23 |+ Vv | 221022023 | =UuAg+ VA1.
f1,3,1 £1,32 £1,33 231102321033

Its hyperdeterminant is equal to the discriminant of the binary cubic polynomial in Ct; jx][u, v]
given by the determinant of the matrix uAg + vA; (cf. Gelfand et al., 2008, Ch. 14, Sec. 4).

Following the classification in Buczyfski and Landsberg (2013, Table 3), the following are the nor-
mal forms for the orbits of concise tensors of rank 4 contained in C? @ C3 @ C3:

Tz=el®@E el +elee)) +el@ €l vel +elxel),
Tis=e]®@@€!Rel+elel +el@el) +tel®el ®el,
Ts=e]®@ @ Qel+esRe +es®el) +el® (6T e e el),

Tir=ej®(e;Re] +esRe3) +e,®(e5Re +eje3).

(6.1)

The dual variety X,3, is the Zariski-closure of the orbit of Ty7. The concise tensors in the singular
locus of X2V33 correspond to the normal forms T3, T15, T1s and also

Tu=el®@€®e +elre) teloelxel. (6.2)

The latter one, T14, has rank 3 instead of 4, see Parfenov (2001, page 108).

We describe here a procedure to compute the forbidden locus of a concise tensor T of rank 4 in
C2@ C3®C?3, ie, a tensor T belonging to one of the orbits of the tensors in equation (6.1). By
definition, we look for the rank-one tensors P such that rk(T — AP) =4 for all A’s. By Buczynski and
Landsberg (2013), the latter is guaranteed by the following:

(1) T — AP is concise for every A: indeed, in C! ® C3>® C3 and C? ® C? @ C3 the maximal rank is
3, this implies that T — Ap € 02(X233) U Subyy3 U Subgsy;

(2) T — AP € X%, for every A: indeed, a necessary condition for having rank 4 is to be on such a
variety;

(3) T—AP & (GL, x GL3 x GL3) - T4 whose closure is the join variety J(X233, P! x 05(IP? x P?)) (this
is very clear from the generator T4 but see also Holweck et al. (2012, Table 4, Orbit 5x1v)) for
every MA's: indeed, by Buczynski and Landsberg (2013, Table 3), that is the only orbit of concise
tensors of rank 3 contained in the X%,.

13
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The first two conditions are easy to check. Condition (1) is checked by imposing the maximal rank
of the flattenings. Condition (2) is checked by imposing the vanishing of the hyperdeterminant. As
regards condition (3), we need a few more observations on the orbits of tensors in equations (6.1)
and (6.2).

This description is summarized in the following.

Proposition 6.3. For any tensor T € O13 U O15 U O16 U O17, the forbidden locus Fr is given by the points
PeC2®C3 ® C3 suchthat, forall » € C, [T — AP] belongs to

X33~ (02(X233) U Subaps USubsa U J°(X233, P! x 02(X33)))).

where ]° denotes the dense subset of the join variety of points lying on lines joining distinct points.

In order to make this description effective, we need the following lemma which is straightforward
and should be classically known: we include here a proof for sake of completeness.

Lemma 6.4. Let T € C2 @ C3 ® C3 be a concise tensor in X,j,. Let £1 C P(C3 ® C3) be the line corre-
sponding to the pencil of 3 x 3 matrices associated to T. Denote G = GL; x GL3 x GL3. Then:

(1) ifT € G-Tq3: €y C02(X33);

(2) if T € G - T15: the support of £ N 02(X33) is a single point of rank 1;

(3) if T € G - Tq6: the support of £1 N 03(X33) is a single point of rank 2;

(4) if T € G - T14: the support of the intersection €1 N 02 (X33) are two distinct points and £1 N X33 # &;
(5) if T € G - Tq7: the support of the intersection £1 N 05 (X33) are two distinct points and £1 N X33 = (.

Proof. Since the Segre variety X33 and its secant varieties are closed under the action of GL3 x GL3,
it is enough to prove the claim for T € {T13, T14, T15, T16, T17}

The pencils corresponding to Ti3,..., T17 are associated to the following matrices depending on
(u:v)eP:

uvo u0o0 uvo uvo uvo
lry:(oou); Lry,:{ouo0), Lrg:{ouo]), Lrg:(ouv), Lry:{ouo0]).
00v 00v 00u 00u 00v

(1) the determinant of the matrix associated to £1, is identically 0 and then £7,; C 02(X33).

(2)-(3) The determinant of the matrices associated to ¢1,, and £, is u3, ie. the pencils £r,; and
L1, intersect 02(X33) only for (u:v) = (0:1). In the first case it corresponds to a rank-one
matrix, in the second case it corresponds to a rank-two matrix.

(4)-(5) The determinant of the matrices associated to £r,, and £r,, is u®v, i.e., the pencils £r,, and
£1,, intersect 02(X33) for (u:v) € {(0:1), (1:0)}. However, the pencil £r,, contains a point of
rank-one for (u:v)=(0:1) while the ideal of 2 x 2 minors of the matrix associated to £,
is the irrelevant ideal (u, v), ie, €r; N X33=0. O

Then:

We show here how to use Algorithm 6.1 to give a symbolic description of the forbidden loci for
tensors in the orbits Oq3, O15, O16, O17, respectively.

Notation. Given multihomogeneous polynomials fq,..., fi, € Cla] ® C[b] ® C|[c], we denote by
Z(f1,..., fm) the zero-locus of f;’s as a subspace of the set of rank-one tensors.

6.2.1. Orbitn.13
Consider the generator of the orbit

Ts=el®€i®e;+elrel) tel@Elie +elred).
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Algorithm 6.1 Test if a rank-1 tensor lies in the forbidden locus of a concise rank-4 tensor of C2? ®
C3eC3.
Input:

e Rank-4 concise tensor T € C2 @ C3 @ C3.
e Rank-one tensor P € C2 @ C3 @ C3.

