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ABSTRACT

An extended version of the Barkley model is proposed to elucidate the process of initiation of localized
corrosion patterns observed on metal surfaces, in particular on the bottom of fuel tanks. The model describes
the interaction between a fast activator variable, the surface concentration of the corrosive species, and a slow
inhibitor, the surface concentration of the passivating one, which was assumed to be diffusionless in its original
formulation. By exploiting the dichotomy between different states of the passivating species occurring at a
faster time scale, the fast-reaction limit yields a novel corrosive-passivating model including a cross-diffusion
term for the passivating species. When the cross-diffusion coefficient exceeds a given threshold, the cross-
diffusion term so deduced allows the destabilization of the homogeneous steady-state to spatial disturbances,
triggering corrosion Turing patterns. The study is complemented by numerical investigations carried out over
1D and 2D domains. These are used to corroborate analytical predictions and to provide additional insights into
the morphology of the emerging corrosion patterns. Indeed, by means of a suitable choice of model parameters
and initial conditions, a qualitative agreement with some experimental data showing the presence of isolated
or merged corrosion “pits” is achieved. Results suggest that the extended model proposed here might be useful

to improve the predictive tools currently employed in the maintenance strategies of metal surfaces.

1. Introduction

Corrosion is the degradation of a metal alloy caused by electro-
chemical reactions with its surrounding environment [1]. Corrosion
manifests in various forms, including galvanic, uniform, and localized,
among others. Here, focus is given on the localized corrosion which
takes place at discrete sites on a metal surface and can lead to the
development of several structural defects in the form of stripes [2,3] or
pits [4-6]. Stripe-like patterns (also termed tiger stripes or B-stripes)
manifest themselves in the form of parallel bands and have been
observed, for instance, in additively manufactured stainless steel [5].
On the other hand, pitting corrosion patterns are characterized by the
creation of localized attacks on the surface of the metal alloy and
can be observed in several environments, especially on the bottom of
atmospheric fuel storage tanks. In particular, initially, each pit forms
independently, often originating from imperfections or weak points on
the material’s surface. However, when the pits are extremely close to
each other, they may interact and form a unique larger cluster. This
structure creates a concentration gradient around itself, encouraging a

continuous flow of corrosive species towards its interior. Additionally,
the local electric potential becomes concentrated around the pits, accel-
erating the anodic reaction. As a result, the pit depth grows over time,
posing a significant structural risk to the material, an issue particularly
relevant in systems exposed to extreme conditions, such as marine
environments and corrosive fuels. Understanding and modelling this
process, as well as predicting the time evolution of pits, becomes
thus essential for predicting the so-called “residual useful lifetime” of
fuel tanks and for developing effective protection strategies. Indeed,
green industries and refineries are currently facing growing challenges
related to the susceptibility of atmospheric storage tanks to such a phe-
nomenon of localized corrosion, mainly due to the higher aggressivity
of biofuels in comparison with traditional fuels [7-10]. In addition,
the integrity check of fuel tanks is generally carried out by periodic
inspections (typically every 10 years or more) of the thickness of the
bottom sections after having emptied the container and stopped the
plant [11]. Apart from the economic burden connected to this activity,
the maximum corrosion depth of the bottom of storage tanks cannot
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be exactly determined by discrete thickness measurements, especially
in the presence of multiple corrosion pits. Therefore, to ensure the
reliability of such metal surfaces and prevent potential leaks, several
predictive tools, capable of providing a quantitative estimation of the
corrosion rate as a function of the environmental parameters here
involved, have been currently developing and constitute an intense area
of research [7,12-18],

In the literature, mathematical models of corrosion typically rely
on Poisson-Nernst-Planck systems, where each Nernst-Planck equation
describes the mass balance of each chemical ionic species present in the
electrolyte solution, while the Poisson one rules the spatial distribution
of the electrostatic potential [7,13-16,18]. These equations are crucial
for understanding ion transport in electrochemical systems, offering
insights into the concentration gradients that drive corrosion processes.
To avoid the complexities associated with the need to explicitly track
moving boundaries (i.e., the electrolyte/metal interface, as it happens
during the spatio-temporal evolution of corrosion pits), an alternative
approach involves the so-called phase-field models. In this case, the
spatio-temporal evolution of the metal/liquid interface is tracked by
means of an auxiliary order parameter that undergoes a smooth vari-
ation between the two phases [7,13,14,18]. However, owing to the
complexity of these nonlinear and coupled equations, the solution is
typically obtained numerically, and not much information, such as the
existence of activation thresholds, may be retrieved by analytical calcu-
lations. In addition, the above-mentioned models constitute very useful
and accurate tools for the characterization of the factors influencing pit
growth, but rely on the common assumption that the pit initiation stage
has already been concluded. In other words, not much modelling effort
on the mechanisms leading to the initiation of corrosion patterns was
made.

This work is an attempt to fill this gap as it aims at proposing a
possible mechanism, based upon cross-diffusion effects, through which
corrosion patterns may originate on a metal surface. In particular, the
goal is to develop a mathematical model presenting diffusion-driven
Turing instability [19], responsible for the onset of spatial patterns.
As known, the mechanism of Turing instability, initially studied in
biological contexts to explain pattern formation in nature, is nowadays
finding applications in many areas [19-26]. In the context of corrosion,
the occurrence of Turing instability implies that the diffusion of reactive
chemical species, such as metal ions and oxygen, interacts nonlinearly
with local electrochemical reactions. This leads to the formation of
spatial patterns of different morphologies on the material’s surface,
which manifest themselves as localized concentrations of the corrosive
species.

The starting point of this investigation is the so-called Barkley
model, a well-known prototype of the two-variable system of reaction—
diffusion equations used to describe the propagation of waves, such
as stable or modulated spiral waves, in excitable media [27,28]. This
model has also been applied in the context of cardiac arrhythmia [29],
tumour growth [30], and, quite recently, even in the context of corro-
sion [31]. In this latter case, the Barkley model includes the dynamics
of a fast activator variable, that approximates the surface concentration
of the corrosive species, and a slow control variable, that represents
the surface recovery or passivating species and is used to trace the
electrochemical dynamics at the moving interface between electrolyte
solution and the metal surface. However, since the slow control variable
is assumed to be diffusionless, the conditions for the occurrence of
diffusion-driven Turing instability [19] cannot be met.

