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Abstract

We live in an age characterised by informational abundance, in which not only sci-
entific research but also contemporary society in general is shaped by the unprece-
dented production, availability, and diffusion of data. On the one hand, advances
in measurement techniques, simulation methods, and computational power have
enabled the description of natural systems at increasingly fine levels of detail and
across broader spatial and temporal scales. On the other hand, the massive amount
of digital data constitutes the essential fuel that feeds learning systems, making this
abundance not only an epistemic resource for science but also a constitutive condi-
tion for the development of artificial intelligence.

This thesis addresses this problem within a framework grounded in statistical
physics and information theory, in which the configurational space provides the
natural setting for the description of complex systems, and reduced representations
—namely simplified descriptions of a more detailed object of study — are treated as
tools for identifying the system properties most relevant to collective behaviour.
From this perspective, the central questions that arise are how the informational
content of a low-resolution description should be quantified; under what conditions
informative reduced representations can be identified without supervision; and to
what extent common organising principles can be recognised across systems of dif-
ferent microscopic nature, such as proteins and artificial neural networks. More
generally, the aim of the present work is to clarify how reduced descriptions can
provide not only computational simplification, but also conceptual access to the

emergent organisation of complex systems.
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Introduction

If a hundred army ants are set loose on a flat surface, they will march in endless cir-
cles until they die (Schneirla, 1944). However, when half a million of them gather,
they move as one, swarming through the forest in coordinated waves. They build
living bridges and shelters and hunt with astonishing efficiency. How does this
transformation, from confusion to apparent intelligence, take place? Similar mys-
teries arise when cells coordinate to form organs, when neurones ignite to create
thought, and when the immune system mounts a defence without a commander.
Systems like these, where countless simple units combine to generate surprising
order and function, are known as complex systems.

The first and most fundamental definition of a complex system is: a set of inter-
connected components whose collective behaviour cannot be simply explained by
the behaviour of each individual element (Anderson, 1972). This simple statement
captures the notion that the whole is qualitatively distinct from the sum of its parts.
However, this apparently simple definition has long been debated (Ladyman et al.,
2013). How many elements are considered to be “many”? At what point does a
system cross from being merely complicated to being truly complex? Although a
watch has thousands of parts, its behaviour is fully determined by its mechanism.
In contrast, the brain of a worm is made up of only a few hundred neurones, yet it
exhibits behaviours that far exceed the sum of its components. The boundary has
never been sharp, and this lack of consensus has fuelled decades of discussion.

The editors of the Journal of Physics: Complexity recently took the opportunity,
following the 2021 Nobel recognition of work on climate models and disordered
systems, to collectively reflect on the state of the field (Bianconi et al., 2023). Their
contributions highlight a diversity of perspectives ranging from physics and biol-
ogy to social science and engineering, underscoring the inherently interdisciplinary
nature of complexity science. Rather than being a disadvantage, this plurality illus-
trates the wide range of phenomena that fall under the umbrella of complex systems
and the continuing importance of studying them. Complexity science is an evolving
field that breaks down traditional disciplinary boundaries while offering a common
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language with which to address some of the most fundamental scientific questions
and urgent social issues.

At the heart of these perspectives lies the idea that complex systems are formed
by many interacting elements whose collective behaviour gives rise to emergent phe-
nomena. Emergence refers to the appearance of properties or patterns that cannot
be deduced from the behaviour of individual components in isolation. A single
neuron can only fire or remain silent, but in networks of billions, their coordinated
activity gives rise to perception, memory, and thought. In each case, the whole is
not simply larger than its parts, but qualitatively different, requiring a new language
of description. This highlights a paradox: a complete knowledge of the microscopic
elements and their dynamics does not necessarily help us to understand the system
and can even become detrimental if it obfuscates the collective principles at play.
From the viewpoint of statistical physics, this is precisely what makes complexity
compelling. It forces us to confront the limits of reductionism and to ask when a
microscopic description is informative and when, instead, a coarse collective per-
spective is essential (Laughlin et al., 2000).

A second fundamental theme is that complexity often emerges in the interplay
between order and randomness. Systems that are too ordered become rigid and pre-
dictable; systems that are too random dissolve into noise. Between these extremes
lies a fertile regime where local irregularities coexist with large-scale organisation
(Langton, 1990). Statistical physics has offered two influential paradigms to capture
this balance. The network perspective stresses the importance of heterogeneity in
the pattern of connections: a small amount of randomness in the way elements are
linked can produce hubs and bottlenecks that drastically affect collective behaviour
(Albert et al., 2002; Watts et al., 1998). The spin-glass perspective, in contrast, em-
phasises randomness in the sign of interactions: mixtures of cooperation and com-
petition generate frustration and give rise to rugged landscapes with many nearly
equivalent states (Mézard et al., 1987). Taken together, these viewpoints illustrate
a central lesson of complexity science: what defines a complex system is not only
the large number of interacting elements, but also the architecture, heterogeneity,
and diversity of their interactions, all together shaping the emergent behaviour of
the whole.

A third central aspect in the study of complex systems is that many apparently
different systems show comparable patterns of collective behaviour. Epidemics, fi-
nancial markets, ecosystems, and communication networks are built on entirely dif-
ferent substrates and follow distinct microscopic rules, yet they all display similar
large-scale features: sudden transitions (Scheffer et al., 2001), cascades of failures
(Baketal., 1987), and a characteristic asymmetry between robustness and fragility —
resilient to random perturbations, but extremely sensitive to targeted ones (Albert
et al., 2000). This recurrence of patterns across very different domains suggests
that complexity is not tied to any specific material or mechanism but instead re-
flects organisational principles that appear again and again in nature and society.
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Understanding these recurring principles — what statistical physics calls universal-
ity — has long been one of the core goals of the field (Anderson, 1972; Goldenfeld
etal., 1999).

The last aspect common to most complex systems is their hierarchical organi-
sation. Their behaviour cannot be described at a single level but arises from the
interaction between processes operating across multiple scales. Molecules combine
to form cells, cells assemble in tissues, and tissues give rise to organisms; individuals
form communities, communities structure societies, and societies create institutions
and cultures (Simon, 2012; Bar-Yam, 2019; Bar-Yam, 2004). Each level introduces
new emergent structures and governing principles, while interactions between lev-
els ensure that local processes shape global behaviour, and global organisation, in
turn, constrains the local dynamics. This multiscale structure is both a defining
source of complexity and the reason why purely reductionist schemes so often fail,
since every scale contributes its own degrees of freedom in an interdependent man-
ner.

Each organisational level is regulated by its unique characteristics, timescales,
and interactions. To understand a system, it is often necessary to know the specific
size at which the phenomena of interest occur. Consider the example of a fluid:
at a microscopic level, the stochastic motion of individual particles, collisions, and
fluctuations can be explained by the interatomic forces and collisions that govern
Molecular Dynamics; at a larger scale, however, the same system can be considered
a continuous medium that satisfies hydrodynamic equations. The microscopic de-
scription is necessary to explain diffusion and viscosity, but not large-scale struc-
tures such as vortices and waves, which can only be captured by the continuum
picture where molecular interactions are neglected. The correct description, there-
fore, depends on the question: properties vary across scales, and no single level
provides the full picture. When the characteristic scales of the underlying processes
are widely separated, they can generally be solved independently, building useful
theories that are valid at each level of granularity. This separation of scales is a guid-
ing principle in much of contemporary physics, ranging from thermodynamics to
molecular biology and even economics. In complex systems, however, scale bound-
aries blur, with correlations and feedback coupling micro and macro dynamics in
such a way that often no single level of description can be adequate in isolation
(Mora et al., 2011).

All the characteristic features discussed so far — emergence, hierarchy, hetero-
geneity, and multiscale coupling — are ultimately rooted in what is referred to as the
configurational space of the system. This space represents the multidimensional set
of all microscopic states that the system can, in principle, access. Each point within
it corresponds to a complete specification of the system’s fundamental variables: the
positions of atoms in a molecule, the orientations of spins in a magnetic material, or
the activity pattern of neurons within a network. In essence, the empirical informa-
tion available for studying a complex system consists of the ensemble of these mi-
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croscopic configurations, which collectively define its configurational space. From
the perspective of statistical physics, the configurational space provides the natural
framework in which the system’s dynamics unfold. As the system evolves, it traces
a trajectory across this high-dimensional landscape. The geometry and topology
of the space - its basins, barriers, and connecting pathways — govern the system’s
behaviour: whether it remains confined within certain regions, undergoes abrupt
transitions, or reorganises in response to external perturbations (Stillinger et al.,
1984; Wales, 2004; Frauenfelder et al., 1991). Exploring the structure of configu-
rational space, therefore, offers a unifying way to connect microscopic interactions
with macroscopic phenomena, elucidating how local interaction rules give rise to
collective organisation and emergent behaviour.

Classic examples illustrate how analysing configurational space has trans-
formed our understanding of complex systems. In the spin-glass model, exploring
the energy landscape of spin orientations revealed the presence of frustration and
a multitude of metastable states, explaining phenomena such as memory effects
and slow relaxation (Mézard et al., 1987). In molecular systems, studying the
conformational landscape of atomic positions uncovered the existence of folding
funnels and transition pathways that govern stability and function (Stillinger, 1995;
Onuchic et al., 1997; Bryngelson et al., 1987). In network systems, mapping the
space of connection weights or activity patterns has shed light on how learning and
generalisation arise from the geometry of the loss landscape (Choromanska et al.,
2015; Ballard et al., 2017). Across these examples, characterising configurational
space exposes the effective degrees of freedom, dominant pathways, and collective
mechanisms that are invisible from a purely microscopic perspective.

Despite being conceptually rich, the analysis of configurational spaces poses
formidable challenges. Its dimensionality grows exponentially with system size,
and thus, complete exploration is out of the question. In addition, complex systems
only sample parts of their space: they may get stuck in certain areas for very long
periods of time, not exploring all available configurations. Important rearrange-
ments, such as crossing between different regimes, occur but only infrequently and
on timescales many orders of magnitude longer than typical dynamics. Developing
reduced representations that capture the essential degrees of freedom while filter-
ing out redundant details can alleviate both problems: tame the exponential growth
of dimensionality and reveal collective coordinates along which transitions become
accessible. However, the systematic, unsupervised determination of insightful rep-
resentations or reduced representations remains an open problem. To overcome
these difficulties, computational techniques and theoretical breakthroughs are re-
quired to represent and process spaces that are huge, structured, and only partially
accessible (Coifman et al., 2005; Chodera et al., 2007).

To embody these concepts, this thesis turns to two systems that, in their radically
different nature, encapsulate the spirit of complexity: proteins and learning net-
works. Both display an intricate interplay between structure and function, shaped
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by the dynamics of many interacting components. For proteins as well as for ar-
tificial neural networks, large-scale behaviour arises from the exploration of a vast
configurational space — one structured by molecular conformations, the other by
patterns of weighted connectivity — offering complementary perspectives on how
organisation and function emerge from collective dynamics. To address this, the
present work combines methods from statistical physics, information theory, and
computational modelling, aiming to connect the geometry of the configurational
space to the emergent behaviour of these systems.

Proteins are natural macromolecules whose biological function arises (also)
from their three-dimensional structure. They represent a canonical example of a
system in which a vast configurational space underlies highly specific, reproducible
behaviour. A polypeptide chain can, in principle, adopt an astronomical number
of conformations, yet most naturally occurring proteins spontaneously fold into a
stable native state within biologically relevant timescales. This apparent paradox —
the emergence of a unique functional form through the exploration of an immense
conformational space — has long been central to statistical and theoretical studies of
folding (Levinthal, 1969; Dill et al., 1997). The first part of this thesis investigates
how coarse but informative representations of the configurational space of proteins
can capture the essential collective motions and pathways while reducing the
complexity of microscopic description.

Learning networks, by contrast, are artificial systems designed to process infor-
mation by adapting internal parameters. Despite their different nature, they share
with biological systems key features such as high dimensionality, nonlinearity, and
emergent collective behaviour. The training of a neural network can be viewed as
a dynamical process exploring a configurational space defined by its weights or
connectivity patterns. The geometry of this space — its minima, barriers, and flat
regions — governs how the network learns, generalises, and responds to perturba-
tions (Hochreiter et al., 1997a; Sagun et al., 2017). The second part of this thesis
approaches these questions from a statistical physics perspective, aiming to char-
acterise the organisation of the configurational space of learning networks and to
relate its structural properties to their computational and generalisation capabili-
ties.

This thesis is organised into two main parts, each devoted to one of the two
classes of systems introduced above: proteins and learning networks. Following the
general introduction, the first part focuses on proteins. It opens with a theoretical
background chapter that introduces the main concepts of computational biophysics,
Molecular Dynamics, Coarse-Graining (CG), and the Resolution-Relevance (RR)
framework, and is followed by three research chapters addressing, respectively, the
relation between RR and informative reduced representations, the CG of protein
conformations, and the identification of structurally optimal resolutions. The sec-
ond part is devoted to learning networks. It begins with a theoretical chapter intro-
ducing feed-forward neural networks, the learning problem, Wang-Landau sam-
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pling, and Mapping Entropy (ME). It is followed by three research chapters on the
multi-body decomposition of WL, the configurational space of neural networks, and
the dropout space of reduced architectures. The manuscript closes with a general
discussion of the main results and perspectives.