Output: Whether P € Fr or P & Fr.
Procedure:
Step 1. Compute the principal ideal I:= (f) € C[A] of maximal minors of all flattenings of T — AP.
e If I # (1) then T — AP is not concise for all roots of f,
hence return P & Fr;
e otherwise, if I = (1) then T — AP is concise for all A and we proceed to Step 2.
Step 2. Compute the hyperdeterminant of T — AP, i.e., Hy33(T — AP) € C[A].
e If Hy33(T —Ap)#0then T —AP & X2V33 for all A’s different from the roots,
hence return P ¢ Fr;
o otherwise, T — AP C X35 for all A’s and we proceed to Step 3.
Step 3. Arrived at this point, we know that T — AP C X435 and all its points are concise. We need to distinguish if some of
them belongs to the orbit ©14 or not. We apply Lemma 6.4.
Let Mr_;p € Matsy3(Clu, v][A]) be the pencil of matrices corresponding to T — AP for any A.
We compute the determinant det(T — AP) :=det(Mr_;p) € C[u, v][A] and the ideal of 2 x 2 minors
(T = AP) :=I(Mr—;p) C Clu, vI[A].
o If, for some A # 0, we have that I5(T — AP) # (1) and det(T — AP) is neither zero or a pure cube, then P ¢ Fr;
e otherwise, return P € Fr.

Let P=a®b®c.
Step 1. The ideal of maximal minors of all flattenings of T13 — AP is

I'=(b3ca, baca, bacy, bacy, A(arbicy +azbica + arbacs +azbscs) — 1) € Cla, b, c][A].
Note that the latter generator is exactly A(T{5, P) — 1 while

(bsca, baca, bscy, bact) = (b2, b3) N (c1, c2).
A necessary condition for P € Fr,,, is I = (1) C C[A], then

Frs C [(CZ ® C3®C3 < (Z(by. b3) U Z(c1,cz))] UV(T). (6.3)

Step 2. Another necessary condition P € Fr,, is that T13 — AP, interpreted as a pencil in C3 @ C3
is contained in the dual variety A5} which is defined by the vanishing of the hyperdeterminant. As
already recalled, it is defined by the discriminant of the cubic polynomial given by the determinant
of T13 — AP:

Ha33(T13 — AP) = =% (bscy — bac2)? (a1¢1 + a2¢2)? (arba + azbs)?.
Hence,
Fr,3 CL(Z(b3cy —baca) U Z(ajcq +axcz) U Z(arby + azbz)) ~ (Z(bz, b3) U Z(cq, c2))]
U [(Z(b3C1 —bycy) U Z(aicq +axcy) U Z(ar1by +azbz)) N V(TT3)] .
Step 3. Now, we consider T — AP as a pencil of 3 x 3 matrices: its determinant is
det(T13 — AP) = A (cou —c1v) (bsu — bv) (aqu +axv).

This is identically a pure cube if and only if P € Z(bsc1 — bac2) N Z(aic1 + axcz) N Z(ayby + azbs). In
such a case, we know that P € Fr by Lemma 6.4.

In order to understand the remaining cases, we study the intersection of the pencil with the Segre
X33: the radical ideal of 2 x 2 minors decomposes as

(u, v) N (b3cy — bacy, cou —cqv, bsu — byv, A(arhbic1 +azbicy +arbacs +azbscs) — 1) ;

in other words, if P € Z(b3c1 —bacz) \ V(T]3), then T — AP € Oy4 for some A and P & Fr,,. In all the
other cases, the pencil does not meet X33 and P € Fr,;. Hence, we get the following.
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Corollary 6.5. The forbidden locus of the tensor T3 € C? @ C3 ® C3 defined in Table 1 is
Fri3 =[(Z(a1c1 + azcz) U Z(arby + azbs)) \ (Z (b, b3) U Z(cq, ¢2))]
U[(Z(b3c1 — baca) U Z(aicq + azc2) U Z(arby + azb3)) NV (THy)].

6.2.2. Orbit n.15
Consider the generator of the orbit

Tis=el® @ el +eleel+te3eel) +eloelnel.

Let P=a®b®ec.
Step 1. The ideal of maximal minors of all flattenings of T15 — AP is

(axc3, bacy, axcy, axbs, azby, A(aibicr +azbicay + arbacy +arbscz) — 1) C Cla, b, cl.
Note that the latter generator is exactly A(T5, P) — 1 while
(axc3, bacy, azcy, azbs, azby) = (ba, b3, c1,¢3) N(az, by) N (az, ¢1).
Hence, a necessary condition for P € Fr,5 is I = (1) C C[A], then
Fri5 C [(CZ ®C3®C3\ (Z(b2,bs,c1,¢3) U Z(az,b2) U Z(az, C1))] UV (T{s). (6.4)

Step 2. Another necessary condition for P € Fr,5 is that the line T1s — AP is all contained in the
dual variety A%%. Restricting the hyperdeterminant at such pencil, we get:

H»33(T15 — AP) = a2 %A3(D - A —4aybycq) € Cla, b, c][A] (6.5)
where
= azbzc1 + 2a1a2b1b2c1 +a bzc1 + 202b1b2c1cz + 2alazb2c1cz
+ azb2 + 202b1b3C1C3 + 2aiazbabscics + 2 azb2b3C2C3 + azbz

The univariate polynomial in equation (6.5) is identically zero if and only if apbycq = 0. Hence, we
refine equation (6.4) as

Fry5 ClZ(azbac1) N (Z(b2, b3, c1,¢3) U Z(az, bact))]
U[Z(azbac1) NV (Ti5)]. (6.6)

Step 3. Now, we apply Lemma 6.4. We know that P & Fr ; if Tis — AP € G - T14 for some . A
necessary condition, is that the pencil associated to Ti5 — AP contains rank-1 matrices for some .
The radical ideal of 2 x 2 minors of T{5 — AP, saturated with respect to the ideal (u, v), is

(u, Aazbscs, Aazbycs, Aazbscy) = (az, u) N (b, A, u) N (b3, by, u) N (cq, A, u) N (c3,c1, u).

Since, we only need to consider A # 0, we have only three cases in which, to fully apply Lemma 6.4,
we need to check also the intersection of the pencil with 03(X33). Indeed, if a; =0 or b =b3 =0 or
c1 =c3 =0, then, for every A, we have that the point (0: 1) of the pencil has rank equal to 1.

