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Abstract

This thesis is devoted to the study of regularity properties of generalized surfaces in
the Plateau problem. The first part of the thesis focuses on the regularity theory for
Federer-Fleming integral currents, proving that every integral cycle can be approximated
by a smooth submanifold up to a singular set of codimension 5. This is based on a joint
study with William Browder and Camillo De Lellis, completing the program started by
the former author with Frederick J. Almgren. The second part of the thesis extends
the previous result to unoriented domains, showing that integral cycles mod 2 can be
approximated by smooth submanifolds up to a singular set of codimension 3; in addition,
this estimate on the singular set can be refined depending on the codimension of the
cycle. Each estimate on the singular set is optimal, and the submanifolds can be taken
free of singularities if the homology class admits a smooth embedded representative.
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Introduction

Motivations

Over the past century the subject of geometric measure theory has matured from a
collection of isolated results into a unified body of fundamental knowledge, characterized
by both a rich internal structure and strong connections to a multitude of different
areas of mathematics. These developments have improved our comprehension of the
analytic and topological foundations of geometry, marking new directions in the calculus
of variations. In particular, geometric variational problems — such as finding energy
minimizing representatives in homology or homotopy classes of maps, minimizers with
prescribed topological singularities or within classes of diffeomorphisms — have attracted
growing interest and have been increasingly well understood in recent years.

The archetypal geometric variational problem is the so-called Plateau problem, named
after the Belgian physicist Joseph Plateau, who extensively studied the structure of soap
bubbles and soap films, ¢fr. [69]. Its embryonic formulations can be traced back to the
second half of the 18th century when Lagrange, in Appendix I of his article [55], posed
(in fact, solved) the first version of what can essentially now be stated as the following
problem:!

“Find the surface of smallest area spanning a given contour”.

Arguably, what is most fascinating about the Plateau problem is that, depending
on the mathematical rigorous meaning that one attaches to the words surface, area and
spanning, it is possible to develop different formulations of it, each providing beautiful
mathematics; it is therefore fair to say that the Plateau problem is not just a single
problem, but rather a collection of them, cfr. [5].

The theory of integral currents, which developed in the late 1950s after the early-
stage contributions of De Giorgi in the setting of finite perimeter sets and of Federer &
Fleming (c¢fr. [18, 19, 20] and [44]), is one of the most fruitful mathematical theories
allowing one to solve the Plateau problem in higher dimensions and without topological
restrictions. It partakes of the smoothness of differentiable manifolds and of the com-
binatorial structure of polyhedral chains with integer coefficients; in addition, the class
of integral currents enjoys suitable compactness properties that makes it a useful tool

L«Pour ne donner la-dessus qu'un exemple trés-simple, supposons qu’il faille trouver la surface qui
est la moindre de toutes celles qui ont un méme périmetre donné”.

VII
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for solving geometric variational problems, with particular attention to those that may
exhibit singularities. These qualities make them one of the most satisfactory analytic
and topological formulations of the concept of generalized surfaces to solve the oriented
Plateau problem: the problem of finding an oriented generalized surface of smallest area
spanning a given boundary or representing a given integral homology class.

After establishing the existence of solutions in this class of objects, the natural sub-
sequent question is that of their regularity. The most studied approach of regularity
theory focuses on how regular integral currents solving the Plateau problem turn out to
be a posteriori. In particular, integral currents are studied under the strong variational
assumption of being minimizers: this allows powerful regularity theorems to be proven
and, in the last years, also a refined analysis of the structure of their singularities both
in the interior and at the boundary; it is indeed well-known that solutions to the Plateau
problem may be singular, as shown by examples of complex algebraic varieties like the
complex cusp

{(z,w) € C*: 2* = w?},

admitting a branch point singularity at the origin. A full classification of singularities
of minimizing integral currents is still missing and many questions remain unsolved,
both when the current has codimension one and when it has higher codimension in the
ambient space.

The presence of branching singularities when the codimension is higher than one re-
quired the development of an entirely new regularity theory and more sophisticated ma-
chinery, which was initially developed in a 1728-page, 10 cm-thick typewritten preprint
by Frederick J. Almgren, cfr. [3, 6]. This result, establishing that the interior singulari-
ties of m-dimensional minimizing integral currents have Hausdorff codimension at least
two, has only recently been understood, simplified and improved in a series of papers by
Camillo De Lellis and Emanuele Spadaro, cfr. [32, 33, 34, 35, 36]; building upon their
theory, a series of important achievements have been obtained in the last years, above all
the m — 2-rectifiable structure of the singular set due to De Lellis-Minter-Skorobogatova
and, independently, Krummel-Wickramasekera, cfr. [29, 30, 31| and [52, 53, 54]. The
subsequent important question is whether it is possible to obtain quantitative measure
bounds on singularities or, more ambitiously, some generic tame structure for them. In
this direction, together with Anna Skorobogatova, we have been able to prove that a
specific meaningful subset of the interior singular set, that is the set of flat singular
points of highest density, has locally finite m — 2-dimensional Hausdorff measure, cfr.
[17].

However, there is another way to interpret in what sense an integral current is more
regular than in its original definition, and it corresponds to the question — without
assuming any variational hypothesis — of whether it can be approximated by smoother
objects, cfr. [41]. This approach to regularity theory goes back to the late 1950s and
to the origin of integral currents with the seminal article of Federer and Fleming, see
[41, 44]. In particular, in [44, page 458, lines 30-31], the authors write: “Integral cur-
rents are actually much smoother than one might expect from the preceding definition”,
introducing the well-known deformation theorem of integral currents and the strong ap-
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proximation theorem by means of polyhedral chains with integer coefficients, see [44,
Theorems 5.5 and 8.22]. The deformation theorem represents a cornerstone in the the-
ory, showing that the space of integer coefficients polyhedral chains is dense in the space
of integral currents with respect to the flat topology and convergence of the masses.
The natural next question in the theory of integral currents is thus the following.

Question 1. “How closely can one approximate an integral current T representing a
given homology class T by a smooth submanifold?”

It may happen, in full generality, that integral currents are singular due to topological
obstructions: in [86], Thom provides an example of a homology class of dimension 7 in
a manifold of dimension 14 which is not realizable by means of a submanifold, cfr.
Example 2.4.1. Moreover, it turns out that for each dimension greater than 7 there exist
(in some manifold of arbitrarily large dimension) nonrealizable integral homology classes,
see [86, Théoreme I11.9]; therefore, any integral current representing such a class must
have singularities, see also [44, page 518, lines 3-7]. Nevertheless, these obstructions
motivate the following basic question.

Question 2. “Suppose that a given homology class T is realizable by a smooth subman-
ifold, is it always possible to approzimate any integral current T representing T (and
hence, a fortiori, any T which is area-minimizing) by smooth submanifolds?”

In the 1980s Frederick J. Almgren and William Browder started a research program
to address this type of problems. In particular, in 1988 at the conference for the 60th
birthday of Manfredo P. do Carmo, the former author posed these basic questions for-
mally, announcing a solution to Questions 1 and 2 a few years later in the following
form, see [7, page 20, line 9] and [5, page 44, line 21].

Theorem 1 (Optimal smooth approximation). Let M be a connected smooth closed
oriented Riemannian manifold of dimension m +n. Let ¢ > 0, 7 be an m-dimensional
integral homology class in Hy,(M,Z), and T be an integral cycle representing 7. Then,
there is a smooth triangulation IC of M and an oriented m-dimensional smooth subman-
ifold ¥ of M\ K™™5 (where K™= denotes the m — 5-skeleton of K) with the following
properties.

1. The m-dimensional volume of ¥ does not exceed the mass of T by more than ¢,
that is H™(X) < M(T) + e.

2. The current [X] is an integral cycle homologous to T and there is an integral
m + 1-dimensional current S in M such that 0S = [X] — T and M(S) < €.

3. If T admits a smooth representative, then ¥ can be chosen to be a smooth subman-

ifold of M.

Nevertheless, the program was never completed and no proof of Theorem 1 ever
appeared. In [7], among other things, the authors hint at the strategy of using Thom’s
criterion in the context of homotopy classes of mappings from M (less a skeleton) to
the Thom complex T'(7").
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Building upon this homotopy with holes technique, the first part of this thesis provides
a complete proof of Theorem 1.

The second part of the thesis deals, instead, with regularity theory for the unoriented
Plateau problem. In fact, Federer and Fleming’s theory of integral currents necessarily
requires the domain of integration to be oriented and homology classes to have integer
coefficients; in order to generalize Federer and Fleming’s theory to unoriented domains,
it is possible to replace Z as coefficient group by the cyclic group Zs of order 2: this
has been done at the beginning of the sixties by Ziemer, later improved and generalized
to any finite coefficient group by Fleming, see [95, 45]. Many regularity properties have
been later derived for integral currents mod 2, both in terms of a posteriori regularity
for minimizers and in terms of approximation theorems.

About the former aspect of regularity, it is a corollary of Federer’s dimension re-
duction argument, cfr. [42], that mod 2 minimizing integral currents are induced by
smooth submanifolds, up to an interior singular set of Hausdorff codimension at least
2, which turns out to be discrete for two-dimensional mod 2 currents cfr. [2]. In codi-
mension higher than one, it is a theorem of Simon the m — 2-rectifiable structure of
interior singularities, cfr. [78, Corollary 1], which is also now known to be of locally
finite m — 2-Hausdorff measure by the methods of Naber and Valtorta in [68].

About the latter aspect of regularity, the only a priori approximation-type result for
mod 2 integral currents was the classical mod 2 deformation theorem, cfr. [95, Theo-
rem 4.2], and as a corollary the mod 2 strong polyhedral approximation theorem, cfr.
[43, (4.2.20)", (4.2.21)"], both developed as simple adaptations of the ones for integral
currents. A natural question is thus to ask whether it is possible to approximate any
intergral mod 2 current representing a Zs homology class of a (possibly non-orientable)
smooth closed Riemannian manifold by a smooth embedded submanifold. In general the
answer is negative, because of the existence of mod 2 homology classes not admitting
any smooth embedded representative, cfr. [88, Section 3|. In analogy with Theorem 1,
the second part of this thesis provides an affirmative answer to the previous question
every time the mod 2 homology class admits such a representative and, moreover, it
provides sharp estimates on the singular sets of the approximating sequence.

Theorem 2 (Optimal unoriented smooth approximation). Let M be a connected smooth
closed (not necessarily orientable) Riemannian manifold of dimension m +n. Let € >
0, 7 an m-dimensional homology class in H,,(M,Zs3), and T an integral cycle mod 2
representing 7. Then there is a smooth triangulation K of M and an m-dimensional
smooth submanifold ¥ of M\ K™ "1 (where K™ "~ denotes the m —n — 1-skeleton
of K) with the following properties.

1. The m-dimensional volume of 3 does not exceed the mass of T by more than ¢,

that is H™(X) < M(T) + «.

2. The integral mod 2 cycle [[Z]]Z2 1s homologous toT'" and there is an m~+1-dimensional
integral mod 2 current S in M such that 0S = [E], —T and M(S) < e.

3. If T admits a smooth embedded representative, then 3 can be chosen to be a smooth

submanifold of M.
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The main differences with respect to integral homology are mostly of a topological
nature and allow for the development of a finer argument than that used in the oriented
setting. This yields a significantly better estimate for the singular set, which further im-
proves with higher codimensions; this is due to the particularly well-behaved homotopy
type of the Thom space of the (unoriented) n-plane bundle, which in turn is due to the
tame structure of the cohomology of the (unoriented) Grassmannians, cfr. Section 1.4.3.

A corollary of Theorems 1 and 2 is the absence of the so-called Lavrentiev gap phe-
nomenon for the homological Plateau problem in the absence of topological obstructions,
see Theorems 2.0.4 and 3.0.7. The Lavrentiev gap phenomenon refers to the surprising
property of some functionals in the calculus of variations to admit different infima de-
pending on whether the infimum is taken over the whole class of admissible objects or
over some smaller class of more regular ones. The first of such examples was discovered
by Lavrentiev in 1927, see [56], and the absence of such a phenomenon is a fundamental
and desirable property in a variational theory, cfr. [14].

Finally, Theorems 1 and 2 are both optimal in terms of dimensional estimates for the
singularities of the approximating sequence of submanifolds; each singular set turns out
to represent meaningful topological obstructions, whose nature depends on the specific
problem.

In the oriented setting, the codimension 5 singular set represents singularities which
are of a worse nature compared to those in the unoriented setting. In particular, opti-
mality of the codimension 5 construction in Theorem 1 is proved by a refined study of
the singularities of cycles representing the innately singular homology class discovered by
Thom, and then by exploiting a geometric resolution of singularity technique developed
by Dennis Sullivan, see Theorem 2.4.3.

In the unoriented setting, instead, proving that the codimension n + 1 estimate on
the singular set in Theorem 2 for mod 2 homology is optimal is much subtler than in the
integral case, since singularities that appear in this context all arise from the impossibility
of finding embeddings in low codimensions, and not — as in integral classes — by innate
singularities also obstructing Steenrod representability, i.e. representability by means of
a continuous map, cfr. Section 3.4.

The proofs of Theorems 1 and 2 are based on a fruitful interplay between geometric
measure theory with tools and techniques from differential topology and homotopy the-
ory. Many additional questions can now be explored following the development of this
new setup, which are currently under investigation and will be the object of study in
the upcoming years.
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Guide to the thesis

We briefly summarize the content of each chapter below.

Chapter 1. Preliminaries

The aim of Chapter 1 is to present the main definitions, notation and classical results
needed throughout the thesis. In Section 1.1 we recall some preliminaries on the theory
of integral currents. Particular attention is devoted to the celebrated Federer-Fleming
decomposition theorem for integral currents and the strong polyhedral approximation
theorem, c¢fr. [44, Theorems 5.5 and 8.22|. In Section 1.2 we recall some elementary facts
(and their modifications) about smooth triangulations and piecewise-linear topology
needed in the subsequent chapters. In Section 1.3 we recall some tools from differential
topology and homotopy theory; particular attention is devoted to the celebrated Thom
criterion, characterizing which homology classes can be represented by submanifolds,
cfr. [86, Théoreme II.1]. Finally, in Section 1.4 we recall some theory on cohomology
operations, characteristic classes and on the cohomology of Grassmannians.

Chapter 2. Smooth approximation for integral cycles

The aim of Chapter 2 is to present the smooth approximation theorem for integral
cycles. We give a full proof of Theorem 1, showing that every integral cycle can be
approximated by a smooth embedded submanifold up to a singular set of codimension
5. In particular, if the integral cycle belongs to a homology class admitting a smooth
embedded representative, then the submanifold can be taken free of singularitites. The
chapter concludes by recalling Sullivan’s geometric resolution of singularities and applies
it to show the optimality of the codimension 5 construction. This chapter is based on
[8], which is a joint study with William Browder and Camillo De Lellis, based on some
previous preliminary work of the former author with Frederick J. Almgren.

Chapter 3. Smooth approximation for integral cycles mod 2

The aim of Chapter 3 is to present the smooth approximation theorem for integral cycles
mod 2, proving Theorem 2. This extends the previous result to unoriented domains,
showing that integral cycles mod 2 can be approximated by smooth submanifolds up
to a singular set of codimension 3; in addition, this estimate on the singular set can be
refined depending on the codimension of the cycle and the submanifolds can be taken free
of singularities if the homology class admits a smooth embedded representative. Finally,
after recalling a few results in the theory of stable mappings and their singularitites, we
prove the optimality of the estimate on the singular set. This chapter is based on [15].

Chapter 4. Further results on the smooth approximation theorem

The aim of Chapter 4 is to present further partial results related to the smooth ap-
proximation theorem. In particular, a Z,-manifold approximation theorem is stated
for integral cycles mod k, with k being an odd integer greater than 2. In addition,
an example is provided of an area-minimizing cycle whose support cannot be locally
approximated by a smooth submanifold.
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Additional research

In this third part of the introduction we provide a short summary of the additional
research carried out during the doctoral studies. In particular, we briefly describe the
results obtained and the techniques involved in the proofs, referring to the articles for a
complete treatment of each subject.

A.1 Hausdorff measure bounds for density-() flat singularities of minimizing
integral currents

As mentioned above, after the achievement of the m — 2-rectifiable structure of the
interior singular set of area-minimizing integral currents due to De Lellis-Skorobogatova-
Minter and, independently, Krummel-Wickramasekera, cfr. [29, 30, 31] and [52, 53,
54], the subsequent important question is whether it is possible to obtain quantitative
measure bounds on the singular set or, more modestly, on some parts of it. In this
direction, with Anna Skorobogatova, we proved that a specific meaningful subset of the
interior singular set, that is the set of flat singular points of highest density, has locally
finite m — 2-dimensional Hausdorff measure, cfr. [17].

0.1. Assumption. Let g € (0,1], m,l € N5y and n > 7 > 2 be integers. Let X
be an m + n-dimensional embedded complete submanifold of R™*" = R™+7"+ of class
C3*0 and let T be an m-dimensional integral current in ¥ N B; m with 0T B; 7 = 0.
We assume T' is area-minimizing in X N By /4, that is spt(T) C ¥ N By 4 and

M(T + 9S) > M(T'), for every m + l-integral current S with spt(S) C ¥ N B7 .

Moreover, for every p € ¥ N By s we assume that ¥ N By, 4 is the graph of a C3ro
function ¥, : T,XNB; m — T,X+. We denote ¢(X) := SUDpesrB, o || DWpllc2me and we
assume ¢(X) < & < 1, where € is a small positive constant whose choice will be specified
in each statement.

For T and ¥ as in Assumption 0.1, we recall that a point p € spt(T) is called a
reqular point if there is a positive radius r > 0, a C**-regular embedded m-dimensional
oriented submanifold M C ¥ and a positive integer @) such that 7' B,(p) = Q[M].
The set of regular points of T', which is relatively open in spt(7’), is denoted by Reg(7T).
Its complement, i.e. spt(7T) \ Reg(T), is denoted by Sing(T") and is called the singular
set of T. For Q € N, we denote by Dg(7") the points of density () of the current 7', and
set Sing,(T') := Sing(T) N Dg(T).

For any r > 0 and p € R™*" ¢, : R™*" — R™*" is the map y — 2 and we denote
Ty = (tpy)y T, i.e. the pushforward of T' by the map t,,. We also denote by ¥, the
rescaled ambient manifold ¢, (). The classical monotonicity formula of mass ratios (see
[77, Theorem 17.6] and [33, Lemma A.1]) implies that, for every ry | 0 and p € spt(7T),
there is a subsequence (not relabelled) for which T},,, converges to an integral cycle S
which is a cone (i.e., Sy, = S for all r > 0 and 9S = 0) and which is area-minimizing
in R™*"_ Such a cone is referred to as a tangent cone to T at p.
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Recall that a tangent cone supported in an m-dimensional plane is called flat, and
a point p € Sing(7') with at least one flat tangent cone is called a flat singular point.
We denote by F(7') the set of flat singular points. We remark that from the constancy
lemma, see [77, Theorem 26.27|, a flat tangent cone at a singular point ¢ must be an
oriented m-dimensional plane with positive integer density ©(T, p); we remark that by
Allard’s Regularity Theorem, see [1], ©(T,q) > 1. Hence, we can write the following
subdivision

F(T) = | Fo(1),
Q=2

where Fo(T) :={p € §(T) : ©(T,p) = Q} is the set of flat singular points of density Q.
The typical examples of flat singular points are branching singularities of area-minimizers
induced by complex subvarieties of C". We introduce a further parameter which is a
real number belonging to [1,00), which is called the singularity degree of T at p and
that we denote I(T, p). For a fixed z € [1,00), we will denote by F¢ >.(7T") the set of flat
singular points of T with density () and singularity degree > z, that is

8q.22(T) := So(T) N{I(T, p) = z}.

0.2. Assumption. Suppose that 7', 3 are as in Assumption 0.1. Moreover, suppose
that 0 is a flat singular point of 7" and @ € N\ {0, 1} is the density of 7" at 0. Moreover,
assume that there exists an m-dimensional plane 7y € To¥ such that (px,)sT'L Bg m =
Q[Bsm(0,m)], where pr, is the orthogonal projection onto the plane .

Let us state the main result of [17] on the fine structural properties of (7).

Theorem 0.3. Suppose that T' and ¥ satisfy Assumption 0.2. Then Fo(T) has finite
m — 2-dimensional Hausdorff measure, namely

H™*(Fo(T)) < oco.

A.2 Generic uniqueness for the Plateau problem

Given a complete C"#-smooth Riemannian manifold M of dimension m + n and an
oriented closed submanifold I' C M of dimension m — 1 which is a boundary in in-
tegral homology, in collaboration with Andrea Marchese, Andrea Merlo and Simone
Steinbriichel, we construct in [16] a complete metric space B of C™®-perturbations of T’
inside M (a < (3) enjoying the following property.

Theorem 0.4. For the generic element b € B, in the sense of Baire categories, there
exists a unique m-dimensional area-minimizing integral current T in M with 0T = b
and it has multiplicity one ||T||-almost everywhere.

The proof can be seen as a consequence of the important boundary regularity theory
developed by De Lellis, De Philippis, Hirsch and Massaccesi in [22], coupled with the
observation that one-sided regular boundary points are generic compared to two-sided
ones; from this, previous conditional results by Morgan on generic uniqueness can be
applied to achieve our conclusions, cfr. [62, 63, 64].
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List of symbols

Here we list some common notation used throughout the thesis:

H*(A)
AO

LI

K
b(S)
Bg(A)
Vs(K7)
Us(K7)
spt(T')
M(T)
F(T)

k-dimensional Hausdorff measure of the set A;

interior of the set A;

j-skeleton of a cubical decomposition of RY;

j-skeleton of the triangulation C;

barycenter of the simplex S;

d-neighborhood of A, i.e. {x : dist{z, A} < d};
neighborhood of K7 defined in Subsection 2.1.1;
neighborhood of K7 with smooth boundary defined in Lemma 2.1.2;
support of the current T

mass of T,

integral flat norm of T’

push-forward of T" by the map f;

space of smooth compactly supported k-forms on U,

space of (de Rham) k-currents in U;

space of normal k-currents in U;

space of integer rectifiable k-currents in U,

space of integral k-currents in U;

space of polyhedral k-currents in U,

space of integral flat k-chains in U,

space of k-cycles with coefficients in G' and support in M;
space of k-boundaries with coefficients in G and support in M;
k-homology group with coefficients in G and support in M;
space of k-Lipschitz cycles with coefficients in G and support in M,
classifying space for oriented n-plane bundles;

classifying space for n-plane bundles;

universal oriented n-plane bundle over BSO(n);

universal n-plane bundle over BO(n);

Thom space of the universal oriented n-plane bundle;
Thom space of the universal n-plane bundle;
Eilenberg-MacLane space of type (m,n);

Steenrod squares;

Steenrod reduced p*™* power for odd prime p;

Bockstein homomorphism for odd prime p;

ith Stiefel-Whitney class of the n-plane bundle ¢;

i*h Pontrjagin class of the n-plane bundle ¢;

Euler class of the n-plane bundle &;

Thom’s Steenrod powers defined after Remark 2.0.5;
r-dimensional oriented cobordism group.



Chapter 1

Preliminary results

The aim of Chapter 1 is to present the main definitions, notation and classical results
needed throughout the thesis. In Section 1.1 we recall some preliminaries on the theory
of integral currents and we define a generalized version of the oriented Plateau prob-
lem in this category. Particular attention is devoted to the celebrated Federer-Fleming
decomposition theorem for integral currents and the strong polyhedral approximation
theorem, cfr. [44, Theorems 5.5 and 8.22]; in addition, in Section 1.2 we describe a gen-
eralization of a few results in Whitehead’s theory of smooth triangulations. In Section
1.3 we recall some tools from Thom’s cobordism theory and homotopy theory. Particular
attention is devoted to the celebrated Thom criterion, characterizing which homology
classes can be represented by smooth embedded submanifolds, cfr. [86, Théoreme I1.1];
in addition, in Section 1.4 we recall some notions concerning cohomology operations,
characteristic classes and the cohomology of Grassmannians.

We do not aim to be exhaustive and most of the proofs will be omitted: we will focus
on definitions and results that will be relevant for the subsequent chapters. For a com-
plete treatment of these subjects, we refer the reader to [43, 44, 46, 77| for the Federer-
Fleming theory of integral currents and to [58, 74] for an introduction to piecewise-linear
topology; to [39, 60, 80, 84, 86] for the main notions of cobordism and homotopy theory
and, in particular, to [39, 66, 81] for an introduction to cohomology operations and to
[60] for characteristic classes.

1.1 The Federer-Fleming theory of integral currents

The notion of current! first appeared, albeit in a less general and less precise form,
in the 1930s in the work by Georges de Rham [37, 38]. It was only after Schwartz’s
introduction of the concept of distribution in 1945, see [75], that de Rham reframed its
definition from the one dealing with homologies on forms to the cleaner one that we are
going to define now.

IThe choice of the term “current” is motivated by the fact that in a 3-dimensional space “I-
dimensional currents” can be interpreted as electrical currents and indeed, in [37] and [38], de Rham
thought of them as cables carrying an electrical current of unit intensity.
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1.1.1 Currents and generalized Plateau problems

Let U C R? is an open set and 0 < k < d. We denote by Dk(U) the space of smooth
compactly supported k-forms on U with the colimit topology? (cfr. Remark 1.1.3),
where the notion of convergence is characterized by the following definition.

Definition 1.1.1. A sequence (w"),en € D¥(U), that in local coordinates takes the

form
w'(z) = Z wi(z)dzy,
1€1(k,d)

converges to w € DF(U) as n — oo if there exists a compact set K C U such that
1. spt(w}) C K for any I € I(k,d) and for any n € N,

2. for every choice of the multi-index o we have D*w} — D%w; uniformly in K for
every I € I(k,d).

Remark 1.1.2. Note that in local coordinates we are just equipping D¥(U) with the
topology on the predual of the space of distributions D°(U): there is indeed the following
identification
D) ~ (D(U))" .

Remark 1.1.3. The topology described above turns D¥(U) into a locally convex separable
topological vector space. We remark that D*(U) is not a Fréchet space? since its topology
is not induced by a countable family of seminorms (and hence it is not metrizable), but
each space D% (U) of smooth k-forms supported in the compact set K is. Note that
D*(U) is the colimit of the spaces D% (U), with inclusions D% C D%, where K C K.
Using an exhaustion of U by compact sets, i.e. a sequence (K,,), of compacts with
U=U,K,, with K,, C K_,, it is possible to prove that a sequence in D*(U) converges
in the colimit topology if and only if it converges as in Definition 1.1.1. Accordingly, we
can define the following.

Definition 1.1.4. A k-dimensional current in U is a continuous linear functional on
D*(U). The space of k-dimensional currents in U is denoted by Dy(U).

Hence, Dy(U) is the inverse limit of the dual spaces of D (U) in the category of
locally convex topological vector spaces.

Definition 1.1.5. Given T' € Dy (U), we define the boundary of T as the k — 1-current
defined as
OT (w) := T(dw), for all w € D*1(U).

2Sometimes called also direct limit or final topology, or even inductive limit topology.

3Tt is, however, a Montel space, i.e. a topological vector space that is barrelled and such that every
closed bounded set is compact; this shows that D¥(U) enjoys many desirable topological properties, in
particular on the notions of convergence on its dual space, cfr. [89] for more on this.



1.1. The Federer-Fleming theory of integral currents 3

Remark 1.1.6. The functional 0T is well-defined, linear and continuous. Note that 9 on
k-currents is just the adjoint operator of d on smooth, compactly supported k-forms.
The counterpart of the fact that dod = 0 is that 9(97) = 0 for all T" € Dy (U).

Definition 1.1.7. Given T € Dy (U), we define the mass of T as
M(T) :=sup {T(w)|w € D*(U), |[w(z)|*<1 Va2 € U},
where ||w(x)||* is the comass norm of w(z).

Remark 1.1.8. Definitions 1.1.4, 1.1.5 and 1.1.7 can be considered as generalized con-
cepts for the notions of manifold, boundary of a manifold and volume of a manifold
respectively. Indeed, let ¥ be a smooth, oriented, k-dimensional submanifold in R%. In
the spirit of Poincaré duality, we define the following linear functional Tx(-) on D*(U):

WH/W.
%

Such a current is often denoted by [X], mirroring the notation for the fundamental class
of ¥. Note that Ty is uniquely determined by ¥ in the sense that ¥ # 3’ (as oriented
submanifolds) implies T, # Tsy. We can rewrite Stokes’ theorem in the following way

ITs, = Tyx
and it is possible to prove that
HH (D) = sup {Tx(w) |w € D" (U), |lw(z)|[*< 1 Ve € U},

justifying the terminology of “generalized surfaces”.

Since we are interested in a variational problem, as a dual space, Dy(U) is naturally
equipped with the weak™ topology*.

Definition 1.1.9. Given a sequence of k-currents (7)), and a k-current 7', we say that
(T},)n converges to T in the sense of currents if the sequence converges to T' with respect
to the weak™ topology, that is

lim T,(w) = T(w) for all w e D*(U).

n—oo

Remark 1.1.10. Note that the boundary operator is continuous and the mass is a lower
semicontinuous functional with respect to the weak™ convergence of currents.

As for distributions, we have a notion of support of a current.
Definition 1.1.11. The support of a k-current T" in Dy (U) is defined as

spt(T) := Rd\U{V C U,V open: w € D*(U), spt(w) C V = T(w) =0} .

4Even if, since D*(U) is a Montel space, a sequence in Dy, (U) is converging in the weak* topology if
and only if it is strongly converging.
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Remark 1.1.12. The notion of current is so general that it is possible to define for every
k= 1,2,...,d a k-current T € D.(R?) whose support is a singleton: calling them
k-dimensional objects does not encode the existence of a surrounding k-dimensional
geometry.

Important subclasses of currents need to be defined to obtain a reasonable geometric
object in the solution of the generalized Plateau problem.

Definition 1.1.13. We say that a k-current 7" has finite mass if M(T) < oc.