To overcome this issue and propose a more accurate description
of the localized corrosion process, the phenomenon is investigated in
more detail at the so-called mesoscopic scale, namely a scale lying in
between the microscopic (individual) level and the macroscopic level
(total species concentrations). In particular, the passivating species is
subdivided into two different states, and the transition processes occur-
ring at a faster time scale are taken into account. At macroscopic scale
(i.e., the scale at which the only total concentration of the passivating
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species is considered and the fast-processes are at a quasi-steady state),
this approach will lead to an extended corrosive-passivating model
where a cross-diffusion term incorporates the fast-reaction processes.

This approach, based on dichotomy and time-scale arguments, has
been used in other contexts to obtain cross-diffusion systems as the sin-
gular limit of fast-reaction systems [32-38]. Noteworthy, the presence
of a cross-diffusion term in the model equations will be justified here
even in the context of metal surface corrosion. As the linearized analysis
will reveal, this additional contribution constitutes the key factor to
trigger the initiation of localized corrosion patterns.

The importance of studying this phenomenon lies in its ability
to explain why, under certain environmental conditions, well-defined
corrosion patterns emerge on a metal surface, instead of a uniform
degradation. Understanding how Turing instabilities influence metal
corrosion can guide the development of more corrosion-resistant ma-
terials and more effective mitigation strategies. For instance, altering
the material composition or the chemical environment could prevent
such instabilities from occurring, thus reducing damages.

The paper is organized as follows. In Section 2, the original Barkley
model is presented. Then, its equilibria are computed, their local sta-
bility properties against homogeneous perturbations are analysed, and
the existence of positively invariant regions is proved. In Section 3,
motivated by the impossibility of generating Turing patterns about
these equilibria, the underlying chemical processes are investigated in
more detail, formulating the fast-reaction system and its fast-reaction
limit. This will lead to the formulation of an extended version of the
Barkley model including cross-diffusion effects. In Section 4, Turing
stability analysis is performed to define the conditions under which
cross-diffusion-driven instability takes place. In such an analysis, the
critical value for the wavenumber and bifurcation parameter, here
taken as the coefficient of cross-diffusion for the passivating species,
will be deduced. In Section 5, the numerical schemes used to numer-
ically integrate the governing system in both 1D and 2D domains are
sketched. Section 6 is entirely devoted to numerical investigations with
a twofold aim: on the one side, to corroborate analytical predictions
and, on the other side, to qualitatively mimic the results of experimen-
tal data. In the last Section 7, we provide some final remarks on the
results obtained here and propose possible extensions of the present
work.

2. The original Barkley model

A two-compartment model of localized corrosion can be built start-
ing from the original Barkley model [27,28,31]. It is an activator—
inhibitor model describing the excitable behaviour of a fast activator
variable u, representing the surface concentration of the corrosive
species, and a slow control variable v, mimicking the surface concen-
tration of the recovery species playing the role of passivating. The
dimensionless model reads:

M pdu=5"u(l - u) <u— ”+b) = f(u,0),

ot a @
@—u—v— (u,v)

ot Lo

Here, the parameter 6 provides the ratio of reaction time scales, and
is taken to be small to mimic the fast dynamics of corrosive species
in comparison with the slow ones associated with the passivating
species; whereas a and b are positive parameters defining the so-called
excitability threshold u,, = (v + b)/a. According to this model, the
species u undergoes a standard diffusion with coefficient D;;, while the
inhibitor v is taken to be diffusionless.

Let us investigate, first, the spatially-homogeneous dynamics gov-
erned by:
L fw o)

(2)

dr
dv
T =g(u, v).
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Fig. 1. Nullclines of the dynamical system (2): (a) a = 1.3, b = 0.2, representative of the condition a > 1 + b; (b) a = 1.1, b = 0.2, representative of 1 <a <1+ b.
Red dashed-dotted lines represent the u—nullcline which factorizes into u =0, u =1 and u = u,, = (v+ b)/a, whereas the black solid line denotes the v— nullcline.

Solid and empty squares denote stable and unstable steady states, respectively.

By denoting the vector of state variables by E = (u, v), the previous
system admits three equilibria E* = (u*, v*) in the form:

By = (Lo ). @

a-1"a-1

with the latter being admissible only for a > 1. As can be noticed, all the
steady states are characterized by the same concentration of corrosive
and passivating, resulting from the intersection of u— and v— nullclines
obtained from the equations f(u,v) = 0 and g(u, v) = 0 respectively, as
depicted in Fig. 1.

The local stability properties are established by evaluating the
Jacobian matrix at the equilibria:

s(en) = (B 1) @

E; = (0,0), E;‘ =(1,1),

where the subscripts denote the partial derivatives with respect to the
indicated variable and the asterisks indicate that the functions are
evaluated at E*. As well known, an equilibrium is locally asymptoti-
cally stable with respect to homogeneous perturbations if and only if
tr(J (E*)) < 0 and det(J (E*)) > 0.

By computing the partial derivatives:

* * b * *
fu( 1):_5’ /e (El):o,
* * 1 b— * *
fu (E2)=%’ fU (E2)=0’
- b(a—1-b) . b(a—1-b)
*(Ef)= ——— E*) =
fu( 3) 5(0_1)2 fu( 3) 5a(a_1)2
g (B]) =g (B3) =g, (E]) = 1. g (E}) =g (E3) =g} (E3) =-1.

()

it is possible to summarize the range of model parameters in which
each steady state is locally stable under spatially-homogeneous pertur-
bations as follows:

“E] VabeR,: ©®
*E; for a>1+b beR,; %)
*E; for l<a<l+b beR,. (8)

As known in literature [21,27,28], this system may give rise to
excitable dynamics for both a > 1+ b (Fig. 1(@)) and | <a < 1+b
(Fig. 1(b)).

It can also be proved that, in both ranges of parameters, the dynam-
ical system (2) admits positively invariant regions £ in the phase plane
(u,v). In particular, it can be demonstrated the existence of convex,

rectangular, regions [1, a] x [0, #] such that, if the initial datum lies in
Q, then the solution (u(7), v(?)) lies in Q for V(u,v) € 2 and Vr > 0 [39].

Let us first consider the range of parameters a > 1 + b describing
the scenario reported in Fig. 1(a). In this case, the following theorem
holds.