The determinant of the pencil T15 — AP becomes:

o for a =0:

det(T15 — AP) = (—A(aybicq + aibacy + aibscs) + 1)u3 + Aa1b2c1u2v

which is never identically zero, but it is identically a pure cube if a;byci =0;
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o forb2=b3=0

det(T15s — AP) = (—Aaibicy + 1) u® — Aazbiciuv

which is never identically zero, but it is identically a pure cube if aybic1 =0;
e for cy =c3=0:

det(T15 — AP) = (—Aaibycy + 1) ud - )\azszzqu

which is never identically zero, but it is identically a pure cube if aybyc; =0.

Hence, we get the following.

Corollary 6.6. The forbidden locus of the tensor T15 € C2 ® C3 ® C3 defined in Table 1 is
Fris =[ [Z(@abae1) ~ (Z(ba. b3, c1,¢3) U Z(@z, baen) U [ Z(azbaen) NV (Tis)] |

~[12@2)  Z@ibacn1 U262, b3) . Z(@zbren]U1Z (e, c3) N Z(@zbae)]].

6.2.3. Orbitn.16
Consider the generator of the orbit
Ts=el®(€iRe;+elre +tesel)+el® (el ®e +es®el).
Let P=a®b®ec.
Step 1. The ideal of maximal minors of all flattenings of T — AP is
(az, bsca, baca, bscy, bacy, AM(aibicr +arbaca + arbscs +azbica +azbacs) — 1).

Note that the latter generator is exactly A(T{g, P) — 1 while

(az, bsca, baca, bscy, bacy) = (az, bz, b3) N (az, c1, ¢3).

Hence,

Fris CIC2@C2® C3 \ (Z(az, by, b3) U Z(az, c1,¢3))] U V(TT). (6.7)

Step 2. Another necessary condition is that T1g — AP is contained in A%, for all A’s. Evaluating the
hyperdeterminant at T1g — AP we get

H33(T16 — AP) = A%(AA? + BA + ()
where
=a3b3bic] +2a1a3b1b3c] + atasbyct — 4asbibsct — 8ajasbibabsct — 2atadbibibscy
+2a3azb3bsct — 8a2adbibict — 8aiarbibybict + ajbibict — 4atbibict +2a5b1b3cicr
+2a1a3b5c3cy — 10a3b2babscicy — 10ara3bibabscics + 2a3a3b3bscica — 8ajasbibicicy
—20d%a3bibabicicy — 2ajaxb3bicic, — 8ajazbibicicy — 2aibabicicy + ajbjcics
— 8ajb1b3bscica — 2a1a2b2b3clc2 —I—azbzbgc%c% 10a1a§b1b2b§c%c§ 6a1a%b2b§c%c%
—2a?a3b1b3cics — 2aiazbybicics +albicics — 2a5b3bscics + 2a3bibabicics
—2a1a3b3b3c163 + 2a1a3bibicics + 2alasbabicics + 2aiazbiercs + asb3b3cs
+2a1@3byb3ch + a2adbic + 2a3bib3bscics + 2aiadbibscics — 12a3b3bic3cs

— 16a1a3b1babicics — 2ata3b3b3cics — 16aja3bibicics — 8alazbabicics — 4aibicics
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+2a3b3bscicacs — 20a3b1bab3cicocs — 10ara3bsbicicacs — 16a1a3bibicieacs
200102b2b3C]C2C3 8a1a2b3c]CZC3 8a; b2b C1C2C3 +2a4b1b3c1c§C3
—10ai@bab3cicies — 2atasbjeicies + 2a3babicics + 2ara3b3cics + asbabicics

—12a3b1b3cicl — 8aja3babicics — 8ajaibicics — 10a5babicicacs — 8arasbicicacs

+ajbjcic3 — adsbicics;

= —4a3b3c3 +18a3bibabsc3 — 6aya2b3bsc3 + 36ara3bib3cs + 6ajarbybics +4adhic3
+6a3b3bscicy + 18a3bibicicy + 24a1a3bybicic, + 6atazbicicy + 6a3bybiercs
— 6a1a2b3c1c2 4a2b3 + 18a3b2b C]C3 + 36(11(12[‘)361C3 +18a3 b3C1C263;
2
C = —27a3b3c2.

Note that

Vv (A, B, C)Sat = (b3c1, azbsca, azbacr)

= (a2, b3) N (az, c1) N (b2, b3) N (b3, c1) N (c1,C2),

where the saturation is intended with respect to the irrelevant ideal of the multigraded ring C[a] ®
C[b] ® C[c]. Hence, if we restrict (6.7) with this condition, we deduce

Fri6 C [Z(b3c1, azbscy, azbact) N\ (Z(az, bz, b3) U Z(ay, 1, c3))]
U [Z(bscy, azbsca, azbact) NV (Tip)]. (6.8)

Step 3. Now, we apply Lemma 6.4. If T16 — AP belongs to the orbit n.14 for some A, then the pencil
of 3 x 3 matrices given by T1¢ — AP contains a rank-one matrix. The radical ideal of 2 x 2 minors of
T16 — AP, saturated with respect to (u, v), is

(c1, b3, u, A(azb1cy +azbac3) — 1).

Hence, by Lemma 6.4, under the assumptions c¢; = b3 = 0 and ay(bicz + bac3) # 0, we need to
understand the intersection of the pencil with the secant variety of X33. In particular, under these
conditions, the determinant of the pencil T — AP is

(—=Aaibacy +1) u3 — ragbycou®v
which is identically a pure cube if azbycy; =0.

Note that (bzc1, azbscy, azbacy) = (bscy, azbscy, azbyca, azbacy) N (b3, ¢1).
Therefore, we conclude the following.

Corollary 6.7. The forbidden locus of the tensor T1g € C? ® C3 ® C? defined in Table 1 is
Frig = 12(bsc1. ashsca, azhacr) ~ (Z(az, bz, bs) U Z(@3. c1,3))]

U[Z(bsc1,azbscy, azbaci) N V(TTG)]]
N [Z (b3, c1) \ Z(azbica + azbycs, azbacr)]. (6.9)
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6.2.4. Orbitn.17
Consider the generator of the orbit
Tir=el®(€i®e;+elrel) tel@ie +elred).
let P=a®b®ec.
Step 1. The ideal of maximal minors of all flattenings of T17 — AP is

[(01,b1,b2) N (az, bz, b3) N(ay, c1,c2) N (02,61,C3)] + (M(T}7. P) —1).