Proteins






Theoretical Background

Proteins are heterogeneous unbranched polymers made of a long sequence of build-
ing blocks, namely, the twenty-one proteinogenic amino acids (Ayon, 2020). All
amino acids share the same structure; there is a central carbon atom (C,) cova-
lently bound to an amino group (NH3), a carboxyl group (COOH), a hydrogen
atom, and the R group, or side chain (Lopez et al., 2024). Consecutive amino acids
are connected by a peptide bond formed between the carboxyl group of one residue
and the amino group of the next, giving rise to a polypeptide chain with an amino
(N) and a carboxyl (C) terminus. The side chain is the variable region of an amino
acid; it differs widely in size and chemical properties, ranging from a single hy-
drogen atom in glycine to two aromatic rings in tryptophan, making it the largest
and most hydrophobic residue. The properties of amino acids in solution are deter-
mined by the chemical characteristics of their side chain, as schematically reported
in Figure 2.1.

The order of amino acids along a protein chain is not random: it is dictated by
the genetic information encoded in the corresponding messenger RNA (mRNA)
translated in the ribosomes. In this way, the genetic information converts into a
linear polypeptide chain whose sequence carries all the instructions needed for the
protein to reach its functional three-dimensional conformation (Morris et al., 2022).
This principle is stated in the central dogma of structural biology (Crick, 1970): the
amino acid sequence, also called the primary structure of the protein, encodes the
spatial organisation and, consequently, its biological function.

The structure of a protein is organised in a well-defined hierarchy. Along the
polypeptide chain, local interactions between backbone atoms give rise to the spon-
taneous formation of recurrent structural motifs. These local arrangements, sta-
bilised mainly by hydrogen bonds, are collectively referred to as the secondary struc-
ture of the protein. Secondary structure elements can be broadly grouped into four
categories: two regular and highly ordered motifs—the a-helix and the f-sheet—
and two less structured ones, loops and turns, which connect the ordered regions
and confer flexibility to the chain.
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Figure 2.1: The twenty-one proteinogenic amino acids grouped according to side chain properties.
Illustration created in BioRender.

The complete three-dimensional arrangement of these local elements defines
the tertiary structure of the protein, which represents the stable fold adopted by
the molecule in physiological conditions. Finally, in many cases, several folded
chains associate through non-covalent interactions to form a higher-order assembly,
known as the quaternary structure. This hierarchical organisation, from linear se-
quence to association of multiple subunits, is schematically illustrated in Figure 2.2.

Proteins play a central role in all biological processes, acting as enzymes, recep-
tors, structural scaffolds, and molecular motors. Their function is closely linked
to their structure: the specific three-dimensional arrangement of the polypeptide
chain determines the precise task each protein performs within the cell. However,
proteins are not static entities. Even in their native state, they fluctuate among
closely related conformational ensembles, and these internal motions are often es-
sential for their biological activity. Therefore, understanding this interplay between
structure and dynamics is crucial for a complete description of protein function. In
the next section, we will introduce the Molecular Dynamics (MD) approach, a pow-
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Figure 2.2: The four structural levels of a protein, from left to right: the sequence of amino acids (pri-
mary structure), the local folding into secondary structure elements (e.g., a-helices and p-sheets),
the overall three-dimensional conformation of a single polypeptide chain (tertiary structure), and
the assembly of multiple subunits into a complex (quaternary structure). Illustration created in
BioRender.
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erful computational framework for investigating protein conformational dynamics

at the atomic level.

2.1 Molecular Dynamics

2.1.1 From a Quantum to a Classical Description

In the previous section, we introduced proteins from a biological perspective. How-
ever, from a physicist’s point of view, a protein is nothing more than an assembly of
atoms —mainly carbon, hydrogen, nitrogen, oxygen and sulphur —immersed in an
aqueous and ionic environment (solvent) (Frenkel et al., 2023). A natural starting
point for a theoretical description of such a system would be non-relativistic quan-
tum mechanics, where the dynamics of both nuclei and electrons are governed by
the many-body Schrédinger equation. In principle, this approach could be treated
almost exactly using methods such as Density Functional Theory (E. Engel, 2011)
or Quantum Monte Carlo (Nightingale et al., 1998). In practice, however, the enor-
mous size of biomolecules and the long time scales relevant to their conformational
dynamics make a full quantum-mechanical treatment computationally impractical.
Moreover, weak and strong nuclear forces can be safely neglected as they become
relevant only at energy and spatial scales far beyond those involved in biomolecu-
lar processes. For these reasons, atoms are typically modelled as classical point-like
particles, and only the effective interactions arising from the underlying electronic
structure are retained.

This simplification is formally justified by the Born-Oppenheimer approxima-
tion (Marx et al., 2009), which takes advantage of the large difference in mass be-
tween nuclei and electrons. Because electrons are much lighter, they respond al-
most instantaneously to any change in nuclear configuration. Consequently, the
electronic energy can be treated as a function of fixed nuclear coordinates, effec-
tively decoupling the fast electronic motion from the slow dynamics of the nuclei.
Under this assumption, the electronic degrees of freedom are not explicitly consid-
ered, but rather implicitly integrated in the model, and the atomic nuclei are viewed
as point-like particles whose positions and momenta evolve in time using the laws
of classical mechanics. As a direct consequence, electronic excitations are neglected,
and the bonding topology of the system is assumed to be fixed, meaning that chem-
ical reactions and bond rearrangements are not allowed within this approximation.

2.1.2 Empirical Force Fields

The precise functional form of the interaction potential, or the associated force field,
that governs the interaction between nuclei cannot be derived exactly from first
principles (Ponder et al., 2003). Instead, it is postulated as an ansatz designed to
capture the relevant physical interactions within a computationally tractable frame-
work (Weiner et al., 1984). Each contribution is expressed in a predefined mathe-
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Figure 2.3: Schematic representation of the potential-energy terms commonly used in molecular-
mechanics force fields. (Top) Bonded interactions: bond stretching (r), angle bending (6), proper
dihedral torsions (), and improper dihedrals (y). (Bottom) Non-bonded interactions: electro-
static (r~1), attractive van der Waals (r~%), and repulsive Pauli (r~'2) contributions. Illustration
created in BioRender.

matical form with free parameters, which are subsequently tuned to reproduce ex-
perimental observables or high-level quantum-mechanical calculations. Over the
past three decades, it has become standard practice to approximate these interac-
tions using two major components (Cornell et al., 1995): a bonded potential and
a non-bonded potential. The bonded part accounts for the interactions between
atoms that are covalently linked; it is typically decomposed into bond stretching,
angle bending, and dihedral torsion terms:

Uy = > k(r=ro)?+ > ko(6 - 60)*+

bonds angles (2 1)
+ Z ke [1 + cos(n¢ — 6)] + Z ky(y — l71)0)2~
dihedrals improper

The terms associated with bonds, angles, and improper dihedrals are usually
described by harmonic potentials, reflecting the near-quadratic dependence of the
energy on small deformations from the equilibrium geometry. Each term is char-
acterised by an equilibrium value (r¢, 6y, 9) and a corresponding spring constant
(ky, ko, ky), which quantifies the stiffness of the interaction. The proper dihedral
term, instead, is typically expressed as a truncated Fourier series that captures the
periodicity of torsional rotations and allows for multiple energetically favourable
conformations. In most force fields, this series is limited to the first few terms (up
to the fifth or sixth) to balance accuracy and computational cost.

The non-bonded potential describes the interactions between atoms that are
not directly connected by covalent bonds. It accounts for the long-range electro-
static forces and the short-range van der Waals interactions, which together gov-
ern the packing, stability, and dynamical behaviour of molecular systems. In most
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molecular-mechanics force fields, it is written as
12 6
qiqj Oij 0ij
" Z]: dmeorij ZJ: o [(’z’j) (rij) ] 22)

The first term corresponds to the Coulomb interaction between partial charges

q; and q;, separated by a distance r;; and mediated by the vacuum permittivity
€o. The second term is a Lennard-Jones potential, which combines a steep repulsive
component proportional to rl.;lz, which represents Pauli exclusion at short distances,
with an attractive dispersion term proportional to rz.;6. The parameters ¢;; and o;;
define, respectively, the depth of the potential well and the finite distance at which
the interatomic energy vanishes.

The interplay between these short-range repulsive and long-range attractive in-
teractions defines the equilibrium structure of condensed matter systems, ensuring
both molecular stability and the emergence of collective organisation. The differ-
ent bonded and non-bonded terms of the force field are schematically illustrated in
Figure 2.3.

2.1.3 Integration of the Equations of Motion

Once an appropriate force field has been defined, the resulting potential energy
function can be used to compute the forces acting on each atom, and consequently,
to predict the time evolution of the entire system. This constitutes the basis of
MD simulations, a computational technique in which classical equations of motion
are numerically integrated to generate atomic trajectories. MD provides a bridge
between microscopic interactions and macroscopic observables, enabling the in-
vestigation of structural, thermodynamic, and dynamical properties of molecular
systems under controlled conditions. In general, Molecular Dynamics simulations
can be formulated at different levels of description, ranging from fully quantum to
mixed quantum-—classical schemes. In the present context, however, we adopt the
classical formulation introduced above, in which atomic nuclei are treated as point-
like particles evolving on a fixed potential energy surface determined by the force
field.

Within this framework, the time evolution of the system is governed by the

Hamiltonian

N p2
-\ L
H(r,p) = Z o U@, (2.3)
where r; and p; denote the position and momentum of the i-th atom, and U(r) rep-
resents the total potential energy, given by the sum of the bonded and non-bonded

contributions defined, respectively, in Equation 2.1 and Equation 2.2.

The Hamiltonian formalism provides a compact and general description of the
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system’s dynamics in the 6N-dimensional phase space defined by atomic coordi-

nates and momenta. The equations of motion follow from Hamilton’s canonical

relations,
JH ;
I = o — I = &,
az i (2.4)
Di=—5— o Dbi = -ViU(r).
ri

These relations express the time evolution of the atomic positions and momenta
under the action of the interatomic forces derived from the potential energy surface.
The second equation corresponds to Newton’s second law, linking the acceleration
of each atom to the negative gradient of the potential energy, —V;U(r), which defines
the force acting on particle i.

The complete set of 6N coupled differential equations describes the system’s
trajectory in phase space and, in principle, fully determines its temporal evolution
once the initial positions and momenta are specified. In practice, however, an ana-
lytical solution is not accessible for systems of realistic size, as the potential energy
surface depends on all atomic coordinates in a highly non-linear manner. The equa-
tions of motion must therefore be integrated numerically over discrete time steps,
generating a sequence of configurations that approximates the continuous trajec-
tory of the system. Several integration schemes have been developed for this pur-
pose, among which the Verlet family—particularly the velocity-Verlet variant—has
become standard for its simplicity, time reversibility, and excellent long-term en-
ergy conservation. These methods discretise time while preserving the symplectic
nature of Hamiltonian dynamics, ensuring that the total energy remains bounded
and stable over extended simulations.

The velocity-Verlet algorithm is obtained by truncating the Taylor expansion of
the atomic positions and velocities at second order in time, yielding the update

relations

ri(t + At) = 1i(t) + vi(t)At + 2a;(F)AL?,

(2.5)
vi(t + At) = vi(t) + $[ai(t) + a;(t + At) | At,

where At is the integration time step, typically on the order of a few femtoseconds,
and a;(t) is the acceleration of atom i at time ¢, obtained from the interatomic forces
divided by its mass.

2.1.4 Statistical Ensembles and Thermodynamic Control

In the absence of any external control, the numerical integration of Newton’s equa-
tions conserves the total energy of the system, and the simulation samples the mi-
crocanonical (N, V, E) ensemble, where the number of particles N, the volume V
and the total energy E are fixed. For biomolecular systems, however, this framework
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is seldom appropriate: experiments are conducted at controlled temperature and
often at ambient pressure; moreover, biomolecules are embedded in a fluctuating
environment (solvent and ions) that exchanges energy and volume with the system
and the surroundings. A consistent description, therefore, requires coupling the
dynamics to external reservoirs to reproduce the canonical (N, V, T) or isothermal-
isobaric (N, P, T) ensembles. In the canonical ensemble, the system can exchange
energy with a thermal bath while keeping the number of particles and the volume
fixed, so that the temperature remains constant on average. In the isothermal-
isobaric ensemble, both energy and volume fluctuate as the system is additionally
coupled to a pressure bath, maintaining constant temperature and pressure.

In the canonical ensemble (N, V,T), configurations x = (r,p) are distributed
according to the Boltzmann factor:

1 —BH(r _BH(r -
Pnyr(r,p) = %e pHp) OnvT = / drdpe PHCP), B =(ksT)™", (2.6)

where Qnyr is the canonical partition function, it acts as the normalisation con-
stant of the distribution and encodes the thermodynamic properties of the system:
all equilibrium quantities can, in principle, be derived from it. For example, the
Helmbholtz free energy is related to the partition function by

F = —kBTlog(QNVT). (2.7)

More generally, the same formalism allows one to compute ensemble averages,
which represent the theoretical counterpart of experimentally measurable quanti-
ties at equilibrium. For any quantity A(r, p) the ensemble average is obtained as

1 - r
e = g [ drdpte, pie 1D (28)

In practice, the analytical evaluation of the partition function (Equation 2.6)
or of ensemble averages (Equation 2.8) is intractable for systems of realistic size,
even for relatively simple Hamiltonians. To estimate these quantities, one must
rely on numerical approaches. In particular, Molecular Dynamics offers a practical
route to compute ensemble averages without the explicit calculation of the partition
function.