Remark 1.1.14. Note that O-currents with finite mass can be identified with signed mea-
sures. The definition of current with finite mass is not trivial. In fact the colimit topology
on D¥(R?) to which currents are dual induces a notion of convergence (that of Definition
1.1.1) which is clearly finer than that induced by the sup-norm

(@) [loo:= sup {J|w()]|": = € R}

Standard examples of currents with infinite mass are derivatives of the Dirac delta at a
point xg € U: fix o € U C R and take the 0-current 7" on R such that T'(¢) = ¢'(z0),
for all ¢ € C*(U).

Given T € Dy(R?) with finite mass we obtain

IT(w)|< M(T)||w||oe  for all w € DF(RY).

Hence, T' can be extended by density to a linear continuous functional defined on the
space of continuous and infinitesimal at infinity k-forms w € Cq (Rd,Ak(Rd)), where
AF(R9) is the space of k-covectors on R?. By the Riesz representation theorem, 7' can
be represented by integration with respect to a measure with values in A¥(R%)*, that we
denote by Ax(IR?). Thus, there exists a positive and finite measure ; on R? and a vector
field 7 : RY — Ax(R?) in L*(R?, 1), unitary (in mass norm) g-a.e. such that

T(w) = /Rd<w(x),7'(x)>du(x) for all w € DH(RY). (1.1)

We denote by 7' = 7+ i1 a k-current whose action on a form is as in (1.1). It is customary
to call u the total variation measure associated with 7" and denote it by ||T]]. It can be
checked that M(T') = p(IR%), that is the mass of T equals the mass of the measure ||T||.
In particular, if T' € Dy (U) with finite mass, if B C U is any Borel set we can define the
restriction of T on B, denoted with T'L B, by

T B(w) :z/(w(x),T(a:))d,u(a:).

B

Definition 1.1.15. A k-current 7' € Dy(U) is called normal if both T" and 0T have
finite mass, i.e. M(T") < oo and M(9T") < oo. The space of normal k-currents is denoted

Normal currents have good compactness properties:
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Proposition 1.1.16. Let (T,,), be a sequence of normal k-currents s.t.

sup (M(7},) + M(91},)) < oo.

n

Then, up to subsequences, (T,), converges in the sense of currents to a k-current T.
Moreover, we have that

M(T) < liminf M(7},) and M(OT) < liminf M(0T,,).

n—oo n—o0

In particular, T is a normal k-current.

If the ambient space is a compact oriented smooth manifold, it is possible to define
its real homology in terms of currents. More formally, let M™*™ be an oriented closed
smooth submanifold of dimension m + n smoothly embedded by Whitney’s theorem in
R? for some large d. For k = 0,1, ..., we define the space of normal cycles and boundaries
respectively as follows:

Z(M,R) = {T € Ny (U) | spt(T) € M,dT = 0}
Bu(M,R) := {35 | S € Npyr(U), spt (S) € M},

where U is a tubular neighborhood of M. The k-homology group Hy(M,R) of a M
turns out to be well-defined as the following quotient space

Hk(M,R) = Zk(M,R)/Bk(M,R)

Two sets of pairings are naturally associated to homology and de Rham cohomology,
denoted by Hjg(-). One is the set of de Rham pairings between currents and forms
which factors to homology and cohomology

() Hy(M,R) x Hig(M) = R

defined by ([T, [w]) := T'(w). The others are the pairings
(w,n) € D"(M) x D" ¥(M) — / WA
M

which, by Stokes theorem, induce Poincaré pairings in cohomology
Poinc(,) : Hiz(M) x HizHF(M) — R

given by Poinc([w], [7]) := [w An. Classical theorems, respectively the de Rham and
the Poincaré duality theorems, state in fact that de Rham and Poincaré pairings are non
degenerate; hence there are the following Poincaré duality isomorphisms

P HYZH (M) — Hy(M,R).

At this point one could formulate a very general version of the oriented Plateau
problem, both for fixed boundaries and in real homology classes.
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The Plateau problem for normal currents. Given S € Ny_1(U) such that S = 0T
for some T € Ni(U), does there exist T' € Ny(U) such that 0T" = S and M(T") is
minimized? Alternatively, given a nontrivial T € Hy(X,R), does there exist a normal
cycle Z € T such that M(Z) = inf{M(T) | T € 7}?

Remark 1.1.17. By Proposition 1.1.16 it is possible to apply the direct methods in the
calculus of variations: the M(-) functional is lower semicontinuous by Remark 1.1.10
with respect to convergence in the sense of currents and by sequential compactness
in Proposition 1.1.16 we solve the very general Plateau problem. For the homological
version, this comes as a corollary of, again, lowersemicontinuity of the mass and the
fact that Bgp(M,R) is weak™ closed (we do not comment further on this now, since to
formalize this problem and solve it we need to introduce the Federer-Fleming deformation
theorem, see Section 1.1.2).

Nevertheless, the Plateau problem formulation for normal currents is not satisfactory
since the space N (U) still contains elements that do not have the geometric meaning of

being genuinely “k-dimensional”. Indeed, we can construct the following example, cfr.
(21, Example 2.8].

Example 1.1.18. Consider the south and north poles S and N in the sphere S? C R3
and let Z be the 0-dimensional current [N] — [S]. For any meridian v joining S to
N the corresponding current [v] is a minimizer of the mass among all currents 7" with
OT = Z and spt(T) C S% However the same holds if we parametrize the meridians
as a one-parameter family (v;),.q1 where ¢ is the intersection of v, with the equator
{z3 =0} N S?. If p is a probability measure on S!, then the current

1) = [ bl dutt

is also mass-minimizing among all currents 7' with spt(7') C S? and 9T = Z.

One could argue that Example 1.1.18 is not particularly troublesome, since among all
minimizers it is still possible to find genuine 1-dimensional minimizers. In fact, deeper
issues arise as the following theorem shows (see [91] for a short proof).

Theorem 1.1.19 (Lavrentiev gap phenomenon). Given a smooth closed embedded curve
v in R* define the following quantities:

M(v) :=inf {H*(X) : & is immersed, oriented and 0% = v},
m(7y) := min{M(T) : T € No(R*), 9T = [7]}.

Then there are ’s for which m(vy) < M(y).

As a result, we need to add more structure to enclose some reasonable geometric
meaning in the notion of current. In particular, we need to focus on a particular sub-
class partaking of the smoothness of differentiable manifolds and of the combinatorial
structure of polyhedral chains with integer coefficients: integral currents.



1.1. The Federer-Fleming theory of integral currents 7

Existence of solutions for the generalized Plateau problem

We recall that the notion of rectifiable set turns out to be the appropriate measure-
theoretic generalization of k-dimensional C'-submanifolds. Roughly, k-rectifiable sets
are characterized by the equivalent properties of being countable unions of measurable
pieces of k-dimensional C!-submanifolds, or of admitting a measure-theoretic notion of
tangent space H*-almost everywhere.

Definition 1.1.20. A set £ C R? is said to be countably k-rectifiable (or simply k-
rectifiable) if it is H*-measurable and there exist k-dimensional embedded submanifolds
N1, No, ... and Ey C R? with H*(E,) = 0 such that

E:EOUGEH

i=1
where FE; are pairwise disjoint Borel subsets of ;.

Given a k-rectifiable set E in RY, one can define an orientation of E as a Borel
function 75 : E — Ap(R?) such that 7p(x) is a simple unit k-vector spanning T, E for
Hr-ae x € E.

Definition 1.1.21. Let U be an open set in R?. We call a k-current T rectifiable if T
admits the following integral representation

T(w) = / (), 75 (x)) 6(x)dH (2),

where F is a k-rectifiable set, 75 is an orientation of E, and @ is a real-valued function
0 € L*(U,H*_ E). The function 6 is often called multiplicity of the current T. We will
often use the notation 7" = [E, 7, 6].

Remark 1.1.22. Given T' = [E, 7, 0] a k-rectifiable current, then E,7g,0 in the repre-
sentation of T" are not uniquely determined: one could write equivalently [F, —7g, —0]
instead of [E,7g,0]. If we require in addition that # > 0 for H*-a.e. x € E, then
E, 75, m are uniquely determined (up to H*-null sets).

In particular we have that

M(T) = /E 0(2) [ dH* (2) = 0] s ety

Definition 1.1.23. A rectifiable current 7' = [E, 75, 0] whose multiplicity 6 takes values
in Z is called an integer (multiplicity) rectifiable current. The set of integer rectifiable
k-currents in U is denoted by R (U).

Remark 1.1.24. Any T' € Ry(U) can be written as finite sum of weighted Dirac masses.
More formally, let z; € R, §; € Z and d,, the Dirac mass at point x; for i = 1,..., N.
Then we can write
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Indeed, a function § € LY (U, HL E) with values in Z is a function that attains a finite
number of values in a finite number of points, vanishing elsewhere.

Remark 1.1.25. Unlike the space of rectifiable currents, the set of integer rectifiable
currents is clearly not a real vector space anymore, since in general AT € Ry (U) only
if T'€ Ri(U) and X is an integer. As a result, there is no hope to invoke any simple
functional-analytic principle to obtain good compactness properties in Ry (U). Still,
R (U) maintains the algebraic structure of abelian group with respect to the sum.

Definition 1.1.26. If both 7" and 0T are integer rectifiable currents, then 7' is called
an integral current. The corresponding space is denoted by I (U).

The following theorem by Federer and Fleming is one of the cornerstones in the
theory of integral currents, see [44, Section §].

Theorem 1.1.27 (Closure theorem). Let (T,,), be a sequence of integral k-currents in
U C R such that
sup,, (M(T,,) + M(9T},)) < 0.

Then there exist T € 1,(U) and a subsequence (T,,;); such that T, converges in the sense
of currents to T.

It is worth noticing that, for a uniformly bounded sequence of integral currents (75,),,,
the existence of a converging subsequence and a limit current 7" follows from Proposition
1.1.16. The fact that the limit current 7" is not merely normal but integral relies crucially
on the geometry of integral currents: hence the name closure theorem, asserting that
bounded sets (with respect to the mass and the mass of the boundary) in the space
I.(U) are (sequentially) weak™® closed in N (U).

The closure theorem was initially proved for codimension one currents, i.e. d — 1-
dimensional currents in R? by De Giorgi, see [18] and [19], in the language of sets of
finite perimeter few years before the appearence of Federer and Fleming foundational
article [44]. It is worth mentioning this since the ideas introduced by De Giorgi in [18]
and [19] still play an important role in the general case.

Federer and Fleming’s proof of closure theorem is based on the celebrated Besicovitch-
Federer structure theorem, which is a deep rectifiability criterion for sets of finite Haus-
dorff measure, the proof of which is rather demanding. Several years later, two different
proofs of the closure theorem were proposed by Solomon [79] and by Almgren [4], with-
out employing the machinery of the structure theorem: their proofs relied on various
facts about multivalued functions. Moreover, another different proof of the closure the-
orem without the structure theorem nor multivalued functions and that develops in the
same spirit as De Giorgi’s codimension 1 proof is due to White [92], and is based on a
rectifiability criterion for measures and a key lower density lemma, cfr. also [46, Section
2.7].

Another important theorem in the theory of integral currents and very much related
to the closure theorem is the boundary rectifiability theorem, telling us that

R,.(U) N Ny(U) = L (U).
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Theorem 1.1.28 (Boundary rectifiability theorem). Let T' be an integer multiplicity
rectifiable current with M(O0T') < oo. Then T is an integral current.

As a corollary of Federer and Fleming closure theorem we can prove existence of a
solution of the generalized oriented Plateau problem in the class of integral currents.

Theorem 1.1.29 (Generalized oriented Plateau solution). Given S € I,(R?) with 0S5 =
0, there exists a k + 1-dimensional integral current T' such that OT" = S and M(T") is
minimized among all integral currents T € Ij, 1 (R?) satisfying 0T = S. We call such a
solution an area-minimizing integral current.

Proof. Let m := inf{M(T)|T € I;41(RY) : 9T = S} and let (7,,), be a minimizing
sequence. Note that m is finite, since it is always possible to construct the cone over
S. Since M(T,,) is bounded and M(07T},) is constant, we can apply Theorem 1.1.27 to

the sequence (7)), getting a subsequence converging in the sense of currents to 7" €
I, 1(R?). By Remark 1.1.10 we get 97" = S and M(T”) < m. O

If the ambient space is a compact oriented smooth manifold, it is possible to define
its integral homology in terms of currents. In particular, it is possible to show that
homology classes are closed with respect to convergence of currents; in fact, integral
homology classes are connected components of integral cycles. As a consequence of this,
it is possible to prove that also the generalized oriented homological Plateau problem
always admits an area-minimizing representative; we postpone the formal details after
presenting the deformation theorem.

1.1.2 Deformation theorem

After introducing a few other preliminary results — such as the notion of slicing, the
homotopy formula, the constancy theorem and a representation formula for normal
currents — we state and prove in this section one of the cornerstones in the theory
of normal and integral currents: the celebrated Federer-Fleming deformation theorem.
Then, we conclude mentioning some of its most important consequences as, above all, the
isoperimetric inequality, the strong polyhedral approximation theorem and the definition
of homology with currents.

Further preliminary results in the theory of currents

If M is a compact local Lipschitz neighborhood retract, we recall that the integral flat
norm F(T) of T € I,(M) is defined by:

F(T) := min{M(R) + M(S) | T = R+ 08, R € (M), S € L1 (M)}.

Remark 1.1.30. In full generality, it is still an open problem if convergence in the inte-
gral flat topology is equivalent to the weak® convergence of integral currents; what is
known and easy to show is that convergence in the integral flat topology implies weak*
convergence.
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Given a smooth, proper map f : R* — R? and a k-current T in R?, the push-forward
of T" according to the map f is the k-current fy7T" in R? defined by

fiT(w) :== T(f*w), for every w € DF(R?),

where f*w denotes the pullback of w through f. If T"is such that M(7"),M(9T) < oo
and f : R? — R? a Lipschitz map such that figr) is proper, then the pushforward
of T via f can be defined as follows. Let ¢ € C°(R?) be a standard mollifier, denote
o, (x) == 77"p(77x), for 7 > 0, and let f, := f * ¢, be the smoothing of f. The
pushforward of T' via f is defined as

fiT (w) == liné frT(w), for every w € D¥(RY).
T—

Definition 1.1.31. A k-dimensional polyhedral current (or k-polyhedral chain) is a k-
current P of the form N
P = Z 91 [[Ui]],
i=1

where §; € R\ {0}, o; are nontrivial k-dimensional simplexes in R? with disjoint rel-
ative interiors and oriented by constant k-vectors 7; such that [o;] = [o;, 7, 1] is the
multiplicity-one rectifiable current naturally associated to the simplex ;. A polyhedral
current with integer coefficients 6; is called integer polyhedral and we denote the space
of integer polyhedral currents as Py (U).

Definition 1.1.32. For every k = 0,...,m + n, we denote by Zj ;,(M) the set of
k-dimensional integer Lipschitz cycles with support in M, that is the set of cycles of the

form f;(P) where f:R?Y — M is a Lipschitz map and P is an integer polyhedral cycle
in R%.

In general there is no natural definition for the notion of intersection of two currents;
in fact, even in the intersection theory for smooth manifolds some “safety” conditions
are required. However, it is possible to define the intersection of a normal k-current T
and a level set f~1(y) of a smooth map f : R? — R™ (with k < m < d) for almost every
y, resulting in a normal current 7, with the expected dimension m — k. This operation
is called slicing and to define it properly we need to recall two important results, see
also [46, Section 2.2.5].

Theorem 1.1.33 (Sard theorem). Let f : R — R™ be of class C* for some k >
max{d —m, 1}. Denote by

Sy = {z € R? : rank(D f(z)) < m}

the set of critical points of f. Then L™ (f(S¢)) =0, that is the set of critical values of
fis of null L™ -measure.

Corollary 1.1.34. Let 0 < m < k < d. Let M be a smooth k-surface in R% and
[ RT — R™ be smooth. Denote M, := M N f~'(y). Then for £™-a.e. y, M, is a
smooth surface of dimension k —m (or it is empty).
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In order to extend Corollary 1.1.34 where M is replaced by a rectifiable set £ and f is
Lipschitz we need to recall the following version of the coarea formula.

Theorem 1.1.35 (Coarea formula). Let E C RY be k-rectifiable and f : R — R™ a
Lipschitz function. For y € R™, denote E, := EN f~'(y). For H*-a.e. x € E denote
D, f(z) the tangential gradient of f at x and denote the tangential Jacobian as

J.,-f<£L'> = ’D‘rfl(x) ARRA DTfm(x)|

Then, for every Borel function g : E — [0,400], we have

[

By Sard theorem and coarea formula we have the following proposition, allowing us to
define the notion of slice of a rectifiable current.

g(x) dem(ﬂC)) dZL"(y) = [E g(x) I f(x) dH" (z). (1.2)

Y

Proposition 1.1.36 (Slicing of rectifiable currents). Let T = [E, T, 0] be a rectifiable
k-current in R, with M(T) < oo. Let f : R — R™ be a Lipschitz function, with
0<m<k<d. Denote

E:={x € E:D,f() is defined and has rank m} .

Fory € R™, denote E, := EN f~(y). Then the following hold true:
1. Hk’m(Ey\E) =0, for L™m-a.e. y;
2. By is k — m-rectifiable for £™-a.e. y;
3. Denoting n(x) := D, fi(x) A--- A D, f(x), we have that

TmE - TzEy S¥ Span{n(x)}u

for L™-a.e. y and for H*"™-a.e. © € E,. Hence, for £™-a.c. y, we can define
the orientation on E, as the k — m-vector T such that

AT(z) =71(z), for H* ™-a.e.y € E,.

Definition 1.1.37. Under the assumptions of Proposition 1.1.36, the k — m-rectifiable
current T, := [E,, 7,0 E,] is well-defined for .Z™-a.e. y and it is defined as the slice
of T at y according to f. We will use the notation (7', f,y) to highlight f.

By the coarea formula with g = |0| we get:

Corollary 1.1.38. Under the assumptions of Proposition 1.1.36, letT, := [E,,T,0L E,].
Then

M(T,)d2"(y) = /EIQ(SE)!JTf(x)dH'“(fv) < (Lip(f))"M(T).

Rm™m
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Proposition 1.1.39. Let T € N (R%) and rectifiable. Let f : R — R be a Lipschitz
and C* function. Let T, be as in Definition 1.1.57, then for £*-a.e. y € R we have that

T, = 0(TL{f < y}) - OTL{S < y}.

Motivated by the above characterization for codimension one slices of rectifiable and
normal currents, it is possible to define the slice of a normal current.

Definition 1.1.40. Let 7' € Ni(R?) and f : R? — R be a Lipschitz and C* function.
For every y € R we define the slice of a normal current as

T, =0T A{f <y}) - (OT){f <y}
It is a bit more complicated to deal with normal currents slices of codimension m > 1.

Definition 1.1.41. Let T € N, (R%) and f : R? — R™ be a Lipschitz and C! function.
Denote fi,..., fm the components of f. For every y € R™ such that y = (y1,...,Ym)
we define recursively

Ty, =T L <w}) — OT)H{ 1 S}y
TyLyQ = a(Tyl L{]02 S y2}) - (8Ty1) L{fQ S y2},

(T, fy) =T, =0Ty, ..y A S S Ym}) — (T yps) A S < Y}

Remark 1.1.42. When m > 1, for T, to be well-defined we have to ensure that the slices
are still normal currents after each iteration.

We finally recall the following useful property of slicing for normal currents.

Proposition 1.1.43. Let T € N, (R%) and f : RY — R be a Lipschitz and C* function.
Then, for every y € R we have that

ANT,) = —(0T),
and

/R M(T,)dy < Lip(f) M(T).

We recall now the important homotopy formula for currents. Let U,V be open sets
in RY, consider two smooth maps f,g: U — V and a smooth homotopy

Suppose h is proper in [0, 1] x spt(7'). Then hy([(0,1)] x T') is well defined and we have

Ohy([(0,1)] x T') = hyo([(0,1)] x T)
=hy(61 x T — 6o x T —[[(0,1)] x OT")
= g1 — ;T — hy([(0,1)] x OT).

Hence, we have the following formula, cfr. [46, Proposition 4, Section 2.2.3].
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Proposition 1.1.44 (Homotopy formula). Let U,V be open sets in R, f,g : U — V be
smooth maps, h : [0,1] xU — V be a smooth homotopy between f and g and T € Dy(U).
Assume finally that h='(K)Nspt(T) is compact in [0,1] x U for any compact set K C V.
Then we have that

g7 = fiT = 0hy([(0,1)] x T') + hy([(0, 1)] x OT),
where hy([(0,1)] x 0T) := 0 if k = 0.

We recall the following characterization of d-currents in U C R¢ without boundary
in an open subset V C U, ¢fr. [46, Theorem 1, Section 4.3.1].

Theorem 1.1.45 (Constancy theorem). Let T' € Dy(U) be a d-dimensional current in
an open set U of R, and let V' be an open set in U. Suppose that

orLv =0

or, equivalently, spt(0T) C U\V. Then, for each connected component V; of V there
exists a constant ¢; € R such that

T=> a[Vi] inV.

In other words, for any f € C°(V) smooth function with compact support in V' we have

x)dx):/f(x)c(:c)dx

where c(x) is piecewise constant, that is c(x) = ¢; on V;.

In fact, it is possible to prove the following more general result, which is a representation
formula for normal currents, cfr. [46, Theorem 2, Section 4.3.1].

Theorem 1.1.46. Let T € Dy(U) be a d-dimensional current in a bounded open set
U C RY. Suppose that M(OT) < oo, then there exists a function u € BV,.(U) such that

z)dr) /f x)dz  for all f € CX(U).

Moreover, ||OT||(V') = |Du|(V) for any open set V C U.

An immediate corollary of Theorem 1.1.46 is the following characterization of normal
d-dimensional currents in U C R%.

Corollary 1.1.47 (Representation of top dimensional normal currents). A d-dimensional
current T' € Dy(U) belongs to Ny(U) if and only if it is representable as

x)dx) /f x)dx, for someu € BV (U).

In this case we also have that

:LMMM,MWUZAWW
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In particular, we can improve Theorem 1.1.45 for integer rectifiable currents.

Theorem 1.1.48 (Constancy theorem for integral currents). Let T' be an integer recti-
fiable d-current in an open set U of R%. If U is connected and 0T _U = 0, then

T =c[U], withceZ.

The Federer-Fleming deformation theorem

We now prove the celebrated Federer-Fleming deformation theorem, and see its relevance
in studying the homology of manifolds. In particular, we also prove the isoperimetric
inequality and the strong approximation theorem; we will mostly follow [46, Chapter 5]
and [44].

First we fix some notation. We decompose R™" into cubes with edges parallel to
the axes and of unitary length. More precisely we denote by £™*" the family of cubes

= {ze 01" |z e 2}

so that
R™" = | J{F|F e},

and for any 7, 0 < j < m + n, we denote by £7 the collection of all j-faces of the cubes
in L™t

L= {F|Fisa jface of Q € L"*"}.
We instead denote by L; the j-skeleton of the subdivision

L= J{F|Fer}
and, as we also need the translate of L7, we also set
L(a):=a+ L, acR™™
Finally, for any a € I(j,m + n) we denote by R, the coordinate j-plane generated by
€ay N ... A €q,, and let 7, : R — R, be the orthogonal projection onto R,
Lemma 1.1.49. We have
(1) For0<j<m+n

= U U GE+m'@)

a€l(jm+n) zeZmtn

(i5) L™(a) N L' =0 if a € (0,1)™".

Proof. The claim (i) is trivial since each j-face F' € L7(a) is parallel to an « plane |a|= j,
hence F C 75 'm5(a). To prove (ii) we assume by contradiction that o € L™(a) N L™}
As x € L™ '(a), at least m +n — (n — 1) = m + 1 coordinates of x are integers, hence
at least m + 1 coordinates of © — a are not integer. As z € L™(a), the same argument
yields that at least m +mn —m = n coordinates of x — a are integers: a contradiction. [J
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The geometric idea in the proof the deformation theorem is that of projecting or
retracting m-currents into the m-skeleton L™ of the standard subdivision, and doing
that by a suitably chosen center of projection. Next lemma contains the construction of
a suitable class of retraction maps.

Let ¢ := (1/2,...,1/2) denote the center of the cube [0, 1]™*". By reasoning similarly
to Lemma 1 (i7) we see that

dist (L™ "(a), L") > if a € B(q,1/4).

A~ =

For any p, 0 < p < 1/4 we denote by
L(a,p) = {z e R™" | dist (z, L/ (a)) < p}
the tubular neighbourhood of L’ of radius p.

Lemma 1.1.50. For any a € B(q,1/4) there is a locally Lipschitz map ¢ : R™*\ L""!(a) —
R™\ L™ (a) such that

(i)
(i)
(4d)
(iv) |DY(z)|<c/p  for a.e. x € R™T\L" Y a,p), 0 < p<1/4.

¥ ([0, 1] \L""H(a)) = [0, 1]+ L™,
(0 ([0, 1]m+n N Lm) = id[0,1]m+"mLm ;
(0

(z4+x)=9Y(x)+ 2z foralaxeR™" zecZm™m;

y(x)

Figure 1.1: The map .
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Proof. We split the proof into three steps.

Step 1. Let I be a j-face in L7, j > m + 1. Denote by ar the orthogonal projection
of a into F and let ¢p : F\{ar} — OF be the retraction map which takes z € F\{ar}
to the point y € OF such that for some A € (0, 1]

r=(1—=Nar+ \y. (1.3)

Of course Y pjpr = idjgp. Also for the segment aar we have

aap C ﬂ - 'ma(a) C ﬂ - 1na(a), (1.4)
a€cl(jm+n) acl(m+1,m+n)
since ar is the orthogonal projection of a into F'. Therefore, Lemma 1.1.49 (i) yields that
aar lies in L™ *(a). This shows that, by (1.3), ¥r maps F\L""!(a) into OF\L""!(a),

vp: FA\L"(a) — F\L""(a)

is onto, 1 r is the identity on OF and it is locally Lipschitz.
Step 2. Gluing the ¢ for each j-face in [0, 1]™", we define a map

U0, 1] N AL (a) — [0, 1) N LIN\L" " (a),
Y (z) = ¢p(x) if z € F, which is onto and locally Lipschitz. The composition map
Yo 1= P o M+ o oL g g (mtn)

is well-defined, maps [0, 1]\ L""!(a) onto [0, 1]™"™ N L™\ L™ !(a) which is equal to
[0, 1]™*t" N L™ by Lemma 1.1.49 (i¢), and is the identity on [0, 1]™"™ N L™. Furthermore,
if v,z 4+ 2 € [0,1]™™, 2z € Z, then

Yo(z + 2) = 2z + YPo(x). (1.5)

In fact if z,x 4+ z € [0, 1]™*™, either x and x 4 z belong to L™ where 1), is the identity,
or x and x + z belong to the interior of two j-faces F}, F5, 7 > m + 1 which are parallel
and Iy = z + Fy. Hence ap, = z + ap, and (1.5) follows from (1.3). By (1.4) we can
extend by periodicity the map vy to a map

1/) . Rm—l—n\Ln—l(a) — Rm+n\Ln—1<a>

which satisfies the claims (7), (%), (4i7).
Step 3. Finally, let us prove (iv); in fact, we will prove slightly more: for all z €
[0, 1]™\L""*(a) we have

C

= Jist (2, 27 1(a)) (16)

| Dy ()]

where ¢ = ¢(m,n) and

| Dip(z)] := lim sup v (@) = ¢(x)|

/
' =z ’ - .7)|
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By induction on n, if n =1, (1.6) is trivial since y = ¢(x) is given by

ly — al

y=a+ Az —a), where A= :
|z — al

Assume (1.6) holds in case n — 1 replaces n and let ¢ = ™) o ... 0 (M=) g5 that
Y = Yoyt If x € [0,1]™\L" !(a) and y = ¢™*"(z), as in the case n = 1, we
immediately infer

’D¢(m+n)(x)‘ < 'm+n ‘y - CL‘ (17)

|z —al

If y € L™(a) then ¢(y) = y and (1.6) is trivial. Assume therefore that this is not the
case, and let I be the m +n — 1-face of L™~ ! such that y € F. We can assume that
F c R™™=1 x {0}. Let 7 be the orthogonal projection of R™*" into R™~1 x {0}
and let ar € int F' be the projection of a on F. It is easily seen that

L' (ap) = L"a) N (R™1 x {0})

is the singular set of %Rmﬂ_lx{o}, and therefore by the inductive assumption

Cc

Di(y)| < - . 1.8
P sty T ) )
By similarity
ly—al _ dist(y, L"*(ar))
[ —al  dist(z, 75 L2 (ap))’
while N
722 (ap) € L7 (a),
hence N
dist(z, 7' L"* (ap)) > dist (z, L"'(a)) .
We then infer that
. Tn—2 |y _ a| . N-1
dist(y, L™= (ap)) > | | dist (z, LV '(a))
r—a
and | | .
D < = 1.
DW= e = St @ i) (19)
on account of (1.8).
Finally, (1.9) and (1.7) yield the conclusion. O

Theorem 1.1.51 (Deformation theorem, unscaled version). Let T' be a normal current,
T € N,,,(R™™). Then
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(1) We can decompose T' as
T'=P+0R+S

where P is a polyhedral chain made of faces of the m-skeleton L™ of the classical
subdivision of R™*"

P = Z@[{E]}, Bi €R.

Moreover,
spt P C L™, sptdP C L™,
spt R C U{Q | Qe Eer",QﬂsptT#@},
spt S C U{Q | Qe L™ QNsptdT # (Z)}
and

M(P) < ecM(T), M(OP) < ecM(0T), M(R) < cM(T),
M(S) < eM(OT),
where ¢ = c(m,n). Moreover,

(13) If T is integer rectifiable, we can choose P, R integer rectifiable and € Z, and, if
also OT' is integer rectifiable, we can choose S integer rectifiable too.
(23i) If T is a Lipschitz chain, then P,S, R are Lipschitz chains.
(iv) If OT is a Lipschitz chain, then S is a Lipschitz chain.
(v) If OT is supported in L™, then S = 0.

