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Abstract

Quantum annealing is a promising method for solving combinatorial optimization problems
with quantum computers, but its practical performance on near-term devices is constrained
by the architecture of the underlying platform, the presence of noise, and the design of the
annealing protocol itself. This thesis addresses these challenges along two complementary
directions, using trapped-ion hardware based on the Magnetic Gradient Induced Coupling
(MAGIC) scheme as a reference architecture.

On the hardware side, we analyze the MAGIC setup beyond its standard leading-order
description, computing higher-order corrections arising from anharmonicities of the Coulomb
repulsion and the trapping potential, as well as from magnetic-field curvature. Most result-
ing terms are negligible in realistic situations, with the notable exceptions of a phonon-
occupation-dependent longitudinal field that grows with chain length and a two-to-one
phonon conversion process. To address fluctuations of external magnetic fields, the domi-
nant error channel for magnetically sensitive qubits, we discuss an active noise mitigation
protocol for quantum annealing in which the optimization problem is encoded exclusively in
two-body interactions through a single ancilla qubit, allowing periodic global spin-flip pulses
to average out the longitudinal noise without disturbing the encoded ground state. Analyti-
cal arguments and numerical simulations on industrially motivated benchmarks demonstrate
that modest pulse rates achievable on current hardware suffice to recover noise-free fidelity,
and reveal a universal scaling of the final fidelity in terms of a generalized parameter com-
bining noise amplitude and pulse interval.

On the algorithmic side, we investigate how the structure of the annealing Hamiltonian
affects the minimum spectral gap that controls the annealing runtime. On the cost side,
we show that retaining the native polynomial unconstrained binary optimization (PUBO)
structure of combinatorial problems, rather than reducing them to the standard quadratic
(QUBO) form, can significantly enlarge the minimum gap and reduce qubit requirements,
with numerical studies on the paradigmatic 3-SAT problem revealing an exponential im-
provement in the gap-scaling exponent for certain problem instances. Finally, we study
non-stoquastic annealing protocols with the ferromagnetic p-spin model and a geometri-
cally local Ising model as benchmarks, and find that the regimes in which non-stoquasticity
enlarges the spectral gap coincide with those of enhanced bipartite entanglement and non-
stabilizerness of the instantaneous ground state, providing a link between annealing perfor-
mance and the difficulty of classical simulation.

Taken together, these results support a clear path toward practical quantum annealing on
near-term quantum hardware, combining a careful characterization of the physical platform,
an active mitigation of the dominant noise channel, and a suitable design of the algorithm.
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Introduction

Quantum mechanics, developed in the early twentieth century, underpins a first generation
of technologies including the laser, the transistor, and magnetic resonance imaging. While
the operation of these devices is quantum mechanical, they do not generally directly exploit
many-body quantum resources such as entanglement. Over the past three decades, a second
generation has emerged in which such features are themselves treated as resources, with in-
formation encoded in quantum degrees of freedom [1–3]. These developments define the field
of quantum technologies, conventionally organized into three closely related pillars, namely
quantum sensing, quantum communication, and quantum computing [2]. Quantum sensing
exploits the sensitivity of coherent quantum systems to external perturbations to enhance
the precision of measurements, with realizations ranging from optical atomic clocks to mag-
netometers based on superconducting devices and nitrogen-vacancy centers [4]. Quantum
communication uses nonclassical correlations to enable cryptography applications such as
quantum key distribution, and more broadly underpins the development of quantum net-
works and a future quantum internet [5, 6]. The third pillar, quantum computing, forms
the main subject of this thesis.

Foundations of quantum computing

The underlying idea of quantum computing is that a controlled quantum register of N qubits
can efficiently implement dynamics whose classical simulation is believed to require resources
exponential in N , opening the possibility of speedups for selected computational tasks [7].
This premise has motivated extensive research across academic, industrial, and government
programs worldwide. The rigorous case for quantum advantage is, however, narrower than
this activity might suggest: provable superpolynomial speedups over the best known classical
algorithms are established only for a small number of problems [8–10], and current hardware
remains far from the regime required for large-scale fault-tolerant computation [11, 12].
Useful applications therefore depend both on algorithm design matched to the strengths
and limitations of available hardware and on continued improvements of the hardware itself.

The model of quantum computation that underpins the modern field has its origins in the
early 1980s, with the observation that a controlled quantum system might be used to simulate
other quantum systems efficiently [13, 14], in contrast to the apparent exponential cost of
doing so on a classical computer. This idea was clarified by Deutsch [15], who introduced the
universal quantum Turing machine, with the equivalent and now standard quantum circuit
model formulated shortly thereafter [16, 17]. A series of contrived problems with black-
box oracle separations between quantum and classical computation [18–20] culminated in
Shor’s polynomial-time algorithms for integer factorization and discrete logarithms [21] and
in Grover’s algorithm for unstructured search [22]. In parallel, the discovery of quantum
error-correcting codes [23–25] and of fault-tolerant gate constructions [26], followed by the
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INTRODUCTION

threshold theorems [27–29], established that arbitrarily long quantum computations can in
principle be carried out reliably given sufficiently low physical error rates.

In the circuit model, the basic computational unit is the qubit, a two-level quantum
system whose pure state is a unit vector α |0⟩+β |1⟩ in C2, with α, β ∈ C and |α|2+ |β|2 = 1.
A register of N qubits has a state space of dimension 2N and admits correlations, i.e.
entanglement, that have no classical analogue. Computation is implemented by applying
a sequence of unitary operations, drawn from a universal gate set, followed by projective
measurements of the register. Two further computational models, formally distinct from the
circuit model just described, have been developed: the adiabatic, or analog, model, in which
the answer to a computational problem is encoded in the ground state of a final Hamiltonian
reached by slow evolution from a simple initial Hamiltonian [30]; and the measurement-
based, or one-way, model, in which computation is driven by a sequence of measurements
on a fixed entangled resource state [31]. All three models are polynomially equivalent in
their computational power [31, 32], but they differ substantially in the physical operations
they require and, accordingly, in the hardware platforms best suited to implement them.
The quantum annealing protocols studied in this thesis belong to the adiabatic family. A
small number of algorithmic primitives recur across many known quantum algorithms: the
quantum Fourier transform, together with its application in phase estimation, underlies a
broad class of algorithms [33]; amplitude amplification provides the basic mechanism behind
the known quadratic speedups [34]; and quantum teleportation [35] plays a central role both
as a primitive in distributed quantum information processing and in fault-tolerant gate
constructions.

Quantum algorithms and applications

The computational power of quantum computers is formalized by the complexity classBQP,
the class of decision problems solvable by quantum computers in polynomial time with
bounded error. Its proof-verification analogue is QMA, in which a polynomial-time quan-
tum verifier checks a polynomial-size quantum witness. The canonical complete problem for
QMA is the local Hamiltonian problem [36, 37]: given a Hamiltonian composed of a sum
of few-body interaction terms, one must decide whether the ground-state energy lies below
or above two promised thresholds separated by an inverse-polynomial gap.

The known evidence for quantum speedups is strongest in a few structured settings. The
paradigmatic example is Shor’s algorithm, which solves factoring and discrete logarithms
in polynomial time and more generally fits into the abelian hidden subgroup framework,
built on the quantum Fourier transform and phase estimation [21, 38]. Grover’s algo-
rithm occupies a different regime: built on amplitude amplification, it provides a generic
quadratic speedup available for unstructured search, and this improvement is the optimal
lower bound [22, 39]. Thus the established picture is not that quantum computers generically
accelerate all hard computational tasks, but rather that they can exploit particular kinds of
structure, while offering only limited improvements in structureless settings. Recent results
show that the list of new problems with potential quantum speedups keeps expanding [40,
41]. Their current significance is mainly conceptual: they extend the range of problems for
which superpolynomial quantum speedups are known or conjectured.

Among the applications of quantum computing, the most established theoretical case is
in cryptography. A sufficiently large fault-tolerant quantum computer running Shor’s algo-
rithm would compromise widely used public-key encryption based on factoring and discrete
logarithms, which is one of the main motivations for post-quantum cryptography [42, 43].
Digital quantum simulation provides the cleanest constructive application case. It was the
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original motivation for quantum computation, and is supported by a developed algorith-
mic toolbox [14, 44–46]. Target systems include the Fermi–Hubbard model, lattice gauge
theories, quantum chemistry and non-equilibrium quantum dynamics [47, 48]. Recent ex-
periments have begun to move this program from small demonstrations toward large-scale
digital simulations. IBM’s 127-qubit kicked-Ising experiment provided an early example of
pre-fault-tolerant many-body simulation with error mitigation, while also illustrating the
direct competition with classical benchmarks [49, 50]. More directly application-oriented
fermionic simulations include Phasecraft’s Fermi–Hubbard experiments on Google’s Wil-
low processor and on Quantinuum’s trapped-ion H2 system, together with related IBM
Heron experiments on spin excitation spectra and real-time Fermi–Hubbard dynamics, and
Quantinuum’s simulation of superconducting pairing correlations on the Helios system [51–
55]. These results do not by themselves establish practical quantum advantage, but they
show that quantum simulation is becoming increasingly competitive with classical simulation
methods.

Quantum machine learning [56–60] and optimization are more tentative application ar-
eas. Combinatorial optimization problems can often be encoded in Ising-type cost functions
or more general local Hamiltonians, making them natural targets for analog quantum an-
nealing and for gate-based variational algorithms such as QAOA [61–65]. These approaches
are attractive because they match the native structure of many near-term devices, but there
is no general evidence that they outperform the best classical methods on practically relevant
problems. Benchmarking studies of annealers and analyses of QAOA illustrate the central
difficulty: performance depends sensitively on instance structure, circuit depth, parame-
ter optimization, and noise [66, 67]. Quantum machine learning faces analogous caveats.
Algorithms for linear algebra subroutines such as HHL [68], and applications such as the
quantum support vector machine [69], suggest exponential improvements; however, these
speedups typically rely on assumptions about state preparation, data access and the effi-
cient extraction of useful classical information [70]. In addition, dequantization results and
trainability barriers such as barren plateaus show that many apparent advantages require
careful qualification [71–73].

A conceptually distinct application of quantum computing is the sampling of equilibrium
ensembles of classical statistical-mechanics models. While general near-quadratic speedups
for Monte Carlo expectation estimation are known [74, 75], the potential quantum benefit
here is qualitatively different: recasting sampling as energy minimization of a suitable Hamil-
tonian, quantum or classical, has been shown to give access to configurations that are practi-
cally unreachable by real-space Monte Carlo, due to topological constraints, as demonstrated
for dense polymer melts [76–78] and for conformational transitions in biomolecules [79, 80].

Another type of quantum application which also does not rely on any algorithmic speedup
is the generation of certified random numbers. In certified-randomness protocols, the inabil-
ity of classical computers to efficiently reproduce the output distribution of random quantum
circuits allows a classical client to verify that fresh, unpredictable bits have been generated by
a remote untrusted quantum device, a task provably impossible classically [81] and recently
demonstrated on a trapped-ion processor [82].

Quantum advantage

Beyond constructive applications, a complementary line of research has aimed at the ques-
tion of identifying the most accessible computational tasks for which a near-term quantum
device can be shown to outperform any classical alternative. An idealised demonstration
would jointly satisfy three criteria [83–85]: feasible implementation on current hardware,
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INTRODUCTION

average-case classical hardness, and an efficient verification procedure, ideally but not nec-
essarily tied to a useful task. Existing experiments meet at most two of these requirements
simultaneously, and progress in classical algorithms repeatedly redraws the boundary be-
tween accessible and inaccessible regimes.

The experiments in this direction have mainly focused on sampling-based protocols.
The first claim of quantum computational supremacy was reported on Google’s 53-qubit
Sycamore processor, which sampled from random quantum circuits and was validated through
the linear cross-entropy benchmark [86], building on average-case hardness conjectures de-
veloped earlier for boson and random circuit sampling [87–90]. Photonic platforms followed
with boson sampling demonstrations [91–93], and superconducting random-circuit sampling
was extended [94, 95]. Subsequent generations have pushed deeper into the regime beyond
the reach of classical methods. A qualitatively different demonstration was recently reported
on Willow using a second-order out-of-time-order correlator (OTOC) protocol [96]: rather
than a sampling distribution, the experiment outputs an expectation value that is repro-
ducible and can be checked on independent quantum hardware, providing the first claim of
a quantum computational advantage on a verifiable task.

Classical simulation methods

Quantum advantage claims have to be measured against steadily improving classical sim-
ulation methods, which give a bound on the regime of genuine quantum advantage and
supply the analysis tools for quantum protocols. Tensor network methods [97–100] exploit
area-law entanglement structure: the bond dimension of a matrix product state (MPS) re-
quired for a faithful quantum state representation grows with the amount of entanglement in
the system, which constitutes the central bottleneck of the approach. Targeted tensor net-
work simulations have repeatedly closed apparent gaps between quantum experiments and
the best classical alternatives, most prominently for IBM’s 127-qubit kicked Ising experi-
ment [49], where the reported observables were reproduced more accurately and at modest
computational cost [50, 101, 102]. A second class of methods is rooted in the stabilizer
formalism: Clifford circuits (composed solely of Hadamard, CNOT and phase gates) are
efficiently classically simulable independent of the amount of entanglement [103, 104], and
this can be extended to circuits with a controlled budget of non-Clifford operations, with
simulation cost scaling with the nonstabilizerness of the final state [105, 106]. Pauli-path
or Pauli propagation methods estimate expectation values of local observables in noisy cir-
cuits [102, 107–109]. Finally, matchgate or fermionic Gaussian circuits, equivalent under
the Jordan–Wigner transformation to noninteracting fermion dynamics, form a separate
efficiently simulable class [110–112].

A unifying theme emerges across these methods, namely that the cost of classical simula-
tion is controlled by a small set of nonclassical resources. Entanglement entropy bounds ten-
sor network approaches [113], nonstabilizerness or magic limits stabilizer-based approaches
[114, 115], and the analogous fermionic resource bounds matchgate-based approaches [116].
These quantities thereby serve as quantitative diagnostics of where on the boundary between
classical and quantum computation a given protocol resides, and they have correspondingly
become objects of intrinsic interest in quantum many-body and quantum information theory.
Bipartite entanglement entropy and stabilizer Rényi entropies [117] along non-stoquastic an-
nealing paths return as central observables later in this thesis.

4



Quantum error correction and noise mitigation

The above-described quantum resources are not the only important factor when it comes to
demonstrating quantum advantage for useful computations. The hardware available to real-
ize the protocols just discussed is itself imperfect, and the present research is largely focused
on finding strategies to contend with this fact. The currently accessible quantum comput-
ing regime was named the noisy intermediate-scale quantum (NISQ) era by Preskill [11],
denoting devices with on the order of 101–102 noisy qubits, large enough that brute-force
classical simulation is not always feasible but short of the resources required to support
quantum error correction at scale. In response to incremental experimental progress, the
community has more recently begun to distinguish an early fault-tolerant phase [118] and
the long-term target of fault-tolerant application-scale quantum (FASQ) devices [9], in which
encoded logical qubits support computations of practical interest.

Three complementary strategies for managing noise have emerged, and they differ qual-
itatively in their resource requirements and effects. Quantum error correction (QEC) re-
dundantly encodes logical information in many physical qubits and uses repeated syndrome
measurements together with a classical decoder to detect and correct errors; its guarantee,
the threshold theorem [27–29], is that arbitrarily long computations can be carried out reli-
ably provided the physical error rate is below a code- and architecture-dependent threshold
value, at the cost of substantial qubit overhead. Quantum error mitigation (QEM) instead
leaves the hardware uncorrected and trades sampling overhead for accuracy, by combining
many runs of noisy circuits into improved estimates of expectation values [119]. QEM meth-
ods are in the literature often distinguished from quantum error suppression, which operates
at the level of control pulses, using tailored coherent operations to effectively decouple the
system from its environment without measurement or post-processing. In this thesis we use
the terms noise mitigation and suppression interchangeably.

Mitigation methods have matured in parallel with NISQ hardware. Zero-noise extrapola-
tion [120–122] estimates the noiseless expectation value by deliberately amplifying the noise
rate in a controlled fashion and then extrapolating back to zero; probabilistic error cancella-
tion [121, 123] attempts to invert a sufficiently well-characterized noise channel, yielding an
unbiased estimator at the price of a sampling overhead that grows exponentially with circuit
volume. Virtual distillation [124, 125] suppresses incoherent errors by estimating expecta-
tion values using multiple noisy state copies. Learning-based approaches such as Clifford
data regression [126] train a correction map on classically simulable instances, and symmetry
verification [127, 128] discards measurement outcomes that violate conserved quantities of
the ideal evolution. The IBM kicked-Ising experiment discussed earlier [49] relied centrally
on these techniques. Fundamental limits constrain the strategy: the sampling overhead of
any unbiased mitigation protocol grows at least exponentially with the circuit volume [129,
130], meaning that QEM extends the useful regime of NISQ hardware but does not provide
a scalable path to fault tolerance.

Dynamical decoupling occupies a distinct position. Rather than correcting or post-
processing errors, it suppresses the system-environment coupling at the Hamiltonian level
by applying carefully tailored sequences of control pulses, so that the time-averaged interac-
tion with the environment is effectively cancelled to a chosen order. The technique originates
in nuclear magnetic resonance [131]. Its formulation in the language of quantum informa-
tion [132, 133] established that a finite number of pulses can average a generic system-bath
interaction to zero, and a substantial body of subsequent work has produced higher-order
and more robust pulse sequences [134–136]. Dynamical decoupling is now a routine protocol
on essentially every major hardware platform and has been used to extend qubit coher-
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INTRODUCTION

ence times by orders of magnitude on trapped-ion [137, 138], superconducting [139, 140],
nitrogen-vacancy centre [141], and neutral-atom systems [142]. The scheme has also been
extended to analog algorithms, where the relevant control operations commute non-trivially
with a time-dependent Hamiltonian [143, 144].

The long-term goal of the field is full quantum error correction. The underlying idea
is to encode each logical qubit redundantly across many physical qubits, in such a way
that low-weight physical errors (acting on a small number of physical qubits at the same
time) are detected by repeated parity-type (syndrome) measurements and reversed before
they can corrupt the encoded quantum information. The relevant resilience parameter is
the code distance d, the minimum weight of an undetectable error and intuitively a mea-
sure of how much protection the code provides. Once the physical error rate falls below a
code-dependent threshold value, beyond which adding more physical qubits actually helps
rather than hurts, increasing d suppresses the logical error rate exponentially, and a univer-
sal fault-tolerant gate set acting directly on logical qubits in principle supports arbitrarily
long computations. Translating this picture into hardware has been the object of decades of
work, and a number of recent experiments mark qualitative progress: surface-code demon-
strations on Google’s Willow processor crossed the threshold for the first time, with the
logical error rate suppressed by a roughly constant factor at each increase of the code dis-
tance [145]; Trapped-ion experiments at Quantinuum have demonstrated repeatable error
correction on a [[7, 1, 3]] Steane code [146]; reconfigurable neutral-atom arrays at Harvard
and QuEra have implemented logical processors with hundreds of physical qubits [147, 148].
Low-density parity-check (qLDPC) constructions, including the bivariate bicycle codes pro-
posed for superconducting hardware [149], suggest a path toward substantially lower qubit
overheads for FASQ devices. None of these results is itself sufficient for application-scale
fault tolerance, but together they shift the focus from whether the error threshold can be
crossed to how fast the required resources for FASQ devices can be reduced. The charac-
teristics of a physical platform, e.g. noise, connectivity, and control, continue to shape both
the algorithms that are realistic to implement and the mitigation and correction strategies
that bridge the gap to full fault-tolerance.

Physical realizations

The algorithms and error mitigation/correction strategies surveyed above are realized on a
heterogeneous landscape of different hardware platforms, each with characteristic strengths
and weaknesses regarding qubit count, connectivity, gate fidelity, coherence time, and suit-
ability for scalable error correction. The remainder of this section briefly surveys the leading
platforms. As many of the protocols discussed in this thesis are tailored to the trapped-ion
platform with MAGIC, we defer a more detailed treatment of this platform to Chapters 1
and 2.

Superconducting circuits are at present one of the most mature gate-based platforms
by qubit count. The dominant qubit design is the transmon [150], an anharmonic oscillator
formed by a Josephson junction shunted by a large capacitance. The fluxonium [151] provides
a higher-anharmonicity alternative that has recently received renewed attention, in which
the Josephson junction is shunted by an inductor instead. Two-qubit gate fidelities on fixed-
frequency or tunable-coupler transmon devices have reached or even surpassed 99.9% across
multiple groups [152–154], and recent fluxonium demonstrations have reached comparable
performance [155]. IBM has scaled transmon arrays through the 127-qubit Eagle, the 133-
qubit Heron processor introducing tunable couplers, and the 1,121-qubit Condor chip [156].
Google has demonstrated the first below-threshold operation of the surface code on its
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105-qubit superconducting Willow processor, as discussed above [145]. Other companies
developing superconducting quantum computers include Rigetti, IQM and Alice & Bob. A
separate line of superconducting hardware uses flux qubits to realize transverse-field Ising
Hamiltonians for analog quantum annealing, as implemented by D-Wave systems.

Trapped ions are the second leading gate-based platform discussed here and the refer-
ence platform considered in this thesis [157]. Quantum information is encoded in long-lived
hyperfine or optical levels of individual ions, addressed by laser or microwave fields, and
entangled through collective vibrational modes of the ion crystal which allow long-range all-
to-all coupling between ions. The standard entangling gate schemes are the Cirac-Zoller [158]
and Mølmer-Sørensen [159, 160] gates. A promising variant on the trapped-ion platform is
the Magnetic Gradient Induced Coupling (MAGIC) scheme, which is solely controlled by
microwaves for single-qubit rotations and uses an external magnetic field gradient to cou-
ple ions [161–163]. Two-qubit gate fidelities first crossed 99.9% in laser-driven hyperfine
qubits in 43Ca+ [164, 165], with microwave-controlled schemes [166, 167] reaching compara-
ble performance, and most recent results from electronically-controlled ion traps reporting
two-qubit gate errors below 10−4 [168]. Trapped-ion architectures range from long one-
dimensional ion chains, to QCCD ion-shuttling approaches in the Quantinuum processors,
two-dimensional Penning-trap crystals, and proposed photonic interconnects between mod-
ules. Commercial developers include Quantinuum, IonQ, eleQtron, and AQT, alongside
long-running academic and government laboratory programs.

Neutral atoms in optical tweezer arrays have advanced rapidly from analog quantum
simulation toward programmable, gate-based, and early fault-tolerant operation. Qubits
are encoded in hyperfine or nuclear-spin states of trapped atoms, with two-qubit gates me-
diated by the strong dipole-dipole interactions of highly-excited Rydberg states [169, 170].
The reconfigurability of the array supports logical-qubit architectures with effectively non-
local connectivity, a feature exploited in several of the recent fault-tolerance demonstrations.
Representative milestones include QuEra’s 256-atom Aquila analog processor; Atom Com-
puting’s array of over 1000 171Yb nuclear-spin qubits [171]; the Harvard-MIT-QuEra pro-
grammable logical processor operating up to 48 logical qubits on 280 physical atoms [147],
and a follow-up implementation of key components of a fault-tolerant universal architecture
using up to 448 atoms [148]. Atom Computing in collaboration with Microsoft has sepa-
rately reported entanglement of 24 logical qubits and execution of the Bernstein-Vazirani
algorithm on 28 logical qubits with active error correction [172].

Photonic platforms operate at room temperature, with coherence times limited primarily
by photon loss, and are naturally compatible with quantum networking. The central ob-
stacle is the absence of deterministic two-photon entangling gates: standard linear-optical
schemes implement them only probabilistically [173], which has motivated fault-tolerant
architectures based on cluster and fusion-network resource states [174]. Xanadu has used
programmable squeezed-light interferometers in boson sampling experiments [93], and Psi-
Quantum recently benchmarked a manufacturable silicon-photonic platform with integrated
single-photon sources and detectors approaching fault-tolerant thresholds [175].

Several further platforms remain at earlier stages of development. Semiconductor spin
qubits in silicon and germanium quantum dots are pursued for their compatibility with es-
tablished CMOS fabrication [176] with several demonstrations of single- and two-qubit gates
above the surface-code threshold [177, 178]. Nitrogen-vacancy centres in diamond combine
room-temperature operation with applications in quantum sensing [179]. Microsoft has
long pursued a distinct route based on topologically protected qubits encoded in Majorana
zero modes; in February 2025, the company announced the Majorana 1 device, accompa-
nied by a publication reporting an interferometric fermion-parity measurement in nanowire
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devices [180]. The peer-reviewed publication itself does not demonstrate Majorana zero
modes in the reported devices, as the journal’s editorial team and the peer-review explic-
itly note, and the broader claims have been the subject of substantial subsequent scientific
scrutiny [181].

All of these platforms differ substantially in their underlying physics and in the resulting
trade-offs between connectivity, gate fidelity, gate speed, coherence time, and scalability.
This heterogeneity motivates the platform-specific perspective adopted in this thesis: rather
than studying quantum annealing protocols in the abstract, the focus is on algorithmic and
noise-mitigation design tailored to a specific trapped-ion realization, namely the MAGIC
platform.

Quantum annealing

The quantum algorithm of central interest in this thesis is quantum annealing [30, 64, 182,
183], an analog approach to combinatorial optimization rooted in the model of adiabatic
quantum computation, with the terms often being used interchangeably. Building on clas-
sical simulated annealing [184], the underlying idea is to encode the solution of a classical
optimization problem one wishes to solve into the ground state of a final cost Hamiltonian
Ĥcost and to reach it by slow interpolation from a simple driver Ĥdrive whose ground state
is known and easy to prepare. The standard annealing schedule reads

Ĥ(s) = (1− s) Ĥdrive + s Ĥcost, s ∈ [0, 1], (1)

with s a dimensionless time parameter. The adiabatic theorem [185–188] guarantees that,
for a sufficiently slow evolution, the system follows the instantaneous ground state of Ĥ(s),
with the required runtime scaling as the inverse squared minimum spectral gap along the
evolution. The central question for the efficiency of any annealing protocol is therefore
how the minimum gap scales with problem size. Adiabatic quantum computation in its
general form was shown to be polynomially equivalent to the circuit model [32], although
hardware annealers such as those developed by D-Wave Systems realize only Hamiltonians
of a restricted transverse-field Ising form and are therefore not universal in this sense [64,
183]. The interest of quantum annealing thus rests largely on heuristic and experimental
grounds, and on the convenient compatibility of its native problem structure with classical
combinatorial optimization, which is typically cast in quadratic (QUBO) or higher-order
polynomial (PUBO) unconstrained binary form [189].

A central distinction within the family of annealing protocols is between stoquastic and
non-stoquastic forms [190]. The standard transverse-field Ising annealer is stoquastic in the
computational basis, meaning that all of its off-diagonal matrix elements are real and non-
positive, making it sign-problem-free for Monte-Carlo simulations. Including non-stoquastic
terms, that is, off-diagonal matrix elements of positive real part such as antiferromagnetic
transverse XX couplings, yields a potentially richer class of annealing protocols whose
simulation generically suffers from a sign problem and can recover QMA-completeness of
the corresponding local Hamiltonian problem [191].

The principal obstruction to standard transverse-field annealing is closing of the spectral
gap at first-order quantum phase transitions, which produces an exponentially small min-
imum gap and forces an exponentially large runtime [192, 193]. Together with restricted
hardware connectivity, finite-temperature decoherence, and the absence of any provable
speedup over the best classical algorithms [66], these limitations have driven extensive work
on improvements to the standard scheme, two directions of which are mainly studied in
this thesis. The first enriches the cost Hamiltonian by retaining native k-body interactions
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with k > 2, which arise naturally for many combinatorial problems and would otherwise
be quadratized at the cost of ancillary slack variables and large penalty terms [189, 194].
The second modifies the driving Hamiltonian by introducing non-stoquastic catalysts during
an intermediate window of the schedule. Seki and Nishimori showed analytically that such
catalysts convert the first-order transition of the p-spin model into a second-order one and
replace the exponentially closing gap by a polynomially closing one [195, 196]. The picture
is, however, strongly problem-dependent: numerical studies on random spin glasses observed
non-stoquastic improvements only on a small fraction of instances, with the gain attributed
in part to diabatic transitions rather than to a uniform enlargement of the gap [197].

Quantum annealing protocols have been implemented across different platforms. The
most mature realization is the family of superconducting flux-qubit annealers developed by
D-Wave Systems, which has reached several thousand qubits [198]. Reconfigurable Rydberg-
atom arrays have implemented analog annealing protocols for the Maximum Independent
Set problem on graphs of hundreds of vertices [199], and annealing schedules have been
digitized via Trotterization on superconducting processors [200]. Trapped ions themselves
are an established platform for analog quantum simulation of spin models [201, 202], with full
programmability of the spin-spin couplings and natural compatibility with the structure of
annealing Hamiltonians. The microwave-controlled MAGIC architecture introduced earlier
is especially promising for quantum optimization, as it offers all-to-all always-on Ising-like
interactions between all qubits and constitutes the hardware setting we consider in this
thesis.

Scope and structure of this thesis

The work presented in this thesis aims to bring quantum annealing closer to practical
application on near-term trapped-ion hardware, and is organized along two complemen-
tary lines of investigation. The first line is hardware-aware and tailored to the MAGIC
trapped-ion platform. We perform a perturbative analysis of higher-order corrections to the
MAGIC spin-spin couplings, including Coulomb anharmonicities, magnetic-field curvature,
and axial-transversal phonon couplings [203], identifying the dominant terms that need to
be accounted for when scaling to larger ion chains. We further design and analyze a dynam-
ical decoupling protocol tailored to analog quantum annealing on this platform, in which
an ancilla encoding maps local fields onto two-body interactions so that periodic global
spin-flip pulses suppress the dominant noise terms without affecting the encoded problem
[144]. The second line is algorithmic and mostly hardware-agnostic, focusing on how the
structure of the annealing Hamiltonian affects performance through the minimum spectral
gap. On the side of the cost Hamiltonian, we show on 3-SAT benchmarks that retaining the
native polynomial unconstrained binary optimization (PUBO) structure can improve the
gap-scaling exponent relative to the standard quadratic (QUBO) reduction [203]. On the
side of the driver, we study annealing protocols supplemented by non-stoquastic catalysts
on the paradigmatic p-spin and a geometrically local Ising model, and find that the regimes
in which non-stoquasticity enlarges the spectral gap coincide with those of enhanced bipar-
tite entanglement entropy and non-stabilizerness along the annealing path [204], linking the
complexity-theoretic motivation for non-stoquasticity to a resource-theoretic notion of being
hard to simulate on classical computers.

The remainder of this thesis is organized as follows. Chapter 1 introduces the trapped-
ion background underlying the hardware-related part of the work, covering experimental
ion-trap architectures, the equilibrium positions and phonon modes of linear ion chains, the
dominant noise sources for magnetically sensitive qubits, the derivation of the effective spin-
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spin coupling in the MAGIC scheme, and the implementation of single- and two-qubit gates
with trapped ions. Chapter 2 discusses higher-order corrections to the MAGIC couplings
arising from Coulomb anharmonicities and magnetic-field curvature, and identifies a phonon-
occupation-dependent longitudinal field as the most relevant residual noise term emerging
from this analysis. Chapter 3 discusses the theoretical framework of quantum annealing, cov-
ering the encoding of optimization problems into cost Hamiltonians, the adiabatic theorem,
and the role of the relevant energy scales. It then introduces the combinatorial benchmarks
used in the rest of the thesis, including the ferromagnetic p-spin model, a geometrically
local Ising model, industrially motivated problems, and the canonical 3-SAT problem, and
it closes with a brief review of Trotterized quantum annealing and QAOA as digital counter-
parts of the analog protocols. Chapter 4 develops a dynamical decoupling protocol tailored
to analog quantum annealing on the MAGIC platform, based on periodic global spin-flip
pulses combined with an ancilla encoding that maps local fields onto two-body interac-
tions, and shows through a Magnus expansion and numerical simulations on industrially
relevant benchmarks that modest pulse rates suffice to recover noise-free fidelity under re-
alistic noise. Chapter 5 addresses the design of the cost Hamiltonian itself, comparing the
direct PUBO formulation of 3-SAT with the standard QUBO reduction and showing that
retaining the native higher-order structure improves the gap-scaling exponent. It further
discusses inhomogeneous driving and non-stoquastic catalysts as complementary strategies
to enhance annealing performance. Chapter 6 investigates the connection between non-
stoquastic catalysts and the quantum resources generated along the annealing path. After
reviewing bipartite entanglement entropy and stabilizer Rényi entropy together with their
efficient numerical evaluation in the presence of symmetries, we analyze the ferromagnetic
p-spin model and a geometrically local Ising model, and find that the regimes in which
non-stoquasticity improves the spectral gap coincide with those of enhanced entanglement
and non-stabilizerness. Finally, the last part summarizes the main results of this thesis and
outlines directions for future research.
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Chapter 1

Trapped-ion quantum
computing with magnetic
gradient induced coupling

Trapped ions are among the most mature platforms for digital quantum computation, com-
bining long coherence times with high single- and two-qubit gate fidelities. Within this broad
family of architectures, the magnetic gradient induced coupling (MAGIC) scheme stands out
for its use of microwave radiation driving fields in place of optical lasers, exploiting a static
magnetic field gradient both for individual addressing and for generating an always-on Ising
interaction between the ions. This native σZσZ coupling makes MAGIC particularly well
suited as a hardware reference for quantum annealing, which provides the broader context
of this thesis. Throughout this work, MAGIC therefore serves as our concrete platform of
choice: the higher-order corrections analyzed in Chapter 2 and the noise mitigation strate-
gies developed in Chapter 4 are formulated specifically with this platform in mind, and
the experimental parameters used throughout correspond to the MAGIC implementation
pursued by eleQtron.

The present chapter introduces the background needed for these later developments.
Section 1.1 reviews experimental ion-trap architectures, the equilibrium structure and col-
lective motion (phonon modes) of linear ion chains, and the dominant noise sources relevant
to magnetically sensitive qubits. Section 1.2 derives the effective spin-spin coupling gener-
ated in the MAGIC setup by the magnetic field gradient and provides numerical estimates
of the achievable coupling strengths. Section 1.3 describes how single- and two-qubit gates
are realized on this platform as well as on laser-based platforms in general.

The discussion of the MAGIC platform, including the derivation of the spin-spin coupling,
as well as the discussion of gate implementations for that platform, is based on material
published in Ref. [205].

1.1 Ion traps

This section provides the experimental and theoretical background on ion traps needed for
the rest of the chapter. Section 1.1.1 gives a brief overview of the two main classes of trap
architectures, Penning and Paul traps, and their respective roles in quantum simulation and
digital quantum computing. Section 1.1.2 discusses the equilibrium configuration of a one-
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dimensional ion chain and its collective phonon modes, which mediate the effective spin-spin
coupling derived in Sec. 1.2.1. Section 1.1.3 summarizes the dominant noise sources affecting
trapped-ion qubits, with particular attention to the magnetic-field fluctuations relevant for
the magnetically sensitive states used in the MAGIC scheme.

1.1.1 Overview of experimental ion traps

Penning traps

A Penning trap confines ions (or more generally charged particles) using a uniform static
magnetic field B = Bẑ for radial confinement and a static quadrupole electric potential
for axial confinement [206, 207]. Hyperbolically shaped electrodes generate the potential
Φ(r, z) = V0

2d2 (z
2 − r2/2), where d2 = 1

2 (z
2
0 + r20/2) is a characteristic trap dimension deter-

mined by the minimal axial distance to the electrodes z0 and the minimal radial distance
r0 [206]. This creates an axial harmonic well which is not radially confining. The Lorentz
force due to B overcomes this instability, bending ion trajectories into closed orbits.

Several factors have historically limited the use of Penning traps for digital quantum
computing. Multi-ion crystals rotate due to the Lorentz force, making individual ion ad-
dressing extremely challenging [208]. The strong magnetic field (B ∼ 1–5 T, requiring a
superconducting solenoid) introduces large Zeeman splittings, resulting in qubit transitions
of tens or hundreds of GHz [209], and magnetic-field fluctuations directly cause qubit de-
phasing. For these reasons, commercial digital trapped-ion quantum processors have so
far followed Paul-trap architectures rather than conventional rotating-crystal Penning-trap
architectures.

Penning traps have, however, proven powerful for quantum simulation. The NIST group
has used 2D Coulomb crystals of 9Be+ ions to engineer tunable Ising interactions across
∼ 200–300 spins [201], demonstrate spin squeezing with up to 219 ions [210], and probe
information scrambling via out-of-time-order correlators [211].

A recent development is the demonstration of a micro-fabricated surface-electrode Pen-
ning trap by the ETH Zürich TIQI group [212], building on their theoretical proposal for
scalable 2D micro-Penning arrays [213]. A single 9Be+ ion was trapped above a chip surface
at B = 3 T, with full control of spin and motional degrees of freedom and arbitrary 2D
transport with low motional heating. This approach enables junction-free 2D ion transport
using only DC voltage adjustments, eliminates the rotating-crystal problem by trapping one
ion per site, and dissipates zero RF power. The critical open milestones are demonstrating
a two-qubit gate and operating a multi-site array with controllable inter-site coupling.

Paul traps

Paul traps confine ions through a combination of static and oscillating electric fields. Earn-
shaw’s theorem forbids a stable electrostatic minimum for a charged particle in free space,
so a time-varying RF quadrupole field is used: at each instant in time the field is confining
along one direction and anti-confining along the orthogonal one, but the rapid oscillation
generates an effective time-averaged pseudopotential that confines the ion in all three di-
mensions [214]. The resulting ion dynamics separates into a slow harmonic secular motion
at a frequency set by the RF amplitude, the RF drive frequency, and the trap geometry,
superimposed on a fast small-amplitude driven oscillation at the RF frequency known as
micromotion [215]. An ion sitting exactly on the RF null experiences no micromotion; the
intrinsic micromotion of a cooled ion arises only because its secular motion periodically dis-
places it from the null. Stray DC fields, however, push the ion’s equilibrium position away
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from the null and produce excess micromotion, which cannot be reduced by cooling and is
a dominant source of gate errors, second-order Doppler shifts, and AC Stark shifts [215].

Macroscopic linear Paul traps. The most common geometry for trapped-ion quantum
computing is the linear Paul trap, in which four parallel rod or blade electrodes provide radial
RF confinement and segmented DC endcap electrodes generate axial confinement [216, 217].
The resulting RF null is a line along the trap axis, on which laser-cooled ions crystallize into
a 1D Coulomb chain, for suitable trap parameters and ion numbers (see Sec. 1.1.2). Typical
operating parameters are RF drive frequencies of 10–100 MHz, RF voltages of 100–1000 V,
ion-electrode distances of 0.1–1 mm, and secular frequencies of 0.1–5 MHz. Macroscopic
traps offer deep confining potentials, good optical access, and low motional heating rates,
properties that enabled the first demonstrations of single- and two-qubit gate fidelities well
above the fault-tolerance threshold [164, 218]. Scaling beyond a few tens of qubits in a
single chain is difficult: as the chain lengthens, the transverse motional spectrum becomes
dense and its lowest modes soften, eventually triggering a zigzag structural instability, while
inter-ion spacings shrink [219] (see discussion in Sec. 1.1.2). These effects degrade individual
addressing and gate fidelity.

Surface-electrode (chip) traps. A complementary approach proposed by Chiaverini et
al. [220] and first demonstrated by Seidelin et al. [221] places all trap electrodes in a single
plane on a chip substrate, trapping ions in vacuum at typical heights of 30–200 µm above the
surface. The planar geometry yields shallower trap depths than macroscopic traps but is fully
compatible with semiconductor microfabrication. This fabrication route naturally allows for
segmented traps, in which the static control electrodes are divided into many independently
controllable sections [222]. Similar segmentation can also be used in macroscopic Paul traps
[223, 224], and more recently in microfabricated Penning-trap designs [212, 213], but in
trapped-ion quantum computing the term most commonly refers to segmented Paul chip
traps. By dynamically varying the segment voltages, one can shape the axial potential
to shuttle, split, merge, and reorder ions, enabling complex two-dimensional layouts with
junctions, storage regions, and dedicated gate zones. These operations provide the geometric
and control substrate for practical multi-zone QCCD architectures [225], as well as for on-
chip integration of photonic waveguides, microwave structures, and control electronics on
multi-layer wafer processes [226].

State of the art and recent developments. Trapped-ion chip-scale platforms con-
tinue to advance along two complementary directions: integrated microwave/electrode-based
control and large-scale laser-based QCCD architectures. The use of microwave fields and
magnetic field gradients generated by trap-integrated electrodes was originally proposed by
Mintert and Wunderlich [161] and demonstrated in Refs. [163, 227]. Recent experiments
within this paradigm have achieved extremely low gate errors. Smith et al. [228] reported a
minimum single-qubit Clifford error of 1.5(4)×10−7 on a 43Ca+ hyperfine clock qubit, while
Hughes et al. [168] demonstrated a two-qubit gate error of 8.4(7)× 10−5 on 40Ca+ without
ground-state cooling. In parallel, system-level scaling has been pursued using laser-based
architectures. Quantinuum’s Helios processor implements a multi-zone QCCD design with
98 137Ba+ qubits and a reported two-qubit gate fidelity of approximately 99.921% [222].
Taken together, these results demonstrate that chip-based trapped-ion systems now achieve
state-of-the-art component performance while following distinct hardware approaches.
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1.1.2 Ion crystal geometry and collective motion

When multiple ions are confined in a Paul trap, they repel each other via the Coulomb
interaction and, if sufficiently cooled down, arrange themselves in a crystalline structure
whose geometry depends on the external trapping frequencies [219, 229]. In this section,
we discuss the equilibrium configuration of N identical ions of mass M and charge Q =
Ze in a three-dimensional harmonic trapping potential, with particular attention to the
experimentally relevant regime where the ions form a one-dimensional chain along the weakly
confining axial direction. We then describe the collective vibrational modes (phonon modes)
of the crystal, which play a central role for calculating the effective spin-spin interactions
for the MAGIC platform derived in Sec. 1.2.1.

Potential energy and equilibrium positions

We consider a harmonic trapping potential characterized by angular frequencies ωx, ωy in
the two transverse directions and ωz in the axial direction, with ωx, ωy ≫ ωz. The position
of the n-th ion is denoted by (xn1, xn2, xn3), where the third coordinate corresponds to the
axial direction and the ions are numbered in order of increasing axial position. The total
potential energy of the system comprises the confining harmonic potential and the pairwise
Coulomb repulsion between ions [219, 229],

V =
M

2

N∑

n=1

3∑

i=1

ω2
i x

2
ni +

Q2

8πϵ0

N∑

n,m=1
m̸=n

[
3∑

i=1

(xni − xmi)
2

]−1/2

, (1.1)

where ω1 = ωx, ω2 = ωy, ω3 = ωz, and ϵ0 is the vacuum permittivity.
For sufficiently strong transverse confinement, the ions are tightly bound in the x1 and x2

directions and equilibrate along the axial direction, forming a linear chain with transverse

equilibrium positions x̄n1 = x̄n2 = 0. The axial equilibrium positions x̄n3 ≡ x
(0)
n are

determined by the condition

∂V

∂xn3

∣∣∣∣
x̄

= 0, n = 1, . . . , N. (1.2)

It is convenient to introduce dimensionless coordinates. Defining the characteristic length
scale

ℓ =

(
Q2

4πϵ0Mω2
z

)1/3

, (1.3)

and the dimensionless equilibrium positions un = x
(0)
n /ℓ, the equilibrium conditions (1.2)

reduce to a set of N coupled algebraic equations [219]

um −
m−1∑

n=1

1

(um − un)2
+

N∑

n=m+1

1

(um − un)2
= 0, m = 1, 2, . . . , N. (1.4)

While these equations can be solved analytically for N = 2, 3 (see Ref. [219]), they have
to be solved numerically for larger N . The equilibrium positions are symmetric about the
trap center (un = −uN+1−n), and the minimum inter-ion spacing, which occurs at the center
of the chain, can be approximated by [219]

umin(N) ≈ 2.018

N0.559
. (1.5)
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Normal modes of the collective oscillation

For ions at sufficiently low temperature, the displacement from equilibrium is small, and
the potential energy can be expanded in a Taylor series around the equilibrium positions.

Denoting the axial displacement of the n-th ion from equilibrium by qn(t) = xn3(t) − x(0)n ,
and truncating at second order, the Lagrangian for the axial motion takes the form [219]

L =
M

2

[
N∑

m=1

q̇2m − ω2
z

N∑

m,n=1

Amn qm qn

]
, (1.6)

where the coupling matrix Amn is given by

Amn =





1 + 2

N∑

p=1
p ̸=m

1

|um − up|3
if m = n,

−2
|um − un|3

if m ̸= n.

(1.7)

Similarly, for the transverse directions (i = 1, 2), the displacements ξni are governed by
an analogous Lagrangian with coupling matrix [229]

Bmn =

(
1

α
+

1

2

)
δmn −

1

2
Amn, (1.8)

where α = (ωz/ω⊥)2 ≪ 1 is the dimensionless anisotropy parameter characterizing the ratio
of axial to transverse confinement, with ω⊥ denoting the transverse trapping frequency
(ω⊥ = ωx or ωy). The matrix Bmn shares the same eigenvectors as Amn but has eigenvalues
related to those of Amn by [229]

γp =
1

α
+

1

2
− µp

2
, (1.9)

where µp are the eigenvalues of Amn.
Since Amn is real, symmetric, and positive definite, it possesses N non-negative eigen-

values µp (p = 1, . . . , N) with associated orthonormal eigenvectors b(p), defined by

N∑

n=1

Amn b
(p)
n = µp b

(p)
m , p = 1, . . . , N, (1.10)

with the orthonormality conditions
∑N

n=1 b
(p)
n b

(q)
n = δpq. The eigenvectors are ordered by

increasing eigenvalue. The first two modes are known analytically for any N [219]: the
center-of-mass (COM) mode,

b(1) =
1√
N

(1, 1, . . . , 1), µ1 = 1, (1.11)

describing uniform translation of the entire crystal, and the stretch (or breathing) mode,

b(2) =
1√∑N

m=1 u
2
m

(u1, u2, . . . , uN ), µ2 = 3, (1.12)
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in which each ion oscillates with an amplitude proportional to its equilibrium distance from
the trap center. Higher modes must be determined numerically.

In terms of the normal-mode coordinates Qp(t) =
∑N

m=1 b
(p)
m qm(t), the Lagrangian (1.6)

decouples into N independent harmonic oscillators,

L =
M

2

N∑

p=1

(
Q̇2

p − ν2p Q2
p

)
, (1.13)

with mode frequencies
νp =

√
µp ωz. (1.14)

In particular, the COM mode has frequency ν1 = ωz and the stretch mode has frequency
ν2 =

√
3ωz. The transverse mode frequencies are given by Ωp =

√
γp ωz.

