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Abstract

The Nakai—Nishimura—Dubois—Efroymson dimension theorem as-
serts the following: “Let R be an algebraically closed field or a real
closed field, let X be an irreducible algebraic subset of R™ and let
Y be an algebraic subset of X of codimension s > 2 (not necessar-
ily irreducible). Then, there is an irreducible algebraic subset W of
X of codimension 1 containing Y. In this paper, making use of an
elementary construction, we improve this result giving explicit polyno-
mial equations for W. Moreover, denoting by R the algebraic closure
of R and embedding canonically W into the projective space P"*(R),
we obtain explicit upper bounds for the degree and the geometric
genus of the Zariski closure of W in P*(R). In future papers, we will
use these bounds in the study of morphism space between algebraic

varieties over real closed fields.
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1 The theorems

Let R be an algebraically closed field or a real closed field. Equip each
affine space R"™ with the Zariski topology. By algebraic subset of R", we
mean a closed subspace of R". Let X be such a subset of R". A point p
of X is nonsingular of dimension d if the ring of germs of regular functions
on X at p is a regular local ring of dimension d. The dimension dim(X)
of X is the largest dimension of nonsingular points of X and Nonsing(X)
indicates the set of all nonsingular points of X of dimension dim(X). If
X = Nonsing(X), then X is called nonsingular. We denote by Zga(X) the
ideal of R[z1,...,x,] of polynomials vanishing on X. By an algebraic subset
of X, we mean a closed subspace of X. As usual, the codimension of an
algebraic subset Y of X is the difference between dim(X) and dim(Y"). Let



Z be an open subset of X and let S be a non—void subset of Z. We indicate
by R(Z) the ring of regular functions on Z and by Z%(S) the ideal of R(Z)
of regular functions vanishing on S. The previous notions can be defined
similarly in the projective case.

The results presented below improve in several directions the Nakai—
Nishimura—Dubois-Efroymson dimension theorem [9], [3] (see also [8]).

Theorem 1.1 Let X be an irreducible algebraic subset of R™, let Y be an

algebraic subset of X of codimension s > 2 and let fy,..., f, be generators
of Zpn(Y) in R|xy,...,x,]. Then, there exist polynomials gy,...,¢gs—1 in
Rlxy, ..., x,] with the following properties:

a) Foreachk € {1,...,s—1} and for each j € {1,...,v}, there is a linear
polynomial py; in Rlxy, ..., ) such that g, = Z;’Zl Prjfi-

b) Denote by X* the set Nonsing(X)\Y and, for each k € {1,...,s—1},
define Yy, == {x € X|qi(x) = -+ = gi(z) = 0} and Y}F == Y, N X*.
Then, for each k € {1,...,s—1}, Yy is an irreducible algebraic subset of
X of codimension k containing Y such that Y,k # 0, Y,* C Nonsing(Y%)
and T%.(Y;") is generated in R(X*) by the restrictions of q1,..., gk
to X*.

When R is a real closed field, we can say some more about the polynomials
prj- We recall that the topology of R™ induced by the ordering structure on
R is called euclidean topology.

Theorem 1.1'. Let R be a real closed field and let X, Y, s and f1,..., [, be
as above. Let (Tyji)pe(i,... s—1},je{l,..v}ie{0,1,...n} be the coordinates of RGs=Dv(ntl),
Then, it is possible to determinate by a constructive argument an element
a = (agji)rji € RE™VY0HD such that, for each euclidean neighborhood U of
a in RE=YYHD there is (bi)xji € U which satisfies the following assertion:

For each k € {1,...,s — 1}, define the polynomial gy in R[xq,...,x,] by
gr(x) = D7 (brjo + D21, brjizi) f().

Then, using such polynomials g1, ..., gs—1, point b) of Theorem 1.1 is verified.

Let X be an algebraic subset of R" of dimension r. First, suppose r <
n. We define the complete intersection degree cideg(X, R™) of X in R" as
the minimum integer ¢ such that there are a point p € Nonsing(X) and
polynomials Py, ..., P, , in Zg«(X) with independent gradients at p and ¢ =
[T, deg(P;). Moreover, we define the upper degree udeg(X, R") of X in R"
as the minimum integer u such that there is a finite set of non—zero generators
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Ji,ooos fu of Tpe(X) in Rlzy, ..., 2] With v = max jeq,. 1y deg(fj)._lf r=n,
then we consider cideg(X, R") and udeg(X, R") equal to 1. Ler R be the
algebraic closure of R. We identify canonically R" with a subset of P”(E)

and P"(R) with a subset of P"(R) so each subset of R" is a subset of P"(R)
also.