Theorem 2.1. Let Q = [1,a] X [0, f] be a closed convex set of R?, where
a, p € R* satisfy the restriction 1 < a < p < a(a — 1)+ 1, then Q is
a positively invariant region for the dynamical system (2) when the model
parameters fall in the range a > 1 + b.

Proof. Let us consider the rectangular region of the phase plane
Q = [1,a] X [0, §] characterized by the outer normal unit vectors #;,
with j = 1,...,4, depicted in Fig. 2(a). In order to establish that Q
is a positively invariant region for the dynamical system (2), with
reaction terms R = (f(u,v), g(u, v))T defined in (1), let us prove that
(R(;E), i) < 0 Vt € RV E € 0Q,i € N, under the restriction
Il <a < f <a(a—1)+ 1. Here (,) denotes the scalar product and N,
represents the set of all the outer normal unit vectors to the boundaries
of the region Q.

+ On the left boundary, i, = (-1,0)7 is the outer normal and
E = (1,v) and v € [0, §]. Thus, (R(;E),4,) = 0.

+ On the upper boundary, /i, = (0,1)" is the outer normal and
E = p) and u € [1,a]. Thus, (R(;E),A) =u—f<a—p <0 for
p>a.

+ On the right boundary, #; = (1,0)T is the outer normal and E =
(a,v) and v € [0, f]. Thus, (R(;E), i) = §a(1 —a)aa—b—-0v) <0
which is fulfilled under the restriction f < a(a — 1) + 1 being
p>a>1and a>1+b.

+ On the lower boundary, /i, = (0,—1)T is the outer normal and
E = (4,0) and u € [1,a]. Thus, (R(t;E), ;) = —u < 0.

Therefore, Q2 is a positively invariant region for the dynamical sys-
tem (2) for a > 1 + b under the restriction | <a <f<ala—1D+1.

On the other hand, for the case 1 < a < 1+b, describing the scenario
reported in Fig. 1(b), the following theorem holds.

Theorem 2.2. Let 2 = [1,a] x [0, 8] a closed convex set of R?, where
a, p € RY satisfy the restriction 1| < a < f < aa — b, then Q is a positively
invariant region for the dynamical system (2) when the model parameters
fallin therange 1 <a<1+b.

Proof. Let us consider the rectangular region of the phase plane
Q = [1, a]x[0, ] characterized by the outer normal unit vectors 7 s with
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Fig. 2. Phase portraits showing the trajectories of the dynamical system (2) in the (u, v)-plane obtained for different initial conditions (blue lines) in the cases
(@ a>1+band (b) 1 <a<1+b. Red dashed-dotted and black solid lines denote the u and v nullclines, as specified in Fig. 1, whereas A L, G=1,...,4) denote

the outer normals to the invariant regions.

j=1,...,4, depicted in Fig. 2(b). By using the same criterion adopted in
Theorem 2.1, let us prove that £ is a positively invariant region for the
dynamical system (2), with reaction terms R = (f(u, v), g(u, v))" defined
in (1), under the restriction 1 < a« < f < aa — b.

+ On the left boundary, i, = (-1,0)7 is the outer normal and
E = (1,0) and v € [0, §]. Thus, (Rt E),A;) = 0.

+ On the upper boundary, i, = (0,1)7 is the outer normal and
E = (4, p) and u € [1,a]. Thus, (RE), i) =u—pf <a—p <0 for
f>a.

+ On the right boundary, i; = (1,0)T is the outer normal and E =
(a,v) and v € [0, 1. Thus, (R(; E), ii3) = %a(l —a)aa—b—-0v) <0
which is fulfilled under the restriction f < aa— b being f > a > 1
and 1 <a<1+b.

+ On the lower boundary, i, = (0,—1)T is the outer normal and
E = (u,0) and u € [1,a]. Thus, (R(t; E), ;) = —u < 0.

Therefore, 2 is a positively invariant region for the dynamical system
(2) for 1 < a <1+ b under the restriction l <a < f<aa—b. J

A further validation of the above Theorems is also achieved by
computing numerically the phase portraits, as depicted in Fig. 2. As
can be noticed, any trajectory starting from an initial datum lying in
Q remains indeed in this region Vz > 0 (see solid blue lines). However,
the two cases exhibit different behaviours with respect to the stable
equilibria. Indeed, for a > 1 + b, since E;‘ lies on the boundary of the
invariant region £2, small perturbations around this state may originate
trajectories that move away from this equilibrium (as revealed by the
trajectory depicted by the blue dotted line in Fig. 2(a)). On the contrary,
for 1 < a <1+, the equilibrium EJ is localized in the inner part of 2
and any small perturbation around it gives rise to a trajectory entirely
contained in Q.

Considering the goal of establishing the conditions under which
these steady states can be destabilized by nonhomogeneous spatial
disturbances, no further studies on the equilibrium E] will be carried
out. Indeed, oscillations about this state would lead to negative, and
thus nonphysical, values of concentrations.

Moreover, the hypothesis of assuming a non-diffusive character for
the passivating species prevents the possibility of observing Turing
patterns about E; and E; [19]. This suggests the need to generalize
model (1) by allowing this species to diffuse too. However, it can be
checked that the introduction of standard diffusion for the passivating
species does not guarantee the onset of Turing instability. Indeed, the
conditions for the stability of the equilibria under homogeneous per-
turbations and for instability under non-homogeneous ones are never
simultaneously met. For this reason, the initiation of pitting corrosion

patterns requires additional and different phenomena to be taken into
account. A more rigorous description of the phenomena occurring on
a metal surface may be achieved by considering the action that the
corrosive species plays against the passivating at the mesoscopic level.
This is the subject discussed in the next Section.

3. Derivation of the extended Barkley model via fast-reaction limit

The goal of this section is to obtain a macroscopic model of cor-
rosion as the fast-reaction limit of a model valid at the mesoscale,
which is built by exploiting the dichotomy of different states and time-
scale arguments. As in Section 2, a sufficiently regular spatial domain
Z cR", n=1,2, is considered. The state variables consist of the surface
concentration of the corrosive species u = u(x,#) (where x € = and
t > 0), and v = uv(x,t) mimicking the surface concentration of the
recovery species, playing the role of passivating. At the mesoscopic
scale, two states for the passivating species may be considered: the
pure passive state and the passive film breakdown, or pitting, state. The
concentrations of these variables are denoted by vp = vp(x,t) and
vg = vp(x,1), respectively, and are such that vp + vp = 0.