Proof. We would like to project the current T into the m-skeleton L™ according to
Lemma 1.1.50 but, in order to do that efficiently, we must choose a in such a way that
not much of the mass of T" is concentrated close to L""!(a).

Step 1. Let T be a normal current. We claim that there is a constant ¢; = ¢(m,n)
and a point a € B(q,1/4) such that for any p, 0 < p < 1/4

M (TLL" Y (a,p)) < cip™ ' M(T)

M (9T L L" Y(a,p)) < c1p™ " M(OT). (1.10)

For any o € I(m+1,m+n), we consider the m+ 1-face of [0, 1]™*", F, := R,NI0, 1]™*"
and let ¢, be its center. In F, N B (qa, 1/4) we define a good set G, by g € G, if and
only if

M (TI_ U 7 (B(g + z,p))) < Bp™M(T), forall p € (0,1/4),  (1.11)

z€ZMTrNR,

and [ a constant to be chosen later.
We now claim that the bad set B, := F,N[0,1]™""\G, is small; more precisely, that

1
Herl (Ba) S CQB?
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which clearly is small if 3 is large. Indeed, for any b € B, there is a p, € (0,1/4) such
that

M (Tl— U ='®B+ Z7Pb)>> > By IM(T).
2€Z™M TR,

By Besicovitch covering theorem there is a pairwise disjoint and countable subcollection
such that

Ba C UB (bk, 5pk),
k

but then, setting b = by, p, = px in (1.11), we get 3>, pi"'M(T) < M(T), i.e.

> it < 1
k

and hence
Hm+1 (Ba) < C4<Bm> and Hern (7_(_071 (Ba> N B(q, 1/4)) < 05(727 n) )
Finally, summing on o € I(m + 1,m + n), we get
M (U ' (B.) N B(q. 1/4)) < “f; n

and hence N, ! (G,) N B(g,1/4) is most of B(q,1/4) for 8 large. Repeating the same
argument for 9T, and denoting by G, B/, the good and bad sets for 9T we also find that
for 3 sufficiently large the set N, 7! (G) N B(gq,1/4) is most of B(q,1/4). Therefore,
we can find a in the good set

a€(Vrt (Ga) N[ )m ' (G) N B(a,1/4)
for which (1.11) holds. Since

L" Ya,p) = U U . (B (ag + z,p)), with a, = m,(a),

a zeZmtnR,,

the claim is proved.
Step 2. We now project T" into the m-skeleton L™ by means of the projection map

in Lemma 1.1.50 associated to a point a € B(q,1/4) for which (1.10) of Step 1 holds.
For 0 < p < 1/4 we set

T,:=TLL" Ya,p), (9T),:=0TL L" (a,p)
so that by (1.10)

M (T,) < cp™*M(T), M((9T),) < cp™ ' M(IT).
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Then, by (iv) in Lemma 1.1.50 we have

M (04(T) — Tpp2)) < ~=p™IM(T) < coM(T),
& p (1.12)
M (¢4(9T), — ¥4(9T) p2)) < pm_lpm“M(T) < cpMI(IT).

Similarly, if h(t,z) := (1 — )z + ty)(z), by the homotopy formula we get

M (hy([(0,1)] x (T, = T,2)) < cpM(T) , (1.13)
M (hy([(0,1)] x ((0T), — (8T ),/2)) < cpM(IT) . ’
Finally, by slicing we find p* € (p/2, p) such that
C
M (Y (T, d, p*)) < —=p" " M(T, — T, /) < cpM(T),
(y(T', d, p")) Ty (Tp = Tpp2) < cpM(T) (1.14)

M (R ([(0, D] x (T, d, p*))) < cpM(IT).

Notice that if T" is integer rectifiable we can choose p* so that also (T, d, p*) is integer
rectifiable.

Now we select p, = 277p and p € (277" 1p,277p) in such a way that (1.14) holds,
and we let T, := T,.. From (1.12), (1.13) and (1.14) we easily get that the sequence of

currents
V(T =T)), hy([(0,1)] x (T = 1T.,)),
V(0T — (9T),), hy([(0,1)] x O(T" = T,))

are Cauchy sequences with respect to the mass convergence, and moreover
M((T' d, p,)) + M(¢4(T', d, p;,)) —= 0.
Therefore there are currents P, S € D,,,(R™"") and Ry € D, 1(R™") such that

M(P; — (T — T,)) = 0,
MRy — hy([(0, D] % (T~ T,))) =0, (1.15)
M(S; — hy([(0,1)] x (T — T,))) — 0;

in particular
M(P) <eM(T), M(R;) <cM(T), M(S;) <eM(OT), (1.16)

and by semicontinuity
M(OP;) < eM(OT). (1.17)

Furthermore, by the homotopy formula we obtain
T =T, — (T = T,) = Dhy([(0, )] x (T = T,)) — hy([(0, D] x O(T — T))
and, as 01, = (0T), — (T, d, p}), we infer that
T— P =0R; + 5. (1.18)
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Observe that we also have that

if T is integer rectifiable, then P, Ry are integer rectifiable;

if T' is integer rectifiable, then S is integer rectifiable; (1.19)
if T is a Lipschitz chain, then P, R; are locally Lipschitz chains; '

if OT is a Lipschitz chain, then S; is a Lipschitz chain.

Finally, since 9 retracts R™"\ L"~!(a) onto L™ (cfr. Lemma 1.2.7) and 1) is the identity
on L™ we have that

spt P, C L™,
spt R cU{Q | Qe L™, QnsptT #0}, (1.20)
spt S1 CU{Q | Q € L™, QNspt T # 0}

and
S; =0, ifsptdl C L™ (1.21)

In fact from L™ N L"! (a, p,) = 0 we infer (9T, = 0, and hence
T —T,) =0T — (T, d, p&) —* 9T,
Consequently,

Ry = lim hy([(0, 1)] x (T = T,)) = hy([(0,1)] x 0T) = 0,

V—00

being 1 the identity on L™.
Step 3. Assume now that spt 9T C L™ ! (for instance, when T is a cycle). In this
case (1.19) and (1.19) yield

T:P1+6R1, SptP1CLm,

and hence spt(0T — dR;) = ). We can then apply the constancy theorem and conclude
that P; is a polyhedral chain

P => BlFE], B €R,

and easily conclude the proof of the theorem.

In the general case we know that P, € N,,(R™™") and is supported in the m-
skeleton L™. By the representation formula for normal currents in Corollary 1.1.47, we
can represent P, over any face F' € L™ as

PILF(w) = / (w(), F(2))0p(2)dH™ (),
where F(z) orients F, F° denotes the interior of F and 6 € BVio(R™). Moreover

M(P,LF°) = [ |0p|ldH™, M@PLF)) = | |Dbx|.
Fo Fe
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Furthermore, if 5 € R,
ML F = AIF]) = [ Jor = slan™,
Fo
M((P L F° = B[F])) = [ |D(xr(0r —B))|.

Rm

We now select fr so that min{.Z™({0r > (}), L™ ({0r < 1/2})} > 1/2.2™(F) (and
notice that @ can be chosen integer if 0 is integer-valued, i.e., if P; is integer rectifiable)
and get

1Br] < 2/|9F|deLF°,

/|9F — BpldH™ L F° < ¢|Dp|L F°.

Consequently,
M(P L F° — Br[F]) < cM(0(P, L F?)),

M(O(P L F° = Br[F])) < eM(O(P L F?))

and P 0F = 0, since P; is normal. Summing over the faces F' € L™ we set

P:= Y BrlF].

FeLm
Hence, we have
M(P — P) <cM(0P), M(O(P — P)) <cM(0P),
M(P) < |Br| < 2M(P))
B

and therefore, if S = S; — P, — P, we obtain

M(S) < M(Sy) + M(P — P) < cM(IT),
M(OP) < ¢M(9P;) < ¢M(T)

and, for T'= P+ 0R;+ S, one easily checks that all claims in the theorem hold true. [J

The rescaled version of the deformation theorem follows now easily by first changing
scale z — e~ 'z, then applying Theorem 1.1.51, and then changing scale back by x +— ex.

Theorem 1.1.52 (Deformation theorem, rescaled version). Let T' be a normal current,
T € N,,(R™™). Then we can decompose T as

T=P+0R+S

where P is a polyhedral chain made of faces of the m-skeleton L™ of the subdivision of
R™*™ 40 cubes of side €

P = Z@[[FZ]], Bi € R.
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Moreover
spt P C L™°,  sptoP C L™ ¢,
sptRCU{Q|Qe L™, QnsptT # 0},
sptS cuU{Q | Qe L™, QnsptdT # 0}
and

M(P) < ¢M(T), M(9P) < cM(IT), M(R) < ceM(T),
M(S) < ce M(0T),

where ¢ = ¢(m,n). Moreover,

(1) if T is integer rectifiable, then P, R can be chosen integer rectifiable and § € Z;
if also OT 1is integer rectifiable, then we can choose S to be integer rectifiable;

(13) if T is a Lipschitz chain, then P,S, R are Lipschitz chains;
(23i) if OT is a Lipschitz chain, then S is a Lipschitz chain,
(iv) if OT is supported in L™ ¢ then S = 0.

Summarizing, such a theorem is obtained by deforming 71" into £""¢, so that the result
is automatically a polyhedral chain. The main error term is OR, where R is the surface
through which 7" is deformed; S is a secondary error term due to moving 97 into the
skeleton L™¢. It is not difficult to see that there is no real problem to perform such a
procedure by projecting from points inside the m + 1-cubes defined by £™*, if T" does
not wind about the center projection and has no autointersections. In the general case,
the key point is to suitably choose the center of projection, by observing that in the
average the distortion is still controlled.

We conclude by stating and proving the Federer-Fleming polyhedral strong approx-
imation theorem.

Theorem 1.1.53. Let T € R,,,(R™™) be an integral current in R™™ with compact
support. Let ¢ > 0, then there exist an integer polyhedral chain P in R™™" and a C'-
diffeomorphism of R™" into R™*™ such that

M(P — f,T) +M(OP — 0f.,T) < e. (1.22)

Moreover
spt P C {z | dist(z,sptT) < ¢},

Lipf<l4e, Lipf'<1+e,
|f(x) —z|<e forall z € R™™,
flx)=a forxz € {z|dist(z,sptT) > }.

(1.23)

Note that the inequality (1.22) means that P and f;T', as well as 0P and f;0T, coincide
up to a piece of small mass.
Let us start first recalling the following Proposition, cfr. [43, 3.1.23] for a proof.
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Proposition 1.1.54. Let N be an m-dimensional submanifold of class k > 1 of R™*",
z € N, 0 <t < 1. Denote by m the m-plane through z which is tangent to N. Then
for every sufficiently small positive number r there exists a diffeomorphism f : R™T" —
R™™ of class k such that the Lipschitz constants of [ and f~' are less than 1/t, f is
the identity outside B(z,7), and B(z,tr) NN = B(z,tr) N f~1(m).

Proof of Theorem 1.1.53. First we also assume that 9T is polyhedral. We know that
T = [E, g, 0], where E is n-rectifiable and 6 integer-valued; also E is contained in a
countable union UE; of C! submanifolds of R™*". Furthermore, at almost every = € £
the density of £ and UFE; is 1 and there is a single E; such that £ and E; coincide
at = except for a set of density 0. By a covering argument, we can now find open
balls B; C R™"\spt T and C' submanifolds N; of B; such that UN; coincides with E
except for a set of ||T'||-measure small. Covering each N; with small balls centered at IV;
of sufficiently small radii in such a way that the conclusion of Proposition 1.1.54 holds
(with ¢ very close to 1), we obtain a diffeomorphism f of R™"" which flattens most of F
into m-planes and for which f;T" differs from a polyhedral chain P, by a small quantity.
However the error f;T'— P;, although small in mass, may have huge boundary. Now we
use the deformation theorem to decompose the error

T —P =Py +0R+S.

As f leaves spt 0T fixed, S is actually zero and R has small mass if the grid size is small;
also, as fyT" — P, has small mass, so does P» and hence so does the remaining term OR.
If we set

P =P 1+ PQ,

we then see that fy7'— P is equal to O, hence has small mass and no boundary. In the
general case in which 9T is not polyhedral, first we approximate 01 as previously

fu:0T = P, + OR,

with M(R;) and M(0R;) small. Now, fi;7"— Ry has a polyhedral boundary and can be
approximated by an integral polyhedral chain P,

fos(fisT — R1) = Py + ORy
with small M(OR,). Therefore,
(fao fi)iT' = Py + foy Ry + OR,
and the error term fy Ry + ORy and its boundary have small mass, as desired. O

Finally, we obtain the following result as a simple corollary of the deformation the-
orem, Theorem 1.1.52, and Theorem 1.1.53.

Corollary 1.1.55 (Strong polyhedral approximation theorem). Let K be a compact
subset of R™™ . For each integral current T such that sptT C K°, then there exists a
sequence of polyhedral chains P; with integer coefficients such that
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(1) lim; o F(P, —T) = 0;
(73) lim;_,oo M (P;) = M(T), lim; oo M (OF;) = M(OT).
Another consequence of the deformation theorem is the following.

Theorem 1.1.56 (Isoperimetric inequality). Let T be an m — 1-dimensional integer
rectifiable current in R™T"™ with compact support and 0T = 0. Then there exists an
integer rectiftable m-current R with compact support such that OR =T and

M(R) < eM(T)™/(m=1)

where ¢ = ¢(m,n).

Integral homology

If the ambient space is a compact oriented smooth manifold M, it is possible to define
its integral homology in terms of currents.

Let M™*™ be an oriented closed smooth manifold of dimension m + n, smoothly
embedded by Whitney’s theorem in R? for some large d, and denote by U its smooth
tubular neighnourhood. For £ = 0,1,...,m + n, we define the space of integral cycles
and boundaries respectively as follows:

Zk(M,Z> = {T < Ik(U), ol = 0, SptT C M},
Bk(M,Z) = {85, S e I/H_l(U), spt S C M}

Note that B(M,Z) is a normal subgroup of Z(M,Z); then the integral k-homology
group of M is defined by

Hk(M,Z) = Zk(M,Z)/Bk<M,Z),

and it is possible to prove, as a consequence of the deformation theorem, that the
homology theory so defined satisfies all seven Eilenberg-Steenrod Axioms, and hence it
is equivalent to the singular homology of M with coefficients in Z.

A relevant advantage in representing the singular homology in terms of homology
groups of currents is that the cosets in Z.(M,Z) turn out to be closed with respect
to the convergence of currents. In fact, in the case of integral homology, the cosets
are connected components of Z;(M,Z). The key step in proving it is an isoperimetric
inequality, which again comes as a corollary of the deformation theorem.

Theorem 1.1.57 (Isoperimetric inequality on manifolds). For k = 0,...,m + n, there
is a constant € = € (k,m,n,e4) such that if T € Z.(M,Z) with M(T') < e, then T €
Bi.(M,Z); more precisely, T = OR, R € I,.1(U), spt R C M and

M(R) < eM(T)'*+1/*

where ¢ = c(k,m,n).
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The following proposition yields the key decomposition lemma. The proof comes
again from the deformation theorem, combined with a suitable diagonal argument.

Proposition 1.1.58. If T;, T € I,,(M) and T; converges to T with equibounded masses

and masses of the boundaries, then we can find integral currents R; € Iy 1(M) and
S; € Zp(M,Z) such that

From Proposition 1.1.58 and Theorem 1.1.57 we deduce the following important
conclusion.

Theorem 1.1.59. Let T;,T € Z,.(M,Z) be integral k-cycles, T; — T. Then, for i large
enough,

with R; € Iy 1(M). Moreover M (R;) — 0.
Proof. By Proposition 1.1.58 we can write
T,—T=S;+0R,,

S; € Z(M,Z), R € I;.1(M) and M(R]) +M(S;) — 0. The isoperimetric inequality of
Theorem 1.1.57 implies that S; = 9%, with ¥; € I (M) and M(X;) < cM(S;) 1k
for large ¢. Thus,

and the claim follows. O

The following corollary collects some important consequences of Theorem 1.1.59; in
particular, it is possible to prove that also the generalized oriented homological Plateau
problem always admits an area-minimizing representative.

The generalized oriented homological Plateau problem. Let M™t" be a smooth

closed oriented Riemannian manifold and 7 € H,,(M,Z) an integral homology class.
Find T € 2, (M,Z) such that T € 7 and M(T') = inf{M(S) | S € 7}.

Corollary 1.1.60 (Generalized oriented homological Plateau solution). With the same
assumptions as above, we have that

(1) Br(M,Z) is closed in the weak* topology.
(17) Z(M,Z)\Br(M,Z) is closed in the weak* topology.

(1ii) In each integral homology class T there is a mass minimizing integral cycle, that
is, there is T € Z,(M,Z), T € T, such that M(T') := inf{M(S) | S € 7}.

(iv) Given ¢ > 0, there are at most a finite number of integral homology classes T such

that inf{M(S) | S € 7} <.
(v) For a nontrivial integral homology class inf{M(S) | S € 7} > 0.
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1.1.3 Integral currents mod 2

To set up the main terminology, we briefly recall the theory of integral mod 2 currents
as developed by Ziemer and completed (in fact, generalized) by Fleming in [95, 45]
respectively. As a standard reference we also refer to [43, 4.2.26].

We denote by Fj(R?) the space of k-dimensional integral flat chains in R9, that is

Fi(RY) ;= {T+0S : T € Ri(RY), S € Ry1 (R}

As usual, if M C R? is a compact (local) Lipschitz neighborhood retract, then Ry (M)
will denote the space of T € Ry, (R?) with support spt(7) C M; analogously for Fy(M)
and I (M). For T € F(M), its mod 2 flat norm can be defined as

F*(T) == inf{F(T +2Q) : Q € Fx(M)},

its mod 2 mass as
I\\/[[2(T) = 1inf{M(T +2Q) : Q € Fx(M)}

and its mod 2 support as
spt>(T) == (){spt(R) : R € Fx(M),F*(T - R) = 0}.

We will usually drop the index 2 when this is clear from the context.
The space of flat chains mod 2 in M is defined as the quotient group

and if T € Fy (M), we will denote with [T'] or 7' mod 2 the coset in Fy (M, Zsy) containing
T. Analogously, we can define the space of integer rectifiable currents mod 2 and of
integral currents mod 2, respectively denoted by

If T is flat chain mod 2 with an integer coefficient polyhedral chain as a representative,
then T will be called a polyhedral chain mod 2; analogously for Lipschitz chains mod 2.

In particular, we remark that an integer rectifiable current 7' = [E, 75, 0] € R (M) is
called representative mod 2 whenever |0(x)|< 1 for ||T||-a.e. point. Hence, every integer
rectifiable current can be written as

T+ 2Q),

with 7,Q € Ry (M) and T is a representative mod 2. In particular, M?([T]) = M(T)
and spt?([T]) = spt(T), whenever T € Ry (M) and T is a representative mod 2. If
T € R}(M) and B C R? is a Borel subset, we define T B := [T'L B], where T is a
rectifiable representative of 17" mod 2.

If T € Fp(M) is a flat chain, then the boundary operator 9* on F%(M) is defined by
O?[T) = [0T], since if T = S mod 2, then also 9T = dS mod 2. A flat chain T € F;,(M)
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is a cycle mod 2 if 9T = 0 mod 2, i.e. 9*[T] = 0 and it is a boundary mod 2 if there exists
S € Fiy1(M) such that T = 9S mod 2, i.e. [T] = §*[S]; the spaces of k-dimensional
integral mod 2 cycles and k-dimensional integral mod 2 boundaries with spt?(-) C M
are denoted by Zy(M,Zs) and By (M, Zsy), respectively; note that B(M,Zs) is a normal
subgroup of Z(M, Z,). If M is a closed smooth manifold, we define its mod 2 homology
groups as

H*(M,Zg) = Z*(M,Zg)/B*(M, Zg),

and it is possible to prove, as a consequence of the deformation theorem for mod 2
currents, that the homology theory so defined satisfies all seven Eilenberg-Steenrod
Axioms, and hence it is equivalent to the singular homology of M with coefficients in
Zy. In Chapter 3, we will slightly abuse notation between currents mod 2 and their
representatives.

1.2 Piecewise-Linear topology

In this section we collect a few elementary facts about triangulating regions and some
important adaptations needed in Chapters 2 and 3.

1.2.1 Algorithm to subdivide a convex polytope

We understand a convex polytope P of R? as a closed convex set with a finite number
of extremal points. Given a convex polytope P C R? we now describe an algorithm
to triangulate it. For any convex polytope we define its barycenter as the point which
is given by the convex combination of the extremal points with all equal weights (if
Vi,...,V,, are the extremal points of P, then the baricenter is % > V).

A touching hyperplane 7 of P is a hyperplane such that

e 1M P is nonempty;

e P is contained in one of the two closed half-spaces bounded by 7.

If the dimension of P is strictly smaller than d, then we let the set F of faces of P
be the collection of convex subsets of P of the form P N7, where m varies among all
touching hyperplanes. If the dimension of P is d, we add to F the polytope P itself.

We subdivide F as

where Fj, = {F € F : dim (F) = k}. Clearly, F, consists of points and it is the set
of extremal points of P (in particular, it is a finite set) and any other element of F is
necessarily the convex hull of some appropriate subset of Fj.

In order to triangulate P, we first observe that all 1-dimensional faces and all 0-
dimensional faces are (by definition) simplices of the corresponding dimension. We then
list the 2-dimensional faces. For each face F' which is not a triangle we consider the
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barycenter b(F') and we decompose F into the triangles formed by b(F') and the sides of
F' (namely, the 1-dimensional faces of F'). Note that the collection of all such triangles (as
F' also varies among all 2-dimensional faces) has the following property: the intersection
of any pair of such triangles is either empty, or a common vertex, or a common side.
Next, fix a 3-dimensional face F' which is not a simplex. Each of its 2-dimensional faces
G is decomposed in triangles 77s in the previous step. Decompose F'in the 3-dimensional
simplices constructed as convex hulls of any such T and the barycenter b(F) of F (we
can think of them as pyramids with basis 7" and vertex b(F")). We have decomposed all
3-dimensional faces into 3-dimensional simplices S. Any pair of such S (irrespectively
of whether they belong to the decomposition of the same 3-dimensional face or to the
decompositions of two distinct faces) has the property that their intersection is a common
lower-dimensional face. We proceed inductively increasing the dimension of the faces at
each step until we reach (and include) the one of highest dimension, namely P.
The following elementary lemmas will play an important role.

Lemma 1.2.1. If P C R? is a convez polytope and A : RY — R? an affine invertible
map, then the triangulation T' for A(P) obtained through the algorithm above coincides
with the image through A of the triangulation T obtained for P through the algorithm,

namely T' ={A(T) : T € T}.

Lemma 1.2.2. Let P, P’ C R% be two convex polytopes whose intersection is a common
face of both. Consider the triangulation T of P and the triangulation T of P' obtained
applying the algorithm above. Then the union of the two triangulations is a triangulation,
namely: the intersection of an arbitrary element of T with an arbitrary element of T is
a common face of both simplices.

1.2.2 Embedding convex polytopes in skeleta of refined trian-
gulations

In this section we prove the following proposition.

Proposition 1.2.3. Consider a finite family of convex m-dimensional polytopes { P;} in
R? and a triangulation T of some closed subset of RY. Then there exists a triangulation
T; finer than T with the property that each polytope P; is union of elements of the m-
skeleton of Ty. Moreover, the refinement of T is local in the following sense: if we denote
by T the collection of those d-dimensional simplices of T which intersect at least one P;,
then any simplex of T which does not intersect an element of T' is not refined (namely,
it is also an element of Ty).

We will give an algorithm to produce 7;. First of all, take all possible intersections of
the P;’s with d-dimensional simplices of 7. This gives a collection of new m-dimensional
polytopes P;: each of them is contained in a d-dimensional simplex of T, which we
denote by Tj.

We start with P;. Because it is a convex polytope of dimension < d, we write it
as the intersection of a finite number of hyperplanes 7; and a finite number of closed
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halfspaces H;. Then we build a finite collection H of pairs of halfspaces H; , H;' by
adding for each H ;r := H; the closure of its complement H, and for ever m; the pair
of closed halfspaces which have 7; as a boundary. We then subdivide 77 inductively in
smaller convex d-dimensional polytopes in the following way. In the first step we keep
Ty if it is contained in one of the two halfspaces {H;", H; }, otherwise we replace it with
the pair {H" NTy, Hy NTy}. At step j we assume to have a finite collection of closed
convex d-dimensional polytopes and each of them is kept if it is contained in one of the
two halfspaces H ;—17 H.,, otherwise it is replaced by the two intersections with them.

The resulting collection is a partition of 77 into convex polytopes with the property
that any two faces of any two polytopes intersect in a common face. Moreover, the
original P; is the m-dimensional face of some convex polytope of this partition. We
apply to each of these d-dimensional polytopes the triangulating algorithm of Section
1.2.1 and, by Lemma 1.2.1, we obtain a triangulation of 7). However, T} has faces in
common with other simplices of 7 which are not yet partitioned. In order to remedy, we
proceed inductively as follows. We first denote by Sy be the collection of k-dimensional
faces of T1; we start with the edges S; and add to S, every triangle of 7 which contains
an edge 0 € &1 and add it to S;. The new triangles are triangulated compatibly with the
elements of S; by adding its barycenter and connecting it with edges to all its vertices
and all the new points in the edges of S§; that it might contain. Observe that this
procedure does not subdivide any edge of the initial triangulation 7 which is not in &;.
Similarly, at step j we enlarge S;;1 with all the j 4 1-dimensional simplices which contain
an element of §; as a face. Each new simplex S added is triangulated by considering its
barycenter b(S) and subdividing S into the pyramids which:

e have vertex b(S) and basis a j-dimensional face F' of S, in case F' does not belong
to S;;

e have vertex b(S) and basis a j-dimensional simplex of the subdivision of the face
F € §; obtained so far inductively, in the other case;

We stop the procedure when we have subdivided the final new elements added to the
collection §;. The final result is a triangulation.

Observe that, by construction, in the new triangulation 7; the polytope P; is the
union of elements of the m-dimensional skeleton.

We now proceed inductively with the subsequent polytopes. However, observe that,
at the j + 1-th step, the simplex 7}, might not be an element of the triangulation 7;.
However, if that is the case, by construction there is a collection C of d-dimensional
simplices of 7; whose union is precisely 7},. The first subdivision algorithm in which
we intersected T} with halfspaces is, in this case, applied simultaneously to all of the
elements of C. This then results into a subdivision S of T} ; into convex polytopes which
has the two properties of the subdivision obtained in the previous argument for 7;. This
subdivision has however the additional feature that, for any element C of C, there is
an appropriate subcollection &’ of § which is in fact a subdivision of it. The remaining
part of the algorithm outlined above is then applied verbatim, and the result is the next
triangulation 741.
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1.2.3 Embedding polytopes in skeleta of refinements of poly-
hedra

In this section we extend the algorithm of the previous one to handle more general
piecewise linear closed ambient manifolds. For simplicity, we assume that the latter are
suitably embedded into some high-dimensional Fuclidean space.

Definition 1.2.4. A finite polyhedron in R? is the collection of finitely many simplices
of R%.

A finite poyhedron K always admits a finite triangulation, namely a finite collection
of simplices T with the following properties:

e Any face of an element of 7 belongs to T;
e The intersection of any two elements of T is always either empty or a face of both;

e The union of the elements of T is K.
Although this is a classical fact, note that it is also a consequence of Proposition 1.2.3.

Definition 1.2.5. We will consider continuous maps f over finite polyhedra K taking
values into a smooth manifold M. Such maps f will be called piecewise smooth if there
is a triangulation 7 of K with the property that the restriction of f to every simplex in
T is smooth. The map will be called a piecewise smooth homeomorphism if in addition
it is a homeomorphism with the image and if the triangulation can be chosen so that, for
every simplex o € T, the differential D(f|,) of the restriction of f to o has maximal rank
at every point. When such a map exists between some polyhedron K and some smooth
closed manifold M, we say that K is an embedded piecewise linear closed submanifold
of R%.

It is a classical result of Whitehead that if f : K — M is a piecewise smooth
homeomorphism, then every pair of triangulations of K admits a further triangulation
which is a common refinement of both.

The generalization of Proposition 1.2.3 that we are looking for is then the following.

Proposition 1.2.6. Consider a polyhedron K which is a piecewise linear submanifold of
R? of dimension m+n, let {P;} be a finite collection of m-dimensional convex polytopes
all contained in K, and let T be a triangulation of K. Then there is a triangulation Ty
of K which refines T and has the property that every P; is the union of finitely many
elements of the m-skeleton of T;.

We quickly describe how to modify the algorithm explained in Section 1.2.2. As in
there, we intersect the polytopes with the m-dimensional simplices of 7T, reducing the
proposition to the case in which each P; is contained in an m + n-dimensional simplex
of T;. Moreover, as in there, we refine 7y = T into 7y, T3, and so on, “embedding” one
P; at a time.
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At the starting step the algorithm gives first a way to triangulate 7 so that P; is the
union of the m-skeleton of this local triangulation. In the argument, 77 is supposed to
be an m+n-dimensional simplex of R™*™ but this can be easily achieved identifying the
m + n-dimensional affine plane 7 containing 77 with R™*". We then further triangulate
all simplices of 7 which intersect T7, proceeding inductively from the lower dimensional
ones. Since at each stage of this second algorithm a single simplex is considered at a
time, we can think of this as also taking place in some Euclidean space.

At the inductive step, when embedding P;.; into a refinement of 7;, the only differ-
ence is that the first subdivision is carried over all at once on all the m + n-dimensional
simplices C; of 7; which are contained in 7j;;. Again, the only important point is that,
like above, Tj4 is an m + n-dimensional simplex. The second part, which refines the
triangulation of 7; over all simplices intersecting at least one element of C;, is the same
as in the initial step.