Theorem 1.2 Let X be an irreducible algebraic subset of R™ of dimension
r, let ¢ := cideg(X, R™), let Y be an algebraic subset of X of codimension
s > 2 and let u := udeg(Y, R"). Then, there is a chain of inclusions Y C
Y1 C---CYr CYy= X such that, for each k € {0,1,...,s — 1}, Yy is an
irreducible algebraic subset of X of codimension k, ) # Y N (Nonsing(X) \
Y') C Nonsing(Y;) and, setting Y}, equal to the Zariski closure of Yy, in P"(R),
the degree deg(Yy) of Yy in P*(R) and the geometric genus p,(Yy) of Yi
satisfy the following inequalities:

deg(Yy) < c(u + 1)*

pg(Vi) < (C(:fj;)j_z 1)

and

where the binomial coefficient (Z) 1s considered null if a < b.

Let X be an algebraic subset of R" (resp. P"(R)). An algebraic subset of X
of dimension 1 is called algebraic curve of X.

Corollary 1.3 Let X be an irreducible algebraic subset of R" of dimension
r > 1 and let F be a finite subset of X formed by m distinct points. Define
¢ := cideg(X, R™). Then, there is an irreducible algebraic curve D of X
containing F such that ) # DN (Nonsing(X )\ F) C Nonsing(D) and, setting
D equal to the Zariski closure of D in P*(R), it holds:

deg(D) < ¢(m +1)"!
and

pg(D) < 5 (clm+1)"~" = 1) (c(m+ 1)~ = 2).

In the next theorem, we will improve Corollary 1.3 in the case F'is a single
point. Before stating this result, we recall some classical notions and give a
definition. Let S be a subset of R™. S is said to be a cone of R™ with vertex
p € R" if, for each g € S\ {p}, the affine line through p and ¢ is contained in
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S. Moreover, S is said to be nondegenerate in R" if it is not contained in any
affine hyperplane of R". Similar definitions can be given in the projective case
also. Indicate by N the set of all non—negative integers. We call Castelnuovo
function the function Castel : (N\ {0}) x (N'\ {0}) — N defined as follows:
for each (d,n) with d or n equal to 1, Castel(d,n) := 0 and, for each (d,n)
with d > 2 and n > 2, Castel(d,n) := ta(a — 1)(n — 1) + ab where a and
b are the unique non-negative integers such that d — 1 = a(n — 1) + b and
be{0,1,...,n — 2} We use this nomenclature because, when d = n = 1
or d,n € N\ {0,1}, Castel(d,n) is the well-known Castelnuovo bound for
the genus of a nondegenerate irreducible complex algebraic curve of P™(C)
of degree d.

Theorem 1.4 Let X be a nondegenerate irreducible algebraic subset of R™
of dimension r > 1 and let p be a point of X such that X is not a cone of R"
with vertex p. Define ¢ := cideg(X, R™) and denote by d* the degree of the
Zariski closure of X in P*(R). Then, there exists a non-void Zariski open
subset Q0 of Nonsing(X) \ {p} with the following properties: for each q € €,
there is an irreducible algebraic curve D, of X containing p and q such that
D, N (Nonsing(X) \ {p}) C Nonsing(D,) and, setting D, equal to the Zariski

closure of D, in P™(R), it holds:
deg(D,) = d*

and
po(D,) < Castel(d*,n — r + 1) < Castel(c,n — r + 1).

Remark 1.5 Suppose R is a real closed field. An algebraic subset of P"(R)
is said to be defined over R if it is the vanishing set of some homogeneous
polynomials in R[xg,x1,...,x,]. Let D be an irreducible algebraic curve of
R™. It is well-known that there is a nonsingular irreducible_algebraic curve
D of some PY(R) defined over R such that the real part D N P*(R) of D
is birationally isomorphic to D. Such a curve D is unique up to biregular
isomorphism. In this way, it is possible to define the genus g(D) of D as the
genus of D. Remark that, if D is the Zariski closure of D in P"(R), then
g(D) = p,(D) so, in the statements of Corollary 1.3 and Theorem 1.4, py(D)
and p,(D,) can be replaced by g(D) and g(D,) respectively.

In future papers, we will use the previous bounds in the study of mor-
phism space between algebraic varieties over real closed fields (see the an-
nouncement [4] and [5]). For example, the following result is a consequence
of Theorem 1.4.



Theorem 1.6 ([5]) Let R be a real closed field (resp. algebraically closed
field). Let X be a nondegenerate irreducible algebraic subset of R™ of dimen-
sion > 1, let ¢ := cideg(X, R") and let Y be an algebraic subset of R™ of
positive dimension. Indicate by e(Y) the minimum genus (resp. geometric
genus) of an irreducible algebraic curve of Y. Then, if Castel(c,n —r+1) <
e(Y), every reqular map from X toY is constant.