From the chemical viewpoint, such a dichotomy is justified by the
fact that oxide film growth on the metal surface provides a passivating
action until the oxide film is stable. Corrosive species, such as chloride
ions, can adsorb on the oxide film, leading to instability and locally
causing film breakdown and pitting corrosion [40].

While the main reactions are described by the Barkley model,
it is reasonable to consider a possible switch between passive and
breakdown (pitting) states: the passivating in the pure passive state can
switch to the breakdown state if the corrosive species is present, while
the passivating species (oxide film) in the breakdown (pitting) state can
return to the passive state if the corrosive species concentration is low.
The corrosive-dependent transition rates are denoted by 4~ = h(u) and
k = k(u). In detail, for their chemical meaning, we assume that 4 is an
increasing function of u, while k is a decreasing function of u.

The Point Defect Model (PDM) offers a theoretical framework for
understanding how passive films grow and break down, trying to
explain the mechanism of pitting corrosion [41]. The PDM suggests
that the protective barrier layer of a passive film can be understood
by considering how defects (like cation vacancies) are created and
destroyed at two key locations: the interface between the metal and the
barrier layer, and the interface between the barrier layer and the sur-
rounding solution. When an anion (such as chloride ions) is absorbed
into an oxygen vacancy on the surface, the film can react in some
ways. One significant response is the creation of cation vacancy/oxygen
vacancy pairs through a process similar to a Schottky defect. These
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new oxygen vacancies then react with more anions at the film/solution
interface, leading to the generation of even more cation vacancies.
The generation of these cation vacancies is a self-accelerating (autocat-
alytic) process. However, whether the film breaks down or not depends
on a delicate balance: the rate at which these cation vacancies move
across the barrier layer versus the rate at which they are eliminated
by metal cations moving from the metal into the film. If the film
cannot eliminate the arriving cation vacancies fast enough, these excess
vacancies will accumulate. This accumulation causes the film to detach
from the underlying metal, leading to localized breakdown and pitting
corrosion.

For the above reasons, it can be assumed that the diffusion coef-
ficient of the passive state (oxide film growth) is greater than that
one of the pitting state (film oxide breakdown). In particular, denoting
by Dp the diffusion coefficient of the passive state of the passivating
species, the diffusion coefficient of the pitting state is then Dy = Dp—o,
0<0 < Dp.

With these assumptions, the fast-reaction system writes

du = Dy du+ 67 u(l —u) (u— U+b),

x€ N, t>0,
0,vp = DpAvp+u—uv, — % (hwvp —k@vg), x€Q,1>0,
o,vg =(Dp —0)Avg —vg + é (h(vp — kwvg), x€Q,1>0,

©

together with homogeneous Neumann boundary conditions and non-
negative initial conditions, respectively given by

0,u(x,1) = 0,Up(x,1) = 045 =0,
u(x, 0) = u’(x),

xX€002,t>0,

vp(x,0) = %(x),  vg(x,0) = 0(x), x € Q,

(10)

being 7 the outer normal vector to the boundary of 2 and 4 the Laplace
operator.

It is also assumed that the switching between passive and pitting
states happens on a faster time scale, modelled by the time-scale
parameter ¢ < 1, and reaches a quasi-steady state at the macroscopic
level, namely, A(u)vp — k(u)vg = 0. Since v = vp + vp, it is possible to
express vp and vp in terms of u, v and of the transition rates h(u), k(u),
obtaining
bpm KW W

P h) + k) BT h(w + k@)
Summing the equations for vp and vy in Eq. (9), an equation for the
passivating species v is deduced, formally reducing the fast-reaction
system (9) to a two-species limiting system. In detail, denoting

L h(u)
0w = T k@) (12)

the limiting system reads

1D

ou =6""u(1 —u) (u— U+b) + Dy Au,
o 13)
a—f =u— v+ ADpv — cOU).

Thus, the cross-diffusion term appears in the limiting system and
incorporates the dichotomy between passive and pitting states on a
faster time scale. The cross-diffusion effects depend on the function
0, which is determined by the transition rates describing the switch
between the pure passive and the pitting states.

Since in this paper we mainly focus on the possibility of initiating
corrosive patterns, we replace the function 6(u) with a simpler form,
namely, we assume 6(u) = u. Denoting

D, >0, Dyy=Dp>0, 8w =u Dy =—-0c<0,
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the governing two-species system can be recast in a simpler version as
follows:

M 51401 —u) (u— ”+b) + Dy, du,
;
5 U + A(Dyyv + Dyjuv),

supplemented with homogeneous Neumann boundary conditions and
initial conditions.

Remarks. The derivation of the cross-diffusion model is only formal,
since the rigorous study of the fast-reaction system and its fast-reaction
limit goes beyond the focus of this paper. The transition rates 4, k must
be nonnegative functions of u, and, due to the structure of the reaction
part, the transition rates used for the triangular SKT model [35] might
not be suitable for this case.

Model (14) thus represents an extended version of a
corrosive-passivating model where the passivating species, assumed to
be diffusionless in the original model (1), undergoes both standard
(with strength D,,) and cross (with strength D,,) diffusion effects. The
role of these contributions on the excitation of corrosion patterns will
be elucidated in the next Section.

4. Turing stability analysis
The goal of this section is to investigate the possible instability of

the homogeneous steady states to spatial perturbations. Let us recast
the extended model (14) as:

af u'\_ Dy, 0 Au
ot\ v )\ Dyv Dy+Dyu Av
——

E D(E)
-1 _ _uth
+ < 0 >Vu‘Vv+ o7 ul —w) (u a ) . (15)
2D, u—v
—_——
C R(E)

As mentioned before, the presence of cross-diffusive terms in a
reaction—diffusion system may often lead to the loss of stability of
a spatially-homogeneous steady state and the emergence of spatial
patterns [38,42]. To inspect the possibility of triggering diffusion-
driven instability [43], let us start the analysis by considering the
extended model (15) and, after introducing a small perturbation around
E* in the form of a simple Fourier mode

E = E* + Egexp (A + ik x + k), (16)

where 1 and k = (k;, k,) represent the growth factor and the wavevector
of the perturbation, respectively, the linearized problem can be cast
as:

(AL -J (E*) + D" k*)Ey = 0. a7

In (17), k? is the square modulus of the wavevector, D* = D|g_g«
while C(Vu-Vv) does not contribute in the linearization, being a
second-order term.