Hence,

Fri; € [C2@C3@C? \ (Z(@1, br,ba) U Z(az, by, b3) U Z(@r,€1,.¢2) U Z(@z,€1,63) |
UV(T5). (6.10)
Step 2. We evaluate the hyperdeterminant at T{7 — AP:
H33(T17 — AP) = A(AA> + BA®2 + CA + D)
where

A = d2adbict +2a3a;b3byct + afbibict + 4adadbibacicy + 6ajaxbibicicy + 2aibibicic,
+6a2a3b?bicics + 6ajazbib3cics + alb“clc2 +4a2aibibicic + 2ajaxbieic
+ atasbics — 2a1a3bibscics 4+ 2a2a3b3bybscics + 8ajaxbib3bscics + 4afb3bscics
— 6a1a3b3babscicacs 4+ 4ajasbibabscicacs + 8 ajazb3bscicacs — 6ajashibibscicics
+ Za%a%bBbgqc%Q — 2a1a§b3b3c§C3 + a4b2b%cfc§ 8a1a§b1bzb§c%c§ Sa%a%bzbgc%cg
+2a3b1babicicacl — 8ara3bibicicacs + ajb3b3cics + 4a5babicics;

B =—2a1a5b3c3 — 8a3ayb3bac3 — 2a3b1b3c3 — 6arash3bacicy — 16a3azbibicicy
—2a3b3cicy — 6ajasbibicics — 8a2azbicics — 2arasbcs — 2a3b3bscics
— 2a1a§b1bzb3c1 c3—20 alazbzbgC] C3 — 4a2b1b2b3c1 Ca2C3 — 2a1a§b§b3c1 C2C3
— 2a§b§b36363 — 12a§b2b§c1c%;
=ajbic? +10a1az2b1byc? + albic? + 2a5b1bacica + 10a1azb3cica + a3b3cs
+ 12(12b2b3C163;

D = —4aybycq.

Note that
sat
V(A,B,C,D) = (bacy, azbaca, azbicr) (az, by)
N (az, c1) N (b1, b2) N (bz, c1) N (€1, €2),

where the saturation is intended with respect to the irrelevant ideal of the multigraded ring C[a] ®
C[b] ® C[c]. Hence, if we restrict (6.10) with these conditions, we deduce

Fri; CLZ(bact, azbaca, azbicy) N\ (Z(a1, b1, bp) U Z(az, ba, b3) U Z(ay, c1, ¢2)
U Z(az, c1,¢3))1U[Z(bac1, azbaca, azbicy) NV (TiN]. (6.11)

Step 3. We apply Lemma 6.4. First we check the intersections of the pencil T17 — AP with the Segre
X33: the radical of the ideal of 2 x 2 minors, saturated with respect to (u, v), is
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(c1, b, u, A(azbica + azbscs) — 1) N (c3, €1, b3, az, v, Aajbaca — 1)
N(cs3, b3, bz, az, v, Aaihbic1 —1).
Hence, we have three numerical conditions to check also the intersection of the pencil with 03(X33).
The determinant of the pencil T17 — AP becomes:

° ifb2=C1=01

det(T17 — AP)=—A 1111.73,(?3113 + (—Aazbsc3 +1) uv

which is never identically zero or a pure cube;
° ifaz =b3 =c1=c3=0:

det(T17 — AP) = (=raibacy + D ulv

which is never identically zero or a pure cube;
e ifay=by=b3=c3=0:

det(T17 — AP) = (—raibici + D u?v

which is never identically zero or a pure cube.

In conclusion, we have that T — AP never intersects (O14, namely it is all contained in (O17. In partic-
ular, (6.11) is an equality.

Corollary 6.8. The forbidden locus of the tensor T17 € C2 @ C3 ® C3 defined in Table 1 is

Friy = [(CZ ® C> ® C? \ (Z(a1,b1,b2) U Z(az, by, b3) U Z(ay, c1,¢2) U Z(az, c1, C3))]
UV(T5). (6.12)
6.3. Orbits n.19, n.20, n.22 and n.23: rank-4 tensors in C* @ C3 @ C*
In C2® C3®C* concise tensors have rank at least 4 and the maximal rank is 5. Following Table 1,
the normal forms of rank-4 tensors in C2 ® C3 ® C* are:
Tv=el® @€l ®el+elre +te3xe))+el@(elRe +esxed),
Tn=e;®(€jRe +e;0e+ejRe) +e;,Q (el ey,
Tn=el®@€®e+eirel) el Eioel +elre)),

Tz=e|®E@e]+eiRe +ejRe) +e,R (€] Re+e;e; +esRe;).

(6.13)

Recall that in C? ® C3 @ C* there is only one canonical form of rank 5 which is T; in Table 1.
We give a general description of the decomposition loci of tensors in the orbits (6.13).

Lemma 6.9. Let T be a tensor in the orbits (6.13). Then, P =a ® b ® ¢ € Dr if and only if one of the following
conditions occurs:

(i) either there exists A € C such that T — AP € Subq3q4;
(ii) or there exists A € C such that

(a) either T — AP € Subyy3;
(b) or T — AP € (Suby33 X2v33) U (Suby33 N O14).

Proof. It follows directly from Table 1 (cf. also Buczynski and Landsberg, 2013, Tables 1, 3 and 4).
Indeed:
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o if T— AP eC!®C3®C* then we reduce the matrix case and rk(T — AP) < 3;

o if T — AP e C?® C? ® C3 then its rank is at most 3, see Section 5;

e if T— 1P e C>?®C3®C3 then it has rank at most three unless it belongs to the dual Segre variety
X2V33 but not to the orbit (D14, see Section 6.

In all other cases T — AP is concise and has rank at least 4. O

Algorithm 6.2 Test if a rank-1 tensor lies in the decomposition locus of a rank-4 tensor in C2® C3 ®
(C4
Input:

e Rank-4 concise tensor T € C? @ C3 ® C*.

o Rank-one tensor P € C2 @ C3 @ C4.