2 The proofs

We will give the proofs only in the case R is a real closed field. When R is
an algebraically closed field, the proofs are similar, but very easier. We need
some preliminaries. Fix a real closed field R. The ring R[i] = R[X]/(X?+1)
in an algebraically closed field (see section 1.2. of [2]) so R = R[i]. For
convenience, we will use the symbol C' in place of R. Let Z be a Zariski locally
closed subset of P*(R) (resp. P"(C)). The notions of dim(Z), Nonsing(Z),
algebraic subset of Z and codimension of an algebraic subset of Z can be
defined as in the case Z is Zariski closed in P"(R) (resp. P"(C)). Denote
by Sing(Z) the set Z \ Nonsing(Z). Indicate by o, : P*(C') — P*(C)
the conjugation map and identify canonically P"(R) with the fixed point
set of 0,. Let S be a subset of P"(C). Define the real part S(R) of S
by S(R) := S NP*(R). Recall that S is said to be defined over R if it is
on,—invariant, i.e, ,(S) = S. Suppose that S has this property and fix a
subset T' of some P™(C). A map f : S — T is said to be defined over R
if o, 0 f = foouls. Remark that, if f is a regular morphism defined over
R, then f(S(R)) C T(R) and the restriction of f from S(R) to T(R) is a
regular morphism.

Let k be the field R or the field C. Let £ = (vg,v1,...,v,) be a (r+ 1)
uple of independent vectors of k"*1. For each [ € {0,1,...,r}, write v, :=
(vor, V11, - - -, vpy) and define the linear polynomial p; in k[zg,x1,...,2,] by
pi(x) == >  vaz;. Let L be the (n — r + 1)-dimensional linear subspace
of P"(k) defined as the vanishing set of pg,p1,...,p.. The regular map
e PY(k) \ L — P"(k) defined by 7z([z]) := [po(z),p1(x),...,pr(x)] is
called a projection of P"(k) with center L. Remark that 7 is uniquely
determinated by L up to composition with a projective automorphism of
P" (k). For simplicity, we indicate 7w, by 7 and say that 7, is the projection
of P"(k) with center L. Moreover, if £k = C and L is defined over R, then
we assume that 7, : P"(C) \ L — P"(C) is defined over R also. Let now X
be an algebraic subset of P"(k) of dimension r and let p € Nonsing(X). Let
o : k"™\{0} — P"(k) be the natural projection and let p’ € o~(p). Choose
homogeneous polynomials Py,..., P, in k[zg,x1,...,2,] vanishing on X



with independent gradients at p’ and, for each j € {1,...,n —r}, define the
linear polynomial g;(z) in k[zo, 21, . .., z,] by g;(x) == >\ x;-(OFP;/0x;) (D).
We define the projective tangent space PT,(X) of X at p in P"(k) as the van-
ishing set of g1, ..., gn—r. It is easy to verify that P7,(X) does not depend on
the choice of p’ and Py, ..., P,_, and has dimension r. Moreover, it always
contains p.

Lemma 2.1 Let N and P be linear subspaces of P*(C) of dimension d and
r respectively and let my : P(C) \ N — P"4"Y(C) be the projection of
P*(C) with center N. Indicate by h the dimension of NN P where h = —1 if
NNP =0. Then, txy(P\ N) is a linear subspace of P"~4=1(C) of dimension
r—nh—1.

Proof. Easy exercise of Linear Algebra. O

Lemma 2.2 Let X be an algebraic subset of P"(R) of dimension r < n, let
p € Nonsing(X) and let X¢ be the Zariski closure of X in P"(C). Then, it
is possible to determinate by a constructive argument a linear subspace L of
P"(R) of dimension n —r — 1 such that the Zariski closure of L in P*(C) is
disjoint from X and, denoting by 7; : Nonsing(X) — P"(R) the restriction
to Nonsing(X) of the projection of P"(R) with center L, p is a regular point
of m}.