The connection is often described through the ergodic hypothesis, which states
that long-time averages along a trajectory coincide with ensemble averages over
the equilibrium phase-space distribution. This equivalence, however, is meaning-
ful only when the dynamics explores the relevant region of phase space with the
correct invariant measure and loses memory of its initial condition, that is, when it
exhibits effective mixing. Under this hypothesis, time averages computed along a
single MD trajectory are equivalent to ensemble averages over the canonical distri-
bution, thereby linking the microscopic dynamics of the system to its macroscopic
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equilibrium properties. Accordingly (A)yy can be estimated as:

N B VRS IR
e = Jim 3 [ A6, p(e) 3 AR, 29)

where t; = kAT are the discrete time steps generated by the numerical integrator
and M is the total number of sampled configurations. For sufficiently small sam-
pling interval At, the discrete average provides an approximation to the correspond-
ing continuous-time average. In the additional long-time limit T = MAt — oo, this
time average can in turn be identified with the ensemble average, provided that the
MD simulation samples the canonical distribution, i.e., under conditions of fixed N,
V,and T. Although the number of particles and the volume can be easily controlled,
maintaining a constant temperature during the simulation requires coupling the

system to a thermal reservoir.

Researchers have developed several methods to couple the dynamics of the sys-
tem to those of an external heat bath. These methods, collectively known as ther-
mostats, are designed to regulate the system’s temperature while preserving the sta-
tistical properties of the canonical ensemble. Although their specific formulations
differ, all thermostat algorithms are integrated alongside the equations of motion
and act to maintain a momentum distribution consistent with the equipartition theo-
rem, which relates the average kinetic energy of the system to the temperature,

i=1

N 2
(K)p = <Z p—i> = SNKT, (2.10)

271’11' 2

T
where T is the target temperature, while the instantaneous value T(t) = %(kt; can
fluctuate around it during the simulation.

Among the different approaches proposed, in this work we mainly adopted the
velocity-rescale thermostat, a stochastic modification of the Berendsen scheme that
combines the efficiency of velocity rescaling with accurate sampling of the canoni-
cal ensemble (Bussi et al., 2007). The method acts by rescaling all atomic velocities
at each integration step through a factor A that relaxes the instantaneous kinetic
energy K(t) toward its target value K = 3NkpT over a characteristic coupling time
7r. In contrast to the purely deterministic Berendsen approach, where the kinetic
energy is forced to match its target exactly, the velocity-rescale scheme introduces
a stochastic correction that allows thermal fluctuations consistent with the canon-
ical distribution. As a result, the average temperature remains fixed, while the in-
stantaneous temperature naturally oscillates around it with the correct statistical
amplitude.

The coupling constant 77 controls the strength of the interaction between the
system and the thermal reservoir: large 77 values correspond to weak coupling and
nearly microcanonical dynamics, whereas small 71 values produce faster thermali-
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sation but stronger perturbations of the real dynamics. In this sense, the thermostat
acts as a virtual heat bath that continuously exchanges small amounts of energy
with the system, maintaining the desired temperature while preserving the canon-
ical ensemble.

While the thermostat allows the system to exchange energy with an external
heat bath and thus maintain a constant temperature, the volume has so far been
treated as a fixed quantity. In realistic conditions, however—especially for solvated
biomolecular systems—a system at constant pressure is subject to volume fluctua-
tions. To reproduce these conditions in MD simulations and achieve a more faithful
correspondence with experiments, one typically works in the isothermal-isobaric
(N,P,T) ensemble, where the simulation box is allowed to fluctuate to sample
the appropriate pressure-controlled equilibrium distribution. This ensemble rep-
resents a natural extension of the canonical formulation, in which the system is
coupled not only to a thermal reservoir but also to a pressure reservoir through
an additional control mechanism known as a barostat. The barostat regulates the
system’s pressure in analogy with how the thermostat controls its temperature,
allowing the simulation to evolve at constant average temperature and pressure.

Formally, the probability of observing a configuration x = (r, p) and an instan-
taneous volume V is given by

1
Pnpr(r,p, V) = %E_B[H(r’p)wv], Qnrr = / dV drdpe PIHERIPV] (0 11)

where P is the external pressure imposed by the reservoir and Qnpr is the corre-
sponding partition function.

At the microscopic level, the instantaneous pressure can be related to the inter-
atomic forces through the work-virial theorem, which links macroscopic pressure
to both kinetic and configurational contributions:

NkgT(t) 1
P(t) = + - £, 2.12
== o two Z rid (2.12)
where f; = —V;U(r) is the force acting on atom i.

Also in this case, as for the thermostat, several schemes have been developed
to couple the system to an external pressure bath. Among them, we employed the
Parrinello-Rahman barostat (Parrinello et al., 1981), a flexible-cell approach that
extends the equations of motion by introducing the simulation cell vectors as ad-
ditional dynamical variables. This formulation allows both the size and the shape
of the simulation box to fluctuate in response to instantaneous internal stress, en-
suring that the average internal pressure matches the target external value and that
the system samples configurations consistent with the isothermal-isobaric (N, P, T)
ensemble.

Together, these methodological components—accurate force fields, efficient in-
tegrators, thermostats, and barostats—form the foundation of contemporary MD
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simulations (Frenkel et al., 2023; Karplus et al., 2002). They allow the controlled
exploration of biologically relevant systems under thermodynamic conditions that
closely mirror experimental setups (McCammon et al., 1988). Building on this ro-
bust foundation, MD has grown over the past several decades from a theoretical
curiosity into a central method in computational biology. Since its birth in the late
1950s for atomic fluids (Alder et al., 1959) and its first application to biomolecules in
the 1970s (McCammon et al., 1977), MD has become a fundamental tool for study-
ing biomolecular systems. With continual advances in force field development,
integration schemes, and hardware acceleration, MD now offers atomistic resolu-
tion on timescales ranging from nanoseconds to milliseconds (Hollingsworth et al.,
2018). Software packages such as GROMACS (Abraham et al., 2015), coupled with
massively parallel architectures (Stone et al., 2010), have made it possible to simu-
late complex systems like membrane proteins (Stansfeld et al., 2015), viral capsids
(Freddolino et al., 2006), and large ribonucleoprotein assemblies (Villa et al., 2009).
Specialised hardware platforms like Anton have further pushed the boundaries, en-
abling millisecond-long trajectories for biologically relevant systems (Shaw et al.,
2008; Shaw et al., 2010).

Despite this progress, significant challenges remain, because many biologically
relevant processes unfold on timescales-from microseconds to minutes and beyond-
that sit far outside the temporal window that standard all-atom simulations can re-
alistically capture (Karplus et al., 2002; Dror et al., 2012). These are rare events, typ-
ically involving substantial energetic or structural rearrangements that make them
inherently difficult to observe within finite simulation times (Héanggi et al., 1990;
Dellago et al., 2002; Bolhuis et al., 2002). As a consequence, the system may explore
only a limited portion of its conformational landscape, potentially missing relevant
transitions or yielding biased representations of the underlying dynamics (Pande
et al., 2010; Tsabar et al., 2021).

To mitigate these intrinsic limitations, a wide range of methodological strate-
gies have been developed, the most prominent ones being enhanced sampling tech-
niques, Coarse-Graining, and multiscale modelling. Enhanced sampling aims to ac-
celerate the exploration of configurational space by introducing carefully designed
biases (Torrie et al., 1977), by exchanging replicas running under different ther-
modynamic conditions (Sugita et al., 1999), or by employing adaptive schemes that
steer the system toward under-explored regions (Laio et al., 2002). Coarse-Graining
(CG) and multiscale approaches address the complementary challenge of system
size and complexity: by reducing the number of degrees of freedom or by combin-
ing multiple resolutions within a single simulation, they enable the study of larger
assemblies and longer timescales than would be accessible with fully atomistic mod-
els (Izvekov et al., 2005; Warshel et al., 1976). In this work, we do not directly rely
on these simulation techniques, and for this reason, they will not be introduced in
detail here; comprehensive treatments can be found in standard reviews and text-
books (Voth, 2008).
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All these methodological developments have undoubtedly expanded the reach
of MD, constantly pushing the boundaries of the system size and timescales that can
be explored. Yet MD remains a rapidly evolving field, and several open challenges
persist. Among them, one stands out as a direct consequence of modern compu-
tational power: the sheer volume of data generated by high-resolution simulations
(Husicetal., 2018; Noé et al., 2020). As simulations become longer and increasingly
detailed, the resulting trajectories grow in dimensionality and complexity, often ob-
scuring the underlying physical content. Therefore, extracting interpretable infor-
mation from these datasets requires reducing the effective complexity—distilling
essential collective variables while filtering out noisy or redundant degrees of free-
dom. This motivates a second, equally important role of CG: not as an a priori model
reduction for simulation, but as an a posteriori analytical tool(Noid, 2013). In this
perspective, CG provides a principled framework for identifying emergent struc-
ture in atomistic trajectories, uncovering relevant coordinates, and interpreting the
dynamics at an appropriate level of abstraction. It is in this sense, and for this pur-
pose, that CG will be introduced in the following section.

2.2 Coarse-Graining: From Multiscale Systems to Reduced

Representations

2.2.1 Multiscale Structure and the Renormalization Group Perspective

In the previous sections, Molecular Dynamics was formulated at the atomistic level,
where the state of a system composed of n particles is specified by a configuration
r € X c R, and evolves under an effective classical Hamiltonian. This represen-
tation is formally complete within the chosen level of theory. However, it is not
necessarily the most informative description for the observables of interest.

Biomolecular systems are intrinsically multiscale: their macroscopic behaviour
emerges from the collective organization of microscopic degrees of freedom, yet
many experimentally accessible observables depend only on a restricted set of effec-
tive variables. This separation between microscopic detail and relevant large-scale
behaviour motivates the search for reduced descriptions (L. D. Landau et al., 1980;
Noid, 2013).

The conceptual framework that formalises this change of scale in statistical
physics is the Renormalization Group (RG) (Fisher, 1998; Kadanoff, 1966; Wilson,
1975). In its original formulation, RG provides a systematic procedure to investi-
gate how a physical theory transforms when progressively incorporating the effect
of short-wavelength degrees of freedom. By integrating out microscopic fluctua-
tions, one obtains an effective description governing the behaviour at larger length
scales (Wilson, 1975; L. D. Landau et al., 1980). Near critical points, this procedure
reveals scale invariance and universality, showing that macroscopic properties may
become largely independent of microscopic details.
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Although the systems considered in this thesis are not studied in the vicinity
of criticality, the RG philosophy remains instructive. The central idea is that a de-
tailed microscopic representation generally contains redundancy with respect to the
observables under investigation. One can therefore construct an alternative repre-
sentation in terms of effective degrees of freedom, designed to retain the relevant
structural or thermodynamic features while reducing the dimensionality of the de-
scription (Noid, 2013; Shell, 2008).

In the context of molecular systems, this reduction corresponds to replacing the
atomistic configuration by a set of collective variables, or CG sites. Formally, this
operation acts as a scale transformation in configuration space: instead of tracking
all microscopic coordinates, one introduces a reduced set of variables that encode
the large-scale organisation of the system. Importantly, this is not merely a sim-
plification of the interaction potential, but a transformation of the representational
space itself.

From this perspective, CG is not only a computational strategy aimed at extend-
ing accessible time and length scales. It is a theoretical operation that reorganises
the configuration space by grouping microscopic states into equivalence classes. In
this sense, CG can be regarded as a representation-level analogue of the renormal-
ization procedure: both involve the systematic elimination of degrees of freedom
and the emergence of effective interactions at a larger scale.

In the following, we formalise this transformation and clarify its statistical-

mechanical implications.

2.2.2 Formal Statistical-Mechanical Framework

In the canonical ensemble, as previously introduced, the equilibrium distribution in
phase space is described by Pyyr(r, p) (Equation 2.6). However, the separability of
the Hamiltonian, in kinetic and potential terms, implies that the kinetic contribution
factorises and does not influence equilibrium structural observables. For this rea-
son, the CG transformation can be formulated directly at the level of configuration
space, in terms of the configurational marginal

1
pr(r) = ——e P, szafeﬂmﬁwn (2.13)

The CG procedure consists in replacing the microscopic configurationr € X C
R3" with a reduced set of variables describing the system at a lower resolution.
Formally, this reduction is defined by a mapping

R = M(r), (2.14)

where R € S ¢ R*N with N < n. The mapping is a mathematical relation that
associates the degrees of freedom of the high-resolution scale to the low-resolution
ones, generally reducing the dimensionality of the representation.
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Figure 2.4: Schematic illustration of a block-spin coarse-graining transformation. Three distinct

microscopic spin configurations X1, X2, X3 are mapped onto the same coarse configuration X through
a majority rule applied within each block, Sy, = sign(};ey, 5i), with s;, S; = £1. The transformation
defines a many-to-one mapping in configuration space, highlighting the increase of degeneracy and
the reduction of descriptive resolution.