Output: Whether P € Dr or P ¢ Dr.
Procedure:

Step 1. Compute the principal ideal I := (f1) € C[A] of maximal minors of the first flattening of T — AP.

e If I1 # (1) then T — AP € Suby34 for all roots of fi,
hence return P € Dr;
e otherwise, we proceed to Step 2.

Step 2. Compute the principal ideals I := (f2), I3 := (f3) € C[A] of maximal minors of the second and third flattening of
T — AP, respectively.

e If I3 (1), then rk(T — AP) is at least four for all A's;
then, return P ¢ Dr;
e else, if f, and f3 have a common root A, then T — AP € Subyy3 and it has rank at most 3;
then, return P € Dr;
e else, if there exists a root A of f3 such that Hy33(T — AP) #0, then T — AP € Subysz X2V33 and it has rank 3;
then, return P € Dr;
o else, if there exists a root A of f3 such that H33(T —AP) =0 but T — AP € O14 (which can be checked as
explained in Lemma 6.4 and Algorithm 6.1), then it has rank 3;
then, return P € Dr;
e else, if none of the above is satisfied,
then return P ¢ Dr.

We use Algorithm 6.2 on each one of the orbits in (6.13). Similarly to Section 6.2, we use the
structure of Algorithm 6.2 for symbolic computations by working on C[a, b, c] and assuming P =
a®b® c. Note that the application of Lemma 6.4 in Step 2 of Algorithm 6.2 involves a higher level
of intricacy compared to its use in Section 6.2. Indeed, once we know the constraints on P and A
such that T — AP € Subj33, then we need to perform the change of coordinates in order to explicitly
express T — AP as a tensor in C? ® C3 ® C> and then make the computations as in Section 6.2. Such
a change of coordinates cannot be uniquely chosen, but need to be changed depending on conditions
ona,b,c.

6.3.1. Orbitn.19
Let Tg=el®@ (e ®el +e3el +elRe)) +el®@(e?®e +e3®el) and P=a®bc.
Step 1. The ideal of maximal minors of the first flattening of T19 — AP is I; = (1).
Step 2. The ideal of maximal minors of the second and third flattening of T19 — AP are, respectively:

I =(c3,C2,¢1,a2,a1bzcah — 1),

I3 = (bab3, azbz, axb1 — a1ba, A(aibic1 +aibaco +azbacs +arbscy) — 1).
Hence, we have that

Dr C Z(babs, azb3, azb1 —aibz) \ Z(arb1c1 +aibaca + azbacs +arbscy).
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In the ring C[, a, b, c]/(babs, azbs, azby —aiby, A(a1bic1 +aibacy +azbacs +aibscy) — 1), we get
that I = (ay, ¢1, ¢2, ¢3): hence, by Lemma 6.9, under these conditions T19 —AP € Subyy3 and P € Dr,q.

We need to check under which conditions Ti9g — AP € X2V33. In the ring C[A,a, b, c]/(babs, azbs,
azby — a1ba, M(a1bic1 + a1bacy + azbacs + aybscy) — 1), the ideal of maximal minors of the pencil
T19 — AP of 3 x 4 matrices is equal to (c3u? — cou?v + cquv?). The discriminant of the principal
generator is c2(4cqc3 — ). Hence, if ¢1(4cic3 — c3) #0 then T1g — AP & X%, and P € Dr,.

Assuming ci(4cic3 — C%) =0, we check if Tig — AP € O14 by employing Lemma 6.4. The saturation
with respect (u, v) of the ideal of 2 x 2 minors of the pencil Tig — AP is equal to (b3, cq,Cq,u).
Imposing bz = c; = c4 = 0, the radical ideal of 3 x 3 minors becomes (c3u® — couv) which has two
distinct roots unless c; = 0. Therefore, we deduce the following.

Corollary 6.10. The forbidden locus of the tensor T1g € C? ® C3 ® C* defined in Table 1 is
Dr,, = [[Z(bzbg, b3, azby — a1by) N Z(@rbicy + arbacy + azbycs + arbsca)]
~[Z(c1(4cies — ) N [Z(bs, 1, ca) N Z(Cz)]]]
U [[Z(bzbg, b3, azby — a1by) ~ Z(@ibicy + arbacy + azbycs + arhsca)]

mZ(az,Cl,Cz,C3)]-

6.3.2. Orbit n.20
Llet Tyy=el®@E?®el +e3el+ele)) +el®e?®el and P=agb®c
Step 1. The radical ideal of maximal minors of the first flattening of Tyo — AP is

I1 = (¢4, c3, €1, b3, by, Aagbica — 1).
Hence, Z(b3, by, c1,¢3,¢4) \ Z(ajb1c2) C Dry,.
Step 2. The radical ideals of maximal minors of second and third flattenings of Tog — AP are
I = (2, c1, az, A(arbacs +aibscy) — 1),
I3 = (azbs, azby, A(a1bic1 +azbica +arbacs +arbscy) — 1),

respectively.

In the ring C[A,a,b, c]/(azbs, azba, A(aibicy + azbica + aybacs + aibscy) — 1), we get that I, =
(az, c1,¢2): hence, by Lemma 6.9, under these conditions, Tog — AP € Subyy3 and P € Dr,,.

We need to check under which conditions Tyg — AP € X2V33. In the ring C[A,a, b, c]/(azbs, azb,,
M(aibicq 4+ azbicy + ajbycs + ajbscq) — 1), the ideal of maximal minors of the pencil Tog — AP is
equal to (cu? — cqu?v). The discriminant of the generator is identically zero, i.e., Tog — AP € X2V33.
We check if it belongs to Q14 by employing Lemma 6.4. The saturation with respect to (u, v) of the
ideal of 2 x 2 minors of the pencil Tog — AP is (u): hence, the pencil always contains a rank-one
matrix. The radical ideal of maximal minors is generated by c,u? — cquv which has two distinct roots
unless ¢y = 0. Therefore, we deduce the following.