Proof. 1t suffices to find a (n — r)-dimensional linear subspace N of P"(C')
defined over R such that N NP7T,(X¢) = {p} and N N X¢ is finite. We will
prove, by induction on d € {0,1,...,n — r}, that there is a d-dimensional
linear subspace Ny of P"(C) defined over R such that Ny NPT, (X¢) = {p}
and Ny N X¢ is finite. The case d = 0 is evident. Let d € {1,...,n —r}.
By induction, there is a (d — 1)-dimensional linear subspace Ny_; of P"(C)
with the prescribed properties. Let mg_1 : P*(C) \ Ng_1 — P"~4(C) be the
projection of P*(C) with center Ny_; and, for each z € P"~4(C), let Ny,
be the d-dimensional linear subspace of P"(C') defined by Ny, := Ny U
7,1 (2). Define Z == {z € P 4(C) | Ny. N PT,(X¢) # Naoy NPT, (X))} =
7i—1(PT,(Xe) \ Ng—1). Since Ny_y NPT,(Xc) = {p}, Lemma 2.1 ensures
that dim(Z) = r — 1. Let X be the Zariski closure of ms—1(X¢ \ Ng—1) in
Pr=4(C). If dim(X}) < n — d (for example, when d < n — r), then the set
P"4(R)\ (Z U X}) is non—void. Fix a point z in such a set. It is easy to see
that Ny, has the desired properties. Suppose d = n —r and dim(X(,) = r,
ie., X =P (C). Let W* be the Zariski closure of m4_1(Sing(X¢) \ Ng—1) in
Pr(C) and let Q := Xc N ' (P7(C)\ W*). Remark that dim(W*) < r so
is a non—void Zariski open subset of Nonsing(X¢) \ N4—1. Applying Sard’s



theorem to the restriction of 741 to Q, we find a point z € P"(R) \ (ZUW*)
such that Ny ,N(Xc\Nag—1) C Q and N, intersects transversally 2 in P"(C).
In particular, Ny, is defined over R, N, . NPT,(X¢) = {p} and N, . N X¢ is
finite. O

Lemma 2.3 Let X be an irreducible algebraic subset of C", let Yo be an
algebraic subset of X¢ of codimension s > 1 and let p be a nonsingular point
of Yo of some dimension. Denote by pc : X¢ — X¢ the blowing up of X¢
with center Yo. Then, dim(p;'(p)) > s — 1.

Proof. Let r := dim(X¢). Let m : P — C™ be the blowing up of C"
with center Yo. We may suppose that P is an irreducible Zariski locally
closed subset of some PV (C) and p¢ is the strict transform of X along 7
so Xo C P, W(Xc> = X and the restriction of 7 from X to X¢ coincides
with po. Pick a Zariski open neighborhood U of p in C™ such that U NYe is
a nonsingular irreducible algebraic subset of U of some dimension d < r — s.
Remark that: dim(P) = n, 7#~'(U) is a Zariski open subset of Nonsing(P),
Xc is an irreducible algebraic subset of P of dimension r and 7=!(p) is a
nonsingular irreducible algebraic subset of 77*(U) of dimension n —d — 1.
Since pc is surjective and p' (p) = XcNat(p), we have that dim(pz'(p)) >
r+(n—d—-1)—-—n=r—d-1>s—-1. 0

The following is a strong version of Theorem 1.1’. Recall that the ordering
structure on R induces, in a natural way, a topology on R" and P"(R) (and
hence on any of their subsets) called euclidean topology.

Theorem 1.1". Let X be an irreducible algebraic subset of R", let Y be
an algebraic subset of X of codimension s > 2, let fi,..., f, be generators
of Zpn(Y) in Rlzy, ..., x,], let X* := Nonsing(X) \'Y and let U be a non-
the coordinates of RS~V Then, it is possible to determinate by a con-
structive argument an element a = (akji)k ;i € R0+ such that, for
each euclidean neighborhood U of a in RE=YY"+D there is (byi)k;i € U
which satisfies the following assertion: For each k € {1,...,s — 1}, define
the polynomial gy in Rz, ..., x,] by

gr(x) = D70 (brjo + D25, brjizi) f(),

the polynomial map Gy, : X — RF by Gi(z) = (g1(2), ..., gx(z)) and the
subset Yy, of X by Yy := G} '(01,) where Oy is the origin of R*. Then, for each
ked{l,...,s—1}, Yy is an irreducible algebraic subset of X of codimension



k containing Y, Y, NU # () and Oy is a reqular value of the restriction of Gy
to X*.

Proof. Let r := dim(X). Let X¢ and Yo be the Zariski closures of X and Y
in C™ respectively and let fi ¢,..., fi.c be the polynomials fi,..., f, viewed
as elements of C[zy,...,x,]. Define