A paradigmatic example is provided by the block-spin construction in lattice
spin systems. In this case, groups of neighbouring spins {s;} are replaced by a
single effective spin variable Sy, typically defined through a majority rule Sy, =
sign(};ey, 5i)- The coarse variable associated with each block represents the collec-
tive orientation of the underlying microscopic spins. This procedure, schematically
illustrated in Figure 2.4, reduces the number of degrees of freedom while preserving
large-scale features.

In general, the mapping M : X — S induces a partition of the microscopic
configuration space into subsets

Cr={reX|M(r)=R}, (2.15)

so that each coarse configuration R represents a family of microscopic states com-
patible with it. The mapping is therefore intrinsically many-to-one, and the dimen-
sional reduction is accompanied by an increase of degeneracy at the coarse level.
The many-to-one character of M implies that the mapping is not invertible: a given
coarse configuration does not uniquely determine the microscopic configuration
from which it originates. This loss of invertibility corresponds to a loss of micro-
scopic information and is an intrinsic feature of any dimensional reduction. The in-
tegration over eliminated degrees of freedom therefore has structural consequences

for the representation of the system.

The equilibrium probability of observing a coarse configuration R is obtained
by summing the statistical weight of all microscopic configurations belonging to the
corresponding subset Cr. As schematically represented in Figure 2.5, the mapping
M induces a redistribution of probability mass from the atomistic configuration
space X to the reduced space S. This corresponds to the marginalisation of the
microscopic distribution over the degrees of freedom eliminated by the mapping

piR) = [ /) (M)~ R) . (2.16)
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Figure 2.5: Schematic representation of the Coarse-Graining transformation between configura-
tion spaces. The microscopic probability density p,(r) o< e PU®) defined on X induces a reduced
distribution pr(R) o e PY®) on S through the mapping R = M(r). The subset Cy represents
the equivalence class of microscopic configurations r mapped onto the same coarse configuration R,
whose integration generates the many-body potential of mean force W(R).
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However, the CG probability distribution can be also expressed in canonical
form by introducing an effective potential W(R)

1
pr(R) = Z—Se-ﬁVWR), Zs = /S e FVR) GR, (2.17)

Imposing consistency between equilibrium probability distributions, i.e.,
pr(R) = pr(R), leads

W(R) = —kpT In [/ e~ PUW) 5(M(r) — R) dr| + const. (2.18)
X

The function W(R) is the Many-body Potential of Mean Force (MB-PMF).
Despite its name, MB-PMF is not a mechanical interaction potential, rather a
configuration-dependent free energy (Noid, 2013). It is termed “potential of mean
force” because its gradient with respect to the coarse variables R yields the effec-
tive force acting on the reduced degrees of freedom. This force coincides with the
conditional thermal average of the sum of the microscopic forces compatible with
the imposed coarse configuration (Noid et al., 2008).

By construction, W(R) depends parametrically on the thermodynamic state of
the underlying high-resolution system. Since it is defined through the canonical
measure, it inherits the dependence on temperature, volume, and particle number.
Even if employed exactly, a CG model based on the MB-PMF is therefore strictly
valid only at the state point at which it has been determined. The extension of a
CG potential beyond its parametrisation conditions, and the construction of models
capable of operating across different thermodynamic states, define the problem of
model transferability (Noid, 2013; Noid, 2023).

At a fixed state point, the MB-PMF is in principle sufficient to ensure that the re-
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duced model samples configuration space consistently with the underlying atom-
istic system. Two fundamental difficulties nevertheless arise. First, its evaluation
requires the computation of a constrained partition function, which entails accurate
sampling of microscopic configurations compatible with a given coarse state. Sec-
ond, W(R) is generally a genuine many-body function, depending simultaneously
on all coarse coordinates. Even if the microscopic interaction U(r) is pairwise addi-
tive, the integration over eliminated degrees of freedom generates effective many-
body contributions. This structural complexity affects both its explicit representa-
tion and its practical use in simulations, and limits its straightforward applicability
to systems differing in size or composition from those used in its derivation.

It is important to stress that the consistency discussed above concerns equilib-
rium configurational sampling. Even if a CG model reproduces exactly the canoni-
cal distribution of the underlying atomistic system, this does not imply dynamical
equivalence. When expressed in terms of coarse variables, the dynamics of a de-
terministic microscopic system generally appears stochastic and non-conservative,
due to the elimination of degrees of freedom. As a consequence, atomistic and
Coarse-Graining models are typically characterised by different time scales, whose
relation is non-trivial. In the following, the focus will remain on equilibrium struc-
tural properties and on the consistent sampling of configuration space.

2.2.3 Philosophies of Coarse-Graining

The formal construction developed in the previous section shows that the Many-
body Potential of Mean Force W(R) provides, in principle, an exact equilibrium
description of the reduced system at a fixed thermodynamic state. In practice, how-
ever, the explicit evaluation of W(R) is infeasible, and its inherent many-body char-
acter prevents its direct use in simulations, since computing it would require re-
solving high-dimensional, configuration-dependent interactions at every step. CG
modelling therefore relies on approximate representations of the MB-PMF. The dif-
terent philosophies of CG correspond to distinct strategies for constructing such ap-
proximations, depending on the type of information that is retained and on the cri-
teria adopted to define consistency between microscopic and reduced descriptions.
Historically, CG strategies are often grouped into two broad classes: bottom-up ap-
proaches, which derive effective interactions from a reference atomistic model, and
top-down approaches, which parametrise interactions to reproduce macroscopic or
experimental observables (Voth, 2008; Noid, 2013). More recently, a third class,
data-driven and knowledge-based formulations, has become widespread, and many
practical force fields adopt hybrid strategies combining multiple sources of informa-
tion (Shell, 2008; Noid et al., 2024). In the following, we briefly recall representative
methods from each class; the interested reader is referred to the cited reviews and
original works for methodological details and practical implementations.
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Bottom-Up

Bottom-up strategies determine effective interactions by reference to an underlying
atomistic model, typically via the statistical analysis of MDD trajectories or, more gen-
erally, equilibrium conformational ensembles. Their guiding principle is that the
structural and thermodynamic properties of the reduced description should emerge
systematically from the integration of microscopic degrees of freedom. Within this
philosophy, one can distinguish three widely used methodological families: inverse
approaches based on structural matching, force-based schemes, and variational for-
mulations.

In practice, these families are often exemplified by (iterative) Boltzmann inver-
sion, force matching, and relative entropy minimisation. (Iterative) Boltzmann in-
version and related inverse techniques tune the parameters of a CG potential so as
to reproduce selected structural observables of the atomistic reference, most com-
monly pair correlations such as radial distribution functions (Reith et al., 2003;
Noid, 2013). Force matching instead determines the interaction parameters by min-
imising the discrepancy between the CG forces and the atomistic forces projected
onto the chosen coarse variables (Izvekov et al., 2005; Noid, 2013). Finally, relative
entropy minimisation provides a variational framework in which the CG parame-
ters are obtained by minimising the information loss between the atomistic configu-
rational distribution and the one induced by the reduced model within a prescribed
functional family for the interactions (Shell, 2008; Noid, 2013). A more detailed
treatment of relative entropy is provided in Chapter 6, where it is introduced in the
context of the Mapping Entropy.

Top-Down

Top-down strategies parametrise CG interactions by targeting macroscopic, experi-
mentally accessible observables, rather than by enforcing consistency with a specific
atomistic reference model. Within this framework, the effective interactions are cal-
ibrated so that the reduced description reproduces selected thermodynamic and/or
structural properties at the chosen resolution. Typical targets include bulk densi-
ties and compressibilities, equations of state, surface tensions, elastic moduli, and
free energies of transfer between solvents. The functional form of the interaction is
usually fixed a priori within a tractable Ansatz (e.g. predominantly pairwise addi-
tive potentials with limited angular dependence), and the parameters are then ad-
justed to match the selected observables. The calibration may be performed directly
against experimental measurements, or against phenomenological constraints de-
rived from continuum and statistical-mechanical considerations.

A canonical example in biomolecular modelling is the MARTINI force field
(Marrink et al., 2007; Monticelli et al., 2008). In MARTINI, the non-bonded in-
teraction strengths between CG beads are tuned to reproduce experimental free
energies of transfer of small chemical fragments between aqueous and apolar envi-
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ronments. These quantities, often inferred from water—octanol partition data, pro-
vide a thermodynamic proxy for hydrophobicity. Bonded interactions are subse-
quently chosen to preserve the local geometry at the adopted level of resolution.
This construction yields a transferable and computationally efficient model that can
be applied across a broad range of biomolecular systems. At a different level of res-
olution, structure-based models, such as Go-like models (Takada, 1999; Taketomi
et al., 1975) and elastic network models (Tirion, 1996; Bahar et al., 1997), consti-
tute another established class of top-down constructions. In these approaches, the
interaction network is defined directly from a known native structure, and the effec-
tive potentials are designed to stabilise that configuration while describing fluctua-
tions around it. The objective is thus not to reproduce a full microscopic free-energy
landscape, but rather to capture large-scale conformational motions consistent with
experimentally resolved structures.

Top-down parametrisations are often designed for robustness across variations
in temperature, concentration, or composition within a prescribed calibration do-
main. This is advantageous when atomistic reference data are scarce, or when pre-
dictive performance across different thermodynamic conditions is required. At the
same time, because the parametrisation is constrained by a limited set of target ob-
servables, many other properties remain underdetermined. The resulting effective
interactions may therefore entail compensating errors, and their connection to the
exact many-body potential of mean force associated with a given mapping is, in
general, indirect (Noid, 2013).

Knowledge-based

Knowledge-based strategies constitute a conceptually distinct class, although they
share with top-down approaches the absence of an explicit atomistic reference tra-
jectory for parametrisation. In this case, effective interactions are inferred from sta-
tistical analyses of structural datasets, most notably repositories of experimentally
resolved biomolecular structures. The underlying assumption is that the observed
frequencies of structural motifs encode effective preferences, which can be recast
into statistical potentials. Typical examples include residue-residue contact poten-
tials (Miyazawa et al., 1996), distance- and orientation-dependent statistical poten-
tials (Sippl, 1990; Samudrala et al., 1998), and database-informed terms that bias
secondary-structure preferences (Kabsch et al., 1983). The strengths of these mod-
els lie in their simplicity and in their ability to capture recurrent structural regu-
larities; at the same time, their validity and transferability depend on the repre-
sentativeness of the underlying datasets and on the approximations implicit in the
statistical reconstruction (Russ et al., 2002).



26 2. Theoretical Background

Data-Driven

More recently, data-driven formulations have expanded the bottom-up paradigm
by using machine-learning algorithms to approximate effective CG interactions
within highly expressive functional classes. Neural-network-based CG force fields,
including energy-based and equivariant architectures, can be trained to reproduce
atomistic information through objectives closely related to force matching or varia-
tional distribution matching (J. Wang et al., 2019; Sahrmann et al., 2025). Compared
to classical analytical force fields, these models can capture complex many-body ef-
fects induced by CG; however, they introduce additional challenges in terms of data
requirements, regularisation, interpretability, and extrapolation beyond the train-
ing conditions (Sahrmann et al., 2025; Noid et al., 2024).

Hybrid strategies

In practice, many contemporary CG models adopt hybrid strategies that combine
elements of bottom-up, top-down, and knowledge-based philosophies. For exam-
ple, a model may enforce agreement with atomistic structural correlations while
simultaneously matching experimental thermodynamic targets (e.g. pressure, den-
sity, surface tension), as commonly done by combining structure-based inversion
schemes with thermodynamic corrections (Reith et al., 2003). Alternatively, one
may incorporate database-derived structural biases within an otherwise bottom-
up parametrisation, as in CG protein models that mix physically motivated terms
with knowledge-based contributions (Davtyan et al., 2012). Such hybrid construc-
tions reflect the need to balance microscopic consistency, empirical accuracy, and
computational efficiency. From a formal standpoint, they can be interpreted as con-
strained approximations of the many-body potential of mean force associated with
a chosen mapping, where different sources of information are weighted according
to the intended scope of the model (Noid, 2013; Noid et al., 2024).

2.2.4 Resolution Level and Representational Power

The parametrisation strategy determines how the effective interactions are con-
structed, however, an equally fundamental modelling decision concerns the selec-
tion of the mapping itself. The CG map, M : X — S, fixes the dimensionality of the
reduced representation and, therefore, constrains the class of phenomena that can
be faithfully described. The level of resolution is not merely a numerical simplifica-
tion, but a structural transformation of the configuration space.

Recalling the definitions introduced above, the mapping M replacesr € X c R3"
with R = M(r) € S ¢ R3N, with N < n. The ratio N /n provides a first quantitative
measure of dimensional reduction: decreasing N reduces the number of explicit
degrees of freedom and generally enlarges the sets of microscopic configurations
that are indistinguishable at the coarse level.
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Figure 2.6: Hierarchical structural representations of the same protein at progressively decreasing
resolution. From left to right: all-atom representation with explicit hydrogens, united-atom repre-
sentation (hydrogens implicit), backbone-only representation, and C, model (one interaction site
per residue). Each representation corresponds to a different mapping M : X — S, inducing a dis-
tinct reduction of configurational degrees of freedom and an associated increase in the degeneracy of
microscopic states compatible with a given coarse configuration.