Lemma 1.2.7. M is a connected smooth closed Riemannian manifold of dimension
m+n, K a smooth triangulation of M, k € {0,...,m +n — 1} and Us(K*) a smooth
neighborhood as in Lemma 2.1.2. Then the complement of Us(K¥) is homotopy equivalent
to a complex of dimension m +n —k — 1.

Proof. First we note that the complement of Us(K*) is a deformation retract of the com-
plement of K* by Lemma 2.1.1 and Lemma 2.1.2, and therefore K \ Us(K*) is homotopy
equivalent to K \ KF; we then denote®

KE =\ KF.

Now we show that ¥ is homotopy equivalent to a complex of dimension m+n—k—1,
and in particular that
KE ~ gcmtn=k=t, (1.24)

where K, is the dual cell complex of the triangulation IC, ¢fr. [67, §64]. To this aim, we
first show the following:
KCF ~ Bs(K) — Bs(K"), (1.25)

where Bs(+) is the barycentric subdivision and the operation Bs(K) — Bs(K¥) represents
all simplexes of Bs(K) that are disjoint from Bs(K*). By definition, we have that

KF =K\ KF =Bs(K) \ Bs(KF).

Hence (1.25) follows just by noticing that, in terms of simplicial complexes, Bs(K*) is a
full subcomplex of the complex Bs(K), i.e. every simplex of Bs(K) whose vertices are
in Bs(K*) is itself in Bs(K*), and by applying [67, Lemma 70.1]. Since the complex
Bs(K) — Bs(K*) corresponds exactly to the m +n — k — 1-skeleton K7™ ~*~1 of the dual
cell structure of I, (1.24) follows, and hence the final result. O]

SWith an abuse of notation between the simplicial complex and the t-image of the geometric real-
ization of the simplicial complex itself.
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1.3 Cobordism and homotopy theory

We briefly recall the main topological notions that will be used later, we refer also to
[80, 84, 86, 60].

The mapping cylinder My of a continuous map f : X — Y is the quotient space
formed from the disjoint union (X x [0,1]) WY by identifying, for each x € X, the point
(z,1) with f(x) € Y; it contains X x {0} as a subspace and has Y as a deformation
retract.

For n > 1 and an abelian group =, the Eilenberg-MacLane space K(m,n) is a space
with the homotopy type of a CW-compex such that 7;(K (7, n)) vanishes for i # n and
(K (m,m)) ~ 7, where m;(X) denotes the i-th homotopy group of the topological space
X. Recall that the Hopf homotopy classification theorem states that for a (connected)
CW-complex X, an abelian group 7 and for every n € N\ {0} there is a natural
isomorphism

T:[X,K(r,n)] - H"(X, ),

where [X, K(m,n)] represents the set of (unbasedpointed) homotopy classes of con-
tinuous maps from X to K(m,n) and H"(X,7) is the n-th cohomology group of X
with coefficients in 7. The isomorphism has the form T'([f]) = f*(¢), for a certain
v € H"(K(m,n),m) called the fundamental class; K(m,n) is therefore the classifying
space of n-dimensional cohomology with coefficients in 7. This determines K (m,n) up
to homotopy equivalence: that is, the homotopy type of K(m,n) is determined by 7
and n, and the identity map of 7 determines, up to homotopy, a canonical homotopy
equivalence between any two copies of K (m,n).

We recall that a continuous map f : X — Y between path-connected C'WW-complexes
is called an n-equivalence for n > 1 if the induced homomorphism

fo:mi(X) = m(Y)

is an isomorphism for 0 < ¢ < n and an epimorphism for i = n.

We also recall that f : X — Y is an n-equivalence if and only if the inclusion
t: X — M;y is an n-equivalence. From the long exact sequence of relative homotopy
groups, it follows that 7 is an n-equivalence if and only if the relative homotopy group
mi(My, X) = 0 vanishes for all ¢ < n. In order to keep our notation lighter, with a slight
abuse we will sometimes write 7;(Y, X) = 0, meaning 7;(My, X) = 0 when the map f is
clear from the context.

We recall the following characterization of n-equivalence and the subsequent corol-
lary.

Proposition 1.3.1 ([80, Theorem 7.6.22]). If f : X — Y is an n-equivalence, then
for every relative CW -complex (K, L) with K of dimension at most n, and every map
a:L — X andb: K — Y with b, = foa, there exists a map c: K — X with ¢, = a
and f o c homotopic to b relative to L.
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Corollary 1.3.2 ([80, Corollary 7.6.23]). If K is a CW-complex and f : X — Y is an
n-equivalence, then the induced homomorphism

f* : [K7X] — [K7Y]
1s a bijection if dim K < n and a surjection if dim K = n.

We recall a classical result due to Whitehead, which allows to deduce homotopic
properties of a space from its cohomological ones, cfr. also [86, Theorem I1.6].

Theorem 1.3.3. Let f: X — Y a map between two simply connected C'W -complezes
X,Y and p a prime number. If for any group coefficient Z,, the induced homomorphism

fH(Y,Z,) = H(X,Z,)

15 an isomorphism when 1 < k and a monomorphism when i = k, then the relative
homotopy groups m;(Y, X) =0, fori <k and f is a k-equivalence.

Proof. Consider the following exact sequence in cohomology:
H" (M) L5 H'(X) = H (M, X) = H™ (M) = H(X).

The assumptions on f are equivalent to H*(M;, X, Z,) = 0 for every prime p and i < k.
By duality on the group coefficients Z,, we can write H;(My, X, Z,) = 0 for i < k which
is equivalent, by the universal coefficient formula, to H;(My, X,Z) = 0 for i < k. Since
X and Y are simply connected, by the relative Hurewicz theorem, cfr. [80, Theorem
7.5.4], we conclude that m;(Ms, X) = 0 for ¢ < k, namely our claims (recall that by
(Y, X) we actually mean m;(My, X)). O

Let én(R"Jrk) be the oriented Grassmannian manifold, that is the space of oriented
n-dimensional subspaces in R™**. The natural embedding R® < R"*! induces an
embedding G, (R") < G,,(R™™). Thus, forming the union over increasing dimensions
we obtain an infinite CW-complex named the infinite oriented Grassmannian

Gy = Gl UG (R™H),

as the set of all n-dimensional linear subspaces of R, endowed with the direct limit
topology, i.e. a subset of G is open if and only if its intersection with G (R™*) is open
as a subset of Gn(R’”k) for each k. We denote as 7" the universal oriented n-plane
bundle, that is the canonical vector bundle over the base space én

ELG,

with total space E consisting of pairs (£,v) € Gn(R*®) x R such that v € ¢, topologized
as subset of the cartesian product, and with projection 7 : E — G,, such that w(¢,v) = ¢.
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Recall that any oriented n-plane® bundle € over a paracompact base B admits a
bundle map £ — 7™ and that any two bundle maps f,g : £ — 7™ from an oriented n-
plane bundle £ to 4™ are bundle homotopic, meaning that there exists a one-parameter
family of bundle maps h; : £ — 4™, with t € [0,1] and hy = f and h; = g such that h
is continuous as a function of both variables, ¢fr. [60, Theorems 5.6, 5.7]. Hence, any
oriented n-plane bundle £ over a paracompact space B determines, up to orientation-
preserving isomorphism, a unique homotopy class of maps ?5 : B — G,. Since the

classifying space én for oriented n-plane vector bundles is the classifying space associated
to the rotations group SO(n), we will denote it as usual by BSO(n). In fact, in almost
all our considerations we just need to consider én(R’”k) for a sufficiently large k and at
all effects treat BSO(n) as some fixed compact manifold G,,(R™™) for a suitably large
k.

Analogously, in the unoriented case we denote by G,,(R"**) the Grassmannian man-
ifold, that is the space of n-dimensional subspaces in R"**. The natural embedding
R" — R""! induces an embedding G,(R") — G,(R""!) and thus, forming the union
over increasing dimensions, we obtain an infinite C'W-complex named the infinite Grass-
mannian

G = Gu(R®) = | J G (R™),

as the set of all n-dimensional linear subspaces of R*, endowed with the direct limit
topology, i.e. a subset of G,, is open if and only if its intersection with G,,(R"**) is open
as a subset of G,(R"™*) for each k. We denote " the universal n-plane bundle, that is
the canonical vector bundle over the base space G,

£ G,

with total space E consisting of pairs (¢,v) € G,,(R*) x R* such that v € ¢, topologized
as a subset of the cartesian product, and with projection 7 : E — G,, such that 7(¢,v) =
(. Since the classifying space G, for n-plane vector bundles is the classifying space
associated to the orthogonal group O(n), we will denote it as usual by BO(n). In fact,
in almost all our considerations we just need to consider G, (R"**) for a sufficiently large
k and at all effects treat BO(n) as some fixed compact manifold G,,(R"**) for a suitably
large k.

We recall now the main notions of Thom spaces and Thom’s characterization of
representability of a homology class by smooth embedded submanifolds.

Let & be an n-plane bundle with a Euclidean metric and A C E(§) be the subset
of the total space consisting of all vectors v with |v|> 1. Then the identification space
E(&)/A is called the Thom space T'(§) of £&. Note that T'(§) has a preferred base point,
denoted by oo, and the complement T'(¢) \ {00} consists of all vectors v € E(§) with
|v|< 1. We note that if the base space B of ¢ is a (finite) CW-complex, then the Thom
space T'(§) is an n — 1-connected (finite) C'W-complex.

6That is, all fibers are oriented n-dimensional real vector spaces.
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If £ is a smooth oriented n-plane bundle, then the base space B of £ can be smoothly
embedded as the zero-cross section in the total space (), and hence in the Thom space
T'(&); moreover we note that while 7°(€) is not a manifold in general, the complement of
the base point T'(§) \ {oo} has the structure of a smooth manifold.

Let R be a commutative ring with unity and ¢ an n-plane bundle E = B. For a
point b € B, let S be the one-point compactification of the fiber 7—!(b); since S is the
Thom space of £, we have a canonical map

An R-orientation, or a Thom class, of £ is defined to be an element u € f[”(T(f),R)
(the reduced n-th cohomology group of 7'(§)) such that, for every point b € B, i}(u) is

a generator of (the free R-module) H "(Sy). We recall now a fundamental theorem, cfr.
[84, Theorem 15.51].

Theorem 1.3.4 (Thom isomorphism theorem). Let u € H™(T(€), R) be a Thom class
for an n-plane bundle & of the form E = B. Define

®: H'(B,R) — H""(T(€),R)
by the cup product ®(x) = 7*(x) — u. Then ® is an isomorphism for every integer i.

We remark that for any oriented n-plane bundle the Thom class with Z coefficients
exists and it is unique; analogously, for every n-plane bundle there exists a unique Thom
class with Zy coeflicients, c¢fr. [60, Theorems 9.1, 8.1].

1.3.1 Thom’s representability criterion

It goes back to Poincaré and to the birth of algebraic topology the question of whether
manifolds are good models for homology, cfr. [70]. Around the late 1940s and aiming
at computing the homotopy groups of spheres 7,,1(S™) and m,,2(S™), Pontrjagin intro-
duced a new approach that can now be regarded as the germ of the much more general
theory developed by René Thom a few years later cfr. [71, 72, 73]. In his seminal 1954
article, which is considered one of the cornerstones of algebraic and differential topology,
Thom completely developed cobordism theory from (almost) nothing to the proof of one
the best theorems in the field, all just in one single paper, see [86]. In particular, his most
important contribution was that of classifying all smooth closed manifolds of general di-
mension up to the cobordism equivalence relation; but, what is even more remarkable is
that this classification was merely the mean to provide an answer to a profound question
raised by Norman Steenrod asking whether homology classes can always be represented
by manifolds, ¢fr. [40, Problem 25]".

"In December 1946, as part of the Bicentennial Celebration of Princeton University, a conference was
held on “The Problems of Mathematics”. The participants of the topology session of this conference
submitted a large number of unsolved problems, among which there is what is now simply known as
Steenrod’s problem.
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Thom’s celebrated result about realizability of homology classes by means of smooth
embedded submanifolds can be stated as follows, cfr. [86, Théoreme II.1].

Definition 1.3.5 (Smooth representability). Let M a connected smooth closed oriented
m + n-dimensional manifold, 7 is an element of the m-dimensional integral homology
group H,,(M,Z) and ¥ a smooth oriented m-dimensional closed embedded submanifolds
of M. We say that 7 is representable by a smooth submanifold (or that T admits a
smooth representative) if there exists a smooth embedding f : ¥ — M such that the
fundamental class of ¥ equals 7, that is f.[¥] = 7 (or, equivalently, that [X] € 7).

Theorem 1.3.6 (Thom’s representability criterion). Given M a connected smooth
closed oriented m + n-dimensional manifold. A homology class T € H,,(M,7Z) is repre-
sentable by a m-dimensional smooth submanifold > C M of codimension n if and only if

there exists a map f: M — T(3") which pulls back the Thom class® uw € H"(T ("), Z)
to the Poincaré dual of T.

Thus, just as terminology, we will say that a cohomology class x € H"(M,Z) is
representable by a smooth embedded submanifold if there exists a map f: M — T'(3")
which pulls back the Thom class u € H"(T(7"),Z) to .

Proof. Suppose that there exists an embedded m-dimensional submanifold ¥ in M rep-
resenting 7. Let N be the closed normal tubular neighborhood of >, with boundary
ON; by assumption, since ¥ is oriented, the normal bundle v : N — ¥ has SO(n) as
structure group. Note that V is induced from the mapping cylinder M5» of the universal
oriented n-plane bundle 4™ by a map ¢ : ¥ — BSO(n). Hence, there exists a bundle
map

F:N — M

making the following diagram commute:

N#Mﬁn

| b

¥ —— BSO(n)

Note that F|gny sends ON to OMzn. Denoting ¢* and ©s0(n) the Thom isomorphisms,
the following diagram also commutes:

H™(N,ON) = H"(Msn,d0Mzn)
TLP* ‘PEO(n)T (1‘26)
HO(E) ———— H(BSO(n))

8Recall that, since R = Z and n > 1, the reduced cohomology group coincides with the standard
cohomology group.
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Moreover, let j, : H"(N,ON) — H™(M) the canonical homomorphism defined by the
inclusion. One can see that in NV \ N, by Poincaré duality, the class ¢*(w) is nothing
other than the fundamental class of the basis X. Hence, the class j.¢*(w) € H"(M) is
simply the Poincaré dual of .

Denoting h : Mz» — T'(3") the map obtained by identifying Mz~ to a point {oo},
the composite map h o F' sends ON to the collapsed point {co}; hence, the map ho F'
can be extended from N to the whole M just by sending M \ N to {co}. As a result,
we obtained a map f from M to T'(3™) such that, by the commutative diagram (1.26),

[ (w) = [ o50m)(Wsom)) = Jxp*(w) = PD(7),

where PD(1) refers to the Poincaré dual of 7.
Conversely, suppose that there exists a map f : M — T(3") such that

f*(u) = PD(r).

Note that T'(3") \ {oo} is a smooth manifold, and hence f can be approximated on
M\ f7'({oc}) by a smooth map fi, close (and hence homotopic) to f; moreover,
by transversality, we can approximate arbitrarily f; by a smooth map F such that
F~Y(BSO(n)) (in fact, a sufficiently large finite dimensional approximation of BSO(n))
is an embedded smooth oriented m-dimensional submanifold ¥ of M.

Denoting ¢* the Thom isomorphism associated to a normal tubular neighborhood of
Y in M, the class PD(7) = f*(u) = F*(u) is nothing but j.¢*(w), where w is the unit
class of ¥. Hence, as before, this simply means that PD(7) = PD([X]). O

By suitably modifying the proof of Theorem 1.3.6, one sees that the natural analog
of Theorem 1.3.6 holds for compact manifolds with boundary.

Theorem 1.3.7 (Relative Thom’s representability criterion). Let M be a connected
smooth oriented compact m~+n-dimensional manifold with boundary OM and T a relative
homology class T € H,,(M,0M,Z). Then T is representable’ by a smooth compact
embedded submanifold manifold > C M with 0% = XN OM if and only if there exists a
map f: M — T(3") which pulls back the Thom class w € H"(T' ("), Z) to the relative
Poincaré dual of T.

Proof. Assume that 7 € H,,(M,9dM,Z) is representable by a smooth compact embed-
ded submanifold ¥ C M with 0% = ¥ N dM, that is there exists a smooth embedding
h : ¥ — M such that the fundamental class [X] determined by the orientation of ¥ equals
7. Denote the relative Poincaré dual of 7 by x € H"(M). If we consider D(M) the double
manifold of M, then D(M) is a smooth closed oriented manifold. In D(M), we consider
the double manifold of ¥, which is a smooth closed oriented embedded submanifold of
D(M), whose fundamental class is an absolute homology class in H,,(D(M)); denote

9With the clear modifications in Definition 1.3.5 for M, ¥ with boundary and 7 a relative homology
class.
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by y € H"(D(M)) its Poincaré dual. By applying Thom’s construction of Theorem
1.3.6, we find a map
F:DM)—TH")

such that F*(u) = y. Denoting by i : M — D(M) the inclusion map, we consider the
restriction of F' to M, so that we obtain a new map f: M — T(3") such that

fi(u) = (Foi)'(u) =i"(y) = .

Conversely, assume that there exists a map f : M — T(3") such that f*(u) = =.
Consider the restriction of f to M and denote it by df. The space T'(7") \ {oo} is
a smooth manifold: hence by [90, Proposition 2.3.4], we can approximate the map of
Jf by means of a new map go agreeing with df on 9f~1(U(co)) and which is of class
C>* on OM \ 9f 1 (U(o0)), where U is a small smooth neighborhood of {oo}; if the
approximation is close enough, then gy is homotopic to df. By the standard density
argument, cfr. [90, Theorem 4.5.6], we can approximate gg by a homotopic map ¢; which
is smooth and transverse to the zero section'? of 3. Since M has a collar neighborhood,
by the homotopy extension property there is a map f; defined on M, homotopic to f and
such that df; = ¢g1. By [90, Proposition 2.3.4 (ii)], we can assume that f; is smooth and
coincides with g; on OM. By [90, Proposition 4.5.7], we obtain a final map farbitrarily
close to f, agreeing with it on f~'(U(00)), of class C* on M \ f~'(U(o0)) and such
that both fand 8]7 are transverse to the zero section, cfr. also [90, Proposition 4.5.10].
By applying the same proof as in [10, Theorem 8.2], the preimage fvfl(BSO(n)) is a
smooth compact embedded submanifold ¥ C M of codimension n, with 0¥ = ¥ N oM.
Hence we can conclude that z = f*(u) = f*(u). O

Remark 1.53.8. A direct way to prove the first implication of Theorem 1.3.7 is the fol-
lowing!'. Let M, 7, % as above. Choose an extension of the normal bundle vy, of ¥ to
some smooth n-plane bundle £ : E — U, where U is an open neighborhood of X: this
induces an isomorphism ¢ : vs; — {|x; choose a connection on . Working locally in each
chart and then using a partition of unity, it is possible to construct a smooth section s
of & which vanishes on ¥ and such that the covariant derivative of s along > induces
the isomorphism ¢. Up to shrinking the open set U, one can assume that s vanishes
exactly on Y and that it is transverse to the zero section. Now it is possible to conclude
in analogy with Thom’s construction: choose a bundle map & — 4™ and, after having
rescaled s, note that it is possible to extend the classifying map with domain U and with
values in the corresponding subspace of the total space of ¥ to a map f : M — T'(7"),
sending the complement of U to the 0-cell of T'(3™). It follows that x = f*(u), where x
is the Poincaré dual of 7 and uw € H"(T'(7"),Z) the Thom’s class. This argument shows
that Thom’s construction can be performed without any need of a tubular neighborhood
theorem.

10With the usual approximation to the restriction of 4" to a sufficiently large compact manifold
~ n+k
G (R™F),

HWe thank Jacob Lurie for suggesting this argument.
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1.4 Cohomology operations and characteristic classes

In this section we collect a few results about cohomology operations, characteristic classes
and the cohomology of BSO(n), see also [66, 80, 60, 39]. These results are needed in
Chapter 2, in the proof of Lemma 2.3.1, and in Chapter 3, in the proof of Theorem 3.3.1
and Lemma 3.3.4.

1.4.1 Cohomology operations

A cohomology operation of type (m,n; p,m) is a family of functions
Ox : H"(X,m) - H™(X, p),

one for each space X, satisfying the naturality condition f*fy = 6Ox f* for any map
f X — Y. The set of cohomology operations of type (m,n;p,m) can be denoted by
O(m,n; p,m). A cohomology operation 6 is said to be additive if Ox is a homomorphism
for every X. An important result on the classification of these operations in terms of
the cohomology of Eilenberg-MacLane spaces is the following.

Theorem 1.4.1. There is a one-to-one correspondence
O(m,n; p,m) — H™(K(m,n), p),
given by 0 — 0(vy,), where v, is the fundamental class of K(mw,n).

The Steenrod squares Sq', i > 0, are additive cohomology operations of type (Zs, n; Zsy, n+
i),
Sql : HTL(X’ ZQ) - Hn+i(X7 Z’Q))
defined for all n and such that
1. Sq° =1, the identity;

2. if deg u = n, then Sq¢"u = u — u;
3. if i > deg u, then Sq'u = 0;
4. if u,v € H*(X,Zs), then

Sq*(u — v) = Z Sq'u — Sq’v.

i+i=k

This condition is usually called Cartan formula.
The above properties characterize the cohomology operations Sq'. It is then possible to
prove existence and uniqueness of such operations, ¢fr. [81]. From the above properties
it is possible to derive the following.
5. Sq' is the Bockstein homomorphism 3 induced by the short exact coefficient se-
quence
0 — Zog — 7y — Zy — 0;
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6. if 0 < a < 2b, then

@2y g o
Sq"Sq" =Y < )Sq”b"Sq’,

= a—2j

where the binomial coefficient is taken mod 2. These relations are usually called
Adem relations;

7. Sqi(o(u)) = o(Sq'u), where o : H"(X,Zy) — H"™(XX,Z,) is the suspension

isomorphism given by reduced cross-product with a generator of H'(S',Z,) and
> X the reduced suspension of X.

This last property says that the Steenrod squares are stable operations, i.e. they com-
mute with the cohomology suspension operation.

There are analogous additive operations for odd primary coefficients: the reduced
Steenrod p™-powers P! of type O(Z,,n;Zy,n + 2i(p — 1)) for p an odd prime'? and
written

P H'(X,Z,) — H"™0 (X, 7,).
They satisfy the following properties.
1. PY =1, the identity;
2. if deg u = 2i, then Plu = u — - -+ — u, p times;
3. if 2 > deg u, then Piu = 0;
4. if u,v € H*(X,Z,), then

Pr(u— v) = Z Plu— Plu.
i+j=k
This is the Cartan formula;

In analogy with Steenrod squares, the above properties characterize the cohomology
operations P’: it is then possible to prove existence and uniqueness of such operations,
cfr. [81]. From the above properties it is possible to derive the following.

5. P(o(u)) = o(Pu), where o : H"(X,Z,) — H""(XX,Z,) is the suspension

isomorphism given by reduced cross-product with a generator of H'(S',Z,);

6. if a < pb, then

la/p] .
rPan _ Z (_1)a+j <(p - 1)(b - j) - 1) rPaer*j'Pj.

pars a—pj

These are the Adem relations.

12Sometimes the notation 7313 is used to highlight the coefficient group Z,.
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We note that by the Adem relations, the operation S¢?** is the same as the composition

Sq'Sq* = B3Sq¢*, so that S¢* can be understood as P? for p = 2.
Another additive cohomology operation for odd primary coefficients is the Bockstein
homomorphism 3, of type O(Z,,n; Z,,n + 1) for p an odd prime and written

By H"(X, Zp) - Hn+1(Xa Zp)7

which is obtained from the short exact coefficient sequence 0 — Z,, — Z,>» — Z, — 0.

Composition endows the set of stable cohomology operations with a natural ring
structure: this ring is known as the Steenrod algebra and usually denoted by A,. The
Steenrod algebra A, is defined to be the the algebra over Z, that is the quotient of the
algebra of polynomials in the noncommuting variables Sq’, i > 1, by the two-sided ideal
generated by the Adem relations. Analogously, the Steenrod algebra A, for odd p is
defined to be the algebra over Z, formed by polynomials in the noncommuting variables
By, P*, i > 1, modulo the Adem relations and the relations ﬁg = 0. Thus, for every space
X, H*(X,Z,) is a module over A, for all primes p; the Steenrod algebra is a graded
algebra with the elements of degree i being those that map H"(X,Z,) to H""(X,Z,)
for all n. It is possible to prove that A is generated as an algebra by the elements S el
and A, for p odd prime is generated by /3, and the elements 28

More generally, let R be a commutative ring with unit. We recall that on the category
of free chain complexes C' over R and short exact sequences of R modules

0565656 >0 (1.27)
there is a functorial connecting homomorphism
g H*(C,G") — H*(C,G")
of degree 1 and a functorial exact sequence
o HMC,GN S HYC,G) S HY (O, G S HY LG

cfr. [80, Theorem 4.5.11]. The connecting homomorphism £* (sometimes just denoted
when the coefficient group is clear from the context) is called the Bockstein cohomology
homomorphism corresponding to the coefficient sequence (1.27).

1.4.2 Characteristic classes

We define Stiefel-Whitney cohomology classes of a vector bundle axiomatically. For a
proof of existence and uniqueness of cohomology classes satisfying these 4 axioms we
refer to [60].

1. To each real vector bundle ¢ with base space B(§) there corresponds a sequence
of cohomology classes

w;(§) € H(B(E),Zy), i=0,1,2,...,
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called the Stiefel-Whitney classes of €. The class wy(€) is equal to the unit element
le HO(B<€)7 ZQ)

and w;(§) equals zero for i > n if £ is an n-plane bundle.

2. (Naturality) If f: B(§) — B(n) is covered by a bundle map from & to 7, then
wi(§) = frwi(n).

3. (Whitney Product Theorem) If & and n are vector bundles over the same base
space, then the Stiefel-Whitney class of a direct sum is the cup product of the

summands’ classes
k

wi(§ @ n) = ZW(&) — wg—i(1).

=0

For example wi (€ ® n) = wi(§) + wi(n), w2(§ & n) = wa(§) + wi(§wi(n) + wa(n),
and so on (omitting the cup product in the notation).

4. For the canonical line bundle!® ~} over RP(1), the Stiefel-Whitney class w1 (1) is
NON-Zero.

Proposition 1.4.2. Stiefel-Whitney classes w;(§) € H'(B) can be characterized in terms
of the Steenrod operations by showing the following equality:

wi(§) = 7' S¢'(1) = ¢~ Sq'u,
where ® is the Thom isomorphism and u € H™(T(€),Zy) is the Thom class of €.

This shows that w;(€) is the unique cohomology class in H*(B) such that ®(w;(£)) =
T w;(£) — u is equal to Sq'®(1) = Sq'u, cfr. also [85].

All the discussion about Stiefel-Whitney classes works analogously for complex vector
bundles, except that for complex vector bundles all the cohomology classes belong to Z
coefficient cohomology: they are called the Chern classes. One possible way to define
Chern classes is the following.

There is a unique sequence of functions cg, ¢y, ¢s, - - - assigning to each complex vector
bundle w with £ 5 B a class ¢;(w) € H*(B,Z), depending only on the isomorphism
type of w, such that:

1. ¢o(w) equals the unit element 1 € HY(B,Z) and c¢;(w) = 0 for i > n if w a complex

n-plane bundle;

2. ¢i(f*(w)) = f*(ci(w)), for a pull-back bundle f*(w);

13Let E(}) be the subset of RP(n) x R"*! consisting of all pairs ({£x},v) such that the vector v is
a multiple of x. Recall that the canonical line bundle over the real projective space RP(n) is the vector
bundle 7 : E(y}) — RP(n) defined by 7({£x},v) = {£z}. Thus each fiber 7= ({&x}) can be identified
with the line through  and —z in R"*!; each such line is to be given the usual vector space structure.
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3. if wy is a complex n-plane bundle and wy a complex m-plane bundle, then

crlwr ®wa) = Y ci(wr) — croilwa);

1=0

4. for the canonical line bundle w with £ = CP(1), ¢;(FE) is a generator of H2(CP(1), Z)

specified in advance.

Besides the evident formal similarity between Stiefel-Whitney and Chern classes there
is also the following direct relation: regarding an n-dimensional complex vector bundle
w as a 2n-dimensional real vector bundle, then wsq;1(w) = 0 and we;(w) is the image of
¢;(w) under the coefficient homomorphism H*(B(w),Z) — H*(B(w), Zs).

We now define the Pontrjagin classes p;(€) € H*(B,Z) associated to a n-plane
bundle £ in terms of Chern classes. For an n-plane bundle £ with £ — B, its complexi-
fication is the complex n-plane bundle (¢ with E© — B obtained from the real n-plane
bundle £ @ £ by defining scalar multiplication by the complex number ¢ in each fiber
R™ @ R™ via the rule i(z,y) = (—y, x). Thus, each fiber R" of £ becomes a fiber C" of
¢C. The Pontrjagin class p;(€) is then defined to be

pi(€) = (=1)'cai(€") € H'(B, Z).

Let ¢ be an oriented (real) m-plane bundle £ = B and consider the restriction
homomorphism H*(T'(§),Z) — H*(E,Z) induced by the inclusion and denoted as y —
yie- In particular, applying this homomorphism to the Thom class v € H"(T'(£),Z), we

obtain a new cohomology class
wg € H"(E,Z).

Recalling that H"(E, Z) is canonically isomorphic to H"(B,Z), we can define the Euler
class of an n-plane bundle ¢ as the cohomology class

e(§) € H'(B,Z)

corresponding to ujp under the isomorphism 7* : H"(B,Z) — H"(E,Z).

1.4.3 Cohomology of BSO(n) and BO(n)

We describe now the mod p cohomology of the classifying space for oriented n-plane
bundles BSO(n).