Phase transition to zigzag configuration

The linear chain configuration is stable only as long as all transverse mode frequencies Ωp

are real, which requires γp > 0 for all p. From Eq. (1.9), the transverse eigenvalues decrease
with increasing µp, so the highest axial eigenvalue µN yields the lowest (and most critical)
transverse eigenvalue. The condition γN > 0 gives [229]

α < αcrit =
2

µN − 1
. (1.15)

When the anisotropy parameter exceeds this critical value, the transverse frequency of the
highest mode becomes imaginary, indicating a mechanical instability of the linear configu-
ration. The ions then undergo a structural phase transition and arrange themselves in a
two-dimensional zigzag pattern [230, 231]. This transition is a direct consequence of the
competition between the transverse confinement, which favors a linear arrangement, and
the Coulomb repulsion, which tends to push ions apart. As N increases, µN grows, and
αcrit decreases, meaning that longer chains require tighter transverse confinement to remain
stable.

Throughout this thesis we consider exclusively one-dimensional ion chains and always
assume that the transversal trapping frequencies are chosen such that α ≪ αcrit, ensuring
the one-dimensional chain geometry.

Numerical calculation of phonon modes

The equilibrium positions and normal-mode frequencies enter the calculation of the effective
spin-spin coupling strengths we derive in Sec. 1.2.1. In this subsection, we outline the
numerical procedure used to determine these quantities.

For N > 3, the system of coupled nonlinear equations (1.4) must be solved numerically.
Equivalently, one can minimize the dimensionless potential energy,

Ṽ ({un}) =
N∑

n=1

u2n +

N∑

n,m=1
m ̸=n

1

|un − um|
, (1.16)

which is obtained from Eq. (1.1) (restricted to the axial direction) by expressing the ion
positions in units of ℓ. Both the gradient (1.4) and the fact that Ṽ is bounded from below
guarantee convergence of standard minimization algorithms.
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In practice, we employ a gradient-based minimization (L-BFGS-B as implemented in
scipy.optimize.minimize) with the analytically computed gradient, ∂Ṽ /∂um, which equals
the left-hand side of Eq. (1.4) up to an overall factor of two. A suitable initial guess is con-
structed by distributing N ions uniformly over an interval whose extent is estimated from
the empirical minimum spacing formula (1.5).

Once the equilibrium positions {un} are known, the coupling matrix Amn, Eq. (1.7),
is constructed and diagonalized. This matrix is the (dimensionless) Hessian of the axial
potential evaluated at equilibrium:

Amn =
1

Mω2
z

∂2V

∂xm3 ∂xn3

∣∣∣∣
x̄

. (1.17)

The eigenvalues µp and eigenvectors b
(p)
n are obtained by a single symmetric matrix diago-

nalization (e.g., via the LAPACK routine dsyev as available through scipy.linalg.eigh).
The axial mode frequencies then follow from Eq. (1.14) as νp =

√
µp ωz, and the transverse

mode frequencies from Ωp =
√
γp ωz with γp given by Eq. (1.9), without the need for a

separate diagonalization of the transverse coupling matrix.
The resulting mode frequencies and eigenvectors constitute the numerical input for

computing the effective spin-spin coupling matrix of the MAGIC scheme, as discussed in
Sec. 1.2.2.

1.1.3 Typical noise sources

Trapped-ion qubits are generally considered one of the leading physical platforms for quan-
tum information processing, with coherence times that can exceed seconds to minutes and
gate fidelities at or beyond the fault-tolerance threshold [164, 168, 218, 228]. Nevertheless,
a set of well-characterized technical noise sources ultimately limits the achievable fidelity
and sets the requirements for the noise-mitigation strategy discussed in Chapter 4. Broadly,
these sources fall into three categories [157, 217]: (i) qubit-frequency (dephasing) noise,
driven by fluctuations of the external fields that define the qubit transition; (ii) control-field
noise from the lasers or microwaves used to drive single- and two-qubit gates; and (iii) mo-
tional noise, arising from instabilities of the trap potential and from heating of the collective
ion motion.

In the MAGIC scheme discussed in the next section, gates are driven by static magnetic-
field gradients acting on ions encoded in magnetically sensitive hyperfine states. Field sensi-
tivity is therefore unavoidable: the same gradient that enables the gate also makes the qubit
splitting linearly dependent on the local magnetic field B through the Zeeman effect, so
that fluctuations δB translate directly into fluctuations of the qubit frequency. This makes
dephasing from ambient magnetic-field noise by far the dominant error channel any time
magnetically sensitive qubit states are used, and motivates a more detailed discussion.

The magnetic field at the ion position in a typical laboratory environment contains a
broad spectrum of noise components. Line-frequency noise at 50 Hz (or 60 Hz) and its
harmonics, radiated by nearby electronic equipment, is usually the largest contribution,
together with power-supply noise and instabilities of current sources and drivers in the tens-
of-kilohertz range [232]. On long timescales, thermal drifts of coils or of permanent magnets
add a slow-varying background that must be tracked through periodic recalibration. In an
unshielded setup these effects combine to rms field fluctuations of ≳ 100 nT at fields of order
10 mT [232]. For a field-sensitive 171Yb+ hyperfine qubit encoded in |F = 0,mF = 0⟩ ↔
|F = 1,mF = +1⟩, ∼ 100 nT of rms field noise translates into qubit-frequency fluctuations of
order 1 kHz, large enough to significantly degrade gate fidelity if left uncorrected. Standard
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mitigation techniques include passive µ-metal shielding, active feedback on the coil currents
using fluxgate sensors, which has been shown to suppress the rms noise to the few-nT
level [232], and the replacement of electromagnets by temperature-stabilized permanent
magnets [137].

1.2 Magnetic Gradient Induced Coupling (MAGIC)

The MAGIC scheme for quantum computation [161, 162, 233] uses microwaves instead of
optical lasers to address ions and implement quantum gates. Since microwaves cannot be
focused on individual ions, a magnetic field gradient is used to Zeeman-shift the resonance
frequency of each ion and make them individually addressable in frequency space. Further-
more, the magnetic field gradient induces an Ising-type always-on all-to-all coupling between
the ions, even in the absence of any driving fields, which can be used to synthesize quantum
gates [234, 235] or perform adiabatic quantum sweeps [236]. In Sec. 1.2.1 we give a review of
the derivation of the spin–spin coupling. In Sec. 1.2.2 we then provide concrete values of the
achievable coupling strengths in the MAGIC setup for realistic experimental parameters.

1.2.1 Derivation of effective spin-spin coupling

We consider a one-dimensional (1D) ion chain, elongated in the z direction. The ions
are subject to a static magnetic field with a constant gradient ∂zB in the axial direction z,
B(z) = B0+∂zB zêz+O(z2), where B0 is a constant offset field. At the end of this section,
we generalize this setting to gradients in the transversal directions. Moreover, we will discuss
the effect of a field with non-vanishing curvature in Chapter 2. We further assume that we
use magnetically sensitive states as our qubit states (typically states from a hyperfine ground
state manifold with a resonance frequency in the microwave regime [163, 237, 238]) to make
them individually addressable. Although such states are typically prone to dephasing caused
by magnetic field fluctuations, long coherence times can be achieved via suitable protection
schemes such as dynamical decoupling [119, 239] (see Chapter 4) or microwave dressing [240].
In Ref. [241], T2 coherence times of 2.1(1) seconds were demonstrated for electron spin states
in a single trapped 40Ca+ ion using effective magnetic shielding techniques.

The spatially varying magnetic field gives rise to a position-dependent resonance fre-
quency ω(z), which in general has to be calculated numerically or can be estimated using
the Breit–Rabi formula [242]. Under weak Zeeman splitting, which holds for the examples
considered in this work, provided that the offset field B0 is sufficiently small, the resonance

frequency can be obtained as ω(z) = ω0+(g
(e)
F m

(e)
F −g

(g)
F m

(g)
F )µBB(z)/ℏ. Here, g

(g)
F and g

(e)
F

are, respectively, the Landé g-factors of the qubit ground and excited state with total atomic

angular momentum F , m
(g)
F and m

(e)
F are the corresponding magnetic quantum numbers,

and µB is the Bohr magneton. The bare resonance frequency in the absence of a magnetic
field is denoted by ω0. The internal energy of the ions is then given by

Hint = −
ℏ
2

N∑

n=1

ω(zn)σ
(n)
Z , (1.18)

where σ
(n)
Z denotes the Pauli-Z operator acting on qubit n at position zn and N is the

number of ions in the chain.

The resonance frequency can be expanded around the equilibrium position zn,0 of ion n
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as

ω(zn) = ωn + ∂zωn(zn − zn,0) +O(z2n), (1.19)

where ωn = ω(zn,0) is the resonance frequency and ∂zωn = ∂ω(zn,0)/∂z the first derivative
at the position of the ion. Since the excursions qn = zn−zn,0 from the equilibrium positions
are small compared to the inter-ion spacing (typically on the order of the oscillator length
∆z ∼ nm, while the inter-ion distance is ∼ µm), we can truncate this expansion at linear
order. Higher-order terms in this expansion will be discussed in Chapter 2. We can then
write the internal energy as

Hint = −
ℏ
2

N∑

n=1

ωnσ
(n)
Z − ℏ

2

N∑

n=1

∂zωnqnσ
(n)
Z . (1.20)

Additionally, the ions have an energy associated with their external degrees of freedom,
composed of their kinetic energy, the potential energy due to the trap, as well as their mutual
Coulomb repulsion:

Hext = Hkin + V (z)

= Hkin + Vtrap(z) + VCoul(z) (1.21)

=
1

2m

N∑

n=1

p2z,n +
m

2
ω2
z

N∑

n=1

z2n +
e2

8πϵ0

N∑

n̸=l

1

|zn − zl|
.

Here, the vector z = (z1, . . . , zN )T contains the axial positions of all ions, e is the charge of
the ions, m their mass, ϵ0 the vacuum permittivity, and pz,n is the momentum of ion n in
the axial direction. For now, we will consider a harmonic trap with angular frequency ωz.
The equilibrium positions z0 are determined by the condition ∂V (z)/∂zn

∣∣
z0

= 0, i.e., the
balance of the trapping force and the mutual Coulomb repulsion. Expanding the potential
energy around this minimum, the linear terms vanish by definition and, after dropping a
constant energy offset, we obtain

Hext =
1

2m

N∑

n=1

p2z,n +
m

2

N∑

n=1

N∑

l=1

Anlqnql +O(q3) , (1.22)

with Anl = ∂2V (z0)/∂zn∂zl. In Chapter 2, we will discuss the effects of higher-order terms
in the expansion of the potential energy.

The matrix A is symmetric and real and can thus be diagonalized as D = S−1AS with
an orthogonal matrix S. Since A is a positive-definite Hessian (it results from an expansion
around a minimum of the potential energy), its eigenvalues are positive and can be written
as ν2l . We can now express the local coordinates qn in terms of collective normal modes Ql,

qn =

N∑

l=1

SnlQl . (1.23)

The normal modes Ql describe collective oscillation patterns of the ion chain, with the
matrix elements Snl quantifying the participation of ion n in mode l. The lowest-frequency
mode (l = 1, the center-of-mass mode) corresponds to all ions oscillating in phase with
Sn,1 = 1/

√
N , while higher modes involve increasingly complex oscillation patterns with

nodes along the chain.
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These normal modes diagonalize the external Hamiltonian to

Hext =
1

2m

N∑

n=1

P 2
n +

m

2

N∑

n=1

ν2nQ
2
n , (1.24)

where we have defined the normal-mode momenta Pn =
∑N

l=1(S
−1)nl pz,l and only written

down the second-order terms.
We can quantize the external Hamiltonian by introducing phonon creation and annihi-

lation operators for the normal modes:

Ql = ∆zl(a
†
l + al) , (1.25)

with ∆zl =
√
ℏ/2mνl being the width of the ground-state wave packet of the quantum

harmonic oscillator. In terms of these operators, the external Hamiltonian becomes Hext =
ℏ
∑N

n=1 νna
†
nan and the overall Hamiltonian H = Hint +Hext can now be expressed as

H =− ℏ
2

N∑

n=1

ωnσ
(n)
Z − ℏ

2

N∑

n=1

N∑

l=1

∂zωnSnl∆zl(a
†
l + al)σ

(n)
Z

+ ℏ
N∑

n=1

νna
†
nan . (1.26)

We can decouple the internal and external degrees of freedom (spins and phonons) via
a suitable unitary transformation [161, 233] (in some contexts known as the polaron trans-
formation [243]), H̃ = U†HU , with

U = exp

(
− i
ℏ

N∑

n=1

N∑

l=1

∆zlϵnlσ
(n)
Z Pl

)
, (1.27a)

ϵnl =
∆zl∂zωn

νl
Snl . (1.27b)

Here, we have defined the effective Lamb–Dicke parameter ϵnl, describing how strongly ion n
(with internal transition frequency ωn) couples to phonon mode l (with frequency νl).

With the transformed phonon operators

U†alU = al +
1

2

∑

n

ϵnlσ
(n)
Z (1.28)

(and unchanged spin operators σ̃
(n)
Z = σ

(n)
Z ), we can now derive the transformed Hamiltonian

explicitly. Substituting Eq. (1.28) into the phonon part of H, we obtain

ℏ
∑

l

νl

(
al +

1

2

∑

n

ϵnlσ
(n)
Z

)†(
al +

1

2

∑

m

ϵmlσ
(m)
Z

)
. (1.29)

Expanding this product yields three types of terms: the original phonon Hamiltonian
ℏ
∑

l νla
†
l al, terms linear in a†l and al, and a term quadratic in the spin operators. The

terms linear in the phonon operators are

ℏ
2

N∑

n=1

N∑

l=1

νlϵnl(a
†
l + al)σ

(n)
Z , (1.30)
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which, using the definition of ϵnl in Eq. (1.27b), exactly cancel the spin–phonon coupling in
Hint [second term of Eq. (1.20)]. This cancellation is the purpose of the polaron transfor-
mation and holds by construction for the specific choice of ϵnl. The total term quadratic in
the spin operators (adding all terms from the total Hamiltonian) reads

−ℏ
4

∑

l

νl
∑

n,m

ϵnlϵmlσ
(n)
Z σ

(m)
Z . (1.31)

Separating this into the diagonal (n = m) and off-diagonal (n ̸= m) contributions, the

diagonal terms yield a constant energy shift since (σ
(n)
Z )2 = 1, while the off-diagonal terms

produce the desired pairwise spin–spin interaction. The total Hamiltonian thus takes the
form

H̃(2) =− ℏ
2

N∑

n=1

ωnσ
(n)
Z + ℏ

N∑

n=1

νna
†
nan

− ℏ
2

N∑

i<j

J
(2)
ij σ

(i)
Z σ

(j)
Z , (1.32)

with the spin–spin coupling strength

J
(2)
ij =

N∑

n=1

νnϵinϵjn . (1.33)

The effective Hamiltonian H̃(2) relies on two approximations made prior to the polaron
transformation: (i) the expansion of the potential energy to second order in the displace-
ments qn, and (ii) the expansion of the resonance frequency to first order in qn. The polaron
transformation itself is exact, i.e., it introduces no further approximations beyond these
truncations. Higher-order terms in both expansions will be the subject of the following
chapter.

So far, we have restricted the derivation to the axial degree of freedom. In a real three-
dimensional trap, however, the ions also possess two transversal motional degrees of freedom
(perpendicular to the chain axis), each with their own set of collective normal modes (see
discussion in Sec. 1.1.2). At second order in the expansion of the potential energy, the axial
and transversal modes decouple due to the cylindrical symmetry of the linear equilibrium
configuration [229]. Each spatial direction α = 1, 2, 3 can therefore be independently diag-

onalized into normal modes with frequencies ν
(α)
n and mode participation matrices S(α). If

the applied magnetic field has a non-vanishing gradient also in the transversal directions,
the polaron transformation can be carried out independently for each set of modes, yielding
a generalized spin–spin coupling strength

J
(2)
ij =

3∑

α=1

N∑

n=1

ν(α)n ϵ
(α)
in ϵ

(α)
jn , (1.34)

where ϵ
(α)
in is the effective Lamb–Dicke parameter describing the coupling of ion i to the

n-th mode in direction α, defined analogously to Eq. (1.27b). Each direction contributes
proportionally to (∂αB/ν

(α))2, where ∂αB is the magnetic field gradient in direction α. In
the standard MAGIC setup, where the gradient is applied only along the axial direction and

vanishes in both transversal directions, the transversal Lamb–Dicke parameters ϵ
(α)
in are zero
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for α = 1, 2, and Eq. (1.34) reduces to the purely axial expression in Eq. (1.33). The effects
of transversal modes at third order in the potential energy, which can couple to the axial
modes through Coulomb anharmonicities, will be discussed in Chapter 2.

The spin–spin coupling strength J
(2)
ij can be tuned via the magnetic field gradient and

the strength of the external harmonic trap, since J
(2)
ij ∼ (∂zB/ν)

2. By employing different
trapping potentials along the chain (not necessarily harmonic), coupling strengths between
different pairs of ions can be enhanced or reduced [223]. This tunability is a key feature of
the MAGIC platform, as the effective Hamiltonian H̃(2) in Eq. (1.32) directly realizes a long-

range Ising model HIsing = −∑i<j Jijσ
(i)
Z σ

(j)
Z −

∑
i hiσ

(i)
Z , and thus becomes interesting for

quantum simulation experiments [244–246]. At the same time, this Hamiltonian structure
is central to quantum optimization, where a combinatorial optimization problem is encoded
in a cost function of the form C(s) =

∑
i<j Jijsisj +

∑
i hisi with classical spin variables

si = ±1 [64, 189]. By mapping this cost function onto the coupling matrix J
(2)
ij and the local

fields, the ground state of the Ising Hamiltonian corresponds to the optimal solution. The
ability to engineer the coupling strengths, for instance via segmented trapping potentials, is
therefore essential for encoding arbitrary problem instances into the native interactions of
the ion chain. The application of this native spin-spin coupling for quantum annealing will
be the subject of Chapters 3 and 4.

1.2.2 Numerical example with 171Yb+ ions

To illustrate the magnitude of the spin–spin coupling strengths achievable in practice, we
now evaluate Eq. (1.33) numerically for concrete experimental parameters. The computation
proceeds by first determining the equilibrium positions of the ions (as described in Sec. 1.1.2),
then diagonalizing the Hessian of the potential energy to obtain the normal mode frequencies

νn and mode participation matrix Snl, and finally evaluating the coupling strength J
(2)
ij =∑

n νnϵinϵjn from the resulting Lamb–Dicke parameters.

As a first example, we consider a chain of five 171Yb+ ions in a harmonic trap with
axial frequency ωz = 2π × 130 kHz and a magnetic field gradient of ∂zB = 19Tm−1,
as realized experimentally in Ref. [163]. We choose as qubit states |F = 0,mF = 0⟩ and
|F = 1,mF = +1⟩ (gF ≈ 1) from the ground state hyperfine manifold. For this choice, the
difference of Landé factors and magnetic quantum numbers entering the general expression

for the resonance frequency (ω(z) = ω0 + (g
(e)
F m

(e)
F − g

(g)
F m

(g)
F )µBB(z)/ℏ, using the Breit-

Rabi formula [242]) reduces to g
(e)
F m

(e)
F − g

(g)
F m

(g)
F = 1 · (+1)− 0 = 1, so that the resonance

frequency simplifies to ω(z) ≃ ω0 + µBB(z)/ℏ [235].

It is important to note that the equilibrium positions of ions in a harmonic trap are

not equally spaced [219]. As a consequence, the coupling strength J
(2)
ij between neighboring

ions is not uniform along the chain, and the strongest coupling is found between the two
outermost neighboring pairs. This results from the spatial structure of the higher-order
phonon modes entering Eq. (1.33), whose mode participation Snl is largest near the edges

of the chain. For the above parameters, the largest coupling strength is J
(2)
12 = J

(2)
45 ≈

2π×26.5Hz, occurring between the two outermost neighboring pairs. The weakest coupling,

J
(2)
15 ≈ 2π × 12.9Hz, occurs between the two most distant ions at opposite ends of the

chain. For a stronger magnetic field gradient of 150Tm−1, which is feasible with current

technology [238, 247], the maximal (minimal) spin–spin coupling strength increases to J
(2)
12 =

J
(2)
45 ≈ 2π × 1650Hz (J

(2)
15 ≈ 2π × 805Hz).

In Fig. 1.1, we plot the scaling of the maximal and minimal coupling strengths with

24



1.2. MAGNETIC GRADIENT INDUCED COUPLING (MAGIC)

4 6 8 10 12 14

500

1000

1500

2000

(a) ∂
∂z
B(z) = 150 T

m J
(2)
max

J
(2)
min

4 6 8 10 12 14

10

20

30

(b) ∂
∂z
B(z) = 19 T

m

0.0 0.2 0.4 0.6 0.8 1.0
Number of ions N

0.0

0.2

0.4

0.6

0.8

1.0

2
-b

o
d

y
co

u
p

li
n

g
st

re
n

g
th
J

(2
)
/
2
π

in
H

z

Figure 1.1: Spin–spin coupling strengths in the MAGIC scheme, calculated as a function
of the number of 171Yb+ ions N in a chain with trapping frequency ωz = 2π × 130 kHz
and magnetic field gradient (a) 150Tm−1 and (b) 19Tm−1. Depicted are only the largest

coupling strength J
(2)
max (blue), occurring between two neighboring ions at the edges of the

chain, as well as the smallest coupling strength J
(2)
min (orange), felt by the most distant

ions at opposite ends of the chain. The decrease of J
(2)
max follows the law N−1/2 to good

approximation, while J
(2)
min decreases approximately as N−1.19. Corresponding fits are shown

as grey dashed lines.

the number of ions N in the chain, for the same trapping frequency and for both choices
of magnetic field gradient. From a numerical fit (grey dashed lines), the maximal spin–
spin coupling strength decreases as N−0.51±0.01 1, matching the N−1/2 scaling known from
the Cirac–Zoller gate [158] and the Mølmer–Sørensen gate [248], which share the same
fundamental origin in the phonon-mediated nature of the interaction. The minimal spin–
spin coupling, felt by the two ions at opposite ends of the chain, diminishes more rapidly
as N−1.19±0.01. This stronger decrease can be attributed to the large distance between the
involved ions (scaling linearly with N) in interplay with contributions from phonon modes
beyond the center-of-mass mode, which can give rise to spatially decreasing interactions [201,
245, 249–251].

The dependence of the coupling strength on the ion species enters through the oscilla-
tor length ∆zl =

√
ℏ/2mνl appearing in the Lamb–Dicke parameter [Eq. (1.27b)]. Since

1Uncertainties in the fit parameters are computed from the estimated covariance matrix returned by
the curve fit function from the SciPy library. The underlying data points are calculated up to numerical
precision, i.e., without considering any errors in the physical parameters.
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∆zl ∝ 1/
√
m and J

(2)
ij is quadratic in ϵnl ∝ ∆zl, the two-body coupling scales as J

(2)
ij ∝ 1/m.

Lighter ions therefore achieve stronger spin–spin couplings and correspondingly faster quan-
tum gate speeds. In Tab. 2.1 in the next chapter, we compare numerical values of the
two-body coupling strengths for 171Yb+ and 9Be+ ion chains of different lengths and for
both magnetic field gradients; this table additionally contains estimates of higher-order cor-
rections, which will be discussed in the following chapter. For the 9Be+ ions, we consider
the qubit states |F = 1,mF = 0⟩ and |F = 2,mF = +1⟩ from the hyperfine ground state
manifold. The numerical values confirm the 1/m scaling, with 9Be+ exhibiting coupling
strengths roughly a factor of mYb/mBe = 19 larger than 171Yb+. However, certain isotopes
of heavier ion species can have other advantages that counterbalance the slower gate times.
In particular, 171Yb+ ions have a simple hyperfine level structure due to their nuclear spin of
I = 1/2 (in contrast to I = 3/2 for 9Be+), which can be advantageous for state preparation
and cooling. The MAGIC platform developed by eleQtron and considered throughout this
work employs 171Yb+ ions.

1.3 Implementing discrete quantum gates with trapped
ions

A universal gate set for quantum computation requires the ability to perform arbitrary single-
qubit rotations together with at least one entangling two-qubit gate [252]. In trapped-ion
systems, both types of operations exploit the coupling between the ions’ internal (pseudo-
spin) states and their shared motional degrees of freedom (phonons), mediated by external
driving fields or, in the case of the MAGIC platform, by a static magnetic field gradient. In
the following, we first review how single-qubit rotations are realized through resonant driving
on the carrier transition (Sec. 1.3.1). We then discuss the two paradigmatic proposals
for entangling gates on trapped-ions platforms: the Cirac–Zoller gate [158], which uses
a single shared phonon as a quantum data bus (Sec. 1.3.2), and the Mølmer–Sørensen
gate [159, 160, 248], which generates entanglement through geometric phases in motional
phase space (Sec. 1.3.2). Finally, we describe how entangling operations are implemented on
the MAGIC platform, where the magnetic-field-gradient-induced spin–spin coupling enables
native ZZ gates without any driving fields, and where the equivalence of the microwave
driving Hamiltonian to the standard light–matter interaction permits the use of the same
driven gate schemes as in laser-based setups (Sec. 1.3.3).

1.3.1 Single-qubit gates

We consider a string of N ions confined in a linear Paul trap, with collective motional
(normal) modes at frequencies ωm (m = 1, . . . , N). Each ion encodes a two-level qubit
{|↓⟩ , |↑⟩} in two of its internal states with transition frequency ω0. A driving field (laser
or microwave) of frequency ωd, phase ϕ, and Rabi frequency Ω couples to ion i. In the

interaction picture with respect to the free Hamiltonian H0 = ℏω0

2 σ
(i)
z +

∑
m ℏωm â†mâm,

and after the rotating-wave approximation, the interaction Hamiltonian takes the form

Hint =
ℏΩ
2
σ
(i)
+ exp

[
iηim(âm e−iωmt + â†m eiωmt)

]
e−i(∆t+ϕ) +H.c., (1.35)

where ∆ = ωd−ω0 is the detuning from the qubit transition and ηim = Sim k
√

ℏ/2mωm

is the Lamb–Dicke parameter of ion i on mode m, with Sim the normal-mode eigenvector
element, k the effective wavevector projected onto the mode axis, and m the ion mass. For
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notational clarity we display the coupling to a single motional modem. The multi-mode form
is recovered by replacing ηim(âme

−iωmt+â†me
iωmt) in the exponent with

∑
m ηim(âme

−iωmt+
â†me

iωmt); since the Lamb-Dicke expansion below is linear in the mode operators, each mode
contributes independently and the carrier and sideband analysis is unaffected. Physically,
ηim is the ratio of the motional ground-state wavepacket size x0 =

√
ℏ/2Mωm to the

reduced wavelength 1/k of the driving field. The system is in the Lamb–Dicke regime when
η2(2n̄+1)≪ 1. In this regime, the exponential in Eq. (1.35) can be expanded to first order,

exp
[
iηim(âm e−iωmt + â†m eiωmt)

]
≈ 1 + iηim

(
âm e−iωmt + â†m eiωmt

)
, (1.36)

which separates the interaction into three spectral components, each selected by the choice
of detuning ∆.

For single-qubit operations, the driving field is tuned to the carrier transition (∆ ≈ 0),
where the interaction drives spin flips without changing the motional state. In this case the
phonon operators in Eq. (1.36) contribute only off-resonant terms (detuned by ±ωm ≫ Ω)
that can be neglected, and the Hamiltonian reduces to

Hcar =
ℏΩ
2

(
eiϕ σ

(i)
+ + e−iϕ σ

(i)
−
)
+

ℏ∆
2
σ(i)
z . (1.37)

On exact resonance (∆ = 0), this simplifies to

Hcar =
ℏΩ
2

(
cosϕ σ(i)

x − sinϕ σ(i)
y

)
, (1.38)

which generates a rotation around the axis n̂ = (cosϕ,− sinϕ, 0) on the Bloch sphere
with rate Ω. By choosing the phase ϕ and the pulse duration τ , arbitrary rotations
Rn̂(θ) = exp(−iθ n̂ · σ/2) with θ = Ωτ around any axis in the XY plane can be imple-
mented. Rotations around the Z axis are typically realized virtually by updating the phase
reference of subsequent pulses [253], avoiding the need for a physical operation and its as-
sociated errors.

The remaining two spectral components of the Lamb–Dicke expansion (1.36) correspond
to the red sideband (∆ = −ωm), coupling |↓, n⟩ ↔ |↑, n−1⟩ at Rabi frequency ηΩ√n, and
the blue sideband (∆ = +ωm), coupling |↓, n⟩ ↔ |↑, n+1⟩ at Rabi frequency ηΩ

√
n+ 1.

These motional sideband transitions, which simultaneously flip the spin and change the
phonon number by one, form the basis of the two-qubit entangling gate schemes discussed
in the following sections.

1.3.2 Two-qubit entangling gates

A universal gate set for quantum computation requires, in addition to arbitrary single-qubit
rotations, at least one entangling two-qubit gate [252]. In trapped-ion systems, all high-
fidelity entangling gates exploit the shared collective motional (phonon) degrees of freedom
of ions in a common trap potential to mediate effective spin–spin interactions. We review
the two paradigmatic proposals: the Cirac–Zoller gate [158], which uses a single phonon
as a quantum data bus, and the Mølmer–Sørensen gate [159, 160, 248], which generates
entanglement through spin-dependent forces and geometric phases in motional phase space.

The Cirac-Zoller gate

The proposal of Cirac and Zoller [158] was the first concrete scheme for universal quantum
computation with trapped ions. It operates on a pair of ions A and B sharing a collective
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motional mode (typically the center-of-mass mode at frequency ωCOM), which must be
prepared in its ground state |n = 0⟩.

The Cirac–Zoller CNOT gate is realized by a sequence of three individually addressed
laser pulses [158, 254]:

1. A π-pulse on the red sideband of ion A maps the qubit state onto the phonon bus
mode: |↑A, 0⟩ → −i |↓A, 1⟩, while |↓A, 0⟩ is unaffected since the red sideband coupling
vanishes at n = 0.

2. A 2π-pulse on the red sideband of ion B drives the transition |↓⟩ ↔ |a⟩ to an auxiliary
level |a⟩. The state |↓B , 1⟩ undergoes a full Rabi oscillation through |aB , 0⟩ and back,
acquiring a sign change: |↓B , 1⟩ → − |↓B , 1⟩. States with zero phonons are unaffected.

3. A second π-pulse on the red sideband of ion A reverses the mapping of Step 1, restoring
the bus to the vacuum.

The net operation on the two-qubit computational basis is a controlled-Z gate, |↑↑⟩ →
− |↑↑⟩ with all other basis states unchanged, which can be converted to a CNOT by single-
qubit Hadamard gates on the target ion. Schmidt-Kaler et al. [254] demonstrated this gate
on two 40Ca+ ions with a fidelity of approximately 71%.

The principal limitation of the Cirac–Zoller scheme is its strict requirement for ground-
state cooling of the phonon bus mode (n̄ ≈ 0). Due to the n-dependent sideband Rabi
frequencies ηΩ

√
n, the gate is highly sensitive to residual thermal excitation and motional

heating during the pulse sequence.

The Mølmer-Sørensen gate

The Mølmer-Sørensen (MS) gate [159, 160, 248, 255] avoids the above limitation for strict
ground-state cooling by generating entanglement through a spin-dependent force that drives
state-dependent displacements in motional phase space, with the motional degrees of freedom
returning to their initial state at the end of the gate.

The scheme applies a bichromatic laser field (two different frequencies) symmetrically
detuned from the qubit resonance frequency by ±(ωm + δ), where ωm is the frequency of a
collective motional mode and δ ≪ ωm is a small detuning from the sidebands. The combined
effect of the near-resonant red and blue sideband excitations, in the interaction picture and
Lamb–Dicke regime, gives rise to the following Hamiltonian [256]:

H(t) =
1

2

∑

i,m

ηim Ωi σ̂
(i)
ϕ

[
â†m e−iδmt + âm eiδmt

]
, (1.39)

where δm = µ − ωm is the detuning of the bichromatic beatnote µ from mode m, ηim
is the Lamb–Dicke parameter of ion i on mode m, Ωi is the Rabi frequency, and σ̂

(i)
ϕ =

σ
(i)
x cosϕ+ σ

(i)
y sinϕ is a spin operator acting on ion i, with the angle ϕ determined by the

optical phases of the driving fields.
The structure of Eq. (1.39) is that of a driven harmonic oscillator, with the driving

amplitude conditioned on the spin state. To see this, recall that the displacement operator
for a single bosonic mode is defined as

D̂(α) = exp
(
α â† − α∗â

)
, (1.40)

which translates any motional state in phase space: D̂(α) |β⟩ = ei Im(αβ∗) |α+ β⟩ for a coher-
ent state |β⟩, and in particular D̂(α) |0⟩ = |α⟩. Crucially, the displacement is independent of

28



1.3. IMPLEMENTING DISCRETE QUANTUM GATES WITH TRAPPED IONS

the initial state: a thermal mixture is translated by the same amplitude α as the vacuum. A
Hamiltonian that is linear in â and â†, of the form H = f(t) â†+ f∗(t) â, generates precisely

such displacements under time evolution. In Eq. (1.39), the prefactor σ̂
(i)
ϕ makes the driv-

ing amplitude spin-dependent: eigenstates of σ̂
(i)
ϕ with eigenvalues ±1 experience opposite

forces, and hence opposite displacements in the phase space of each motional mode. This
spin-dependent displacement is the mechanism by which the MS gate converts motional
excitations into spin–spin entanglement.

Since H(t) is linear in the bosonic operators within the Lamb–Dicke approximation, it
can be shown that the Magnus expansion terminates exactly at second order [256, 257],
yielding the propagator

Û(τ) = exp


∑

i

ζ̂i(τ) σ̂
(i)
ϕ − i

∑

i<j

χij(τ) σ̂
(i)
ϕ σ̂

(j)
ϕ


 , (1.41)

with two physically distinct contributions. The first-order term ζ̂i =
∑

m[αimâ
†
m −

α∗
imâm] generates spin-dependent displacements in motional phase space, where the dis-

placement amplitude for ion i on mode m is

αim(τ) =
ηim Ωi

2δm

(
1− e−iδmτ

)
. (1.42)

This traces a circular trajectory of radius |αmax| = ηimΩi/(2|δm|) in the phase space of
mode m. The second-order term yields the spin–spin entangling phase

χij(τ) =
∑

m

ηim ηjm Ωi Ωj

δm

(
τ − sin δmτ

δm

)
. (1.43)

For the gate to produce a pure spin–spin entangling operation, the motional modes must
disentangle from the spins at the gate time τg. From Eq. (1.42), the condition αim(τg) = 0
for all i,m requires

δm τg = 2π km, km ∈ Z+. (1.44)

When this condition is satisfied, the operator ζ̂i vanishes and the propagator reduces to

Û(τg) = exp


−i

∑

i<j

χij(τg) σ̂
(i)
ϕ σ̂

(j)
ϕ


 . (1.45)

A maximally entangling gate, equivalent in entangling power to a CNOT, is obtained
when χij = π/4. For ϕ = 0, this gives Û = exp

(
−iπ4σxσx

)
, which maps |↓↓⟩ to the Bell

state (|↓↓⟩ − i |↑↑⟩)/
√
2.

The entangling phase χij has a geometric interpretation [255]: it equals the area enclosed
by the phase-space trajectory of the spin-dependent displacement. Since the displacement
operator D̂(α) shifts any initial state by the same amplitude α regardless of the phonon
number, the enclosed area, and hence χij , is independent of the initial motional occupa-
tion. This renders the MS gate insensitive to the initial thermal state of the motional
modes, requiring only that the Lamb–Dicke approximation η2(2n̄+ 1) ≪ 1 holds. The MS
gate furthermore does not require individual addressing: a single pair of globally applied
bichromatic beams drives the entangling interaction on all ions simultaneously. These ad-
vantages over the Cirac–Zoller scheme have made geometric phase gates, whether in the
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Mølmer–Sørensen (σ̂ϕσ̂ϕ) or light-shift (σ̂zσ̂z) variant [216, 255], the standard approach
for high-fidelity entangling operations in laser-based trapped-ion quantum processors, with
state-of-the-art fidelities exceeding 99.9% [164, 165] and recently 99.99% using electronically
controlled geometric phase gates [168].

1.3.3 Implementing gates with MAGIC

On the MAGIC platform, the magnetic-field-gradient-induced spin–spin coupling derived in
the previous section [cf. Eq. (1.32)] is an always-on ZZ interaction. This interaction can
directly be used to implement entangling two-qubit gates without any driving fields. To

realize a unitary ZZ rotation of the form exp
(
−iθ σ(i)

Z σ
(j)
Z

)
between ions i and j, one first

transfers all other ions into internal states that are, to first order, magnetically insensitive,
effectively decoupling them from the interaction. The Hamiltonian then reduces to

H̃(2) = −ℏ
2
J
(2)
ij σ

(i)
Z σ

(j)
Z , (1.46)

and free evolution for a time T implements the desired gate with rotation angle θ =

− 1
2 J

(2)
ij T . More complex multi-qubit entangling gates can be synthesized by selectively

hiding and unhiding subsets of ions and letting the system evolve freely in an alternating
fashion [235].

Since the microwave driving Hamiltonian on the MAGIC platform, Eq. (1.35), takes the
same form as the standard light–matter interaction Hamiltonian in laser-based trapped-ion
setups [162] (substituting in the effective Lamb-Dicke parameter defined in Eq. (1.27b)),
the full repertoire of driven quantum gates can equally be implemented using microwave
radiation in place of laser fields. In particular, this includes single-qubit rotations via the
carrier transition [Eq. (1.37)], as discussed in Sec. 1.3.1, as well as driven entangling gates
such as the Mølmer–Sørensen gate [159, 160, 248]. An advantage of microwave control is the
elimination of spontaneous photon scattering, which constitutes a fundamental error source
in laser-driven gates [258], together with the high intrinsic stability of microwave sources in
frequency, phase, and amplitude [259, 260].

A relevant source of systematic error in always-on ZZ gates on the MAGIC platform are
undesired longitudinal fields of the form hZ σZ , which shift the ions’ resonance frequencies
and introduce additional unitary contributions exp(−i hZ T σZ) to the gate operation. As
discussed in detail in Ref. [205] and the next chapter, such terms arise naturally from higher-
order contributions in the MAGIC scheme, in particular from phonon-occupation-dependent
corrections to the local fields whose strength increases with chain length and can become

comparable to the two-body coupling J
(2)
ij itself.

To illustrate the impact of such errors, consider the preparation of the Bell state (|00⟩+
|11⟩)/

√
2 via the circuit CNOT1,2 H1 applied to |00⟩, where the CNOT gate is decomposed

into a ZZ rotation and single-qubit operations as [234]

CNOT1,2 = ei(π/4)σ
(1)
Z ei(π/4)σ

(2)
X H2 e

−i(π/4)σ
(1)
Z σ

(2)
Z H2. (1.47)

If the ZZ rotation is contaminated by a spurious local field,

e−i(π/4)σ
(1)
Z σ

(2)
Z → e−i(π/4)σ

(1)
Z σ

(2)
Z e−ihZ(σ

(1)
Z +σ

(2)
Z ), (1.48)

then achieving a Bell-state fidelity above 0.99 requires hZ/J
(2)
12 < 0.05. For a typical coupling

strength of J
(2)
12 /2π = 26.5Hz (realized in Ref. [163]), this translates to hZ/2π < 1.325Hz.
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Fortunately, since these error terms are proportional to σZ , several compensation strate-
gies are available. The most straightforward approach is to absorb the systematic shift into
virtual Z rotations [253], which amounts to a software update of the phase reference and in-
curs no physical overhead. Alternatively, in the presence of microwave driving, the detuning
∆n in Eq. (1.37) can be adjusted to compensate the frequency shift. Finally, dynamical de-
coupling sequences, which are typically already employed on the MAGIC platform to protect
magnetically sensitive qubit states against dephasing [239], simultaneously suppress unde-
sired σZ terms without additional overhead. We discuss such noise suppression strategies
via dynamical decoupling in more detail in Chapter 4.

While these techniques effectively remove the mean contribution of the unwanted local
fields, fluctuations in the phonon occupation number lead to time-dependent residual field
fluctuations that cannot be completely compensated in this way [205]. This underscores the
importance of efficient cooling techniques, such as sympathetic cooling, to minimize phonon
number fluctuations and maintain high gate fidelities, especially when scaling to longer ion
chains.
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Chapter 2

Higher-order effects in
MAGIC-based trapped-ion
platforms

In the previous chapter, we outlined the standard derivation of the effective spin–spin in-
teraction arising in trapped-ion systems subject to a magnetic field gradient, which forms
the basis of the MAGIC scheme for quantum information processing. This interaction was
obtained by expanding both the external potential and the position-dependent Zeeman shift
of the pseudo-spins to leading nontrivial order in the displacements from the ions’ equilib-
rium positions, retaining quadratic terms in the former and linear terms in the latter. While
this truncation is sufficient to capture the dominant two-body Ising coupling that pow-
ers entangling operations on the MAGIC platform, any realistic device unavoidably hosts
higher-order contributions whose role must be understood before scaling to large ion chains
and high-fidelity applications.

Two physically distinct sources of such corrections are illustrated in Fig. 2.1. The first,
shown in panel (b), originates from anharmonicities of the potential energy, in particular
from the cubic term in the expansion of the Coulomb repulsion between ions, but also from
possible anharmonicities in the external trapping potential itself. The second, depicted
in panel (c), arises from a non-vanishing curvature of the applied magnetic field. Both
mechanisms generically generate a richer set of effective interactions than the leading two-

body σ
(i)
Z σ

(j)
Z coupling. As we will see, these include three-body spin–spin interactions,

corrections to local fields, as well as various spin–phonon and phonon–phonon couplings.

In the remainder of this chapter, we systematically investigate these higher-order con-
tributions and estimate their magnitude using parameters representative of current MAGIC
experiments. We will show that most of the resulting terms are negligible compared to
the native two-body interaction, but that two contributions require careful attention: a
phonon-occupation-dependent longitudinal field whose strength grows with chain length,
and the well-known two-to-one phonon conversion process, both of which can be controlled
by sufficient ground-state cooling and standard compensation techniques. Beyond their role
as parasitic corrections, we also briefly comment on whether such higher-order terms could
be purposefully engineered as a resource for quantum information processing.

All content in this chapter is based on Ref. [205].
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Figure 2.1: (a) The Magnetic Gradient Induced Coupling (MAGIC) scheme for trapped-
ion quantum information processing employs a magnetic field gradient, which renders the
resonance frequency of the internal pseudo-spin position-dependent. This couples the spin
to the spatial phonon degree of freedom, which effectively generates a spin–spin coupling
that can be used for entangling gates. In this work, we analyse higher-order contributions
in such a setup, in particular (b) anharmonicities in the vibrational degrees of freedom due
to Coulomb repulsion and (c) curvature of the magnetic field, which can lead to additional
three-body and two-body interactions, local field corrections, as well as spin–phonon cou-
plings.

2.1 Higher-order contributions from the potential en-
ergy

This section is devoted to higher-order terms stemming from the potential energy associated
with the external degrees of freedom of the ions.

We first derive the general form of the leading corrections to the Hamiltonian, giving rise
to three-body spin–spin, spin–phonon, and phonon–phonon couplings (Sec. 2.1.1). Subse-
quently, we address specifically the effects of cubic anharmonicities in the Coulomb repulsion
(Sec. 2.1.2) as well as in the external trapping potential (Sec. 2.1.4). We also discuss the
generalization of these effects when considering transversal phonon modes in Sec. 2.1.3. As
we show by computing their natural strength using experimentally relevant parameters,
they constitute negligible perturbations or can be compensated in typical setups, though in
principle a device specifically designed to enhance these higher-order contributions might
leverage them for quantum information processing tasks.

2.1.1 General third-order expansion of the potential

To start with, we calculate the effect of higher-order contributions of the external potential
acting on the ion crystal. In this section, we focus on the Coulomb repulsion between
ions. These contributions will naturally occur in any trapped-ion setup using a phonon bus,
though we discuss their effect here specifically for the MAGIC platform. We start with
general derivations, which we will adapt also in the next section for anharmonicities in the
trapping potential, and then specialize to the Coulomb repulsion.

Extending the expansion of the potential energy V of a 1D trapped-ion chain given in
Eq. (1.21) up to third order, we obtain
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V (z) = V (z0) + V (2)(z) + V (3)(z) +O(z4)

= V (z0) +
∑

i,j

Aij

2
qiqj +

∑

i,j,k

Bijk

6
qiqjqk +O(q4) , (2.1)

with

Aij =
∂2V

∂qi∂qj

∣∣∣∣
z0

, (2.2)

Bijk =
∂3V

∂qi∂qj∂qk

∣∣∣∣
z0

. (2.3)

The quadratic terms form the harmonic part of the potential [see Eq. (1.24)], whose
eigenmodes will be used to express the higher-order terms. As in the previous section, the
matrix A is diagonalized by the normal modes Q, which are related to the position operators
via Eq. (1.23) and quantized through ladder operators via Eq. (1.25).

The cubic terms Bijk can derive either solely from a higher-order expansion of the
Coulomb potential, or additionally from anharmonicities in the trapping potential. These
scenarios will be analyzed separately later. In principle, the above expansion can be con-
tinued to any desired higher order, but the resulting effects will be subleading (see also
Ref. [261]).

We note that at this order of expansion of the external potential, the axial phonon
modes couple to the transverse modes [229]. Here, we neglect this effect at first, as we
assume (i) axial and transverse modes to typically live at different energy scales and (ii)
the phonon modes to be ground-state cooled. We discuss the contributions from transverse
modes separately in Section 2.1.3.

Inserting the quantized axial normal modes, the anharmonic part of Eq. (2.1) reads

V (3) =
1

6

∑

i,j,k

Bijk

∑

l,r,s

SilSjrSks∆zl∆zr∆zs(a
†
l + al)(a

†
r + ar)(a

†
s + as) . (2.4)

Adding this contribution to the Hamiltonian in Eq. (1.26) and applying the polaron trans-
formation of Eq. (1.27) yields the total Hamiltonian H̃ = H̃(2) + H̃(3) of the system, given
by

H̃ = H̃(2)+
1

6

∑

ijk

Cijk

(
a†i +ai+

∑

n

ϵniσ
(n)
Z

)(
a†j +aj +

∑

n

ϵnjσ
(n)
Z

)(
a†k+ak+

∑

n

ϵnkσ
(n)
Z

)
.