For the well-posedness of the linearized system [39,44], it must be
imposed that det (D*) > 0, which implies the restriction:

Dy + Dyyu* > 0. as)

By expanding the characteristic Eq. (17), it follows that

22— ARk + h(k?) =0, (19)
where

m(k?) = tr (J (E*)) = k*(Dy; + Dy, + Dyyu*), (20a)
h(k?) = det (D*) k* — g k* + det (J (E¥)), (20b)
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being g = (Dyy + Dy u*)f;; + D118, — Dy v* f;.

Keeping in mind condition (18) and that D, > 0, together with the
condition tr (J (E*)) < 0 for the stability of the equilibria under homo-
geneous perturbations, from (20a), it immediately follows that m(k?) <
0 for any value of model parameters and wavenumber. Therefore, the
stability of the equilibria under non-homogeneous perturbations is only
determined by the sign of the function i(k2) defined in (20b). Since it
is required that det(D*) > 0 and det (J (E*)) > 0, the characteristic
Eq. (19) admits eigenvalues with negative real part for any wavenum-
ber k, and thus the corresponding equilibria are locally stable with
respect to homogeneous and non-homogeneous perturbations, if and
only if the following conditions

det (D*) >0,

tr (J (E*)) <0,

det (J (E*)) >0,

¢* — 4det(D) det (J (E*)) <0,

(21)

are fulfilled. By using (4), (5) and the definitions of D* and ¢ given
above, the previous set of restrictions become:

Dy, + Dyyu* >0,

fa+g, <0,

fie, - 1,8 >0, (22)
Uf} (Dyy + Dyyut*) — g5 Dy 1P + [ Dyyv* (f Doy v* — 285Dy ) +

— 2f% (Dyy + Dyyu*) (fFDyv* = 2g5Dyy) < 0.

In order to destabilize the homogeneous steady state, it is required
that ReA(k) > 0 for some k > 0. By inspecting (19) and (20b), the only
possibility for this to occur is that the function h(k?) < 0, which, in
turn, requires ¢ > 0. This latter inequality is necessary but not sufficient
for ReA > 0. Indeed, as is known, the onset of Turing instability is
associated with the presence of a null eigenvalue in the characteristic
Eq. (19) for a non-null value of wavenumber. In addition, as a control
parameter is varied, the transition of ReA > 0 from negative to positive
should occur via a maximum (or, equivalently, the transition of h(k?)
from positive to negative via a minimum) [19]. In the following anal-
yses, let us consider the cross-diffusion coefficient of the passivating
species D,; as the main control parameter. The critical values of the
control parameter and wavenumber at which such a transition occurs
are denoted by D, and kr, respectively.

By applying the above definitions, it can be easily checked that the
locus of Turing instability (that also implicitly defines D,;;) and the
critical Turing wavenumber k; are, respectively, defined as follows:

[/ (Dy + Dyyu*) = gg Dy P+ £ Dy 0" (£ Dyyv” = 285Dy ) +
= 21 (D + Dyyu*) (f Dy v* =25 Dyy) =0,

_ Dy + Dy u*) f¥ + Dy g} — Dyyv* f
- 2Dy, (Dy + Dyyut)

23)
k.

Dy =Dy 1
under the restriction g > 0.

The obtained conditions are general. In the next subsections, let us
study in detail the possibility of generating corrosion patterns around
the steady-states E; and E3.

4.1. Turing patterns about E}

As far as the equilibrium E’Z“ = (1,1) is concerned, by using (5)
and taking into account the restrictions (7) and (18), it is possible to
immediately notice that:
1+b—-a

da
so that the function a(k?) > 0 and the eigenvalues keep negative real
part. This implies that no diffusion-driven instability can be generated
about this steady state.

q = (Dyy + Dy;) -D;; <0, 24)
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4.2. Turing patterns about Ej

As far as the equilibrium Ej = (b/(a — 1),b/(a - 1)) is concerned, by
using (5) together with the restrictions (8) and (18), it is possible to
conclude that:

a(a—1) [bDy(1 +b—a) + (a— 1)2D,, 5] =

>0 =D, <0.
a - P+ D1 +b—a) 2

D, < -

(25)

Therefore, a necessary condition for Turing instability to occur is
that the cross-diffusion coefficient must be negative, in line with its
chemical meaning and the analysis carried out in Section 3. On the
other hand, the well-posedness condition (18) gives a lower bound for
the control parameter:

_Dpa-1) .
= -

Dy, > D, (26)

The locus of Turing instability (23), takes now the form:

-1 =\ —4nn

27
5 @7

Dy =
where
o =b*(a+ 1> (1 + b — a)?
y1 =2ab*(1+b— a) [bDyy(a* — )1 + b—a) + 6D, (3 — a)(a — 1)’
¥o =ala — 1)* [ab* D2, (1 + b — a)? + 26D}, D582 — a)a— D*(1 + b—a)
+ D? 6%a(a—1)%]

(28)

while the critical wavenumber (23), is expressed as:

2 _ ~baDi(a- 1)® = b(1 + b — @)[(1 + @)bDy, 1 + (a — 1)aD,,]
T 26aDyy(a— 1)2[bDyyp + (a — 1)Dyy] '

(29)

5. Numerical integration of the governing system

To provide a validation of the theoretical predictions carried out in
the previous Section, it is necessary to build suitable numerical schemes
to numerically integrate the governing system (14) in both 1D and 2D
domains.