We recall that the mod 2 cohomology of BSO(n) can be computed as follows, cfr.
[60, Theorem 12.4].

Proposition 1.4.3. The cohomology H*(BSO(n),Zs) is a polynomial algebra over Zs,
freely generated by the Stiefel-Whitney classes wa(Y"), ..., w,(3").

The cohomology ring of BSO(n) with coefficients in an odd prime p has the following
structure, cfr. [60, Theorem 15.9].
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Proposition 1.4.4. If A is an integral domain containing 1/2, then the cohomology ring

H*(BSO(2n + 1), A)

is a polynomial ring over A generated by the Pontrjagin classes p1(Y*"*1), ..., p,(3*"*1).
Similarly,

H*(BSO(2n),A\)
is a polynomial ring over A generated by the Pontrjagin classes pi(7°"), ..., pa1(7*")

and the Euler class e(3*").

That is, for every value of n, even or odd, the ring H*(BSO(n),A) is generated by
the characteristic classes pi,...,p[n 2/, and e. These generators are subject only to the
relations e = 0 for n odd and e? = Pny2 for n even.

We turn now the description of the mod p cohomology of the classifying space for
n-plane bundles BO(n). In particular, we recall Thom’s algebraic computations in the
study of the homotopy type of T' (™), ¢fr. [86, Chapitre II, Section 6], which in turn are
based on fundamental contributions of Serre, cfr. [76].

Recall that the cohomology H*(T'(y"),Z,) is isomorphic to the ideal J of the alge-
bra H*(BO(n),Zs) generated by the Stiefel-Whitney classes w,,. On the other hand,
introducing n variables t; we obtain a basis of H"(BO(n), Zy) generated by symmetrised

monomials
> (t)" (t)™ ()™ (1.28)

where the sum of the integers a; is equal to h, and the symmetrisation sign > means
the summation over all essential permuations for (1.28)'. Hence, one obtains a basis
for the dimension n + h of the ideal J by multiplying the elements of the basis in (1.28)
by w, =t; -ty -...t,, obtaining all symmetrised monomials

D () () () g . (1.29)

Indeed, any essential permutation for the monomial (1.28) is essential for (1.29), and
vice versa.

Let P be an arbitrary polynomial in the variables ¢;. A variable ¢; is a called dyadic
for the polynomial P if the exponent of this variable in terms of the polynomial P is
either zero or 2° (with ¢ = 0 included). Any dyadic variable ¢; for the polynomial P
is dyadic for Sq'P as well, where Sq' denotes the Steenrod squares. By a non-dyadic
factor of the monomial (¢1)* (¢2)?2 ... (t,)* we mean the submonomial consisting of all
non-dyadic variables; denote the number of these variables by u, and by v their total
degree. We define a preorder’® =~ on the set of monomials in (¢;) as follows: given two
monomials z,y we say that x 77 y if u(x) > u(y) or if u(z) = u(y) and v(z) < v(y). For
any number h < n consider the classes

wl = ()T () ()T (1.30)

i.e. over representatives of classes of the symmetric group of n variables modulo the subgroup of
permutations fixing the monomial (1.28).
15 A binary relation satisfying reflexivity and transitivity only.

14
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where w = {ay,as,...,a,} is an arbitrary decomposition of h into summands, with no
summand of type 2° — 1 (non-dyadic decomposition of &); we denote the number of such
decompositions by d(h).
For any dimension ¢ < h, consider the classes

acfdi, Sqleil, Sq%f@i, - Sqlhxﬁh, ., Sqtwy, (1.31)
where Sq¢’* is an admissible sequence of total degree i — h, and wj, is a non-dyadic
decomposition of h as in (1.30); all classes in (1.31) are in fact linearly independent. In
particular, it is possible to prove that the cohomology classes in (1.31) form a basis of
H"™(T(y™)). We associate to each class 2" a map

H,:T(y") — K(Zy,n+ h)

such that H(:) = 2", where ¢ is the fundamental class of K(Zy,n + h). The maps H,
define a map H from T'(~4") into the following product of Eilenberg-MacLane spaces

Y = K(Zo,n) X K(Zo,n+2) X ... X (K(Zg,n + h)™ ™ x .. x (K(Zy,2n))"™.

Since the classes (1.31) form a basis of H"™(T'(y™)), then the homomorphism H*
induced by H is an isomorphism from H"'(Y,Zy) to H"™(T(y™)) for all i < n. In
mod p coefficients, with p > 2, the cohomology of Y is trivial and the cohomology of
T(y™) is trivial in dimensions strictly less than 2n. Hence, H* is again an isomorphism
in dimensions strictly less than 2n and a monomorphism in dimension 2n. Thus, for
T(~™) and Y one can apply Theorem 1.3.3, obtaining that there exists an inverse map g
from the 2n-skeleton of Y to T'(y™) such that g o H is homotopic to the identity on the
2n — 1-skeleton of T'(y™). In particular, one obtains the following, ¢fr. Theorem 3.3.1.

Theorem 1.4.5. There exists a map H : T(v"™) — Y which is a 2n-equivalence, for all
positive integers n.



Chapter 2

Smooth approximation for integral
cycles

The main goal of Chapter 2 is to present the smooth approximation theorem for integral
cycle, that we recall here!.

Theorem 2.0.1 (Optimal smooth approximation). Let M be a connected smooth closed
oriented Riemannian manifold of dimension m +n. Let € > 0, 7 be a fixed element
of the m-dimensional integral homology group H,,(M,Z), and T be an integral cycle
representing 7. Then, there is a smooth triangulation K of M and an oriented m-

dimensional smooth submanifold 3 of M\K™™° (where K™™° denotes the m—5-skeleton
of K) with the following properties.

1. The m-dimensional volume of 3 does not exceed the mass of T' by more than ¢,
that is H™(X) < M(T) + ¢.

2. The current [X] is an integral cycle homologous to T and there is an integral
m + 1-dimensional current S in M such that 0S = [X] — T and M(S) < €.

3. If T admits a smooth representative, then ¥ can be chosen to be a smooth subman-

ifold of M.

Remark 2.0.2. The codimension 5 construction in Theorem 2.0.1 is optimal, as shown
by the innately singular homology class discovered by Thom, see Theorem 2.4.3.

We recall here the underlying assumptions for all the theorems of Chapter 2, unless
otherwise stated.

2.0.3. Assumption. n,m € N\ {0} are arbitrary positive integers, M is a connected
smooth oriented closed Riemannian manifold of dimension m + n, 7 is an element of the
m-~dimensional integral homology group H,,(M,Z) and T is an integral current (hence
a cycle) representing 7.

IThis chapter is based on [8].

47
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When dealing with smooth triangulations of M we will tacitly assume to have fixed
some simplicial complex K together with a piecewise smooth map t : |[K|— M. In
order to keep our notation simpler, with a slight abuse we will in fact mostly avoid
referring to the map ¢ and we will use directly K also for the smooth triangulation
of M; thus, a simplex of the triangulation I will mean the t-image of a simplex of
|K|. K7 will denote the j-dimensional skeleton of K, i.e. the union of all j-dimensional
simplices of IC. Moreover, the letter > will be reserved to denote either smooth oriented
m-dimensional closed embedded submanifolds of M or smooth oriented m-dimensional
embedded submanifolds of M \ K’ (for some integer j) whose topological closure is
contained in K7.

2.0.1 Consequences of the main theorem

The first consequence of Theorem 2.0.1 is the absence of the Lavrentiev gap phenomenon
for the homological Plateau problem.

Theorem 2.0.4 (Absence of Lavrentiev gaps). Let M, 7,T and ¥ as in Assumption
2.0.3, and define the following quantities:

My := min{M(T") : T € Z,,(M) N7},

Mp :=inf{M(P) : P € Z,, ip(M) N T},

My, := inf{ Vol™(X) : [X] € 7 and ¥ is smooth in M\ K"™° for some triangulation K},
MReg := inf{ Vol™(2) : [E] € 7 and X is smooth in M} .

Then, My = Mp = My, and, moreover, My = Mge; when 7 is representable by a smooth
submanifold.

Remark 2.0.5. Note that any class 7 is representable by a smooth submanifold when
n € {1,2} or when m € {1,2,3,4,5,6}, see Lemma 2.3.1 and Remark 2.3.2. In these
cases, Theorem 2.0.1 implies that singularities of integral cycles can be weakly resolved,
in the sense that they can be approximated (with respect to the flat topology) by smooth
embedded submanifolds.

A necessary condition for 7 to be representable by a smooth submanifold can often
be expressed in terms of the vanishing of some suitable obstruction, which is represented
by a cohomology operation; in particular, denoting x the Poincaré dual of 7 and by p
an odd prime, a necessary (and, in some particular dimensions, also sufficient) condition
for an integral homology class 7 to be representable by a smooth submanifold is that
all St~y are null, see (86, Théoreme I11.20]. We recall that, following Thom’s
notation for the Bockstein reduced p* powers reduction mod p, Stir(p —bH+ represent
(up to a sign) the following cohomology operations:

Stir(l’*l)ﬂ =p"oP,ob,: H(X,Z) — H*2re=D¥(X 7)),

where P7 is the reduced Steenrod p™ power, 8* : H*(X,Z,) — H**'(X,Z) is the
Bockstein associated to the short exact sequence

0—=Z— 74— Zy,—0
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and 6, the reduction mod p such that 8, = 6, o 8*, with 8, : H*(X,Z,) = H** (X, Z,)
the Bockstein associated to 0 — Z, — Z,2 — Z,, — 0.

This necessary condition is a consequence of the fact that the cohomology for odd
primes of the oriented Grassmannians is concentrated in dimensions which are multiples

of 4.

As a simple corollary of Theorem 2.0.1 we further deduce the following approximation
theorem with cycles of prescribed singularities.

Theorem 2.0.6 (Approximation by cycles with prescribed singular sets). Let M, 7 and
T be as in Assumption 2.0.3. Then there is a sequence of smooth triangulations K; of

M and a sequence of smooth embedded oriented m-dimensional submanifolds (3;); in
MK such that

(a) [E;] — T in the sense of currents,
(b) Timy o0 7™ (35) = M(T),
(¢) O[E;] =0 and [X;] is in the same homology class as T.

In fact conclusion (c) is a simple consequence of the Federer flatness criterion: since
O[%,] is a flat current supported in a set which has H™ !-zero measure, it must be 0,
see [43, 4.1.20]; therefore it also follows from the convergence to T" that [¥;] is in the
same homology class as T for every j sufficiently large.

2.0.2 Overview of the proof

The main idea of our study is to combine Federer and Fleming’s theory of integral
currents with tools and techniques from cobordism and homotopy theory.

The proof of Theorem 2.0.1 can be grosso modo described as follows. Starting from
an m-dimensional integral cycle T" in a homology class 7 of M, we first develop a
delicate approximation theorem by means of a cycle P’ which is a smooth submanifold
outside of a (small) d-neighborhood Bs of the m — 2-skeleton of some triangulation of
M, cfr. Proposition 2.2.1. In particular, a subset of the smooth part of P’ is a compact
smooth submanifold with boundary embedded in a compact manifold with boundary,
which we denote by € (ideally we would define 2 as M \ By, but the latter does not
have a smooth boundary: we will get around this technical obstruction by a standard
regularization procedure, cfr. Section 3.1): this object represents a relative homology
class in H,,(2, 09, Z); this will induce, by Theorem 1.3.7 a map

F:Q-=TH")

with values in the Thom space of the universal oriented n-plane bundle and such that
the pull-back of the Thom class equals the Poincaré dual of 7, when restricted to €.
This is known as the (relative) Thom construction.

Then, denoting by ) the complement of a small neighborhood Us of the m — 5-
skeleton of the triangulation of M, we note that ) has the homotopy type of an n + 4-
dimensional skeleton of M, cfr. Lemma 1.2.7. Thus, we exploit the n + 4-equivalence
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between 7'(7") and the Eilenberg-MacLane space K(Z,n), c¢fr. Lemma 2.3.1, to prove
that the restriction of the Poincaré dual of 7 to @) admits a lift

fQ—=TH") (2.1)

pulling back the Thom class to itself. Applying Theorem 1.3.7 and after some tech-
nicalities, this provides an integral cycle R homologous to 7 which is a closed smooth
embedded submanifold with singularities all contained in the m — 5-dimensional skeleton
Km=5 of M.

Since, by Lemma 1.2.7, € has the homotopy type of an n + 1-dimensional complex,
we observe that homotopy classes of maps defined on {2 and with values in T'(3") are in
one-to-one correspondence with those with values in K(Z,n), c¢fr. Corollary 1.3.2. This
allows us to conclude that the smooth part of P’ coincides, up to a homotopy, with the
smooth part of R restricted to (2.

The conclusion then follows from a technical geometric measure theory construction,
cfr. Proposition 2.2.6, saying that if two m-dimensional integral cycles P’ and R agree
outside of a sufficiently small neighborhood of the m — 2-skeleton of the triangulation of
M, then we can find a smooth deformation R’ of R which is almost coinciding with R
and with mass close to the mass of P’. This provides the desired approximation R’ of
Theorem 2.0.1, satisfying (1) and (2).

Finally, part (3) of Theorem 2.0.1 is proved following the same lines: under the
additional assumption that 7 is representable by a smooth submanifold we immediately

obtain a map

g: M—=TH")
which pulls-back the Thom class to the Poincaré dual of 7; the analogous construction
can thus be performed just by replacing the map f in (3.1) with g.

In Section 3.1 we collect some technical preliminary lemmas about neighborhoods of
skeleta and maps associated to them. In Section 3.2 we will prove the two main technical
propositions from geometric measure theory: Proposition 2.2.1 and Proposition 2.2.6; an
appendix with some elementary facts about triangulations and simplicial decompositions
is listed in Section 1.2. Section 2.3 is dedicated to the proof of Theorem 2.0.1 and Section
3.4 shows the optimality of the construction. We add at the end another brief appendix,
see Section 1.4, recalling some introductory results about cohomology operations and
characteristic classes, useful in the proof of Lemma 2.3.1.

2.1 Regular neighborhoods and maps

We also refer to [50] for the theory of smooth regular neighborhoods.

2.1.1 Neighborhoods of skeleta

Having fixed a smooth triangulation K of M and a skeleton K7, we denote by Bs;(K7) the
usual metric neighborhoods of the skeleton, i.e. the sets of points p with dist(p, K7) < 6.
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In many instances we will use these neighborhoods for our considerations. However,
for some important considerations we will in fact need a suitable variant, which will be
denoted by V5(K7) and are defined in the following way. We first fix a (sufficiently large)
constant Cy which will depend on the triangulation &, subdivide the simplices forming
K7 into Sy U ... US; according to their dimension (S; being the collection of simplices
of dimension 7) and hence set

Vi) == J U Bowsslo) (2.2)

i=00€S;

where

Beig(o) = {p:dist(p,0) < C5'5}.

The following is an elementary consequence of our definition.

Lemma 2.1.1. For every smooth triangulation K of M and every j < m—+n—1 there is
a choice of § > 0 (sufficiently small) and of Cy sufficiently large such that the following
holds. First of all, M\ V5(K7) is a deformation retract of M\ K7.

Moreover, for every point p € 9V5(K7) there is at most one o in each S; (with
0 <i<j) such that p € 8Bcai5(a). In particular, there is a neighborhood of U of p,
an integer j € {1,...,j} and a diffeomorphism ¢ : U — By C R™" (the unit ball in
R™*") such that

AU\ V5(K)) = {(z1,. .., Toman) 2 >0 for 1 <i < g},

Note in particular that the boundary of V5(K7) is a Lipschitz submanifold. This
is, however, not suitable for our purposes; we need an appropriate regularization of it
which, given the explicit local description of Lemma 2.1.1, is a consequence of a standard
regularization procedure.

Lemma 2.1.2. Let KC be a smooth triangulation of M, let 8 and Cy be given by Lemma
2.1.1, and fix any pair of positive numbers &' < § < 6. Then there is a neighborhood
Us(K7) of K? with the following properties:

Vs(K7) 2 Us(K7) D Vi (K7);

The boundary of Us(K7) is smooth;

M\ Us(K7) is a deformation retract of M\ Vi (K7);

There is a smooth tubular neighborhood C of OUs(K?) in M containing OV (K7).

2.1.2 Squeezing maps

We will now build some special maps related to the neighborhoods By and Vj.
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Lemma 2.1.3. Let M be as in Assumption 2.0.3 and K a smooth triangulation of M.
For every e, > 0 and n, > 0 there is a positive number o, < n, with the following

property. If v €]0,1] is an arbitrary number, then there is a diffeomorphism ® such
that:

1. ® s isotopic to the identity and it coincides with the identity on M\ B, (K);
2. Lip(®) < 1+e,;

3. For every point p € Bs,(KF) there is an orthonormal frame e1, ..., €myn such that
|d®,(e;)|< 1+ ¢, Vie{l,... k}, (2.3)
|d®,(e;)|< v Vie{k+1,...,m+n}. (2.4)

Before coming to the proof of the latter lemma, we remark that a simple modification
of the arguments gives the following one, which is in fact much simpler.

Lemma 2.1.4. Let M be as in Assumption 2.0.5, K a smooth triangulation, j €
{0,...,m+n—1}. If Cy and 6! in Lemma 2.1.1 are chosen sufficiently large, then for
every &, > 0, > 0 there is a Lipschitz map ® : M — M with the following properties:

o & maps Vy (K7) into K7;
e & is a smooth diffeomorphism between M\ ®~*(K7) and M\ K7;
o O(p) =p for every p & Vs, (K).

Proof of Lemma 3.1.4. The proof is by induction over k.

We start with the first step, where £k = 0. We enumerate the O-skeleton as the points
P1s--., PN, we let d be the minimum of dist(p;,p;) and r¢ a radius which is smaller
than the minimum of the injectivity radii for the exponential maps centered at p; and
whose choice will be specified later. We then set 7 := min{n,, 4, 2}. We fix §, < n and
p > 0 (whose choice will be specified later) and let ¢ : [0, 00[— [0, 0o[ be the following
piecewise linear increasing function:

ut if 0 <t <20,
p(t) = QT2 (t — 26,) + 20, if 20, <t <n—d,,
t ift >n—94,.
Observe that 0 < ¢’ = p on [0,24,] while 0 < ¢ < n_’ééa everywhere else, and the
latter number can be made arbitrarily close to 1 depending only on the ratio 2=, but

independently of . We then regularize ¢ by convolution with a standard smooth non-
negative kernel, hence getting a smooth diffeomorphism of the real half line, which we
denote by 1. Its derivative ¢’ will enjoy the same global upper bound and, by choosing
the kernel suitably, we can ensure ¢ (t) = ut on the interval [0,6,] and ¥(t) = ¢ on
[ — %, 00[. We next define the map W, (z) := 1/1(|x])% from R™*™ onto itself. Notice
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that Lip(¥,) can be made arbitrarily close to 1 choosing the ratio %‘1 very small, while
clearly W, (z) = pa in the ball of radius B;s,. We are now ready to define the map ®.
®(p) :=p for p & M\ B,(K"). Next B,(K°) is the disjoint union of B,(p;). On each
such ball we consider the exponential map exp,, and ® is defined to be

— -1
® :=exp, oV, 0exp, .

By choosing the radius ry sufficiently small we can get the Lipschitz constant of the
exponential maps and of their inverses arbitrarily close to 1 on the domains of our
interest. So, if we fix some constant €, after choosing ‘%" and rq sufficiently small, we can
easily achieve

Lip (®) < (1 +¢)*
and
Lip (P, (c0y) < (1+€)°n

In particular we first choose € so that (1 +&)* < 1+ ¢, and we then choose u so that
(1+&)*u < ~. Note that the choice of §, is then independent of +.

We next wish to tackle the induction step, so we assume that the statement of the
proposition holds for £ — 1 in place of k. We then fix ¢,, n,, and v. We apply the
proposition in case k — 1 with the same 7, but with vy and ¢y in place of v and ¢,
and get the corresponding ¢,, which we denote by dy. The choices of g9 and ~, will
be specified later, but we anticipate that ¢y will only depend on ¢, among all these
parameters. We therefore then have a corresponding map, which we denote by ®,_1,
with the property that Lip(®;_1) < 1 + &0, which is the identity outside of B,, (K*1)
and which in turn satisfies all the requirements of the lemma for the other parameters.

Next we consider d,,n, and p, whose choices will be specified later. For each k-
dimensional face F' in the k-dimensional skeleton, we consider

F':=F\ Bs,16(K" )

and we choose 7 small enough so that the normal neighborhoods N, (F") are pairwise
disjoint and all diffeomorphic to F' x Bj**"~* where B]"*"* denotes the m +n —k
dimensional ball of radius 1 and centered at 0 in R™™"~*. We then parametrize N, (F”)
as (z,y), where z € F' and y € B)"*" %,

We next introduce a function of two variables defined in the following way. First of
all we define [ : [0, oo[— [0, oo as

1 if s <%0,
Als)={ 1-20(s— %) b <s<B
j if s > %.
Hence we set
ti(s) if ¢ < 26,,
s, t) = QPG (4 96,) + 2i(s)d, if 20, <t <1 — 6,

t ift>n—0d,.
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Note that 0, = p if t < 2§, and s > % while yp = 1 if t > n — 6, or for every ¢ if

s < %. On the other hand we have the upper bound

Pl
at| =~ n— 30,
where the right hand side can be made arbitrarily close to 1 by choosing % small.
Likewise we have the upper bound
99| o 4n
os| — (50
and the right hand side can be made arbitrarily small by choosing % small.
These two requirements (namely —%< being sufficiently close to 1 and ?5—’7 being
n a 0

sufficiently close to 0) will only depend on ¢,, €y and the geometry of the triangulation,
while £y will only depend on ¢, and the geometry of the triangulation, so that ultimately
0, will depend in fact only on &4, 7,, M and K.

With a similar regularization procedure as the one outlined above, we can smooth ¢
to a function . Then we also suitably smooth the distance function p +— dist(p, K*~1) in
B, (KF1)\ Bi (K*=1) to a function d. We then define a function ®, : N, (F”) — N, (F”)

by setting
@u(r,y) = (v, 0). ly) ) -

Being the N, (F") pairwise disjoint, this define a function on the union of them. Finally,
since the function is the identity at the boundary of this domain, we can extend it to
all of M by being the identity. We then claim that the function ® := &;_; o & in fact
satisfies all the requirements upon choosing our parameters correctly. The bound on the
Lipschitz constant simply follows by multiplying the bounds of the Lipschitz constants
of the two maps and choosing the parameters correctly. The fact that the map is equal
to the identity outside of B, (K*) follows from choosing n < 7,. It remains to check the
third claim. We will check that the claim holds at every p such that dist(p, KF) < 6,
but dist(p, K¥~1) > 3% and at every p such that dist(p, K¥~1) < 3%. The union of the
two sets clearly contains Bs, (K¥), and this completes the proof. First of all observe that
if p is in the first set, then by construction there are m 4+ n — k orthonormal vectors
€kils- - -, Cmen With the property that

|d®[p(e:)|< 240

On the other hand because of the Lipschitz bound on ®,_; we immediately conclude
that
|[d® ()< 2(1 + o)t

and thus choosing p appropriately we can guarantee 2(1+¢¢)u < . Completing the e;’s
to an orthonormal basis we get the desired estimate on the other vectors simply using
the global Lipschitz estimate on ®.
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Consider now ap € Bss,4(K*71). By construction ¢ = @41 (p) belongs to Bs, (K1),
There are therefore m + n + 1 — k orthonormal vectors vy, . .., vy, With the property
that

APy 1 |q(vi)|< 70

Consider the vector space V' spanned by these vectors. Then we have the estimate

|d®—1(0)|< Vm +n+ 1 - klv|

for every such v. Because ® is a diffeomorphism, there is an m + n — k-dimensional
subspace W of T, M which d®|, maps onto V. If we choose an orthonormal base
€kt1,- - - Emin Of the latter, we can then estimate

|[dPp(e;)|< Vm +n — ko Lip(®y) -

We then conclude by choosing vy < Nﬁ’ given that our constructions certainly
implies Lip(®;) < 1+¢, < 2. O

2.2 Geometric measure theory propositions

The proof of our main theorems will make use of two technical propositions from geo-
metric measure theory. The first one is an upgraded version of the Federer and Fleming’s
strong polyhedral approximation theorem, where the approximands are smooth embed-
ded submanifolds outsode of the m — 2-skeleton ™2 of a smooth triangulation of M.

2.2.1 Codimension 2 smooth approximation

Proposition 2.2.1. Let M be as in Assumption 2.0.3 andT be an integral m-dimensional
cycle in M. For every fized €. > 0 there is an integral cycle P homologous to T" and a
smooth triangulation IC of M with the following properties:

(ao) M(P) < (1 +e.)M(T);
(bo) F(T — P) < e.;
(co) spt(P) C {x : dist(x,spt(T)) < e.};

(do) P =23 pcrm Br[F], where Br € Z and F™ is the collection of m-dimensional cells
of I with an appropriately chosen orientation.

Furthermore, for a sufficiently small 6., > 0 and any . < J., we can find a second integral
cycle P' homologous to P with the following properties:

(a) M(P') < (14 3e.)M(T) and F(T — P’) < 3¢,
(b) spt(P’") C {z : dist(z,spt(T)) < 3e.};
(¢) | P'|[(Bs,(K™™2)) < 3e;
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(d) P'LM\B;s, (K™ 2) = [T] for some smooth oriented submanifold T of M\ Bs, (K™ 2)
without boundary in M \ Bs, (K™ ?%).

Remark 2.2.2. A routine modification of the arguments used to prove Proposition 2.2.1
implies in fact that the cycle P’ can be chosen so that its singularities are all contained
in ™2, While this is a much weaker result than the one achieved by our main theorem
of constructing an integral cycle with singularities all contained in K™, its proof can
however be completed without recurring to any sophisticated topological fact.

2.2.2 Proof of Proposition 2.2.1: first approximation

In this section we show the existence of the first approximating cycle P as in Proposition
2.2.1. It is quite possible that the existence of a P with the desired properties is already
proved in the existing literature; nevertheless, we have not been able to find a precise
reference for our purposes and therefore we provide a proof. Instrumental to our argu-
ment is to consider the ambient manifold M to be smoothly isometrically embedded in
some Euclidean space RY (the codimension is irrelevant), which we can always assume
without loss of generality thanks to Nash’s Theorem.

Consider now the integral cycle T in M as an integral cycle of RY. By [43, Lemma
4.2.19] for every k > 0 there is a diffeomorphism ¢ and an integral m + 1-dimensional
current .S such that

e Lip(g) <1+ k and |g(z) — z|< &k for all ;
o M(S) +M(0S) < &

e spt (S) C {z : dist(x,spt (1)) < K};

o g7+ 05 €P,(RY).

Note therefore that, if we set P := g;T + 05, then P is a cycle,

M(P) < (1+r)M(T) + &

and

spt (P) C {z : dist(z,spt (1)) < k} C B.(M).

We next observe that we can, without loss of generality, regard P as
P=3 k[P

where each k; is a positive integer, each P; is an oriented closed simplex, and for every
pair of distinct P; and P, either P, N P; = () or P, N P; is a common lower-dimensional
face. This can be seen as follows: fix a representation as P = > ; k;[P;] with k; positive
integers and P; oriented simplices. Fix a triangulation 7 of RY and apply Proposition
1.2.3 to refine T to a new triangulation 7’ with the property that each P; is the union
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of m-dimensional simplices in 7" (elements of the m-skeleton). The desired conclusion
is then immediate.

Assuming k to be sufficiently small, we can further assume that the orthogonal
projection p : Bi(M) — M is smooth, well-defined and with Lip (p) arbitrarily close
to 1. More precisely, Lip (p) = 1 + & where 5 | 0 as & | 0.

We now consider the cycle pﬁp . Because of the usual homotopy formula, and because
of the estimate above, we can ensure that

M(p;P) < (1 + Cr)M(P) < (1 + Ck)(M(T) + k),
F(T — p;P) <F(T — P) + F(P — p;P) < k + CkM(P)
< k+ Cr(M(T) + k),
spt (pyP) C B, (spt(P)) C Ba(spt (1)) .

Consider now that that K := spt(P) is a polyhedron in the sense of Definition
1.2.4 and that p : K — M is a piecewise smooth map in the sense of Definition
1.2.5. We next fix a triangulation 7 of M, which again we understand as a piecewise
smooth homeomorphism ¢ of some PL-submanifold L C RY onto M, according to
Definition 1.2.5. We next recall the following proposition about uniqueness of smooth

triangulations, which is due to Whitehead, cfr. [93], and corresponding to [58, Lect. 5,
Theorem 1]

Proposition 2.2.3. Consider two piecewise smooth homeomorphisms f : L — M and
g: M — M where L C RN and M C R™ are two finite polyhedra. Then for every
n > 0 there are two piecewise smooth homeomorphisms f' ' L — M and ¢' - M — M
which are n-close in the C'-sense to f and g and such that (') og" and (¢')" o f' are
piecewise linear.

Recall that being f and f’ piecewise smooth, for both there are triangulations 7 and
T’ of L with the property that the restriction of each of the simplices of the corresponding
triangulation is a smooth function. Closeness in the C'-sense means that || fana —
fianarller< n for every A € T and A" € T

An inspection of the argument given in [58] shows that the invertibility of both maps
is only used to prove the piecewise linearity of both (f/)™* o ¢ and (¢')~' o f’. Adapted
to our setting, the arguments lead to the following conclusion.

Proposition 2.2.4. For every n > 0 there is a piecewise smooth homeomorphism i :
L — M and a piecewise smooth map q : K — M such that:

() v and q are n-close in the C'-sense to p and p;
(B) :=vloq: K — L is piecewise linear.