In biomolecular modelling, common choices range from united-atom represen-
tations, in which hydrogen degrees of freedom are integrated into heavy atom, to
residue-level CG models where each amino acid is represented by one or a few inter-
action sites, up to ultra-CG descriptions where entire domains are treated as rigid
bodies (see Figure 2.6 for a partial qualitative example). These alternatives cor-
respond to mappings of progressively decreasing dimensionality and increasing
configurational compression. The reduction in N is accompanied by an enlarge-
ment of the corresponding equivalence classes Cr (defined in Equation 2.15), since
a growing number of microscopic configurations become indistinguishable within
the reduced representation.

It is important to emphasise, however, that dimensionality alone does not ade-
quately capture the notion of resolution. While decreasing N provides a quantita-
tive measure of compression, the representational content of a model also depends
on how microscopic degrees of freedom are grouped. Two mappings with identi-
cal N may preserve distinct structural features and thus differ in their descriptive
power. The choice of mapping is therefore not reducible to selecting the number of
retained variables, but requires identifying which aspects of the microscopic con-
figuration space are relevant for the phenomena under investigation.

2.2.5 The Mapping Problem

Fixing the number of retained degrees of freedom sets a resolution level, but it does
not uniquely determine the reduced description. At fixed dimensionality, different
admissible mappings preserve different correlations and collective modes, and can
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therefore lead to coarse models with distinct scope and performance.

It is useful to distinguish two modelling choices. The first is the resolution
choice, namely how many effective variables are retained. The second is the mapping
rule, namely how microscopic coordinates are grouped into effective sites and how
coarse coordinates are defined. Even at fixed resolution, alternative rules can sub-
stantially modify the geometric embedding of configurations. For instance, centre-
based projections, such as centres of mass and decimation schemes that retain se-
lected atoms differ in which microscopic distinctions remain explicit and which are
instead absorbed into the effective interactions.

A simple example at fixed resolution is a residue-level representation of a pro-
tein with one site per amino acid. Placing sites at the C, positions preserves back-
bone geometry and fold topology directly, whereas defining each site as the residue
centre of mass shifts the embedding and redistributes local fluctuations between ex-
plicit coordinates and effective interactions. Both choices retain the same number
of variables, yet they encode different information and will generally privilege dif-
ferent classes of observables.

In practice, mapping rules are commonly selected through a combination of ap-
proaches. A first, widely used strategy is heuristic and chemistry-driven: atoms are
grouped into beads representing chemically meaningful units, often with transfer-
able bead types. This logic underlies, for example, MARTINI for lipids (Marrink
et al., 2007; Marrink et al., 2013) and oxDNA for nucleic acids (Sengar et al., 2021;
Poppleton et al., 2023). However, alternative choices for the same system can be
equally well motivated, and physical considerations may compete with chemical
intuition. A representative case is UNRES, where coarse centres are placed at pep-
tide bonds rather than at the C,, atoms. This choice provides a convenient backbone
parametrisation and shifts part of the local conformational detail into the effective
interactions (Liwo et al., 1999; Liwo et al., 2005). A second, more physics-informed
guideline is to choose groupings that align with the dominant organisation of in-
teractions and motions, with the practical aim of obtaining effective interactions
that admit simpler and more robust functional forms. If strongly coupled micro-
scopic degrees of freedom are split across different sites, the reduced model must
encode their correlations through increasingly intricate interactions, often many-
body, which complicates parametrisation and reduces transferability (Riihle et al.,
2009). A third, increasingly explored route is to treat the mapping itself as a model
parameter to be selected by optimisation. In this perspective, each candidate map-
ping induces a different CG description and therefore a different amount of lost
microscopic information. One can then endow the set of admissible mappings with
an explicit objective functional, typically information-theoretic, that quantifies how
well the reduced variables preserve the statistics of the atomistic ensemble. By eval-
uating this functional across alternative mappings, it becomes possible to rank al-
ternative representations at fixed resolution and to identify those that retain more
of the informative structure of the reference system, in the sense relevant to the
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targeted observables, rather than relying solely on chemical intuition or geometric
convenience (Foley et al., 2015; Diggins IV et al., 2019; Foley et al., 2020; Giulini
et al., 2020; Giulini et al., 2021; Giulini et al., 2024; Menichetti et al., 2021).

These considerations clarify that a mapping is not merely a numerical reduc-
tion, but a choice of which microscopic distinctions remain accessible at the reduced
level. The same trade-off between compression, retained information, and the de-
scriptive usefulness of the remaining variables is systematised in the Relevance-
Resolution framework introduced in the following sections (Marsili et al., 2013).

2.2.6 Coarse-Graining as an Analytical Operator

In the previous sections, CG was introduced mainly in its constructive role: once
a resolution level and a mapping rule are fixed, one defines a reduced description
and an effective interaction on the coarse variables. Here we stress a complementary
use, which becomes particularly natural after the discussion of mapping degener-
acy and information loss: the mapping can be applied to existing atomistic trajectories
as an analysis operator, i.e. as a controlled lens that reorganises the data and exposes
structured behaviour at a chosen level of abstraction (Noid, 2013).

Formally, a mapping R = M(r) induces a projection from the microscopic con-
figuration space to a reduced one, partitioning microstates into equivalence classes
labelled by R. The novelty of the analytical viewpoint is that this many-to-one char-
acter is not treated primarily as a modelling compromise, but as a deliberate tool:
by deciding which microscopic distinctions remain explicit in R and which are in-
tegrated out, one selects the level at which patterns and regularities are sought.
This projection redistributes complexity. The reduced distribution is obtained by
marginalisation over the eliminated degrees of freedom, and the effective free-
energy landscape on R collects both energetic and entropic contributions from all
microstates compatible with the same coarse state. From an interpretative stand-
point, this means that CG acts as a filter: variability orthogonal to the retained vari-
ables is absorbed into degeneracy, while collective features aligned with R are better
defined and easier to characterise. As a consequence, reduced representations can
improve robustness and interpretability when the microscopic description contains
fast, noisy, or weakly relevant fluctuations for the questions at hand (Noid, 2013).

A practical consequence is that one can compare alternative or progressively
coarser representations directly on the same reference to assess which one yields
a more stable and informative organisation of the data for the observables of in-
terest. This includes, for instance, checking the persistence of identified states or
collective coordinates under changes of representation, and evaluating whether the
resulting reduced description supports simpler statistical models or more robust es-
timates. Recent approaches make this idea quantitative by linking mapping choice
to information-based criteria computed from the reference ensemble, thereby turn-
ing representation selection into a principled part of the analysis workflow (Diggins
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IV et al., 2019; Foley et al., 2020; Shell, 2008).

In summary, beyond enabling faster simulations, CG can be viewed as an oper-
ator for interpreting high-dimensional molecular ensembles: it compresses the de-
scription in a controlled manner, suppresses selected microscopic variability, and
can thereby reveal collective structure that is obscured at full resolution (Noid,
2013). This viewpoint is also the conceptual thread underlying the rest of this the-
sis: by treating the choice of representation as a tunable information filter, one can
make explicit the trade-off between compression and retained content, and turn it
into a quantitative object of study. In the following chapters, this idea is developed
into criteria to compare representations across resolutions and to select those that
preserve the information most relevant to the observables and processes of interest,
providing a principled bridge between CG, inference, and model design (Marsili
etal., 2013).

2.3 The Resolution-Relevance Framework

Coarse-Graining provides a systematic procedure for dimensional reduction of a
complex system by combining microscopic configurations into a more manageable
set of effective variables. As motivated in the previous chapter, these types of trans-
formations are necessary to discover interpretable structure, suppressing micro-
scopic fluctuations, and exposing large-scale patterns. However, even after estab-
lishing why CG is desirable, a central question remains unsolved: how should one
assess whether a particular representation is informative? In the information—-theoretic
perspective adopted in this chapter, the level of detail at which a representation
distinguishes among its states is quantified by its resolution. The resolution, intro-
duced formally in the next section, reflects the average cost of encoding the distinc-
tions present in the representation; however, a high level of detail does not by itself
imply that these distinctions correspond to meaningful structure rather than fluctu-
ations arising from limited sampling. A complementary measure is thus required
to assess how informative a representation truly is.

This ambiguity becomes especially acute in the high-dimensional and under-
sampled settings typical of modern biological and physical data. In these regimes,
the number of variables is usually comparable to or even larger than the number
of samples available, making a reliable estimation of statistical dependencies ex-
tremely challenging. Empirical frequencies fluctuate widely, entropy estimates be-
come biassed, and standard inference techniques require strong regularisation or
restrictive modelling assumptions (Mézard et al., 2009; Griinwald, 2007). Such as-
sumptions may inadvertently impose structures not supported by the data, obscur-
ing the underlying generative process. The fundamental difficulty is that, under
severe undersampling, only a limited number of data features can be considered
reliable.

The Resolution-Relevance (RR) framework addresses this difficulty by intro-
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ducing an intrinsic task-independent measure of how much information a dataset
or representation carries about its unknown generative process (Marsili et al., 2022).
Its starting point is the observation that, in the undersampled regime, the only sta-
tistically reliable quantity is the empirical frequency of observed outcomes; any
higher-order statistic is dominated by noise. Frequency variation is therefore the
natural basis for distinguishing meaningful structure from fluctuations. Represen-
tations that produce strongly heterogeneous frequency spectra must encode fea-
tures that correspond to genuine underlying distinctions. Conversely, represen-
tations whose frequencies fall within a narrow range cannot be trusted to reflect
meaningful structure.

Formalising this idea requires supplementing the traditional notion of resolu-
tion with a complementary quantity that reflects how strongly the data themselves
support certain states of a representation over others. We refer to this quantity as
relevance. Intuitively, relevance describes how unevenly the observations are dis-
tributed across the possible states: a representation is informative when some states
consistently appear more often than others, signalling the presence of robust and re-
producible structure. Conversely, when all states occur with comparable frequency,
the representation offers little guidance in distinguishing meaningful patterns from
noise, regardless of its level of detail. This definition is intrinsic—no external task
or target variable is required—and it avoids the biases associated with parametric
models or task-driven notions, such as those underlying the Information Bottleneck
or supervised learning objectives (Tishby et al., 1999).

By jointly analysing resolution and relevance, the RR framework offers a system-
atic way to evaluate CG representations and to navigate the trade-off between retain-
ing meaningful structure and suppressing noise. It provides information-theoretic
constraints on what can be inferred from scarce data and it establishes a unified
perspective on efficient representations in both physical and learning systems. The
following sections develop the theoretical foundations of this framework, starting
from the theoretical definition of resolution and then introducing relevance and its
implications for statistical inference.

2.3.1 Resolution: Complexity and Coding Cost

The resolution of a representation quantifies how finely it distinguishes among the
possible states of a system, or equivalently, how much microscopic variability is re-
tained after CG. Let the microscopic configurations be denoted by x € X, with X an
arbitrary configuration space. A mapping n : X — S assigns each configuration to
a finite represented state s € S. The properties of the system, the structure of X, and
the physical interpretation of the representation are intentionally left unspecified;
what matters for present purposes is the induced distribution:

ps)= >, ), (2.19)

x:7(x)=s
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which records how frequently each represented state is observed under the under-
lying generative process. This distribution forms the starting point for quantifying
the informational complexity of a representation in terms of coding cost.

The link between representational complexity and coding cost follows from clas-
sical information theory. In this setting, each represented state s is associated with
a finite binary string, or codeword, that specifies its identity. For a lossless and un-
ambiguous encoding, these codewords must be assigned in a way that allows the
sequence of states to be uniquely reconstructed and as short as possible. This prin-
ciple, made precise in Shannon’s formulation of optimal compression (Shannon,

1948), naturally leads to the quantity
Es = —log p(s), (220)

which represents the minimal number of nats required to specify state s. The aver-
age cost of this optimal description is the Shannon entropy

H[s] == )" p(s)logp(s), (221)

seS

which therefore provides a natural measure of the complexity, and hence the reso-
lution, of the representation. Representations with high entropy finely partition the
configuration space: many states occur with comparable probability and require
non-trivial coding cost. Representations with low entropy correspond to coarse
partitions in which many microscopic configurations are merged, and only a small
number of states appear frequently.

A concrete illustration of these ideas can be obtained by considering the tem-
poral discretisation of a sparse event sequence, such as the spike times of a neuron
(Cubero et al., 2020). Leaving aside the biological context, the data reduce to a
sequence of event times {1, ..., fp} within an observation window of duration T.
Different choices of temporal resolution correspond to different ways of partition-
ing this window into represented states. Dividing the interval into bins of duration
At induces a mapping in which each event is assigned to one represented state—
namely, the temporal bin it falls into. Varying At therefore provides an intuitive way
to visualise how the fineness of a partition controls the number of distinguishable
states and, consequently, the entropy of the representation. For small At, the ob-
servation window is divided into many narrow bins; most bins contain at most one
event, and the entropy approaches its maximal value, reflecting a highly resolved
description. For larger At, several events fall into the same bin, the number of dis-
tinct represented states decreases, and the entropy correspondingly drops. In the
extreme case At = T, the entire observation window is treated as a single bin, all
events correspond to the same represented state, and the entropy vanishes. This
behaviour is summarised in Figure 2.7, which illustrates how progressively enlarg-
ing At groups multiple events into the same temporal region, thereby reducing the
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Figure 2.7: Illustration of how the resolution of a representation depends on the choice of the time
bin At when discretising a spike time series. The same sequence of spike times (bottom) is grouped
into temporal bins of increasing width. At high resolution (small At), the observation window is
divided into many narrow bins, so that spikes are spread over a large number of distinct represented
states and the entropy H{[s] is large. At low resolution (intermediate At), wider bins are used, and
several spikes fall into the same temporal bin, reducing the number of represented states and lowering
H[s]. At null resolution (maximal At), the entire observation window is treated as a single bin, all
spikes correspond to the same represented state, and the entropy vanishes. The figure illustrates how
progressively increasing At reduces the number of distinct temporal states and thereby lowers the
resolution of the representation.

number of effectively distinguishable states.