XG = Zel gnyporo){ (2, [fr.c(@), ..., fro(@)]) € C" x PV H(C) |z € Xo \ Yo

and pp : Xt — X¢ by pe(x,|y]) := x where Zolcnxpwl(c) indicates
the Zariski closure operator of C™ x ]P’” YC). Let N v(n + 1) 1,
the correspondmg homogeneous coordinates of PV (C) Let ¥¢ X
P=1(C) — PY(C) be the restriction to C™ x P*~*(C) of the Segre em-
bedding P*(C) x P*"1(C) > ([(x:)il, [();]) = [(wiyy);a] € PY(C), let
Xe == ¢Yo(XE) and let oo © Xo — X[ be the inverse of the restriction
of Yo from X( to )?C Define: the regular map pc )~(C — X defined
over R by pc = pp o pc, X as the real part of Xc and the regular map
P X — X as the restriction of pc from X to X. Evidently, p¢ is the
blowing up of X¢ with center Yo and p is the blowing up of X with cen-
ter Y. In particular, X¢ (resp. X) is an irreducible Zariski locally closed
subset of PY(C) (resp. PV(R)) of dimension 7. Let : X \'Y — X be
the regular map such that p(n(z)) = x for each x € X \ Y, ie., the map
which sends z € X \ 'Y into [(z; - f;(x));.] € PY(R) where z is considered
equal to 1. Fix p € U and define p* := n(p) and U* := n(U) C Nonsing(X).
By Lemma 2.2, it is possible to determinate by a constructive argument a
(N — r — 1)-dimensional linear subspace L of PY(R) such that the Zariski
closure L of L in PV (C) is disjoint from X¢ and, denoting by 7} the restric-
tion to Nonsing(X) of the projection o PN(C)\ Le — P7(C) of PN(C)
with center L, p* is a regular point of 77. Thanks to this property, we can
choose an euclidean neighborhood V* of p* in U* such that E* := 7} (V*)
is an euclidean open subset of P"(R) and the restriction of 7} from V* to
E* is a diffeomorphism. Define e* := n} (p*). For each k € {1,...,s — 1},
choose a point 3y = (Gro, Br1s---,Bk) € R\ {0} in such a way that,
defining the hyperplane Hy ¢ of P"(C') by the linear equation Y ,_, Sz =0,
the following is true: each Hj ¢ contains e* and, for each k € {2,...,s — 1},
Hy.c is transverse to ('_} Hyc in P"(C). Let us write explicitly 7, . For
each [ € {0,1,...,7}, choose an element (ay;;);; € R*™V such that, defin-
ing the linear polynomial & ((y;i);i) == Y. i QjiYji, Lo is the vanishing set



of &,&1,...,& in PN(C). Define the point a = (ayji)x ; € REVVTD by
setting axj; == > ,_o Buauj; for each k € {1,...,s — 1}, j € {1,...,v} and
i € {0,1,...,n}. We will prove that such a point of RG~V¥(+1) has the
desired properties. By repeated applications of Bertini’s theorem to 7, | %o
and ’/Tch|N0nsing()zc)\p61(YC) (see Theorem 6.3, 2) and 4) of [7], page 67), for
each k € {1,...,s— 1}, we find a point 5, = (B9, By, - -+ Bpy) of B7T1\ {0}
arbitrarily close to [, with respect to the euclidean topology such that, defin-
ing the hyperplane Hj, ., of P"(C) by the linear equation »_, 3,2 = 0, the
following four properties are verified:

1) for each k € {2,...,s — 1}, H}  is transverse to - H}, o in P(C),
2) E*N oy Hyo # 0,

3) for each k € {1,...,5s = 1}, Y, = Xc N 7r;710(ﬂz:1 Hj o) is an irre-

ducible algebraic subset of X of codimension £,

4) for each k € {1,...,s — 1}, the restriction of 7 ¢ to Nonsing(X¢) \
pot(Ye) is transverse to ()r_, Hj o in P"(C).

For each k € {1,...,s — 1}, denote by Y} the real part of Y}, and by Y},
the Zariski closure of p(Y/) in X. Fix k € {1,...,s — 1}. From 2) and 4), it
follows that V* N Nonsing(Y} ) # 0 so, using 3) also, we have that Y} is an

irreducible algebraic subset of X of codimension k£ and Y} is an irreducible
algebraic subset of X of codimension k. Let us show that Y C Yj. Denote
by Nonsing™(Y") the set of all nonsingular points of Y of some dimension.
By Lemma 2.3, we know that, for each p € Nonsing™(Y’), the dimension of
the algebraic subset p;'(p) of PV(C) is at least s — 1. Let Ny ¢ be the linear
subspace of PV (C) of codimension k defined by Ny ¢ := Louﬂz}c(ﬂzzl Hy o).
Remark that, for each p € Nonsing™ (Y), pc' (p) N Y] o = pc' (p) N Nyc so,
being dim(Nyc) > N — s + 1, it follows that pg'(p) N Yic # 0. Since
pc(Yic) N X C Yy, Nonsing™(Y) C po(Yy ) and Nonsing™ (Y) is Zariski
dense in Y, we have that Y C Y} as desired. We can now complete the
proof. Let 7y : PVY(R)\ L — P"(R) be the projection of PN(R) with
center L. Remark that Y, \'Y = 51 (Y{) = Ni_,(nL o n)~'(Hj}, ) and,
for each h € {1,...,k}, (7 o n)"'(H} o) coincides with the set of points
x = (r1,...,7,) € X \ 'Y such that

> (im0 Bricujo) + 2271 (Oizo Bucuzi)wi) - fi(x) = 0.