(2.5)
Here, H̃(2) is the standard MAGIC Hamiltonian in Eq. (1.32), resulting from an expansion
of the potential up to second order, and we have defined

Cijk =
∑

mnl

BmnlSmiSnjSlk∆zi∆zj∆zk . (2.6)
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Sorting the terms by their order in the spin interactions, we get

H̃ = H̃(2) + ℏ
∑

i<j<k

J
(3)
ijkσ

(i)
Z σ

(j)
Z σ

(k)
Z

+
1

2

∑

ijk

Cijk

(
a†i + ai

)∑

nm

ϵnjϵmkσ
(n)
Z σ

(m)
Z

+
1

2

∑

ijk

Cijk

(
a†ia

†
j + aiaj + a†iaj + aia

†
j

)∑

n

ϵnkσ
(n)
Z

+
1

6

∑

ijk

Cijk

(
a†ia

†
ja

†
k + aiajak + a†ia

†
jak + a†iaja

†
k

+ aia
†
ja

†
k + a†iajak + aia

†
jak + aiaja

†
k

)
. (2.7)

One of the corrections to the standard MAGIC Hamiltonian H̃(2) is thus a three-body
spin interaction, given by

H̃(3) = ℏ
∑

i<j<k

J
(3)
ijkσ

(i)
Z σ

(j)
Z σ

(k)
Z (2.8)

with three-body interaction strength

ℏJ (3)
ijk =

∑

a,b,c,l,r,s

BabcSalSbrScs∆zl∆zr∆zsϵilϵjrϵks

=
∑

lrs

Clrsϵilϵjrϵks

=
∑

a,b,c

Babc
J
(2)
ia

∂zωa

J
(2)
jb

∂zωb

J
(2)
kc

∂zωc
. (2.9)

In writing Eq. (2.8), we left out contributions to the local fields that arise for two coinciding
indices in the sum. As we will see below, their strength, just like the three-body interaction,
is negligible in realistic situations, but they could also be compensated easily through virtual
Z rotations or by adjusting the frequency detuning in the presence of a microwave driving
field (see Sec. 1.3.1). The other terms (second to fifth row of Eq. (2.7)) describe a coupling of
phonon modes to two-body spin interactions and local fields, as well as the usual anharmonic
phonon term appearing due to anharmonicities of the external potential [229].

2.1.2 Higher-order effects from the Coulomb repulsion

Up to here, the discussion applies to general anharmonicities in the external trapping po-
tential. To obtain concrete order-of-magnitude estimates, we now specialize to the case of
anharmonicities deriving solely from the Coulomb interactions, discussing each of the above
additional contributions term by term. This complements the analysis of Ref. [261], where
the phonon dependency was discussed within a mean field approximation assuming thermal
phonon populations, with qualitatively similar conclusions.

The strength of the additional terms in Eq. (2.7) is determined by the cubic expansion
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coefficients Bijk. From the Coulomb repulsion, they can be evaluated as [229]

Bijk =
−6mω2

z

l

∑

q ̸=i

ui − uq
|ui − uq|5

× (δij − δqj)(δik − δqk) , (2.10)

where l is the characteristic length scale, defined via l3 = e2/(4πϵ0mω
2
z) [219]. We have

further defined dimensionless equilibrium positions by u = z0/l.

Table 2.1: Comparison of always-on interaction strengths in the MAGIC setup with ion
chains of different length (N = 5, 10, 15 ions), different ion species (171Yb+ and 9Be+), and
for two different magnetic field gradients. As qubit states, we consider |F = 0,mF = 0⟩ and
|F = 1,mF = +1⟩ for 171Yb+, and |F = 1,mF = 0⟩ and |F = 2,mF = +1⟩ for 9Be+. The

table lists illustrative values of the maximal and minimal two-body coupling strength |J (2)
ij |,

the maximal three-body coupling strength |J (3)
ijk | due to anharmonicities in the Coulomb

repulsion, as well as the largest local field correction |hzi | =
∑

jk Cjjkϵik for a ground-state
cooled system (which may be amplified by higher phonon mode occupations, see Sec. 2.1.2).
All interaction strengths are given in units of 2π ×Hz.

(a) ∂zB = 19Tm−1

ion species N maxij |J (2)
ij | minij |J (2)

ij | maxijk |J (3)
ijk | maxi |hzi |

171Yb+ 5 26.5 12.9 11.5× 10−6 6.2
171Yb+ 10 18.6 5.8 4.2× 10−6 9.6
171Yb+ 15 15.1 3.7 2.0× 10−6 11.9
9Be+ 5 125.8 61.3 195× 10−6 22.2
9Be+ 10 88.2 27.5 70.8× 10−6 34.1
9Be+ 15 71.5 17.5 34.4× 10−6 42.5

(b) ∂zB = 150Tm−1

ion species N maxij |J (2)
ij | minij |J (2)

ij | maxijk |J (3)
ijk | maxi |hzi |

171Yb+ 5 1650.6 805.1 0.006 49.2
171Yb+ 10 1157.7 361.1 0.002 75.6
171Yb+ 15 938.4 229.7 0.001 94.2
9Be+ 5 7837.3 3822.9 0.1 175.1
9Be+ 10 5496.8 1714.7 0.04 268.9
9Be+ 15 4455.8 1090.8 0.02 335.2

Three-body spin interactions

As a concrete example, we calculate the three-body interaction strength in a one-dimensional
chain of five 171Yb+ ions in an axial harmonic trapping potential of strength ωz = 2π ×
130 kHz and an applied magnetic gradient of 150Tm−1. The numerical computation is based
on a microscopic model of the ion chain, where we first find the ions’ equilibrium positions
and then diagonalize the phonon eigenmodes (see discussion in Sec. 1.1.2), from which we
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can then derive all relevant energy scales. In this example, we find the highest three-body

interaction strength to be J
(3)
145 ≈ 2π × 0.006Hz (J

(3)
125 ≈ −2π × 0.006Hz). Compared to

the smallest two-body interaction strength in the same system, J
(2)
15 ≈ 2π × 805Hz, the

three-body spin interactions introduced by anharmonicities in the Coulomb repulsion are
negligible.

Analogous numerical values for longer ion chains, as well as for a different lighter ion
species (9Be+), are shown in Tab. 2.1. Even though the maximal three-body interaction
strength is an order of magnitude larger for the lighter ions, it is still negligible compared
to the also increased two-body interaction strengths.

Phonon-nonconserving two-body spin interactions

The term in the second row of Eq. (2.7) gives corrections of the form ∼ (a†i + ai)σ
(n)
Z σ

(m)
Z

to the MAGIC two-body spin couplings. Their strength scales as Cijkϵnjϵmk, and is thus

one order in the Lamb–Dicke parameter stronger than J
(3)
ijk . Formally, they are of the same

order in the Lamb–Dicke parameter as the leading two-body interaction J
(2)
ij (Eq. (1.33)).

However, the terms ∼ (a†i + ai)σ
(n)
Z σ

(m)
Z are suppressed by another factor Cijk; even more,

in contrast to J
(2)
ij , they do not preserve phonon number, and can thus safely be neglected

within a rotating wave approximation: In the interaction picture given by the diagonal
phonon Hamiltonian ℏ

∑
n νna

†
nan, the creation and annihilation operators gain a time de-

pendence a†i → eiνita†i . They thus rotate on a time scale significantly faster than Cijkϵnjϵmk.
For instance, in the above example of a chain of five 171Yb+ ions, the strength of the terms
in the second row of Eq. (2.7) is |Cijkϵnjϵmk| ≲ 10−1 Hz. This value corresponds to interac-
tion scales that are weaker than typical coherence times in trapped-ion hardware [262, 263].
Moreover, it is orders of magnitude smaller than even the smallest axial phonon frequency,
ωCOM = ωz = 2π× 130 kHz, such that this contribution can be neglected in a rotating wave
approximation.

Spin-dependent phonon pair production and annihilation

The term in the third row of Eq. (2.7) has parts with different physical interpretation, which
need to be discussed separately. In the same interaction picture as above, the terms creating
(and annihilating) phonon pairs a†ia

†
j (and aiaj) rotate with a frequency νi + νj , which is

much larger than the associated energy scale Cijkϵnk. Again, for the above example with
five ions, we get corrections on the order of |Cijkϵnk| ≲ 1Hz. As the phonon frequencies are
orders of magnitude larger, these terms can again safely be neglected within a rotating wave
approximation.

Spin-dependent phonon hopping

In contrast, the number-preserving terms of the form a†iaj rotate with the frequency |νi − νj |.
For axial phonons and small systems, the difference of phonon mode frequencies is large
(e.g., for a chain of five ions in a trapping potential of ωz = 2π × 130 kHz, phonon modes
are separated by at least about 2π × 80 kHz). Terms with i ̸= j thus still rotate rapidly as
compared to the time scale Cijkϵnk and can be neglected.
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Figure 2.2: Corrections to the local field acting on each ion n (numbered from left to right)

due to the anharmonicity of the Coulomb repulsion,
∑

ik Ciikϵnkσ
(n)
Z [third line in Eq. (2.7)].

Values computed for a chain of 15 171Yb+ ions and plotted over their spatial positions, with
a trapping frequency of ωz = 2π × 130 kHz and magnetic field gradients of (a) 150Tm−1

and (b) 19Tm−1, assuming ground-state-cooled phonons. These corrections are highly
inhomogeneous and can acquire significant values comparable to spin–spin couplings (see
Fig. 1.1). The grey dashed line is a linear fit through the central three ions.

Phonon-occupation-dependent longitudinal field

We are thus left with terms where i = j, which give a correction to the local fields of
strength ∼ ∑

ik Ciikϵnk(2ni + 1), where ni = a†iai. Again, in the example of a chain of five
171Yb+ ions with ωz = 2π × 130 kHz and a magnetic gradient of 150Tm−1, and assuming
zero phonon number excitations (ni = 0), we get corrections on the order of 101 Hz. These
are largest for the outermost ions at the edges of the chain (n = 1 and n = 5), amounting
to
∑

ik Ciikϵnk ≈ ±2π × 49.2Hz. For a magnetic gradient of 19Tm−1, as was used in
previous experiments [163], this magnitude drops to 2π × 6.2Hz. For non-zero phonon
occupation numbers, these additional longitudinal fields get further enhanced by factors of
(2ni + 1) in each term of the summation. The local field corrections are comparable to or
even larger (for non-zero phonon occupation numbers) than the two-body coupling strengths
J (2)/2π ≈ 13Hz − 27Hz. They generate an additional erroneous contribution to the two-
qubit gates when implementing them as explained in Sec. 1.3.3 (the magnitude of such gate
errors has also been previously discussed in Ref. [261]).

In Fig. 2.2, we show the behavior of the local field corrections across a chain of 15 ions
for magnetic field gradients of (a) 150Tm−1 and (b) 19Tm−1. The corrections are largest
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towards the edges of the chain (equal magnitudes with opposite signs) and vanish for the
ion at the center. The magnitude of the correction scales approximately linearly with the
distance to the center of the chain, with larger deviations toward the edges. This is visualized
by the grey dashed line, which is a linear fit through the centermost three ions. Comparing
the largest corrections at the edges of the chain in Fig. 2.2 (b) (≈ 2π × 11.9Hz) to the

spin–spin coupling strengths shown in Fig. 1.1 (b) (J
(2)
max/2π ≈ 15.1Hz), we find them to be

already of the same order of magnitude as the always-on spin–spin couplings for this system
size.

In Fig. 2.3, we plot the scaling of these largest corrections at the edges of the chain
with system size, again for the same values of the magnetic field gradient. We find that
the local field corrections increase with the length of the chain. In contrast, as illustrated
in Fig. 1.1, the spin–spin coupling strengths decrease. Thus, these local corrections become
more relevant as the system size increases. Phenomenologically, we find the scaling behaviour
to be best described by a power law with logarithmic corrections of the form Na log(bN),
with fitting parameters a = 0.18± 0.01, b = 1.38± 0.04 for 150Tm−1 and a = 0.18± 0.01,
b = 1.35± 0.07 for 19Tm−1.

For comparison, Tab. 2.1 shows the maximal (at the edges of the chain) local field
corrections also for chains of lighter 9Be+ ions. For a gradient of 19Tm−1, the corrections
are again on the same order of magnitude as the always-on two-body coupling strengths.
The ratio improves with a larger magnetic field gradient, but worsens with increased chain
length.

The presence of an undesired local field could constitute an issue for the precise function-
ing of two-qubit gates or for the correct definition of cost functions in quantum optimization

[64]. Fortunately, since the associated terms are proportional to σ
(n)
Z , even for nonzero mean

phonon excitation numbers they can be offset by adjusting the detuning of a microwave driv-
ing field from the qubit resonances or performing virtual Z gates [253] (see Sec. 1.3.1). In
typical trapped-ion devices, such a compensation is often routine, even for terms many or-
ders of magnitude stronger than in this case. For instance, in a Mølmer–Sørensen setup on
the axial modes of 40Ca+ ions, undesired off-resonant excitation of dipole transitions can
induce inhomogeneous light shifts on the order of 2 kHz−3 kHz, which need to be calibrated
and compensated [245]. In addition, already simple dynamical-decoupling techniques can
remove undesired terms ∼ σi

Z [132, 261], which will be discussed in more detail in Chapter 4.

While the mean phonon number contribution to these local fields can easily be compen-
sated, phonon number fluctuations remain problematic as they lead to fluctuating shifts.
This underscores the critical importance of cooling techniques, such as sympathetic cooling
[264–266], to minimize these fluctuations and ensure precise gate operations.

Phonon creation, annihilation, and conversion terms

Finally, the last two lines of Eq. (2.7) contain terms that describe the generation/annihilation
of triples of phonons as well as two-to-one phonon conversion, which have been discussed
before in Ref. [229]. The former terms can be neglected since they rotate with at least three
times the trap frequency, which is much larger than the interaction strength Cijk. The
two-to-one conversion terms, however, require careful attention. As long as all modes are
ground-state cooled, these terms vanish. They can also be suppressed by designing the trap
parameters such that the phonon frequencies do not conspire to render such terms resonant.
For the above setup with five ions and a magnetic field gradient of 150Tm−1, the smallest
frequency difference |νi + νj − νk| is about 27 kHz. In this specific case, these terms can
thus safely be neglected even if the chain is not fully cooled into the motional ground state.
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Figure 2.3: Scaling of the largest correction
∑

ik Ciikϵ1kσ
(1)
Z (for the ion at the leftmost

edge of the chain) to the local fields with increasing number of 171Yb+ ions in the chain.
Calculations were done for a vanishing phonon occupation, a trapping frequency of ωz =
2π × 130 kHz, and magnetic gradients of (a) 150 T

m and (b) 19 T
m . The absolute strength

increases with chain length, rendering this correction significant in particular when scaling
to larger ion chains. Numerical fits (grey dashed lines) show a scaling ∼ N0.18 log(1.38N).

Nevertheless, these caveats need to be kept in mind especially when scaling up to large ion
chains, where ground-state cooling becomes more challenging and resonances can appear
more easily.

To summarize this part, among the various corrections to the MAGIC trapped-ion scheme
that derive from a third-order expansion of the Coulomb repulsion, only phonon-number-
dependent longitudinal fields as well as two-to-one phonon conversions can become sizable.
The effect of the former can be compensated via additional virtual Z rotations in the case of
discrete quantum gates [253] or, in applications involving microwave driving, by adjusting
the frequency detuning, while the latter can be avoided by ground-state cooling of the
phonon modes.

2.1.3 Influence of transversal phonon modes

In the previous subsection, we restricted the analysis of cubic Coulomb anharmonicities to
the purely axial modes. As discussed in Sec. 1.2.1, the axial and transversal modes decouple
at second order in the expansion of the potential, but this is no longer the case once cubic
terms are retained. Here, we briefly examine the resulting axial–transversal couplings and
show that they do not alter the conclusions of the preceding analysis.
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For a one-dimensional ion chain in a harmonic trap, the third-order Coulomb contribution
to the potential energy reads [229]

V (3)(q) =
∑

i,j,k

B̃ijk q
(3)
k

(
2 q

(3)
i q

(3)
j − 3 q

(2)
i q

(2)
j − 3 q

(1)
i q

(1)
j

)
, (2.11)

with

B̃ijk =
mω2

z

2l

∑

q ̸=i

sgn(uq − ui) (δij − δqj)(δik − δqk)
(uq − ui)4

, (2.12)

where l3 = e2/4πϵ0mω
2
z is the characteristic length scale and u = q0/l are the dimensionless

equilibrium positions. The first term in Eq. (2.11) involves only axial displacements and
reproduces the contributions analyzed in Sec. 2.1.2. The remaining two terms couple a
single axial displacement to a pair of transversal displacements in the same transversal
direction, reflecting the fact that small radial excursions of the ions modify the Coulomb
potential energy only at second order in the transversal coordinates.

Quantizing the modes and applying the polaron transformation as in Sec. 2.1.2, the
axial–transversal contributions generate two qualitatively new types of terms. The first are
spin-dependent two-phonon processes in the transversal modes,

2∑

α=1

∑

ijk

Cα
ijk

(
a†α,ja

†
α,k + aα,jaα,k + a†α,jaα,k + aα,ja

†
α,k

)∑

n

ϵ
(3)
ni σ

(n)
Z , (2.13)

with coefficients

Cα
ijk = −3∆zi ∆αj ∆αk

∑

mnp

B̃mnp S
(3)
pi S

(α)
mj S

(α)
nk , (2.14)

where S(α) is the mode participation matrix for direction α and ∆αj =
√

ℏ/2mν(α)j . As in

Sec. 2.1.2, the phonon-non-conserving contributions can be dropped within a rotating-wave
approximation, leaving a correction to the local fields of the form

∑

n

σ
(n)
Z

2∑

α=1

∑

ij

Cα
ijj ϵ

(3)
ni

(
2a†α,jaα,j + 1

)
. (2.15)

This contribution is the transversal analogue of the phonon-occupation-dependent longitu-
dinal field identified in Sec. 2.1.2, but it is suppressed relative to the purely axial correction
by a factor ν(3)/ν(α), since the transversal trap frequencies are typically much larger than
the axial one [163, 245]. Its mean effect can again be absorbed by adjusting the microwave
detuning or via virtual Z rotations, while residual fluctuations of the transversal phonon
occupation can still degrade gate fidelity unless the transversal modes are sufficiently cooled.

The second new contribution is a three-body axial–transversal mode coupling,

2∑

α=1

∑

ijk

Cα
ijk

(
a†3,i + a3,i

)(
a†α,j + aα,j

)(
a†α,k + aα,k

)
, (2.16)

which describes the conversion between axial and transversal phonon excitations. For generic
trap parameters and chain lengths, the rotating-wave approximation removes these terms as
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well, but specific combinations of axial and transversal mode frequencies can render some
of them resonant [229]. In such cases, the corresponding processes can still be rendered
harmless by cooling the relevant modes close to their motional ground state.

In summary, the inclusion of transversal modes does not introduce qualitatively new error
mechanisms beyond those identified in the purely axial analysis. The dominant transversal
correction is again a phonon-occupation-dependent longitudinal field, parametrically smaller
than its axial counterpart, and the resonant axial–transversal conversion processes can be
suppressed by ground-state cooling. The conclusions of Sec. 2.1.2 therefore remain valid in
the full three-dimensional setting.

2.1.4 Cubic anharmonicities of the external trapping potential

In addition to the intrinsic anharmonicities given by the Coulomb potential, there could
also be anharmonicities stemming from the external trapping potential. While such effects
are often undesired for quantum logic, anharmonicities can nowadays also be designed and
exploited in a controlled way [267, 268]. Such anharmonic potentials can change the equi-
librium positions of the ions and therefore modify the two-body interactions induced by a
magnetic field gradient. This effect has been investigated in Ref. [223]. Here, we discuss the
role of higher-order terms generated by anharmonicities in the external potential.

To this end, we consider a cubic contribution to the potential energy of the form

V (3)(z) =
∑

n

αn

6
(zn − zn,0)3 , (2.17)

where αn describes the strength of the cubic anharmonicity felt by ion n. Such terms in
the potential energy generate additional three-body spin–spin, spin–phonon, and phonon–
phonon interactions, for which the general considerations discussed in Sec. 2.1.2 apply. Here,
we investigate the resulting three-body spin interaction in more detail.

Inserting the expansion coefficients Bijk = δijδjkαi into Eq. (2.9), the three-spin coupling
coefficients specialize to

ℏJ (3)
ijk =

∑

n

αn

(∂zωn)3
J
(2)
in J

(2)
jn J

(2)
kn . (2.18)

In order to obtain a simple order-of-magnitude estimate for their typical strength, we
first estimate the typical strength of the two-body spin interaction in Eq. (1.33). For this
purpose, we consider only the contribution from the center-of-mass (cm) mode, whose fre-
quency coincides with the trap frequency, νcm = ωz, and whose matrix elements Si,cm

are given by 1/
√
N . Assuming that the gradient of the resonance frequency is the same

for all ions (∂zωi = ∂zω), we have J (2) ≃ ωzϵ
2 with the effective Lamb–Dicke parameter

ϵ = ∂zω∆z/ωz

√
N and oscillator length ∆z =

√
ℏ/2mωz. Combining this expression with

Eq. (2.18), we can estimate the typical strength of the three-body coupling as

ℏJ (3) ≃ 1√
N

α∆z3

ℏωz
ϵ ℏJ (2) =

1√
N
α∆z3ϵ3 , (2.19)

where we have made the additional simplifying assumption that the anharmonicity is the
same at each ion position (αn = α).

One may be tempted to engineer cubic terms in the potential similar to Eq. (2.17) with
the goal of harnessing the resulting three-body spin interaction for quantum information
processing tasks. Unfortunately, as we argue in what follows, this endeavor is unlikely to be
advantageous in practice.

43



CHAPTER 2. HIGHER-ORDER EFFECTS IN MAGIC-BASED TRAPPED-ION
PLATFORMS

To this end, we note that cubic contributions to the potential energy may severely af-
fect the stability of the trap. For instance, an external potential of the form Vtrap(z) =∑

nmω
2
zz

2
n/2 +

∑
n αz

3
n/6 with global anharmonicity α gives rise to terms as in Eq. (2.17)

with αn = α. However, such a potential also shifts the equilibrium positions of the ions.
Thus, in order to prevent ions from being ejected from the trap, the anharmonicity should
be a somewhat small perturbation on top of the harmonic part, such that the potential
still features a local minimum that is sufficiently deep and wide to trap the ions. That is,
the energy scale α∆z3 should be well below the harmonic trapping energy ℏωz, requiring
α∆z3/ℏωz ≪ 1. On the other hand, the three-body interaction should be sufficiently strong
in order to be of practical use. For example, a native three-qubit gate should outperform
the equivalent gate synthesized from a combination of two-qubit gates. Thus, it is desirable
that J (3) = λJ (2) with λ as large as possible (though typically well below unity). The
estimate in Eq. (2.19) can then be expressed as α∆z3/ℏωz = λ

√
N/ϵ. As noted before,

stability of the trapping potential requires this quantity to be sufficiently small, enforcing
the hierarchy λ = J (3)/J (2) ≪ ϵ/

√
N . This means that the three-qubit interaction is bound

to be weaker than the two-qubit interaction by a factor well below ϵ/
√
N , which in realistic

setups amounts to a suppression by at least one, if not several, orders of magnitude.

To circumvent the stability issues described above, one may attempt to engineer the
terms in Eq. (2.17) locally, i.e., without affecting the equilibrium positions of the ions, as
may be possible, e.g., in segmented ion traps [267]. However, from a practical point of
view, the electrodes creating such local potentials cannot be placed arbitrarily close to the
ions, but require a certain minimum distance, which is typically large compared to the
spacing between ions [267]. Consequently, it becomes difficult to create localized features
varying on the scale of the oscillator length ∆z, which is much smaller than the distance
between ions. For example, it appears challenging to engineer localized external potentials
stronger than the intrinsic Coulomb potential created by the ions themselves. Even if the
strength of the local cubic potential was comparable to the characteristic energy scale of the
anharmonic part of the Coulomb repulsion in Eq. (2.10), α∆z3 = 6mω2

z∆z
3/l ≈ 0.004 ℏωz,

the maximum three-body coupling strength would amount to only J
(3)
max/2π ≈ 0.3Hz in a

chain of N = 5 ions with trapping frequency ωz/2π = 130 kHz and magnetic field gradient
∂zB = 150Tm−1, which is too low for typical applications. For comparison, a potential with
a global cubic anharmonicity of the same strength would induce equally weak three-body
interactions, but would not be able to trap the ions for the above parameters in its local
minimum.

To sum up, while cubic anharmonicities can in principle be a route to engineering three-
body interactions in the MAGIC setup, the comparatively slow three-qubit interaction rate
and the substantial experimental overhead of realizing the required cubic anharmonicities
in a stable way limit the practical use of this scheme. After all, our discussion reveals that
moderate cubic anharmonicities typically have a negligible parasitic impact on the standard
MAGIC setup.

2.2 Contributions from magnetic field curvature

While anharmonicities in the external potential of the ion crystal appear in any trapped-ion
platform, a higher-order contribution specific to the MAGIC setup originates from higher-
order spatial derivatives of the magnetic field. To evaluate their effect, we expand the
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magnetic-field-dependent resonance frequency of the ions [see Eq. (1.19)] up to second order,

ω(zn) = ωn + ∂zω(zn)
∣∣∣
zn,0

(zn − zn,0) +
1

2
∂2zω(zn)

∣∣∣
zn,0

(zn − zn,0)2 +O
(
z3n
)
. (2.20)

The Hamiltonian Hint in Eq. (1.20), describing the internal energy of the ion chain, then
becomes

Hint = −
ℏ
2

∑

n

(
ωn + ∂zωnqn +

1

2
∂2zωnq

2
n

)
σ
(n)
Z . (2.21)

Inserting again the quantized normal modes, the internal energy Hamiltonian reads

Hint =−
ℏ
2

∑

n

ωnσ
(n)
Z − ℏ

2

∑

nl

∂zωnSnl∆zl
(
a†l + al

)
σ
(n)
Z

− ℏ
4

∑

nlr

∂2zωnSnlSnr∆zl∆zr
(
a†l + al

)(
a†r + ar

)
σ
(n)
Z . (2.22)

Performing, as before, the polaron transformation to decouple phonons and spins in the
first order terms, Eq. (1.27), we obtain the total Hamiltonian H̃ = H̃(2) + H̃(3) with

H̃(3) = −ℏ
4

∑

nlr

∂2zωnSnlSnr∆zl∆zrσ
(n)
Z

(
a†l + al +

∑

i

ϵilσ
(i)
Z

)(
a†r + ar +

∑

j

ϵjrσ
(j)
Z

)
.

(2.23)

Again, H̃(2) is the standard MAGIC Hamiltonian, while H̃(3) are the corrections due to the
expansion of the magnetic field up to third order. We can sort all terms by their power in
the spin operators and write

H̃ = H̃(2) − ℏ
4

∑

ijk

J
(3)
ijkσ

(i)
Z σ

(j)
Z σ

(k)
Z

− ℏ
2

∑

ijlr

C̃ilrϵjr
(
a†l + al

)
σ
(i)
Z σ

(j)
Z

− ℏ
4

∑

ilr

C̃ilr

(
a†l a

†
r + a†l ar + ala

†
r + alar

)
σ
(i)
Z ,

(2.24)

where we defined

C̃ilr = ∂2zωiSilSir∆zl∆zr . (2.25)

Analogously to the discussion of Sec. 2.1.2, the terms in the second row give corrections

to the two-body spin interactions of the form (a†l + al)σ
(i)
Z σ

(j)
Z . Again, these do not preserve

phonon numbers and can be neglected within a rotating wave approximation. The terms
in the third row only give corrections to local fields of strength ∼ C̃irr(2nr + 1) with nr =
a†rar (neglecting phonon-number-non-preserving terms as before), which can be offset by
microwave detunings or neglected for small magnetic field curvatures (C̃irr ∝ ∂2zωi). Due to
the different origin of the higher-order terms as compared to Sec. 2.1.2, there are no cubic
phonon terms in this expansion.
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The remaining effective three-spin interaction is

H̃(3) = −ℏ
4

∑

ijk

J
(3)
ijkσ

(i)
Z σ

(j)
Z σ

(k)
Z (2.26)

with the three-body coupling strength

J
(3)
ijk =

∑

lr

∂2zωiSilSir∆zl∆zrϵjlϵkr . (2.27)

The form of this term differs from the ones in the previous section [Eqs. (2.9) and (2.18)],
since it did not derive from a contribution ∝ x3, but rather ∝ x2σz.

By defining γn = ∂2zωn/(∂zωn)
2, i.e., the ratio between the magnetic field curvature and

the square of the gradient, and using the spin–spin coupling strength given in Eq. (1.33),
one can write this interaction even more compactly as

J
(3)
nij = γnJ

(2)
ni J

(2)
nj . (2.28)

Notably, J
(3)
nij = J

(3)
nji, but in general J

(3)
nji ̸= J

(3)
jni. One can symmetrize the 3-body coupling

strength to

J̃
(3)
ijk = γiJ

(2)
ij J

(2)
ik + γjJ

(2)
ji J

(2)
jk + γkJ

(2)
ki J

(2)
kj , (2.29)

which assumes a form similar to that obtained in Ref. [269] for a trapped-ion system driven
close to the second sideband.

In analogy to the procedure for anharmonic external potentials in Sec. 2.1.4, the typical
strength of the three-body coupling induced by the magnetic field curvature can be estimated
as

J (3) =
1√
N

∂2zω∆z

∂zω
ϵ J (2) =

1

N
∂2zω∆z

2ϵ2 . (2.30)

Remarkably, this quantity scales quadratically with the effective Lamb–Dicke parameter ϵ
and thus with the magnetic field gradient, similar to the two-body coupling J (2).

For a potential application of this “magnetic curvature induced three-body coupling” in
quantum information processing, the second derivative of the local resonance frequency ∂2zω
over length scales on the order ∆z should be sufficiently large. However, similarly as for the
local cubic potentials discussed in Sec. 2.1.4, in practice it is very hard to engineer magnetic
field distributions with sufficiently sharp localized features.

Instead, we consider in what follows a global magnetic field curvature of the form B(z) =
B0 + (∂zB z + ∂2zB z

2/2)êz + O(z3). Unlike higher-order terms in the external potential,
higher-order contributions to the magnetic field do not alter the equilibrium positions of the
ions as they act on the internal degrees of freedom, but they can lead to a position-dependent
magnetic-field gradient ∂zB(zn). As an example, we consider a magnetic field curvature of
∂2zB ≃ 103 Tm−2, which can be reached using suitably designed Halbach magnets [270]. If
the ion chain is centered around the origin, the variation of the magnetic field gradient is
negligible, ∂B(zn)/∂z = ∂zB+zn∂

2
zB ≈ ∂zB, since the spacing between ions is on the order

of 10µm. In addition, for five171Yb+ ions with a magnetic field gradient of ∂zB = 150Tm−1

and a trap frequency of ωz/2π = 130 kHz, we obtain three-body coupling strengths of only
J (3) ∼ 2π × 10−5 Hz, which is orders of magnitude too low for practical use. Nonetheless,
this example underlines that, as long as the magnetic field gradient does not significantly
vary on length scales comparable to the oscillator length ∆z, parasitic effects from nonlinear
gradients can safely be neglected in the standard MAGIC scheme.

46
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INTERACTIONS ON TRAPPED-ION PLATFORMS

2.3 Comparison to existing schemes for generating higher-
order interactions on trapped-ion platforms

As shown above, higher-order terms in the MAGIC setup naturally lead to three-body inter-
actions and spin–phonon couplings. We have found that the three-body interaction strength
is negligible compared to the two-body interactions for realistic experimental setups. For in-
stance, the corrections arising due to inherent anharmonicities in the Coulomb repulsion only
produce a three-body interaction strength on the order of 10−2 Hz for typical parameters
(see Sec. 2.1.2).

However, since such types of interactions are key ingredients in applications ranging from
quantum simulation of topological and Peierls phase transitions [271, 272] and lattice gauge
theories [273–275] to improved schemes of quantum annealing [203, 276], one may wonder
if there are alternative feasible ways to engineer such interactions and how the achievable
interaction strengths compare to the ones we have discussed above.

Indeed, various proposals have been designed for this purpose specifically with trapped-
ion setups in mind. One rather generally applicable approach relies on obtaining three-body
interactions perturbatively from two-body terms, e.g., via an energy penalty [277] or via
a high-frequency expansion based on Floquet engineering [278]. The 3-body interaction in
Ref. [277] arises from perturbation theory, combining an effective magnetic field acting on the
pseudo-spins, ∼ K, and a Mølmer–Sørensen interaction ∼ J . These interactions are further
suppressed by another Mølmer–Sørensen interaction ∼ V , generated by an additional pair
of beams, which is assumed to be the largest energy scale. Within perturbation theory, the
3-body strength is therefore of order KJ/V . The numerics in Ref. [277] show that values of
around J = K = 0.3V are sufficient to enter the relevant perturbative regime. Assuming
that V corresponds to reasonably achievable interaction strengths from Mølmer–Sørensen
gates on the order of ∼ 2π × 1 kHz, this results in a three-body interaction strength on the
order of 0.32 V ≈ 2π × 0.1 kHz. As a feature of the approach in Ref. [277], in the effective
Hamiltonian the two-body interactions play no role any more.

Other approaches are based on continuously and simultaneously addressing the first and
second sideband [269, 274], which results in the simultaneous presence of terms that are

formally similar to the terms qnσ
(n)
Z and q2nσ

(n)
Z that appear in Eq. (2.21). In this approach,

the ability to use large Rabi frequencies on the first and second sideband enables large three-
body interactions whose strength can be tuned to match that of the two-body interactions.
The authors of Ref. [269] discuss how the dipole force can be adapted, assuming reasonable
trap frequencies ∼ 10MHz, laser detunings ∼ 1.25MHz, and stiffness parameter ∼ 0.05,
to reach a three-body interaction strength of about 2π × 0.1 kHz, and, by relaxing trap
frequencies or designing specific microtraps, even up to about 2π × 1.6 kHz [269].

A further promising proposal has recently been put forward based on a combination
of discrete, spin-dependent displacement and squeezing pulses [279]. In a chain of four
171Yb+ ions, the authors estimate the gate time of a fully entangling three-qubit gate,

U = exp
(
− iπ4σ

(i)
Z σ

(j)
Z σ

(k)
Z

)
, to be T ≈ 130 µs for feasible setups with laser-based control,

corresponding to a three-body coupling strength on the order of 2π × 1 kHz.

The above three proposals rely only on ingredients already demonstrated in trapped
ions, though their combination to obtain a three-body interaction has thus far not been
demonstrated in experiment.

Finally, a standard way that is always possible given a universal gate set is to engineer
unitary three-qubit interactions through a combination of two-qubit and single-qubit gates.

For example, a term of the form σ
(i)
Z σ

(j)
Z σ

(n)
Z can be realized using four Mølmer–Sørensen
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gates; an explicit gate-level construction is given in Sec. 5.1.5. Neglecting the gate time
of single-qubit operations, one can associate an effective three-body strength to this gate
sequence of order J (3) = J (2)/4, which is a rather sizable interaction strength. As the
unitary three-body gate is generated exactly in this case, there are no additional two-body
interactions.

In addition to three-spin interactions, there are also interesting applications involving

higher-order products of spin and phonon operators, such as terms of the form aiajσ
(n)
Z or

aiσ
(n)
Z σ

(m)
Z . Above, we have seen that the higher-order expansion can generate such terms as

small corrections. In Ref. [273], it has been shown how these terms can be used to quantum
simulate a lattice version of quantum electrodynamics. In that work, it was found that
near-resonant addressing of first and second sidebands may generate interaction strengths
up to 2π × 120Hz.
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Chapter 3

Quantum optimization

This chapter establishes the theoretical background on quantum annealing and related op-
timization algorithms used in the remainder of this thesis, and introduces the specific opti-
mization problems that will serve as benchmarks in later chapters. The first part, Sec. 3.1,
develops the framework of quantum annealing, covering the encoding of classical optimiza-
tion problems into cost Hamiltonians, the standard annealing protocols, the adiabatic theo-
rem, and the role of the relevant energy scales in determining annealing performance. The
second part, Sec. 3.2, presents a collection of combinatorial optimization problems that will
be revisited throughout the thesis. These range from the analytically tractable paradigmatic
ferromagnetic p-spin model and a geometrically local Ising model, over problems with direct
industrial relevance such as multiple object tracking and the cutting stock problem, to the
canonical NP-complete 3-SAT problem and a selection of further problems whose natural
formulation is polynomial rather than quadratic. The chapter closes with Sec. 3.3, in which
we briefly review two gate-based algorithms closely related to quantum annealing, Trotter-
ized quantum annealing and the quantum approximate optimization algorithm (QAOA),
which provide the digital counterparts to the analog protocols discussed earlier.

This chapter is based on material in Refs. [144, 203, 204].

3.1 Quantum annealing

In this section, we introduce the basic framework of quantum annealing as used throughout
this thesis. We first describe in Sec. 3.1.1 how a classical combinatorial optimization problem
is encoded into a quantum cost Hamiltonian whose ground state represents the solution. We
then introduce in Sec. 3.1.2 the standard annealing protocols considered in the rest of the
work, and discuss in Sec. 3.1.3 the adiabatic theorem, which sets a sufficient condition on
the sweep duration for the system to remain in its instantaneous ground state during the
evolution. The remaining subsections analyze the characteristic energy scale of the cost
Hamiltonian (Sec. 3.1.4) and how to choose the strength of the driving Hamiltonian relative
to it (Sec. 3.1.5).

We briefly remark on the terminology used in this thesis. Adiabatic quantum compu-
tation (AQC), in its original formulation [30], refers to a model of quantum computation
in which the system is initialized in the ground state of a driving Hamiltonian and slowly
evolved toward the ground state of a problem Hamiltonian, with the adiabatic theorem
guaranteeing that excited states remain unpopulated throughout the protocol. We use the
term quantum annealing in a broader sense: it includes AQC as the strict-adiabatic limit,
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but also encompasses protocols in which transitions to higher excited states are allowed,
whether as a deliberate computational resource or as an unavoidable consequence of finite
sweep durations, environmental noise, and limited control fidelity on physical hardware.
Throughout this thesis, we use the two terms interchangeably whenever the distinction is
unnecessary, and reserve the adjective “adiabatic” for statements that explicitly assume or
require strict ground-state evolution.

3.1.1 From classical cost functions to cost Hamiltonians

The starting point of quantum annealing is a classical combinatorial optimization problem
formulated over a set of N binary variables xi ∈ {0, 1}, i = 1, . . . , N . The objective is to
minimize a real-valued cost function C(x) defined on the Boolean hypercube {0, 1}N . When
C(x) is at most quadratic in the binary variables, the problem is known as a quadratic
unconstrained binary optimization (QUBO) problem and can be written in the canonical
form

C(x) =
∑

i≤j

Qij xixj , (3.1)

with real coefficients Qij . Diagonal entries Qii encode local biases (since x2i = xi for
binary variables), while off-diagonal entries encode pairwise couplings between variables.
More generally, when C(x) contains products of three or more binary variables, the problem
is referred to as a polynomial unconstrained binary optimization (PUBO) problem, with

k-body terms of the form Q
(k)
i1···ik xi1 · · ·xik . Cost functions of PUBO type are discussed in

Chapter 5.
To make the optimization problem accessible to the quantum annealing algorithm, the

classical binary variables are promoted to mutually commuting quantum-mechanical oper-
ators acting on a register of N qubits. Throughout the majority of this thesis we adopt
the Pauli convention, in which each binary variable is identified with a Pauli-z operator σ̂z

i

(with eigenvalues ±1) via
xi −→

1− σ̂z
i

2
, (3.2)

so that the eigenvalue +1 of σ̂z
i corresponds to xi = 0 and the eigenvalue −1 to xi = 1.

An equivalent alternative used in Chapter 5 is the spin- 12 convention, in which the binary
variables are first mapped to classical Ising spins si =

1
2 − xi ∈ {± 1

2} and then promoted to
spin operators ŝzi with eigenvalues ± 1

2 ,

xi −→ 1
2 − ŝzi . (3.3)

The two mappings are related by ŝzi = σ̂z
i /2 and are therefore equivalent up to a rescaling

of the resulting coupling constants; in particular, neither mapping changes the degree of the
underlying optimization problem.

Substituting Eq. (3.2) into the QUBO cost function (3.1) and using (σ̂z
i )

2 = 1 yields the
cost Hamiltonian

Ĥcost =
∑

i<j

Jij σ̂
z
i σ̂

z
j +

∑

i

hzi σ̂
z
i , (3.4)

which is diagonal in the computational basis. The effective two-body couplings Jij and
longitudinal fields hzi are linear combinations of the original QUBO coefficients,

Jij =
Qij

4
, hzi = −Qii

2
− 1

4

∑

j ̸=i

Qij , (3.5)
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where in the second expression Qij is understood as symmetrized, Qij = Qji for i ̸= j.
The substitution also produces an overall constant, which we omit since it merely shifts the
spectrum and does not affect the eigenstates of Ĥcost. By construction, the ground state of
Ĥcost encodes the solution of the original QUBO problem. Higher-order cost functions of
PUBO type translate analogously into cost Hamiltonians containing k-body products of σ̂z

operators of the same degree as the original polynomial, as we discuss in Sec. 3.2.5 for the
3-SAT problem and in Chapter 5.

In certain situations, it is advantageous to encode the optimization problem entirely in
terms of two-body (and higher-order) interactions by absorbing the local fields into couplings
with an additional ancilla qubit a. This is achieved by the substitution hzi σ̂

z
i → Jai σ̂

z
aσ̂

z
i

with Jai = hzi , yielding the modified cost Hamiltonian

Ĥcost =
∑

i<j

Jij σ̂
z
i σ̂

z
j + σ̂z

a

∑

i

Jai σ̂
z
i . (3.6)

The driving Hamiltonian is correspondingly extended to act on the ancilla as well, and
the system is initialized in the equal superposition over all N + 1 qubits. As a consequence
of this reformulation, Ĥcost is invariant under a global flip of all σ̂z operators (including the
ancilla), so that a previously unique ground state of the original cost Hamiltonian becomes
two-fold degenerate. Either of the two ground states yields the solution to the original
problem, since the measured ancilla outcome determines whether the remaining qubits must
be flipped. A key benefit of this encoding is that fluctuating local fields, which constitute a
significant noise source on, for example, trapped-ion platforms (see Chapter 1), are decoupled
from the problem itself and can be mitigated by dynamical decoupling sequences applied
during the annealing protocol, as discussed in Chapter 4.

3.1.2 Quantum annealing protocols

The basic idea of quantum annealing is to evolve the system from an easily prepared ground
state of a driving Hamiltonian Ĥdrive into the desired ground state of Ĥcost, which encodes
the solution to a classical combinatorial optimization problem (see previous section), by adi-
abatically changing Hamiltonian parameters. The driving Hamiltonian must not commute
with the cost Hamiltonian, and its ground state should be easy to prepare. A standard
choice is a uniform transverse field,

Ĥdrive = −hx
∑

i

σ̂x
i , (3.7)

whose ground state is the uniform superposition |+⟩⊗N
(for hx > 0). Below we discuss

two simple annealing protocols which will be utilized in the rest of this work. Section 3.1.3
then explains the adiabatic theorem, which gives a bound on how fast a quantum annealing
algorithm can be run.

The standard annealing protocol considers a linear sweep from Ĥdrive to Ĥcost, where
the instantaneous Hamiltonian reads

Ĥ(s) = (1− s) Ĥdrive + s Ĥcost , (3.8)

where s = t/T ∈ [0, 1] is the time in units of the sweep duration T . At s = 0, the Hamiltonian

reduces to the drive Hamiltonian and the system is initialized in its ground state |+⟩⊗N
.

By the adiabatic theorem (see next section), if the sweep is sufficiently slow, the system
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remains in the instantaneous ground state throughout the evolution and reaches the ground
state of Ĥcost at s = 1.

An alternative formulation keeps the cost Hamiltonian at unit strength throughout the
annealing protocol and only tunes down the strength of the drive Hamiltonian:

Ĥ(s) = Ĥcost + C(s) Ĥdrive , (3.9)

where C(s) is a monotonically decreasing control function satisfying C(0) = 1 and C(1) = 0.
For the standard linear schedule, C(s) = 1 − s. Unlike the symmetric interpolation (3.8),
the cost Hamiltonian is present from the outset, so the initial ground state of Ĥ(0) =

Ĥcost + C(0) Ĥdrive is no longer exactly the uniform superposition |+⟩⊗N
. Instead, |+⟩⊗N

is only an approximate ground state whose accuracy improves with increasing strength of
the driver Hamiltonian hx; in the limit hx →∞, the driver dominates and the exact ground
state is recovered. In practice, hx is chosen large enough so that the resulting infidelity of the
initial state is negligible compared to other sources of error. At the end of the anneal (s = 1),
the Hamiltonian reduces to the cost Hamiltonian and the solution state is reached if the speed
of the protocol satisfies the adiabatic theorem. This modification of the standard quantum
annealing protocol can be useful in situations where the strength of the cost Hamiltonian
can not be modified, or it is more convenient to leave the cost Hamiltonian constant. This is
for example the case for trapped-ion platforms utilizing magnetic-gradient-induced-coupling
(MAGIC), which we discussed in Chapter 1. In this case there is an always present all-to-all
interaction between qubits, into which an optimization problem can be encoded.

Numerous extensions and variations of the basic quantum annealing protocol have been
proposed to improve performance in practice. Nonlinear annealing schedules redistribute
the evolution time so as to slow down near small spectral energy gaps and speed up in more
favorable regions [280, 281]. Reverse annealing initializes the system in a classical candidate
state and temporarily increases quantum fluctuations (strength of the drive Hamiltonian)
to enable local exploration before re-annealing, effectively implementing a quantum local
search [282–284]. Inhomogeneous driving, where the transverse-field strengths vary from
qubit to qubit, has been shown to yield improvements of several orders of magnitude in
the probability of finding the solution state for certain problem classes [285, 286] (see also
discussion in Sec. 5.2). Counterdiabatic (or shortcut-to-adiabaticity) protocols add auxiliary
driving terms designed to suppress diabatic transitions to excited states, thereby enabling
high-fidelity ground-state preparation at shorter annealing times [287–289].

A further strategy is to augment the annealing Hamiltonian with a so-called catalyst
Hamiltonian Ĥcat,

Ĥ(s) = sĤcost + (1− s) Ĥdrive + λ(s) Ĥcat , (3.10)

where λ(s) is a time-dependent coefficient that vanishes at the beginning and end of the
protocol, λ(0) = λ(1) = 0, so that the catalyst is only active during the intermediate stage
of the annealing sweep. Due to this choice the ground state at the beginning and end of the
annealing sweep remains unchanged. For certain problems the catalyst Hamiltonian can be
chosen in a specific way in order to permit significantly faster annealing sweeps [195]. We
will discuss the role of catalyst Hamiltonians and their impact on annealing performance in
more detail in Sec.5.3.