Point (8) means that there is a triangulation 7; of K and a triangulation 75 of L
with the property that every simplex A in the triangulation 7; is mapped by ¢! o q
inside some simplex A’ of 75 and that the restriction W[ is an affine map.
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We are now ready to declare that our cycle P is in fact given by qP. It is immediate
to see that

M(P) < (14 C(F+n))M(P) < (1+C(% +n)(M(T) + ),
F(T — P) <F(T — P)+F(P - P) < r+ C(k +n)(M(P))
<k + CF+n)(M(T) + £),

spt (P) C Bity(spt(P)) C Bayin(spt (1)) .

In particular, choosing x, x and n appropriately, P satisfies the three desired estimates
(ap), (bo), and (cp) in Proposition 2.2.1.

Consider now the finite collection P of simplices I'; which are images through ¥ of
some m-dimensional simplex A; of the triangulation of K. Some of these might have
dimension strictly smaller than m (which would mean that the affine map ¥|a does not
have full rank). We then discard them from P. Upon choosing an orientation for the
I';’s, we clearly have that

pP= Z&-wn [,

for an appropriate choice of the multiplicities ¢;.

We now can apply Proposition 1.2.6 and find a triangulation 73 of L which refines the
triangulation 75 and with the property that each I'; is the union of some elements in the
m-dimensional skeleton of 73. The image through ) of T3 gives the desired triangulation
IC of M which satisfies the requirement (dy) in Proposition 2.2.1.

Finally, observe that there is an integral current Z in RY such that T — P = 0Z
and with spt(Z) C Bs,(M). In particular p;Z provides an integral current in M such
that Op;Z = T — pyP. Given that p and q are close in the Lipschitz norm, there is
a Lipschitz homotopy of the two maps which takes values in By, (M). Composing the
latter homotopy with p, we find a Lipschitz homotopy ® between the two maps which
takes values in M: through the homotopy formula this map provides an integral current
7" in M such that 07’ = p;P — q4P. In particular we conclude that P is in the same
homology class of p;P and hence in the same homology class of T in M.

2.2.3 Proof of Proposition 2.2.1: second approximation

Starting with the approximation P and the triangulation K of the first part of Propo-
sition 2.2.1 we now construct the approximation P’ of the second part. This is done in
two steps:

Step 1. Regularization on M \ K™ 1. In this first step we modify P using the
following algorithm.

We start by fixing, for the triangulation K, a suitable polyhedral submanifold K (cfr.
Definition 1.2.5) of some Euclidean space RY and a piecewise smooth homeomorphism
Y K — M (cfr. again Definition 1.2.5) which realizes the triangulation I in the sense
that, for some suitable triangulation 7 of the polyhedron K, the following holds: for
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every cell F of K, its diffeomorphic preimage 1) ~!(F) is a simplex of 7. The current P

is then given
P = Z BFIIF]]a
FeFm

where S € Z and F™ is the collection of m-dimensional cells of K. Without loss of
generality we can assume that Sr > 0. For every cell F with Sr > 0 we consider
A = ¢ }(F) and we let T be an m + 1-dimensional simplex of the triangulation T
which contains A. We will replace Sr[F] with Z?ﬁl[[w(Aj)]], where the A; C I' are
diffeomorphic images of A C I' with 0A; = 0A and Ay N A = A for every j' # j”.
In order to define the A; we will use the following elementary lemma.

Lemma 2.2.5. Consider the m-dimensional simplex 0 C R™ which is the convexr hull

of {eo,e1,...,em}, where eg = 0 and ey, ..., e, is the standard basis. For each i €
{0,1,...,m} let F; be the relative interior of the m — 1-dimensional face of Q2 spanned
by €g, ... €i_1,€i11,--,€m. In other words, F; consists of those points p which can be

written as convexr combinations Zj Aje; with Ay = 0 and X\; > 0 for every j # .
Then there is a Lipschitz function f : Q — R and a neighborhood V' of \J, F; such
that

(a) f is positive and smooth in the interior of Q;
(b) f(x) = dist(x,dN) for every x € V;
(¢) Lip (f) < C for some constant C = C(m).

With Lemma 2.2.5 at hand, we are ready to define A;. First of all let {vg, v1,..., v}
be the extremal points of A, 7 the m-dimensional linear space spanned by {v; —
V0, -+, Um — U} and then let v,,,1 be the only unit vector orthogonal to = with the
property that %ZZ Vi + YUyt € I for every v sufficiently small. Let A : A — € be the
affine map defined by A(v;) = e;. Choose then positive numbers 0 < §; < 62 < ... < dg,
and define A; as

Aj ={z+0; f(A(Z))vms1 : x € A}
Provided the dg, is chosen sufficiently small, each A; is contained in I'. Note moreover
that, by construction, ¥(A;) N (A») C K™, the m — 1-dimensional skeleton of K.

We perform the above construction for all F’s with S > 0. Upon enumerating them
as {F'}, we denote by A;'» the corresponding m-dimensional cells in the polyhedron K,
by 0* the number dg,. and by Fj their images through ¢). We note further that, choosing

the g, sufficiently small, we can ensure that F/NF}, C K™! for every choice of distinct
pairs (2, 7) and (¢, 7).
Consider now the integral current

P;:ZZ[[F;]].

Clearly o(3_.[Fi]) — 0(8'[Fi]) = 0 and so Y [Fj] — B°[Fi] is a cycle T;. Moreover
we can use the homotopy formula to ensure that M(7;) is as small as needed provided
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8" is chosen comparably small. We can also ensure that ”Hm(F;’) is as close as needed
to H™(F') using the area formula. In particular we can conclude that, upon suitably
choosing the 6’s,

P is in the same homology class as P (in M);

spt(P) C Ba..(spt(T));

M(P) < (1 + 2e.)M(T);
F(T — P) < 2e;

spt(P) \ K™ ! is smooth and is taken with multiplicity 1 by P, more precisely:
(S) for every p € spt(P)\ K™ ! there is a neighborhood U of p and a smooth
oriented m-dimensional submanifold A of M NU with boundary contained in
M N OU and such that PLU = [A].

In the next (and final) step of the proof of Proposition 2.2.1 we will perturb P by
removing its m — 1-dimensional singularities away from a small neighborhood of ™2,
But before coming to that, we provide the elementary proof of Lemma 2.2.5.

Proof of Lemma 2.2.5. We denote by ™2 the m—2-dimensional skeleton of 92, namely
the set of points which are convex combinations ) . A;e; where at least two among the
coefficients \; vanish, while we denote by 7; the affine m — 1-dimensional space which is
formed by linear combinations ) . A;e; with A; = 0. Moreover we denote by A; the affine
function which vanishes on 7; and coincides with dist(p, A;) on the halfspace containing
Q.

We then observe that there is a (sufficiently small) positive constant £y and a (suffi-
ciently large) positive constant Cy, both depending on the dimension m, such that the
following holds.

(L) On the open set {p € Q : dist(p, 7;) < o and dist(p, m;) < C; *dist(p, 2™ 2)} the
function dist(p, 02) coincides with the affine function A;.

We now let Vi := {p € Q: 27572 < dist(p,0N) < 27%} for k > 1, while Vj := {p €
Q : dist(p, Q) > 1} and we consider a partition of unity ¢, subordinate to it with the
property that |[Veg|lco< C2F. Finally, we let 1 € C°(B;) be a nonnegative mollifier
with f P =1.

The function f : 2 — R is then defined as

f:= Z rdist(-, 082) * P o+
K

for a sufficiently small constant c¢q. Using (L) and the property that A; x ¢, = A; for
every choice of A, we see immediately that f coincides with dist(-, 9Q2) in a neighborhood
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of U, Fi. The positivity and smoothness of f in 2 is in turn obvious. Finally, we can
compute

Vf = Z vﬁpkdisu', aQ) * chQ—k + Z (,DkV(diSt(', GQ) * ¢602—k).
k k

The second summand is bounded by

because the distance function is 1-Lipschitz. As for the first summand, given that
> & Vo, =0, it equals

> Vn(dist (-, 99) - — dist(-,00)) .
k

For every fixed p € €2, there is a j such that p is not in the support of ¢, for &k > j + 2
and k£ < j. We can thus write

Z VSOk(p) (dlSt(p7 89) * %02—’“ - dlSt(pa aQ))
k

Jj+2
<C27%2 Y "|dist(p, 09) * yo-r — dist(p, 09))|< C',
k=j

where we have used that |dist(p, 02) * ¢, — dist(p,0Q)| < A for every p such that
dist(p, 092) > . O

Step 2. Removing the m — 1-dimensional singularities. Next consider an arbi-
trary face F* as in the previous subsection and let ¢; be an arbitrary m — 1-dimensional
face of F*. Fix a 6, > 0: the goal is to modify P in a neighborhood of & \ B, (K™2)
to a new current P’ in the same homology class, close to it in terms of mass, support
and flat norm, and with the property that P’ is smooth in that neighborhood. The
neighborhood in which we will perturb P is of the form By () \ Bs, (K™ 2). First of all,
given the structure of P obtained in the previous subsection, if \ is sufficiently small,
there is an open subset A; C R™~! and a smooth parametrization

@AZXB;L;FI—)M

of a normal neighborhood A of o \ B, (K™~?) with thickness A; and with the property
that spt(P\LN;) can be described in the following way. There are a finite number of
distinct unit vectors wy, ..., wy € 0BT € R™! such that, if we let

Ae:{(o—,swg):O—GAi70<S<Ai}’
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then PLN; = Zle ee®y[Ac], where ¢, takes values in {—1,1}. Given that P has no
boundary in N, we conclude that L must be an even number 2L and that exactly L
among the numbers ¢, equal 1, while the remaining equal —1. We can thus write

L 2L
PLN; =) O[N] - > A
=1 t=L+1

Consider now the oriented halflines H, = {Aw, : A > 0} in R""'. Upon reordering
them, we can find disjoint smooth oriented curves v, for £ € {1,...,L} in R™"! with
the property that [v,]LR"™\ By = ([H¢] — [Hie]) LR™™ \ B;. Furthermore we let
7 : R — R be the homothety y — ty and denote by 7, the curve 7(Hyy,). We
are now ready to define a replacement for PLN;. We fix a smooth compactly supported
function v; in R™** which is positive on A; and vanishes on 9A;, a small positive number
k;, and we define

Y= {(m,y) R AV TR U’y&fﬂﬂl}i(w)} NA; X B;\lj—l.
l

Choosing k; sufficiently small we can ensure that the current
P = oy

satisfies 9P’ = (P LN;). Moreover we can make F(P? — PLN;) and M(P?) —M(PLAN;)
smaller than any desired threshold by choosing x; sufficiently small. Note finally that,
clearly, ¥; is smooth in Nj.

We next enumerate all the m — 1-dimensional faces o; of all the m-dimensional faces
F* as 01,0,,...,0n. We choose our parameters in such a way that the sets A are
pairwise disjoint. Our final current P’ will then be defined to be

P':=) P+ PLM\|JN.

P'l_ M\ B;,(K™?) is then smooth by construction and, choosing the parameters accord-
ingly, P’ is homologous to P and we achieve the desired estimates since we can make

spt(P') arbitrarily close to spt(P), M(P') arbitrarily close to M(P), and F(P' — P)
arbitrarily small.
Finally, coming to the estimate on || P'[|(Bs, (K™ ?)) observe that we know:

[P'|(M) < |IP(M) + 2¢.
IP[[(M\ Bs, (K™2)) > || P[[(M\ Bs,(K™?)).
Hence
IP'[(Bs, (K™ %)) = [P'|(M) — [ P'(M\ B, (K™2))
< IPIIM) + 22, — [|P[[(M\ By (K™ %)) = [|P||(Bs, (K™72)) + 2e.

for every 8., > .. Hence 0/, must be chosen small enough just to ensure that || P||(Bs, (K™ %)) <
Ee-
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2.2.4 Squeezing lemma

In the second proposition we are given two m-dimensional integral cycles S and R which
agree outside of a sufficiently small neighborhood of the m — 2-dimensional skeleton
K™=2, We will then show that:

e S and R represent the same homology class;

e There is a smooth deformation R’ of R which is close, in terms of mass and in flat
norm, to S;

e R’ coincides with S outside a slightly larger neighborhood of K™ 2.

Proposition 2.2.6. Let m and M be as in Assumption 2.0.3 and let IC be a smooth tri-
angulation of M. Then for every e; > 0 and every ng > 0 there ezists dq(eq, Na, I, M) >
0 with the following property. Suppose S and R are m-dimensional integral cycles in M
and that

SLMN\ B, (K™?) = RLM\ B, (K™?) .

Then S and R are homologous and moreover there exist an integral cycle R' in their
homology class and a diffeomorphism ® of M with the following properties:

1. M(R') < (1 +eq)M(5);

2. F(R — S) < C(eM(S) 4 2||S||(B,, (K™ 2))) ", with C = C(M);
3. RLMN\ B,, (K™ ?)=SLM\ B,, (K"?);

4. ® is in the isotopy class of the identity and R’ = ®4R.

Remark 2.2.7. Note that the parameter d, does not depend on S and R. Its dependence
on the parameters ¢; and 74 can be computed through our arguments, but since such
explicit dependence is irrelevant for our purposes, we will ignore the issue.

2.2.5 Proof of Proposition 2.2.6

First of all we observe the following consequence of the area formula.

Lemma 2.2.8. Assume ®, v, and €, are as in Lemma 3.1.4. If Z is any integer
rectifiable current of dimension m > k, then

M(®4(ZL B, (K*))) < C(1+ea) " Z|I(Bs,(KY)) (2.5)
where C' 1s a dimensional constant which depends only on m and n.

Proof. Using the area formula, we have

—

M(®4(Z1 B5,(K"))) = /B (Kk)ldq)p(Z(p))! d|Z]|(p), (2.6)
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where Z (p) is a unit simple m-vector orienting Z at p. We can write v = £v; A ... A vy,
for any orthonormal base of the approximate tangent space V' to Z at p and estimate

|d®,(Z(p))|< I, | DDy (e:)]

Now consider the space W spanned by e, . .., e and let py (W) be its orthogonal projec-
tion onto V. Clearly the dimension of W’ := py (W) is at most k and hence its orthogonal
complement W” in V' has dimension at least m — k. We can choose an orthonormal base
of V' by completing an orthonormal base of W”. On the other hand any element of W”
is in the span of eg41, ..., €n,. In particular, we conclude that [D®,(w”)|< vm — kvy|w”|
for any vector w” € W”. On the other hand the estimate |D®,(v)|< /m +n (1 + Ea)|v|
holds for any vector v € T),M, thus completing the proof of the estimate.

Proof of Proposition 2.2.6. We can assume, without loss of generality, that the homology
class of S is nontrivial, so that M((S) > 0. The conclusion that R and S are homologous
follows from the fact that they coincide outside Bs,(K™2). In particular spt(S — R) C
B;,(K™=2): since for d4 smaller than a constant ¢(K) the latter deformation retracts onto
K™2, whose m-dimensional homology is trivial, it follows that S — R is homologically
trivial.

We now let ¢4 and 74 be given as in the statements. We further fix £;, whose choice
will be specified later (but which will depend only on &4), and apply Lemma 3.1.4 with
€q = &g and 1, = ng. We therefore get the parameter 6, =: d; (which will be the one
of the conclusion of the proposition) and, after fixing yet another « (whose choice will
now be dependent on R), we get the map ® satisfying the requirements of Lemma 3.1.6.
The requirements (3) and (4) of Proposition 2.2.6 are then satisfied by construction.
Moreover estimate (2) follows from the isoperimetric inequality and from (1) and (3).
Indeed there is an integral current T such that 0T = S — R’ and

m + 1

M(T) < C(M(S—R))
with C'= C(M). Using (1) and (3) we then estimate

M(S = R') =[S = R||(By, (K™ %)) < [IS(By, (K™ ) + [ R (By, (K™ %))
= [[S[1(By, (K™%)) + M(R') = [|S[|(M\ By, (K™ 7))
= 2[|S[1(B,,(K™™%)) + M(R') — M(S)
< 2[|S[1(By, (K™7%)) + 2aML(S) (2.7)

It remains to prove (1). Note that

M(R') < M(®4(RL B5,(K™?))) + M(®4(RL M\ Bs,(K™?)))
= M(®4(RL B5,(K™?%))) + M(®4(SLM \ Bs,(K™?)))
< M(®4(RL Bs, (K™ %))) + (Lip ®)"M(S)
< M(Py(RL Bs, (K™ 2))) + (1 + 24)™M(S).. (2.8)



2.3. Proof of the main theorem 65

Hence we apply Lemma 3.1.6 and infer
M(R') < C(1 + &)™ 2y*M(R) + (1 4 &5)™M(S).

Next we fix &4 so that (14&4)™ = 1+ %, and then we choose 7 sufficiently small so that
C(1+2)" 9" M(R) < SM(S).

Note that the choice of ~, unlike that of ¢4, will indeed depend on R and S. O

2.3 Proof of the main theorem

We start with the following crucial topological lemma.

Lemma 2.3.1. Let h : T(7") — K(Z,n) be a map representing the Thom class u €
H™(T(A"),Z). Then h is an n + 4-equivalence, for all positive integers n.

Proof. The spaces are the same for n € {1,2}: T'(3") is homotopy equivalent to the
circle S', which is a realization of K(Z, 1), while T'(3%) is homotopy equivalent to the
infinite complex projective space CP(c0), of type K(Z,2). Hence, we can assume n > 3.
Towards an application of Theorem 1.3.3, we recall the computations of the cohomology
rings of K(Z,n) and of the classifying space BSO(n), for any group coeflicient Z,,.

By Serre’s computations using spectral sequences of fibre spaces, the cohomology
H" (K (Z,n)) with Z, coefficients is generated by the Steenrod squares S¢*, S¢* (and
Sqt if n > 4) for i < 4, see [76, Théoréme 3]. By calculations of Cartan with coefficients
in Zs, the cohomology H""(K(Z,n)) is generated by P; in dimensions less than or
equal to n + 4, while for Z, coefficients with prime p > 3 there are no generators
between dimension n and dimension n + 8, see for example [86, Chapitre II, §8, §9] or
39, §10.5].

The cohomology ring of BSO(n) with coefficients in Z, is generated by the Stiefel-
Whitney classes ws, ..., w, of ", cfr. Proposition 1.4.3, that is

H*<BSO(TL), Zg) = Zg[wg, W3, W4 . .. wn].
For odd primes and in dimensions ¢ < 5, we have that, c¢fr. Proposition 1.4.4,

H*(BSO(n), Zy) = Zy[p:] if n # 4,

H*(BSO(4),Z,) = Z,[p1,¢], ifn=4.
For every p prime, let ®, denote the Thom isomorphism between H'(BSO(n),Z,)
and H"*(T(3"),Z,) and u, the Thom class. Since by Proposition 1.4.2 and [60, Theo-

rem 19.7] we have? that ®,(w;) = Sq'(ug) and ®3(p;) = Pi(us3), it follows that, for any
group coefficient Z,, the induced map in cohomology

Wt H(K(Z,n), Z,) — H™ (T ("), Zp)

2Denoting with a slight abuse p; for p; reduced mod 3.
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is an isomorphism for dimensions less than or equal to n + 3 and a monomorphism in
dimension n + 4. Since K(Z,n) and T'(7") are simply connected, by Theorem 1.3.3, we
conclude that

(K (Z,n), T(R")) =0 for k <n+4,

ending the proof. O

Remark 2.5.2. Lemma 2.3.1 shows that in particular that, for dimension m € {1,2,3,4}
and for any codimension n € N\ {0}, every homology class 7 € H,,(M,Z) is represented
by an embedded smooth submanifold ¥ in M. It is important to remark that, by [86,
p.56, footnote 9], we also know that every homology class of H,,(M,Z) for m < 6 is
representable by a smooth submanifolds, due to the vanishing of the obstruction of the
corresponding Poincaré dual x, St3(z), where St3 represents (up to a sign) the following
cohomology operations, cfr. Remark 2.0.5,

Sty = p*oPyobs: H(M,Z) — H (M, 7).

Proof of Theorem 2.0.1. Fix €. > 0, whose choice will be specified later, and an integral
current 7" in a homology class 7 € H,,(M,Z). First of all apply Proposition 2.2.1 to
find a sufficiently small 6. > 0, a suitable triangulation K of the manifold and a new
integral current P’ =: S with the property that S is in the same homology class of T
and the following facts hold:

M(S) < M(T) 4 3e. and F(S — T) < 3e.;
1S11(Bs, (K™2)) < 3ec;

By (K™~?) is homotopy equivalent to K™2;
SLM\ Bs,(K™2) = [I'] for a smooth submanifold T.

We observe the following important fact: if we first choose ., then 4., §. and g—z can all
be made smaller than any desired constant, while the triangulation is instead kept fixed
(because it depends only on &.).

We have now fixed a triangulation I and we can therefore fix constant Cy and d so
that Lemmas 2.1.1 and 2.1.2 apply. We now require that Vs, (K™ 2) CC By (K™?)
for some J./2 << 4. Hence we apply Lemma 2.1.2 (where ¢’ < ¢ corresponds here
to 0./2 < 6/2) to find a US/Q(IC’”*Q) suitably close to VS/Q(IC’"*Z). We will want that
Bs, (Km=2) C US/Q(ICm_2) C VS/Q(ICm_Q) C V3(K™™2) C By, (K™ ?). This step requires
to take g—z sufficiently small and § < &’. Define now Q := M \ Us (K™ 2).

The current [I'] obtained from Proposition 2.2.1 is (when restricted to §2 and not
relabelled) a smooth compact oriented submanifold of Q with OT' C 912, provided 0fQ is
transversal to I', which can be ensured via a small smooth perturbation. Denoting by
x € H"(M) the Poincaré dual of 7, note that its restriction zjo € H"(£2) to € is the
relative Poincaré dual of a relative homology class which is represented by the smooth
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compact embedded submanifold I' C €2 with boundary 0I' = I'n0€2. Hence, by Theorem
1.3.7, there exists a map
F:Q—-TH")

such that F*(u) = x)q; in addition, F' is smooth and transverse on BSO(n) (and such
that Floq is also transverse), so that F~*(BSO(n)) =T, which is the smooth part of S.

We then take ¢ sufficiently small so that Q@ C M\Us(K™°) for the Us given in Lemma
2.1.2. Then, by Lemma 1.2.7 we have that M \ Us(K™~°) is homotopy equivalent to a
complex of dimension n + 4. Denote

Q = M\ Us(K™).

Given the n-dimensional cohomology class x € H"(M) which is the Poincaré dual of 7,
we consider its restriction to @, that is xjg € H"(Q); note that x|g can be represented
by a continuous map

9:Q— K(Z,n)

(in a suitable homotopy class of continuous maps) pulling-back the fundamental class of
K(Z,n) to itself, i.e. g*(¢) = x)g. By Lemma 2.3.1 and Proposition 1.3.1, there exists
amap f:Q — T(7") such that the diagram commutes, i.e. f pulls-back the universal
Thom class to z|q.

e

/ lh
Q —5— K(Z,n)

By the same construction of the second part of the proof of Theorem 1.3.7, we can
assume without loss of generality that f is smooth throughout @ \ f~'(U(oco)) and
transversal to (a sufficiently high dimensional approximation of) the zero cross-section
BSO(n) € T(3™), with 9f also transversal to it. Hence, f~!(BSO(n)) is a compact
smooth m-dimensional embedded submanifold, with boundary contained in 0@Q); denote
it as

N = f~Y(BSO)).

Moreover, N represents the relative Poincaré dual of z|q, which equals j.(7) € H,,(Q, 0Q),
where j, : Hp(M) = H,(Q,0Q).

We next wish to extend [A] (which is an integral current in M) to an integral current
N with the property that N L M\ K™ is a smooth submanifold with multiplicity 1 and
NLQ = [N]. First of all, because N is transversal to @), we can extend it to a smooth
submanifold over the union @’ of () with any smooth collaring extension of 0Q). We
can then use Lemma 2.1.2 to find such an extension @)’ (which consists of QQ UC, where
C is the smooth tubular neighborhood in Lemma 2.1.2) containing M \ V(K™ °) for
some ¢ < § positive. Since N intersects 0@ transversally, we can extend to a smooth
submanifold of @’ with boundary in 0@, meeting 0Q" transversally. With abuse of
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notation this extension is still denoted by A/. We can now use the map ® of Lemma
3.1.5 and set
N = §4[N].

The latter current is integer rectifiable because ® is Lipschitz (and, in particular, N has
finite mass). Given that @ is a diffeomorphism over M \ ®~1(K™5) € M \ Vs (K™5),
then NIL M \ K™= = [¥] for some smooth submanifold ¥. Moreover spt(ON) C K™>
and in particular, by Federer flatness theorem, N = 0, namely N is a cycle.

Consider now the two maps F' : Q@ — T(3") and f : @ — T(3") such that
F~1(BSO(n)) = T and f~1(BSO(n)) = N N Q. If we consider the restriction of f
to Q C @, we obtain a new map f|o: Q@ — T(7") that pulls-back the universal Thom
class to 7|o. By Lemma 1.2.7 we observe that (2 has the homotopy type of an n + 1-
complex, so that by Corollary 1.3.2 we can conclude that F' and fio are homotopic:
the homotopy can be taken smooth by [86, Lemme IV.5]. In particular, we define the
smooth homotopy H : [0,1] x € such that H(0,z) = fio(z) and H(1,z) = F(z). In a
small collar neighborhood C of 02 inside 2, which we identify with 9Q x (0, 1], we then
glue the maps f and F together. Using the notation = = (y,s) € C and after defining
a smooth function ¢ on [0, 1] which is identically equal to 0 in a neighborhood of 0 and
identically equal to 1 in a neighborhood of 1, we set

R F(z) if ©eQ\C,
f(x) =< H (z,¢0(s)) if veC, (2.9)
f(z) if veQ\Q

Since T'(7™) \ {oo} is a smooth submanifold, it follows from [90, Proposition 2.3.4
(ii)] that we can find Q- T(7™), not relabelled, which is smooth throughout @ \
f7H(U(00)), coincides with f(z) in a neighborhood of Q) and with F on M\ V5(K™2).
Analogously, by [90, Proposition 4.5.10], we can perturb f so that it is transverse to
BSO(n) and coinciding with f(z) in a neighborhood of Q) and with F on M\ V3(K™2).

Consider now the submanifold ¥ of M \ K™ which consists of:

e X in Vi (K™ 2)\ K™%,
o N on Us(K™™5) \ Vs (K™5);
o /1(BSO(n)) on Q.
This is a smooth submanifold because:

e fand f coincide in a neighborhood of Q and hence FH(BSO(n)) coincides with
N in a neighborhood of 9Q);

e X = ®(N) =N in a neighborhood of Vs (K™5).

Moreover, R = [¥'] is an integer rectifiable current with finite mass and such that
spt(OR) C K™°; in particular it is a cycle by Federer’s flatness theorem. Observe also
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that R — S is supported, by construction, in Vz(K™~?), which is homotopy equivalent
to K™~ 2, and thus has trivial m-homology. In particular R — S is a boundary, namely
R and S belong to the same homology class.

We now apply Proposition 2.2.6 to S and R, noticing that the ¢4 in Proposition 2.2.6
is a parameter to be chosen in terms of the ¢ of the statement of Theorem 2.0.1, and
the 7y in Proposition 2.2.6 is ¢, here. This gives us a parameter d,, which depends on
gq and ¢.. In turn we impose that 6 < 8y so that we can apply Proposition 2.2.6. Since
eq will be specified only in terms of M(T") and of € in the statement of Theorem 2.0.1,
while 0/ depends on &., which will also be specified only in terms of M(T") and ¢ in the
statement of Theorem 2.0.1, the parameter ¢ can be taken smaller than &,. We can then
find a current R’ := ®yR for a smooth diffeomorphism @ isotopic to the identity such
that

M(R') < (1+e4) M(S) < (1 +e4)(M(T) + 3e.) .

We therefore conclude that R’ is homologous to R, hence to S, and therefore to T.
Moreover, if we choose

€
and 3e. < =,

ca (3+M(T)) < -

DN ™

then M(R') < M(T) + ¢. Finally

F(T — R') < 3e. + F(S — R') < 3¢, + C(e4 M(S) + 2[|S]|( By, (K™2)))

m—+1

< 3e.+ Cleg(M(T) 4+ e.) + 6e.) ™ .

Therefore it is clear that a suitable choice of ¢4 and ¢, depending only on M(T") and ¢
suffices to show F(T' — R') < e.

The proof of part (3) of Theorem 2.0.1 is analogous; by assumption we know that 7 is
represented by a smooth closed submanifold > and hence, by Theorem 1.3.6 there exists
amap g : M — T(3") which pulls-back the universal Thom class u € H"(T'(3"),Z) to
the Poincaré dual of 7. Substituting in the previous steps the map f with this new map
g, defined over the whole ambient space M, and defining a similar homotopy as that
one in (3.7), the result follows by applying Proposition 2.2.6 to S and [X], where S is
the integral cycle denoted P’ in Proposition 2.2.1.

O

2.4 Optimality of the main theorem

The codimension 5 construction in Theorem 2.0.1 is the best possible result in full
generality, as shown by Theorem 2.4.3.

We start by recalling Thom’s example of an integral homology class of dimension 7
in an orientable smooth manifold of dimension 14 which is not realizable by means of a
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submanifold, ¢fr. [86, Théoreme II1.9]3.

Example 2.4.1 (Thom). For i = 1,2 consider the lens space L; := S7/Z3, which is the
orbit space of the 7-sphere with the free action of Z3 generated by the rotation. Let v; be
generator of H'(L;,Z3) ~ Z3 and call u; = B3(v;) € H*(L;, Z3) ~ Z3. Consider the real
analytic, closed and oriented 14-dimensional manifold L := L; X Lo and the following
cohomology class, where the powers and - denote the cup product (seeing H*(L;) as

embedded in H*(L)):
y =y - vy - (ug)? — w1 - (up)® € H'(L, Z3).