For each k € {1,...,s — 1}, j € {1,...,v} and i € {0,1,...,n}, define
(brji)kji € RE=Dr(ntl) by brji == D _1—o Biuji, the linear polynomial gy in
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Rlx1,...,x,] by
gi(x) = Z;'/:l (brjo + D21y bugiws) fi()

and the polynomial map Gy : X — RF by Gi(x) = (g1(x), ..., ge(2)).
Remark that (by;;)s; is arbitrarily close to a in RE~D¥n+D - Fix k €
{1,...,s —1}. We have that Y; \ Y = G;'(0;). Moreover, the explicit
form of Gy ensures that Y C G ' (0x) so Y3 = G, ' (0x). From property 2), it
follows that Y, N U # 0 and, from properties 1) and 4), it follows that 0 is
a regular values of G|x«. O

Lemma 2.4 Let X be an irreducible algebraic subset of R of dimension r
and let X¢ be the Zariski closure of X in P"(C'). Define ¢ := cideg(X, R").
Then, deg(Xc¢) < ¢ and py(Xe) < (;j:i)

Proof. Define d* := deg(X¢) and ¢* := p,(X¢). Let p € Nonsing(X)
and let Py,...,P,_, € Zgre(X) with independent gradient at p such that
¢ = [[;Z] deg(P;). Let Py,...,P: . be the homogenecous polynomials of
Rz, 1, ..., x,] obtained by homogenization of Py, ..., P, _, respectively and
let Ple,..., B, .o be the polynomials Py,..., Py viewed as elements of
Clzg, x1,...,2,). By the properties of Py,..., P,_,, it follows at once the
existence of a Zariski open neighborhood Z of p in P"(C') such that X¢ N
Z is the vanishing set of Plo|z,..., Py, clz. Remark that X¢ \ Z is a
proper algebraic subset of X¢ so dim(X¢ \ Z) < dim(X¢) = r. By the
Noether Normalization Theorem, there is a (n — r — 1)-dimensional linear
subspace L of P*(C) disjoint from X¢ such that the restriction 7 : X —
P"(C) of the projection 7y, : P*"(C') \ L — P"(C) of P*(C) with center L
is a finite-to—one surjective regular map. Let W be the Zariski closure of
7((Xe \ Z) U Sing(X¢)) in P7(C). Evidently, we have that dim(W) < r.
Applying Sard’s theorem to 7|x \,-1(w), we find a point z € P"(C) \ W
such that the (n —7)-dimensional linear subspace N, := LUn; ' (2) of P*(C)
intersects transversally Nonsing(X¢) in P*(C) and N,NX¢ C Xo\n 1 (W) C
Nonsing(X¢). It is well-known that the cardinality of N, N X¢ is exactly
d*. Let {Q; = 0}7_; be linear polynomial equations for N, in P"(C'). The
points of N, N X are the solutions of the following system of equations:
{P/c =0} and {Q; = 0}}_;. In this way, Bezout’s theorem ensures that
d* < [[i) deg(P;¢) = c. It remains to prove that g* < (¢7]). If X is an
affine subspace of R", then ¢g* = 0 so there is nothing to prove. Suppose X is
not an affine linear subspace of R™. Recall that, by the Castelnuovo—Harris
Bound Theorem [6], we know that ¢* < (,.,)(m — ) + (2)b where m is the

r41
minimum dimension of a linear subspace of P"(C') containing X¢ and a and
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b are the unique non-negative integers such that d* — 1 = a(m —r) + b and
be{0,1,....m—r— 1}.*By elementary considerations, it is easy to see that
(S m=m+(r= (00) = (5) O

Proof of Theorem 1.2. Let Py,...,P,_, be polynomials of Zgn(X) such
that ¢ = [} deg(P;) and, for some p € Nonsing(X), their gradients
VPi(p),...,VP,_.(p) at p are independent. Let U be the Zariski open subset
of X formed by points z € X* := Nonsing(X)\Y such that VP (z),..., VP,_.(z)
are independent. Fix a finite set of non—zero generators fi,..., f, of Zga(Y")
in R[xy,...,%,] such that u = max e .,y deg(f;). Foreach k € {1,...,5—
1}, let g, be a polynomial in R[xy,...,x,], let G} : X — R be a poly-
nomial map and let Y, be a subset of X with the properties described in
the statement of Theorem 1.1”. Fix k € {1,...,s — 1}. The fact that
Y, NU # () and 0y, is a regular value of Gy|x- implies that cideg(Yy, R") <
(IT=] deg(P;)) - (u+1)* = c¢(u+ 1)*. Theorem 1.2 now follows from Lemma
2.4. 0O

Lemma 2.5 Let X be a nondegenerate irreducible algebraic subset of P™(R)
of dimension r < n, let ¢ € Nonsing(X) and let N be a linear subspace of
P"(R) of dimension d € {0,1,...,n —r — 1} such that N NPT, (X) = {q}.
Let my : P*(R)\ N — P"~9=1(R) be the projection of P"(R) with center N.
Then, the Zariski closure of my(X \ N) in P"(R) has dimension r.