3.1.3 Adiabatic theorem

According to the adiabatic theorem, the system remains in its instantaneous ground state
during a quantum annealing sweep (and the final state thus corresponds to the desired

52



3.1. QUANTUM ANNEALING

ground state of Ĥcost), provided the Hamiltonian changes sufficiently slowly such that the
adiabatic condition holds [185–188]:

tsweep ≫ ℏ max
s∈[0,1]

∣∣〈n(s)
∣∣dĤ(s)/ ds

∣∣ 0(s)
〉∣∣

∆E2
n0(s)

, ∀n ≥ 1 . (3.11)

Here, ∆En0(s) denotes the energy difference between the n-th instantaneous excited state
|n(s)⟩ and the instantaneous (non-degenerate) ground state |0(s)⟩.

It should be noted that adiabaticity may not strictly be necessary for a successful an-
nealing sweep. In fact, the search for optimized (non-adiabatic) annealing schedules and
tighter bounds for the minimal quantum annealing time is an active field of research, see for
example Refs. [290–292].

An order-of-magnitude estimate of the sweep duration required for a successful adiabatic
evolution can be extracted directly from the right-hand side of Eq. (3.11). In this work, we
employ the following simplified sufficient condition for adiabaticity:

tsweep ≫ ℏ
V

∆E2
≡ T . (3.12)

Here, ∆E = mins∈[0,1] ∆E10(s) denotes the minimum energy gap between the instan-
taneous ground state and the first excited state along the annealing path, while V =

maxs∈[0,1]

∣∣∣⟨1(s) |dĤ(s)/ ds | 0(s)⟩
∣∣∣ captures the maximum magnitude of the driving-induced

coupling between these two levels (if the first excited state is degenerate, the maximum is
taken over the degenerate manifold). We will refer to the right-hand side of Eq. (3.12) as
the adiabaticity time T .

The adiabaticity time provides a useful figure of merit for quantifying the computational
hardness of a given annealing protocol: a larger T implies that a slower sweep, and hence a
longer coherent evolution, is needed to maintain adiabaticity. We note, however, that evalu-
ating T requires knowledge of the instantaneous energy spectrum along the entire annealing
path, which in practice must be obtained numerically, e.g., through exact diagonalization.
This limits the applicability of T as a diagnostic tool to moderate system sizes.

For hard optimization problems, the minimum gap is expected to close exponentially
with the problem size N ,

∆E = ϵ e−αN , (3.13)

with a characteristic energy scale ϵ and an exponent α > 0, a hallmark of a first-order
quantum phase transition [293]. By contrast, the matrix element V in the numerator of
Eq. (3.12) scales at most with the norm of the Hamiltonian, i.e., as O(N) for extensive
systems. The adiabaticity time is therefore dominated by the exponential closing of the gap
and grows as T ∝ e2αN , up to polynomial corrections. Since this scaling is governed by ∆E,
the minimum gap can be used as the primary figure of merit for the difficulty of solving a
given optimization problem via quantum annealing.

3.1.4 Characteristic energy scale

So far, the annealing Hamiltonians in Eqs. (3.8)-(3.10) have been written without an explicit
physical energy scale: the couplings Jij and local fields hzi in Ĥcost (and also higher-order
coupling in the case of PUBO) refer to the optimization problem alone, and the overall
normalization is conventional. To make contact with a physical implementation, we factor
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out a global energy scale J (with units of frequency; ℏ = 1) and write the physical annealing
Hamiltonian as

Ĥphys(t) = J Ĥ(t), (3.14)

where Ĥ(t) is dimensionless. The constant J is fixed by the hardware platform: it is the
maximum two- or higher-order interaction strength that can be physically realized.

A natural normalization convention is to fix the largest dimensionless coupling to unity.
For the quadratic cost Hamiltonian of Eq. (3.4) (QUBO), this corresponds to

max
ij
|Jij | = 1, (3.15)

so that J coincides exactly with the maximum two-body coupling rate of the device. By
construction, all remaining dimensionless absolute couplings are then bounded by unity
and lie automatically within the physical capabilities of the platform. The same applies to
the longitudinal fields hzi , which on most hardware platforms, including MAGIC, can be
implemented at rates well above the engineered spin-spin couplings.

The energy scale J also sets the time scale of the annealing dynamics. The physical
sweep duration is

Tphys = t/J, (3.16)

where t is the dimensionless sweep duration appearing in the annealing schedule. A larger
value of J therefore translates directly into a proportionally shorter physical anneal, which
makes the maximization of J within the hardware constraints a primary objective in the
design of an analog quantum annealer.

For PUBO problems, the cost Hamiltonian generally contains k-body terms of differ-
ent orders, which we discuss in detail in Chapter 5. On essentially all current quantum
hardware, the rates associated with k-body interactions decrease with the interaction order
k. On the MAGIC platform considered in Chapter 1, the higher-order spin-spin couplings
arise as perturbative corrections to the leading two-body interaction and are therefore in-
trinsically weaker, as derived in Chapter 2. On digital platforms, multi-qubit operations
require deeper gate compilations than two-qubit gates and consequently take longer to ex-
ecute. The highest-order interaction present is therefore always the slowest one and sets
the bottleneck for the achievable physical anneal time. The dimensionless cost Hamiltonian
should accordingly be normalized to this term,

max |J (kmax)| = 1, (3.17)

so that J corresponds to the maximum physical rate of kmax-body interactions. Lower-order
couplings, being implementable at comparatively higher rates, do not impose additional
constraints on the schedule.

The driver strength hx in Ĥdrive = −hx
∑

i σ̂
x
i plays a fundamentally different role from

J . Although hx is also bounded from above by hardware limitations, the driving field is in
practice implemented through a global laser or microwave pulse, whose Rabi frequency can
be made significantly larger than any engineered spin-spin coupling. To good approximation,
hx can therefore be regarded as a free parameter of the annealing schedule rather than as
a hardware-fixed energy scale. For the symmetric protocol of Eq. (3.8), a natural choice is
hx = J , that is, hx = 1 in dimensionless units, which ensures that the driver and the cost
Hamiltonian contribute with comparable weight along the sweep. We motivate this choice
in the next section. For the modified protocol of Eq. (3.9), in which Ĥcost is present at
all times, hx instead enters as an additional optimization parameter whose optimal value
depends on the problem instance and on the annealing schedule, as discussed in Chapter 4.
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Figure 3.1: Influence of the driving strength on the minimum energy gap and the adiabatic-
ity time for a linear annealing schedule (1 − s)hxĤ ′

drive + sJĤ ′
cost. The cost Hamiltonian

Ĥcost = JĤ ′
cost corresponds to the PUBO encoding of a random 3-SAT instance generated

by uniquePT1 with N = 6 variables and has characteristic energy scale J = maxijk |J (3)
ijk |.

The driving Hamiltonian Ĥdrive = hxĤ ′
drive = −hx∑i σ̂

x
i represents a uniform transverse

field of strength hx. The minimum energy gap ∆E increases monotonically with the driving
strength (red curve), while the adiabaticity time T , corresponding to the right-hand side of
(3.12), exhibits a minimum at hx/J ≈ 1.05 (blue curve).

3.1.5 Optimal driving Hamiltonian strength

The strength hx of the driving Hamiltonian Hdrive is a free parameter that can be tuned to
optimize the performance of the annealing schedule. In what follows, we discuss how the
choice of the driving strength hx influences the size of the minimum energy gap and the
annealing performance for the symmetric annealing protocol defined in Eq. (3.8).

To this end, we introduce the dimensionless cost Hamiltonian Ĥ ′
cost = Ĥcost/J and the di-

mensionless driving Hamiltonian Ĥ ′
drive = Ĥdrive/h

x, expressed in units of the characteristic
energy scale J and driving strength hx, respectively. Consider now the dimensionless Hamil-
tonian Ĥ ′(g) = Ĥ ′

cost + gĤ ′
drive and let us assume that the energy gap between the ground

state and the first excited state of Ĥ ′(g) becomes minimal at the (a priori unknown) critical
value gc. Writing the instantaneous Hamiltonian for the linear annealing schedule in Eq. (3.8)
as Ĥ(s) = sJĤ ′

cost +(1− s)hxĤ ′
drive, the relative strength gc between Ĥcost and Ĥdrive, and

thus the minimum energy gap, is reached at the time sc = (hx/J)/(gc + hx/J) during the
annealing sweep. The instantaneous Hamiltonian at this time reads Ĥ(sc) = scJĤ

′(gc).
Consequently, the minimum energy gap ∆E of the dimensionful Hamiltonian Ĥ relates to
the dimensionless gap ∆E′

c of Ĥ ′(gc) as

∆E/J = sc∆E
′
c =

hx/J

gc + hx/J
∆E′

c . (3.18)

This relation shows that the minimum energy gap increases monotonically with the driving
strength hx and saturates at J∆E′

c for large hx/J , as illustrated in Fig. 3.1 for a single
3-SAT instance (see Sec. 3.2.5 for a discussion of the 3-SAT optimization problem).

Despite the monotonic behavior of the minimum energy gap, a larger driving strength
does not necessarily result in a better annealing performance. This is because a large value of
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hx/J results in a steep ramp, making the schedule less adiabatic. Formally, this can be seen
by examining the adiabatic condition in Eq. (3.12). As shown in Fig. 3.1 for a single 3-SAT
instance, the adiabaticity time reaches a minimum where hx and J become of comparable
strength.

To understand this behavior, it is instructive to write the adiabatic condition in Eq. (3.12)
as

tsweep ≫ T = ℏ
V

∆E2
≈ ℏ

J

∆E2

(
V ′
cost +

hx

J
V ′
drive

)
. (3.19)

Here, we have used the triangle inequality to separate the contributions of the cost
and driving Hamiltonian to the quantity V into V ′

cost = maxs | ⟨1(s)| Ĥ ′
cost |0(s)⟩ | and

V ′
drive = maxs | ⟨1(s)| Ĥ ′

drive |0(s)⟩ |, assuming a linear annealing schedule. This approxi-
mation becomes exact in the limit of either small or large hx/J . For small hx/J , the
contribution of V ′

drive can be neglected and the adiabaticity time is dominated by the be-
havior of the minimum energy gap according to Eq. (3.18), causing the adiabaticity time to
diverge for hx/J → 0. For large hx/J , the adiabaticity time is dominated by the linearly
increasing second term in Eq. (3.19). The optimal driving strength corresponds to a tradeoff
between these two scenarios.

As this discussion shows, for a linear annealing schedule, the driving strength hx should
be chosen of comparable magnitude as the characteristic energy scale J of the cost Hamil-
tonian. The optimal value for hx depends on (generally unknown) problem characteristics.
For the specific instance used in Fig. 3.1, we find an optimal value of around hx/J ≈ 1.05.
We checked that also for other problem instances the generic choice hx = J used throughout
this work for the standard linear annealing schedule is not far from the optimal condition
for adiabaticity.

However, we emphasize again that the discussion in this section only applies to the
annealing schedule in Eq. 3.8. For the modified schedule in Eq. 3.9, the driving strength
should generally be chosen larger than J , with the optimal value being highly problem
dependent (see Chapter 4).

3.2 Benchmark models and combinatorial optimization
problems

This section serves as a reference for the problems that will be revisited as benchmarks and
test cases in the remainder of this thesis. The first two examples, the ferromagnetic p-spin
model (Sec. 3.2.1) and a geometrically local Ising model of Ref. [294] (Sec. 3.2.2), are not
classical optimization problems in the usual sense, but rather many-body Hamiltonians with
specific properties, due to which they serve as valuable benchmarks for quantum annealing:
their amenability to analytical or symmetry-reduced numerical treatment makes them ideal
testbeds for studying spectral properties, finite-size scaling, and the role of non-stoquastic
protocols. We then turn to two problems of direct industrial relevance, multiple object
tracking (MOT) (Sec. 3.2.3) and the one-dimensional cutting stock problem (Sec. 3.2.4),
for which we construct minimal QUBO instances that are tractable on near-term hardware.
The section continues with 3-SAT (Sec. 3.2.5), the paradigmatic NP-complete problem of
computer science, which we use as a benchmark for higher-order interactions in the cost
Hamiltonian via its natural PUBO encoding. We close in Sec. 3.2.6 with a brief survey of
further problems that admit a natural PUBO formulation, included for completeness.

56



3.2. BENCHMARK MODELS AND COMBINATORIAL OPTIMIZATION PROBLEMS

3.2.1 p-spin model

A paradigmatic cost Hamiltonian frequently employed as a benchmark for quantum anneal-
ing is the ferromagnetic p-spin model (p ≥ 2), defined by

Ĥcost = −N
(

1

N

N∑

i=1

σ̂z
i

)p

. (3.20)

The ground state of this Hamiltonian is trivially identified: for odd p it is the fully
polarized state with all spins pointing up, while for even p both fully polarized states with
all spins up and all spins down are degenerate ground states. For p = 2, the model reduces
to the Lipkin-Meshkov-Glick (LMG) model [295–297]. In the limit p → ∞, the energy
landscape becomes flat for all states except the ground state(s), and the model effectively
recovers the Grover search problem [192].

Despite its trivial solution, the p-spin model exhibits rich behavior when subjected to a
transverse-field driving Hamiltonian, making it a valuable testbed for quantum-optimization
algorithms. Its fully connected, all-to-all interaction structure renders mean-field theory
exact in the thermodynamic limit [192, 195, 298], allowing for analytical treatment via
semiclassical methods. The standard quantum annealing protocol with a transverse-field
driver encounters a first-order quantum phase transition for p ≥ 3, accompanied by an
exponentially small minimum energy gap [192]. This exponential gap closure implies that
an adiabatic protocol would require a runtime growing exponentially with system size N .

Importantly, the p-spin model has served as the test problem for several strategies aimed
at circumventing such first-order transitions in quantum annealing protocols. Non-stoquastic
annealing Hamiltonians have been shown to soften the first-order transition to a second-
order one for suitably designed protocols [195]. Since the gap at a second-order transition
closes only polynomially with system size, this constitutes an exponential enhancement of
annealing performance [196]. We will discuss non-stoquastic annealing protocols in more
detail in Chapter 6.

The key feature enabling efficient numerical treatment of the p-spin model is its permu-
tation symmetry: since the cost Hamiltonian (6.6) depends only on the collective magneti-
zation

∑
i σ̂

z
i , it commutes with all pairwise spin permutation operators. The same holds

for the standard transverse-field driver Ĥdrive = −∑i σ̂
x
i , and therefore for the total time-

dependent annealing Hamiltonian. Consequently, the dynamics can be restricted to the fully
symmetric subspace of the N -qubit Hilbert space.

This subspace is spanned by the Dicke states |S,m⟩ with S = N/2, which are the

simultaneous eigenstates of Ŝ and Ŝz, with the collective spin operators defined as

Ŝα =
1

2

N∑

i=1

σ̂α
i , α ∈ {x, y, z} , (3.21)

satisfying Ŝ2 |S,m⟩ = S(S + 1) |S,m⟩ and Ŝz |S,m⟩ = m |S,m⟩, where m = −S,−S +
1, . . . , S. Each Dicke state |N/2,m⟩ is the equal-weight symmetric superposition of all
computational basis states with exactly k = N/2 +m spins pointing up,

|N/2,m⟩ =
(
N

k

)−1/2 ∑

permutations with
k=N/2+m spins up

|↑ · · · ↑↓ · · · ↓⟩ . (3.22)

57



CHAPTER 3. QUANTUM OPTIMIZATION

Expressed in the Dicke basis, the cost Hamiltonian of the p-spin model takes the form

Ĥcost = −N
(
2Ŝz

N

)p

= − 2p

Np−1

(
Ŝz
)p
, (3.23)

while the transverse-field driving Hamiltonian becomes (hx = 1)

Ĥdrive = −2Ŝx. (3.24)

The action of the driver on the Dicke states can be calculated using the collective raising
and lowering operators Ŝ± = Ŝx ± iŜy:

Ŝx |S,m⟩ = 1

2

(√
S(S + 1)−m(m+ 1) |S,m+ 1⟩+

√
S(S + 1)−m(m− 1) |S,m− 1⟩

)
.

(3.25)
The projection into the permutation-invariant subspace of the total Hilbert space then

reduces the dimension from 2N toN+1, enabling exact numerical diagonalization for systems
of hundreds of qubits.

For even values of p, the Hamiltonian possesses an additional symmetry: the parity (or
spin-flip) operator

Π̂ =
N∏

i=1

σ̂x
i , (3.26)

which flips all spins simultaneously. Its action on the Dicke states is Π̂ |S,m⟩ = |S,−m⟩,
allowing the construction of parity eigenstates

|S,m⟩± =
1√
2

(
|S,m⟩ ± |S,−m⟩

)
, (3.27)

for m > 0 and the |S, 0⟩+ = |S, 0⟩ state belongs exclusively to the positive-parity sector.
Working within a definite parity sector further reduces the Hilbert space dimension to (N +
1)/2 for odd N , and N/2 + 1 for even N , the extra state in the latter case being the

unpaired Dicke state |S, 0⟩. Notably, the standard quantum annealing initial state |+⟩⊗N
,

being the ground state of the transverse-field driving Hamiltonian, satisfies Π̂ |+⟩⊗N
=

+ |+⟩⊗N
and thus belongs to the positive-parity sector (as well as the permutation-invariant

subspace). Since [Π̂, H(t)] = 0 throughout the annealing protocol (for even p), the dynamics
remains confined to the positive-parity subspace, and it is this sector alone that needs to be
diagonalized for even p.

3.2.2 Geometrically local Ising model

Here we discuss a specific geometrically local Ising model constructed by Albash in Ref. [294].
This model was designed such that a standard transverse-field annealing protocol develops a
minimum energy gap that closes exponentially with system size, arising from a perturbative
level crossing near the end of the anneal. Remarkably, augmenting the schedule with a
suitably chosen non-stoquastic catalyst was reported to split this crossing into a sequence
of avoided crossings, potentially yielding a polynomially closing minimum gap [294]. The
model therefore serves as a natural benchmark for the role of non-stoquasticity in quantum
annealing (see Sec. 5.3), a question we will discuss in detail in Chapter 6. Compared to the p-
spin model of the previous section, the local Ising model is also closer to typical experimental
settings, as it lacks permutation symmetry, involves only two-body interactions, and is
defined on a graph with geometrically local connectivity.
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Figure 3.2: Graph of the cost Hamiltonian Hcost of Eq. (3.28) for system sizes N = 8, 10,
and 12, following Ref. [294]. Each graph consists of two rings of N/2 qubits connected by two
inter-ring bonds at diametrically opposite positions. Solid gray lines denote ferromagnetic
couplings Jij = −1, dashed black lines ferromagnetic couplings Jij = −1/2, and dashed red
lines antiferromagnetic couplings Jij = +5/6 on the two inter-ring bonds. The site labels
define the numbering convention used in our numerics.

Geometry and cost Hamiltonian. The model is defined on a graph consisting of two
rings of N/2 qubits each (the model is only well-defined for even N), joined by two inter-ring
bonds at diametrically opposite positions, as illustrated in Fig. 3.2 for N = 8, 10, and 12.
We label the sites i = 0, . . . , N − 1, with the upper ring comprising sites 0, . . . , N/2− 1 and
the lower ring comprising sites N/2, . . . , N − 1, arranged such that site i and site i + N/2
sit at mirror-symmetric positions on the two rings. The cost Hamiltonian reads

Hcost =
∑

⟨i,j⟩
Jij σ̂

z
i σ̂

z
j , (3.28)

where the sum runs over nearest-neighbor pairs ⟨i, j⟩ on the graph. The couplings take
three distinct values, indicated by different line styles in Fig. 3.2: ferromagnetic bonds with
Jij = −1 (solid gray), weakened ferromagnetic bonds with Jij = −1/2 (dashed black), and
antiferromagnetic bonds with Jij = +5/6 on the two inter-ring links (dashed red). This
coupling pattern was engineered in Ref. [294] so that two competing low-energy classical
configurations become nearly degenerate, which is the mechanism responsible for the per-
turbative crossing mentioned above.

Discrete symmetries. Although Hcost is not permutation-symmetric, it is invariant un-
der two commuting Z2 symmetries. The first is the global spin flip

Π̂ =

N−1∏

i=0

σ̂x
i , (3.29)

which commutes with Hcost because each term in Eq. (3.28) contains an even number of
Pauli Z operators. The second is the exchange of the upper and lower rings, implemented
by the ring-swap operator P̂swap that permutes sites i and i+N/2 for all i = 0, . . . , N/2−
1. The graph and its coupling pattern are manifestly invariant under this exchange, so
[P̂swap, Hcost] = 0.
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It is convenient to write a computational basis state as |a, b⟩ with a, b ∈ {0, 1}N/2 denoting
the bitstrings on the upper and lower ring, respectively. The two symmetry operators then
act as

Π̂ |a, b⟩ = |ā, b̄⟩ , (3.30)

P̂swap |a, b⟩ = |b, a⟩ , (3.31)

where ā denotes the bitwise complement of a. Both operators square to the identity and
commute with each other, generating the abelian group

G = {1, Π̂, P̂swap, Π̂P̂swap} ∼= Z2 × Z2 . (3.32)

The driver Hamiltonian used in the standard annealing schedule (Eq. (3.7)) is also invariant
under G, so G is a symmetry of the full time-dependent Hamiltonian throughout the anneal-
ing protocol. In Chapter 6 we will extend the standard annealing protocol with a so-called
catalyst term (see also Sec. 5.3) to study non-stoquastic annealing. We will see that this
catalyst fulfills the same symmetries of the local Ising model, so that the discussion in this
section remains applicable.

Reduction to the symmetric sector. Since G commutes with the full Hamiltonian at
all times, the Hilbert space decomposes into invariant sectors labeled by the simultaneous
eigenvalues (±1,±1) of (Π̂, P̂swap). The annealing protocol starts from the initial state

|+⟩⊗N
, which is the uniform superposition over all computational basis states and therefore

a +1 eigenstate of both symmetry operators. Consequently, the dynamics remains confined
to the (+1,+1) sector, which we refer to as the symmetric sector, and it is sufficient to
diagonalize the Hamiltonian within this subspace.

An orthonormal basis of the symmetric sector is obtained by partitioning the 2N com-
putational basis states into orbits under the action of G and assigning, to each orbit O, the
normalized equal superposition

|O⟩ = 1√
|O|

∑

|s⟩∈O
|s⟩ . (3.33)

Each |O⟩ is manifestly invariant under every element of G, orbits with disjoint supports
yield orthogonal states, and any vector in the symmetric sector can be expanded as a linear
combination of such orbit states. The dimension d of the symmetric sector is therefore
equal to the number of orbits, which, by Burnside’s lemma, equals the average number of
computational basis states fixed by the elements of G.

A direct enumeration of fixed points gives the following results. The identity fixes all 2N

basis states. The spin flip Π̂ fixes no state, since no bitstring is equal to its own complement.
The ring-swap P̂swap fixes the 2N/2 states satisfying a = b, and the combined operation

Π̂P̂swap fixes the 2N/2 states satisfying a = b̄. Burnside’s lemma then yields

d =
1

|G|
∑

g∈G

|Fix(g)| = 1

4

(
2N + 0 + 2N/2 + 2N/2

)
= 2N−2 + 2N/2−1 , (3.34)

which approaches 2N/4 at large N . Although the reduction is only by a constant factor,
so that the symmetric-sector dimension remains exponential in N , it extends the range of
system sizes accessible to exact diagonalization by around two qubits, which is still useful
for studying finite-size scaling effects.
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3.2.3 Multiple Object Tracking

Multiple Object Tracking (MOT) is a fundamental computer vision problem that involves
identifying and following multiple objects of interest across consecutive video frames [299].
The task requires solving two key challenges: first, detecting objects in each frame, and
second, associating these detections across frames to form coherent trajectories or tracks.
A detection refers to a localized object instance in a single frame (typically represented
by a bounding box) [300], while a track represents the temporal sequence of detections
corresponding to the same object as it moves through the scene. The association step
(determining which detections in consecutive frames belong to the same object) naturally
leads to complex combinatorial optimization problems. These problems become particularly
challenging in crowded scenes with occlusions, appearance changes, and false positive detec-
tions, making MOT a computationally demanding task that often requires solving NP-hard
assignment problems [301].

In the context of quantum annealing, focusing on the challenge of associating given de-
tections to coherent tracks, a QUBO formulation offers a suitable framework. To construct
the QUBO instance, we follow the approach discussed in Ref. [302], which scales linearly
with the number of detections, tracks, and frames and could, in principle, scale to industry-
relevant problem sizes. As this will serve as an initial test problem for practical quantum
annealing protocols in the presence of noise in Chapter 4, we introduce simplifying assump-
tions to reduce the problem size. A related work, which focuses on fast, online algorithms,
is presented in Ref. [303].

General QUBO formulation

Figure 3.3: Two frames of a video from Refs. [304, 305] with pedestrians walking in front of
the camera. The color of the bounding boxes identifies the persons. Two frames with two
detections each can be formulated as a QUBO problem with four binary variables.

The QUBO formulation of the MOT problem consists of two parts: a cost term that
evaluates the similarity between detections from different frames, and a penalty term that
enforces constraints on the solution vector. The output of the annealing protocol is a binary
vector indicating the track assignment for each detection. For a given frame f , a fixed
number of tracks T , and Df detections in the frame, we denote a binary vector as

x(f) ∈ {0, 1}DfT , (3.35)
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which encodes detections as

x
(f)
k·T+l = 1 ←→ Detection k in frame f is in track l. (3.36)

To ensure a valid assignment, we impose two constraints, both expressible as a linear
system (Ax = b): each detection k must be assigned to exactly one track l, and each track
must receive exactly one detection per frame:

T−1∑

l=0

x
(f)
k·T+l = 1 ∀k ∈ {0, ..., D − 1}, (3.37)

D−1∑

k=0

x
(f)
k·T+l = 1 ∀l ∈ {0, ..., T − 1}. (3.38)

Figure 3.3 illustrates this encoding for pedestrian tracking. This formulation does not
yet account for hidden objects or false detections. These can be handled by introducing
dummy tracks and detections; additional variables that are excluded from the constraints
by increasing T and D accordingly.

Since the objective term addresses how likely detections from different frames correspond
to the same object, a geometric cost can be introduced by assuming limited pedestrian speed,
making nearby bounding boxes in consecutive frames more likely to match. This is quantified
using the ratio between the area of intersection and the area of union for two bounding boxes
B1 and B2:

G(B1, B2) :=
|B1 ∩B2|
|B1 ∪B2|

. (3.39)

Furthermore, a measure of visual similarity C can be obtained by taking the cosine
similarity between features fk1 , fk2 ∈ R1024 that are extracted from a pre-trained neural
network [306]:

C(fk1
, fk2

) :=
fTk1

fk2

||fk1
|| · ||fk2

|| . (3.40)

The indices k1, and k2 refer to different detections. The associated cost is considered only if
both detections are included in the same track. This similarity cost is also used in Ref. [307].

To combine geometric and visual similarity, we take a weighted sum. In our implemen-
tation, both components contribute equally. Calling m and l the indices corresponding to
sorting detections k1 and k2 to track t, respectively, the considered cost function is

Wm,l =
1

2
C(fk1

, fk2
) +

1

2
G(Bk1

, Bk2
). (3.41)

To combine the objective and the constraints (Eqs. (3.37) and (3.38)) into a single QUBO
problem, we apply the penalty method. For a sufficiently large penalty parameter λ ∈ R+,
the constrained optimization problem is equivalent to the unconstrained QUBO problem

argmin
{x∈{0,1}n|Ax=b}

xTWx

= argmin
{x∈{0,1}n}

xTWx+ λ||Ax− b||2. (3.42)
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While λ can be chosen arbitrarily large in theory, in practice, smaller values that still
enforce the constraints are preferred, as large penalties may effectively amplify hardware
noise and reduce precision. Furthermore, the problem exhibits a symmetry: in pedestrian
tracking videos, the identities (or colors) of the tracked objects can be permuted; the track
numbering is arbitrary. To break this symmetry, we fix the assignment in the first frame.
This is done by setting the corresponding binary entries in the solution vector, which has
the added benefit of reducing the QUBO size.

Minimal MOT instance with four qubits

We construct the smallest non-trivial example by considering the MOT problem with only
two frames, two tracks (T = 2), and two detections (D = 2). The binary solution vector
would be 8-dimensional (x = (x(1),x(2))T , see Eq. (3.35)). By exploiting the symmetry
under permutation of tracking labels, we reduce the problem to four dimensions by fixing
the first four entries of the solution vector. This breaks the degeneracy and ensures a unique
solution. The fixed assignment, consistent with the constraints in Eqs. (3.37) and (3.38),

is chosen arbitrarily as x
(1)
1 = x

(1)
4 = 1 and x

(1)
2 = x

(1)
3 = 0. We then solve only for the

remaining four-dimensional vector x(2). Formulating the constraints as a linear system of
equations Ax(2) = b, we get




1 1 0 0
0 0 1 1
1 0 1 0
0 1 0 1


x(2) =




1
1
1
1


 . (3.43)

Since we fixed the assignments of detections to tracks on the first frame, the objective
part W of the cost function in Eq. (3.42) reduces to only local field terms which depend on
the chosen scene. For this minimal problem with four qubits, all two-body interactions in
the total QUBO instance are only defined by the constraints and consequently identical for
all chosen scenes and frames. In the MOT instance corresponding to Fig. 3.3, the objective
is given by W ≈ (−2.18,−0.95,−0.58,−2.26).

To write Eq. (3.42) as a cost Hamiltonian for quantum annealing, we translate the
Boolean variables to quantum spins via the transformation xi → (1+σz

i )/2 (see Sec. 3.1.1).
The penalty factor λ in Eq. (3.42) has a large effect on the minimal energy gap in the
corresponding quantum annealing protocol and thus has to be chosen carefully [203, 308].
For this small problem instance, we can simulate the annealing sweep numerically and choose
a value which is close to optimal (λ = 2.5). For larger systems, there are different heuristics
available for choosing a sensible value (e.g., see Ref. [309]). Finally, when utilizing the
minimal MOT instance for our numerical simulations in Chapter 4, we always consider a
quadratized cost Hamiltonian with only two-body interactions and no biases, which can be
obtained by introducing an ancilla qubit as discussed in Sec. 3.1.2.

For the minimal problem described above, we then obtain the following five-qubit cost
Hamiltonian

Hcost/J =




0 −0.87 −0.38 −0.23 −0.91
0 0 1 1 0
0 0 0 0 1
0 0 0 0 1
0 0 0 0 0



, (3.44)

which we write in units of the relevant characteristic energy scale, i.e., the maximal realizable
two-body coupling strength J := maxij |Jij | (see discussion in Sec. 3.1.4). This energy scale
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Figure 3.4: Final fidelities achieved for different total linear annealing sweep durations for
the MOT QUBO problem with 9 qubits. We consider the modified annealing protocol
defined in Eq. 3.9. We compare the (noiseless) performance of the annealing protocol when
choosing different hyperparameters, namely the strength of the penalty term λ in the QUBO
problem (Eq. (3.42)) as well as the strength of the driver Hamiltonian hx/J (Eq. (3.7)). The
vertical red dashed line denotes the sweep time 2.6J−1 used in our numerical simulations
in Chapter 4. In an intermediate regime of medium-slow sweeps, it can be beneficial to
carefully tune these hyperparameters, either through a variation of test runs or heuristic
methods for finding optimal penalty parameters.

depends on the considered hardware platform. We discussed details for trapped-ion hardware
using magnetic gradient-induced couplings in Chapter 1.

MOT instance with nine qubits

We now construct the next largest MOT QUBO instance, which requires 9 qubits in our
encoding (see Sec. 3.1.2). The 9-qubit instance is generated by adding a third frame to
the video sequence used for the minimal problem (Fig. 3.3). Following the same pattern as
before, we consider the first, third, and fifth frame of the video, which yields a 9-qubit QUBO
formulation when encoded exclusively through two-body interactions. In the construction
of the QUBO problem we rescale the off-diagonal elements of the objective by a factor of
0.5, which corresponds to giving a larger weight to the overlap with the detections in the
first fixed frame, encoded in the diagonal elements (Eq. (3.41)). For this particular instance
we observe slightly increased annealing performance with this rescaling and the remaining
chosen parameters (see below). The resulting 9 × 9 QUBO matrix, where entries equal to
one correspond to constraint terms and the remaining entries encode the objective function,
is
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Hcost/J =




0 −0.96 −0.55 −0.43 −0.99 −0.84 −0.89 −0.38 −0.97
0 0 1 1 0 −0.19 0 −0.04 0
0 0 0 0 1 0 −0.19 0 −0.04
0 0 0 0 1 −0.05 0 −0.18 0
0 0 0 0 0 0 −0.05 0 −0.18
0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0




. (3.45)

The optimal penalty factor λ for the QUBO problem (see Eq. (3.42)) varies between
problem instances and must be determined individually. For this 9-qubit problem, we select
λ = 3, which provides good annealing performance at the reference time of 2.6J−1 used
throughout Chapter 4. Similarly, the optimal transverse driving strength hx (Eq. (3.7))
differs from the minimal problem: while the 5-qubit instance performed well with hx/J = 3,
we use hx/J = 2 here to achieve a final noiseless fidelity of approximately 0.74.

Figure 3.4 shows the final noiseless fidelities for various combinations of driving strength
and penalty factor across different sweep durations (with 2.6J−1 marked by the red vertical
dashed line). The parameter landscape reveals that optimal parameter choices can vary
with annealing time, and no single combination remains optimal across all durations. In
experimental practice, multiple annealing runs with varied parameters would be performed,
potentially guided by heuristic methods for penalty factor estimation [309].

For the numerical simulations in Chapter 4, we employ hx/J = 2 and λ = 3 without
further optimization, as these parameters yield sufficiently good results for the primary
objective of demonstrating the efficacy of dynamical decoupling for quantum annealing with
tractable instances of industrially-relevant optimization problems.

It is interesting to study how the number of required qubits increases when considering a
larger number of frames and detections in the MOT problem. The number of binary variables
for larger object tracking problems in this formulation can be obtained from Eq. (3.35). If
we have a number of T tracks on a sequence of F frames, each with the same number of
detections Df that belong to the same persons, one would need FDfT binary variables, i.e.,
the number of qubits needed scales linearly with the problem parameters.

For larger sequences, it is also beneficial to have a maximal frame gap, so that we stop
calculating similarity scores for frames that are far apart from each other. An advantage of
this method is that if a track for a person terminates and at some frame, which is further
away than the maximal frame gap, a new person enters the frame, then one can use the same
ID [302]. The two persons are then separated in a post-processing phase. Some benchmark
results showing how classical solvers perform on the more challenging MOT20 dataset are
given in Ref. [310].

3.2.4 Cutting stock problem

In this section we give a brief overview over the industrially relevant cutting stock problem
[311], which will be used in addition to MOT as a benchmark problem in Chapter 4. The
one-dimensional (1D) cutting stock problem asks to minimize the waste when cutting a
number di of bar stock with required lengths li from a number N of larger bars with a fixed
length L. We want to optimize the assignment xi,k ∈ Z of the pieces to be cut out for the
demand type i ∈ {1, ...,m} to the different larger bar stock {1, ..., Q} as
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argmax
x∈ZN

m∑

i=1

Q∑

k=1

lixi,k, (3.46)

with the constraints

m∑

i=1

lixi,k ≤ L ∀k ∈ {1, ..., Q}, (3.47)

Q∑

k=1

xi,k ≤ di ∀i ∈ {1, ...,m}. (3.48)

In this description, all feasible assignments have the same objective energy. In order to
have binary variables for the assignment x, we ignore that pieces have a common length and
instead model every required piece with an entry i ∈ {1, ..., m̃ :=

∑
j dj} so that every piece

is demanded only once and d̃ := 1. The problem is closely related to the binary multiple
knapsack problem, for which QUBO formulations have already been proposed and studied
[312–314].

An important step for the reformulation of Eq. (3.46) into a QUBO problem is to turn
all inequality constraints into equality constraints, which can be achieved by using slack
variables s:

Ax− b ≤ 0⇔ Ax− b = s. (3.49)

The slack variables are non-positive and are restricted to values

si ∈ Si := {(Ax− b)i|x ∈ F}, (3.50)

where F is the feasible set for x. One usually has to implement integer si variables via a
binary representation

si = −
Bmax∑

k=0

2ks
(k)
i , (3.51)

where s
(k)
i ∈ {0, 1} and Bmax is the minimal number of binary bits needed to represent the

possible range of slack variables si. Note that it does not invalidate the method if the binary
decomposition can attain values that are even smaller than the values present in Si.

After this process the inequality is effectively reformulated as an equality, which can
be integrated in the QUBO problem via penalty terms as in Eq. (3.42). Lower bounds for
the penalty parameters of the multi-knapsack problem have already been computed, which
can be directly applied to our setting [315]. Alternatives to implement inequalities without
additional slack variables are, e.g., the unbalanced penalization formulations [316] or by the
use of an ancillary qudit in discretized quantum optimization schemes [317].

The slack variables contribute the most to the scaling in dimension. For each inequality,
one estimates the largest value the slack variable can attain and then chooses the correspond-
ing number of bits in the binary representation. Due to the inequality given by Eq. (3.47),
we would need 1+⌊log2(L)⌋ slack variables for every bar stock and because of the inequality
given by Eq. (3.48), 1 + ⌊log2(di)⌋ slack variables for every demanded piece i. However, the
latter inequalities can also be incorporated without slack variables as we will show now.
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For problem instances with multiple larger bars, the inequalities in Eq. (3.48) become
nontrivial. In the case with two bars, they read

x1,1 + x1,2 ≤ 1, (3.52)

x2,1 + x2,2 ≤ 1. (3.53)

Fortunately, one does not need to use slack variables. Instead, one can just add terms
λ(x1,1x1,2+x2,1x2,2) to the QUBO. This is also described as Transformation #2 in Ref. [318].
The same procedure can also be generalized for larger numbers of bars by adding

m∑

i=1

((
Q∑

k=1

xi,k

)(
Q∑

k=1

xi,k

)
−

Q∑

k=1

x2i,k

)
. (3.54)

Minimal cutting stock problem instances

For benchmarking purposes, it is useful to construct 1D cutting stock problems that have a
low qubit requirement. We explicitly construct two trivial cutting stock problems requiring
four and five binary variables, respectively, which we use in Chapter 4 to test a dynamical
decoupling protocol. The problems are illustrated in Fig. 3.5. The smaller QUBO problem
is constructed to answer the following simple question: Given a single bar of length L = 3
and required pieces of lengths l1 = 1 and l2 = 1 with demand d1 = d2 = 1, what should
be cut out to maximize the length of cut out pieces? Now the binary variable x1 := x1,1
indicates if the first piece will be cut out and x2 := x2,1 indicates if the second piece will be
cut out. The inequalities defined in Eq. (3.48) are trivially fulfilled, since there is only one
larger bar stock. There is only one length constraint (Eq. (3.47)). It reads

1x1 + 1x2 ≤ 3. (3.55)

At the next step, we look at the smallest value that 1x1+1x2− 3 can attain. This is −3
if both binary variables are zero. Therefore, we will need 1 + ⌊log2(3)⌋ = 2 slack variables.
Using binary representation, we obtain the linear equality

(
1 1 1 2

)



x1
x2
s1
s2


 =

(
3
)
. (3.56)

The matrix incorporating the constraints in the QUBO problem can now be obtained as
ATA− diag(AT b+ bTA), if the equality constraint in Eq. (3.56) is denoted as Ax = b. This
calculation results in the matrix

Qconst. = λ




−5 1 1 2
1 −5 1 2
1 1 −5 2
2 2 2 −8


 . (3.57)

The objective part has to be included as a matrix with diagonalW = (−1,−1, 0, 0) in the
QUBO matrix. Converting the QUBO with λ = 1 (chosen for good annealing performance)
to an Ising problem and including an ancilla qubit to avoid bias terms yields the coupling
matrix
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Figure 3.5: Illustration of the small cutting stock toy problems. a) and b) show problem
instances which require four and five qubits, respectively. When encoding the problem into
two-body interactions only, an additional ancilla qubit is required (Eq. (3.6)). In both cases,
the trivial optimal solution is that every required piece will be cut out from the larger bar.

Hcost/J =




0 −1 −1 −0.5 −1
0 0 0.5 0.5 1
0 0 0 0.5 1
0 0 0 0 1
0 0 0 0 0



. (3.58)

The slightly larger problem which is constructed with five binary variables answers the
following question: Given a bar of length L = 4 and required pieces of lengths l1 = 2 and
l2 = 2 with demand d1 = d2 = 1, what should be cut out to maximize the length of cut out
pieces? We still have two binary variables xi, which determine if the piece i is cut out or
not. The matrix describing the size constraints can be constructed in a similar fashion as
above. Since we have changed the length to L = 4, we need 1+⌊log2(4)⌋ = 3 slack variables,
resulting in the equality:

(
2 2 1 2 4

)




x1
x2
s1
s2
s3




=
(
4
)
. (3.59)

In the same way as in Eq. (3.57), this equality yields the contribution
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Qconst. = λ




−12 4 2 4 8
4 −12 2 4 8
2 2 −7 2 4
4 4 2 −12 8
8 8 4 8 −16




(3.60)

to the QUBO matrix. The objective part is a diagonal matrix with entries W =
(−2,−2, 0, 0, 0). Finally, choosing the penalty strength λ = 1, converting to an Ising problem
and adding an ancilla variable yields the cost Hamiltonian

Hcost/J =




0 0.33 0.33 0.25 0.5 1
0 0 0.33 1.67 0.33 0.67
0 0 0 1.67 0.33 0.67
0 0 0 0 1.67 0.33
0 0 0 0 0 0.67
0 0 0 0 0 0



. (3.61)

3.2.5 3-SAT

In this section we give the background on the paradigmatic 3-SAT optimization problem,
which will be utilized as a benchmark problem in Chapter 5, when discussing the influence of
PUBO cost Hamiltonians for quantum annealing. Given a Boolean formula, the satisfiability
problem (SAT) poses the decision problem whether there is an assignment of truth values
such that the formula evaluates to true. In the case of k-SAT, the formula takes the form
of a conjunction of M logical clauses Cm,

C1 ∧ C2 ∧ ... ∧ CM , (3.62)

with each clause being composed of a disjunction of k literals chosen from a set of N
Boolean variables xi and their negations ¬xi. An example clause for k = 3 is

Cm(xi, xj , xl) = xi ∨ ¬xj ∨ ¬xℓ . (3.63)

Every SAT problem can be rewritten as a k-SAT problem using the rules of Boolean
algebra. It is well known that k-SAT for k ≤ 2 belongs to the complexity class P, i.e.,
it is solvable in polynomial time on a classical computer [319]. In contrast, 3-SAT was
the first decision problem proven to be NP-complete (Cook–Levin theorem [320, 321]). If
P ̸= NP, no classical algorithm can solve 3-SAT in polynomial time. Additionally, it is widely
believed that NP-complete problems are not contained in BQP [322], and could therefore
not be solved in polynomial time on a quantum computer either. Nevertheless, even if
an exponential quantum advantage may be out of reach, one can still hope for a practical
speedup, e.g. with quantum annealing [77, 183, 323–325].

A phase transition for 3-SAT problems is known to occur asymptotically at a critical ratio
of clauses to variables of (M/N)crit ≈ 4.24 [326]. Around this critical point, one is likely to
encounter hard-to-solve problems with unique solutions. Below the phase transition point,
most problem instances are easy to solve with many solutions, while above the transition
most instances become unsatisfiable. Note that although the probability of finding instances
with unique solutions below the phase transition point decreases exponentially, it is well-
known that those rare instances (with fewer clauses and unique solutions) tend to be the
hardest ones to solve [327].
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Generating 3-SAT instances

To generate specific instances of the 3-SAT problem, used in Chapter 5, we adapt the three
different generators toughSAT, uniquePT1, and uniquePT4 described in Ref. [328] (see also
Sec. 5.1.1).

The toughSAT generator creates an arbitrary number M of 3-SAT clauses by randomly
picking three out of N variables and then randomly applying negations to them. For our
numerical simulations in Chapter 5, we set the ratio of clauses to variables close to the
critical ratio (M/N)crit ≈ 4.24, as we expect to find hard-to-solve instances with unique
ground states in the vicinity of this point. To avoid ground state degeneracies, we postselect
the randomly generated instances for those with unique solutions.

In contrast, the generators uniquePT1 and uniquePT4 always create instances with known
and unique solutions (although not necessarily hard to solve in the latter case). Both gener-
ators work by picking a solution randomly and then constructing appropriate 3-SAT clauses
to make said solution unique. While uniquePT4 creates M = 4N clauses to achieve that,
uniquePT1 only needs M = N + 6 clauses. However, we find that uniquePT4 constructs
clauses in such a way that all third-order and second-order terms in the classical cost func-
tion, corresponding to three-body and two-body interactions in the PUBO cost Hamiltonian,
cancel each other. What remains is a simple cost Hamiltonian with only local terms of the
form Ĥcost = −∑i h

z
i ŝ

z
i , whose solution can easily be read off. Thus, uniquePT4 creates

trivial 3-SAT problems, where the time required to solve them scales linearly in the problem
size.

For our numerical analysis in Chapter 5, we are primarily interested in hard-to-solve prob-
lem instances generated by toughSAT and uniquePT1, which exhibit an exponential closing
of the minimum energy gap with increasing problem size during an annealing protocol.

3-SAT as a PUBO problem

3-SAT can be reformulated in various ways as a PUBO or QUBO problem in order to make it
suitable for quantum annealing. A straightforward encoding consists in a PUBO problem of
degree three: each clause is cast into the form of an energy term penalizing any choice of truth
values that does not satisfy the clause. For example, the clause Cm = xi ∨ ¬xj ∨ ¬xℓ from
above can be translated to (1−xi)xjxℓ, which only evaluates to zero if at least one variable
satisfies the corresponding clause. Adding up these terms for each clause and translating
the binary variables to quantum spin variables via xi = 1/2 − ŝzi , leads to a general three-
body spin Hamiltonian of PUBO form. We investigate such higher-order cost Hamiltonians
and their effect on annealing performance in Chapter 5. Note that, in this specific PUBO
formulation, the three-body and two-body interaction strengths J (3) and J (2) as well as the
local biases hz are all of the same order of magnitude or zero. The ground state of the
cost Hamiltonian then encodes the solution of the original 3-SAT problem (more precisely,
it solves MAX-SAT, i.e., finding the solution that satisfies most clauses). This encoding
requires N spins (qubits) for the N Boolean variables in the original problem.