In the 1D case, numerical integrations make use of a difference-
finite scheme introduced in [45] which has been here modified by
means of an implicit method for reaction, standard diffusion, and
cross-diffusion terms. Neumann boundary conditions are employed to
mimic zero-flux conditions at the edges of the domain. Spatial and
temporal domains are discretized with a grid spacing Ax and 4r, re-
spectively, and identifying with «, v the approximation to the solution
u(x;, "), v(x;,1"). Moreover, the time derivative is discretized by using
a forward Euler, whereas the spatial derivative is discretized by a
backward difference. In particular:

 For the standard diffusion,

Pux, ) ] =2t ]

i+
0x2 Ax2

2 n+l _ n+1 n+l
7 v(x;, 1) Uiy 27" + o)

0x? ~ Ax2

B B

« for the cross diffusion,

n+1 n+l _ on+ly _  n+l n+l _ o n+l
o [ v(x; t")u(x;, ") Vi Wiy —w ) = o sty
0x ox Ax? ’
n+1 n+l _ on+ly _ on+l n+l _ n+l
9 [ ulx;,"Mov(x; 1M ui Wiy =0 ) Ul 0 v
0x ox Ax? ’

- for the nonlinear source terms,

o)~ f@*, o), g, v) & gt orth,
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After discretization, the system is recast as follows

n+l n n+1 n+1 n+1

U™ —u u't =2

i i +1 +1 i+1 i i—1

L = f@ o+ Dy | —— ).
Ax

At
n+l1 n n+1 n+1 n+1
VI =" VT =20 4]
i i +1 +1 i+1 i i—1
— =g, v} )+Dzz<—>,

At Ax?
n+l n+l +1 n+l _ n+l
D l+1/2( i+1 )= UI ]/2(u )
2 24x2
n+1 n+1 n+l _ n+]
uin Wi T —u 1/2(” )
24x2

To solve the nonlinear system at each time step by adopting the
fully implicit discretization described above, the Newton method used
in [46,47] is employed.

Let us denote by E = [« ol v’j'\;’l]r € R2VN the vector
of unknowns at time ¢"+1. The discretized equations define a nonlinear
system in the form

n+1 n+l  n+l

R(E) =

where R(E) is the residual vector constructed from the difference
equations for u"*! and v"*! at each spatial node i = I,..., N.

Then, the algorithm proceeds iteratively as follows: given an initial
guess EO, for I = 0,1,2,..., the corrections SE) are computed by
solving the linear system

J(EU))5EU) - —R(E(I)), ED = EO 4+ 5E(I>,

where J(E")) is the Jacobian matrix of R evaluated at E¥),

The Jacobian matrix J exhibits a sparse block structure, with contri-
butions from the standard diffusion terms, the cross-diffusion, and the
nonlinear reaction terms. In particular, the cross-diffusion terms lead to
nonzero off-diagonal blocks that couple the u and v components, and
these contributions are computed analytically or approximated using
numerical differentiation.

Due to the large size and sparsity of .J, we employ an iterative
Krylov subspace solver for the linear systems at each Newton itera-
tion. In particular, we use the Generalized Minimal Residual method
(GMRES) [47], which is well-suited for solving nonsymmetric linear
systems. The GMRES method is applied with a suitable stopping cri-
terion, typically based on the norm of the residual of the linear system.
To improve convergence, a preconditioner (e.g., ILU or block-diagonal)
may be used.

The Newton iterations are stopped when the relative change in the
solution satisfies

ISEV ||
IE®]|

>

for a prescribed tolerance tol (e.g., 1078).

Boundary conditions (e.g., homogeneous Neumann conditions) are
enforced by appropriately modifying both the residual vector and
the Jacobian matrix at the boundary nodes. In the case of Neumann
conditions, ghost points or modified finite difference formulas are used
to ensure consistency and second-order accuracy.

This approach provides a stable and accurate method for computing
the fully implicit solution of the reaction—diffusion system with cross-
diffusion, even in stiff regimes where explicit schemes would require
prohibitively small time steps. In particular, the numerical solutions
obtained from this discretization were compared with those provided
by pdepe, which solves one-dimensional parabolic systems and the
explicit discretization used in [45]. The results are more stable than
the two methods used to compare them.

In the 2D case, it is possible to employ the same scheme adopted
in the 1D case by considering the approximations u oy of the field
variables u(x;, y;, "), v(x;, y;, "), together with
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« for the linear diffusion terms,

2 n n+1 n+1 n+l
au(xi’yj’t)~ui+1/ 2u +ul 1,j
ox? ~ sz ’
2 n n+1 n+l n+1
aU(xi’yj’l)NUH-lj 21) +U1 1.j
0x? ~ sz ’
2 n n+1 n+l n+l1
0“u(x;, yj, ") Mign T 2ui;
0y? ~ Ay2 ’
2 n n+1 n+1 n+1
0700x;, yj 1) Yy T 205 T
dy? Ay2 ’

for the cross diffusion terms,

v(x;, y;, 1")0u(x;, y;, 1) :l+l/2,j(u1"l+l,j )Y
dx ox Ax?

n 0o
(Y )

5

u(x;, J’,J")W(X,,Y, ) ,/+1/2(“7,j+| ) =V )
0y Ay? ’

u(x;, y;. 1" )aU(xnij’ ) :+1/2/(“1+| U Wl = )
0x Ax2 ’

u(x,,yj,t”)dv(x v, 1") ,/+1/2(”,j+1 vl = U@ _Uﬁ/-l)'
0y 24y ’

for the nonlinear source terms,

S0y~ [0} ), g, v) ~ g}, v} ).

After discretization, the governing system becomes:

n+1 n
u’j —ui’j
= [0
+u u". 2u +u"
1 1 gt 1
+ D“ 1+ j i—1,j + iLj+ ij— ,
Ay2
n+1 ot
—g(u 07 )
+U vt 21} + 0"
(" 1, J+1 1
+ Dy Vit ~ il | i ij-
Ay2
n
D 1+1/2] Wl )~ ,1/21(“11 u )
a 2Ax2
_ n o _ n
R ATl ) Rk RN Ul APRY)
Ay?
n n oy no_ n
+D Uit Wir j = Vi) = #1005 =V, )
2 24x2
n n 'l
WO — Vi)~ W = o)
Ay? ’

whose approximated solution is retrieved by using the same algorithms
described in the 1D case.