Proof. Tt suffices to prove the following version of the lemma: “Let X be
as above, let ¢ € X, let N be a linear subspace of P"(R) of dimension
d € {0,1,...,n —r — 1} and let 7y : P*(R) \ N — P" %" }(R) be the
corresponding projection. Suppose that there is a Nash submanifold M of
P"(R) of dimension r containing ¢ such that M is connected with respect to
the euclidean topology, M C X and N NPT, (M) = {q} where, making use
of Nash functions, PT,(M) can be defined similarly to the projective tangent
space PT,(X) presented at page 6 (for the notions of Nash function and Nash
submanifold of P"(R), see [10] and [2]). Then, the restriction 7} : M\ N —
P=4=1(R) of 7y to M \ N has rank r”. First, consider the case d = 0.
Indicate by 7, : P*(R)\{q} — P""*(R) the projection of P"(R) with center
{q} and by 7} : M\{q} — P""'(R) its restriction to M\ {q}. We must prove
that the rank rnk(7) of 7 is 7. Suppose on the contrary that rnk(m}) < r.
This condition implies that M is contained in PT,(M). Since X is irreducible,
it follows that X C PPT, (M) which is impossible because X is assumed to be
nondegenerate in P"(R). Let us complete the proof by induction on n > r+1.
Let n = r+ 1. Since d must be null, we just know that mk(xy,) = r.
Let n >r+1landd e {l,....n—r—1}. Fixy € N\ (M UPT,(M))
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and denote by 7 : M — P""'(R) the restriction to M of the projection
7, : PY(R) \ {y} — P"!(R) of P"(R) with center {y}. By Lemma 2.1, we
know that 7 is an immersion at g so, restricting M around g if needed, we
may suppose that: NN M = {q}, 7, is an immersion and M* := (M)
is a Nash submanifold of P""'(R) of dimension r. Let X* be the Zariski
closure of 7, (X \ {y}) in P""'(R), let ¢* := m,(q) and let N* := 7, (N \ {y}).
It is easy to see that X™ is a nondegenerate irreducible algebraic subset of
P"~!(R) of dimension r, ¢* € M* C X* N* is a linear subspace of P"~!(R)
of dimension d — 1 and PT,«(M*) = m,(PT,(M)). In particular, we have
that N* NPT, (M*) = {q¢*}. Let 7y« : P"1(R)\ N* — P""%"}(R) be the
projection of P"~*(R) with center N* and let 4. : M*\N* — P"~%"1(R) be
the restriction of 7y« to M*\ N*. By induction, it follows that rnk(7}.) = r.
Since Ty = Ty~ © Tyl ar\n, We have that rnk(ry) = rnk(ry.) =r. O

Proof of Theorem 1.4. We subdivide the proof into three steps.

Step 1. We may suppose that X is an algebraic subset of P"(R). Let
7, : P"(R) \ {p} — P""}(R) be the projection of P"(R) with center {p}.
Since X is not a cone of P"(R) with vertex p, the Zariski closure X* of
(X \ {p}) in P""'(R) has dimension r. Let W be the Zariski closure
of Sing(X™*) U m,(Sing(X) \ {p}) in P }(R). Remark that dim(W;) < r so
A= XNm, N (X*\WY) is a non-void Zariski open subset of Nonsing(X)\ {p}.
Let 7% : A — Nonsing(X™) be the restriction of 7, from A to Nonsing(X*)
and let W5 be the Zariski closure in P""!(R) of the set of critical values of
7. By Sard’s theorem, we know that dim(WWy) < r. Define the non-void
Zariski open subset Q of Nonsing(X)\{p} by Q := (m}) " (Nonsing(X*)\Wy).
Remark that, for each ¢ € €, the line L, of P"(R) containing p and ¢ has
the following property: L, N (X \ {p}) is a finite subset of Nonsing(X) \ {p}
and, for each y € L, N (X \ {p}), L, NPT, (X) = {y}. Fix ¢ € Q.