3-SAT as QUBO via slack variables

Currently available quantum annealing hardware (e.g., the D-Wave machine [329]) natively
only supports two-body interactions. Thus, one needs to find an equivalent encoding as a
QUBO problem to solve 3-SAT on such hardware. A resource-efficient way to achieve this
is to start with the PUBO formulation of 3-SAT given by a general cost Hamiltonian with
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three-body interactions, two-body interactions and local fields, and to introduce slack vari-
ables that reduce all three-body interactions to quadratic and local terms (we will explicitly
demonstrate this process with a toy model in Sec. 5.1.1). Since there are at mostM (number
of clauses) unique three-body terms in the Hamiltonian, at most M additional qubits are
required by this QUBO reduction. For hard problem instances around the phase transition
this amounts to around 4.24N additional qubits.

Finding an optimal QUBO reduction for a given PUBO problem is in general NP-hard.
However, for small system sizes, we can employ the following brute-force algorithm to find
the most efficient reduction: replace the pair of variables that appears most frequently in
the third-order terms of the PUBO cost function by a slack variable, then continue with
the second-most-frequent pair of variables and so on, until all third-order terms have been
replaced by quadratic ones with associated slack variables and constraints [330]. For each
newly introduced ancilla variable y = xixj , a penalty term ∝ (3y + xixj − 2xiy − 2xjy)
needs to be added to the cost Hamiltonian and scaled by a suitable factor, thus ensuring
that violating the penalty term in favor of the three-body interactions is never energetically
favorable. This factor depends on the problem size and structure: in our numerics, we make
the simple choice that for every three-body interaction term aijkxixjxk that is to be reduced
by the ancilla variable xancilla = xixj , we add |aijk|+1 to the strength of the corresponding
penalty term. In Sec. 5.1.2 of Chapter 5, we discuss how varying the strength of the penalty
terms relative to the original cost Hamiltonian affects the overall annealing performance.

The QUBO formulation of toughSAT instances usually requires more slack variables than
uniquePT1 instances of the same size. This is due to the fact that the number of ancilla
variables is bounded from above by the number of clauses in the problem instance. For both
generators, the increased resource requirements of the QUBO reductions generally lead to a
smaller minimum gap and thus reduced annealing performance.

3-SAT as QUBO via the maximum independent set problem

A well-known example of a QUBO formulation of 3-SAT uses the equivalent maximal inde-
pendent set problem (MIS) [331]: Draw a graph with three vertices for each clause (corre-
sponding to the three involved literals). All vertices belonging to the same clause as well as
pairs of vertices corresponding to mutually exclusive literals (i.e., xi and ¬xi) are connected
by edges, the set of which is denoted with E. The MIS problem then asks whether it is possi-
ble to colorM vertices without two colored vertices being connected by an edge. If the answer
is yes, the original 3-SAT problem is satisfiable. This MIS problem can be easily translated
to a QUBO problem requiring 3M qubits (or about round(3×4.24N) = round(12.72N) for
hard problems):

fMIS(x) =
∑

ij∈E

xixj . (3.64)

Although generically more resources are required than for the reduction with slack variables,
a potential advantage of the MIS formulation, especially regarding its use on physical quan-
tum devices, lies in the fact that all interactions have the same energy scale, whereas slack
variables for a direct QUBO reduction are introduced with constraints that are imposed
through high-energy penalties.

3-SAT as QUBO via linear inequality constraints

Finally, we mention also a linear formulation of 3-SAT as a QUBO problem [332], where
one introduces one ancillary Boolean variable zm for each clause Cm that indicates whether
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said clause is fulfilled or not. One then asks to maximize the number of fulfilled clauses

max
∑

m

zm (3.65)

under the inequality constraints

∑

xi∈TRUEm

xi +
∑

xi∈FALSEm

(1− xi) ≥ zm , (3.66)

where TRUEm (FALSEm) is the set of literals contained in Cm satisfying the clause if
chosen as true (false). One can then introduce two slack variables per inequality constraint
to express them as equalities and write the problem in QUBO form.

Overall, this approach needs 3M ancilla qubits in addition to theN qubits for the literals,
as well as an energy penalty to enforce the constraints. This scaling has to be compared to
the one using the mapping to the maximal independent set problem (3M qubits, no different
energy scales), the one decomposing the PUBO problem using slack variables (N qubits plus
at mostM ancillas, plus energy penalties), and the direct PUBO implementation (N qubits,
interactions of degree three, no different energy scales).

3.2.6 Selected problems with natural PUBO formulations

There exists a plethora of other optimization problems that are naturally posed as PUBO.
In this section, we mention a few illustrative examples.

NAE-k-SAT

Apart from 3-SAT, which we have discussed above, there are many other variations and
constraints on the general satisfiability problem. One of those is the NAE-k-SAT (Not-All-
Equal-k-SAT) problem [333], which can also be naturally formulated as a PUBO. Like k-
SAT, NAE-k-SAT consists of a conjunction of clauses, where each clause contains k Boolean
variables and is only true, if at least one variable is true and at least one variable is false.
Only for k ≥ 4 is the problem naturally formulated as a PUBO with higher-order inter-
actions [333]. For example, for k = 4, a clause C(xi, xj , xk, xl) can be encoded into one
four-body interaction ∼ ŝzi ŝ

z
j ŝ

z
kŝ

z
l and six two-body interaction penalty terms of the cost

Hamiltonian.

As for k-SAT, this PUBO encoding requires one qubit for each Boolean variable. The
equivalent reduction to a QUBO, on the other hand, requires (for k = 4) in the worst case
two additional ancilla qubits for each clause in the problem.

Hypergraph coloring

Consider an undirected graph G = (V,E), consisting of a finite set of vertices V and a set
of edges E, the latter being a set of subsets of V . For a regular undirected graph, all edges
are unordered pairs of vertices. For a hypergraph on the other hand, each edge can contain
any number of vertices.

Given G and a number of k colors, the hypergraph vertex coloring problem asks whether
there is an assignment of exactly one colour to each vertex such that no edge contains
vertices all of the same colour [334]. A QUBO formulation of the regular graph coloring is
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well-known [189], which can be easily generalized to hypergraphs: let xin = 1 if vertex n has
color i, else 0. The cost function of the problem can then be written as

f(x) =
∑

n∈V

(
1−

k∑

i=1

xin

)2

+
∑

e∈E

k∑

i=1

∏

n∈e

xin , (3.67)

where the first term ensures that each vertex has exactly one color assigned to it and the
second term penalizes each edge whose vertices are all of the same color. Thus, any solution
with zero energy is a proper vertex coloring of the hypergraph.

To implement this PUBO problem encoding on a quantum computer, k|V | qubits are
required (with |V | being the number of vertices in the graph). To reduce Eq. (3.67) to
a QUBO problem, one needs to introduce ancilla variables for every edge in the graph
containing more than two vertices (the exact amount needed will depend on the degree of
the edges and their overlap with each other).

Other generalizations of graph problems to hypergraphs similarly yield PUBO problems
with higher-order interaction terms, e.g., the vertex cover problem or the graph partitioning
problem [335].

Traveling salesperson problem with time windows

A variation on the famous traveling salesperson problem (TSP) is the traveling salesperson
problem with time windows (TSPTW). Here, like in the TSP, we ask for a Hamiltonian path
with minimum weight on a graph with weights assigned to all edges. In addition, each vertex
has to be visited in a specific time window. Both QUBO and PUBO formulations of this
problem are known. In Ref. [336], the authors propose two different QUBO and one PUBO
formulation of degree four for the problem. In the PUBO case, the number of required
qubits scales as O(n2 +nδ) in the number of vertices n (here, δ is a number scaling at most
linearly in n). In contrast, the QUBO formulations scale as O(n3 + nδ) and O(n2 + n2δ),
respectively, for the edge-based and integer linear programming (ILP) formulations.

3.3 Related quantum algorithms for solving optimiza-
tion problems

Quantum annealing was originally conceptualized for analog platforms, where the relative
strength of the cost and driving Hamiltonians can be tuned continuously. With the increas-
ing availability of digital quantum computers, gate-based variants have become popular
alternatives. Digital implementations are particularly attractive for PUBO problems, as
they allow higher-order interactions to be synthesized from universal sets of single- and
two-qubit gates, whereas engineering native multi-qubit couplings in analog devices remains
challenging (see discussions in Secs. 2.3 and 5.1.5). In this section, we introduce two closely
related gate-based approaches to quantum annealing: Trotterized quantum annealing, which
discretizes the continuous-time evolution into a sequence of quantum gates, and the Quan-
tum Approximate Optimization Algorithm (QAOA) [63], a variational generalization that
replaces the fixed annealing schedule with optimizable parameters.

3.3.1 Trotterized quantum annealing

Digital quantum annealing (or Trotterized quantum annealing) is accomplished via a Trot-
terization of the time evolution under the Hamiltonian in Eq. 3.8. That is, for a grid of times
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0 = t0 < t1 < · · · < tM = tsweep with uniform step size ∆t = tsweep/M , the time evolution
operator can be approximated by decomposing it into a product of simpler exponentials.

The simplest approach is the first-order Lie–Trotter decomposition [337, 338], which
yields

T̂ e−itsweep

∫ 1
0
ds′ Ĥ(s′)/ℏ =

M∏

m=1

e−i∆t(1−sm)Ĥdrive/ℏe−i∆tsmĤcost/ℏ +O(∆t) , (3.68)

where T̂ is the time-ordering operator and sm = tm/tsweep. The local error for each
Trotter step is O(∆t2), resulting in an accumulated global error that scales as O(∆t), which
can be improved through higher-order splitting methods [339].

To that end, a more accurate approximation is provided by the second-order symmetric
decomposition, also known as the midpoint rule [340]. This formula evaluates the time-
dependent coefficients at the midpoint sm−1/2 = (m − 1/2)/M of each time interval and
symmetrically splits the driving Hamiltonian:

T̂ e−itsweep

∫ 1
0
ds′ Ĥ(s′)/ℏ =

M∏

m=1

e−i∆t(1−sm−1/2)Ĥdrive/(2ℏ)e−i∆tsm−1/2Ĥcost/ℏ

× e−i∆t(1−sm−1/2)Ĥdrive/(2ℏ) +O(∆t2) . (3.69)

This symmetric splitting achieves a local error of O(∆t3) per step, leading to a global
error of O(∆t2). The improved error scaling implies that fewer Trotter steps are required
to reach a target accuracy, which can substantially reduce the circuit depth in practice.

In practical implementations on near-term quantum hardware, single-qubit gates are
typically much faster and exhibit significantly higher fidelities than two-qubit entangling
gates. Since the driving Hamiltonian Ĥdrive consists solely of single-qubit terms, splitting it
symmetrically as in the second-order formula introduces only additional single-qubit rota-
tions, leaving the number of two-qubit gates per Trotter step unchanged. Consequently, the
second-order decomposition does not substantially increase the effective circuit complexity
or depth in terms of the error-prone two-qubit operations. Given this negligible overhead
and the quadratically improved error scaling, there is in practice little reason to employ the
first-order formula.

Since all terms within the cost Hamiltonian commute with each other, the corresponding
matrix exponential can be exactly decomposed into a product of single-qubit Z rotations
and two-qubit ZZ rotations. Similarly, the matrix exponential of the driving Hamiltonian
decomposes into independent single-qubit X rotations. Each two-qubit rotation may then
be further compiled into the native gate set of the respective architecture.

Compared to analog quantum annealing, digital Trotterization incurs additional errors
due to the time discretization. Furthermore, since each Trotter step must be decomposed
into native gates, there is generally a polynomial overhead in the number of gates. For
sufficiently small Trotter steps, however, the limiting factors to the algorithm’s performance
are the same as those of the continuous protocol. In this regime, the adiabaticity time
estimated from the minimum energy gap of the analog quantum annealing protocol serves
as a proxy for the number of discrete time steps, and thus the circuit depth, required to
reach the ground state of the cost Hamiltonian.
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3.3.2 Quantum approximate optimization algorithm (QAOA)

The Quantum Approximate Optimization Algorithm (QAOA), introduced in Ref. [63], pro-
vides an alternative gate-based approach to combinatorial optimization that is closely related
to quantum annealing. The hybrid classical-quantum algorithm produces a variational quan-
tum state through alternating applications of two unitary operators: one encoding the cost
function and one acting as a drive Hamiltonian (also called ’mixer’) that causes transitions
between computational basis states.

Using the notation for drive and cost Hamiltonian as established in the previous sections,
the QAOA prepares the parameterized state

|γ,β⟩ =
p∏

m=1

e−iβmĤdrive/ℏe−iγmĤcost/ℏ |+⟩⊗n
, (3.70)

where p denotes the circuit depth, γ = (γ1, . . . , γp) and β = (β1, . . . , βp) are classical

variational parameters, and |+⟩⊗n
is the uniform superposition over all computational basis

states. The expectation value ⟨γ,β| Ĥcost |γ,β⟩ is then optimized classically over the 2p
parameters. Importantly, the quality of the approximation improves monotonically with
increasing depth, and in the limit p→∞, the algorithm can produce exact solutions [63].

The structural similarity between QAOA and Trotterized quantum annealing is evident:
both algorithms apply alternating exponentials of the cost and driving Hamiltonians. In-
deed, when the QAOA depth p equals the number of Trotter steps M and the variational
parameters are chosen according to a linear annealing schedule,

γm = sm ·∆t =
m

p
· tsweep

p
, βm = (1− sm) ·∆t =

(
1− m

p

)
· tsweep

p
, (3.71)

the QAOA exactly recovers first-order Trotterized quantum annealing with total sweep du-
ration tsweep [338]. In this sense, the QAOA can be understood as a generalization of Trot-
terized annealing where the variational parameters γm and βm are freed from the constraints
imposed by a fixed adiabatic schedule. This connection has been formalized in several recent
works [338, 341–343], which demonstrate that optimized QAOA parameters often converge
toward smooth, annealing-like trajectories as the circuit depth increases.

However, the key distinction lies in the classical optimization freedom: while quantum
annealing follows a predetermined schedule constrained by the requirements of the adia-
batic theorem (Eq. 3.11), QAOA can discover parameter sequences that exploit diabatic
transitions to circumvent small spectral gaps [341]. Numerical studies have shown that on
problem instances where adiabatic quantum annealing fails due to exponentially small gaps,
the QAOA can find high-quality solutions orders of magnitude faster by learning to utilize
these non-adiabatic mechanisms [341].

Despite its promise, the QAOA faces several practical challenges. Chief among these
is the barren plateau phenomenon [72], wherein the gradients of the cost function vanish
exponentially with increasing system size for certain variational quantum circuits. While the
original analysis focused on random parameterized circuits, subsequent work has examined
problem-tailored ansätze like the QAOA using tools from quantum optimal control [344].
These studies show that the appearance of barren plateaus depends on the initial states and
problem instances.

Several strategies have been proposed to mitigate these challenges. Initializing QAOA
parameters based on Trotterized quantum annealing schedules has been shown to provide a
favorable starting point that avoids many local minima in the optimization landscape [338].
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Additionally, parameters optimized for small problem instances can often be transferred
to larger instances, reducing the classical optimization overhead [341, 345]. These findings
suggest that leveraging the connection to quantum annealing may be essential for practical
implementations of the QAOA on near-term quantum devices.
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Chapter 4

Noise mitigation for quantum
annealing via dynamical
decoupling

Realizing quantum annealing algorithms (Chapter 3) on near-term hardware requires proto-
cols that remain effective in the presence of the noise affecting current quantum computing
platforms. In trapped-ion implementations based on magnetic gradient induced coupling
(MAGIC, see Chapter 1), fluctuations of the magnetic field and of the gradient itself trans-
late into local field disorder acting on the ions. Typical amplitudes of these fluctuations can
exceed the achievable two-body coupling strengths by more than one order of magnitude
(see Sec. 1.1.3), well beyond the level at which the ground state of the cost Hamiltonian is
no longer guaranteed to encode the solution of the underlying optimization problem. Miti-
gating local-field noise is therefore a crucial prerequisite for any practically useful quantum
annealing protocol running on the MAGIC platform.

In this chapter we develop and analyze an active noise-mitigation scheme tailored to
quantum annealing in trapped-ion systems. The scheme relies on periodically applied global
spin-flip pulses, that is, the simplest form of dynamical decoupling, combined with an ancilla-
qubit encoding that maps all problem-defining local fields onto two-body interactions. This
construction renders the full annealing Hamiltonian invariant under the decoupling pulses,
while the leading effect of the pulses is to cancel local-field disorder. We support this picture
analytically through a Magnus expansion of the time-evolution operator and numerically
through full simulations of annealing sweeps subject to time-dependent noise. The numerical
simulations use experimentally motivated parameters for the MAGIC platform [163, 205]
and a noise model dominated by the 50Hz electrical-grid frequency and its odd harmonics,
which is characteristic of unshielded laboratory environments. Across all considered settings,
we find that modest dynamical decoupling pulse rates of about 2.5 pulses per millisecond,
well within the reach of current trapped-ion experiments, are sufficient to recover the noise-
free annealing fidelity even for noise amplitudes corresponding to a worst-case, unshielded
MAGIC setup.

The remainder of this chapter is organized as follows. In Sec. 4.1, we quantify the impact
of static disorder in the two-body couplings and in the local fields on the ground state of the
cost Hamiltonian in a quantum annealing protocol, identifying local-field fluctuations as the
most relevant error source under realistic experimental conditions. Section 4.2 introduces the
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dynamical decoupling protocol, derives the corrections to the ideal annealing evolution via a
Magnus expansion, and discusses how the same construction can be repurposed to modulate
two-body coupling strengths. Section 4.3 presents numerical simulations of the full protocol
for two industrially relevant benchmark problems, namely Multiple-Object Tracking and
cutting stock, as well as the Sherrington–Kirkpatrick spin-glass model as an unstructured
benchmark, and concludes with a universal scaling analysis connecting the results.

All content in this chapter is based on Ref. [144].

4.1 Effect of static disorder on quantum annealing per-
formance

Before introducing the dynamical decoupling protocol, we first quantify the sensitivity of
the annealing protocol to static disorder, that is, disorder terms that remain approximately
constant on the timescale of a single annealing sweep. Two qualitatively different sources are
relevant for the MAGIC platform (see Chapter 1). Fluctuations in the two-body couplings
Jij can be induced by slow drifts of the trapping frequency or, in Trotterized implementa-
tions, by imperfect two-body gate operations. Longitudinal-field fluctuations δhzi instead
originate from magnetic-gradient variations and from stray external magnetic fields. For
each source, we numerically determine the disorder amplitude beyond which the solution-
encoding ground state of the cost Hamiltonian changes, using the minimal MOT instance
with five qubits, constructed in Sec. 3.2.3, as a test problem.

4.1.1 Fluctuations in the two-body couplings
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Figure 4.1: Probability of a changed ground state of the cost Hamiltonian for the quadratized
minimal MOT problem (five qubits, see Eq. (3.44)) as a function of the standard deviation
of uncorrelated fluctuations in the two-body couplings σ(δJij)/J . Each point corresponds
to the mean of 10 000 samples and has a variance of ≤ 2.5 · 10−5. The grey dashed line
corresponds to a fit with an arctan function, starting at σ(δJij)/J = 0.3. Fit parameters:
a, b, c, d ≈ 0.41, 2.59, 0.50, 0.22.

We consider two types of two-body coupling fluctuations: First, in the MAGIC scheme
variations of the overall trapping frequency cause correlated fluctuations in the coupling
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strengths. Second, we discuss the general case of uncorrelated fluctuations of the two-body
couplings, which could for example be caused by erroneous two-body gate implementations
in a Trotterized annealing sweep.

The trapping frequencies in a trapped-ion system typically exhibit slow temporal drifts.
To model this effect, we consider variations in the harmonic axial trap frequency ωz according
to

ωz → ωz + δωz, (4.1)

where we assume that the fluctuation δωz remains constant on the timescale of a single
annealing sweep.

Since the two-body coupling strengths Jij in the MAGIC scheme are directly proportional
to 1/ω2

z , any fluctuations in the trap frequency induce correlated fluctuations in all of the
two-body couplings. From Eq. (1.33), we calculate the two-body coupling variations to first
order in δωz as

δJij ≈
N∑

n=1

−ℏ∂zωi∂zωj

ν2nωzm
SinSjnδωz = −2Jij

ωz
δωz, (4.2)

where we used the fact that the axial phonon modes νn are proportional to the axial trap
frequency ωz. Consequently, the standard deviations of the coupling and frequency fluctua-
tions are related by σ(δJij) ≈ |2Jij/ωz|σ(δωz). Numerically, we verified that this first-order
approximation remains accurate for fluctuation amplitudes up to σ(δωz)/ωz ≈ 0.1. For
larger amplitudes, quadratic corrections become significant.

All Jij are thus scaled by the same factor when the axial trap frequency ωz fluctuates.
For the annealing protocol we consider in this work, where the problem is encoded only in
the two-body interactions without utilizing local biases (see Sec. 3.1.1), this corresponds to
effectively rescaling the entire cost Hamiltonian while preserving its structure. Importantly,
such a global rescaling shifts only the eigenvalues, but leaves the eigenstates unaltered. As
a result, the ground state, which encodes the solution to the optimization problem, remains
unaffected. Therefore, fluctuations in ωz and the resulting correlated fluctuations in Jij
do not alter the computational outcome of the annealing protocol. However, for other
annealing protocols that also utilize local biases to encode the problem (e.g., see Sec. 4.3.3),
these fluctuations could in principle become relevant, as they change the relative energy
scales of the two-body interactions with respect to the local biases.

We now discuss the case of uncorrelated fluctuations in the two-body coupling terms
Jij . Unlike the correlated disorder induced by fluctuations in the axial trap frequency
ωz, uncorrelated coupling noise does not scale all interaction terms uniformly and can, in
principle, modify the structure of the cost Hamiltonian and thus affect its ground state.

To assess the impact of such uncorrelated disorder, we numerically compute the prob-
ability that random fluctuations δJij change the ground state of the cost Hamiltonian,
choosing the minimal MOT instance with 5 qubits, constructed in Sec. (3.2.3), as a test
problem. Each data point in Fig. 4.1 represents the mean probability obtained from 10 000
independent samples. For each sample, the coupling perturbations δJij are drawn inde-
pendently from a Gaussian distribution with zero mean and specified standard deviation.
The figure shows the probability of a ground-state change as a function of the relative
disorder strength σ(δJij)/Jij . The variance of each data point p can be calculated as
p(1 − p)/10000 ≤ 2.5 · 10−5. We observe that the ground state remains stable for disor-
der levels up to approximately 20%, beyond which the probability for a changed ground
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state begins to increase. Fortunately, such large fluctuations are atypical in realistic exper-
imental conditions. Moreover, in the MAGIC setup (see Chapter 1), uncorrelated coupling
disorder can only arise from imperfections in the trap potential or inhomogeneities in the
magnetic field gradient, which are unlikely to occur over the length scale of the ion chain.
Otherwise, uncorrelated disorder in Jij could in principle stem from imperfect two-body
gate operations in the case of Trotterized annealing protocols. However, two-body gate
fidelities of ∼ 99.9% can already be achieved for current trapped-ion quantum computers
[164]. Although we cannot exclude that the picture may change when scaling up the size
of the optimization problem, the robustness encountered for the benchmark models gives
optimism that there is still significant room before the small realistic levels of uncorrelated
coupling fluctuations can become detrimental. We therefore conclude that, while uncorre-
lated coupling fluctuations could in principle affect solution fidelity, they are not expected
to play a significant role in practice under typical conditions of current experiments.

4.1.2 Local field fluctuations

Magnetic field gradient fluctuations in the MAGIC setup, along with unwanted external
magnetic fields, induce corresponding fluctuations in the ion resonance frequencies. These
perturbations manifest as additional longitudinal fields ∼ δhzσz in the cost Hamiltonian of
the annealing protocol (Eq. (3.8)). We model these disorder terms by modifying the local
field components:

hzi → hzi + δhzi , (4.3)

where δhzi represents the field fluctuation for ion i. In our considered encoding scheme there
are no local fields in the cost Hamiltonian (hzi = 0, see Sec. 3.1.1). In this section, we assume
that the fluctuations remain constant on the timescale of a quantum annealing sweep. We
will consider field fluctuations with colored noise spectra in Sec. 4.3.

To assess the quantum annealing protocol’s resilience to local field variations, we add
disordered diagonal terms δhzi to the cost Hamiltonian given in Eq. 3.44. We sample the
δhzi from Gaussian distributions with varying standard deviations. For each standard de-
viation, we generate 10 000 samples and determine numerically whether the ground-state
configuration changes.

Figure 4.2 presents our results for two distinct disorder scenarios: correlated fluctuations
(δhzi = δhzj for all i, j) and uncorrelated fluctuations (all δhzi independently sampled). In
realistic experimental setups, the case of correlated disorder is typically more relevant, as
external magnetic fields are unlikely to significantly vary on the length scale of the ion
chain. Uncorrelated variations could, however, effectively occur by erroneous calibrations of
frequencies addressing the individual qubit transitions. Both cases exhibit a sharp transition
in ground-state stability at approximately δhzi /J ≈ 0.5, see inset, where J represents the
characteristic energy scale of the physical platform, here set by the maximal two-body
coupling strength (see Sec. 4.3.1). The grey dashed lines show heuristic arctan fits starting
at δhzi /J = 1.

The exact value where local field variations change the optimization result will depend
on the precise problem considered. However, the realistic experimental implementations face
significantly larger local field fluctuations than the order δhzi /J ≈ 0.5 found for the MOT
benchmark problem. Using experimental parameters that have been previously demon-
strated for the MAGIC setup [163], a five-ion chain reaches a maximal two-body coupling
strength of Jij ≈ 2π×26 Hz [205]. In the same setup, local field fluctuations can reach mag-
nitudes on the order of 103 rad/s in the worst-case scenario without any magnetic shielding
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Figure 4.2: Probability of a changed ground state of the cost Hamiltonian for the quadra-
tized minimal MOT problem (using 5 qubits, see Eq. 3.44) as a function of the standard
deviation of the local field disorder δhzi in units of J for correlated (blue) and uncorrelated
(red) disorder. The data points show the mean probabilities of a changed ground state
for 10 000 simulations each (variance of ≤ 2.5 · 10−5), where δhzi is sampled from a Gaus-
sian distribution with zero mean. The grey dashed lines represent fits with the arctangent
function f(x) = a arctan(b(x− c)) + d, starting from δhzi /J = 1. For correlated disorder:
a, b, c, d ≈ 0.74, 0.63, 0.39,−0.17. For uncorrelated disorder: a, b, c, d ≈ 0.57, 0.81, 0.99, 0.10.

and stabilization [232], corresponding to δhzi /J ∼ 10. This places the system well within
the regime where the desired solution of the optimization problem is no longer the ground
state. As mentioned above, improved setups can reach maxij |Jij | ≈ 2π×1650.6 Hz [205], for
which the worst-case ratio δhzi /J falls to about 0.1, below the empirical robustness thresh-
old identified above. However, the ratio rapidly deteriorates for larger ion chains, where
the spin–spin couplings decrease (see Fig. 1.1), and dedicated mitigation strategies are still
required to keep the protocol robust as one scales up to industrially relevant problem sizes.
The next section demonstrates that local fields can be strongly suppressed through simple
dynamical decoupling sequences, even when they fluctuate substantially and when they are
time dependent.

4.2 Applying dynamical decoupling pulses during an-
nealing

We now turn to the construction and analysis of the dynamical decoupling protocol itself. We
restrict the discussion to the simplest non-trivial pulse sequence, namely periodically applied
global π-pulses, which act as instantaneous spin flips and can be realized in the MAGIC
setup as resonant microwave drives of finite duration (see also discussion in Sec. 1.3.1). In
Sec. 4.2.1, we show that these pulses, combined with the ancilla-qubit encoding introduced
in Sec. 3.1.1, leave the annealing Hamiltonian invariant while periodically reversing the sign
of any longitudinal-field disorder. Section 4.2.2 formalizes this picture through a Magnus
expansion of the time-evolution operator over a single pulse interval, identifying the leading-
order corrections to the ideal annealing evolution and estimating the resilience of the protocol
to imperfect pulse timing. In Sec. 4.2.3, we extend the construction to spin flips acting on

81



CHAPTER 4. NOISE MITIGATION FOR QUANTUM ANNEALING VIA
DYNAMICAL DECOUPLING

subsets of qubits and discuss how the same mechanism can be used to effectively modulate
selected two-body coupling strengths, providing a practical method for encoding QUBO
problems in the native all-to-all couplings of the MAGIC platform.

4.2.1 Effect of dynamical decoupling on quantum annealing proto-
cols

Dynamical decoupling represents a powerful error mitigation technique designed to extend
the coherence time of quantum systems by suppressing environmental decoherence [119, 132,
135, 239, 346–350]. The fundamental principle involves applying periodic control pulses
that rotate all qubits around specific axes by predetermined angles, effectively averaging out
unwanted error terms.

When implementing dynamical decoupling within quantum annealing protocols, a fun-
damental challenge arises: the applied pulses generally do not commute with the quantum
annealing Hamiltonian given in Eq. (3.9). This means that a control pulse can excite the
system from its instantaneous ground state into higher energy eigenstates, potentially com-
promising the annealing process. Consequently, careful corrections must be implemented to
ensure that the annealing sweep continues to converge towards the correct solution.

In this work, motivated by the specific form of the annealing Hamiltonian and salient
error term, we focus on the simplest case: π-pulses that rotate qubits around the x-axis,
equivalent to spin-flip operations. Such pulses can be implemented in the MAGIC setup by
turning on driving fields, tuned to the qubit resonances, for a finite time interval (Eq. (1.3.1)).
This choice of simple π-pulses is sufficient for mitigating the local field fluctuations considered
in our analysis (see Sec. 4.1.2). The action of such pulses on the driver and cost Hamiltonians
of the annealing protocol yields

ei
π
2 σxHdrivinge

−iπ
2 σx = Hdriving, (4.4)

ei
π
2 σxHcoste

−iπ
2 σx =

∑

ij

Jijσ
z
i σ

z
j −

∑

i

hzi σ
z
i . (4.5)

Notably, the spin-flip operations leave the driver Hamiltonian unchanged and only modify
the signs of the local fields hzi in the cost Hamiltonian. In the case where the fields are
undesired error terms, this sign flip will enable alleviating their effect, as detailed below. In
the case where the fields are part of the problem cost Hamiltonian, the sign reversal is a
crucial perturbation that needs to be compensated.

To address this issue, we employ here the ancilla qubit approach described in Sec. 3.1.1.
By encoding all local fields into additional two-body interactions through the introduction
of an ancilla qubit, see Eq. (3.6), we render the complete annealing protocol Hamiltonian
invariant under dynamical decoupling pulses. This ensures that the system remains in the
instantaneous ground state throughout the entire annealing sweep. An alternative approach
involves actively compensating for the sign flip with each pulse application, resulting in the
annealing protocol described in Sec. 4.3.3.

Practical experimental implementations often employ more sophisticated dynamical de-
coupling sequences. For instance, universally robust sequences [135, 136, 239] provide en-
hanced protection against a broader spectrum of noise sources and compensate for imper-
fections in the pulse sequences themselves. These advanced protocols generally incorporate
rotations around multiple axes with varying angles. The integration of such general pulse
sequences within quantum annealing frameworks has been investigated in Refs. [143, 351].
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4.2.2 Analytical treatment via Magnus expansion

We now demonstrate how periodically applied dynamical decoupling pulses in the form of
global spin flips can cancel local field fluctuations during an annealing protocol. To this end,
we consider the modified quantum annealing Hamiltonian discussed in Sec. 3.1.2 (constant
cost Hamiltonian) with noise,

H(t) = C(t)Hdriving +Hcost +Hnoise

= −C(t)
∑

i

hxσx
i +

∑

ij

Jijσ
z
i σ

z
j +

∑

i

δhzi (t)σ
z
i , (4.6)

where the problem is encoded only in the two-body interactions, while the local fields δhzi (t)
in Hnoise are time-dependent error terms that we aim to effectively cancel via dynamical
decoupling.

To make analytic progress, we calculate the time evolution operator of this annealing
protocol for a small time interval 2∆t ≡ t+ − t−. During this interval, we apply two
dynamical decoupling control pulses, the first at the center of the interval at time t0 = t−+∆t
and the second pulse at time t+. Before and after the first pulse, the system evolves according
to Eq. eq4.6 for the respective time interval ∆t.

We assume that 2∆t is small enough so that the function C(t) can be approximated
as linear during the corresponding annealing segment. At a given time t in the small time
interval 2∆t, it is then defined as

C(t) = C(t−)− v(t−)t , t ∈ [t−, t+]. (4.7)

Here, v(t−) is a generally time-dependent function that determines the form of the annealing
protocol. In our numerical simulations in the following section, the driving ramp protocol
is chosen to be linear during the entire annealing sweep, which is often the standard choice.
This means that the slope is constant (v(t−) ≡ v for all t−) during the entire sweep. Further,
we assume that the disorder terms fluctuate sufficiently slowly so that we can take them as
constant during the short time interval 2∆t: δhzi (t) ≡ δhzi , ∀t ∈ [t−, t+].

The unitary time-evolution operator in the first half of the interval from t− to t0 can be
written using the Magnus expansion [352]:

Ut−→t0 = T e−i
∫ t0
t− dt′H(t′)

= e
−i

∫ t0
t− dt′H(t′)− 1

2

∫ t0
t− dt′

∫ t′
t−

dt′′[H(t′),H(t′′)]+O(∆t4)
. (4.8)

Evaluating the commutators, integrating C(t) (using Eq. (4.7)) and keeping only terms up
to third order in ∆t gives

Ut−→t0 ≈ exp (−i[C(t̄−)Hdriving +Hcost +Hnoise]∆t

− i

6
hxv(t−)

[∑

i

δhzi σ
y
i + 2

∑

ij

Jijσ
z
i σ

y
j

]
∆t3

)
, (4.9)

where we defined t̄− = (t− + t0)/2. The time-evolution operator Ut0→t+ for the interval
from t0 to t+ has an analogous structure. To calculate the total time evolution operator for
the annealing sweep of duration 2∆t from time t− to t+, we can use the Baker–Campbell–
Hausdorff formula (again neglecting terms of fourth and higher order in ∆t),

83



CHAPTER 4. NOISE MITIGATION FOR QUANTUM ANNEALING VIA
DYNAMICAL DECOUPLING

σxUt0→t+σ
xUt−→t0 = e−i[Â1+Â2+Â3]2∆t+O(∆t4), (4.10)

with

Â1 =
∑

ij

Jijσ
z
i σ

z
j − hxC(t0)

∑

i

σx
i , (4.11)

Â2 =

(
hxC(t0)

∑

i

δhzi σ
y
i

)
∆t, (4.12)

Â3 =

(
− 2

3
hxv

∑

ij

Jijσ
z
i σ

y
j +

2

3
hxC(t0)

∑

i

δhzi
2σx

i

)
∆t2. (4.13)

Here, we write σx =
⊗

i σ
x
i as shorthand notation denoting the global spin flip due to

the dynamical decoupling pulses. Further, we assume that the slope of the driving protocol
remains nearly constant during the time interval 2∆t, so that we can set v(t−) = v(t+) ≡ v.

The first-order terms recover the ideal quantum annealing evolution with the local field
disorder being completely canceled, i.e., Â1 = C(t)Hdriving + Hcost. The leading-order
corrections, given in Eq. (4.12), to this ideal evolution can be interpreted as a modification of
the driving Hamiltonian, as they act in a basis direction orthogonal to the cost Hamiltonian.
Their strength is proportional to the amplitude of the local field disorder terms and the
interval between the dynamical decoupling pulses (∼ δhzi∆t). Our numerical simulations
in the following section support this observation, showing that the local field noise can
always be suppressed by choosing the interval between dynamical decoupling pulses to be
sufficiently small. Further, in Section 4.3.4, we demonstrate that the annealing protocol
with dynamical decoupling follows a universal scaling behavior, solely determined by the
product δhzi∆t.

The corrections to the ideal annealing protocol of third order in ∆t, given in Eq. (4.13),
are composed of two parts: First, there is a two-body interaction term whose strength is
proportional to ∼ hxvJij∆t

2. This correction is independent of the local field noise and
vanishes in the limit of adiabatic driving (v → 0). Second, there is another correction to the
driving Hamiltonian that scales as the square of the first-order correction (∼ δhzi 2∆t2).

All corrections to the ideal annealing sweep considered so far rely on the assumption
of perfectly instantaneous dynamical decoupling pulses applied at uniform intervals. In
practice, however, pulse operations introduce additional sources of error: they have finite
duration and their spacing may deviate from uniformity. These control imperfections are
well documented, and several dynamical decoupling schemes with intrinsic robustness to
such errors have been proposed, e.g., in Ref. [136]. Additional errors can become relevant
at higher pulse rates which can necessitate a higher Rabi frequency in experiments. If this
frequency gets too close to the trapping frequency, this can produce further errors due to
sideband excitations, which need to be compensated, e.g., via sympathetic cooling [264–266].

As an example of a control error, we calculate the effect of a small pulse timing error ϵ
on the time evolution operator for a small time interval 2∆t = t+ − t− during an annealing
sweep, analogous to the discussion above: We let the system evolve with the annealing
Hamiltonian (Eq. (4.6)) for a time interval ∆t + ϵ = tϵ0 − t− (tϵ0 = t0 + ϵ), after which we
apply a global spin flip. Afterwards the system evolves for a time interval ∆t− ϵ = t+ − tϵ0
and we apply a second global spin flip at time t+. The total time evolution operator to first
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order in ∆t is then given as

σxUtϵ0→t+σ
xUt−→tϵ0

= e−iÂϵ
12∆t+O(∆t2), (4.14)

where the higher-order terms also include contributions proportional to ϵ∆t. The first-
order terms can be written as the original annealing Hamiltonian with a rescaled local-field
noise contribution:

Âϵ
1 = Hcost + C(t0)Hdriving +

ϵ

∆t
Hnoise. (4.15)

To get a rough estimate of how large ϵ can be before affecting the performance of the an-
nealing sweep, we can consider the numerical result in Sec. 4.1.2 for the maximal local-field
disorder strength the protocol is robust to: ϵ/∆t ≈ 0.5J/δhzi , which corresponds to a re-
quired accuracy in pulse timing of around 99% for δhzi = 1 kHz and J = 26 Hz (see Sec. 4.3.1
for a discussion of the energy scales). In our numerical simulations of annealing sweeps with
time-dependent local-field noise in Sec. 4.3, we observe that moderately larger fluctuations
in pulse spacing of the order of 2% also have negligible impact on performance, provided
they do not exhibit a systematic pattern that would enable coherent error accumulation over
the course of the annealing sweep.

In summary, one can always recover the ideal annealing protocol and obtain the correct
solution by choosing the time interval ∆t between consecutive dynamical decoupling pulses
of uniform length and sufficiently small with respect to the amplitude of the local field noise
δhzi . The salient deviations for slow sweeps scale as powers of δhzi∆t.

4.2.3 Modulating coupling strengths with dynamical decoupling

In Sec. 4.2, we discussed how dynamical decoupling control pulses in the form of global spin
flips can effectively cancel local field disorder terms in the quantum annealing Hamiltonian
(Eq. 4.6). In this section we explain how a similar scheme of periodically applied global
spin flips can also be used to modulate two-body coupling strengths during an annealing
protocol effectively [236, 353]. This scheme can be potentially utilized to encode QUBO
problems into the native all-to-all couplings of the MAGIC setup (see Sec. 1.2.1).

We again consider the time evolution operator of the annealing Hamiltonian during a
small time interval ∆t = t+ − t− with two applied dynamical decoupling control pulses, the
first at a time t0 (t− < t0 < t+) and the second at time t+ at the end of the interval. In
contrast to the calculation in Sec. 4.2, we now consider time intervals before and after the
first pulse that can be of different lengths, i.e., ∆t− = t0 − t− ̸= t+ − t0 = ∆t+. Before and
after the control pulses, the system evolves with the usual annealing Hamiltonian composed
of driving and cost Hamiltonian, where we again assume that the problem is fully encoded
into the two-body interaction terms. For now, we consider the ideal case without any noise.
The time evolution operator during the first part of the small time interval (from time t−
to t0) can then be written as

Ut−→t0 ≈ exp
(
− i
∑

ij

Jijσ
z
i σ

z
j∆t− − iC(t̄−)Hdriving∆t−

)
, (4.16)

where we only keep terms of first order in ∆t− and define the intermediate time t̄− =
(t− + t0)/2.

To modulate the coupling strengths between specific sets of ions, the dynamical de-
coupling control pulses are no longer global spin flips, but only flip a subset of ions. For
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simplicity and without loss of generality we assume that each pulse only flips a single qubit
(σx

k). The time evolution in between the two control pulses (Ut0→t+) has the analogous form
of Eq. (4.16), and the evolution over the entire time interval can be calculated to first order
as

σx
kUt0→t+σ

x
kUt−→t0 ≈ exp

(
− i

∑

i,j ̸=k

Jijσ
z
i σ

z
j∆t

− i
∑

i ̸=k

Jikσ
z
i σ

z
k(∆t− −∆t+)

− iC(t̄)Hdrive∆t

)
, (4.17)

with t̄ = (t+ + t−)/2. All two-body interactions with qubit k can in this way be uniformly
modified by changing the relative lengths of time intervals ∆t− and ∆t+ within the overall
time interval ∆t = ∆t− +∆t+.

Generalizing this setting to include local terms δhzi , we would simultaneously modify
the strength of the local field experienced by ion k: δhzk → δhzk(∆t− − ∆t+)/∆t. If these
local fields encode the optimization problem to be solved (as in the protocol discussed in
Sec. 4.3.3), this modification has to be taken into account and the field strength adjusted
accordingly. If, instead, the local fields are undesired disorder terms, they can be effectively
mitigated in the same manner as discussed in Sec. 4.2. To that end, one can interleave
both the global spin flips and the spin flips acting on a subset of qubits. For example,
defining U∆t1 = σx

kUt1→t1,+σ
x
kUt1,−→t1 (∆t1 = t1,+ − t1,−) and similarly U∆t2 as two time

evolution operators following Eq. (4.17), one can consider the evolution σxU∆t2σ
xU∆t1 over

the total time interval ∆t1 +∆t2, where σ
x =

⊗
i σ

x
i denotes a global spin flip. By setting

∆t1 = ∆t2 and choosing the relative time intervals between the spin flips appropriately, one
can modulate the coupling strengths while simultaneously suppressing local field disorder
terms.

4.3 Numerical simulations of dynamical decoupling pro-
tocol

We now turn to numerical simulations of the dynamical decoupling protocol introduced in
the last section for fully time-dependent local-field noise. Throughout this section, we use
the minimal MOT instance with five qubits as our primary benchmark, with additional
results for a nine-qubit MOT encoding, cutting stock instances of five and six qubits, and
Sherrington–Kirkpatrick spin-glass instances of up to twelve qubits, allowing us to test the
protocol across problems of different structure and size. Section 4.3.1 fixes the energy scales
and unit conventions used throughout. Section 4.3.2 specifies the noise spectra and numerical
details how individual noise realizations are generated, as well as how the dynamical decou-
pling pulses are distributed across the discretized annealing sweep. Section 4.3.3 presents
the simulation results for the considered benchmark problems, including a comparison with
an alternative ancilla-free encoding. Finally, Sec. 4.3.4 demonstrates that the fidelity curves
obtained for different noise amplitudes collapse onto a single curve when expressed as a
function of a generalized scaling parameter, in agreement with the analytical predictions of
Sec. 4.2.2.
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4.3.1 Energy scales and unit conventions

In the remainder of this section, we report physical time in units of the inverse characteristic
energy scale of the cost Hamiltonian (see Sec. 3.1.4). Since the all-to-all couplings Jij in the
MAGIC scheme are not uniform across the chain (see Sec. 1.2.2), we define this scale as

J ≡ 1
2 max

ij
|Jij |, (4.18)

i.e., as half the strongest two-body coupling in the specific experimental setup (the factor
of 1/2 is due to convention in defining the MAGIC Hamiltonian, Eq. (1.32). All other
quantities with the dimension of an energy or an angular frequency, including local-field
disorder amplitudes, Rabi frequencies, and dynamical decoupling pulse rates, are quoted as
angular frequencies, with the convention that values stated in Hz are to be read as angular
frequencies in rad/s unless an explicit prefactor of 2π is given (in which case the unit is just
1/s).

The relevant numerical values for the MAGIC platform considered in this work were
established in Sec. 1.2.2. For a chain of five 171Yb+ ions in an axial trap with ωz = 2π ×
130 kHz, the experimentally demonstrated magnetic field gradient ∂zB = 19Tm−1 [163]
yields maxij |Jij | ≈ 2π × 26.5Hz, while the near-future value ∂zB = 150Tm−1, accessible
with current technology [238, 247], increases this to maxij |Jij | ≈ 2π × 1650.6Hz. Through
Eq. (4.18), these correspond to characteristic energy scales of J ≈ 2π × 13.3Hz and J ≈
2π×825Hz, respectively. Local-field fluctuations in the same setup can reach amplitudes on
the order of 103 rad s−1 in the worst case, without magnetic shielding, but can be reduced
through active stabilization [232].

For the MOT and Sherrington–Kirkpatrick benchmarks discussed below, we adopt the
more conservative value J = 26 rad s−1, corresponding to a gradient of ∂zB ≈ 10.6Tm−1,
i.e., somewhat below the value already realized in Ref. [163]. With the dimensionless anneal-
ing time of 2.6 J−1 (optimized for large success probabilities after the anneal), this fixes the
physical sweep duration to 100ms. The cutting stock instances exhibit substantially smaller
minimal spectral gaps along the sweep and consequently require a longer dimensionless an-
nealing time of 26 J−1 for comparable noiseless fidelities; to keep the physical sweep duration
at 100ms and enable better comparison to the other benchmarks, we assume J = 260 rad s−1

for those instances. Since all numerical results are expressed in dimensionless units of J , they
remain unchanged for any other choice of gradient. As reference points, the experimentally
demonstrated gradient ∂zB = 19Tm−1 would shorten the physical sweep of the MOT prob-
lem to approximately 30ms, and the near-future value ∂zB = 150Tm−1 to approximately
0.5ms.

4.3.2 Generating time-dependent local-field noise

In this section, we explain how the noise spectra that we use in the numerical simulations of
the following section are defined and local field fluctuation samples are generated. Further,
we discuss how the dynamical decoupling pulses are distributed throughout the numerically
discretized annealing sweep.