The spike-time example shows that resolution is fully determined by how finely
the mapping n partitions the underlying configuration space X. Increasing the
number of represented states raises the entropy H[s] and yields a high-resolution
description. This mechanism appears across modelling frameworks. In clustering,
adding more clusters increases the granularity of the representation (MacQueen,
1967; Tibshirani et al., 2001); in latent-variable models, enlarging the latent space al-
lows the system to encode more detailed configurations (Hinton et al., 2006; Kingma
etal., 2014). Conversely, CG procedures deliberately lower resolution by collapsing
many microstates into fewer macrostates. In that context, reducing resolution is not
a defect but a modelling choice: it suppresses microscopic variability to highlight
large-scale regularities that would otherwise be hidden (Kadanoff, 1966; Golden-
feld, 2018).

This observation leads to a crucial point. Resolution by itself does not guaran-
tee that the distinctions introduced by a representation reflect meaningful structure
in the data. Two representations may have the same entropy yet differ completely
in the amount of information they reveal about the generative process. In high-
dimensional, undersampled regimes, it is always possible to increase resolution by
artificially subdividing the space into many poorly populated states (Marsili et al.,
2013; Haimovici et al., 2015). Those refinements raise the entropy without necessar-
ily improving, and often degrading, the interpretability and statistical robustness of
the representation. A second quantity is therefore needed to assess whether a repre-
sentation captures statistically supported structure in the data. This complementary
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notion, relevance, is introduced in the next section.

2.3.2 Relevance: Informative Variability in Coding Cost

The resolution quantifies the average coding cost of a representation, but it does
not specify which part of this cost reflects meaningful structure. Its value combines
contributions that arise from systematic differences in how the data populate the
represented states with contributions that are due solely to sampling fluctuations
(Marsili et al., 2013; Marsili et al., 2022). This distinction is made explicit by the
identity

H[s] = H[E] + H[s|E), (2.22)

where E denotes the coding cost associated with state s. Since E is fully determined
by s, the joint entropy can be written equivalently as H[s, E] = H[s] and, leverag-
ing the chaining rule, as H[s, E] = H[E] + H[s|E], from which the decomposition
follows. To understand their meaning, it is necessary to analyse how coding costs
are distributed across states.

The probabilities p(s) induce a distribution of coding costs,

p(E) = p(s)6(E - Es) = W(E)eF, (2.23)
seS
where E; = —logp(s), 0(-) is a Kronecker delta, and W(E) is the number of states

with coding cost E. Treating both s and E as discrete variables for simplicity!, the
entropy of this distribution,

H[E] = - p(E) logp(E), (2.24)
E

measures how broadly the coding costs vary across states. The second term in Equa-
tion 2.22 is

H[s|E] = Z p(E) log W(E), (2.25)
E

which quantifies the degeneracy of the coding costs. Degeneracy arises when sev-
eral states share the same coding cost; in such cases, the data do not provide evi-
dence to distinguish among them, and the corresponding contribution is attributed
to sampling noise. The decomposition, therefore, separates the informative compo-
nent H[E] from the noise component H[s|E].

In this framework, the quantity H[E] is identified as the relevance of the repre-
sentation, since it captures the systematic, data-supported variation in coding costs
that cannot be explained by sampling fluctuations alone.

! In the case where E is a continuous variable, the Equation 2.24 corresponds to the differential entropy
of E (Cover et al., 2006). Because p(E|s) = 6(E — Es) is a Dirac delta, the conditional differential
entropy diverges to —co. This divergence can be avoided by introducing a finite resolution in the
definition of entropy, as discussed in (Cover et al., 2006). A detailed treatment of the continuous
case is provided in (Duranthon et al., 2021).
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2.3.3 Resolution and Relevance in Practice

Together, resolution and relevance describe complementary aspects of a represen-
tation: resolution quantifies its overall complexity, i.e., the average coding cost re-
quired to specify the represented states, while relevance isolates the portion of that
complexity that is supported by the data through systematic variations in coding
costs. This complementarity is made precise by the decomposition of the coding
cost, but it becomes more evident when examined in a concrete example. In realis-
tic scenarios, however, the underlying probability distribution from which the data
are drawn is unknown, so the probabilities p(s) that enter the definitions of reso-
lution and relevance cannot be accessed directly. When only a finite dataset of N
observations is available, the best approximation to p(s) is the empirical distribution
p(s) = ks/N, where the frequency ks = Z;L 05 5 counts how many times the state
s occurs in the sample. The empirical resolution is then

Als) == Y 5(s) logh(s) == 3. = Tog 2, (226)

which quantifies the coding cost associated with the specific sample under anal-
ysis. This quantity should not be interpreted as an estimate of the true entropy
H[s] of the unknown distribution p(s), since this estimator is well known to be bi-
ased (Bonachela et al., 2008; Carlton, 1969), especially in the undersampled regime
(Bonachela et al., 2008; Nemenman, 2011). Estimating H[s] is not the objective here;
the empirical entropy H[s] serves solely as a sample-based measure of resolution.

To characterise how the sample is distributed across frequencies, let my denote
the number of states observed exactly k times in the dataset. The empirical distri-
bution over frequencies is then

k mi
=" 2.27
N (227)
i.e., the probability that a randomly chosen observation belongs to a state with count
k. The empirical relevance is defined as the entropy of this distribution,
k my k my

k

To illustrate these ideas in a controlled setting, it is useful to consider an in silico
system where the generative process is fully specified. Following Grigolon et al.
(2016), one can construct datasets composed of binary strings

s=(s1,...,81), si € {0,1}, (2.29)

drawn from a prescribed probability distribution designed to combine variables
with qualitatively different statistical roles.
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Figure 2.8: [llustration of relevance and resolution in an in-silico sequence dataset. (a) Example of
three samples obtained from the same dataset by selecting different subsets of positions, illustrating
the corresponding distinct states s. For each panel, the occurrence counts k and their multiplicities
my are reported. (b) Example of a typical in-silico sequence dataset. The different regions composing
each sequence (core, functionally dependent sites, conserved sites, and random sites) are highlighted
as described in the main text. (c¢) Relevance H[k] as a function of the resolution H[s] for subsets of
sites selected at fixed subsequence length n. The dashed curve corresponds to the random expectation
obtained by placing n balls into L boxes while accounting for the number of occupied boxes. (d)
Single-site selection counts c;(n) for subsequences of length n = 30 obtained by maximising the
resolution H|s], showing a preference for highly variable sites. (e) Single-site selection counts c;(n)
for subsequences of length n = 30 obtained by maximising the relevance H[k], highlighting the
preferential selection of conserved and core sites.

The dataset is deliberately constructed to include heterogeneous classes of sites,
not all of which are equally informative, in order to disentangle the effects of mere
variability from those of structured statistical dependence. In particular, each se-
quence is composed of four distinct groups of variables, which are shown schemati-
cally in Figure 2.8.b and arranged from left to right according to their statistical role.
The first group consists of a small core of sites generated so as to exhibit strong and
non-trivial correlations, including dependencies that go beyond pairwise statistics.
The second group is made of sites that depend hierarchically and noisily on the core
variables, thereby propagating information in an indirect and distributed manner.
The third group consists of highly conserved sites, which display little variability
across the dataset and therefore contribute to resolution without carrying infor-
mation about the underlying dependency structure. Finally, the fourth group is
formed by independent random sites, which introduce variability but do not con-
vey systematic information. A full technical specification of the data-generating
process is reported in Grigolon et al. (2016).

By construction, not all sites contribute equally to the information carried by the
sample. The analysis therefore proceeds by restricting attention to subsets of sites,
and by treating the corresponding subsequences as the effective states of the system.
Given a subset of positions I C {1, ..., L}, each full configuration s = (sy,...,s) is
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mapped onto a reduced state
S[Z{Sz‘ : iEI}, (2.30)

so that configurations differing only on sites not included in I are mapped to the
same reduced state. Formally, for a dataset of N sequences {s(¥}N_ the empirical
frequency of a reduced state sj is

N
kis) = 36, o, (2.31)
a=1

that is, the number of times the subsequence s; occurs in the sample. Different
reduced states may occur with the same frequency; to characterise this degeneracy,
we define the multiplicities

my(k) = Z Ok, ky(s1) (2.32)
sq

which count how many distinct reduced states are observed exactly k times.

The effect of this CG is illustrated in Figure 2.8.a. When all sites are retained,
most configurations appear only once in the sample, resulting in a trivial frequency
distribution concentrated at k = 1. Restricting the representation to a smaller subset
of sites merges many distinct configurations into the same reduced state, generating
a broader distribution of frequencies with non-trivial multiplicities. Importantly,
different choices of the subset I-even when they contain the same number of sites—
can induce qualitatively different frequency distributions, giving rise to distinct val-
ues of H[s;] and H[k;], as defined respectively in Equation 2.26 and Equation 2.27.

As illustrated in Figure 2.8.c, enlarging the subset of retained sites typically in-
creases the resolution, H [sr], because more degrees of freedom are available to dis-
tinguish sequences. However, the resolution is not fixed by the subset size alone:
for a given number of retained sites n = |I|, different choices of I can lead to different
values of H[s;], depending on how variable the selected positions are in the sam-
ple. The relevance, A [kr], is equally sensitive to which sites are retained: at fixed
n it can vary widely across different subsets, and, as a function of n, it displays a
non-monotonic behaviour. As the number of retained sites increases, the relevance
initially grows, reaches a maximum, and eventually decreases when additional sites
predominantly contribute variability without enhancing the heterogeneity of state
frequencies.

This observation motivates comparing subsets of sites of fixed size n accord-
ing to two distinct criteria. One may privilege subsets that maximise resolution,
H[s;], thereby favouring representations that distinguish as many reduced states
as possible in the sample. Alternatively, one may privilege subsets that maximise
relevance, H [k1], favouring representations in which the observed reduced states
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are distributed as heterogeneously as possible across frequencies. Although both
criteria act on subsets of the same size, they emphasise different properties of the
induced empirical distributions and, therefore, generally select different subsets of
variables.

This distinction becomes explicit when analysing how frequently individual
sites are selected across optimal subsets. To this end, we consider the single-site
selection counts c;(n), defined as the number of times site i appears in an optimal
subset of size n obtained by repeatedly applying a given optimization criterion. As
shown in Figure 2.8.d, subsets that maximise resolution are dominated by sites with
large c;(n) located in the final portion of the sequence, corresponding to the inde-
pendent and identically distributed region of the dataset. These sites exhibit the
largest fluctuations across samples and therefore contribute most effectively to in-
creasing the number of distinguishable reduced states, largely irrespective of the
underlying dependency structure.

By contrast, subsets that maximise relevance exhibit a markedly different selec-
tion pattern. As shown in Figure 2.8.e, sites belonging to the conserved region and
to the correlated core are preferentially selected, while the random sites display neg-
ligible selection counts. These results demonstrate that the two criteria, despite op-
erating on subsets of identical size, identify qualitatively different representations
of the same dataset.

The in silico example thus makes it clear that resolution and relevance capture
genuinely distinct aspects of a representation. While increasing resolution generally
corresponds to resolving a larger number of distinct states, relevance quantifies how
unevenly the available observations are distributed across those states. As a conse-
quence, increasing the representational complexity does not automatically imply an
increase in relevance, and the two quantities need not be optimised simultaneously.

2.3.4 The Resolution—-Relevance Tradeoff

The previous section highlighted that increasing resolution and increasing rele-
vance are, in general, competing objectives in the undersampling regime. Refining
a representation introduces distinctions that are progressively less supported by
data, while CG suppresses fluctuations but may also discard informative structure.
The RR trade-off formalises this competition.

The interplay of these measures can be made explicit by recalling the decompo-
sition of the coding cost introduced in Equation 2.22, where the resolution H[s] is
separated into an informative contribution, identified with the relevance H[k], and
aresidual term H[s|E] associated with degeneracy in the coding cost. This residual
contribution reflects the fact that several represented states may occur with the same
empirical frequency. Expressed in terms of the multiplicities my, this degeneracy
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term takes the explicit form

kmk

H[s|E] = H[s|k] = Z log 1, (2.33)
k

which yields the following equivalent expression for the relevance

H[k] = H[s] - Z i log . (2.34)

This relation explicitates how the information content of a representation is con-
strained by the distribution of empirical frequencies. Increasing the resolution H|s]
enlarges the number of distinguishable states, but it also tends to increase the degen-
eracy contribution H[s|k] when many states are weakly populated. In this situation,
additional descriptive detail does not necessarily correspond to a larger informative
content, since part of the coding cost reflects sampling fluctuations rather than a
genuine statistical structure.