Corollary 6.11. The forbidden locus of the tensor T2 € C2 ® C3 ® C* defined in Table 1 is
Dryy = [Z(b3, by, c1,¢3,¢4) N Z(a1b1€2)]
U [1Z(@bs, azba) \ V(T30 Z(en)]

U [1Z(@zbs, azba) \ V(T3] N Z(@z.c1.€2) .
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6.3.3. Orbit n.22
let Ty =el®@ @ ®el+e2el) +el@(el®el+e2®e}) and P=a®bac
Step 1. The radical ideal of maximal minors of the first flattening of Ty, — AP is I; = (1).
Step 2. The radical ideals of maximal minors of second and third flattenings of T, — AP are

I = (ca, €1, €3C4, A1C4, A2C3, A1dz, A(aibacs +azbscy) — 1),
Is = (babs, a1bs, azby, A(aibic1 +azbicz +aibacs + azbscy) — 1)

respectively.
In the ring C[A, a, b, c]/(bab3, a1bs, azba, A(a1b1c1 + azbicy + aybacs + azbscy) — 1), we get

I; = (ca, €1, €3C4, A1C4, A2C3, A102) .
By Lemma 6.9, under these conditions Tz — AP € Subyp3 and P € Dr,,.

We check under which conditions Tyy — AP € X2V33. In the ring C[),a,b,c]/(b2bs, a1bs, azb,
rlaibicy +azbicy +aibacs +azbscy) — 1), the radical ideal of maximal minors of the pencil Ty — AP
is equal to (cou?v — cjuv?) whose discriminant of the generator is c?c3. Hence, if cic; # 0, then
Ty —AP ¢ X)%, and P € Dr,,. We check if T —AP € O14 by employing Lemma 6.4. The radical ideal
of 3 x 3 minors of the pencil Ty, — AP inside the ring C[A, a, b, c]/(babs, aibs, azba, c1ca, A(ajbicy +
azbicy 4+ ajbacs + azbscy) — 1) is equal to the ideal (couv, ciuv,ajauv) = (u) N (v) N(cz,c1,a1) N
(c2, €1, az). In particular, we observe that the pencil Ty, — AP it is either fully contained in the secant
variety of X33 or it intersects it in only one point: by Lemma 6.4, that means that Ty — AP never
belongs to O14.

Therefore, we deduce the following.

Corollary 6.12. The forbidden locus of the tensor Ty € C? ® C3 ® C* defined in Table 1 is
Dry, = [[Z(b2bs, a1bs, azby) \ V(Tip)I ~ Z(e16)]

U [[Z(b2b3, aibs, azby) N V(T35,)1N Z(ca, €1, €3C4, A1Ca, 02C3, alaz)]~

6.3.4. Orbit n.23
let Ts=el®@E@e+e20el +elrel)+el® (@2 el +e2®el +e2®el) and P=a®boc
Step 1. The radical ideal of maximal minors of the first flattening of Ty3 — AP is I; = (1).
Step 2. The radical ideals of maximal minors of second and third flattenings of T, — AP are

I =),
Is = (b% —b1bs, azby —aibs, azby — aiba, A(arbic1 +aibacy + arbscs 4 azbscy) — 1)

respectively.

We check under which conditions T3 — AP € X2V33. In the ring C[A,a,b, c]/(b% — bibs, azby —
aibs, apb1 —aiby, AM(a1b1c1 +a1baca +ajbscs +azbscy) — 1), the ideal of maximal minors of the pencil
T3 — AP is equal to (cau® — c3u?v + couv? — c1v3) whose discriminant of the generator is equal to
A:=—c3ck +4c0163 + 4304 — 18c1c20304 +27 3¢5, If A #0, then To3 — AP & X5 and P € Dr,,. We
need to check if To3 — AP € O14: the saturation of the ideal of 2 x 2 minors is equal to (1), hence the
pencil T3 — AP does not contain any rank-one matrix and, by Lemma 6.4, it never belongs to O14.
Therefore, we deduce the following.

Corollary 6.13. The forbidden locus of the tensor T3 € C2 @ C3 @ C* defined in Table 1 is
D1y = [[Z(b% —b1bs, azby —arbs, azb1 —aiby)
N Z(@ibicr +arbacz +arbacs +azbsca)l N Z(A)],
where A = —c3¢2 +4c1c3 +4c3ca — 18cicac304 + 27 22
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6.4. Orbit n.21: rank-5 tensors in C2 @ C3 @ C*
There is one orbit of rank-5 tensors in C2 @ C3 @ C*:

Toi=el®€i®e;+elRel +telxe)) +el@ (el Re +esxe)).

The orbits n.19, n.20 and n.21 are the concise components of the singular locus of X, which is the
Zariski closure of the orbit n.22, see (Buczynski and Landsberg, 2014, Table 4). The orbit n.23 consists
of concise tensors which do not lie in X2V34. Here, we compute the forbidden locus of T»; by checking
under which conditions T — AP € O, for all A’s. In order to do that, we need to distinguish these
orbits.

Lemma 6.14. Let T € Q19U Oy U O U O U Oy3 and let £  P(C3 @ C*) be the corresponding pencil
of matrices. Then:

(1) if T € Oq9 then €1 N 03(X34) is a single smooth point;

(2) if T € Oy then £ N 02(X34) is a 2-jet supported at a rank-one point;
(3) if T € Oy then L1 N 03(X34) is a 2-jet supported at a rank-two point;
(4) if T € Oy then £ N 02(X34) is supported at two distinct points;

(5) if T € Oy3 then L1 N 03(X34) = 0.

Proof. Since the rank of a matrix is invariant under the action of GL, x GL3 x GL4, we can work with

the orbit representatives.
The pencils associated to Tqg, ..., T are

uv 0 uv 00 uv 0O
lrig=10 u v 0}; Lry=|0 0 u O0]); ¥€ry=|0 0 u v|;
0 0 0 u 0 0 0 u 0 0 0 u

respectively. The saturation of the ideals of 3-minors are:

minors3(T19)** = (1), minorss(T20)% = minorss(T271)%t = (u?),
minors3(T22)% = (uv), minorss3(T23)%t = (1).

In order to distinguish the cases n.20 and n.21, note that the saturation of the ideals of 2-minors are:

minorsy(T20)%* = (u), minorsy(T21)% = (1). O

Now, we are ready to compute symbolically the forbidden locus of T,; and we will follow the
procedure described in Algorithm 6.3.