Generating the noise samples — As discussed in Sec. 1.1.3, realistic trapped-ion experi-
ments typically exhibit local field noise with dominant frequencies at 50 Hz (corresponding
to the electrical grid frequency) and its odd harmonics. We model this characteristic noise
spectrum numerically using two Lorentzian peaks:
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Figure 4.3: Example of a time trace of local field noise with 50000 sampling points over
100 milliseconds, generated from a noise spectrum with two Lorentzian peaks at 50 Hz and
150 Hz (Eq. 4.19) with a noise amplitude of 750 Hz. The inset shows a zoom onto the first 0.2
milliseconds (100 samples), which corresponds to the time interval between two dynamical
decoupling pulses for the highest pulse rate of 5 kHz we consider in this work (see Sec. 4.2).

S(f) =
1

2π

(
γ

(f − f1)2 + γ2
+

β

(f − f3)2 + β2

)
, (4.19)

where f1 = 50 Hz and f3 = 150 Hz represent the fundamental and third harmonic
frequency, respectively. The parameters γ and β denote the corresponding half-widths at
half-maximum. To reflect typical experimental conditions where higher harmonics have
reduced amplitude, we set the second peak to one-third of the intensity of the first by
choosing β = 3γ.

We generate noise samples using the approximate frequency domain method of Ref. [354].
The sampling covers N = 50 000 points over 100 ms, corresponding to our in this section
adopted energy scale of J = 26 Hz and chosen annealing duration 2.6J−1. Following the
sampling method’s requirements, we evaluate the spectrum atM = 3N equidistant frequen-
cies to ensure an accurate representation of the noise spectrum.

This discretization of the spectrum necessitates sufficiently broad Lorentzian peaks, lead-
ing us to choose γ = 3 Hz. While experimental noise peaks are typically much narrower,
our analysis in Fig. 4.5 in the next section demonstrates that the dynamical decoupling
protocol exhibits robust performance across different noise frequencies. We therefore expect
this approximation to have a negligible impact on our numerical results for the annealing
sweeps. The samples for the noise spectra with a single Lorentzian peak (again setting
γ = 3 Hz), utilized for the simulation results in Fig. 4.5, are generated analogously to the
method outlined above.

In Fig. 4.3, we show an example of the time evolution of a noisy local field with 50 000
sampling points, generated for the spectrum with two Lorentzian peaks at 50 Hz and 150 Hz
and a noise amplitude of 750 Hz. The main figure shows the local field noise over the entire
time evolution of 100 milliseconds (corresponding to the time of an annealing sweep used in
our numerical simulations below), while the inset zooms in on the first 0.2 milliseconds. This
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smaller time interval corresponds to the time between two dynamical decoupling pulses for
the highest pulse rate of 5 kHz we consider (see Sec. 4.3.3) and is resolved into 100 distinct
noise sampling points.

Numerical simulation timescales — Our numerical implementation involves two distinct
timescales that require careful treatment. The annealing sweep is discretized into 50 000
time steps, each lasting 100ms/50 000 = 0.002ms for our chosen parameters. This fine
discretization ensures a sufficient number of noise samples between dynamical decoupling
pulses while approximating the continuous time-dependent fluctuations. For our highest
considered pulse rate of 500 dynamical decoupling pulses per sweep, this provides 100 distinct
noise samples between consecutive pulses.

Since we maintain a fixed number of noise samples (50 000) while varying the number
of dynamical decoupling pulses, achieving perfectly uniform pulse spacing is not always
possible. For example, with 300 pulses over the total sweep duration, the ideal spacing
would be on average 50 000/300 ≈ 166.67 steps per interval. We implement this by using
166 steps between pulses for the first portion of the sweep and 167 steps for the remainder,
ensuring the total remains exactly 50 000 steps. Our numerical tests demonstrate that small,
random variations in pulse spacing have negligible impact on final fidelity, provided the pulses
remain approximately equidistant (see discussion in Sec. 4.2.2). Alternative periodic spacing
patterns such as (166, 167, 167, 166, 167, 167, ...) also yield essentially identical results to
the distribution described above.

However, other systematic alternating patterns can cause significant performance degra-
dation. For instance, with 400 pulses over 50 000 steps, uniform spacing of 125 steps between
pulses recovers the ideal noiseless fidelity at the end of the sweep. In contrast, an alternating
pattern of (124, 126, 124, 126, ...) results in a vanishing final fidelity. This failure occurs
because the systematic alternation allows the small timing errors to accumulate coherently
throughout the annealing process, ultimately destroying the effectiveness of the dynamical
decoupling scheme.

4.3.3 Numerical results for MOT, cutting stock and SK model

In this section, we present numerical simulations of the dynamical decoupling protocol for
various benchmark problems. We employ the minimal MOT instance with five qubits,
defined in Eq. (3.44) as our first test problem in Sec. 4.3.3, after which we extend the
analysis to the 9-qubit instance constructed in Sec. 3.2.3. Additionally, in Sec. 4.3.3 and
Sec. 4.3.3 we show numerical results for noise mitigation in quantum annealing with five
and six qubit cutting stock problems, as well as Sherrington-Kirkpatrick model instances up
to 12 qubits, further demonstrating the universality of the dynamical decoupling protocol.
Finally, in Sec. 4.3.3, we discuss an alternative annealing protocol without ancilla qubit
solving the first minimal MOT problem instance using only four qubits.

Multiple-Object Tracking

The first benchmark test case is the industrially-relevant MOT computer vision problem.
We consider two specific problem instances, one using 5 qubits and one using 9 qubits,
both constructed in Sec. 3.2.3. Both problems are encoded using only 2-body interactions
(see Sec. 3.1.1 for a discussion on the encoding method). Furthermore, we consider the
modified annealing schedule of Eq. (3.9) for all simulations, where the cost Hamiltonian is
held constant during the annealing evolution.
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Figure 4.4: Fidelity of the final state, compared to the state encoding the problem solution,
at the end of a quantum annealing sweep versus dynamical decoupling pulse rate, using the
minimal MOT test problem with five qubits and an annealing time of 2.6/J (corresponding,
for an energy scale of J = 26 Hz, to a sweep duration of 100 ms). Boxplots compare results
for correlated noise (δhzi (t) = δhz(t)) using identical noise spectra with two Lorentzian
frequency peaks at 50 Hz and 150 Hz but different amplitudes of 250 Hz (blue), 500 Hz (red),
750 Hz (green), and 1000 Hz (orange). The crosses in each boxplot give a comparison with
the median value of annealing sweeps subject to constant disorder (δhz(t) = δhz) of the same
respective amplitude. The horizontal dashed line shows the achievable fidelity of the ideal
noiseless protocol (≈ 0.84). Data for each boxplot corresponds to 50 random independent
noise realizations (see Section 4.3.2). We observe that the achieved final fidelity converges
to the noiseless case for a sufficient rate of dynamical decoupling pulses, with higher noise
amplitudes requiring higher rates.

5-qubit MOT instance Our simulations solve the time-dependent Schrödinger equation
using the annealing Hamiltonian with 5 qubits defined in Eq. (4.6), where the 2-body cou-
plings are defined by the 5-qubit MOT problem instance constructed in Sec. 3.2.3. In the
numerics below, we implement a linear annealing sweep over a fixed duration of 2.6/J , which
provides a good fidelity in the absence of any error terms. To put this value into context
of the timescales in a typical laboratory experiment, we adopt the conservative energy scale
J = 26 Hz which is below values demonstrated in the MAGIC setup [163] and corresponds
to an annealing time of 100 ms for our chosen parameters. We set the driving strength to
hx = 3J as a compromise to avoid overly large separations of energy scales while keeping
the initialization into a fully x-polarized state a good approximation of the initial ground
state. In our numerics, we discretize the annealing sweep into 50 000 steps. For each dis-
crete step, we set a value of the local field δhzi , sampled from a given noise spectrum, thus
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Figure 4.5: Impact of noise peak frequency on dynamical-decoupling performance. As
Fig. 4.4, but using different noise spectra with a single Lorentzian peak centered at varying
frequencies, all with the same amplitude of 750Hz. The solid line gives a comparison with
the median value of annealing sweeps with constant disorder (δhz(t) = δhz) and the same
amplitude of 750Hz. The horizontal dashed line shows the achievable fidelity of the ideal
noiseless protocol. Data for each boxplot corresponds to 50 random independent noise real-
izations (see Section 4.3.2). Similar to Fig. 4.4, the final fidelity converges to the noiseless
case for sufficient rates of dynamical decoupling pulses. The required rates are only slightly
dependent on the noise frequency.

approximating the continuous fluctuations of an external magnetic field. Here, we consider
two distinct types of noise spectra: First, we model an experimentally realistic spectrum
featuring two dominant Lorentzian peaks at frequencies of 50 Hz and the leading next har-
monic at 150 Hz. As discussed in Sec. 1.1.3, such a spectral structure is typical of external
magnetic field fluctuations arising from the electricity grid. Second, we also examine spec-
tra with individual Lorentzian peaks at various frequencies to systematically investigate our
protocol’s dependence on noise characteristics. All noise realizations are generated using the
approximate frequency domain method discussed in the previous section. At approximately
equidistant intervals across the 50 000 discrete time steps, we apply dynamical decoupling
pulses as instantaneous global spin flips affecting all qubits simultaneously.

To evaluate the success of the protocol, we calculate the overlap between the final state
after the annealing sweep and the two-fold degenerate true ground state encoding the prob-
lem solution. Figure 4.4 presents this protocol fidelity as a function of the number of DD
pulses for a noise spectrum featuring two Lorentzian peaks centered at 50 Hz and 150 Hz.
We consider four noise amplitudes—250 Hz (blue), 500 Hz (red), 750 Hz (green), and 1000
Hz (orange). These noise amplitudes are chosen as a range going from typical values to

91



CHAPTER 4. NOISE MITIGATION FOR QUANTUM ANNEALING VIA
DYNAMICAL DECOUPLING

a worst-case scenario: In an experimental setup without any magnetic shielding, local-field
noise can realistically reach values around 1 kHz. Using stabilization techniques, these values
can potentially be reduced by an order of magnitude [232].

The considered DD pulse rates vary from 0 to 5 pulses per millisecond, which for the cho-
sen sweep duration of 100 ms correspond to a total of 0 to 500 dynamical decoupling pulses
applied throughout the annealing process. For each pulse rate, we simulate 50 independent
annealing runs, each subject to a distinct, correlated noise realization (i.e., identical across
all qubits). Results are visualized using boxplots, where the boxes indicate the interquar-
tile range and horizontal lines denote median fidelities. The dashed grey line at ≈ 84%
represents the fidelity achieved under the same annealing schedule in the absence of noise.

We observe that increasing the dynamical decoupling pulse rate systematically improves
the final fidelity, with all noise amplitudes showing convergence towards the ideal (noiseless)
performance. For each amplitude, a pulse rate of approximately 2.5 pulses per ms is sufficient
to yield fidelities above 70% in the majority of runs. This rate is readily achievable by current
trapped-ion platforms: the experimental upper limit of the pulse rate is set by the width
of the dynamical decoupling pulses (since they should not overlap), which in turn depends
on the accessible Rabi frequency. For a large Rabi frequency, the pulse width to implement
the same π-pulse is smaller. The Rabi frequency is effectively limited in the experiment by
the trapping frequency, as it should be set below that frequency in order to avoid heating
via unwanted sideband excitations. Typical trapping frequencies in an experiment are well
above 2π× 100 kHz. When setting the Rabi frequency to 2π× 100 kHz, the upper limit for
the pulse rate would be around 100 pulses per millisecond. In our numerical examples, we
find that significantly lower pulse rates are sufficient to restore the final fidelity to noise-free
levels.

For comparison, we also include results from simulations with static (time-independent)
disorder in Fig. 4.4, marked by crosses. To this end, we compute the median fidelity from 50
annealing runs where each qubit experiences a constant local field sampled from a Gaussian
distribution with a standard deviation matching the corresponding noise amplitude. The
resulting fidelities lie a little higher and show a similar convergence trend, indicating that
time-dependent noise and static disorder can be mitigated with similar dynamical decoupling
pulse rates for the parameters considered.

To examine the role of spatial correlations, we also ran simulations with uncorrelated
noise, where each qubit is subject to an independent noise realization. The results (not
shown) are qualitatively very similar to those in Fig. 4.4, with convergence to ideal fidelity
occurring slightly faster.

Figure 4.5 explores the dependence of annealing performance on the spectral shape of
the noise. We fix the noise amplitude to 750 Hz (corresponding to the green boxplots from
Fig. 4.4) and consider single Lorentzian peaks at 10, 50, 100, and 150 Hz, respectively (from
darkest to lightest green). A constant disorder comparison is shown as a solid line. We find
no significant qualitative sensitivity to the exact peak frequency in the considered regime: all
spectra exhibit similar convergence behavior, with slightly improved performance for lower
noise frequencies.

As these results show, dynamical decoupling can render the performance of quantum
annealing in realistic devices robust against field fluctuations of large strength and various
spectral properties. The performance can be improved with enhanced two-body interaction
strengths, achievable in the MAGIC setup with existing technology. As mentioned previ-
ously, magnetic field gradients on the order of 150 T/m are feasible [238, 247], enabling
coupling strengths up to J ≈ 2π × 1650 Hz [205]. In such scenarios, the annealing time re-
quired to achieve fidelities comparable to those in our simulations would reduce from 100 ms
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to approximately 0.5 ms. Moreover, the ratio of noise amplitude to coupling strength would
become more favorable, enabling high-fidelity sweeps with even fewer dynamical decoupling
pulses.
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Figure 4.6: Fidelity of the final state, compared to the state encoding the problem solution,
after a quantum annealing sweep versus the applied dynamical decoupling pulse rate during
the protocol, using the MOT test problem with 9 qubits (see Sec. 3.2.3) and an annealing
time of 2.6/J (corresponding to a sweep duration of 100ms for an energy scale of J = 26
Hz). Box plots compare results for correlated noise using identical noise spectra with two
Lorentzian peaks at 50 Hz and 150 Hz (see Sec. 4.3.2) but different amplitudes of 250 Hz
(blue), 500 Hz (red), 750 Hz (green), and 1000 Hz (orange). The crosses in each boxplot
give a comparison with the median value of annealing sweeps subject to constant disorder
(δhz(t) = δhz) of the same respective amplitude. The horizontal gray dashed line shows the
achievable fidelity of the ideal noiseless protocol (≈ 0.74). Data for each boxplot corresponds
to 50 random independent noise realizations (see Sec. 4.3.2). We observe that the achieved
final fidelity converges to the noiseless case for a sufficient rate of dynamical decoupling
pulses, with higher noise amplitudes requiring higher rates.

9-qubit MOT instance Figure 4.6 presents our numerical results for the 9-qubit problem
under the same correlated local field noise conditions discussed in Sec. 4.2. The time-
dependent noise is sampled from a spectrum with two dominant frequency peaks at 50 Hz
and 150 Hz, analogous with the 5-qubit analysis (Fig. 4.4). We assume the same energy
scale of J = 26 Hz to enable direct comparison with the results for the 5-qubit problem,
though we note that in trapped ion implementations, coupling strengths typically decrease
for longer ion chains, leading to lower effective energy scales for larger problems [205].

The 9-qubit problem behaves similarly to its 5-qubit counterpart. Final fidelities converge
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toward the ideal noiseless performance (gray dashed line) as the number of control pulses
increases. Importantly, pulse rates of approximately 2.5 pulses per millisecond again prove
sufficient to achieve good performance, with final fidelities exceeding 60% for the majority of
annealing runs across all considered noise amplitudes. These results demonstrate that our
dynamical decoupling protocol is robust and shows little dependence on the specific problem
instance and system size (further supported by our results on the cutting stock problem and
the Sherrington-Kirkpatrick model in the following sections). The pulse requirements depend
primarily on the noise amplitude and, to a lesser extent, the noise spectrum characteristics.
This scaling behavior aligns with our analytical predictions from Sec. 4.2.1, where corrections
to the ideal annealing protocol are shown to be independent of the specific coupling strengths
that encode the optimization problem.

Cutting stock problem

The second benchmark problem we consider is the cutting stock problem, which is also in-
dustrially relevant, similar to the MOT problem. We discussed this problem in Sec. 3.2.4,
where we also constructed specific minimal problem instances with 5 and 6 qubits respec-
tively (see Fig. 3.5). Note that we again consider the cost Hamiltonian encoding without
local fields, which uses an additional ancilla qubit (see Sec. (3.1.1)). Figure 4.7 presents
numerical quantum annealing results for cutting stock instances with 5 and 6 qubits, and
the MOT instances with 5 and 9 qubits from the previous section, all subject to identical
correlated local-field noise. The time-dependent noise is sampled from a spectrum charac-
terized by two dominant Lorentzian peaks at 50 Hz and 150 Hz, each with a fixed amplitude
of 750 Hz. The MOT data correspond to the mean values of the results shown in Figs. 4.4
and 4.6.

For the cutting stock problems, we generally observe much smaller minimum energy gaps
during the annealing sweep than for the MOT instances of similar size (this might be due to
the presence of the slack variables; a strong improvement in performance was observed, e.g.,
in Ref. [317] when using a slack-variable free implementation). To still achieve reasonable
final fidelities and clearly demonstrate the efficacy of our dynamical decoupling protocol, we
set the dimensionless annealing time to 26/J for the cutting stock instances, while retaining
2.6/J for the MOT cases. To enable a direct comparison between both problem types, we
assume an energy scale of J = 260 Hz for the cutting stock problems and J = 26 Hz for the
MOT problems (see Sec. 4.3.1). These choices yield the same physical annealing duration
of 100 ms in both cases, and therefore identical rates of dynamical decoupling pulses per
millisecond.

The results in Fig. 4.7(a) show that the final-state fidelities approach the noiseless limits
(dashed curves) as the rate of dynamical decoupling pulses increases. In particular, pulse
rates of approximately 2.5 pulses per millisecond are sufficient to achieve good relative
performance, with the final fidelity at the end of the sweep depending on the specific problem
instance.

Figure 4.7(b) presents the same data normalized to the corresponding noiseless fidelities,
revealing a qualitatively and quantitatively similar behavior. This collapse demonstrates
that the applied dynamical-decoupling protocol is robust and largely insensitive to the spe-
cific optimization problem.

Sherrington-Kirkpatrick model

While we focused above on application-motivated optimization problems (MOT and cutting
stock), here we demonstrate that dynamical decoupling (DD) equally mitigates local-field
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Figure 4.7: Annealing results for MOT instances with five and nine qubits (see Sec. 3.2.3),
and for cutting stock instances with five and six qubits (see Fig. 3.5), respectively. The
annealing time is set to 2.6/J for the MOT problems and 26/J for the cutting stock problems.
A physical sweep time of 100 ms is assumed for all annealing runs, corresponding to an energy
scale of J = 26 Hz for the MOT problems and J = 260 Hz for the cutting stock problems.
Each data point represents the mean over 50 independent correlated-noise realizations, all
sampled from the same noise spectrum as in Figs. 4.4 and 4.6, with a fixed amplitude of
750 Hz. Error bars denote the standard deviation. (a) Final-state fidelity as a function of
the rate of applied dynamical decoupling pulses. Dashed lines indicate the corresponding
noiseless final fidelities. (b) Fidelities normalized to their respective noiseless values. Within
error bars, all data collapse onto a single curve, showing the generality of the dynamical-
decoupling procedure.

noise in problems without internal structure. As a representative example, we consider
the Sherrington–Kirkpatrick (SK) spin-glass model with local fields [355, 356], and present
additional numerical results supporting that the DD pulse rate required to suppress noise is
largely independent of the system size.

As the cost function in the annealing protocol, we use the SK Hamiltonian

HSK =
∑

i̸=j

JSK
ij σz

i σ
z
j +

∑

i

hSKσz
i , (4.20)

where JSK
ij and hSK are independently drawn from Gaussian distributions with zero mean

and variances σ2 = 1 and σ2 = 0.3 respectively. As above, local fields are replaced by
two-body terms through the introduction of a single ancilla qubit, ensuring that all problem
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Figure 4.8: Annealing results for Sherrington-Kirkpatrick (SK) model instances of varying
sizes. Annealing time is set to 2.6/J , corresponding to a physical time of 100 ms when
assuming an energy scale of J = 26 Hz. Each data point corresponds to the mean of 50
random SK instances with different respective correlated-noise realizations. The noise is
sampled from the same spectrum as in Figs. 4.4 and 4.6, defined by Eq. (4.19), with a fixed
noise amplitude of 750 Hz. Error bars denote the standard deviation. The final fidelity
achieved after an annealing sweep for each individual problem instance is normalized with
respect to the fidelity that instance would achieve without any noise.

information is contained in the interaction terms only (see Sec. 3.1.1). This allows local-field
noise to be mitigated via DD without altering the encoded cost function.

Figure 4.8 summarizes our numerical results. Analogous to the results in the previous
sections, we consider a noise spectrum with two Lorentzian frequency peaks at 50 Hz and
150 Hz (Eq. (4.19)), and a noise amplitude of 750 Hz. As for the other benchmark problems,
we consider the unit-less annealing time of 2.6/J , which corresponds to a physical time of
100 ms, when assuming a characteristic energy scale of J = 26 Hz. We vary the rate of
applied dynamical decoupling pulses and calculate the ratio of the fidelity of the final state
after the annealing sweep to the fidelity of the noiseless sweep for each individual problem
instance. We consider system sizes ranging from N = 4 to N = 12. For each system size
and pulse rate, we simulate 50 random SK instances, using a separate noise realization for
every run. Data points show the mean ratio of fidelities; error bars denote the standard
deviation across problem instances.

At low pulse rates, fidelities are broadly distributed and, for some instances, may even
exceed the noiseless reference. This behavior is expected: due to random spectra and varying
minimal gaps, certain instances may by chance perform better under the specific noise
realization. We also note that smaller system sizes will on average achieve a better final
fidelity ratio for small DD pulse rates. This is simply due to the fact that the dimension of
the system is small enough for the solution to have a finite amplitude with high likelihood.
Nevertheless, for all system sizes we observe a clear convergence to the noiseless fidelity when
the DD rate exceeds approximately three pulses per millisecond. The onset of convergence
is essentially identical across all system sizes, indicating no significant increase in required
DD pulse rate with system size, consistent with our results on the Multiple Object Tracking
and cutting stock problems.
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This observation also matches our analytical treatment in Sec. 4.2, which predicts that to
leading order the noise enters only through the product of noise amplitude and time interval
between consecutive DD pulses, independent of the number of qubits. Our results thus
establish that dynamical decoupling is robust with respect to the choice of cost Hamiltonian
and system size and continues to suppress local-field noise effectively even for unstructured
spin glass problems such as the SK model.

Problem encoding without ancilla qubit

In the previous discussions, we considered a quantum annealing protocol that encodes QUBO
problems exclusively through two-body interactions. This approach eliminates local field
terms by encoding them as interactions with an additional ancilla qubit (see Sec. 3.1.1).
The key advantage of this encoding scheme is that it decouples the problem representation
from local field noise, enabling effective noise suppression through dynamical decoupling
control pulses (Sec. 4.2). However, the encoding requires one additional ancilla qubit for any
problem instance. Given the limited qubit resources available in current quantum hardware,
it may be desirable to retain the original QUBO formulation that directly incorporates local
field terms in the cost Hamiltonian. In this section, we demonstrate how the annealing
sweep with dynamical decoupling pulses can be adapted to mitigate unwanted local field
noise while preserving the desired local fields that encode the optimization problem.

This alternative annealing protocol Hamiltonian with local field noise δhzi (t) is defined
as

H = C(t)Hdriving +
∑

ij

Jijσ
z
i σ

z
j +

∑

i

(
hzi + δhzi (t)

)
σz
i . (4.21)

Implementing the same dynamical decoupling scheme as in Sec. 4.2 would cancel both the
noise δhzi (t) and the local field terms hzi encoding the problem. However, this can be avoided
by applying a sign change to the problem-encoding local fields (hzi → −hzi ), simultaneously
with each application of a dynamical decoupling control pulse. This additional sign change
cancels the one due to the global dynamical-decoupling spin flip, such that only the noise
terms δhzi (t) get effectively canceled out.

The additional sign flips are easily implementable in experiments. E.g., when the
problem-encoding local fields are implemented via detuning of a microwave signal from
resonance of the corresponding ion transition (see for example discussion in Ref. [205]), it
suffices to quickly switch the sign of the detuning simultaneously with the action of the
dynamical decoupling pulse. Other implementations rely on virtual Z rotations [253] or
single-qubit gates in a Trotterized annealing protocol, in both of which one can just choose
opposite rotation angles.

We now compare the performance of this alternative protocol against the method em-
ployed in the previous sections when applied to the minimal MOT problem (see Sec. 4.3.3).
The original protocol requires five qubits, including an additional ancilla qubit for the en-
coding, while the alternative approach uses only four qubits with local field terms.

Figure 4.9 presents the final noiseless fidelities achieved for both protocols across varying
annealing sweep durations, expressed in units of the inverse characteristic energy scale J .
We consider again a sweep duration of 2.6J−1 for numerical calculations, corresponding
to 100 ms when assuming J = 26 Hz (indicated by the vertical red dashed line). At
this annealing time, both protocols achieve nearly identical final fidelities (≈ 84%). More
generally, the final fidelities exhibit oscillatory behavior with annealing time, resulting in
alternating advantages between the two protocols at different sweep durations, but without
significant qualitative differences.
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Figure 4.9: Final noiseless fidelities achieved for different total linear annealing sweep dura-
tions for the minimal MOT QUBO problem (Sec. 3.2.3). We compare the performance of
the annealing protocol considered in the previous sections (Eq. 3.9), encoding the problem
exclusively into the two-body interactions using 5 qubits overall (orange), versus the direct
encoding utilizing local fields with 4 qubits overall (blue). The annealing time is given in
units of the inverse characteristic energy scale J . The vertical red dashed line denotes the
annealing time considered for the numerical simulations of the MOT problem in Sec. 4.3.3
(2.6J−1).

We also investigated whether the dynamical decoupling requirements differ between the
two protocols by examining the number of control pulses needed to mitigate the noise of a
given amplitude. Simulations of the four-qubit protocol yield results very similar to those
obtained with the five-qubit approach (Fig. 4.4). In both cases, approximately 2.5 control
pulses per millisecond suffice to achieve final fidelities above 70% for the majority of anneal-
ing runs. This consistency in dynamical decoupling requirements suggests that the choice
between protocols can be made primarily based on qubit resource constraints rather than
noise mitigation and performance considerations.

4.3.4 Universal scaling behavior

In the previous section, we demonstrated that quantum annealing remains effective under
local field fluctuations when dynamical decoupling pulses are applied at regular intervals
during the protocol. As shown in Fig. 4.4, the final fidelity converges to the noiseless limit
as the dynamical decoupling pulse rate increases, with the required pulse rate depending on
the noise amplitude and to a lesser degree the noise spectrum. In this section, we reveal a
unifying trend across these cases by identifying a generalized scaling parameter that causes
all fidelity curves to collapse onto a single universal curve.

To this end, we build upon the analytical treatment of the time evolution operator of the
noisy annealing protocol with dynamical decoupling pulses derived in Sec. 4.2.1. There, the
leading-order corrections due to local field fluctuations appear as perturbations to the driver
Hamiltonian proportional to δhzi ×∆t, see Eq. (4.12), where δhzi is the local field fluctuation
at the position of qubit i and ∆t is the time interval between two consecutive dynamical
decoupling pulses (corresponding to the inverse of the pulse rates on the horizontal axis
in Figs. 4.4 and 4.5). This implies that the deviation from the ideal (noiseless) annealing
performance should be governed by this product.
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Figure 4.10: Fidelity of the final state, compared to the state encoding the problem so-
lution, at the end of a quantum annealing sweep versus a universal scaling parameter
(∆t×σ(δhz)c)−1, which depends on the time ∆t between two dynamical decoupling pulses,
the standard deviation of local field fluctuations σ(δhz) (correlated noise), and a noise-
dependent exponent c. (a) For constant disorder (δhz(t) = δhz), an excellent data collapse
is obtained for c = 1, in agreement with analytic derivations (see Sec. 4.2.1). The grey line
in (a) shows an exponential fit considering all data points for the different noise amplitudes
together. (b) For time-dependent noise spectra with two Lorentzian peaks at 50 Hz and 150
Hz, an approximate data collapse can still be obtained for a (fitted) value of c ≈ 0.65. In
both cases, we show the mean value of 50 random independent noise realizations.

To test this prediction, we plot in Fig. 4.10 (a) the mean final fidelities for the case
of static correlated disorder, now as a function of the inverse parameter (σ(δhz) × ∆t)−1,
where σ(δhz) denotes the standard deviation of the static local field disorder. This rescaling
causes the data from all four disorder amplitudes to collapse onto a single, smooth curve.
The collapse confirms our analytical prediction and demonstrates that the key quantity
controlling fidelity loss is indeed the product of noise amplitude and time between dynamical
decoupling pulses. The gray line in Fig.4.10 (a) shows an exponential fit to the combined
data.

However, the perturbative argument in Sec. 4.2.1 assumes the field fluctuations δhz
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remain constant between dynamical decoupling pulses. This assumption breaks down once
the noise acquires a significant time dependence. Consistent with this, we find that applying
the same rescaling to annealing sweep results with time-dependent noise fails to produce a
similarly precise data collapse. To recover a universal description, we generalize the scaling
parameter to the form σ(δhzi )

c ×∆t with c being a fitting exponent between zero and one.
In Fig. 4.10(b), we plot the mean fidelities for time-dependent correlated noise, corre-

sponding to the spectrum considered in the previous section with two Lorentzian peaks (at
50 Hz and 150 Hz), as a function of this generalized parameter. For c ≈ 0.65 we achieve an
approximate collapse of the data, suggesting a sublinear dependence of the fidelity degrada-
tion on noise amplitude in the considered noise regime.

We further analyzed noise spectra with single Lorentzian peaks at various frequencies:
the optimal value of c consistently decreases as the dominant noise frequency increases.

Taken together, the analytical and numerical results of this chapter establish that simple
periodic π-pulses suffice to render quantum annealing on the MAGIC platform robust against
the dominant longitudinal-field noise, at pulse rates well within the reach of current trapped-
ion experiments and largely independent of the specific cost Hamiltonian and system size.
This removes one of the main practical obstacles to running industry-relevant optimization
problems on near-term MAGIC hardware, and quantum computing platforms in general,
and clears the way for the performance-oriented improvements of the annealing protocol
itself, which we turn to in the following chapter.

100



Chapter 5

Improving quantum annealing
performance

In Chapter 3 we discussed how the time required to solve an optimization problem with quan-
tum annealing is, in the adiabatic regime, controlled by the inverse square of the minimum
energy gap ∆E encountered along the sweep (Sec. 3.1.3). For hard combinatorial problems,
this gap typically closes exponentially with the problem size, ∆E ∼ e−αN , a hallmark of a
first-order quantum phase transition along the annealing path. The adiabaticity time then
grows as T ∝ e2αN , which is the central bottleneck limiting the practical applicability of the
standard linear annealing protocol with a transverse-field driver.

Considerable effort has therefore been devoted to designing modified annealing protocols
whose minimum gap closes more slowly with system size, or whose performance benefits from
controlled non-adiabatic dynamics. In this chapter, we discuss three promising avenues
toward this goal, each acting on a different component of the time-dependent annealing
Hamiltonian.

The main focus of the chapter, presented in Sec. 5.1, concerns the cost Hamiltonian
itself. Combinatorial optimization problems are conventionally cast in QUBO form before
being implemented on quantum annealing hardware, even when their natural formulation
involves higher-order interactions. We show that retaining the native PUBO structure of the
cost Hamiltonian can yield significantly larger minimum gaps relative to the characteristic
energy scale of the device and, for certain instance families, an exponentially improved gap-
scaling exponent. Using the paradigmatic 3-SAT problem as a benchmark, we quantify the
resulting savings in qubit count and adiabaticity time, and show that the gain persists when
accounting for the overhead of realizing higher-order interactions on actual hardware.

Section 5.2 discusses modifications of the driving Hamiltonian, reviewing the strategy of
inhomogeneous quantum annealing, in which different qubits are driven across the critical
phase transition region at different times. We summarize the main proposals from the liter-
ature and the resulting reports of polynomial and, in idealized mean-field limits, exponential
improvements over homogeneous protocols.

Finally, Sec. 5.3 introduces a third avenue, the augmentation of the annealing path by
a non-stoquastic catalyst term that is active only during the intermediate stages of the
sweep. We review the notion of stoquasticity and its connection to the sign problem of
quantum Monte Carlo, and discuss the cases in which non-stoquastic catalysts soften first-
order transitions or enable diabatic shortcuts to the solution. We will revisit non-stoquastic
annealing in Chapter 6, where we analyze quantum resources generated along such paths, in
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particular bipartite entanglement and nonstabilizerness of the instantaneous ground state.
The content of this chapter is based on Refs. [203] and [204].

5.1 Utilizing higher-order interactions in the cost Hamil-
tonian

As discussed in Chapter 3, to solve combinatorial optimization problems with quantum an-
nealing, they have to be encoded into a cost Hamiltonian whose ground state represents
the desired solution (Sec. 3.1.1). When the underlying classical cost function is at most
quadratic in the binary variables, this Hamiltonian contains only local fields and two-body
interactions, and the optimization problem is of QUBO type. Many problems of practi-
cal interest, however, are naturally formulated as PUBO problems of higher degree, the
canonical example being the NP-complete 3-SAT problem, which is cubic in its native form
(Sec. 3.2.5). Since most currently available quantum annealing hardware supports only local
fields and two-body interactions, the standard approach is to reduce any PUBO instance
to an equivalent QUBO problem by introducing ancillary slack variables together with en-
ergy penalties enforcing their consistency. This reduction incurs a twofold cost: each slack
variable requires an additional qubit, and the penalty terms must dominate the problem-
encoding interactions, which under the limited coupling rates of physical hardware reduces
the effective energy scale available to the original problem and, with it, the achievable sweep
speed.

In this section, we investigate whether retaining the native PUBO structure of the cost
Hamiltonian, rather than reducing it to QUBO, can improve the performance of quantum
annealing. The relevant figure of merit is the minimum energy gap encountered along the
annealing sweep, since for hard problems its closing controls the adiabaticity time and thus
the time-to-solution (Sec. 3.1.3). Using 3-SAT as a paradigmatic benchmark, we find that
the native PUBO formulation yields larger minimum gaps relative to the characteristic
energy scale and, for certain instance families, an exponentially improved gap-scaling expo-
nent. These advantages persist when accounting for the overhead of realizing higher-order
interactions on the underlying quantum hardware, both on analog and on digital platforms.

The remainder of this section is organized as follows. Sections 5.1.1 and 5.1.2 review
the reduction of a PUBO problem to QUBO via slack variables and discuss the resulting
hierarchy of physical energy scales, including the role of the penalty strength. Sections 5.1.3
and 5.1.4 present our numerical analysis of the minimum gap for 3-SAT instances generated
by three different generators, culminating in the system-size scaling of the minimum spectral
gap for both formulations. Sections 5.1.5 and 5.1.6 address the implementation of three-body
interactions on quantum hardware and combine the gap-scaling results with the resulting
overhead to quantify the speedup of PUBO over QUBO.

5.1.1 Reducing PUBO to QUBO

The reduction of a PUBO cost function to QUBO form rests on a single elementary substi-
tution, already introduced in Sec. 3.2.5 in the context of 3-SAT. Any cubic term xixjxk with
binary variables in the cost function can be replaced by a quadratic term xi y involving an
ancilla variable y ∈ {0, 1}, provided that the constraint y = xjxk is enforced energetically
through the standard penalty

P (xj , xk, y) = 3 y + xjxk − 2xjy − 2xky, (5.1)
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which evaluates to zero precisely when y = xjxk and is strictly positive otherwise. Iterating
this substitution removes all three-body terms from the cost function at the price of one
ancilla qubit and one penalty contribution per substitution. PUBO problems of higher
degree are reduced analogously by recursive quadratization [330, 357].

Two practical caveats accompany the procedure. First, finding the substitution that
minimizes the number of introduced ancillas is itself NP-hard [357]. In our numerical analysis
we employ the simple brute-force heuristic discussed in Sec. 3.2.5, in which the pair of
variables that appears most frequently among the cubic terms is replaced first, followed
by the next-most-frequent pair, and so on. Second, the penalty strength must be large
enough that violating the constraint y = xjxk is never energetically favorable, but not so
large that it dominates the problem encoding terms. Since the maximum two-body coupling
supported by a quantum annealing device is bounded by hardware, an excessively strong
penalty effectively rescales the encoding part of the Hamiltonian to a small fraction of the
available energy scale and slows down the protocol. The interplay between penalty strength,
characteristic energy scale and minimum spectral gap is analysed quantitatively in Sec. 5.1.2.

Toy model

To illustrate the procedure on a minimal example, consider the cubic polynomial

f(x) = x3 + x, (5.2)

which we wish to minimize on the half-open interval [0, 22). We use a small resolution with
n = 2 integer bits and m = 1 fractional bit and approximate the continuous variable as

x = 2x1 + x2 +
1
2 x3, xi ∈ {0, 1}. (5.3)

Substituting Eq. (5.3) into Eq. (5.2) and simplifying with the identity x2i = xi yields the
third-order PUBO cost function

f(x1, x2, x3) = 10x1 + 2x2 +
5
8 x3

+ 18x1x2 +
15
2 x1x3 +

9
4 x2x3

+ 6x1x2x3,

(5.4)

which contains a single cubic monomial ∝ x1x2x3 and attains its unique minimum at
(x1, x2, x3) = (0, 0, 0), corresponding to x = 0.

To reduce Eq. (5.4) to QUBO form, we introduce a single ancilla y = x2x3 and replace
the cubic term by 6x1y. The resulting QUBO cost function is

fQUBO(x1, x2, x3, y) = fquad(x1, x2, x3) + 6x1y + µP (x2, x3, y), (5.5)

where fquad collects the linear and quadratic terms of Eq. (5.4), P is the penalty defined in
Eq. (5.1), and µ > 0 controls its strength. For any sufficiently large µ, the global minimum of
Eq. (5.5) coincides with that of Eq. (5.4) with a consistent y = x2x3. The QUBO formulation
therefore reproduces the original optimization problem at the price of one additional binary
variable and one penalty contribution.

This minimal example shows the two qualitative trade-offs of the QUBO reduction.
When translating the classical cost functions into a cost Hamiltonian (see Sec. 3.1.1), the
PUBO formulation requires only three qubits but contains a three-body interaction whose
physical implementation is more demanding than two-body couplings (see Sec. 2.3). The
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QUBO reduction removes the cubic term but adds a fourth qubit and a penalty contribu-
tion that must dominate the encoding interactions. Whether the gain in interaction order
outweighs the qubit and penalty overhead depends on the structure of the problem and on
the details of the hardware platform, a question we address quantitatively in the following
sections using 3-SAT instances as benchmarks.

3-SAT

The benchmark problem used throughout this chapter is the paradigmatic NP-complete
3-SAT problem, defined in Sec. 3.2.5 as the conjunction of M disjunctive clauses over N
Boolean variables, each clause depending on exactly three literals. As detailed in Sec. 3.2.5,
the natural cost Hamiltonian assigns to every clause an energy term that vanishes on satisfy-
ing assignments and equals one otherwise. After the substitution xi → 1

2−ŝzi (see Sec. 3.1.1),
this produces a three-local Hamiltonian with up to M distinct three-body terms, together
with two-body and local contributions of comparable magnitude. The PUBO encoding
therefore uses exactly N qubits, independently of the number of clauses.

To probe how the underlying instance structure affects the PUBO-versus-QUBO com-
parison, we adapt three different generators from Ref. [328], denoted toughSAT, uniquePT1
and uniquePT4. They differ in the way clauses are constructed and, as a consequence, in
the structure of the resulting cost Hamiltonian and in the number of ancillas required for a
QUBO reduction.

toughSAT : Each clause is generated by selecting three of the N variables uniformly at
random and negating each of them with probability 1/2. The clauses are mutually indepen-
dent, and we set the clause-to-variable ratio close to the critical value (M/N)crit ≈ 4.24 [326]
in order to maximise the probability of generating computationally hard instances. We post-
select the resulting random instances for those with a unique solution, since hard instances
with unique ground state are the relevant test cases for our gap-scaling analysis. Because
the clauses are independent random samples of triples of variables, each clause typically con-
tributes a distinct cubic monomial to the cost function, and the cost Hamiltonian contains
up to M ≈ 4.24N unique three-body interactions. The QUBO reduction therefore requires
up to M ancilla qubits, with smaller counts achievable when the brute-force quadratization
can reuse the same ancilla for several clauses sharing a common pair of variables. Among
the three generators considered here, toughSAT yields the largest ancilla overhead in the
QUBO reduction.

uniquePT1 : Following Ref. [328], the generator first samples a target solution s ∈ {0, 1}N
uniformly at random and then constructs M = N + 6 clauses iteratively. A small initial set
of clauses pins the value of the first variable, while each subsequent clause fixes the value of
one further variable given the values of two already-determined variables, thereby determin-
istically forcing s to be the unique solution. Despite the lower clause count, the resulting
cost Hamiltonian still contains generic three-body interactions of magnitude comparable to
its two-body and local contributions, and the minimum spectral gap along the standard
annealing path closes exponentially in N (Sec. 5.1.4). The QUBO reduction requires up to
M = N + 6 ancillas, significantly fewer than for toughSAT instances at the same N , while
still yielding hard problem instances.

uniquePT4 : The same target solution s is sampled, but the generator now produces
M = 4N clauses by attaching, to every variable, four specifically chosen clauses involving
that variable together with two further variables. The four clauses associated with a given
variable are constructed so that, when summed in the cost function, all three-body and
two-body contributions cancel exactly, leaving only a local field that pins the variable to
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its target value si. The cost Hamiltonian therefore reduces to a sum of independent local
fields, Ĥcost = −

∑
i h

z
i ŝ

z
i , with a trivial product ground state that can be read off directly.

No QUBO reduction is needed, no ancillas are introduced, and the optimization problem is
solvable in time linear in N . We include uniquePT4 here only as an example which, even
though initially containing three- and two-body interaction terms, is actually trivial to solve
(as reflected in the annealing energy spectrum, where the gap is not closing). Otherwise we
restrict our PUBO-versus-QUBO comparison in the following sections to instances generated
by toughSAT and uniquePT1.

5.1.2 Energy scales and penalty strength

The general framework of factoring out a global energy scale J from the annealing Hamil-
tonian was introduced in Sec. 3.1.4. We briefly recall the relevant convention here. For a
PUBO problem of degree kmax, J is identified with the maximum physical rate at which
the slowest, that is, the highest-order, interaction can be implemented, since on essentially
all current hardware the rates of k-body interactions decrease with k and the highest-order
term sets the bottleneck for the achievable sweep speed. The dimensionless cost Hamiltonian
is normalized so that max |J (kmax)| = 1. For the third-order PUBO formulation of 3-SAT

we therefore use J = maxijk |J (3)
ijk |, while for the QUBO reduction we use J = maxij |J (2)

ij |.
Local fields are assumed to be implementable at sufficiently high strengths that they pose
no additional restriction. The strength of the driving Hamiltonian is fixed at hx = J for the
standard linear protocol of Eq. (3.8), in line with the analysis of Sec. 3.1.5.

The QUBO reduction of a native PUBO problem introduces structure that is absent in
the PUBO formulation and that complicates the simple energy-scale picture above. The
cost Hamiltonian contains, in addition to the part encoding the problem, the penalty terms
required to enforce the consistency of the ancilla variables (Sec. 5.1.1). Decomposing Ĥcost

into the two contributions,

Ĥcost = Ĥproblem + λ Ĥconstraints, (5.6)

the two-body coupling matrix splits accordingly,

J
(2)
ij (λ) = [J

(2)
ij ]problem + λ [J

(2)
ij ]constraints, (5.7)

where the prefactor λ ≥ 0 globally rescales the constraint terms while preserving their
internal relative weights. The cost Hamiltonian is normalized for each value of λ to the

maximum magnitude of the resulting two-body couplings, J = maxij |J (2)
ij (λ)|. The default

heuristic introduced in Sec. 3.2.5, which sets the prefactor of every penalty term to |aijk|+1
for the cubic interaction aijk xixjxk it removes, corresponds to λ = 1 in this notation (i.e.,
the penalty terms have different strengths individually, and the global scale is set to one).

The key implication of the decomposition in Eq. (5.6) is that the constraint terms must, in
general, dominate the encoding terms in order to guarantee that the consistency conditions

are not violated in the ground state. After normalization, this implies λ|[J (2)
ij ]constraints|/J ∼

1 together with |[J (2)
ij ]problem|/J ≪ 1, so that the part of the Hamiltonian that actually

encodes the optimization problem occupies only a small fraction of the feasible coupling
strengths, set by the hardware. This reduction of the encoding interaction strengths is absent
in the native PUBO formulation, where every coupling encodes the problem itself. For the
third-order PUBO formulation of typical 3-SAT instances encountered in our numerics, the
maximum ratio of three-body to two-body couplings is of order unity, so that no analogous
dilution arises in the PUBO case; this conclusion may differ for larger instances or for
problems with a different PUBO structure.
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Optimal penalty strength. We now examine quantitatively how varying the global pref-
actor λ in Eq. (5.6) affects the minimum spectral gap and, through it, the adiabaticity time
of the annealing protocol. As a representative example, Fig. 5.1a shows the minimum gap
along the annealing sweep of the QUBO reduction of a random 3-SAT instance generated
by uniquePT1 with N = 6 variables, as a function of λ. The dependence is non-monotonic,
with a maximum at λ ≈ 0.64 where ∆E/J ≈ 0.074, while the default choice λ = 1 yields
∆E/J ≈ 0.06, only about 19% below the optimum. The behavior on either side of the opti-
mum can be understood directly from the low-energy spectrum of Ĥcost, plotted as a function
of λ in Fig. 5.1b, with constraint-satisfying states shown in green and constraint-violating
states in red.
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Figure 5.1: Dependence of the minimum gap on the penalty strength in the QUBO reduction
of a random 3-SAT instance generated by uniquePT1 with N = 6 variables. (a) Minimum
gap ∆E/J along the annealing sweep versus the penalty strength λ in Eq. (5.6). The
gray dashed line marks the default choice λ = 1, for which ∆E/J ≈ 0.06; the optimum,
∆E/J ≈ 0.074, occurs at λ ≈ 0.64. (b) Lowest 30 eigenvalues of Ĥcost, most of which
are degenerate. Eigenstates satisfying all constraints are shown in green, and constraint-
violating states in red. Solid black lines mark the onset of a degenerate, constraint-violating
ground state, where the minimum gap vanishes, here at λ = 0.25.

Since Ĥcost is diagonal in the computational basis, its eigenstates are basis states. On
a constraint-satisfying basis state |s⟩, the diagonal penalty contribution vanishes by con-
struction, so that ⟨s|Ĥcost|s⟩ = ⟨s|Ĥproblem|s⟩ is independent of λ. On a constraint-violating

basis state, by contrast, ⟨s|Ĥconstraints|s⟩ > 0, and the energy grows linearly with λ. Both
observations underlie the two regimes visible in Fig. 5.1.