Step II. Let X be the Zariski closure of X in P"(C'). We will prove
that, for each d € {1,...,n — r}, there is a d—dimensional linear subspace
N, of P*(C') defined over R such that, defining F; := X¢o N Ny and Fy r as
the real part of Fy, the following is true: Fj is finite, contains {p,¢} and
generates Ny in P"(C') (i.e., the smallest linear subspace of P"(C') containing
F'is Ny). Moreover, Fy g \ {p} C Nonsing(X) and, for each y € F;r \ {p},
NyNPT,(X¢c) = {y}. Let us proceed by induction on d. Let d = 1. It suffices
to define V; equal to the Zariski closure of L, in P*(C). Let d € {2,...,n—r}.
By induction, there is a (d — 1)-dimensional linear subspace Ny_; of P"(C)
with the prescribed properties. Let my_1 : P*(C) \ Ny_1 — P"~4(C) be the
projection of P"(C') with center Ny_; and, for each z € P""4(C), let Ny,
be the d-dimensional linear subspace of P"(C) defined by Ny, := Ng_; U
mg1(2). Define Z := U,cp, | iz € PUC) | Noz NPT,(Xo) # Ngo1 N
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PT,(Xc)} = Uyer, , pgpy Ta-1(PTy(Xc) \ Ny-1). Since Nooy NPT, (X¢) =
{y} for each y € Fy_1 g\ {p}, by Lemma 2.1, we know that dim(Z) =r—1 <
n —d. Let X} be the Zariski closure of my_1(X¢ \ Ng_;) in P"~4(C) and let
7 0 X\ Ngoy — P"4(R) be the restriction of m4_; from X \ Ny to
P"~4(R). Lemma 2.5 ensures that the Zariski closure of % (X \ Ng_1) in
P"~"(R) has dimension r. In particular, it follows that dim(X() = r. Let
W be the Zariski closure of Sing(Xg) U my_;(Sing(X¢) \ Ng_1) in P=4(C),
let A:= XonNn ' (X5 \ W) and let W5 be the Zariski closure in P"~¢(C)
of the set of critical values of the restriction of m;_; from A to Nonsing(Xf).
By Sard’s theorem, it follows that dim(Wy) < r so dim(Z U WU W3) < r
also. In this way, the set 7 (X \ Ng—1) \ (Z U W] U W5) is non—void. Fix
a point z in such a set. It is easy to see that Ny, has the desired properties.
The induction is complete.

Step I11. We have just proved the existence of a (n—r)-dimensional linear
subspace N of P"(C') defined over R such that, defining F' := Xc N N and
Fr as the real part of F', the following is true:

a) F' is finite, contains {p, ¢} and generates N in P"(C),
b) Fr\{p} C Nonsing(X) and, for each y € Fr\{p}, NNPT,(X¢) = {y}.

Let mx : P*(C) \ N — P"71(C) be the projection of P*"(C) with center N
and let 7y : Xo \ N — P"~}(C) be its restriction to X \ N. Following the
argument used in the proof of Lemma 2.5, it is easy to see that mn (X \ N)
contains a non—void euclidean open subset of P"~!(R). Applying Bertini’s
theorem to 7y and to Ty |Nonsing(xo)\~, We find a point z € mn(X \ N)
such that, defining N, := N Uwy'(2) and D := N, N (X¢c \ N), D is
an irreducible algebraic curve of X\ N defined over R, D, N X # () and
D¢ N (Nonsing(X¢) \ V) C Nonsing(Dy,). Let Do := N, N X, Remark that
D¢ coincides with the Zariski closure of Dy, in X because D¢\ Dy, is equal
to F' (which is finite) and each irreducible component of D¢ has dimension
greater than or equal to 7+(n—r+1)—n = 1. In this way, D¢ is an irreducible
algebraic curve of X defined over R and containing F. Bearing in mind
previous properties a) and b) of F' and Fg, we have that Do generates N, in
P"(C) and DeN(Nonsing(X) \ {p}) C Nonsing(D¢). In particular, denoting
by D, the real part of D¢, it follows that D, is an irreducible algebraic curve
of X containing {p, ¢} such that D,N(Nonsing(X)\ {p}) C Nonsing(D,) and
the Zariski closure D, of D, in P*(C) is equal to D¢. Since D, = N, N X¢,
by applying Bezout’s theorem, we obtain that deg(D,) = deg(X¢) = d*.
Moreover, by the Castelnuovo Bound Theorem (see [6] or [1], page 116), we
have that p,(D,) < Castel(d*,dim(N)) = Castel(d*,n — r + 1). It remains
to prove that Castel(d*,n —r+1) < Castel(¢c,n —r+1). Lemma 2.4 ensures
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that d* < ¢ so, by a direct calculation, it is easy to verify the truthfulness of
the previous inequality. O

Acknowledgements. I thank Edoardo Ballico who suggested me remarka-
ble simplifications to the original proof of Theorem 1.1'.
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