6. Numerical results

Let us preliminarily build the region in the (a, D,;) plane where
Turing instability can take place giving rise to the initiation of corrosion
patterns. To this aim, let us fix some common parameters (6 = 0.02,
D;; = 1, b = 0.5) and choose two different values of the standard
diffusion coefficient of the passivating species: (a) D,, = 0.1 (Fig. 3(a))
and (b) Dy, = 0.5 (Fig. 3(b)). In both figures, the black solid line
denotes the locus D,; = D,,, above which the linearized system is well-
posed (see (26)), the blue dashed—dotted line represents the condition
D,, = D,,, below which ¢ > 0 (see (25)), whereas the red solid
line depicts the Turing locus D,; = D,;; (see (27)), below which the
stable homogeneous steady state Ej is destabilized via spatially non-
homogeneous perturbations. The intersection point (a, D,;) among all
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Fig. 3. Turing instability regions in the (a, D,;) plane obtained for different values of the standard diffusion coefficient of the passivating species: (a) D,, = 0.1

and (a) D,, = 0.5. Common parameters: § = 0.02, D;; =1, b=0.5.

the above loci can be retrieved by the solving the system:

D,,8@ —2D,;6a* + (D;,6 + bDyy)a — b(1 + b)D,, =0,
Dya-1)
=

_ (30)
Dy =—-

The Turing instability region (shadowed region in the figure) is thus
delimited by the loci DZl(a) and D,;(a), in the range 1 < a < a.

It is interesting to note that the increase in the standard diffusion
coefficient D,, produces an enlargement of the range of the cross-
diffusion coefficient D, but, at the same time, a reduction of the range
for a in which Turing patterns can be observed. This result provides a
qualitative indication of the possibility of modulating the initiation of
corrosion patterns over a fairly wide range of model parameters.

To check the validity of the analytical predictions, let us now
consider the points P; (i = 1,2,3) indicated in Fig. 3(a), representative
of configurations lying, respectively, outside the Turing region (P,),
within Turing region and close to the instability threshold (P,), and
within Turing region but far from threshold (P;), and evaluate the
wavenumber dependence of the largest eigenvalue of the characteristic
Eq. (19). Results reported in Fig. 4 confirm the results of Turing stability
analysis. Indeed, at point P, (D,; = —0.032, green dashed-dotted line
in the figure), Re(4) < O0Vk, so that the steady state E; is stable
with respect to both homogeneous and nonhomogeneous perturbations,
namely, this setup falls into the region of uniform corrosion. By setting
the cross-diffusion coefficient at the critical value D,; = D, = —0.035,
there exists a critical wavenumber k; ~ 5.05 at which the characteristic
Eq. (19) admits a null eigenvalue (solid blue line), in line with the
theoretical expectation. By further decreasing the control parameter,
at the points P, (D,; = —0.036, dotted red line) and P; (D,; = —0.040,
dashed black line), the real part of the eigenvalue becomes positive
in the wavenumber range k; < k < k,, which denotes the band of
unstable modes. The emerging pattern will be thus characterized by
a wavenumber which falls into the previous range, compatibly with
domain size and boundary conditions [25]. This result also confirms
that the possibility of initiating corrosion patterns in the proposed
model strictly depends on the strength of cross-diffusion effects. It
is indeed required that D,, overcomes a given threshold for Turing
patterns to emerge.

Theoretical predictions can also be validated by numerical integra-
tion of the governing system (14) in both the 1D and 2D domains, as
described in Section 5. In particular, in the 1D case, a domain = = [0, 5]
has been implemented together with Neumann boundary conditions.
Small periodic perturbations of the homogeneous steady state E3 have
been used as initial conditions. In all numerical simulations here carried

out, it has been checked that the well-posedness condition (18) is
fulfilled at every time instant. Using the same set of parameters as
in Fig. 4, let us track the spatio-temporal evolution of corrosive and
passivating species. As reported in Fig. 5, at the points P; (panels
on the left) and P, (panels in the middle), after a given transient
regime, the system develops spatially periodic structures typical of
Turing patterns. The amplitude of emerging patterns increases with
the distance from the instability threshold (notice the different scales
in the colorbars), resembling the typical behaviour of a supercritical
instability [23-25]. In contrast, at points P, (panels on the right), the
initial perturbation expires over time and the system converges towards
a stable homogeneous steady state.

Let us now integrate numerically the governing system in a 2D
domain. This analysis also has the scope of testing the capability of the
proposed model to trigger regular and non-regular corrosion patterns,
similar to those observed in real environments. To this aim, let us
consider a computational domain £ = [0,5] x [0,5] together with
Neumann boundary conditions and small periodic perturbations of the
homogeneous steady state E*, characterized by different geometries,
are used as initial conditions.

The results shown in Figs. 6-8, which depict the asymptotic regimes
achieved at the points P;, P, and P; at the final computational time
window, provide additional confirmations on the validity of theoretical
predictions. Indeed, dynamics occurring at point P, (Fig. 6) converges
towards the uniform corrosion steady-state, so pointing out that this
setup lies outside the Turing region. On the contrary, dynamics ob-
served at points P, (Fig. 7) and P; (Fig. 8) reveal that, depending
on the particular choice of the geometry of the perturbation, several
regular patterned geometries, such as stripes, spots and hexagons, may
be excited. Again, it should be noticed that patterns excited far from
the threshold exhibit larger amplitudes. It should be noticed that such
regular corrosion patterns have also been observed in experiments [2-
6].

As far as non-regular corrosion patterns are considered, in
Fig. 9(a,d), two examples of localized corrosion “pits” which typically
form in the bottom of fuel tanks and that manifest themselves in the
form of isolated or merged holes are reported.

Before addressing a qualitative comparison with such experimental
data, it is necessary to preliminarily process the images 9 (a,d) by
converting the truecolor format RGB to the greyscale one. Then, the
resulting intensity (i.e., the luminance) of each cell I,,,(x, y) is normal-
ized with respect to the maximum value, so that /,,,(x, y) € [0, 1]. For
simplicity, the computational domain is also normalized as [0, 1]x[0, 1].
The resulting maps of experimental intensities are shown in 9 (b,e). To
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Fig. 4. Real part of the largest eigenvalue A of the characteristic Eq. (19) as a function of the wavenumber k, for different values of the nonlinear cross diffusion
coefficient D,,: (green dashed-dotted line) D,; = —0.01 (point P, in Fig. 3), (red solid line) D,, = —0.035 (point P, in Fig. 3), (black dashed line) D,, = —0.04
(point P; in Fig. 3). Common parameters: § = 0.02, D;; =1, D,, =0.1, a=1.25, b=0.5.
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Fig. 5. Numerical integration of the governing system (14) over a 1D domain. (first and second row) Spatio-temporal dynamics of corrosive u(x, ) and passivating
v(x,t) species and (last row) the asymptotic regime achieved for the two species, obtained as the control parameter D,, is varied. Left, middle and right columns
refer to dynamics occurring at P, (D,, = —-0.032), P, (D,; = —0.036), and P; (D,, = —0.040), respectively. Common parameters: § = 0.02, D,;; = 1, Dy, = 0.1,
a=125b=05.
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Fig. 6. Numerical integration of the governing system (14) over a 2D domain at the point P, depicted in Fig. 3. Panel on the left (right) shows the asymptotic

regime of the corrosive (passivating) species.