For λ above the optimum, the low-energy spectrum is composed entirely of constraint-
satisfying states, whose energies in physical units are independent of λ for the reason just
stated. The maximum coupling, however, is dominated by the constraint contributions and
therefore grows linearly in λ, J ∝ λ, so that the dimensionless gap reduces as ∆E/J ∝ λ−1.
Choosing the penalty unnecessarily strong therefore wastes coupling ’budget’ and compresses
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the dimensionless spectrum that controls the annealing performance.

For λ below the optimum, conversely, constraint-violating eigenstates descend through
the low-energy spectrum and progressively interleave with the constraint-satisfying ones. As
long as the lowest constraint-violating state lies above the lowest constraint-satisfying excited
state, the dimensionless gap continues to grow with decreasing λ, since the dilution of the
encoding terms by the normalization is reduced. The largest gap is reached close to the value
of λ where the lowest constraint-violating state and the lowest constraint-satisfying excited
state become degenerate, in the example of Fig. 5.1b near λ ≈ 0.5. Reducing λ further, as
soon as a constraint-violating state crosses the ground state, the latter ceases to encode a
feasible solution, and the minimum gap goes to zero; in the same example, this happens at
λ = 0.25. The optimum value of λ is therefore set by the competition between the dilution
of the encoding terms by the normalization at large λ and the loss of a constraint-satisfying
ground state at small λ.

For other 3-SAT instances we observe a qualitatively similar behavior, with the threshold
for the loss of feasibility occasionally located at higher values such as λ ≈ 0.5, in which case
the optimum lies even closer to the default choice λ = 1. Finding the optimal λ for a given
instance generally requires knowledge of the optimal solution itself [357], so that λ must
in practice be chosen by a problem-agnostic heuristic. The simple choice adopted here is
sufficiently close to the optimum to ensure that our scaling analysis of the minimum gap
(Sec. 5.1.4) is not significantly biased by suboptimal penalty strengths. More sophisticated
approximations such as the one developed in Ref. [309] may yield additional improvements,
but are unlikely to alter the qualitative conclusions of the PUBO-versus-QUBO comparison
developed in the remainder of this section.

5.1.3 Structure of PUBO and QUBO formulations of 3-SAT

Before turning to the system-size scaling of the minimum gap in Sec. 5.1.4, we examine
the structure of the low-lying instantaneous spectrum along the annealing path for typical
instances generated by the three generators (see Sec. 3.2.5). The aim of this subsection is
to give a qualitative picture of how the specific generator and the choice of PUBO versus
QUBO formulation shape the gap profile.

Figure 5.2 shows the energies of the instantaneous ground state and first excited state
along the standard annealing sweep, for one representative instance per generator at N = 6
variables, in both the native PUBO formulation and, where applicable, the correspond-
ing QUBO reduction. Three qualitative features can be read off directly. First, both the
toughSAT instance [Fig. 5.2a] and the uniquePT1 instance [Fig. 5.2b] develop a pronounced
gap minimum in the second half of the sweep. Second, the uniquePT4 instance [Fig. 5.2c]
exhibits no gap closing whatsoever and its first excited state remains separated from the
ground state by an energy of order J throughout the sweep, in line with the discussion in
Sec. 5.1.1: all three-body and two-body contributions cancel by construction and the cost
Hamiltonian reduces to a sum of independent local fields with a ground state which can be
read off trivially. Third, comparing the upper and lower panels for toughSAT and uniquePT1,
the gap minima of the QUBO reductions are visibly smaller and located at later times along
the sweep as in the corresponding PUBO formulations, illustrating the qualitative effect of
the reduction at the level of a single instance.

The trivial nature of uniquePT4 instances, confirmed by the gap profile in Fig. 5.2c, is a
generic feature rather than an artifact of the specific instance shown. We therefore exclude
this generator from the quantitative analysis below and restrict our PUBO-versus-QUBO
comparison to toughSAT and uniquePT1.
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Figure 5.2: Typical gap profiles of PUBO and QUBO formulations of randomly generated
3-SAT instances. The plots show the energies of the ground state (blue) and first excited
state (orange) as a function of time during a standard annealing sweep according to Eq. (3.8)
with driving strength hx equal to the characteristic energy scale J of the cost Hamiltonian.
The upper panels (a) and (b) depict the native PUBO formulations (cost Hamiltonian with

up to three-body interactions, J = maxijk |J (3)
ijk |), while the lower panels (d) and (e) show

the associated QUBO reductions (cost Hamiltonian with at most two-body interactions, J =

maxij |J (2)
ij |). Note that two-body interactions are typically much stronger than three-body

interactions. A direct decomposition of a 3-qubit unitary gate gives a ratio of J (3)/J (2) ≈ 1/4
(see Sec. 5.1.5). The 3-SAT instances comprise N = 6 classical variables and are generated
by the toughSAT generator with M = round(4.24N) = 25 clauses [panels (a) and (d)],
the uniquePT1 generator with M = N + 6 clauses [panels (b) and (e)], and the uniquePT4
generator with M/N = 4 clauses [panel (c)]. The QUBO reductions of the instances in (a)
and (b) require four and three additional slack variables (ancillary qubits), respectively. For
instances generated by uniquePT4 (c), no gap closing occurs since the generated instances
are trivial (all three-body and two-body interactions cancel, J = maxi |hzi |). The table (f)
shows the mean minimum energy gap and its standard error of the mean for an ensemble of
200 instances corresponding to the scenarios in (a), (b) and (d), (e).

To make the comparison quantitative at fixed system size, we average the minimum gap
along the annealing sweep over an ensemble of 200 random instances per generator and per
formulation. The resulting mean minimum gaps and the error of the mean are reported in
Fig. 5.2f. At N = 6, both generators yield mean gaps of comparable magnitude in the PUBO
formulation, with uniquePT1 slightly larger than toughSAT. This near-equality at small N is
at first sight counterintuitive, since uniquePT1 produces onlyM = N +6 clauses against the
M ≈ 4.24N clauses of toughSAT, and the QUBO reduction therefore requires fewer ancillary
qubits for uniquePT1 (three versus four for the instances shown in Fig. 5.2). The picture
changes at larger system sizes, where the gap of uniquePT1 instances closes significantly
more rapidly than that of toughSAT instances, despite the smaller ancilla overhead, as we
show in Sec. 5.1.4.

A feature worth noting is that the relative statistical uncertainty of the mean QUBO gap
is noticeably larger than that of the corresponding PUBO gap. The reason is that, for a given
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N , the number of ancillary qubits required by the brute-force quadratization fluctuates from
instance to instance, depending on how many distinct cubic terms a given instance contains
and how often they share pairs of variables. This instance-to-instance variability of the
QUBO problem size translates directly into additional spread in the minimum gap and is
absent in the PUBO formulation, where every instance with N variables uses exactly N
qubits.
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Figure 5.3: Distribution of the minimum energy gap and the number of third-order terms
in the PUBO cost function (nonzero three-body interaction coefficients in the cost Hamil-
tonian). (a) Two-dimensional histogram, computed for 10 000 random 3-SAT instances
generated via toughSAT with N = 6 and M = 25. (b)–(c) Marginal histograms of the min-
imum energy gap and the number of third-order terms, respectively, with fitted Gaussian
distributions. No significant correlations can be discerned.

Correlation between gap and number of three-body terms. A natural question
motivated by the per-instance variability of the QUBO reduction is whether, already in
the native PUBO formulation, the minimum gap can be predicted from simple structural
properties of the instance. Among such properties, an immediate one is the number of
distinct three-body interaction coefficients in the cost Hamiltonian, that is, the number of
cubic terms appearing in the underlying 3-SAT cost function. We address this question in
Fig. 5.3, which shows the joint distribution of the minimum gap and the number of three-
body terms over 10 000 random instances generated by toughSAT at N = 6 and M = 25.
Both marginals are broadly distributed and approximately bell-shaped, with the number of
three-body terms spread in the range 4 − 19. The two-dimensional histogram displays no
discernible correlation between the two quantities. We conclude that the minimum gap of a
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Figure 5.4: Scaling of mean minimum energy gap ∆E with the number of Boolean vari-
ables N for ensembles of 200 randomly generated 3-SAT instances. The error bars show the
statistical standard error of the mean, which is smaller than the marker size for most data
points. The dashed lines show exponential fits to the data (ignoring N = 3) according to
∆E = ϵ e−αN with fit parameters ϵ and α given in Tab. 5.1. For problems generated with
uniquePT1 (a), the gap closes approximately at the same rate in both the PUBO and QUBO
formulation, while for toughSAT (b), the QUBO formulation exhibits a faster gap closing
with increasing N . In all cases, the minimum gap relative to the characteristic energy scales
is larger for the PUBO formulation (J ∼ J (3)) than for the corresponding QUBO reduction
(J ∼ J (2)).

typical toughSAT instance cannot be inferred from a simple count of cubic terms in the cost
function.

5.1.4 Scaling of the minimum energy gap

Table 5.1: Parameters of the fits shown in Fig. 5.4, characterizing the exponential scaling
of the mean minimum energy gap ∆E = ϵ e−αN for randomly generated 3-SAT instances.
The uncertainty of the fit parameters corresponds to the standard error of the mean for 200
realizations.

PUBO QUBO

generator ϵP /J αP ϵQ/J αQ

toughSAT 0.306(8) 0.086(4) 0.17(2) 0.33(2)
uniquePT1 1.72(1) 0.352(1) 0.24(1) 0.364(8)

As established in Sec. 3.1.3, the minimum spectral gap encountered along the annealing
sweep controls the adiabaticity time through T ∝ ℏV/∆E2, and for hard combinatorial
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problems the gap is expected to close exponentially with the problem size, ∆E = ϵ e−αN , as
the signature of a first-order quantum phase transition. The adiabaticity time then grows
as T ∝ e2αN up to polynomial corrections, so that the exponent α is the central figure of
merit for the efficiency of the annealing protocol.

Figure 5.4 shows the mean minimum energy gap as a function of N for 3-SAT instances
generated by toughSAT and uniquePT1, in both the native PUBO formulation and the
equivalent QUBO reduction as described in Sec. 5.1.1. Each data point is averaged over 200
random realizations, and the dashed lines show fits to ∆E = ϵ e−αN ignoring the smallest
size N = 3. The resulting fit parameters are listed in Table 5.1.

In all four cases, the data are consistent with an exponentially closing gap over the
investigated range of system sizes, in line with 3-SAT being NP-complete. Two features
stand out from the comparison.

First, the two generators yield clearly distinct gap-scaling exponents already in the
PUBO formulation. The exponent of toughSAT is roughly four times smaller than that
of uniquePT1, αP ≈ 0.09 versus αP ≈ 0.35, so that on average toughSAT produces easier,
though still exponentially hard, instances. This refines the gap-profile comparison at N = 6
in Fig. 5.2, where the two generators yielded comparable absolute gaps: the scaling analysis
shows that this near-equality at small sizes does not extend to large N .

Second, and more relevant for the PUBO-versus-QUBO comparison, the two genera-
tors differ in how the QUBO reduction modifies the gap-scaling exponent. For uniquePT1
[Fig. 5.4(a)], the PUBO and QUBO exponents are approximately identical, so that the
reduction acts predominantly through a suppression of the prefactor in units of the char-
acteristic energy scale. For toughSAT [Fig. 5.4(b)], by contrast, the QUBO exponent is
markedly larger than its PUBO counterpart, αQ ≈ 0.33 versus αP ≈ 0.09, so that the di-
mensionless gap closes nearly four times faster in N in the QUBO reduction. Since αP < αQ,
this exponential separation will, for sufficiently large N , dominate any prefactor and ren-
der the PUBO formulation asymptotically advantageous regardless of the relative physical
interaction rates.

A quantitative comparison of the actual time-to-solution requires accounting for the
different characteristic energy scales of the PUBO and QUBO Hamiltonians: as discussed in
Sec. 3.1.4, the dimensionful adiabaticity time Tphys = ℏT/J is bottlenecked by the maximum
three-body coupling for the PUBO formulation and by the maximum two-body coupling for
the QUBO reduction, with the former typically smaller than the latter on physical hardware.
We defer this analysis to Sec. 5.1.6, after the implementation of higher-order interactions on
quantum hardware has been reviewed in Sec. 5.1.5.

Within the dimensionless adiabaticity time JT/ℏ, however, the gap scaling already per-
mits an order-of-magnitude comparison with classical algorithms. Assuming that the matrix
element V in the adiabatic condition of Eq. (3.11) scales at most polynomially in N , the
dimensionless adiabaticity time grows as JT/ℏ ∝ e2αN . For toughSAT in PUBO form,
this yields JT/ℏ ∝ 1.19N , to be compared with the best known classical algorithm for the
Unique 3-SAT problem (the promise version of 3-SAT in which each instance has at most
one solution), which runs in time ∝ 1.307N [358]. For the harder uniquePT1 instances, the
PUBO scaling is JT/ℏ ∝ 2.02N , close to the 2N of classical brute-force enumeration. While
the adiabaticity time is only an order-of-magnitude estimate of the true quantum-annealing
runtime and does not capture the full computational complexity, these scalings indicate
that, at least for some families of 3-SAT instances, quantum annealing in the native PUBO
formulation may be competitive with state-of-the-art classical algorithms.
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5.1.5 Implementing PUBO Hamiltonians on quantum hardware

(a)

RZ(θ)

(b)

RY (
π
2 ) H

RZZ(
π
2 )

H RX(−π
2 ) RY (−π

2 )

H H RX(−π
2 )

Figure 5.5: (a) The three-qubit gate RZZZ(θ) = exp(−i4θŝz1ŝz2ŝz3) can be decomposed into
four CNOT gates plus a single-qubit rotation. (b) Each CNOT gate can be further de-
composed into one RZZ gate of fixed angle and multiple single-qubit rotations. The quan-
tum gates in the decompositions are defined as Rα(θ) = exp(−iθŝα), with α ∈ {X,Y, Z},
RZZ(θ) = exp(−2iθŝz ŝz), and H denoting the Hadamard gate.

In this section, we discuss possibilities to implement three-body interactions in order
to realize third-order PUBO formulations in quantum hardware. The exploration of such
multi-body interaction terms and their role in enhancing quantum annealing protocols has
become an active area of research. As we will see in the next section, the constant overhead of
directly implementing PUBO problems is more than compensated, already for small problem
sizes, by the advantageous scaling of the minimal gap investigated in the previous section.

Several proposals exist to directly engineer native three-body spin interactions of the
type ŝzi ŝ

z
j ŝ

z
k (equivalently σ̂z

i σ̂
z
j σ̂

z
k) on the hardware level. For trapped-ion architectures, a

detailed comparison of such schemes, including their typical achievable interaction strengths,
was provided in Sec. 2.3; the discussed approaches range from concurrent off-resonant driv-
ing of first and second sideband and pulse sequences based on spin-dependent displacements
and squeezings of a phonon bus, to Floquet engineering and perturbative constructions from
two-body terms. Beyond trapped ions, proposals for effective multi-body interactions on su-
perconducting qubit architectures have also been put forward [194]. As discussed in Sec. 2.3,
most available analog schemes share the common drawbacks that their implementation is
somewhat complex and that the achievable higher-order interaction rates are considerably
slower compared to those of two-body interactions. Moreover, the tunability of the rela-
tive strengths of three-body interactions between different triples of spins depends on the
utilized scheme as well as hardware characteristics. Nonetheless, these techniques may be
exploited in next-generation devices to realize analog quantum annealing with higher-order
interactions that benefits from the advantages of direct PUBO encodings in terms of spatial
and temporal resources.

While native higher-order interactions can also act as physical implementations of multi-
qubit gates in digital quantum computers, due to the disadvantages mentioned above, most
available platforms implement only single- and two-qubit gates natively. These can still
realize higher-order interaction gates, required for PUBO formulations, with only polynomial
overhead. An example is given in Fig. 5.5: a three-qubit gate of the form RZZZ(θ) =
exp(−i4θŝz1ŝz2ŝz3) can be synthesized from four CNOT gates, plus a single-qubit rotation
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around the z-axis [see Fig. 5.5a]. Each CNOT gate can be further decomposed into

CNOT1,2 = e−iπ/4

×Ry1

(
−π
2

)
Rx1

(
−π
2

)
Rx2

(
−π
2

)
H1H2

×Rzz

(π
2

)
H1H2Ry1

(π
2

)
, (5.8)

where we used a two-qubit controlled rotation gate Rzz (native to the MAGIC platform,
see Sec. 1.3.3), Hadamard gates H and single-qubit rotations around x and y-axis. We
show the decomposition in Fig. 5.5b. The overall circuit for the three-qubit gate then uses
four two-body gates of type Rzz with fixed angle π/2 and 29 single-qubit rotations. In
this decomposition, two adjacent single-qubit gates could be further combined into only one
single-qubit rotation. Similar decompositions are possible with other two-qubit gates like
the Mølmer–Sørensen (MS) type gate Rxx (see Sec. 1.3.2). Note that in digital quantum
annealing protocols, the three-body interaction strength in each Trotter step is controlled
by the rotation angle θ. Since θ enters in Fig. 5.5a only via a single RZ(θ) gate, the overall
three-qubit gate time is practically the same for different rotation angles.

As these examples show, the special structure of the ZZZ gate enables implementa-
tions with far fewer resources than necessary for a general three-body unitary operation
(for example, state-of-the-art numerical sequential optimization requires 15 CNOT gates to
decompose a general three-body unitary operation [359, 360]). Importantly, while such an
overhead may still be non-negligible in current noisy intermediate-scale quantum (NISQ)
devices, it is a rather small constant factor. As discussed below, this overhead can be more
than compensated by the higher resource efficiency of the PUBO encoding.

5.1.6 Speedup of PUBO versus QUBO formulation

We now combine the dimensionless gap-scaling analysis of Sec. 5.1.4 with the hardware
overhead estimated in Sec. 5.1.5 to compare the time-to-solution of the two formulations.
Starting from the adiabaticity time T = ℏV/∆E2 of Eq. (3.12) and using the exponential
gap closure ∆E = ϵ e−αN , the dimensionful adiabaticity times of the PUBO and QUBO
formulations read

TP =
ℏ
J (3)

ṼP
ϵ̃ 2P

e2αPN , TQ =
ℏ
J (2)

ṼQ
ϵ̃ 2Q

e2αQN , (5.9)

with the dimensionless quantities ϵ̃P,Q = ϵP,Q/J
(3,2) and ṼP,Q = VP,Q/J

(3,2) measured in
units of the relevant characteristic energy scale of each formulation (see Sec. 3.1.4). Their
ratio,

TQ
TP

=
J (3)

J (2)

ṼQ

ṼP

(
ϵ̃P
ϵ̃Q

)2
e2(αQ−αP )N , (5.10)

is the central figure of merit: a value TQ/TP > 1 implies a faster anneal in PUBO. The
four factors capture, respectively, the hardware overhead of three-body over two-body inter-
actions (which disfavors PUBO), a generally polynomial dependence of the matrix-element
ratio on N , the relative size of the dimensionless gap (typically larger for PUBO due to the
absence of the energy-scale dilution induced by the QUBO penalty terms, see Sec. 5.1.2),
and the relative gap-scaling exponent, which dominates the comparison for large system
sizes whenever αP ̸= αQ.
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For the construction of three-body interaction gates discussed in the previous section, the
synthesis of an RZZZ(θ) gate requires four two-qubit gates, so that, neglecting single-qubit
gate times, J (3)/J (2) ≈ 1/4. The matrix-element ratio is determined numerically; for the
investigated system sizes we find ṼQ/ṼP ≈ 0.5, with only a weak dependence on N . Inserting
these values together with the gap-scaling parameters of Tab. 5.1 into Eq. (5.10) gives, for
uniquePT1, TQ/TP ≈ 6.4 e0.024N . Since here αP ≈ αQ, the exponential factor is essentially
vanishing over the investigated range and the speedup is set by the prefactor: the ratio
(ϵ̃P /ϵ̃Q)

2 ≈ 51 more than compensates the fourfold hardware overhead, yielding a roughly
constant PUBO speedup of about a factor of six. For toughSAT, the well separated exponents
αP ≈ 0.086 and αQ ≈ 0.33 turn the comparison genuinely exponential, TQ/TP ≈ 0.4 e0.49N .
Already at N = 11 classical variables, the speedup reaches roughly two orders of magnitude,
growing by another order of magnitude for every ≈ 4.7 additional classical variables in the
problem.

The estimates above depend on the choices of driving strength hx and penalty strength
λ in the QUBO reduction. The analyses of Secs. 3.1.5 and 5.1.2 place our default values,
hx = J and λ = 1, close to the optimum, so that more sophisticated penalty heuristics
such as the one of Ref. [309] are expected to modify the result only mildly. A polynomial
scaling of ṼQ/ṼP with N , which we cannot exclude beyond the investigated sizes, would
moreover be sub-leading to the exponential factor in the toughSAT case and would not alter
the qualitative conclusion. Within these caveats, the direct PUBO implementation yields
a substantial, and for some instance families exponential, reduction of the time-to-solution
compared to the conventional QUBO reduction.

Beyond the specific case of 3-SAT, similar advantages may occur for the broader class
of problems with a natural polynomial formulation, including the examples collected in
Sec. 3.2.6, all of which will incur a substantial qubit overhead under QUBO reduction. The
case for direct PUBO implementations relies on continued progress in engineering native
higher-order interactions, or in the case of digital implementations, supporting larger circuit
depths for the respective gate decompositions.

5.2 Inhomogeneous driving

Having focused so far on modifications of the cost Hamiltonian, we now give a brief overview
of the second avenue for increasing annealing performance mentioned in the introduction
of this chapter, which acts instead on the driving Hamiltonian. In the standard annealing
protocol (Sec. 3.1.2), the transverse-field driver is ramped down uniformly for all qubits.
In inhomogeneous driving, or inhomogeneous quantum annealing (IQA), the schedule is
modulated by qubit-dependent amplitudes,

Ĥdrive(t) = −
∑

i

Ai(t) σ̂
x
i , (5.11)

with Ai(0) = hx and Ai(tfinal) = 0 for all i. Letting different qubits cross the critical
region (i.e. phase transition) at different times can enlarge the minimum spectral gap along
the annealing evolution, which is a critical bottleneck for annealing protocols. All the
schemes discussed below fit the form of Eq. (5.11), but target qualitatively different physical
obstructions through different choices of Ai(t).

Ref. [361] proposed driving a weakly disordered one-dimensional transverse-field Ising
chain with a smooth spatial front that sweeps along the chain at velocity v and with charac-
teristic width α. Because only a bounded number of spins pass through the critical region at
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any given time, the residual energy after the sweep is suppressed by several orders of mag-
nitude relative to the standard homogeneous ramp. A complementary analysis in Ref. [362]
generalizes the construction to strongly disordered chains.

A second scheme, introduced in Ref. [285], specifically targets the first-order quantum
phase transition that plagues standard annealing of the p-body mean-field ferromagnetic
Ising model (see also discussion in Sec. 3.2.1). The transverse field is turned off site by site
as the annealing progresses, which formally corresponds to the sharp-front limit (α→ 0) of
Ref. [361]. In the resulting family of annealing paths, the line of first-order transitions can
be entirely avoided, implying an exponential speedup in the idealized mean-field limit. The
same conclusion holds for the random-field variant, for which even non-stoquastic drivers (see
Sec. 5.3) fail to remove the transition. Under finite temperature or a non-strictly sequential
turn-off, however, new first-order transitions reappear and only quantitative improvements
in the form of narrower free-energy barriers survive [363].

A third, experimentally oriented approach was demonstrated in Ref. [286] on the D-
Wave 2000Q device. Each qubit is assigned an anneal offset δi that shifts its schedule along
the global control axis of the driver, so that both the transverse-field amplitude and the
problem-Hamiltonian coefficients at qubit i become functions of s + δi rather than s. The
offsets are chosen according to the average effective field on qubit i,

|Fi| =
1

2Ni

∑

sj1 ,...,sjNi
∈{±1}

∣∣∣∣∣∣
hi +

∑

j∈N (i)

Jij sj

∣∣∣∣∣∣
, (5.12)

where N (i) is the set of Ni qubits coupled to i. Qubits with a large effective field, which
belong to strongly coupled clusters and tend to freeze into a classical configuration before the
rest of the system has converged, are assigned a delayed schedule. On Weak-Strong-Cluster
and spin-glass benchmarks, this heuristic was reported to enhance the ground-state success
probability by up to several orders of magnitude compared with the homogeneous protocol.
Unlike the two schemes above, the inhomogeneity here is set by the problem Hamiltonian
itself rather than by an external spatial coordinate.

Two caveats temper these results. First, a recent dynamical analysis shows that sequen-
tial turn-off IQA is considerably slower than the phase diagram suggests [364]: in mean-field
models, the time needed to reach a fixed residual-energy threshold exceeds the adiabatic
estimate by a factor of N , and in generic non-mean-field models first-order transitions with
an exponentially vanishing gap are argued to be common, which prevents IQA from reaching
low-energy states on any timescale. Second, the effective-field heuristic in Eq. (5.12) involves
a sum over 2Ni neighbor configurations and becomes prohibitive for densely connected in-
stances.

5.3 Non-stoquastic quantum annealing

After modifying the cost Hamiltonian in Sec. 5.1 and the driving Hamiltonian in Sec. 5.2,
the third avenue discussed in this chapter consists of augmenting the annealing Hamiltonian
with a new term, active only during the intermediate stages of the sweep. The standard
annealing Hamiltonian of Eq. (3.8) has a special structural property in the computational
basis: all its off-diagonal matrix elements are real and non-positive. This feature turns out
to have implications both for the classical simulability of the annealing dynamics and for
the range of computational problems that can plausibly benefit from quantum speedups.
In this section we review the corresponding concept of stoquasticity and then describe how
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the standard protocol can be enriched by a non-stoquastic catalyst term. Specific models in
which such catalysts play a central role will be studied in Chapter 6.

Stoquastic Hamiltonians

A Hamiltonian is called stoquastic in a given local basis if all its off-diagonal matrix el-
ements in that basis are real and non-positive [190]. By the Perron-Frobenius theorem,
the ground state of such a Hamiltonian can then be chosen with non-negative amplitudes
in the same basis, and the associated partition function admits a decomposition into non-
negative weights. The standard transverse-field Ising Hamiltonian of Eq. 3.8 is stoquastic in
the computational basis: the cost Hamiltonian is diagonal, while the transverse-field driver
contributes only negative off-diagonal entries −hx.

The relevance of stoquasticity stems from its connection to the sign problem in quan-
tum Monte Carlo methods (QMC) [365]. For a stoquastic Hamiltonian, the Suzuki-Trotter
decomposition of the partition function yields a classical statistical-mechanics problem with
non-negative Boltzmann weights, which can in principle be sampled by standard Monte
Carlo methods. Non-stoquastic Hamiltonians, in contrast, generate weights of oscillating
sign whose cancellations can cause the statistical error to grow exponentially with the sys-
tem size, rendering generic QMC algorithms inefficient.

Stoquasticity is a basis-dependent property, and in some cases a Hamiltonian that is
non-stoquastic in one basis can be rendered stoquastic by a local unitary transformation.
Determining whether such a sign-curing transformation exists is itself computationally hard
in general [366, 367], which limits its utility as a practical diagnostic.

The absence of a sign problem does not imply efficient classical simulation: the ground-
state energy problem for classical Ising models, which are trivially stoquastic (the Hamil-
tonian only has diagonal entries), is already NP-hard. In the framework of Hamiltonian
complexity [36, 37], the k-local Hamiltonian problem restricted to stoquastic instances
is contained in the probabilistic class AM [190], and complete for the intermediate class
StoqMA [368]. In the frustration-free case, stoquastic LH-MIN is MA-complete [369]. These
containments place stoquastic LH-MIN below the QMA-complete general local Hamiltonian
problem under standard complexity-theoretic assumptions, and provide the complexity-
theoretic justification for the expectation that non-stoquastic Hamiltonians unlock com-
putational resources inaccessible to the standard protocol. Nonetheless, recent work has
shown that this expectation should not be pushed too far: Refs. [370, 371] demonstrated
(sub)exponential oracle separations between adiabatic computation with no sign problem
and classical computation, so that stoquastic adiabatic computation is, by itself, already
strictly more powerful than classical computation in the oracle model. A concrete result
in favor of non-stoquasticity is given in Ref. [191]: the transverse-field Ising model supple-
mented by two-body σ̂x

i σ̂
x
j interactions, as well as a second model consisting of longitudinal

and transverse fields with two-body σ̂z
i σ̂

x
j couplings, are among the simplest known 2-local

qubit Hamiltonians whose local Hamiltonian problem is QMA-complete. Combined with
the equivalence between adiabatic and circuit-model quantum computation established in
Ref. [32], these Hamiltonians are therefore universal for adiabatic quantum computation.

Catalyst Hamiltonians

A natural strategy to exploit the additional computational resources associated with non-
stoquasticity, without giving up the easily prepared initial state of the standard protocol,
is to introduce a catalyst Hamiltonian Ĥcatalyst that is active only during the intermediate
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stages of the anneal [30, 183]. The modified annealing Hamiltonian reads

H̃(s) = (1− s) Ĥdrive + λ(s) Ĥcatalyst + s Ĥcost, (5.13)

where the schedule λ(s) satisfies λ(0) = λ(1) = 0. With this choice, both the initial and final
states of the annealing protocol remain those of the original stoquastic Hamiltonian, and
the non-stoquastic contribution is confined to an intermediate window where the gap-closing
bottleneck typically occurs.

The common choice of catalyst are antiferromagnetic two-body XX interactions,

Ĥcatalyst = +
∑

i<j

Kij σ̂
x
i σ̂

x
j , (5.14)

with Kij > 0, which renders the total Hamiltonian non-stoquastic in the computational
basis. More generally, higher-order transverse terms such as σ̂x

i σ̂
x
j σ̂

x
k can also be consid-

ered [372]. The physical effect of such a catalyst is twofold. First, by introducing quantum
transitions that flip multiple spins simultaneously, it modifies the spectrum along the an-
nealing path and, in favorable cases, enlarges the minimum gap, thus relaxing the adiabatic
condition [195, 373]. Second, even when the minimum gap is not significantly increased,
the catalyst can reshape the instantaneous spectrum to create controlled avoided crossings
that can be traversed diabatically rather than adiabatically, exploiting rather than avoiding
non-adiabatic transitions [374–376].

The paradigmatic success of the catalyst approach is the infinite-range ferromagnetic
p-spin model, where the standard annealing protocol is obstructed by a first-order quan-
tum phase transition with an exponentially closing gap. Seki and Nishimori [195] showed
analytically that adding an antiferromagnetic XX catalyst with a suitable amplitude con-
verts the first-order transition into a second-order one, replacing the exponentially closing
gap with a polynomially closing gap and thus implying an exponential speedup. The result
was subsequently extended to many-body transverse interactions [372] and to the Hopfield
model with a finite number of patterns [373]. An overview is given in Ref. [196]. Building on
this line of work, Ref. [294] constructed explicit 2-local and geometrically local Ising models
that display exponential advantages from non-stoquastic catalysts even outside the mean-
field limit. We will use this geometrically local Ising model, as well as the p-spin model, as
benchmark problems in Chapter 6.

The picture is, however, not uniformly positive. Numerical studies of random Ising spin
glasses in Ref. [197] found that non-stoquastic drivers outperform their stoquastic counter-
parts only on a small fraction of hard instances, and attributed the observed improvements to
catalyst-induced diabatic transitions rather than to a systematic enlargement of the spectral
gap. Ref. [377] subsequently proved that for adiabatic paths ending in a classical Hamil-
tonian, a generic non-stoquastic path has a smaller minimum gap than its stoquasticized
counterpart obtained by flipping the signs of off-diagonal matrix elements. This establishes
that non-stoquasticity is not a generic source of speedups, and that the known advantages,
such as the results for the p-spin model, rely on special structural features of the problem
Hamiltonian. Finally, Ref. [378] showed that first-order quantum phase transitions of topo-
logical origin, in a strongly frustrated Ising ladder, cannot be removed by either stoquastic
or non-stoquastic XX catalysts, which indicates that the p-spin model mechanism does not
carry over to all first-order transitions.

Despite this mixed picture, non-stoquastic catalysts remain one of the most actively
investigated routes to improve the stoquastic standard annealing protocol, both because
of the provably exponential speedups in specific models and because the required XX and
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XZ interactions are experimentally accessible on current hardware platforms. The following
chapter studies non-stoquastic annealing in detail for two benchmark models, focusing on
the interplay between catalyst strength, the induced gap structure and quantum resources.
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Chapter 6

Quantum resources in
non-stoquastic annealing

Quantum annealing prepares the ground state of a problem Hamiltonian via adiabatic in-
terpolation from a simple initial state, with a runtime controlled by the inverse square of
the minimum spectral gap encountered along the evolution (see Sec. 3.1.3). In its standard
transverse-field implementation, the annealing Hamiltonian is stoquastic, free of the sign
problem [190, 365]. Arguments from complexity theory indicate that non-stoquasticity may
be necessary to achieve a quantum advantage through adiabatic computation [37, 190, 369],
and explicit constructions show that suitably designed non-stoquastic catalyst Hamiltoni-
ans (Sec. 5.3) can substantially modify the spectrum along the protocol. A paradigmatic
example is the ferromagnetic p-spin model, for which an antiferromagnetic transverse cat-
alyst converts the first-order quantum phase transition of the stoquastic protocol, with its
exponentially closing gap, into a second-order one with polynomial gap scaling, yielding an
exponential reduction of the adiabatic runtime [195, 196].

A larger spectral gap is necessary but not sufficient to guarantee a quantum advantage.
The instantaneous ground state can also be tracked classically whenever it admits an efficient
tensor-network description, or whenever it lies close to the set of stabilizer states accessible
to stabilizer-tableau methods [103]. The corresponding obstructions are quantified by two
complementary quantum resources of the state, the bipartite entanglement entropy and the
nonstabilizerness, or magic. For stoquastic protocols, both have been shown to develop
pronounced local maxima along the sweep, in the form of entanglement [379, 380] and
magic [381] barriers. Whether non-stoquastic catalysts enhance or reduce these resources,
and how their behavior correlates with the spectral improvement reported in Ref. [195], has
so far remained largely unexplored.

In this chapter, we address this question by jointly monitoring, along the annealing
evolution, the energy gap (and in particular its minimum along the sweep), the bipartite
entanglement entropy, and the second stabilizer Rényi entropy [117] of the instantaneous
ground state, for the two benchmark models introduced in Secs. 3.2.1 and 3.2.2: the fully
connected ferromagnetic p-spin model, whose permutation symmetry enables efficient eval-
uation, and the geometrically local Ising model of Ref. [294], which is more suitable for
near-term hardware implementations. After reviewing the two resources of interest and the
numerical methods used to evaluate them efficiently (Sec. 6.1), we analyze the p-spin model
in Sec. 6.2 and the local Ising model in Sec. 6.3, including a microscopic interpretation of
the plateau structure induced by the catalyst in the latter case. In both models, we find
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that the protocols with larger non-stoquasticity exhibit entanglement and stabilizer Rényi
entropy that are both larger in magnitude and qualitatively different in behavior, with both
resources displaying local peaks near the spectral bottleneck. The performance advantage
of non-stoquastic annealing thus correlates with the production of states that resist both
tensor-network and Clifford-based classical simulation.

The content of this chapter is based on Ref. [204].

6.1 Entanglement and non-stabilizerness

To characterize the quantum resources generated during non-stoquastic annealing proto-
cols, we monitor two complementary resources, the bipartite entanglement entropy and the
stabilizer Rényi entropy (SRE). The former quantifies the quantum correlations established
between subsystems of a pure state, while the latter measures its non-stabilizerness, or
magic, namely the distance of the state from the set of classically simulable stabilizer states.
Both quantities are key ingredients of any quantum computational advantage, since they ob-
struct complementary families of efficient classical simulation methods. States with limited
bipartite entanglement admit compact descriptions in terms of matrix product states (MPS)
and more general tensor network methods, and can therefore be simulated efficiently on a
classical computer. Stabilizer states, including those with volume-law entanglement, admit
an efficient classical description; Clifford circuits acting on stabilizer states can therefore be
simulated in polynomial time by the Gottesman–Knill theorem [103, 382]. Evading both
classes of simulation strategies therefore requires the simultaneous generation of extensive
entanglement and non-stabilizerness along the annealing trajectory.

6.1.1 Bipartite entanglement entropy

For a pure quantum state |ψ⟩ ∈ HA ⊗ HB of a bipartite system, the bipartite entan-
glement entropy is defined as the von Neumann entropy of the reduced density matrix
ρA = TrB |ψ⟩⟨ψ|,

S(ρA) = −Tr(ρA log2 ρA) = −
∑

i

λi log2 λi, (6.1)

where {λi} are the eigenvalues of ρA. Equivalently, the λi are the squared Schmidt coeffi-
cients of |ψ⟩ with respect to the bipartition A|B, so that S(ρA) = S(ρB). For subsystems
of dimensions dA and dB , the entropy is bounded by log2 min(dA, dB), a bound which is
saturated on maximally entangled states. In the following we always adopt a balanced
bipartition, nA = nB = N/2, for which dA = dB = 2N/2 and the maximal entropy is N/2.

Numerical evaluation. For generic N -qubit states without exploitable symmetries, the
Schmidt coefficients are most efficiently extracted by reshaping the 2N amplitudes of |ψ⟩
into a 2nA × 2nB matrix Ψ and performing a singular value decomposition, Ψ = U ΣV †.
The diagonal entries of Σ are the Schmidt coefficients and directly yield the eigenvalues
λi entering Eq. (6.1). This procedure bypasses the explicit construction of ρA and its
diagonalization, but is still limited by the cost of the SVD, which scales as O(23N/2) for a
balanced bipartition.

The computational effort is drastically reduced in the presence of permutation symmetry,
as in the fully connected p-spin model studied in Sec. 3.2.1. For a Hamiltonian invariant
under permutations of the qubits the ground state during an annealing protocol remains
within the fully symmetric subspace of total spin S = N/2, which is spanned by the N + 1
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Dicke states |S,m⟩ with m = −S, . . . , S. Any state within this subspace can be expanded
as

|ψ⟩ =
S∑

m=−S

cm |S,m⟩ , (6.2)

so that its complete specification requires only N+1 coefficients instead of 2N . The Schmidt
decomposition of each Dicke state with respect to a splitting into nA and nB qubits is known
in closed form [383], and implies that the reduced density matrix can be written as ρA = AA†,
with

Am,j = cm+j

√√√√
(
nA

m

)(
nB

j

)
(

N
m+j

) , m = 0, . . . , nA, j = 0, . . . , nB . (6.3)

Here m and j count the number of spin excitations in subsystems A and B, respectively, and
m+ j is the total excitation number labeling the Dicke component of |ψ⟩. Eq. (6.3) follows
from the combinatorics of distributingm+j excitations among the two halves. Diagonalizing
the (nA+1)×(nA+1) matrix ρA then yields the full Schmidt spectrum at a cost that is only
polynomial in N , making the evaluation of Eq. (6.1) tractable beyond the regime accessible
to a brute-force SVD on the full 2N -dimensional state vector.

6.1.2 Stabilizer Rényi entropy

Non-stabilizerness can be quantified through the stabilizer Rényi entropy (here of second
order), introduced in Ref. [117]. For a pure N -qubit state |ψ⟩ it is defined as

M2(|ψ⟩) = − log2

[
1

2N

∑

P∈PN

⟨ψ|P |ψ⟩4
]
, (6.4)

where the sum runs over all 4N phase-free elements of the N -qubit Pauli group PN =
{σi1 ⊗ · · · ⊗ σiN } with σi ∈ {I,X, Y, Z}. The rescaled distribution ΞP (|ψ⟩) = ⟨ψ|P |ψ⟩2 /2N
is non-negative and normalized to unity on pure states, and M2 coincides with the classical
Rényi-2 entropy of ΞP shifted by log2 2

N . The SRE is non-negative, invariant under Clifford
unitaries, and vanishes if and only if |ψ⟩ is a stabilizer state [117, 384]. This reflects the fact
that stabilizer states have sharply peaked Pauli distributions, with ⟨ψ|P |ψ⟩ = ±1 on the 2N

elements of the associated stabilizer group and zero elsewhere, whereas generic states spread
their weight over exponentially many Pauli strings.

Numerical evaluation. The direct evaluation of Eq. (6.4) on a generic many-body state
requires the computation of all 4N Pauli expectation values. Each expectation value costs
O(2N ) operations on a dense state vector, yielding an overall scaling of O(8N ). The SRE
therefore becomes prohibitively expensive at considerably smaller system sizes than the
entanglement entropy, whose brute-force evaluation scales as O(23N/2).

The situation is again vastly improved for permutation-symmetric states. For such states
the expectation value of a Pauli string depends only on the numbers of X, Y , Z, and
identity factors it contains, and not on the specific qubits on which they act. The 4N

Pauli operators can therefore be grouped into equivalence classes labelled by quadruples
N = (Nx, Ny, Nz, N0) with Nx + Ny + Nz + N0 = N , each class carrying a degeneracy
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g(N) = N !/(Nx!Ny!Nz!N0!). The number of inequivalent classes is

D =

(
N + 3

3

)
= O(N3), (6.5)

so that the sum in Eq. (6.4) can be evaluated in polynomial time by summing over equiva-
lence classes weighted by their degeneracies, using the Dicke representation (6.2) of |ψ⟩ [385].
This reduction makes the SRE accessible for larger system sizes, similar to the entanglement
entropy, in permutation-symmetric models like the p-spin model (Sec. 3.2.1).

6.2 Numerical results for the p-spin model

In this section, we apply the non-stoquastic annealing protocol to the ferromagnetic p-
spin model (introduced in Ref. [195]) and analyze the interplay between spectral properties
and quantum resources during the protocol. After defining the catalyst Hamiltonian and
the resulting two-parameter annealing schedule (Sec. 6.2.1), we examine the energy gap, the
bipartite entanglement entropy, and the second stabilizer Rényi entropy across the annealing
parameter space (Sec. 6.2.2) and study their finite-size scaling along sinusoidal schedules
(Sec. 6.2.3). Finally, we analyze how entanglement and non-stabilizerness are distributed in
the form of barriers along the annealing sweep (Sec. 6.2.4).

6.2.1 Non-stoquastic annealing protocol for the p-spin model

We recall from Sec. 3.2.1 the cost Hamiltonian of the ferromagnetic p-spin model,

Hcost = −N
(

1

N

N∑

i=1

σ̂z
i

)p

, (6.6)

together with the standard transverse-field driver Hdrive = −∑i σ̂
x
i . Under the conven-

tional stoquastic schedule, the protocol encounters a first-order quantum phase transition,
accompanied by an exponentially small minimum gap that imposes an exponential adiabatic
runtime [192].

To circumvent this bottleneck, Seki and Nishimori [195] introduced antiferromagnetic
transverse fluctuations through the non-stoquastic catalyst Hamiltonian

Hcatalyst = +N

(
1

N

N∑

i=1

σ̂x
i

)2

, (6.7)

which corresponds to an all-to-all two-body σ̂x
i σ̂

x
j interaction. The full time-dependent

annealing Hamiltonian then reads

Ĥ(s, λ) = sλHcost + s(1− λ)Hcatalyst + (1− s)Hdrive , (6.8)

with the two parameters s, λ ∈ [0, 1] both varying in time. The protocol begins at (s, λ) =
(0, arbitrary), where only the driver is active, and ends at (s, λ) = (1, 1), where only the
cost Hamiltonian remains. For 5 ≤ p ≤ 21, paths through the (s, λ) plane exist that bypass
all first-order transitions and instead cross a second-order transition with a polynomially
closing gap, yielding an exponential improvement of the adiabatic runtime [195, 196]. In
the limit p → ∞, however, first-order transitions become unavoidable, consistent with the
optimality of the Grover bound.
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Because Ĥcatalyst depends only on the collective transverse magnetization, it preserves the

permutation symmetry already shared by Ĥcost and Ĥdrive. The full annealing Hamiltonian
therefore commutes with all pairwise spin permutations at every (s, λ), and the dynamics
remains confined to the fully symmetric Dicke subspace of dimension N + 1. Following the
construction detailed in Sec. 3.2.1, the cost and driving Hamiltonians in this subspace are
given by Eqs. (3.23) and (3.24), while the catalyst, expressed in terms of the collective spin
operator Ŝx of Eq. (3.21), reads

Ĥcatalyst =
4

N
(Ŝx)2, (6.9)

where we used
∑

i σ̂
x
i = 2Ŝx. The full annealing Hamiltonian thus takes the compact form

Ĥ(s, λ) = − 2p sλ

Np−1
(Ŝz)p +

4 s(1− λ)
N

(Ŝx)2 − 2(1− s) Ŝx, (6.10)

whose matrix elements in the Dicke basis follow directly from Eq. (3.25). Consequently, the
numerical methods discussed in the previous section, namely exact diagonalization in the
Dicke basis, evaluation of the bipartite entanglement entropy on a balanced bipartition nA =
nB = N/2, and computation of the second stabilizer Rényi entropy via Pauli equivalence
classes [385], apply directly. In the following we focus on p = 5, for which a non-stoquastic
path with polynomial gap scaling is known to exist [195], and we access system sizes up to
N = 100.

6.2.2 Quantum resources across the annealing parameter space

We start by analyzing the behavior of the three observables across the (s, λ) parameter
space. The first row of Fig. 6.1 shows, for N = 30 and p = 5, the energy gap [panel (a)], the
bipartite entanglement entropy [panel (b)], and the second stabilizer Rényi entropy [panel
(c)], evaluated on the instantaneous ground state of Ĥ(s, λ) on a uniform 301× 301 grid in
[0, 1]× [0, 1]. All three quantities are shown on a logarithmic scale to enhance the visibility
of the relevant features.

The three observables share a striking qualitative similarity. The locus of the minimum
energy gap (white dashed line in Fig. 6.1) coincides with the region where both the entan-
glement entropy and the SRE attain their maxima, indicating that quantum correlations
and non-stabilizerness both peak in the critical region of the protocol. This pattern is con-
sistent with the phase diagram of the p-spin model under non-stoquastic annealing (see
Fig. 3 of Ref. [195]): the line of the minimum energy gap traces the boundary between the
paramagnetic and the ferromagnetic phase in the (s, λ) plane. For large λ this boundary cor-
responds to a first-order transition, but as λ decreases it terminates at a critical point near
(s, λ) ≈ (0.4, 0.3), beyond which the transition becomes second order and the exponentially
small gap is avoided.