Note that y is actually the reduction mod 3 of an integral cohomology class, since
y = B3(v1-v2-(uz)?) and hence y = 3(x), with x € H"(L,Z) given by x = *(v;-vy-(u2)?),
cfr. Remark 2.0.5 for the notation. Denoting by z € H;(L, Z) its Poincaré dual homology
class, we see that z cannot be realized in L by a submanifold since

Sti(x) = 850 Ps(y) = B ((u1)” - va - (u2)?) = (uy - ug)® # 0.

Remark 2.4.2. We remark that the obstruction to realizability comes from a cohomology
operation mod 3 and since y € H'(L,Z3), then the Poincaré dual of 3y can be realized
as the image of the fundamental class of a manifold. In general, it is a theorem of
Thom, cfr. [86, Théoreme I1.29], that for every integral homology class z € Hy(M,Z)
of a closed oriented manifold there exists a non-zero integer N such that the class Nz
is realizable as the image of the fundamental class of a manifold.

Example 2.4.1 is the first example of innately singular homology classes: from a
geometric point of view, it represents a codimension 5 non-removable singularity which
is the geometric analogue of the algebraic obstruction given by the dual 3-torsion coho-
mology operation St3. In particular, Thom’s innately singular class can be represented
by a 7-dimensional cycle T" with a 2-dimensional stratum of singularities, ¢.e. a closed
(equisingular) 2-dimensional manifold Sy whose neighborhood is homeomorphic to a
product

Sr x C(CP(2)),

where C'(CP(2)) denotes the cone over CP(2); the innate nature of these singularities
turns out to be intrinsically linked to the well-known fact that CP(2) does not bound
any compact oriented smooth 5-dimensional manifold, as observed in [82].

This geometric description is a consequence of another insightful work of Thom,
cfr. [87], where he studied manifolds with singularities partitioning them into partially
ordered strata of varying dimensions; each such stratum has a neighborhood which
is a locally trivial bundle with fiber the cone on a compact manifold with singularities,
whose partially ordered set of strata has smaller dimension. This gives rise to a recursive

3We remark that dimension 14 of the ambient space is not crucial: this example can be easily adapted
to the lowest possible dimension allowed, that is dimension 10; we also refer to [12] for an example of a 7
dimensional integral homology class which does not admit a smooth representative in a 10 dimensional
manifold with torsion-free homology.
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construction that enabled Thom to understand and provide a geometric description of
singularities.

We will now exploit the geometric obstruction theory described in [82] for reducing
the dimension of singularites of a cycle. In particular, suppose T' is a triangulated
space of dimension m, and Sr its singularity locus of dimension s. Then, for every
s-dimensional simplex of Sr we can consider its link, which is a well-defined m — s — 1-
dimensional manifold; this link determines an element in a suitable cobordism group 2
and the sum of the singular simplices with these link coefficients forms a cycle which
defines an obstruction, that is

wr € HS(ST,Q).

If this obstruction vanishes, then it is possible to resolve the singularity by a blow-up
technique and reduce their dimension, cfr. [82, Theorem D] and [13, Theorem 1.6].
Geometrically, this means that any singular cycle representing a homology class can
be resolved by replacing each conic fiber of the top singularity stratum by compact
manifolds bounding the links, provided each link bounds a compact submanifold; the
recurrence stops as soon as a link of singularities which is not null-cobordant is met.

In particular, if T is an m-dimensional oriented geometric cycle, the natural obstruc-
tions lie in

H(T,Q,),

where ), denotes the r-dimensional oriented cobordism group and r = m — s — 1, which
coincides with the dimension of the link of each s-dimensional simplex of Sr; we refer
to [60, §17] for an introduction about the oriented cobordism graded ring €,.

Theorem 2.4.3. Let z € H;(L,Z) be the Thom homology class of Example 2.4.1 and
fix a smooth triangulation IC of L. Then it is impossible to find a representative ¥ for z
which is a smooth embedded submanifold in the complement of the 1-dimensional skeleton

K' of K.

Proof. Denote by T the 7-dimensional cycle representing Thom’s homology class, and
consider its singularity locus Sy. Towards a proof by contradiction, assume that the
cycle is a substratified set of a Whitney stratification of L which only intersects the
one-skeleton K! of a triangulation compatible with the stratification®.

For each 1-dimensional simplex in the cycle we consider its link, which is a 5-
dimensional closed oriented manifold. Since the obstruction to the resolution of sin-
gularities is an element of

wTt € Hl(ST, §5>

and the 5-dimensional oriented cobordism group Qs ~ Z, by [82, Theorem D] the cycle
2T can be resolved by blow-up to the lower dimensional stratum, .e. the zero-skeleton
K°.

Analogously, the link of each vertex is a 6-dimensional closed oriented manifold
and the oriented cobordism group () is trivial; thus, there is no obstruction to a full

4We refer to [87] and [48] for the notions about stratification theory.
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resolution of the singularities of 27", and hence of 2z. This is clearly in contradiction
with Thom’s algebraic obstruction which is 3-torsion, and that cannot be resolved if we
multiply Thom’s homology class z by a factor 2. O]

Remark 2.4.4. We remark that in [7, page 20| the counterexample to the construction is
not correct, since by [86, Corollaire I1.28] every 5-dimensional integral homology class in
an oriented closed smooth manifold is representable by a smooth embedded submanifold,
and hence part (3) of Theorem 2.0.1 provides the desired smooth approximation.

Remark 2.4.5. As a byproduct of the proof of Lemma 3.1.4, it is also possible to show
the following. Let M, 7 and T as in Assumption 2.0.3 and denote Sing(7") its singular
set (in the sense of [36, Definition 0.2]). If H*(Sing(T)) = 0 for any k € {1,...,m},
then for every triangulation IC of M there exists an integral current 7" homologous to T’
such that Sing(7”) C K*~! with T” smooth in M \ K*~!. Theorem 2.4.3 implies that, in
general, for an integral current 7" representing an integral homology class 7 € H,,,(M,Z)
it is not possible to conclude that H™~°(Sing(T')) = 0.



Chapter 3

Smooth approximation for integral
cycles mod 2

The main goal of Chapter 3 is to present the smooth approximation theorem for integral
cycles mod 2, that we recall here!.

Theorem 3.0.1 (Optimal unoriented smooth approximation). Let M be a connected
smooth closed (not necessarily orientable) Riemannian manifold of dimension m+n. Let
e >0, 7 an m-dimensional homology class in H,,(M,Zs), and T an integral cycle mod
2 representing 7. Then there is a smooth triangulation K of M and an m-dimensional
smooth submanifold ¥ of M\ K™ "1 (where K™ "1 denotes the m — n — 1-skeleton
of KC) with the following properties.

1. The m-dimensional volume of ¥ does not exceed the mass of T by more than ¢,
that is H™(X) < M(T') + «.

2. The integral mod 2 cycle [[Z]]Z2 s homologous toT'" and there is an m~+1-dimensional
integral mod 2 current S in M such that 0S = [¥], — T and M(S) < e.

3. If T admits a smooth embedded representative, then X can be chosen to be a smooth

submanifold of M.

Remark 3.0.2. The codimension n + 1 estimate on the singular set in Theorem 3.0.1
is sharp in full generality, see Theorem 3.4.2; in fact, proving that the construction in
Theorem 3.0.1 for mod 2 homology is optimal is subtler than in the case of integral
homology, cfr. Section 3.4.

Remark 3.0.3. By the foundational work of Thom [86], any mod 2 homology class 7 €
H,,(M,Zs) is representable by a smooth embedded submanifold when m = 1,2,3 or
when n = 1; likewise, this is true every time m < n, c¢fr. [86, Théoreme I1.26]. The lowest
dimensional example not covered by Thom'’s algebraic computations is the 4-dimensional
Z5 homology group in a 6-dimensional closed smooth manifold M; in fact, it is a corollary

!This chapter is based on [15].

73
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of a construction due to Teichner, see [88], the existence of a 6-dimensional manifold M
with a 4-dimensional homology class 7 € Hy(M, Zy) which cannot be represented by an
embedded — in fact, not even immersed, cfr. [49] — smooth submanifold, see Section
3.4.

Since every mod 2 homology class of codimension n = 1 is representable by a smooth
embedded submanifold, a straightforward application of the same techniques developed
in Chapter 2 in the integral setting would provide the following result: any integral cycle
mod 2 can be approximated in the sense of Theorem 3.0.1 with a smooth submanifold
up to a singular set of codimension 3, regardless of the codimension n > 2. The key
difference in the mod 2 setting is based on the better-behaved topological structure of
the Thom space of the universal n-plane bundle over the infinite Grassmannian BO(n),
allowing for a refined result and improving the estimate on the singular set based on the
codimension n of the cycle, see Theorem 3.3.1 and Remark 3.3.3.

Remark 3.0.4. We recall that every mod 2 homology class o € H,,(M,Z,) admits a
Steenrod representation, i.e. there exists a smooth manifold ¥ and a continuous map
f ¥ — M such that the fundamental class of ¥ equals o, cfr. [86, Théoreme I11.2].
This differs substantially from the integral setting, where there exist integral homology
classes that cannot be represented in the sense of Steenrod, cfr. [86, Théoreme II1.9]. For
this reason, the problem of finding smooth embedded representatives in mod 2 homology
classes can be understood as a problem of whether a continuous map is homotopic to
an embedding.

In Chapter 3 we will always rely on the following assumptions, unless otherwise
stated.

3.0.5. Assumption. M is a connected smooth closed (not necessarily orientable)
Riemannian manifold of dimension m + n, where n,m € N\ {0} are arbitrary positive
integers, 7 is an element of the m-dimensional homology group H,,(M,Zs) and T is an
integral mod 2 current (hence a cycle) representing 7. 3 will denote either smooth m-
dimensional closed embedded (not necessarily orientable) submanifolds of M or smooth
m-dimensional embedded submanifolds of M\ K7 (for some integer j) whose topological
closure is contained in K7; We will denote by [[E]]Z2 the integral cycle mod 2 induced by
3.

Definition 3.0.6 (Smooth representability in Zy). Let M, T and ¥ be as in Assumption
3.0.5. We say that 7 is representable by a smooth submanifold (or that 7 admits a smooth
representative) if there exists a smooth embedding f : ¥ — M such that f.[X] = 7,
where [X] € H,,(¥,Z,) is the fundamental class of X (or, equivalently, [¥], € 7).
Analogously, denoting by © € H"(M,Z,) the Poincaré dual of 7, we say that x is
realized by a smooth submanifold whenever 7 is.

3.0.1 Consequences of the principal theorem

In analogy with Chapter 2, an immediate corollary of Theorem 3.0.1 is the absence of the
Lavrentiev gap phenomenon for the homological unoriented Plateau problem in absence
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of topological ostructions to realizability of mod 2 homology classes.

Theorem 3.0.7 (Absence of Lavrentiev gaps). Let M, 7,T and ¥ as in Assumption
3.0.5, and define the following quantities:

My == min{M(T) : T € Z,,(M,Zy) N7},

Mp :=inf{M(P) : P € Z,, 1;p(M,Zy) N T},

My == inf{ Vol™(¥) : [¥],, € T and ¥ is smooth in M\ K="=t for some triangulation K},
MReg = inf{ Vol™(X) : [X],, € 7 and X is smooth in M} .

Then, My = Mp = My, and, moreover, My = Mge; when 7 is representable by a smooth
submanifold.

Remark 3.0.8. We remark that for an integral mod 2 cycle T' € Z,,(M, Z,) its mod 2
mass M(T) coincides with its size, that is the m-dimensional Hausdorff measure H™(R)
of the corresponding rectifiable set R.

Another simple corollary of Theorem 3.0.1 is the following approximation theorem
with integral mod 2 cycles of prescribed singularities.

Theorem 3.0.9 (Approximation by cycles with prescribed singular sets). Let M, T and
T be as in Assumption 3.0.5. Then, there is a sequence of smooth triangulations KC; of M
and a sequence of smooth embedded m-dimensional submanifolds (X;); in M \ /C;-"_”_l
such that

(a) [E],,— T in the mod 2 flat topology,
(b) lim; 00 H™(3;) = M(T),
(¢) O[%;],,= 0 and [¥;],, is in the same homology class as T

Remark 3.0.10. If every mod 2 homology class of M admits a smooth embedded repre-
sentative, then it is customary to call such manifolds Zy totally realizable. Examples of Zs
totally realizable manifolds are spheres S* and products of spheres S*t x S%2 x ... x S*
or projective spaces RP(n) and CP(n) of real and complex dimension n respectively,
cfr. [83, Section 8|. Clearly, in all such manifolds every mod 2 integral cycles can be
approximated by smooth submanifolds by Theorem 3.0.1.

3.0.2 Overview of the proof

Differences with integral homology and new constructions

We describe here the main ideas proof, whose construction closely follows the approach
introduced in Chapter 2. In particular, we emphasize its main differences from integral
homology, which are mostly of topological nature and allow for the development of a finer
argument than the one used in Chapter 2. This yields a significantly better estimate for
the singular set, which further improves with higher codimensions and which is due to
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the particularly well-behaved homotopy type of the Thom space of the (unoriented) n-
plane bundle, see Theorem 3.3.1 and Corollary 3.3.2. The key geometric measure theory
ingredients — like the codimension 2 smooth approximation theorem [8, Proposition
4.1] and the squeezing lemma [8, Proposition 4.3] — are, instead, easily adapted from
the integral setting and hold for integral mod 2 cycles with minor modifications, see
Section 3.2. Moreover, it is worth mentioning that proving sharpness of the codimension
n + 1 singular set of Theorem 3.0.1 is even subtler in mod 2 homology than in integral
homology, since singularities that appear in this context all arise from the impossibility
of finding embeddings in low codimensions, and not — as for integral classes — by
innate singularities obstructing Steenrod representability also; in particular, we cannot
exploit Sullivan’s geometric theory of resolution of singularities by blow-up in [82], as
done in [8, Theorem 6.3]. Instead, we need to rely on the singularity theory of stable
mappings, coupled with an elegant result due to Grant and Sz{ics [49] about obstructions
to realizability of mod 2 homology classes by immersions, see Section 3.4; we refer to
[47] for an accessible overview on the theory of stable mappings.

Outline of the proof

Starting from an integral mod 2 cycle T representing a Z, homology class 7 of M, we
first approximate it with an integral mod 2 cycle P’ which is a smooth submanifold out of
a small d-neighborhood Bs of the m — 2-skeleton of some smooth triangulation of M, cfr.
Proposition 3.2.1; in particular, a subset of the smooth part of P’ is a compact smooth
submanifold with boundary embedded in a compact manifold with boundary denoted
Q (as in Chapter 2, 2 can be thought as M \ Bs, up to taking smooth neighborhoods
of skeleta described in Section 3.1). This smooth part represents a relative homology
class in H,,(§2,09,7Z5) and by the relative Pontrjagin-Thom construction, cfr. Theorem
1.3.7, it induces a map F' : Q — T'(") with values in the Thom space of the universal
n-plane bundle such that the pull-back of the Thom class is the Poincaré dual of 7, once
restricted to €.

At this point, had we used the strategy adopted in the integral setting, we would
now have simply been able to exploit the n + 2-equivalence between T'(7™) and the
Eilenberg-MacLane space K(Zs,n) to prove that the restriction of the Poincaré dual of
7 to the complement of a small neighborhood Us of the m — 3-skeleton of the smooth
triangulation of M admits a lift to T'(7™) pulling back the Thom class to itself; this
would have provided an integral mod 2 cycle in 7 given by a closed smooth embedded
submanifold with singularities all contained in the m — 3-dimensional skeleton K™ of
M.

Instead, the homotopy type of T'(y") behaves much better in the mod 2 case since,
for every n > 1, T'(y") is 2n-equivalent to a complex Y which is a product of Eilenberg-
Mac Lane spaces K (Zs,n). This nicer structure allows us to exploit the 2n-equivalence
H :T(y") — Y to obtain a map ¢ from the 2n-skeleton of K (Zs,n) to T'(y") pulling-back
the Thom class to the fundamental class of K(Zs,n), simply by taking the restriction
to the first factor of the inverse map of H, c¢fr. Corollary 3.3.2. Nevertheless, we remark
that it is still crucial for us to rely on the fact that the map h: T'(4") — K(Zy, n) itself
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is an n + 2-equivalence for any n > 1, ¢fr. Lemma 3.3.4, since this allows us to perform
the last part of the argument of the whole proof.

Hence, denoting by () the complement of a small neighborhood U; of the m —n — 1-
skeleton of the smooth triangulation of M, it is possible to note that ) has the homotopy
type of a 2n-dimensional skeleton of M, c¢fr. Lemma 3.1.3. Thus, we exploit the 2n-
equivalence between T'(3™) and the product Y of Eilenberg-MacLane space K(Zs,n),
cfr. Theorem 3.3.1, to obtain a map g : K(Zs,n)*™ — T(y") pulling-back the Thom
class to the fundamental class of K(Zy,n) as described above; this allows us to prove
that the restriction of the Poincaré dual of 7 to () admits a lift

f:Q—=TH") (3.1)

pulling back the Thom class to itself. Applying Theorem 1.3.7 and after some technical-
ities, this provides an integral mod 2 cycle R homologous to 7 which is a closed smooth
embedded submanifold with singularities all contained in the m — n — 1-dimensional
skeleton K™ "1 of M.

Since, by Lemma 3.1.3, 2 has the homotopy type of an n + 1-dimensional complex,
the n+ 2-equivalence between T'(7"™) and K (Zs,n) of Lemma 3.3.4 allows us to conclude
that homotopy classes of maps defined on € and with values in 7'(7") are in one-to-one
correspondence with those with values in K(Zy,n), cfr. Corollary 1.3.2. Hence, we can
conclude that the smooth part of P’ coincides, up to a homotopy, with the smooth part
of R restricted to (2.

The conclusion then follows in analogy with Chapter 2 from a technical geomet-
ric measure theory squeezing lemma, cfr. Proposition 3.2.3, saying that if two m-
dimensional integral mod 2 cycles P’ and R agree outside of a sufficiently small neighbor-
hood of the m — 2-skeleton of a smooth triangulation of M, then we can find a smooth
deformation R’ of R which is almost coinciding with R and with mass close to the mass
of P’. This provides the desired approximation R’ of Theorem 3.0.1, satisfying (1) and
(2).
Finally, part (3) of Theorem 3.0.1 is proved following the same lines: under the
additional assumption that 7 is representable by a smooth embedded submanifold we
immediately obtain a map

C:M—=TH")

which pulls-back the Thom class to the Poincaré dual of 7; the analogous construction
can thus be performed just by replacing the map f in (3.1) with /.

The rest of the chapter is organized as follows. In Section 3.1 we recall from Chapter 2
some technical preliminary lemmas about neighborhoods of skeleta and maps associated
to them. In Section 3.2 we state the adapted mod 2 version of the two main technical
propositions from geometric measure theory, i.e. Proposition 3.2.1 and Proposition
3.2.3, and we comment on their proofs. Finally, Section 3.3 is dedicated to the proof of
Theorem 3.0.1 and Section 3.4 shows the optimality of the construction.

Recall Thom’s fundamental result about realizability of cycles by means of subman-
ifolds can be stated as follows, cfr. [86, Théoreme II.1].
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Theorem 3.0.11. Given M and 7 as in Assumption 3.0.5, a homology class T €
H,,,(M,Zs) is representable by a m-dimensional smooth submanifold ¥ C M of codi-
mension n if and only if there exists a map f: M — T(y™) which pulls back the Thom
class w € H"(T' ("), Zs) to the Poincaré dual of T.

By suitably modifying the proof of [86, Théoreme II.1], it is possible to derive the
analog of Theorem 3.0.11 for compact manifolds with boundary: for a proof we refer
to [8, Theorem 2.6], which holds almost verbatim, just replacing integral homology with
homology mod 2, and T'(3"), BSO(n) with T'(y™), BO(n) respectively.

Theorem 3.0.12. Let M be a connected smooth compact m + n-dimensional Rieman-
nian manifold with boundary OM and T a relative homology class T € H,,(M,0M,Zs).
Then T is representable? by a smooth compact embedded submanifold manifold ¥ C M
with 0% = X N OM if and only if there exists a map f : M — T(y™) which pulls back
the Thom class w € H"(T ("), Zs) to the relative Poincaré dual of T.

3.1 Regular neighborhoods and maps

3.1.1 Neighborhoods of skeleta

We recall here a few technical tools introduced in Chapter 2 to deal with neighborhoods
of skeleta of smooth triangulations and we recall the definition of some useful maps.

For a fixed smooth triangulation K of M and a skeleton K7, we denote by Bs(K’) the
metric neighborhoods of the skeleton, i.e. the sets of points p with dist(p, K’) < §. Fix
a (sufficiently large) constant Cy which will depend on the triangulation I, subdivide
the simplices forming K7 into Sp U ... U S; according to their dimension (S; being the
collection of simplices of dimension 7) and set

Vs(KY) = U U BCO—"J(U) (3.2)

i=00€S;
where
Be-is(o) = {p : dist(p,0) < Cy'd} .
As an elementary consequence of the definition, one obtains the following.

Lemma 3.1.1. For every smooth triangulation K of M and every j < m+n—1 there is
a choice of d > 0 (sufficiently small) and of Cy (sufficiently large) such that M\ V3(K7)
is a deformation retract of M\ K’ and such that for every point p € V5(K7) there is
at most one o in each S; (with 0 < i < j) for which p € 8300715(0).

In particular, there is a neighborhood of U of p, an integer j € {1,...,7} and a diffeo-
morphism ¢ : U — By C R™™ (the unit ball in R™™) such that

H(UN\ V5(K)) = {(x1,. ., Tonyn) 2 >0 for 1 <i < 5},

2With the clear modifications in Definition 3.0.6 for M, ¥ with boundary and 7 a relative mod 2
homology class.
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We also recall the appropriate regularization we need, and a key lemma about the
homotopy type of complements of skeleta.

Lemma 3.1.2. Let KC be a smooth triangulation of M, let § and Cy be given by Lemma
3.1.1 and fix any pair of positive numbers &' < § < 0. Then there is a neighborhood
Us(K7) of K7 with the following properties:

Vs(K7) D Us(K7) 5 Vi (K7);

The boundary of Us(K7) is smooth;

M\ Us(K7) is a deformation retract of M\ Vi (K7);

e There is a smooth tubular neighborhood C of OUs(K7) in M containing OV (K7).

Lemma 3.1.3. Let M be as in Assumption 3.0.5, K a smooth triangulation of M,
ke{0,....,m+n—1} and Us(K*) as in Lemma 3.1.2. Then the complement of Us(KF)
1s homotopy equivalent to a complex of dimension m +n —k — 1.

Proof. See Lemma 1.2.7. O

3.1.2 Squeezing maps

We associate to the neighborhoods By, V5 some maps whose definition is recalled in the
next lemma; we refer to Chapter 2 for a proof.

Lemma 3.1.4. Let M be as in Assumption 3.0.5 and K a smooth triangulation of M.
For every ¢, > 0 and n, > 0 there is a positive number 6, < n, with the following
property. If v € (0,1] is an arbitrary number, then there is a diffeomorphism ® such
that:

1. ® is isotopic to the identity and it coincides with the identity on M\ B, (K*);
2. Lip(®) < 1+¢,;

3. For every point p € Bs,(K¥) there is an orthonormal frame ey, . .., €myn such that
|dD,(e;)| < 1+¢, Vie{l,... k}, (3.1
|dD,(e;)| <~ Vielk+1,...,m+n}. (3.2)

We also recall the following simpler lemma, obtained as a minor modification of the
former.

Lemma 3.1.5. Let M be as in Assumption 5.0.5, K a triangulation, j € {0,...,m+
n—1}. If Cy and 6= in Lemma 3.1.1 are chosen sufficiently large, then for every
O > 6, > 0 there is a Lipschitz map ® : M — M with the following properties:

o & maps Vy (K7) into K7;
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e D is a smooth diffeomorphism between M\ @1 (K7) and M \ K’;
o O(p) =p for every p & Vs, (K7).

Finally we recall the following consequence of the area formula, that is easily adapted
from the integral setting to integral currents mod 2, taking into account that if [T] is an
integral current mod 2, ¢ > 0 and U an open set containing spt[T], then there exists an

integral current S = T mod 2 such that spt(S) C U and M(S) < M([T]) + «.

Lemma 3.1.6. Assume ®, v, and €, are as in Lemma 3.1.4. If Z is any integer
rectifiable current mod 2 of dimension m > k, then

M(®4(Z1 Bs,(K"))) < C(1+ ea)*y™ (| Z]|(Bs,(K)) | (3:3)

where C' 1s a dimensional constant which depends only on m and n.

3.2 Geometric measure theory propositions

We state the mod 2 analogs of the main geometric measure theory tools needed in the
proof of Theorem 3.0.1, which have independent interest.

3.2.1 Codimension 2 smooth approximation

The first statement — Proposition 3.2.1 — is the mod 2 version of the codimension 2
smooth approximation theorem in [8, Section 4], that is an upgraded version of the
Federer and Fleming’s strong polyhedral approximation theorem in the spirit of [43,
(4.2.21)"]3, where the approximands are smooth submanifolds out from the m — 2-
skeleton K™% of a smooth triangulation of M. The proof is an easy adaptation of
the one in Chapter 2 for integral cycles and we remark that since we are dealing with
integral cycles mod 2, the integral current representative has multiplicity one (and pos-
sibly boundary of multiplicity 2) by definition; hence, the proof of Proposition 3.2.1 is
even simpler than in the integral setting since there is no need to perform Step 1 in the
second approximation (i.e. clearing out the multiplicity and regularizing M \ K™71).

Proposition 3.2.1. Let M be as in Assumption 3.0.5 and T be an m-dimensional
integral cycle mod 2 in M. For every fixed €. > 0 there is a mod 2 integral cycle P
homologous to T' and a smooth triangulation IKC of M with the following properties:

(@) M(P) < (1 +e.)M(T);
(bo) B(T — P) <e.;
(co) spt(P) C {x : dist(x,spt(T)) < e.};

3See also [59, Theorem 3.4].
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(do) for every p € spt(P)\ K™ there is a neighborhood U of p and a smooth m-
dimensional submanifold A of M N U with boundary contained in M N OU and
such that PLU = [A].

Furthermore, for a sufficiently small 6. > 0 and any 6. < 6. we can find another mod 2
integral cycle P homologous to P with the following properties:

(a) M(P') < (1 + 2¢.)M(T) and F(T — P') < 2¢,;
(b) spt(P’") C {z : dist(z,spt(T)) < 2e.};
(¢) IP'(By (K™2)) < 22,

(d) P'LM\ B; (K™?) = [I'],, for some smooth submanifold T of M\ Bs,(K™?)
without boundary in M\ B(;C(/Cm ).

Proof. Choose an integral mod 2 cycle T'in M and consider it as a mod 2 integral cycle
in RY. Apply now the first approzimation of [8, Proposition 4.1], which can be readily
adapted to mod 2 cycles, to obtain a mod 2 integral cycle P homologous to T with
spt(P) C M and such that

(a0) M(P) < (14 e )M(T);

F(T — P) < e
spt(P) C {x : dist(x,spt(T)) < e.};

0)
(bo)
(o)
(do) P =73 perm|[F] mod 2, where F™ is the collection of m-dimensional oriented cells
of K, for a suitable choice of I = K(T,¢).

Starting with P we now need to perform the second approzimation of [8, Proposition
4.1], which was divided in Step 1 (regularization in the complement of X™!) and Step
2 (removal of the m — 1-dimensional singularities); note that since P has multiplicity 1
for ||P||-a.e. point, P is already regular on M \ K™!, with no need to perform Step 1.

We now only need to perturb P by removing its m — 1l-singularities away from a
small neighbourhood of K™~ 1, which follows closely the procedure done in Chapter 2;
for the reader’s convenience, we recall it below with the needed minor adjustments.

Removing the m — 1-dimensional singularities.

Consider an arbitrary face F'* and let o; be an arbitrary m — 1-dimensional face of
F*. Fixing a 6, > 0, we modify P in a neighborhood of ¢ \ Bs, (K™~2) to a new current
P’ in the same homology class, close to it in terms of mass, support and flat norm, and
with the property that P’ is smooth in that neighborhood. The neighborhood in which
we perturb P is of the form By (o) \ Bs, (K™?).

Given the structure of P just obtained, if A is sufficiently small, there is an open
subset U; C R™! and a smooth parametrization

®:U; x By — M
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of a normal neighborhood A of o \ Bs, (K™ 2) with thickness \; and with the property
that spt(PLN;) can be described in the following way. There are two distinct unit
vectors wi, wy € OB} C R"*! such that, if we let

Ay =A{(o,5wy) : 0 € U;,0 < s < \;},

then, since P has no mod 2 boundary in N,

PLM = (bﬁ[[Aﬂ] + q)ﬁ[[AQ]] mod 2.

Consider now the halflines H, = {Aw, : A > 0} for £ € {1,2} in R"™. We can find
a smooth curve v in R™™ such that [y]LR"™ \ B, = ([H,] — [H2])L R\ B; mod
2. Furthermore we let 7, : R"™! — R"™! be the homothety y + ty and denote by ~,
the curve 74(7y). We are now ready to define a replacement for PL.N;. We fix a smooth
compactly supported function 1; in R**! which is positive on U; and vanishes on 9U;, a
small positive number x;, and we define

Y= {(m,y) e U,y € 7,{1.%.(96)} NU; x Bf\‘:rl.

Choosing k; sufficiently small we can ensure that the mod 2 current P := ®,X¢ satisfies
IP" = 90(PLN;). Moreover we can make F(P'— PLN;) and M(P?) — M(PLN;) smaller
than any desired threshold by choosing x; sufficiently small. Note finally that, clearly,
¥, is smooth in M.

We next enumerate all the m — 1-dimensional faces o; of all the m-dimensional faces
F* as 01,09,...,0n. We choose our parameters in such a way that the sets N are
pairwise disjoint. Our final mod 2 current P’ will then be defined to be

P':=) P+ PLM\|JN.

P’ M\ Bs,(K™2) is then smooth by construction and, choosing the parameters accord-
ingly, P’ is homologous to P and we achieve the desired estimates since we can make
spt(P’) arbitrarily close to spt(P), M(P’) arbitrarily close to M(P), and F(P" — P)
arbitrarily small.