Proposition 6.15. The forbidden locus of T»q is
Froy =[23) 1 2@~ Z(e)) | N[ 2(1,b2) U Z(b2. @161+ aze2) UZ(@2, bicy + baca) |
U [(Z(bg) NnZz@)n Z(cl)]

N [Z(bz, azb1c) U Z(az, azbac3) U[Z(c3) N\ (Z(b2) Z(azb1C2))]]
U[Z(az) ~\ Z(b3)] N Z(c1, c3),

where o’ = alblc% + azbicicy +ajbacics + azbacacs.
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Algorithm 6.3 Test if a rank-1 tensor lies in the decomposition locus of a rank-5 tensor in C2 ® C3 ®
C4.
Input:
e Rank-5 tensor T € C2 @ C3 ® C*.
e Rank-one tensor P € C2 @ C3 @ C*.
Output: Whether P € Fr or P ¢ Fr.
Procedure:
Step 1. Compute the principal ideals of maximal minors of all flattenings I1 = (f1), I2 = (f2), Is = (f3) in C[A]. If deg(f;) >0
for any i, then T — AP is not concise for any root of f;;
return P & Fr,,.
Step 2. Compute the ideal maximal minors of the pencil T — AP in C[A][u, v].
o If it is equal to (£(u, v)?) for some linear form ¢ then it means that for any A the intersection of the pencil
T21 — AP with 0 (X34) is a 2-jet,
return P € Fr,;;
e else, return P ¢ Fr,,.

Proof. Since @,; is the only orbit of rank-5 tensors in C2 ® C3> ® C*4, we have that p € Fr,, if and
only if T —Ap € Oy for all A’s. In order to check this condition we apply Lemma 6.14.
We first compute the ideals of maximal minors of all flattenings. In particular, we get

I=(@1), Ir=(c3,cy, 1, az,Aa1bzcs —1),
I3 = (b3, by, A(arbict +azbica) — 1) N (b3, az, A(arbicy +arbacs) — 1). (6.14)

Now, by Lemma 6.14, we know that T — AP € O, if and only if it is concise and the corresponding
pencil of 3 x 4 matrices intersects the 2nd secant variety of X34 is a 2-jet supported at a rank-2
matrix. Hence, we compute the ideal of maximal minors of the pencil corresponding to T — AP (this is
saturated with respect to (u, v) N (1)). That is the ideal in C[A, a, b, c][u, v] given by the intersection
of the following primary components:

p1= (bﬁ, bsu, bou — b3v, uz) :
— (42 2
p2 = (a2, au, aqu+axv, u ) ,
p3 = (czu —c1v, a(a,b,0r —c3,
(A(a1b1c% +aybycics +arbscicy) — C1) u
+ (A(a2b1c% +azbycic3 —ajbscics — azbscacs + azb3C1C4> v,
(Ma1bic1 4 arbacs +ajbscq) — 1) u?
+ (AM(azb1cq 4+ azbacs — aibscs + azbscy) uv — )\azb3C3V2>,
where
a(a,b,c) = a1b1c? + azblc%cz + albchg + azbscicac3 —ajbscicacs — a2b3c%C3
+aq b3C%C4 +azbscicacy.

If bsay - @(a, b, ¢) £ 0, then, for a generic A, Tz; — AP does not belong to 0,(X34) and, in particular,
P & Fr,,.
We deduce that Fr,, C Z(b3) U Z(az) U Z(a(a, b, ©)).

e Let P e Z(a(a,b,c)) \ [Z(b3) U Z(ay)]. Computationally, we consider this case by passing to the
quotient ring modulo (x(a, b, c)) and by saturating the computed ideal also by (azb3). Then, we

get only two primary components given by
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(C%, C2C3 — (C1C4, C1C3, C%, Cc4Uu —C3V, C3U, CQU —C1V, C1U, uz)
and

(C%, C1C2, C%, cu—C1v,

(Maybycics +arbscicy) — c1) u + A (azbycics —ajbscics — azbscacs + azbscicy) v,

(Maybicy +aibacs +aibscy) — 1) u? + A (azbic1 + azbycs —ajbscs +azbscg) uv

— )»azb?,Csz).
It is immediate to notice that, if c; # 0, then we have empty intersection. If c; = 0 but ¢ # 0, then
only the first component is not irrelevant and it is immediate to see that we always get a simple
point. If c; =c2 =0, then we are left with the principal ideal generated by

(AMaybycsz +ajbscy) — 1) u? + A (azbyc3 — aybscs + agbscg) uv — Aa2b3C3v2.

If c3 =0, then the above expression factors as u((Aajbscs — 1)u — Aazbscqv) which gives us two
distinct points (since c4 cannot be also equal to zero). If c3 # 0, then for a general A such principal
generator is not a square and then we get again two distinct points.
In other words, we have that if P € Z(«x(a,b,c)) \ [Z(b3) U Z(ay)] then Ty — AP ¢ Oy for all
A#0, le, P& Fr,,.
e Let P € Z(b3). Then the ideal of maximal minors of the pencil T — AP becomes

W) N (b, u®) N (az,u)
N (czu —c1v, A’ —c1, (Maibicq +aibycz) — D u + A (axbicy + azbacs) v)

with «/(a, b, ¢) ;= a1b1c% + aybicicy +aibacics +azbycacs.

If o’ # 0, then we get either two simple points (if c; # 0) or one simple point (if c; = 0).