Away from the line of the minimum spectral gap, the entanglement entropy and the
SRE display qualitatively distinct behaviors. For small s, both remain close to zero across
all λ. After their respective maxima, the SRE decreases smoothly with s, whereas the en-
tanglement entropy drops more sharply. In both cases, this variation becomes progressively
smoother as the path moves toward the second-order region. While the two quantities thus
respond to the same critical region, they encode complementary aspects of the underlying
quantum structure of the ground state, namely the bipartite correlations between subsys-
tems and the spread of the state over the Pauli basis [117].
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Figure 6.1: First row: (a) energy gap, (b) bipartite entanglement entropy, and (c) second
stabilizer Rényi entropy as functions of the annealing parameters s and λ, for the p-spin
model with N = 30 and p = 5. All observables are evaluated on the instantaneous ground
state of the Hamiltonian in Eq. (6.8) and shown on a logarithmic scale. Second row:
finite-size scaling of (d) the minimum energy gap, (e) the maximum bipartite entanglement
entropy, and (f) the maximum second stabilizer Rényi entropy along annealing paths defined
by λ(s) = 1−A sin(πs), for amplitudes A = 0, 0.5, 0.7, 0.9. For each protocol, the minimum
gap and the maximum values of entanglement and SRE are extracted along the sweep and
plotted as functions of system size N . Dashed lines in panel (d) correspond to fits of the
minimum energy gap. For A = 0 and A = 0.5, exponential fits of the form ∆Emin ≈
exp(a+ bN) are used, with (a, b)A=0 = (0.597,−0.134) and (a, b)A=0.5 = (−0.666,−0.085).
For A = 0.7 and A = 0.9, fits of the form ∆Emin ≈ exp

(
a+ bN + cN2

)
are employed,

with (a, b, c)A=0.7 = (−1.34, −8.68×10−2, 5.43×10−4) and (a, b, c)A=0.9 = (−2.23, −9.46×
10−2, 6.84 × 10−4). Solid lines in panel (e) are guides to the eye. In panel (f), dashed
lines show linear fits of the maximum SRE for N ≥ 30 of the form Mmax

2 = a + bN ,
with (a, b)A=0 = (4.42, 0.033), (a, b)A=0.5 = (3.87, 0.206), (a, b)A=0.7 = (0.019, 0.415), and
(a, b)A=0.9 = (0.563, 0.409).

6.2.3 Finite-size scaling along sinusoidal annealing paths

Guided by the structure of the phase diagram discussed above, we now consider one-
parameter families of annealing paths in which λ is varied as a function of s. Specifically,
we adopt the sinusoidal schedule

λ(s) = 1−A sin(πs) , (6.11)

where the amplitude A ∈ [0, 1] controls the strength of the non-stoquastic catalyst term
along the protocol [cf. Eq. (6.8)]. This choice is representative of a broader class of admissible
paths, the only requirements being that λ(s = 0) is arbitrary and that λ(s = 1) = 1, so
that the initial and final Hamiltonians coincide with Hdrive and Hcost, respectively. Different
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values of A correspond to qualitatively different paths in the phase diagram: A = 0 recovers
the standard stoquastic schedule; A = 0.5 still crosses a first-order transition; A = 0.7
approaches the critical point at which the transition changes from first to second order; and
A = 0.9 lies entirely in the second-order region, thereby avoiding all first-order transitions.

The second row of Fig. 6.1 [panels (d)–(f)] summarizes the finite-size behavior of the
three observables along these four paths. From left to right, the panels show the minimum
energy gap, the maximum bipartite entanglement entropy, and the maximum stabilizer
Rényi entropy attained along the sweep, as functions of N . For the gap and the SRE we
consider system sizes from N = 10 to N = 60 in steps of five, while for the entanglement
entropy we extend the analysis up to N = 100 for the non-stoquastic paths A = 0.7 and
A = 0.9 to better resolve their large-N behavior.

The annealing parameter s is discretized uniformly, with additional refinement in the
vicinity of the relevant extrema, namely the minima of the energy gap and the maxima of
the bipartite entanglement entropy and SRE. For the energy gap, we use ∆s = 10−7 at
A = 0 and ∆s = 5 × 10−6 at A = 0.5, 0.7, 0.9. For the bipartite entanglement entropy, we
use ∆s = 5×10−7 at A = 0 and ∆s = 5×10−6 for the remaining amplitudes. For the largest
sizes, N = 70, 80, 90, 100, this grid is further refined to ∆s = 10−7 at A = 0.7 and A = 0.9.
For the SRE, whose evaluation is computationally more expensive, we use a slightly coarser
grid, with ∆s = 5 × 10−6 at A = 0 and ∆s = 5 × 10−5 at the remaining amplitudes. We
find that these discretizations give satisfactorily converged estimates of the extremal values
of all observables considered.

The minimum gap exhibits two qualitatively distinct scaling behaviors, captured by the
dashed fits in Fig. 6.1(d), which retain only the leading contributions on a logarithmic scale.
For A = 0 and A = 0.5, corresponding to paths crossing a first-order transition, the gap
decreases exponentially with system size, ∆Emin ≈ exp(a+ bN), in agreement with the
standard expectation [192]. For A = 0.7 and A = 0.9, corresponding to paths that approach
or lie within the second-order region, the decay is significantly slower and is well described
on a logarithmic scale by a quadratic dependence, log∆Emin ≈ a+ bN + cN2. This change
of scaling reflects the softening of the spectral bottleneck once first-order transitions are
avoided.

The maximum entanglement entropy [Fig. 6.1(e)] follows a different pattern. For A = 0
and A = 0.5, it grows rapidly with N at small system sizes and then saturates to a value close
to unity (the small dip at the largest N is a finite-resolution artifact of the discretization
in s). For A = 0.7, corresponding to a path close to the critical point between first- and
second order transition, the maximum entanglement continues to increase over the entire
range of system sizes investigated, suggesting stronger quantum correlations along the sweep.
For A = 0.9, the growth is smoother and remains compatible with eventual convergence,
although with a slower approach to the asymptotic value than in the first-order case.

The behavior of the SRE [Fig. 6.1(f)] is qualitatively different from both. For all four
protocols, the maximum SRE grows approximately linearly with N , indicating an extensive
scaling well described by Mmax

2 = a + bN . The slope b, however, depends strongly on the
path: paths crossing a first-order transition (A = 0 and A = 0.5) show a much weaker
increase, whereas paths that approach or lie within the second-order region (A = 0.7 and
A = 0.9) display a substantially steeper growth. Although SRE is therefore extensive for all
protocols, it is strongly enhanced when first-order transitions are avoided. We further note
that the slope is essentially identical between A = 0.7 and A = 0.9, suggesting that, once
the path crosses the second-order region, the rate of non-stabilizerness generation no longer
depends on the precise schedule.
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Figure 6.2: Top row: bipartite entanglement entropy of the instantaneous ground state
along the annealing sweep as a function of s, for sinusoidal paths λ(s) = 1−A sin(πs) with
A = 0, 0.5, 0.7, 0.9 (from left to right). For each amplitude, results are shown for system
sizes N = 20, 30, 40, 50. Bottom row: stabilizer Rényi entropy densityM2/N for the same
state along the same paths and system sizes. Insets show zoom-ins of the regions around
the maximum entanglement and SRE values.

6.2.4 Entanglement and magic barriers

To resolve how entanglement and magic are distributed along the annealing sweep, we
examine the corresponding profiles as functions of the annealing time s. Fig. 6.2 shows the
bipartite entanglement entropy (top row) and the stabilizer Rényi entropy density M2/N
(bottom row) along the sinusoidal schedule of Eq. (6.11) for A = 0, 0.5, 0.7, 0.9 and N =
20, 30, 40, 50. The annealing time s is discretized as in the previous subsection, with finer
resolution near the peaks and a coarser step ∆s = 0.002 elsewhere.

The entanglement profile is dominated by pronounced peaks for A = 0, 0.5, and 0.7,
whose sharpness increases as A decreases and, at fixed A, as N grows. For A = 0.9 the
structure changes qualitatively: the single peak splits into multiple local maxima distributed
over a wider range of s, in line with the broader critical region traversed by paths that avoid
first-order transitions. In all cases, the peak height of the entanglement entropy increases
with system size.

A complementary trend is observed for the SRE density. As A increases, the profile
becomes broader and smoother. For A = 0 and A = 0.5, the peak height of M2/N decreases
with N , indicating sub-extensive scaling of the total M2 in this regime. For A = 0.7 and
A = 0.9, by contrast, the peak height of the density remains approximately constant in N ,
consistent with the extensive scaling of the total SRE established in the previous subsection:
a barrier of height ∼ O(1) in M2/N corresponds to a barrier of height ∼ O(N) in M2.

These profiles motivate the term barriers for the peaks observed along the sweep. The
instantaneous ground state must traverse a region of substantial entanglement and non-
stabilizerness in order to interpolate between the trivial driver ground state at s = 0 and
the polarized ground state of the cost Hamiltonian at s = 1, and the height and shape of
these barriers reflect the type of transition crossed.

Taken together, the results of this section indicate that non-stoquastic driving reshapes
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both the annealing performance and the structure of the generated quantum resources be-
yond what is captured by the energy gap alone. Along the protocols of interest, the bipartite
entanglement entropy remains bounded for stoquastic protocols and grows larger and sat-
urates more slowly for non-stoquastic protocols. The total SRE, on the other hand, grows
extensively, with a linear slope that is largest for the protocols that avoid first-order transi-
tions. This larger extensive growth renders the corresponding annealing protocol inaccessible
to efficient Clifford-based simulation via the Gottesman–Knill theorem [103]. The improve-
ment in the spectral gap delivered by the non-stoquastic protocol is thus correlated with
an increased classical hardness of the instantaneous ground state, in agreement with the
complexity-theoretic motivation for non-stoquasticity discussed in Sec. 5.3.

The p-spin model demonstrates the generation of substantial entanglement and SRE for
non-stoquastic protocols in a permutation-symmetric setting where large system sizes are
accessible to numerical simulation. We now ask whether the same observed correlations
between gap structure and resource generation occur in a geometrically local Ising model
without permutation symmetry.

6.3 Numerical results for the geometrically local Ising
model

As a second benchmark problem, we study the geometrically local Ising model introduced
by Albash in Ref. [294], for which a potential speedup with non-stoquastic annealing proto-
cols has been reported. Unlike the p-spin model, this system lacks permutation symmetry,
involves only two-body interactions, and features geometrically local qubit connectivity, all
of which makes it more representative of near-term hardware implementations at the cost
of restricting the analysis to smaller system sizes (see Sec. 3.2.2 for details).

After defining the non-stoquastic annealing protocol (Sec. 6.3.1), we use the global trans-
verse magnetization to map out the phase structure induced by the catalyst (Sec. 6.3.2) and
provide a microscopic interpretation of the resulting plateau structure (Sec. 6.3.3). We then
analyze the energy gap, bipartite entanglement entropy, and second stabilizer Rényi entropy
across the annealing parameter space (Sec. 6.3.4) and study their finite-size scaling at fixed
catalyst strength (Sec. 6.3.5).

6.3.1 Non-stoquastic annealing protocol

We recall from Sec. 3.2.2 the structure of the model: N qubits arranged on two rings of
N/2 sites each, connected by two inter-ring couplings linking diametrically opposite sites
(see Fig. 3.2). The cost Hamiltonian

Hcost =
∑

⟨i,j⟩
Jij σ̂

z
i σ̂

z
j (6.12)

combines ferromagnetic and antiferromagnetic couplings of three different magnitudes along
the edges of this graph, while the standard transverse-field driver reads Hdrive = −

∑
i σ̂

x
i .

Following Ref. [294], we introduce a non-stoquastic catalyst Hamiltonian sharing the
same connectivity as Hcost,

Hcatalyst =
∑

⟨i,j⟩
σ̂x
i σ̂

x
j , (6.13)
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and the total time-dependent annealing Hamiltonian:

Ĥ(s, λ) = (1− s)Hdrive + sHcost + λ s(1− s)Hcatalyst . (6.14)

The schedule of Eq. (6.14) differs slightly from the protocol used for the p-spin model in
Eq. (6.8): here λ is a fixed real parameter that controls the catalyst strength, while the
envelope s(1− s) ensures that the catalyst is active only at intermediate times and vanishes
at the start- and endpoints of the sweep. The Hamiltonian therefore reduces to Hdrive at
s = 0 and to Hcost at s = 1 for any value of λ, so that the boundary conditions of the
protocol are independent of the catalyst strength.

For λ > 0, the catalyst Hamiltonian introduces positive off-diagonal matrix elements in
the computational basis, rendering the total Hamiltonian non-stoquastic. The stoquastic
regime λ ≤ 0 has been studied in Ref. [294], where the minimum energy gap was shown to
close exponentially with system size due to a perturbative level crossing near s = 1. For a
suitable positive λ, the catalyst splits this crossing into multiple avoided crossings, leading
to a significantly improved, potentially polynomial scaling of the gap.

The Hamiltonian (6.14) preserves the Z2 × Z2 symmetry group generated by the global

spin flip Π̂ =
∏N

i=1 σ̂
x
i and the ring-swap operation P̂swap at every (s, λ), so the dynamics

initialized in |+⟩⊗N
remains confined to the joint +1 eigenspace of both operators through-

out the protocol. The construction of an orthonormal basis for this symmetric sector and
the resulting constant-factor reduction of the Hilbert-space dimension to d ∼ 2N/4 were dis-
cussed in Sec. 3.2.2. The bipartite entanglement entropy is evaluated from the ground-state
wave function by an exact Schmidt decomposition across a balanced bipartition. For the
stabilizer Rényi entropy, whose exact evaluation requires summing over 4N Pauli strings,
we use Monte Carlo sampling over Pauli strings following Ref. [386]. This gives access to
system sizes up to N = 20.

6.3.2 Transitions in the magnetization landscape

To characterize the behavior of the system along the annealing path, we study order param-
eters as functions of s and λ. Throughout this section, |ψ0(s, λ)⟩ denotes the instantaneous
ground state of the Hamiltonian (6.14).

A natural diagnostic is the global transverse magnetization

⟨mx⟩ =
1

N

N∑

i=1

⟨ψ0| σ̂x
i |ψ0⟩ , (6.15)

which equals unity at s = 0, where the ground state is |+⟩⊗N
, and vanishes at s = 1, where

the ground state is an eigenstate of Hcost and therefore has no transverse coherence. The
behavior of ⟨mx⟩ along the sweep reflects how the ground state reorganizes along the anneal-
ing path: sharp variations in the thermodynamic limit signal a first-order transition, while
smooth variations are characteristic of a second-order transition. We use this observable as
our primary diagnostic to identify the different regimes induced by the catalyst.

Figure 6.3 shows the magnetization landscape for system sizes N = 8, 10, 12, 14, 16. The
first column [panels (a1)–(e1)] reports heatmaps of ⟨mx⟩ as a function of s and λ. For λ < 0,
the magnetization varies smoothly across the annealing path, with no sharp features except
near the final stage where the system approaches the ground state of the cost Hamiltonian.
For λ > 0, a richer structure develops and becomes increasingly regular at large λ: regions of
rapid variation emerge in the (s, λ) plane and sharpen with increasing system size, signaling
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the onset of a phase transition in the thermodynamic limit. At large λ, the magnetization
develops a sequence of plateaus at discrete values, whose number grows with N .

For finite N , the magnetization profile remains continuous: the apparent plateaus are
connected by narrow but smooth rearrangements of the ground state that sharpen into
steps only in the thermodynamic limit. These rearrangements originate from a sequence of
avoided level crossings between competing low-energy configurations, as we make explicit
in Sec. 6.3.3 below. The third column of Fig. 6.3 [panels (a3)–(e3)] shows ⟨mx⟩ along a
vertical sweep at fixed λ = 4, where the plateau structure and the sharp transitions between
plateaus are directly visible.

The spatial structure of the plateau states is resolved by the local transverse magnetiza-
tion,

⟨m(i)
x ⟩ = ⟨ψ0| σ̂x

i |ψ0⟩ , (6.16)

shown for λ = 4 in the second column of Fig. 6.3 [panels (a2)–(e2)]. Because the model lacks

permutation symmetry, ⟨m(i)
x ⟩ varies across lattice sites, and each plateau is characterized

by a distinct pattern in which specific sites retain transverse polarization while others get
depolarized.

6.3.3 Microscopic description of the plateau structure

The plateau structure observed in the previous subsection admits a quantitative microscopic
interpretation in the regime of large catalyst strength and early annealing time, where the
cost Hamiltonian contributes only perturbatively. Within this effective description, each
plateau corresponds to a classical spin configuration of an effective XX-type model, and
the boundaries between plateaus follow from explicit level crossings between these configu-
rations.

Effective Hamiltonian. We start from the full annealing Hamiltonian, Eq. (6.14), in the
regime λ s(1− s)≫ s. Keeping the product λ̃ ≡ λs fixed and expanding in s, the envelope
s(1− s) reduces to s at leading order and the effective Hamiltonian becomes

Ĥeff = −
∑

i

σ̂x
i + λ̃

∑

⟨i,j⟩
σ̂x
i σ̂

x
j +O(s) . (6.17)

At leading order the cost Hamiltonian drops out, and the dynamics is governed by a
transverse-field model with competing on-site and nearest-neighborXX couplings. All terms
in Eq. (6.17) are diagonal in the σ̂x eigenbasis and commute pairwise, so the ground state is
the minimum-energy eigenstate over classical spin configurations {si} with si = ±1, whose
energy reads

E({si}) = −
∑

i

si + λ̃
∑

⟨i,j⟩
sisj . (6.18)

The competition between the two terms is controlled entirely by λ̃. For λ̃ ≪ 1 the on-site
term dominates and the ground state is fully polarized along +x. For λ̃ ≫ 1 the XX
term dominates and favors configurations with sisj = −1 on as many bonds as possible,
namely antiferromagnetic arrangements in the σ̂x basis with vanishing or minimal transverse
magnetization. At intermediate λ̃, neither term wins globally, and a discrete sequence of
configurations becomes successively favored as λ̃ grows.

For fixed large catalyst strength λ, the parameter λ̃ = λs should therefore be interpreted
as a rescaled early-time coordinate. The regime λ̃ ≪ 1 corresponds to the very beginning
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Figure 6.3: Magnetization across the phase diagrams and spin-resolved dynamics of the
local Ising model [Eq. (6.14)] for system sizes N = 8–16 (rows). Left column: heatmaps
of the global transverse magnetization ⟨mx⟩ as a function of the annealing parameter s and
the catalyst strength λ. Middle column: spin-resolved local transverse magnetization

⟨m(i)
x ⟩ versus s at fixed λ = 4. Right column: vertical annealing sweeps at fixed λ = 4,

highlighting the step-like plateaus in ⟨mx⟩ and the abrupt crossovers between magnetization
sectors as s varies.
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of the sweep, s≪ 1/λ, where the transverse field dominates. The plateau transitions occur
at s = O(1/λ), where λ̃ = O(1). Finally, λ̃ ≫ 1 corresponds to times later within the
small-s window, 1/λ≪ s≪ 1, but not to the end of the annealing sweep. In this regime the
XX catalyst term dominates the effective Hamiltonian, while the cost Hamiltonian remains
perturbative as long as s = λ̃/λ≪ 1.

Classical plateau configurations. Let G denote the two-ring graph defined by Hcost,
with |E(G)| = N + 2 edges. The graph contains four edge spins (the two sites on each ring
that participate in the inter-ring couplings) of coordination number three, and N − 4 bulk
spins of coordination number two. Starting from the fully polarized configuration with all
si = +1, a discrete family of configurations becomes energetically favored as λ̃ grows, each
obtained by flipping a specific subset S of spins. These configurations correspond to the
plateaus observed in Fig. 6.3 and are illustrated in Figs. 6.4 and 6.5 for N = 10 and N = 12,
respectively.

For a configuration obtained from the fully polarized state by flipping a subset S of spins,
the field contribution is changed only by the number of flipped spins. Since each flipped spin
changes si = +1 to si = −1, the first term in Eq. (6.18) changes from −N to −N + 2|S|.
The interaction term is modified only on bonds connecting a flipped spin to an unflipped
spin: on such a bond, sisj changes from +1 to −1, lowering the XX-bond contribution by

2λ̃. Bonds whose endpoints are both flipped, or both unflipped, remain unchanged. If B(S)
denotes the number of bonds with one endpoint in S and the other outside S, the energy
then reads

E(S) = −
[
N − 2|S|

]
+ λ̃

[
(N + 2)− 2B(S)

]
. (6.19)

Thus, energetically favorable flipped-spin configurations are those that gain many antifer-
romagnetically aligned XX bonds while paying the energy cost associated with the flipped
spins.

Two limiting cases are worth highlighting. The fully polarized initial state (S = ∅) has
all bonds contributing +λ̃, yielding

Epol = −N + λ̃(N + 2) . (6.20)

At the opposite end, for bipartite rings (N/2 even) all bonds can be simultaneously antifer-
romagnetic and the total magnetization vanishes, giving

EAFM = −λ̃(N + 2) . (6.21)

For odd-length rings (N/2 odd, e.g., N = 10) full antiferromagnetic alignment is obstructed
by frustration, so the actual final-state energy is slightly higher than Eq. (6.21).

The first intermediate plateau is obtained by flipping a pair of edge spins. Edge spins
have higher coordination than bulk spins, so each contributes more strongly to the XX
term when flipped, and is therefore favored to flip first as λ̃ increases. Among all pairs, the
one minimizing the energy is the configuration with two edge spins that are not directly
connected by an inter-ring bond [see Figs. 6.4(b) and 6.5(b)]. For this choice |S| = 2 and
B(S) = 6, namely the 6 bonds incident to the two flipped edge spins, none of which lies
between them, yielding

Eplateau,1 = −N + 4 + λ̃(N − 10) . (6.22)

Equation (6.22) is independent of which non-adjacent pair of edge spins is chosen, since
the graph (and the effective Hamiltonian, Eq. (6.17)) is symmetric with respect to the four
edge spins. The actual plateau state is a symmetric superposition over all representatives
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(c) 2. Plateau(a) Initial State (b) 1. Plateau

Figure 6.4: Representative spin configurations of the plateau states of the local Ising model
for N = 10, shown in the σ̂x basis. (a) Fully polarized initial state, si = +1 for all i. (b)
First intermediate plateau, with two non-adjacent edge spins flipped to si = −1. (c) Final
plateau, characterized by strongly reduced transverse magnetization (full antiferromagnetic
alignment is obstructed by frustration on the odd-length rings). Arrows indicate the classical
value si = ±1 at each site. Only one representative configuration is shown per plateau.
The true plateau state is a symmetric superposition of all configurations (sharing the same
energy) related by the spatial symmetries of the effective Hamiltonian (Eq. (6.17)).

related by this spatial symmetry, each sharing the same classical energy. This superposition
is responsible for the depolarization of the four edge spins observed in the spin-resolved
magnetization profiles of Fig. 6.3: while each individual representative has fully polarized
edge spins with si = ±1, their symmetric superposition has ⟨σ̂x

i ⟩ = 0 at every edge site,
while the bulk spins, which are equally polarized in every representative configuration, also
remain polarized in the superposition.

We note that, since the protocol is initialized in the +1 eigensector of Π̂ and parity is
conserved by the dynamics, only configurations with an even number of flipped spins are
accessible, so the plateau sequence proceeds in steps of two flipped spins. For N = 8 and
N = 10, Eq. (6.22) describes the unique intermediate configuration between the polarized
and the final states. For N > 10, additional plateaus appear, obtained by flipping further
pairs of spins while keeping |∂S| as large as possible. As a representative example, for
N = 12 the second intermediate plateau [Fig. 6.5(c)] has |S| = 4 and B(S) = 10, giving

E
(N=12)
plateau,2 = −4− 6λ̃ . (6.23)

Plateau boundaries. The boundaries between plateaus in the (λ, s) plane follow from
the level crossings of the classical energies above. Equating Epol with Eplateau,1 yields,
independently of N ,

λ̃1 =
1

3
⇐⇒ s1 =

1

3λ
, (6.24)

which marks the transition out of the fully polarized configuration. Equating Eplateau,1 with
EAFM further yields

λ̃2 =
1

2
⇐⇒ s2 =

1

2λ
, (6.25)
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(d) 3. Plateau(a) Initial State (b) 1. Plateau (c) 2. Plateau

Figure 6.5: Same as Fig. 6.4, but for N = 12. The longer bipartite rings support an
additional intermediate configuration between the first plateau and the final state.
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Figure 6.6: Low-lying energy spectrum of the local Ising model with N = 12 and λ = 4 as a
function of the normalized annealing time s ∈ [0.05, 0.2]. Grey curves show the numerically
exact spectrum, with the ground state highlighted in dark grey. Colored lines show the
analytical plateau energies of Eqs. (6.20), (6.22), (6.23), and (6.21). Red circles mark the
three avoided crossings at s ≈ 0.083, 0.116, 0.136.

which for N ∈ {8, 10} identifies the transition time to the final configuration directly. For
N = 12, inserting Eq. (6.23) one finds that both Eplateau,1 = Eplateau,2 and Eplateau,2 =

EAFM are satisfied at the same value λ̃ = 1/2. Within the strictly classical analysis, the
second plateau is therefore degenerate with the first plateau and the final state at a single
point and is never the unique minimum.

Comparison with the exact spectrum. Figure 6.6 compares the analytical predictions
with the numerically exact low-lying spectrum for N = 12 and λ = 4, in the window
s ∈ [0.05, 0.2] where all relevant rearrangements take place. Three avoided crossings, marked
by red circles at s ≈ 0.083, 0.116, 0.136, separate four windows of the spectrum whose
ground-state slopes agree with those of the analytical predictions in the order prescribed
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by the analysis above. The first avoided crossing is centered close to the analytical value
s1 = 1/(3λ) ≈ 0.083, while the remaining two lie symmetrically around the degenerate
classical value s2 = 1/(2λ) = 0.125.

Two systematic deviations from the strictly classical analysis are visible. First, the
exact ground-state energy lies above the analytical predictions by an offset that depends
weakly on s. This offset reflects the O(s) contributions neglected in Eq. (6.17): at λ = 4
and s ∼ 0.1, the prefactor in front of the driving Hamiltonian is (1 − s) ̸= 1 and also
the cost Hamiltonian is not entirely negligible; the resulting effect is that the energies are
shifted upwards without strongly altering their slopes within the observed window. Second,
the second-plateau configuration emerges as the exact ground state over a finite window
between the second and third avoided crossings, despite being merely degenerate at the
level of the classical analysis. The lifting of this degeneracy is again a consequence of the
sub-leading cost Hamiltonian contributions, which select the second-plateau configuration
in this window.

Apart from these two effects, the analytical plateau structure accurately captures the
location and ordering of the transitions, with the classical prediction becoming asymptoti-
cally exact in the large-λ limit. The phase diagram observed in Fig. 6.3 therefore admits, in
the large-λ, small-s regime, a quantitative microscopic interpretation in terms of competing
classical configurations of the effective Hamiltonian Eq. (6.17), with the full Hamiltonian
providing systematic corrections that resolve the outcome at the classical degeneracy points.

This picture clarifies the role of the non-stoquastic catalyst. Already at small s, the
XX term drives the ground state through a sequence of rearrangements with progressively
smaller global magnetization, rather than through a single transition. These intermediate
rearrangements do not by themselves guarantee improved annealing performance, which
arises instead from the interplay between cost and catalyst Hamiltonian and is reported in
Ref. [294] to be optimal around λ ∼ 1 (with a strong dependence on system size).

6.3.4 Quantum resources across the annealing parameter space

As in the case of the p-spin model (Sec. 6.2.2), we now characterize the system by three
observables evaluated on the instantaneous ground state: the energy gap, the bipartite en-
tanglement entropy, and the second stabilizer Rényi entropy. We consider these observables
as a function of the annealing parameters (λ, s) on a 101× 401 grid covering λ ∈ [−2, 2] and
s ∈ [0, 1]. Figure 6.7 reports the resulting heatmaps for system sizes N = 8, 10, 12, 14, 16,
with the energy gap, the entanglement entropy, and the SRE density shown in the first,
second, and third columns, respectively.

For λ ≤ 0, the three observables exhibit local extrema around the same single dominant
line in the (λ, s) plane: along this line, the energy gap and the entanglement entropy develop
a pronounced minimum and maximum, respectively, while the SRE exhibits a correspond-
ing local maximum. The features become increasingly narrow as the system size grows,
indicating that in the stoquastic regime the annealing dynamics is dominated by a single
rearrangement of the ground state.

For λ > 0, the structure of the annealing landscape changes qualitatively, in agreement
with the magnetization data of Fig. 6.3. In this regime, the three observables instead display
multiple, broader local extrema. In particular, the energy gap develops several local minima,
each accompanied by corresponding local maxima of the entanglement entropy and the SRE.
This pattern reflects the multiple competing rearrangements of the ground state induced by
the non-stoquastic catalyst, as analyzed microscopically in Sec. 6.3.3: each plateau boundary
appears as a local minimum of the gap, accompanied by a local resource peak.
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Figure 6.7: First column: energy gap as a function of the annealing parameters s and
λ, for system sizes N = 8, 10, 12, 14, 16 (from top to bottom). Middle column: bipartite
entanglement entropy evaluated on the instantaneous ground state of the Hamiltonian in
Eq. (6.14) for the same parameter range and system sizes. Third column: stabilizer Rényi
entropy density, computed under the same conditions.

The same qualitative correlation between spectral bottleneck and quantum-resource gen-
eration observed for the p-spin model therefore survives the loss of permutation symmetry
and the presence of a sequence of spin rearrangements. The resource peaks, however, are
now distributed over multiple values of s rather than concentrated at a single transition,
mirroring the structure of the underlying magnetization plateaus.

6.3.5 Finite-size scaling along annealing protocols

To quantify the scaling of the quantum resources with system size, we now consider annealing
protocols at fixed values of λ and extract, along each sweep, the minimum energy gap and
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the maximum values of the entanglement entropy and the stabilizer Rényi entropy. The
resulting data are shown in Fig. 6.8 as a function of N .

The annealing parameter s is discretized non-uniformly, with observable- and system-
size-dependent resolutions chosen to accurately resolve the relevant extrema. For the sto-
quastic case (λ = 0), all observables are evaluated on a uniform grid with ∆s = 10−4. For
the non-stoquastic case (λ = 4), finer resolutions are used in restricted intervals around the
extrema: ∆s = 5 × 10−5 for the energy gap at N = 8, 10 and ∆s = 10−5 for larger sizes;
analogous resolutions are adopted for the SRE, except for N = 18, 20 where ∆s = 5× 10−5

is used; and ∆s = 10−5 for the entanglement entropy at all available system sizes.

We focus on two representative cases: the stoquastic protocol with λ = 0 and a non-
stoquastic protocol with λ = 4. Smaller positive values of λ feature a stronger competition
between the cost and catalyst Hamiltonians, leading to a more intricate energy landscape
and obscuring the scaling behavior, while λ = 4 yields more regular structures that allow
for a more systematic analysis. We emphasize, however, that no genuine non-stoquastic
advantage is expected at λ = 4, which lies far from the conjectured optimum around λ ∼
1 [294]. To account for the multiple local extrema present at λ = 4, we report both the
global minimum and selected local minima for the energy gap, namely the first and the last
minimum (Fig. 6.8 (a)). For the entanglement entropy and the SRE, the structure during
the annealing protocol is more complicated, with both local extrema and plateau-like regions
that are not always clearly separable from each other. We thus only report the maximum
value attained during the sweep (Fig. 6.8 (b) and (c)).

For the stoquastic protocol (λ = 0), the minimum gap decreases exponentially with
system size, in agreement with Ref. [294]. The entanglement entropy remains approximately
constant in this regime, while the stabilizer Rényi entropy grows roughly linearly with N ,
indicating an extensive generation of non-stabilizerness already in the absence of the catalyst.

For the non-stoquastic protocol, the behavior is more complex. Both the first (corre-
sponding to the global) and the last energy gap minima show a slower decrease compared
to the stoquastic case. Although the precise functional form cannot be unambiguously de-
termined from the accessible system sizes, the available data suggest an improvement in the
scaling and thus in the possible annealing speed. The entanglement entropy exhibits larger
values and a more pronounced growth with system size compared to the stoquastic case,
reflecting enhanced quantum correlations induced by the catalyst.

The behavior of the stabilizer Rényi entropy is similar to the stoquastic case: when
considering the global maximum along the annealing path, the SRE grows approximately
linearly with N , indicating an overall extensive scaling also in the non-stoquastic case.

Overall, these finite-size results indicate that the non-stoquastic catalyst does more than
modify the minimum spectral gap: it reorganizes the structure of the instantaneous ground
state and redistributes and induces the generation of quantum resources along the annealing
path. In the p-spin model, the regimes in which first-order transitions are avoided coincide
with enhanced entanglement and substantially larger extensive stabilizer Rényi entropy,
suggesting that the improved gap scaling is accompanied by states that are harder to describe
by both tensor-network and stabilizer-based methods. In the geometrically local Ising model,
the catalyst splits the dominant rearrangement of the stoquastic protocol into a sequence
of plateau transitions, producing multiple spectral bottlenecks and a correspondingly richer
resource landscape. Although the accessible system sizes do not allow a definitive asymptotic
scaling analysis, the results support the view that non-stoquastic catalysts can improve
annealing performance only by generating nontrivial many-body structure along the path
(at least for the in this chapter considered models). Extending this analysis to different
systems, optimized catalyst strengths, and more experimentally constrained protocols will
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Figure 6.8: Finite-size scaling of (a) the minimum energy gap, (b) the maximum bipartite
entanglement entropy, and (c) the maximum stabilizer Rényi entropy along annealing pro-
tocols with fixed values of λ. Results are shown for the stoquastic case λ = 0 (blue squares
with solid lines) and the non-stoquastic case λ = 4. In the non-stoquastic case, several local
minima of the energy gap occur along the annealing path. We report the absolute mini-
mum (red dots with solid lines), as well as the first (yellow, dashed lines) and last (green,
dashed lines) local minima. For the entanglement entropy and SRE, whose profiles exhibit
a more complicated structure without clearly separable peaks and plateaus, we report only
the maximum value attained along the path. Lines are intended as guides to the eye.

be essential for determining whether these correlated enhancements of gap, entanglement,
and non-stabilizerness can translate into a practical quantum advantage.
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Conclusions and Outlook

In this thesis, we have addressed the question of how quantum annealing can be brought
closer to practical relevance on near-term trapped-ion hardware, approaching it from two
complementary angles. On the hardware side, we have analyzed the structure of the
magnetic-gradient-induced coupling (MAGIC) scheme for trapped-ion quantum comput-
ing beyond its standard leading-order description, and we have designed a noise mitigation
protocol tailored to annealing algorithms on this platform. On the algorithmic side, we
have investigated how the structure of the annealing Hamiltonian itself can be modified to
enlarge the minimum spectral gap that controls the runtime of annealing protocols. Further-
more, we studied how quantum resources behave for stoquastic and non-stoquastic annealing
schedules and how they relate to the difficulty of classical simulation. In this chapter, we
summarize the main results along these two lines and outline directions for future research.

Summary of main results

Higher-order corrections to the MAGIC scheme. In Chapter 2, based on Ref. [205],
we have systematically analyzed the structure and effects of higher-order terms in the
MAGIC setup arising from anharmonicities of the external potential, including Coulomb
repulsion between ions and curvature of the applied external magnetic field gradient. After
following the standard derivation [161], decoupling spin and phonon degrees of freedom at
leading order, the higher-order terms generate three-body spin couplings, additional two-
body and local-field contributions, and various phonon-phonon conversion mechanisms. By
computing their natural strength using experimentally realistic parameters [163], we have
shown that most of these contributions are negligible in realistic situations. Two terms,
however, can have significant impact and need to be considered. The first is a phonon-
occupation-dependent longitudinal field whose strength increases with chain length and
phonon excitation numbers, and which can become comparable to the native two-body
coupling strength when scaling to larger chains. While its mean effect can be compensated
through recalibration, virtual Z rotations or microwave drive detuning, phonon number fluc-
tuations remain problematic and underline the importance of efficient cooling techniques
such as sympathetic cooling. The second is a two-to-one phonon conversion process that
is suppressed under ground-state cooling and can additionally be avoided through suitable
trap design that detunes phonon frequencies away from resonance. Importantly, our analysis
also shows that the small native three-body interaction strengths produced by these higher-
order corrections, which are orders of magnitude smaller than the native spin-spin couplings
for typical parameters, are not by themselves sufficient to be exploited as a resource for
quantum information processing. We have placed this finding in context by comparing it to
alternative schemes for engineering three-body interactions in trapped ions.
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Dynamical decoupling for analog quantum annealing. In Chapter 4, based on
Ref. [144], we have addressed the most prominent error channel for magnetically sensi-
tive trapped-ion qubits, namely fluctuations of external magnetic fields, which translate
into fluctuating longitudinal fields on the qubits. By analyzing how local-field disorder of
realistic amplitude affects the ground state of the cost Hamiltonian in quantum annealing,
we have shown that moderate disorder strengths are sufficient to alter the encoded solu-
tion and thus prevent successful annealing without active noise suppression. To mitigate
this effect, we have proposed an annealing protocol in which the optimization problem is
encoded exclusively in two-body interactions through a single ancilla qubit, supplemented
by periodic global spin-flip pulses interleaved into the annealing schedule. The ancilla en-
coding ensures that the dynamical decoupling pulses commute with the cost Hamiltonian,
so that the encoded ground state is preserved while the longitudinal noise is averaged out.
Through a Magnus expansion of the time-evolution operator, we have shown analytically
that the leading-order corrections to the ideal annealing dynamics are controlled by the
product of noise amplitude and the time interval between consecutive pulses. Numerical
simulations on industrially relevant benchmarks, namely minimal Multiple Object Tracking
instances of five and nine qubits, and cutting-stock instances of five and six qubits, as well
as Sherrington-Kirkpatrick instances up to twelve qubits have confirmed that pulse rates
of approximately 2.5 ms−1 are sufficient to restore nearly noise-free fidelity across realistic
noise spectra and amplitudes up to a worst-case 1 kHz, well within the capabilities of current
trapped-ion hardware. We have further identified a universal scaling behavior of the final fi-
delity in terms of a generalized parameter that combines noise amplitude and pulse interval,
providing a compact figure of merit for designing decoupling sequences across different noise
environments. Although our analysis was grounded in the MAGIC platform, the protocol
and its scaling behavior apply broadly to other quantum computing architectures that suffer
from longitudinal-field noise.

Direct PUBO encoding of optimization problems. In Chapter 5, based on Ref. [203],
we have studied the design of the cost Hamiltonian itself, asking whether the standard
practice of reducing higher-order optimization problems to quadratic unconstrained binary
optimization (QUBO) form is justified, or whether retaining the native polynomial uncon-
strained binary optimization (PUBO) structure can be advantageous for some problems. We
have shown that direct PUBO formulations can lead to substantial savings in the number
of qubits, since the QUBO reduction typically requires ancillary slack variables and energy
penalties to enforce constraints. More importantly, by exact diagonalization on small-scale
hard-to-solve 3-SAT instances generated by different benchmark generators, we have shown
that the minimum energy gap during the annealing sweep can be significantly larger in the
PUBO formulation than in the equivalent QUBO reduction. For 3-SAT instances gener-
ated by toughSAT (random instances postselected for unique solutions), we have observed a
significant improvement in the gap-scaling exponent, which translates into an exponentially
faster adiabatic sweep, compared to the equivalent QUBO reduction, with our estimates sug-
gesting a speedup of about two orders of magnitude already for problems with only eleven
classical variables. For instances generated by uniquePT1 (structured hard-to-solve bench-
mark problem instances), the scaling exponent is comparable in PUBO and QUBO, but the
larger absolute gap still yields a constant-factor speedup. We have shown that this advan-
tage persists even when accounting for the overhead of synthesizing three-qubit interactions
from universal sets of single- and two-qubit gates on digital architectures, where four CNOT
gates suffice to implement the required σzσzσz rotation. As a side result, our analysis of
different 3-SAT generators has revealed that a third generator, uniquePT4, produces only
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trivially solvable instances whose PUBO cost Hamiltonians reduce to sums of local fields, a
finding relevant for benchmarking both quantum and classical solvers.

Non-stoquastic annealing and quantum resources. In Chapter 6, based on Ref. [204],
we have addressed the question of whether the spectral improvements obtained through non-
stoquastic catalysts are accompanied by the generation of quantum resources that make the
resulting states genuinely hard to simulate classically. To this end, we have monitored
two complementary resources of the instantaneous ground state along the annealing path,
the bipartite entanglement entropy and the second stabilizer Rényi entropy (as a measure
for non-stabilizerness), which respectively quantify the hardness of classical simulation by
tensor-network methods and by stabilizer-tableau methods. We have analyzed two bench-
mark models, the fully connected ferromagnetic p-spin model and a geometrically local Ising
model. In the p-spin model, the entanglement entropy of the instantaneous ground state
saturates with system size while the stabilizer Rényi entropy grows linearly, with a slope
that increases sharply when the annealing path crosses from a first-order to a second-order
phase transition under the action of the catalyst. In the local Ising model, the catalyst
induces a sequence of avoided crossings, each accompanied by local maxima or plateaus of
both quantum resources, and we have provided a microscopic interpretation of these cross-
ings in terms of competing classical configurations of an effective Hamiltonian valid in the
regime of large catalyst strength and early annealing time. In both models, the regimes in
which non-stoquasticity improves the minimum spectral gap coincide with those in which
the ground state develops larger values of both quantum resources. This concurrent behav-
ior identifies these non-stoquastic annealing protocols as candidates for regimes in which a
potential efficient quantum algorithm coincides with classical hardness.

Outlook and future directions

The work presented in this thesis suggests several natural directions for future research.

The analysis of perturbative corrections in the MAGIC scheme can be extended to higher-
order terms in the Coulomb potential and to a more detailed treatment of the radial phonon
modes, which become relevant when scaling to larger ion chains. Similar analyses may
also prove valuable for related platforms based on Mølmer-Sørensen-type gates or oscillat-
ing magnetic fields, as well as for superconducting qubit architectures governed by similar
microscopic Hamiltonians. The dynamical decoupling protocol developed here can in turn
be extended to include more sophisticated decoupling sequences, such as universally robust
pulse sequences that self-correct against control errors, and a broader spectrum of noise
sources. A particularly intriguing theoretical question is whether the universal scaling be-
havior we have identified, in which the final fidelity depends on a simple combination of
noise amplitude and pulse interval, can be derived analytically from the noise spectral den-
sity, which would provide a guiding principle for designing optimal decoupling sequences in
arbitrary noise environments. On the experimental side, the protocol can also serve as a
controllable knob to tune the impact of decoherence during annealing, providing a means to
systematically study the role of quantum effects in optimization performance.

Our finding that direct PUBO formulations can exponentially improve the gap-scaling
exponent for specific classes of 3-SAT instances raises the question of how broadly this ad-
vantage extends. Systematic studies on other natively higher-order problems, together with
careful comparisons against state-of-the-art classical solvers, would help identify regimes in
which quantum annealing with PUBO encodings is competitive with or surpasses classi-
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cal performance. The connection between non-stoquastic catalysts and quantum resources
identified here similarly invites investigation into larger problem classes without exploitable
symmetries, including random spin glasses and industrially motivated optimization prob-
lems. The microscopic interpretation we have provided for the geometrically local Ising
model, in terms of competing classical configurations of an effective Hamiltonian, may also
serve as a starting point for the systematic design of catalyst Hamiltonians tailored to specific
problem structures.

A natural next step beyond the individual directions outlined above is their integration.
A trapped-ion experiment combining a well-characterized hardware platform, active noise
mitigation through dynamical decoupling, and algorithmic ingredients such as native PUBO
encodings or non-stoquastic catalysts would unite the threads developed in this thesis into
a single setting, and would constitute a meaningful step from current proof-of-principle
demonstrations toward devices capable of tackling optimization problems of practical inter-
est.
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[336] Ö. Salehi, A. Glos, and J. A. Miszczak, “Unconstrained binary models of the trav-
elling salesman problem variants for quantum optimization”, Quantum Information
Processing 21, 10.1007/s11128-021-03405-5 (2022).

[337] H. F. Trotter, “On the product of semi-groups of operators”, Proceedings of the
American Mathematical Society 10, 545–551 (1959).

[338] S. H. Sack and M. Serbyn, “Quantum annealing initialization of the quantum ap-
proximate optimization algorithm”, Quantum 5, 491 (2021).

[339] S. Blanes, F. Casas, and A. Murua, “Splitting methods for differential equations”,
Acta Numerica 33, 1–161 (2024).

162

https://doi.org/10.1145/1806689.1806711
https://doi.org/10.1145/1806689.1806711
https://doi.org/10.1126/science.aaa4170
https://doi.org/10.1007/s11128-022-03476-y
https://doi.org/10.1007/s11128-022-03476-y
https://doi.org/10.1007/s11128-022-03476-y
https://doi.org/10.1007/s11128-022-03476-y
https://doi.org/10.1038/s41586-024-07647-y
https://doi.org/10.1038/s41586-024-07647-y
https://doi.org/10.1126/science.1073287
https://doi.org/10.1103/physreva.71.062305
https://doi.org/10.17762/itii.v7i2.67
https://doi.org/10.17762/itii.v7i2.67
https://doi.org/10.17762/itii.v7i2.67
https://doi.org/10.17762/itii.v7i2.67
https://www.dwavesys.com/
https://doi.org/10.3390/a14100294
https://doi.org/10.1038/s41598-023-36531-4
https://doi.org/10.1038/s41598-023-36531-4
https://doi.org/10.1038/s41598-023-36531-4
https://doi.org/10.4171/8ecm/11
https://doi.org/10.3389/frqst.2023.1229471
https://doi.org/10.3389/frqst.2023.1229471
https://doi.org/10.3389/frqst.2023.1229471
https://doi.org/10.1007/s11128-021-03405-5
https://doi.org/10.1007/s11128-021-03405-5
https://doi.org/10.1007/s11128-021-03405-5
https://doi.org/10.1090/s0002-9939-1959-0108732-6
https://doi.org/10.1090/s0002-9939-1959-0108732-6
https://doi.org/10.22331/q-2021-07-01-491
https://doi.org/10.1017/s0962492923000077


BIBLIOGRAPHY

[340] T. N. Ikeda, A. Abrar, I. L. Chuang, and S. Sugiura, “Minimum Trotterization for-
mulas for a time-dependent Hamiltonian”, Quantum 7, 1168 (2023).

[341] L. Zhou, S.-T. Wang, S. Choi, H. Pichler, and M. D. Lukin, “Quantum approximate
optimization algorithm: performance, mechanism, and implementation on near-term
devices”, Physical Review X 10, 021067 (2020).

[342] S. Boulebnane, J. Sud, R. Shaydulin, and M. Pistoia, Quantum approximate optimiza-
tion algorithm in finite size and large depth and equivalence to quantum annealing,
2025.
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