Finally, coming the estimate on || P’||(Bs, (K™ ?)), the proof follows verbatim that of
Chapter 2, with 0, chosen small enough just to ensure that || P[|(By (K™ ?)) <e.. O

Remark 3.2.2. A routine modification of the arguments in the proof of Proposition 3.2.1
implies that the mod 2 cycle P’ can be chosen so that its singularities are all contained

in Km2.

3.2.2 Squeezing lemma

In the second statement — Proposition 3.2.3, which is the mod 2 version of the squeezing
lemma in Chapter 2 — we are given two m-dimensional integral mod 2 cycles S and
R which agree outside of a sufficiently small neighborhood of the m — 2-dimensional
skeleton K™%, We will then show that:
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e S and R represent the same homology class;

e There is a smooth deformation R’ of R which is close, in terms of mass and in flat
norm, to S;

e R’ coincides with S outside a slightly larger neighborhood of KX™~2.

Proposition 3.2.3. Let m and M be as in Assumption 3.0.5 and K a smooth triangu-
lation of M. Then for every ¢4 > 0 and every ng > 0 there exists d4(eq, Na, I, M) > 0
with the following property. Suppose S and R are m-dimensional integral cycles mod 2
in M and that

SLMN\ Bs, (K™?) = RLM\ Bs, (K™7?) .

Then S and R are homologous and moreover there exist a mod 2 integral cycle R’ in
their homology class and a diffeomorphism ® of M with the following properties:

1. M(R') < (1 +eq)M(5);

2. F(R — S) < C(egM(S) 4 2||S||(B,, (K™ 2))) ", with C = C(M);
3. R'LM\ B,, (K™ ?%) =SLM\ B,, (K™?);

4. @ is in the isotopy class of the identity and R’ = ®4R.

Proof. The proof follows wverbatim that of Chapter 2; for the reader’s convenience, we
recall it below.

Without loss of generality we can assume that the Z, homology class of S is nontrivial,
so that M(S) > 0. The conclusion that R and S are homologous follows from the fact
that they coincide outside Bs, (K™ 2). In particular spt(S — R) C Bj, (K™ ?): since for
dq smaller than a constant ¢(KC) the latter has trivial m-dimensional homology, it follows
that S — R is homologically trivial.

We now let ¢4 and 7,4 be given as in the statements. We further fix £;, whose choice
will be specified later (but which will depend only on ¢,4), and apply Lemma 3.1.4 with
€q = &4 and 1, = ng. We therefore get the parameter 6, =: d; (which will be the one
of the conclusion of the proposition) and, after fixing yet another v (whose choice will
now depend on R), we get the map ¢ satisfying the requirements of Lemma 3.1.6. The
requirements (3) and (4) of Proposition 3.2.3 are then satisfied by construction. Moreover
estimate (2) follows from the isoperimetric inequality for mod 2 integral currents and
from (1) and (3). Indeed there is a mod 2 integral current 7" such that 0T = S — R’ and

m+1
m

M(T) < C (M(S — R)
with C'= C(M). Using (1) and (3) we then estimate
M(S — R') = ||S = R||(By, (K™ %)) < IS(By,(K™2)) + [ R (By, (K™ 2))
= [SI1(By, (K™ %)) + M(R') = [[SI(M\ By, (K™%))

= 2||S[1(B,, (K™™%)) + M(R') — M(S)
< 2[IS[1(By, (K™2)) + eaML(S) (3-4)
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It remains to prove (1). Note that

M(R') < M(®4(RL Bs, (K™ ?))) + M(®4(RLM\ Bs, (K™ ?)))
= M(®;(RL B;,(K™?))) + M(®4(SLM \ Bs,(K™?%)))
< M(®y(RL Bs, (K™ %)) + (Lip ®)"M(S)
< M(®y(RL Bs, (K™ %)) + (1 + &42)"M(S) . (3.5)

Hence we apply Lemma 3.1.6 and infer
M(R') < C(1 + &)™ 2y*M(R) + (1 4 &5)™M(S).
Next we fix &4 so that (14&4)™ = 14 %, and then we choose 7 sufficiently small so that

€d

C(1+&q)™"*y*M(R) < 2 M(S).

Note that the choice of ~, unlike that of ¢4, will indeed depend on R and S. O

3.3 Proof of the principal theorem

Before coming to the proof of Theorem 3.0.1, we state some preliminary topological
results and refer to Section 1.4.3 for an extended discussion.

A refined study of the cohomology of the infinite Grassmannian BO(n) allows to
prove that the Thom space of the universal n-plane bundle T'(7") is 2n-equivalent to a
product of mod 2 Eilenberg-MacLane spaces; we refer to Section 1.4.3 for the precise
definition of the indices and for a proof of Theorem 3.3.1. In particular, denoting by Y
the product of Eilenberg-MacLane spaces given below:

Y = K(Zy,n) X K(Zo,n+2) % ... % (K(Zy,n+ h)™"™ x ... x (K(Zy,2n))"™
we have the following theorem.

Theorem 3.3.1 ([86, Théoreme 11.10]). There exists a map H : T(y™) — Y which is a
2n-equivalence, for all positive integers n.

Corollary 3.3.2. There exists a map g : K(Zy,n)*™ — T(y") such that g*(u) = ,
where K (Zy,n)?" denotes the 2n-skeleton of K(Za,n) and u, . the fundamental classes
of T(v™) and K(Zz,n) respectively.

Remark 3.3.3. We remark that, in the integral setting, the Thom space of the universal
oriented n-plane bundle is much more complicated, since the equivalent complex is a
nontrivial interated fibre bundle with different fibers of type K(Z,,i), K(Z,j) or pos-
sibly even K(Z,,k); this prevents obtaining a map like g in Corollary 3.3.2 simply by
restricting the one obtained from the equivalent complex.
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In particular, it is possible to prove the following result, which can be seen as a corollary
of Theorem 3.3.1 but, since it is fundamental for us in the conclusion of the proof of
Theorem 3.0.1, we include an independent proof for completeness.

Lemma 3.3.4. Let h : T(y") — K(Za,n) be a map representing the Thom class u €
H™(T(y"),Zs). Then h is an n + 2-equivalence, for all positive integers n.

Proof. We can assume without loss of generality that n > 2; indeed for n = 1 the two
spaces are homotopy equivalent since T'(y!) is homotopy equivalent to the infinite real
projective space RP*, which is a realization of K (Zs,1).

Using the Serre spectral sequences, one can show that the cohomology H" (K (Za,n), Zs)
is generated for i < 2 by the Steenrod squares Sq' and S¢? of the fundamental class,
while for any prime p > 2 the cohomology H*(K (Za,n),Z,) has no generators.

The cohomology ring of BO(n) with coefficients in Z, is generated by the Stiefel-
Whitney classes wy, ..., w, of ", ¢fr. [60, Theorem 7.1] that is

H*(BO(n),Zs) = Za[wy, ..., w,),

while, for odd primes p, the cohomology H*(BO(n),Z,) is a polynomial ring generated
by the (mod p) Pontrjagin classes pi, ..., pn/2) of 7", i.e.

H*(BO(n),Zy) = Zpp1, - -, Plnja))- (3.6)

For every prime p we denote by ®, the Thom isomorphism between H*(BO(n),Z,)
and H""(T'(y"),Z,) and by u, the Thom class. Since Sq'(uy) = ®2(w;) and since it is
known that from (3.6) one obtains that H"*(T(y"),Z,) has no generators for i < n, it
is possible to conclude that for any group coefficient Z, the induced map in cohomology

W 'K (2, m), Zy) — H™(T(Y"), Zy)

is an isomorphism for dimensions smaller or equal than n 4+ 1 and a monomorphism
in dimension n + 2; in fact, for ¢ = 2 then H"*(T'(y"),Zy) admits in general another
generator given by ®,(w?).

Since K (Zz,n) and T'(y™) are simply connected, by Theorem 1.3.3 we conclude that

k(K (Zg,n), T(7")) =0 for k <n+2,
and that h is an n + 2-equivalence for all positive integers n, ending the proof. O

Remark 3.3.5. An obvious consequence of Lemma 3.3.4 is that for dimensions m € {1, 2}
(and any codimension n > 1) every mod 2 homology class can be represented by a smooth
embedded submanifold ¥ C M.

We can now provide a proof of Theorem 3.0.1, following the strategy developed in
Chapter 2.
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Proof of Theorem 3.0.1. Fix ¢, > 0, whose choice will be specified later, and a mod 2
integral cycle T' in a homology class 7 € H,,(M,Zy). We first apply Proposition 3.2.1
to find a sufficiently small §/ > 0, a suitable smooth triangulation X of the manifold and
a new mod 2 integral cycle P’ =: S with the property that S is in the same homology
class of T" and the following facts hold:

o M(S) <M(T') + 3e. and F(S —T') < 3e;

o [[S]I(Bs,(K™7?)) < 3ec;

e By (K™ ?) is homotopy equivalent to K™ 2;

e SLM\ Bs, (K™?) = [I'],, for a smooth submanifold I".

Note that if we first choose €., then 6., 0. and g—f can all be made smaller than any
desired constant, while the triangulation is instead kept fixed (because it depends only
on &.).

We have now fixed a smooth triangulation K and we can therefore fix constant Cj and
¢ so that Lemmas 3.1.1 and 3.1.2 apply. We now require that Vj, o(K™™2?) CC Bg (K™72)
for some 6./2 << .. Hence we apply Lemma 3.1.2 (where ¢’ < ¢ corresponds here to
5,/2 < 8/2) to find a Us j5(K™~2) suitably close to Vj/,(K™?). We will want that
B; (K™=2) C Uz o (K™72) C Vjo(K™72) C V3(K™7?) C By (K™?). This step requires
to take & sufficiently small and 0 < 8. Define now Q := M\ Us j(K™2).

The current [[F]]Z2 obtained from Proposition 3.2.1 is (when restricted to 2 and not
relabelled) a smooth compact submanifold of Q2 with 0" C 992, provided 052 is transversal
to I', which can be ensured via a small smooth perturbation. Denoting by x € H"(M)
the Poincaré dual of 7, note that its restriction x| € H™(2) to ) is the relative Poincaré
dual of a relative homology class which is represented by the smooth compact embedded
submanifold I' C 2 with boundary o' = I'N0S). Hence, by Theorem 3.0.12, there exists
a map

F:Q—=TH")

such that F*(u) = x|; in addition, F is smooth and transverse on BO(n) (and such
that Flaq is also transverse), so that F'~'(BO(n)) = I', which is the smooth part of S.

We then take ¢ sufficiently small so that Q € M \ Us(K™ " 1) for the U; given
in Lemma 3.1.2. Then, by Lemma 3.1.3 we have that M \ Us(K™ ""1) is homotopy
equivalent to a complex of dimension 2n. Denote

Q = M\ Us(K™"Y).

Given the n-dimensional cohomology class x € H"(M) which is the Poincaré dual of 7,
we consider its restriction to @, that is x1¢9 € H"(Q); note that x| can be represented
by a continuous map

c:Q — K(Zg,n)

(in a suitable homotopy class of continuous maps) pulling-back the fundamental class of
K(Zs,n) to itself, i.e. ¢*(1) = x|¢. By Corollary 3.3.2 and cellular approximation, there
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exists a map f : @ — T(7") such that the diagram commutes, i.e. f pulls-back the
universal Thom class to zq.

(")

P

Q - K(Z%n>

By the same construction of the second part of the proof of Theorem 3.0.12, we
can assume without loss of generality that f is smooth throughout @ \ f~(U(cc)) and
transversal to (a sufficiently high dimensional approximation of) the zero cross-section
BO(n) C T(y"), with 0f also transversal to it. Hence, f~'(BO(n)) is a compact smooth
m-dimensional embedded submanifold, with boundary contained in 9Q); denote it as

N = fYBOM)).

Moreover, N represents the relative Poincaré dual of z )¢, which equals j,(7) € H,,(Q, 0Q),
where j, : H,,(M) = H,,(Q,0Q).

We next extend [A], (which is an integral current mod 2 in M) to a mod 2 integral
current N with the property that NI M\ K™ "1 is induced by a smooth submanifold
and NI.Q = [N],, First of all, because N is transversal to dQ, we can extend it to a
smooth submanifold over the union @)’ of ) with any smooth collaring extension of Q).
We can then use Lemma 3.1.2 to find such an extension @' (which consists of QUC, where
C is the smooth tubular neighborhood in Lemma 3.1.2) containing M \ Vs (K™ ") for
some ¢’ < & positive. Since N intersects Q) transversally, we can extend it to a smooth
submanifold of ' with boundary in 9Q’, meeting 0Q’ transversally. With abuse of
notation this extension is still denoted by N. We can now use the map ® of Lemma
3.1.5 and set

N = ®y [[N]]ZQ.

The latter current is mod 2 integer rectifiable because ® is Lipschitz (and, in particular,
N has finite mass). Given that ® is a diffeomorphism over M \ ®~}(K™ ") ¢ M\
Vs (Km="1), then NI M\ K™~ = [¥],, for some smooth submanifold X. Moreover
spt(ON) € K™ "1 and in particular, by Federer flatness theorem, ON = 0, namely N
is a cycle.

Consider now the two maps F : Q@ — T(7") and f : @ — T(y") such that
F~Y(BO(n)) =T and f~(BO(n)) = NN Q. If we consider the restriction of f to
Q C @, we obtain a new map f|o: 2 — T'(7"™) that pulls-back the universal Thom class
to r)g. By Lemma 3.1.3 we observe that (2 has the homotopy type of an n + 1-complex,
so that by Lemma 3.3.4 and Corollary 1.3.2 we can conclude that I’ and fq are homo-
topic: the homotopy can be taken smooth by [86, Lemme IV.5]. In particular, we define
the smooth homotopy H : [0,1] x § such that H(0,z) = fio(x) and H(1,2) = F(z). In
a small collar neighborhood C of 02 inside €2, which we identify with 92 x (0, 1], we then
glue the maps f and F' together. Using the notation z = (y,s) € C and after defining
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a smooth function ¢ on [0, 1] which is identically equal to 0 in a neighborhood of 0 and
identically equal to 1 in a neighborhood of 1, we set

R F(z) if veQ\C,
f(x) =< H (z,90(s)) if vecC, (3.7)
f(z) if reQ\Q

Since T'(7") \ {00} is a smooth manifold, it follows from [90, Proposition 2.3.4 (ii)]
that we can find f : @ — T(v"), not relabelled, which is smooth throughout @ \
f7H(U(00)), coincides with f(z) in a neighborhood of Q) and with F on M \ V5(K™2);
the approximation can be taken close enough so that fis in the same homotopy class.
Analogously, by [90, Proposition 4.5.10], we can perturb f so that it is transverse to
BO(n) and coinciding with f(z) in a neighborhood of Q) and with F on M\ Vz(K™2).

Consider now the submanifold >’ of M \ K™ "1 which consists of:

o X in Vg (Km =)\ Km—L
o N on Us(K™="=1) \ V(K™ 1);
o [1(BO(n)) on Q.

This is a smooth submanifold because:

e fand fcoincide in a neighborhood of 9@ and hence f_l(BO(n)) coincides with
N in a neighborhood of 9Q);

e X = ®(N) =N in a neighborhood of dVy (K™ "7 1).

Moreover, R = [X], € R;u(M,Z3) and spt(OR) C Km="=1: in particular it is a cycle
by Federer’s flatness theorem. Observe also that R — S is supported, by construction,
in Vz(K™?), which is homotopy equivalent to K™ 2 and thus has trivial m-homology.
In particular, R and S belong to the same homology class.

The conclusion now follows wverbatim as in Chapter 2, but we recall the last passages
here for completeness: we apply Proposition 3.2.3 to S and R, noticing that the ¢4
in Proposition 3.2.3 is a parameter to be chosen in terms of the ¢ of the statement of
Theorem 3.0.1, and the 7y in Proposition 3.2.3 is 4/ here. This gives us a parameter
04, which depends on ¢4 and ¢.. In turn we impose that 6 < 84 so that we can apply
Proposition 3.2.3. Since ¢, will be specified only in terms of M(7") and of ¢ in the
statement of Theorem 3.0.1, while ¢ depends on &., which will also be specified only in
terms of M(T') and ¢ in the statement of Theorem 3.0.1, the parameter ¢ can be taken
smaller than ¢,. We can then find a current R’ := ®4R for a smooth diffeomorphism ®
isotopic to the identity such that

M(R') < (14 e2) M(S) < (1 + £4)(M(T) + 3¢.) .
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We therefore conclude that R’ is homologous to R, hence to S, and therefore to T
Moreover, if we choose

€
and e < =,

ea (3 +M(T)) < -

DO ™

then M(R') < M(T') + . Finally

F(T— R) <3c.+F(S—R') <3e.+ C(ga M(S) + 2||S||(B52(1Cm_2)))mTJrl
< 3e.+ ClegM(T) + &) + 6<€C)m7+1 :

Therefore it is clear that a suitable choice of ¢4 and ¢. depending only on M(T") and ¢
suffices to show F(T'— R') < e.

The proof of part (3) of Theorem 3.0.1 is analogous; by assumption we know that 7
is represented by a smooth submanifold > and hence, by Theorem 3.0.11 there exists a
map ¢ : M — T(y") which pulls-back the universal Thom class u € H"(T(y"),Zs) to
the Poincaré dual of 7. Substituting in the previous steps the map f with this new map
¢, defined over the whole ambient space M, and defining a similar homotopy as that
one in (3.7), the result follows by applying Proposition 3.2.3 to S and [X],, where S is
the integral cycle mod 2 denoted P’ in Proposition 3.2.1. [

3.4 Optimality of the principal theorem

In this section we show that the construction of Theorem 3.0.1 is optimal, in the sense
that there exists m-dimensional Zy homology classes that cannot be represented by mod
2 cycles which are smooth embedded manifolds in the complement of an m — n — 2-
dimensional skeleton of any smooth triangulation of M. In fact, proving sharpness of
the construction becomes even subtler in mod 2 homology than in the integral setting
since singularities that appear in this context all arise from the impossibility of finding
embeddings in low codimensions, and not — as in integral classes — by innate singularities
obstructing also Steenrod representability. For this reason, we cannot exploit Sullivan’s
geometric theory of resolution of singularities by blow-up in [82], as done in [8, Theorem
6.3] to derive a contradiction. Instead, we need to rely on singularity theory of stable
mappings, coupled with an elegant result due to Grant and Sziics [49] that characterizes
their singular set; we refer to [47] for an accessible overview on the theory of stable
mappings.

The mod 2 homology class of least dimension that cannot be represented by a smooth
embedded submanifold is a 4-dimensional homology class in a 6-dimensional closed
smooth manifold M, and it comes as a corollary of Teichner’s construction of S?-bundles
over m-dimensional base manifolds (for every m > 4) such that every 2-dimensional Zs
cohomology class restricting to the generator in the fibre cannot be written as the second
Stiefel-Whitney class wy(E) of some real vector bundle E over the base manifold (recall
that wy(E)? = pi(F) (mod 2), where p; is the first Pontrjagin class), see [88, Section 3].
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In fact, let h be the canonical map from T'(v*) to K(Zs,2); by the theory of Thom
[86], there is an obstruction in extending the homotopy inverse g of h from the 4-skeleton
to the 5-skeleton given by the Eilenberg-MacLane invariant associated to the second non-
null homotopy group m4(7'(7?)), which is an element in H°(K(Zy,2)) with coefficients
in m4(T'(v?)) generating the kernel of the homomorphism

h* : H(K(Zy,2),7) — H*(T(7?)),7Z).

Precisely, the kernel of h* is generated by (1/2)5p(¢), where p is the Pontrjagin square
p: H*(M,Zy) — H**(M,Zy), cfr. [94], and 3 is the mod 2 Bockstein 3 : H*(M, Zy) —
H*TY(M,Z) associated to the exact sequence

0>2Z—7Z — Zy — 0.

Hence, if a mod 2 homology class 7 € H,,(M,Z,) admits a smooth embedded rep-
resentative, then 3(z?) = 0, where z € H"(M,Z,) is the Poincaré dual of 7. In
particular, Teichner’s construction provides an orientable 6-dimensional closed manifold
M with 7 € H*(M,Z) such that 3(z?) # 0, see [88, Lemma 2]. It is a finer and very
elegant result due to Grant and Szlics in [49] that the cohomology operation §(z?) # 0
also obstructs realizability by immersions and, more precisely, they characterize the ob-
struction 3(z?) € H*(M,Z) as the integral class whose Poincaré¢ dual is realized by the
singular set of any stable map realizing the Poincaré dual of z.

In particular, recall that a smooth map f : ¥ — M of a smooth closed m-dimensional
manifold ¥ into a smooth m + n-dimensional manifold M is called stable if for any
sufficiently close smooth map f': ¥ — M there exist diffeomorphisms ¢ : ¥ — ¥ and
h: M — M such that h='o f'og = f. In general, it is a remarkable result due to Thom
and Levine [57] that stable maps are not always dense! in the space of smooth mappings
C*° (3, M) but, in codimension n = 2, stable maps are dense in C*(%, M) whenever
m < 21. Hence, (the Poincaré dual of) Teichner’s cohomology class x € H*(M, Zy) can
be represented by a stable map f : ¥ — M, simply by approximating the continuous
map given by Steenrod representability by a smooth map, and then by a stable map.
The singular set of f: ¥ — M is defined as

S(f) :={x € & |rank(Df(z)) < m} C %,

where D f(z) is the differential of f. The singular set S(f) is the closure in ¥ of the top
singularity stratum S° C ¥ of cross-cap points, singularities that persist under small
perturbations, and it is an open dense subset of S(f). In addition, since z € H*(M, Z,),
then S(f) has codimension 3 in ¥, and hence it is of dimension 1; in particular, there
is no other stratum of singularities, since all other strata have codimension at least 6
in 3, ¢fr. [11] or [47, Chapter VI]; moreover, S := S(f) carries a fundamental class
[S] € H\(S,Zs10) with twisted coefficients Zg1.0 according to the tangent bundle of S*°.

In [49], Grant and Szlics showed that 3(7%) € H?>(M, Z) can be interpreted in terms

of the singular set S of any stable map realizing ; more formally, denoting by i : § — X

4In the usual C°° Whitney topology on C*° (X, M).
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the inclusion, and by f = foi: S — M the restriction of f to its singular set, they
proved the following.

Proposition 3.4.1 ([49, Proposition 4.2]). Let x € H"(M,Zs) be realized by a stable
map f : X" — M™F of closed smooth manifolds, where n is even. Then [(z?) €
H* Y M, Z) is the cohomology class in M realized by the singular set S of f. In other
words, B(x?) is the Poincaré dual of

f+[S] € Hpn1(M, Z ).
Hence, we obtain the following.

Theorem 3.4.2. Let z € Hy(M,Zs) be the codimension 2 homology class of Teichner’s
example in [88, Lemma 2| and fix a smooth triangulation KC of M. Then it is impossible to
find a representative 3 for z which is a smooth embedded submanifold in the complement
of the O-dimensional skeleton of K.

Proof. Recall that, by Steenrod representability, z can be represented by a continuous
map f : ¥ — M. We can now approximate f with a homotopic smooth map and,
again, by a homotopic stable map, given that for n = 2 and m = 4 stable maps are
dense (in the C*° Whitney topology) in the space of smooth maps C*°(%, M). Hence,
7 is realized by a stable map f : ™ — M™" of closed smooth manifolds. In addition,
by Teichner’s construction in [88, Lemma 1] we know that §(z%) # 0, where Z denotes
the Poincaré dual of z.

Therefore, by [49, Proposition 4.2] we have that 3(z?) is realized by the singular set

S of f, which has dimension 1; it is therefore impossible to remove f(S) by removing
the 0-dimensional skeleton of K, which is a finite collection of points. n

Remark 3.4.3. Note that the proof of Theorem 3.4.2 also shows that it is impossible to
find a representative Y for z which is a smooth immersed submanifold in the complement
of the 0-dimensional skeleton K% of K.
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Chapter 4

Further results on the smooth
approximation theorem

The main goal of Chapter 4 is to present further partial results related to the smooth
approximation theorem which are currently under investigation. In particular, a Z-
manifold approximation theorem is stated for integral cycles mod k, with & an odd
integer greater than 2. In addition, an example is provided of area-minimizing cycle
whose support cannot be locally approximated by a smooth submanifold.

4.1 Z;-manifold approximation theorem

It is possible to adapt techniques of the smooth approximations of Theorems 2.0.1 and
3.0.1 to deal with Z; coefficients, for any integer k > 2.

Relying on the remarkable theory developed by Morgan and Sullivan in [65], the
appropriate concept of smooth manifold in the Zg-coefficient setting is the geometric
object that the authors called Zj-manifold, and which can be defined as an oriented
manifold M with boundary identified with k disjoint copies of an oriented manifold
0M, called the Bockstein of M. Gluing these k£ boundary components together gives a
space which carries a fundamental Z;, homology class, and the image of the Bockstein
operation of this class for the coefficient sequence

0>Z—>7Z—7Z, —0

is indeed the integral class [0M]; in short, a Zg-manifold can be just thought as a
space which is nonsingular outside a codimension one submanifold where k-sheets join
together.

A suitable variant of Thom’s criterion applies also to the mod k realizability problem:
a homology class 7 € H,,(M,Z;) is realizable by a smooth Z;-manifold if and only if
there exists a map f : M — T(¥) A M(Zy) from the ambient manifold to the smash
product of the Thom spectrum 7'(7) and the Moore spectrum M (Zj,) such that it pulls-
back the Z; Thom class to the Poincaré dual of 7. As one might expect, there exists mod
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k homology classes which do not admit any Zj-manifold representative: for example,
the generator of Hg(K(Z,3),Zs3) cannot be represented by a Zs-manifold. Coupling
this information with the regularity theory for mod & minimizing hypercurrents by De
Lellis, Hirsch, Marchese, Spolaor and Stuvard in [25, 26, 27] or, more generally, stable
codimension one integral varifolds by Minter-Wickramasekera in [61], and for mod k
minimizers in general codimension by De Lellis-Minter-Skorobogatova in [28] (see also
[24, 23]), it becomes interesting to investigate the following.

Work in progress. (Smooth approxzimation for mod k cycles)

(1) Is it possible to develop a Zg-manifold approzimation theorem — in the spirit of
Theorems 2.0.1 and 3.0.1 — for any mod k integral cycle belonging to a mod k&
homology class admitting a Zg-manifold representative? In general, how much
singularity does one need to allow in the Z;-manifold approximands?

(77) Can a finer study of Zj-manifold representability obstructions provide insights
about generic regularity properties of minimizing mod k cycles and their singular
set?

Towards the development of a full solution to the Z-manifold approximation theorem,
it is possible to obtain the following theorem.

Theorem 4.1.1 (Optimal Zg-manifold approximation). Let M be a connected smooth
closed oriented Riemannian manifold of dimension m +n. Let € > 0, 7 be a fixed
element of the m-dimensional mod k homology group H,,(M,Zy) with k odd natural
number greater than 2, and T be an integral cycle mod k representing 7. Then, there
is a smooth triangulation K of M and a Zy-submanifold 3 of M\ K™ (where K™
denotes the m — 5-skeleton of KC) with the following properties.

1. The m-dimensional volume of ¥ does not exceed the mass of T by more than ¢,
that is H™(X) < M(T) + «.

2. The integral mod k cycle [[E]]ZIc 18 homologous to T and there is an integral m + 1-
dimensional integral mod k current S in M such that 9S = [X], — T, M(S) <«

3. X can be chosen to be a Zi-submanifold of M, if T admits a Zi-manifold repre-
sentative,

Remark 4.1.2. Examples show that the codimension 5 construction in Theorem 4.1.1 is
optimal; one can either develop the analogue of Sullivan’s theory of geometric resolution
of singularities as in [82] for manifolds with boundary or rely on Kreck’s theory of
stratifolds, cfr. [51, 9].
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4.2 Setwise approximation theorem

Another aspect in the smooth approximations of Theorems 2.0.1 and 3.0.1 that deserves
further study is whether something can be said in terms of closedness of the approxi-
mating submanifolds to the support of the integral cycle T'.

Suppose in Theorem 2.0.1 that T is area-minimizing and 7 # 0 is represented by
some smooth embedded submanifold. It is not always possible to require that the ap-
proximating submanifold ¥ be close to the support of T, or close to the support any
area-minimizing current representing 7.

Example 4.2.1. Let P be a cycle in Thom’s 7-dimensional integral homology class
defined in Example 2.4.1, let
f:P—=5"

be a mapping of degree 1, and let X, denote the mapping cylinder of f (with ¥y = P
and ¥; = S7) embedded in a high dimensional Euclidean space R.

Take a smooth “tubular neighborhood” U of this embedded ¥; and let the ambient
manifold M be the double of U. As 7 dimensional integral homology class 7 we take
the one corresponding to Xy (or equivalently to —%;). This class admits a smooth
representative, given by the submanifold ;.

We however change the metric in M if necessary to be very small near ¥ and use
the monotonicity formula for minimal surfaces to ensure that the support of any area-
minimizing 7" must lie very close to . Hence, it is not possible for a submanifold
representing 7 to be contained in a small neighborhood of ¥, since this would be in
contradiction with the fact that the homology class of P is not Steenrod representable.

Nevetheless it is tempting to believe that, under additional assumptions on the
smooth embedded representative, something more can be said in terms of setwise ap-
proximation of integral cycles; in particular, it is possible to investigate whether the
following is true.

Work in progress. (Setwise approximation of integral cycles)
Let M be a smooth closed oriented Riemannian manifold and [T] an integral homology

class admitting a smooth representative .

(1) If Xp lies in a small e-neighborhood of the support of T, then there exists a sequence
of smooth approximands (3;); also lying in the same e-neighborhood.

(73) If moreover the g;-neighborhoods containing each ¥J; decrease, then the cobordism
classes of the manifolds »; need to change accordingly.
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