For this reason, relevance is naturally considered as a function of the resolu-
tion across different CG levels of the same dataset. Empirically, H[k] typically dis-
plays a non-monotonic dependence on H|[s]: starting from coarse representations,
increasing resolution initially enhances relevance because systematic heterogene-
ity in empirical frequencies becomes visible, whereas further refinements mainly
generate sparsely populated states and reduce relevance. The resulting relevance—
resolution curve thus provides a compact characterisation of how much statistically
supported information can be extracted at different levels of description.

A useful benchmark for interpreting the relevance-resolution relation is ob-
tained by considering a null model in which observations are assigned to repre-
sented states in the absence of any underlying statistical structure. In this situation,
the empirical frequency spectrum arises solely from finite-sampling effects: dis-
tributing N observations randomly across a set of states inevitably produces het-
erogeneous occupancies, even when no genuine distinctions exist among the states.
This heterogeneity generates a non-zero relevance, not because of intrinsic structure
in the data, but as a consequence of purely combinatorial fluctuations associated
with undersampling.

The relevance-resolution curve obtained under this random assignment, there-
fore, defines the baseline amount of relevance that can be expected in the absence
of statistical organisation. An example of this random expectation is shown in
Figure 2.8.c. Empirical curves that lie significantly above this reference indicate
the presence of genuine structure in the data, whereas curves approaching it sug-
gest that additional representational detail primarily captures sampling noise rather
than informative distinctions.

This perspective naturally leads to the question of what is the maximal relevance
compatible with a given resolution once finite-sampling constraints are taken into
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account. Characterising this upper boundary, and the statistical signatures associ-
ated with it, is the focus of the next section.

2.3.5 Information-Theoretic Bounds

The considerations developed so far naturally lead to a further question. Once a
given resolution is fixed, finite data constrain the admissible empirical frequency
spectra; it is therefore legitimate to ask whether an upper bound exists on the rele-
vance that can be achieved under such constraints. In other words, among all repre-
sentations characterised by a given resolution H[s] = Hy, which frequency spectra
maximise the informative content captured by the relevance?

The admissible spectra are constrained by the normalization condition

kak=N,

(2.35)

which simply reflects the fixed sample size. Within this constraint, the resolution
admits the explicit expression

-2

k>1

kmk k
K g = =1og N —
N BN T %

@ log k.

H[s] = N

(2.36)

2,

k>1

Atfixed N, prescribing the resolution therefore amounts to fixing the typical log-
arithmic frequency with which states are observed. Moreover, since the frequency
k associated with a state s is a deterministic function of that state, the entropy de-
composition introduced previously (see Equation 2.22) implies the general bound
H[k] < H[s]. This reflects the fact that CG cannot increase the information con-
tent: retaining only the frequency class of a state necessarily discards part of the
information contained in the original representation.

The determination of maximal relevance can thus be formulated as a constrained
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variational problem over the multiplicities {m}. Introducing Lagrange multipliers,
A and y, to enforce the normalization condition and the fixed-resolution constraint.
The optimisation reduces to finding stationary points of the functional

Flmi] = H[k] + —Z%log%—Ho)+A(kak—N). (2.37)
k>1 k>1

The solution to this problem is made non-trivial by the fact that the multiplic-
ities my are non-negative integers. As a first step, it is nevertheless instructive to
relax this constraint and treat m as continuous positive variables. This approxima-
tion provides an upper bound on the attainable relevance, since allowing fractional
multiplicities enlarges the admissible space of frequency spectra beyond those com-
patible with a finite discrete sample. In equivalent terms, the optimisation can be
formulated in terms of the intensive variables m; /N; for large datasets, the discrete-
ness of the spectrum becomes negligible, as two adjacent admissible values differ
by only 1/N

Within this relaxed setting, the optimisation reduces to a standard variational
problem. Taking functional derivatives of ¥ [m] with respect to m; and imposing
stationarity yields a family of frequency spectra whose asymptotic behaviour is of
power—law form,

My o« k~iH, (238)

The emergence of a power—law multiplicity distribution has a clear information-
theoretic interpretation. Maximising relevance at fixed resolution favours represen-
tations in which coding costs are broadly distributed across states. Uniform spectra
would correspond to nearly degenerate coding costs and therefore carry little infor-
mation about the underlying generative process. Conversely, sharply peaked spec-
tra typically arise when the chosen resolution exceeds what finite data can reliably
support, leading to many weakly populated states whose apparent distinctions are
dominated by sampling noise. In contrast, maximally informative representations
develop broad frequency spectra in which a few highly populated states coexist with
a long tail of rarer ones, thereby maximising the entropy of the frequency classes
compatible with the imposed resolution.

The fact that power-law multiplicity spectra are maximally informative can be
illustrated through a simple analogy. Consider the task of locating a randomly cho-
sen individual, within a population of N people. Without additional information,
identifying that person requires log N bits. Suppose instead one knows the size k
of the city where they lives, then one needs to identify one out k - my individuals.
The usefulness of this information depends on the distribution of city sizes. If all
individuals live in a single city, knowing k provides no help. Similarly, if each city

contains a single individual, the city size again carries no useful information, as



42 2. Theoretical Background

it is identical for everyone. Informative structure arises only when city sizes are
broadly distributed, so that knowing k significantly restricts the search. Power—law
distributions naturally realise this situation, with a few large cities coexisting with
many smaller ones, thereby maximising the information conveyed by the frequency
classes.

The exponent p emerging from the variational solution admits a direct
information—theoretic interpretation. Since it appears as the Lagrange multiplier
enforcing the resolution constraint, it quantifies how the maximal achievable rel-
evance varies when the coding cost is modified. More precisely, along the upper
bound curve defined by the optimal frequency spectra one has

_ 9HIK]
~ OH[s]’

(2.39)

so that u represents the (negative of the) slope of the relevance-resolution curve
(see Figure 2.9). In information-theoretic terms, it measures how many bits of rel-
evance are gained (or lost) for a marginal change of one bit in resolution. Varying
u therefore parametrises the family of optimal spectra that define the upper bound.

A particularly important regime arises when p = 1, where the gain in relevance
exactly compensates the loss in resolution. At this point the upper bound curve
reaches its maximal value compatible with the imposed constraints, identifying the

regime of maximally informative representation. In this situation

my ~ k2. (2.40)

This condition corresponds to Zipf’s law in the ranked frequency representation
(Zipf, 1932). Indeed, a multiplicity spectrum my ~ k=2 implies that the probability
of observing a state with frequency k decays approximately inversely with its rank,
a behaviour widely documented across biological, linguistic and learning systems.
Within the present framework, the emergence of Zipf-like statistics is not a coin-
cidence but rather a consequence of maximising the informative content of a rep-
resentation under finite sampling constraints (Schwab et al., 2014; Aitchison et al.,
2016).

From a statistical-mechanical perspective, the emergence of Zipf’s law can be
interpreted as a form of statistical criticality (Schwab et al., 2014; Mora et al., 2011).
Writing the coding cost as E = —log(k/N), a power-law multiplicity spectrum cor-
responds to an approximately exponential density of states in E. This exponential
form reflects the underlying scale-free organisation of the frequency distribution,
rather than the presence of a typical frequency scale. In the present framework,
however, such critical-like statistics arise as a consequence of maximising infor-
mative content under finite sampling constraints rather than from fine tuning of
external control parameters. A detailed and formal discussion of this connection
can be found in Marsili et al., 2013; Haimovici et al., 2015; Cubero et al., 2019.
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As already discussed, relaxing the discrete constraint on the multiplicities m
provides an upper bound on the maximal relevance, since treating m as continuous
variables enlarges the admissible space of frequency spectra beyond those compat-
ible with a finite dataset. A complementary strategy can be developed by keeping
the multiplicities explicitly discrete and modelling them as random variables. This
leads to a lower bound approximation to the theoretical maximum relevance, ob-
tained by maximising the expected relevance over ensembles of admissible spectra
rather than over individual deterministic profiles (shown as the dotted curve in
Figure 2.9).

Concretely, the multiplicities are treated as stochastic counts fluctuating around
a mean profile ny = E[my]. A convenient analytically tractable assumption is to
model these fluctuations as Poissonian,

my ~ Poisson(ny), (2.41)

which preserves discreteness while allowing controlled statistical variability. The
optimisation then reduces essentially to evaluating the expectation E[m log m].
Its explicit derivation involves standard but rather technical steps that do not add
conceptual insight here, and we therefore refer the reader to Haimovici et al., 2015
for full details.

For our purposes, it is convenient to define
L(Tl) = Em~Poisson(n)[m IOg i’l’l], (242)

the stationarity condition determining the optimal spectrum takes the implicit form

L'(ng) = A+ ulog %, (2.43)

where A collects constants associated with the normalisation constraint, while p
enforces the prescribed resolution constraint, as already discussed in the upper-
bound derivation.

Despite the different optimisation strategy, the resulting spectra remain broad
and approximately scale free. In particular, for large counts one has L(n) =~ nlogn,
which implies asymptotically

g oc k71K, (2.44)

Thus, power-law multiplicity distributions arise robustly even when discrete-
ness is explicitly enforced, showing that scale—free frequency spectra are not an
artefact of the continuous relaxation but rather a generic feature of maximally-
informative representations under finite sampling constraints.

Together, the upper and lower bounds on the theoretical maximum relevance
delimit the admissible region in the (H[s], H[k]) plane that characterises the range
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of informative representations compatible with finite sampling.

2.3.6 Multiscale Relevance

The analysis developed so far characterises the informative content of a represen-
tation at a fixed level of description. In many complex systems, however, statistical
structure is distributed across multiple descriptive scales, and no single CG level
is sufficient to capture all relevant regularities. This observation motivates extend-
ing the relevance-resolution framework to a multiscale setting (Marsili et al., 2013;
Cubero et al., 2020).
Consider a configuration space X and a family of representations defined by
mappings
Pr: X — 8y, (2.45)

parametrised by a scale parameter A. Increasing A corresponds to progressively
coarser descriptions, obtained for example by aggregating variables, merging states,
or reducing observational precision (Kadanoff, 1966). Each mapping induces a dis-
tribution Nj(M) over represented states M € S, from which the corresponding
resolution H[s]) and relevance H[k], can be computed according to the definitions
introduced previously.

As the CG level varies, the pair (H[s]x, H[k])) traces a curve in the RR plane.
This curve summarises how the informative content accessible from the data
changes with the descriptive scale. Fine-grained representations typically exhibit
high resolution but low relevance due to sparse sampling, while excessively coarse
descriptions suppress variability and again reduce relevance. Intermediate scales
often reveal maximal heterogeneity in empirical frequencies, signalling statistically
robust structure (Marsili et al., 2013; Cubero et al., 2020).

This observation motivates defining a global measure of informative content
across scales. The multiscale relevance is naturally quantified by the area under the

relevance-resolution curve,
Rmsr:/H[k] dH|s], (2.46)

where the integral is taken along the curve generated by the family of representa-
tions {¢, }. This quantity captures the cumulative amount of statistically supported
information that can be extracted from the data across all accessible levels of de-
scription. Representations whose high relevance value persists over a broad range
of resolutions yield larger multiscale relevance, indicating robust hierarchical or-
ganisation, whereas datasets dominated by noise produce curves concentrated near
the random baseline and therefore smaller areas. Conceptually, this construction
is related to multiscale entropy approaches in complex systems, where informative
structure is assessed across observational scales (Costa et al., 2005).

In practice, multiscale relevance can be estimated by constructing nested fami-
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lies of representations—for instance by varying clustering granularity, discretisation
resolution, or subsets of retained variables—and computing the empirical quantities
A[s], and H[k], at each level. The resulting discrete RR curve provides a numerical
approximation of Ry, through standard quadrature procedures.

Overall, multiscale relevance provides a synthetic characterisation of how in-
formative structure is distributed across descriptive scales. Rather than focusing
on a single optimal CG, it quantifies the robustness of statistical organisation un-
der progressive changes of resolution, thereby offering a principled tool to assess
hierarchical structure in complex datasets.



46

2. Theoretical Background




The Bliss of Dimensionality

3.1 Introduction

In the previous chapter, Coarse-Graining (CG) was introduced as both a practi-
cal strategy for reducing the dimensionality of complex molecular systems and an
analytical operation for filtering microscopic variability and reorganising data at a
chosen level of resolution (Shell, 2008; Noid, 2013). From this perspective, the cen-
tral issue is not only how to construct a reduced representation, but how to determine
whether that representation is genuinely informative of the underlying probability
structure. The Resolution-Relevance (RR) framework provides a possible answer
to this question by offering an intrinsic task-independent approach that quantifies
the trade-off between descriptive detail and a statistically reliable structure directly
from the sampled data, without the need for an explicit model of the underlying
generative process (Marsili et al., 2013; Marsili et al., 2022).

This question is far more general than the molecular setting in which it is intro-
duced in this thesis. In statistical physics, data analysis, and machine learning, it is
often necessary to replace a continuous or high-dimensional description with a re-
duced representation that can be analysed, interpreted or sampled more effectively
(Shannon, 1948; Bellman, 2015; Wainwright, 2019; Poma et al., 2025). Whenever
a continuous or high-dimensional dataset is replaced by a discrete or reduced de-
scription, one must choose the level of resolution at which the representation is
defined.