If we additionally restrict to &’ =0 and c; # 0, then the ideal of maximal minors of Ty; — AP
becomes

(u, bycr +bac3) N (u, arcy +azc2) N (bz, b1, uz)
N (az, bici + bacs, uz) N (bz, aic1 + acy, uz) N (a1, a2, u?).
This defines a 2-jet only if azb, = 0. In particular: if a, = 0, then it becomes (a1, u?) N (bic +
bycs, u?); if by =0, then it becomes (b1, u?) N (a1¢1 + a2¢32, u?).
If we restrict to o’ = ¢y =0, then the ideal of maximal minors of To; — AP becomes
(c3,u?) N (c2,u) N (c2, (Marbacs — 1u + razbacs) N (bz, u?) N (az, u?)
N(ba, u3, Aazbicy — 1) N (az, u3, raibacs —1).
This defines a 2-jet only if azbyc3 = 0. In particular: if ay = 0, then it becomes (u2) N (c2, Aaibyc3 —
1) N @3, rajbacs —1); if by =0, then it becomes (u?) N (u3, Aazbicy — 1); if c3 = 0, then it becomes
(u?) N (b, u?, Aazbicy — 1). Note that the cases in which the intersection becomes a 3-jet corre-

spond to the cases in which T,1; — AP is not concise by (6.14).
Hence, Fr,, N Z(b3) equals

(23 N 2@~ 2| N[ Z01,b2) U Z2, 161 +262) U Z(@2. brcr + bc3) |
U [(Z(bg) nz@Hn Z(c1)]
N [Z(bz, azbicz) U Z(az, azbacs3) U[Z(c3) N (Z(b2) Z(azblcz))]]~
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e Let P € Z(ap) \ Z(b3). Computationally, we now work modulo a, and we saturate the ideal of
maximal minors also by a1b3 since a0 and b3 =0 has been already considered. Then, the ideal
becomes

W) N (cau — c1v, A" — c1, (A(arbicr + arbacs + arbscs) — 1) u — rarbscsv),

with «” (@, b, ¢) := a]b]C% +aibycic3 —aibscycs +aybscqcy.

If &” # 0, then we get either two simple points (c; # 0) or one simple point (c; = 0).

If we additionally restrict to «” =0 and ¢ # 0, then the ideal of maximal minors of To; — AP
becomes (u, b1c% + bycic3 — bscabs + bscqcs), which never defines a 2-jet.

If instead we restrict to o” =c; = 0, then we get the ideal (c3,u?) N (cz, u) N (c2, (AM(aibacs +
aibscg) — 1)u — Aajbscsv). This defines a 2-jet if and only if c3 = 0. Note that if c; =c3 =0 then
o’ =0.

Therefore, we conclude that

Fry N[Z(az2) ~ Z(b3)1 =[Z(az) ~ Z(b3)]N Z(c1,¢3). O
6.5. Orbits n.24 and n.25: concise tensors in C? ® C* @ C>
Concise tensors in C? ® C3 ® C° have rank and border rank 5 and are divided into two families:
Tu=el®@El e +elelrelnel)+el @ el resxe)),

Tis=e] @ (e]®e] +esRe+ejRe)) +e, @ (eI ®e+e;Qe; +esRel).

We compute the forbidden loci of these tensors. By Lemma 6.14, we have that, given T € O34 U O»s,
then P € Fr if and only if, for any A either T — AP is concise or belongs to the orbit O,;.

Proposition 6.16. The forbidden locus of T4 is

Fr,=C?@C3®C3 < [[Z(az, €1,2,€3,€4) ~ Z(a1b3cs)1 U [Z(azbs) ~ V(T24*)]]-

Proof. Let P =a®b ® c. Then, the maximal minors of all flattenings of To4 — AP are
I1=(1), Iy=(cs,c3,C2,C1, G2, Aatrbscs — 1),
I3 = (azb3, AM(arbicy +azbicy + arbacs + azbaca +arbscs) — 1) .

Assume that we are in a case in which the third flattening has not maximal rank, i.e., computationally
we work over the quotient ring modulo I3. The ideal of 3 x 3 minors of the pencil of 3 x 5 matrices
Ty4 — AP is

(b3, u) N (az, u) N (b3, c2c3 — €1€4, C4Ul — C3V, CoU —C1V)
N (az, c2€3 — C1C4q, C4U — C3V, CoU —C1V).

Clearly, there is not choice of P such that this intersection is a 2-jet, i.e., such that T4 — AP € O>1.
Therefore, Fr,, consists of all rank-one tensors P such that T — AP is concise for any A. O

Proposition 6.17. The forbidden locus of T»s is
Fr,=C*@C3@C?
~ [[Z(azbl —a1by) \ Z(a1bicy + arbyca + axbacs + arbscs + azbscs)|
~ Z(cq,C5, c% — 4clc3)].
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Proof. Let P =a®b ® c. Then, the maximal minors of all flattenings of To5 — AP are

L=Ib=Q), Iz=(axb1 —aiby, A(a1bic1 +aibacy +azbacs +aibscs +azbscs) —1).
Assume that we are in a case in which the third flattening has not maximal rank, i.e., computationally
we work over the quotient ring modulo I3. The ideal of 3 x 3 minors of the pencil of 3 x 5 matrices
Tys — AP is

<C5u —C4V, 63631 — C2C4C5 + c1c§, C3C4U + (—C2C4 4+ C1C5) V, C3,u2 — UV +Cq vz) . (6.15)
If c4 = c5 =0, then the latter simplifies to (c3u? —couv +c7v?) which defines a 2-jet if ¢ —4cjc3 = 0.

If c4 #0 or c¢5 # 0, then (6.15) cannot define a 2-jet and, therefore, T — AP & O,1; in particular,
P €]:T25. O
6.6. Orbit n.26: tensors of maximal rank in C% @ C3 @ C8

The maximal rank of a tensor T € C?2 ® C3® C" is 6 and it is achieved for n = 6. The correspond-
ing normal form for this class is

Tx=ej®(€;Rej+e;Re;+esRe) +e@ (] Qe +e;Re; +e;Rel).

Therefore, a rank-one tensor P =a®b® c belongs to the forbidden locus of Tyg if and only if Tog — AP
is concise for all A's.

Proposition 6.18. Let T € Oy € C2 ® C3 ® CO such that (A, B, C) - T = Ty6. Then,
Fr=V({AT,BT,cTy.-T".

Proof. Let P=a®b ®ce C2® C3 ® CO. The maximal minors of all three flattenings of Tog — AP
are

L=l =(),13=(T3,P)—1).

Now, let T € Oy such that (A® B® C) - T = Tg. Then, as observed in Remark 2.5, a® b ® ¢ € Fr if
and only if (A® B®C(C)-(@®b ® ¢) € Fry. This concludes the proof. O
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