check whether the proposed model can also support the emergence of
non-regular patterns similar to the ones observed experimentally, let
us perturb the steady-state EJ via a small random noise, modulated
in turn by the intensity map I,,,(x,y), and considering the resulting
configuration as initial condition for the generalized model (14). The
best configuration that allows to qualitatively mimic real corrosion pat-
terns is identified by fixing the parameters (b, D, D,,,5), and spanning
the couple (a, D,;) within the Turing region (depicted in Fig. 3(a)) to
minimize the error function &

&= U, ) = Loy, (5, W13, (31

where 1,,,,(x, y) is the intensity map deduced from the rescaling of the
corrosion density u(x,y), obtained from numerical simulation, in the

range [0, 1].
The above analysis provided these best parameter sets:
a = 1.27,D,; = —0.04 for the picture (a) and a = 1.34,D,; = —0.06

for the one in (d). The resulting asymptotic patterns are reported in
panels (c) and (f) of Fig. 9, respectively. The qualitative agreement here
obtained suggests that the proposed model captures the most relevant
features observed in the experiment. Indeed, it is able to reproduce
the initiation of several adjacent pits that merge into some clusters
as well as the formation of multiple pits that, despite their proximity,
remain isolated and exhibit different corrosion strengths (implying in
turn different corrosion depths). This investigation further supports
the versatility of the proposed model in triggering a wide range of
patterned morphologies, which can be useful to gain deeper insights
and hints into the complex process of corrosion of metal surfaces.

7. Conclusions

This manuscript tackled the study of investigating the mechanisms
responsible for the initiation of localized corrosion patterns on metal
surfaces, such as in the case of the bottom of atmospheric fuel storage
tanks. To this aim, the two-compartments Barkley model for corrosive
(fast activator) and passivating (slow inhibitor) species was taken into
account as a starting point of the present analysis. In its original
formulation, the passivating species was assumed to be diffusionless,
a hypothesis that prevents the possibility of generating Turing pat-
terns around the spatially-homogeneous steady-states. However, it was
proved that, even by relaxing such an assumption and allowing this
species to undergo a standard diffusion (with different strength with
respect to the corrosive one), the specific functional dependence of the
reaction terms still precludes the onset of Turing instability.

10

To overcome this issue, the complex electrochemical phenomenon
of corrosion was inspected at a mesoscopic level. Here, the surface
concentration of the passivating species may be treated as the sum of
two contributions associated with the so-called “passive” and “pitting”
states, and the presence of the corrosive species triggers the transition
from the former to the latter. By exploiting the above dichotomy and
the fast-reaction limit, the resulting model at the macroscopic level
exhibited a (nonlinear) cross-diffusion term for the passivating species.
The extended model so developed allowed us to identify a quite wide
region of the parameter space in which corrosion Turing patterns may
be observed.

Ad-hoc numerical schemes, which ensured accuracy and stability,
were designed to integrate the governing system in both 1D and 2D
domains and allowed achieving a twofold aim. On the one hand,
they allowed us to corroborate the previous theoretical predictions.
On the other hand, they enabled the possibility to mimic, at least
qualitatively, real data on localized corrosion that typically arises on
metal surfaces. Results confirmed that, if the model parameters fall
into the Turing instability region, depending on the choice of initial
conditions, the system can evolve into a variety of spatial patterned
configurations, ranging from the classical periodic structures in the 1D
case to stripes, spots, hexagons and irregular clusters, in the 2D case.
This latter observation has, in particular, allowed to reproduce patterns
in the form of isolated or merged “pits” that are typically formed in the
bottom of fuel tanks and that represent a major hazard due to possible
release of pollutants in the environment. All the above findings further
confirmed the large potential of the proposed model in improving the
existing predictive corrosion tools.

Our results lend themselves to several extensions. For instance, from
the modelling perspective, it would be worth considering the possibility
of applying, at the same time, dichotomies to both involved species at
mesoscopic scale to deal with two concurrent cross-diffusion effects at
macroscale. This generalization is currently under investigation by our
research group. From the mathematical viewpoint, the rigorous study
of the fast-reaction system and its cross-diffusion limit is essential to
establish a solid basis for this study. Furthermore, employing numerical
continuation and multiple-scale weakly nonlinear analysis can help to
better characterize the different morphologies of corrosion patterns.
From the application perspective, it would be interesting to propose
a combined model that incorporates the process of pit initiation and
pit growth. This would contribute to defining more rigorously the real
hazards, quantifying the residual lifetime of fuel tanks, and providing
industrial operators with some specific hints for the improvement of
risk-based inspection planning.
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Fig. 7. Numerical integration of the governing system (14) over a 2D domain at the point P, depicted in Fig. 3. Panels on the left (right) show the asymptotic
regime of the corrosive (passivating) species. Stripes, spots, and hexagons are obtained by using different small periodic perturbations of the steady state EJ.
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Fig. 8. Numerical integration of the governing system (14) over a 2D domain at the point P; depicted in Fig. 3. Panels on the left (right) show the asymptotic
regime of the corrosive (passivating) species. Stripes, spots, and hexagons are obtained by using different small periodic perturbations of the steady state EJ.
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I (%)
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Fig. 9. (a,d) Experimental pictures of real corroded bottoms of fuel tanks and (b,e) the corresponding intensity (luminance) maps I,,,(x, y). Panels (c,f) represent

the numerically-obtained intensity maps I,

(x,y) obtained by suitable normalization of the corrosion density u(x,y) and by minimizing the error function ¢&,

defined in (31). Parameter sets: (¢) a = 1.27, D,; = —0.04; (f) a = 1.34, D,, = —0.06. The other parameters are b = 0.5, D,; =1, D,, = 0.1, § = 0.02 in both cases.
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