If the description is too coarse, relevant structure is lost, whereas if it is too fine,
finite-sample fluctuations are amplified and statistically unreliable patterns emerge.
This conflict is particularly acute in undersampled and high-dimensional regimes,
where empirical frequencies provide only a partial and noisy view of the underlying

This chapter is based on material reported in M. Mele, D. Campos Moreno, and R. Potestio, The bliss
of dimensionality: how an unsupervised criterion identifies optimal low-resolution representations of high-
dimensional datasets, arXiv:2603.05214 (2026). At the time of writing, this work is publicly available as
an arXiv preprint and has not yet been formally published. A public version is available at: https:
//arxiv.org/abs/2603.05214.
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distribution (Bonachela et al., 2008; Nemenman et al., 2001).

In many applications, the level of resolution is fixed a priori, based on physical
intuition, computational convenience, or established conventions. When a reference
distribution is available, the level of detail can also be selected in a supervised way
by maximising fidelity to that target, for example, through likelihood-based crite-
ria or divergence minimisation (Kullback et al., 1951; Bishop, 2006). In many real
problems, however, the distribution one would like to preserve is precisely what
must be inferred from the data themselves (Awaya et al., 2024). This is the regime
in which the RR framework is most appealing, but also the one in which its practical
meaning must be established more carefully. (Haimovici et al., 2015; Duranthon et
al., 2021; Marsili et al., 2022).

The aim of this chapter is therefore to test, in controlled supervised settings,
whether the characteristic optima of the RR curve, namely the point of maximum
relevance and the information-theoretic point at which the local slope reaches -1,
identify, or at least robustly bracket, the representation that is optimal in terms
of fidelity to a known generative probability distribution (Duranthon et al., 2021).
To this end, RR is compared with a supervised benchmark based on the Kullback-
Leibler (KL) divergence (Kullback et al., 1951). The analysis progresses from fully
synthetic datasets, where dimensionality and latent structure can be tuned inde-
pendently, to semi-real datasets constructed as Gaussian clones of MNIST (Deng,
2012), and finally to molecular dynamics trajectories of a simple benchmark molec-
ular system, alanine dipeptide (Smith, 1999; Bolhuis et al., 2000). This progression
makes it possible to assess the criterion first in settings with exact ground truth,
then in increasingly structured datasets, and finally in a molecular context directly
connected to the configurational CG problems discussed in the following chapters.

3.2 Materials and Methods

For each dataset considered in this chapter, we construct a family of discrete repre-
sentations with varying numbers of states n. Each representation is then evaluated
from two complementary viewpoints: its position on the RR plane, determined by
the occupancies of the induced partition, and its fidelity to a known reference proba-
bility distribution, quantified through the KL divergence. The methodological com-
parison therefore consists in relating the two characteristic optima identified by the
RR analysis to the representation that minimises the KL divergence. The present
section introduces the construction of the representations, the quantities used for
the comparison, and the datasets on which the analysis is performed.

3.2.1 Discrete Representations

A discrete representation is obtained by partitioning the sampled configurations
into a finite number of states. Consider a dataset of P observations {xi}le, with
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Figure 3.1: Schematic comparison between the unsupervised RR criterion and the supervised KL-
based criterion. The figure shows the same family of discrete representations, parametrised by the
number of states n (color scale), analysed from two complementary perspectives. (a) Representa-
tions in the RR plane. (b) Corresponding KL divergence as a function of the resolution for the same
representations. In both panels, the shaded region marks the RR optimality region, delimited by the
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each configuration x; belonging to a space X of dimension N. A representation
is defined by a mapping that assigns each observation to one of n states, thereby
inducing a partition {C f}7=1 of the dataset, where C; is the set of samples assigned
to state j. The occupancy of state j is then k; = |C;|, with Z}Ll ki =P.

The procedure used to construct the representations depends on the dimen-
sionality of the dataset. In low-dimensional settings, where the data space can be
directly discretised, representations are built through axis-aligned N-dimensional
histograms (Scott, 1979). The range of each coordinate is divided into a fixed num-
ber of intervals, generating a regular grid of hyper-rectangular cells. Observations
are then mapped onto the grid, and the occupied cells define the states of the rep-
resentation.

In higher-dimensional settings, where histogram-based discretisation becomes
impractical because the number of bins grows exponentially with dimensionality
(Bellman, 2015; Bishop, 2006), representations are instead constructed through ag-
glomerative clustering (Murtagh et al., 2012; Freedman et al., 1981). Starting from
singleton clusters, clusters are iteratively merged according to their pairwise dis-
tances until a prescribed number of clusters n is reached. The resulting clusters
define the states of the representation, and their occupancies are given by the cor-
responding cluster sizes.

3.2.2 Relevance-Resolution and Supervised Optimality

For each discrete representation, the occupancies {kj};?zl determine both the posi-
tion of the representation in the RR plane and the empirical probability distribution
associated with the partition. The same representation can therefore be evaluated
from two complementary perspectives: an unsupervised one, based on the balance
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between relevance and resolution, and a supervised one, based on the discrepancy
between the empirical and the reference probability distributions. The comparison
between the two criteria is schematically illustrated in Figure 3.1.

Within the RR framework, each representation is characterised by the values of
(Hyes and H,¢)), computed from the empirical frequencies associated with the par-
tition according to Equation 2.26 and Equation 2.27. By varying the representation
size, one obtains a family of points in the (Hcs, Hyel) plane, which defines the corre-
sponding RR curve. As discussed in Section 2.3, two characteristic representations

are extracted from this curve. The first is the maximum-relevance point, denoted

MR
opt 7/

is the information-theoretic point, denoted by négt, defined as the point at which

by n corresponding to the representation at which (H,. is maximal. The second
the local slope of the RR curve reaches —1 (Marsili et al., 2013; Duranthon et al.,
2021). Since the curve is obtained from a discrete set of representations, the iden-
tification of these characteristic points requires smoothing and interpolation; the
corresponding operational details are reported in Appendix A.

To compare these unsupervised estimates with a supervised benchmark, each
representation is also associated with an empirical probability distribution induced
by the partition. Given a partition {C 1}7:1 with occupancies k; = |Cj|, the empirical

probability of state j is
kj

The corresponding state probability is then assigned to each sample x; € C;

k.
plxi) =pj = 3. (3.2)

Because the same state weight is assigned to all samples belonging to the same
state, the resulting weights are not normalised over the dataset. A pointwise nor-
malisation is therefore imposed, yielding the empirical distribution

pa) kK
25:1 ﬁ(Xg) Z?:l k%

p(xi) = xi € Cj, (3.3)
which satisfies Zle p(xi) =1.

The empirical distribution p(x;) is compared with a reference probability dis-
tribution p,.f(x), assumed to be known or otherwise independently defined for the
system under consideration. To obtain a discrete reference distribution on the sam-
pled configurations, the reference density is evaluated at each observed point and
then normalized over the dataset

pref(xi)

_ 3.4
25:1 pref(xt’) ( )

p(xi) =

The discrepancy between the empirical and the reference distributions is quan-
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tified through the Kullback-Leibler (KL) divergence,

p(xi)
p(xi)’

P
Dii(p Il ) = ) p(xi)log (3.5)
i=1

which is evaluated over the family of representations generated by varying n. For
each dataset realisation, the supervised optimal representation is defined as the
one that minimises this divergence, and the corresponding representation size is
denoted by nkr..

The comparison carried out in this chapter therefore consists in relating the char-
acteristic optima selected by the RR analysis, namely ngg{ and ngt, to the super-
vised optimum nky,. In this way, we assess whether the representations identi-
tied as informative from empirical frequency statistics also correspond to those that
best reproduce the underlying probability structure when a reference distribution
is available.

3.2.3 Systems and Datasets

The analysis is carried out on synthetic, semi-real, and molecular datasets of in-
creasing structural complexity. In the synthetic and semi-real cases, the reference
probability density is known by construction. In the molecular case, where no exact
generative distribution is available, a physically motivated reference density is esti-
mated directly from the sampled trajectories. For synthetic and semi-real datasets,
the full analysis is repeated over multiple independent realisations; the reported

values of nME yIT

opt # Mopt and nky, correspond to averages over realisations, and uncer-

tainties are given by the associated standard deviations. For molecular dynamics
data, the analysis is performed independently on each trajectory, and the resulting
values are reported separately.

Unstructured Synthetic Datasets

As a baseline, datasets without latent discrete structure are generated from contin-
uous probability distributions in N dimensions. These systems are used to isolate
the effect of dimensionality in the absence of embedded classes or metastable states.
In particular, samples are drawn from independent Gaussian, exponential, and beta
distributions, as well as from correlated multivariate Gaussian distributions. For all
datasets, the estimates of ngg” and n(gt are obtained using the procedure described
in Appendix A, which provides both a central value and its associated uncertainty.

For these datasets, the reference probability density pr.(x) coincides with the
generative distribution used to produce the samples. In the simplest case of inde-
pendent Gaussian components,
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N
prer(x) = | [ M(x30,1), (3.6)
u=1

with analogous expressions for the other distribution families considered.

Structured Synthetic Datasets

To introduce a controlled form of latent structure, structured synthetic datasets are
generated in a space of total dimension N = 100, where only a subset of m < N
coordinates carries informative signal. Writing each sample as x = (u, v), the vari-
ables u define the informative subspace, while the remaining variables v represent
an uninformative background.

The informative variables are sampled from a Gaussian mixture model with
K components (pinr), while the background variables are drawn as independent
Gaussian noise (pPnoise). The full generative distribution can therefore be written as

K
Peen(tt, 0) = pint(1) Proise(v) = | ) 7te N(u; pre, 03y L) | N (030, 0% In-m),  (3.7)

c=1
where 7. are the mixture weights, 1. the component means, oy sets the width of the
informative components, and o controls the amplitude of the background noise.
In the dataset construction, the noise amplitude is chosen such that o < o, so
that the latent structure is confined to the informative subspace while the remaining

dimensions contribute only weakly fluctuating.

The discrete representations are constructed from the full vectors x € RN,
whereas the reference probability density used in the supervised comparison is
defined on the informative variables only. Accordingly, the reference distribution
entering the KL divergence is taken to be the informative marginal,

Pret(t) = pins(ut). (3.8)

The KL divergence therefore quantifies the extent to which the representations
recover the latent probability structure rather than the uninformative background.

Gaussian Clones of MNIST

As an intermediate setting between fully synthetic and real data, semi-real datasets
are constructed as Gaussian clones of MNIST. For each selected digit class, a
class-conditional multivariate Gaussian model is estimated from the correspond-
ing MNIST images in the original pixel space. Synthetic samples are then gener-
ated from mixtures of these class-conditional Gaussian distributions. The resulting
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reference probability density is

Pret(¥) = > me N(x; fic, £o), (3.9)
ceC

where C denotes the selected set of digit classes, and i, and % are the empirical
mean and covariance estimated for class c.

Both binary mixtures (K = 2) and multi-class mixtures (K = 5) are considered,
with either equal or unequal class weights. Digit 1 is excluded from the analy-
sis because it systematically produces anomalous RR curves, typically displaying a
non-standard structure that makes the identification of ng/gj and ngt non-univocal.
A detailed discussion of this effect is reported in Appendix B.

Alanine Dipeptide

As a molecular benchmark, the analysis is applied to MD trajectories of alanine
dipeptide, a standard test system for conformational analysis. The dataset con-
sists of ten independent trajectories, each 10 ns long. The simulations were per-
formed with OpenMM (Eastman et al., 2017) on the CUDA platform using the
AMBER99SB-ILDN force field (Lindorff-Larsen et al., 2010) and a GBSA implicit-
solvent model (Onufriev etal., 2000). All trajectories were generated at temperature
T = 300 K by Langevin dynamics (Leimkuhler et al., 2013), with friction coefficient
y =91 psT, integration time step At = 2 fs, and atomic coordinates saved every 1
ps.

Discrete representations are constructed by clustering molecular configurations
in the full configurational space. For the supervised comparison, the reference prob-
ability distribution is instead defined in the reduced space of the backbone dihedral
angles ¢ and 1, which provide the standard low-dimensional description of the
equilibrium conformational landscape of alanine dipeptide.

For each trajectory, the reference density pyet(¢p, 1) is estimated from the sam-
pled dihedral angles by means of a two-dimensional histogram in the (¢, {) plane.
The resulting histogram is normalised and evaluated on the sampled configurations
to define the discrete reference probabilities entering the KL divergence.

3.3 Results

In this section, the unsupervised optima identified by the RR analysis are compared
with the supervised optimum obtained by minimising the KL divergence from a
reference distribution. Throughout the chapter, the comparison is expressed in
terms of the ratios between the KL-optimal representation size, nkr, and the two
characteristic RR estimates, namely the maximum-relevance point ngg‘ and the
information-theoretic point ngt, defined by the condition that the local slope of the
RR curve equals —1. Ratios close to unity indicate quantitative agreement, whereas
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Figure 3.2: Comparison between the KL-optimal representation and the two characteristic RR es-
timates for unstructured synthetic datasets. The figure shows the ratio nkr,/nopt as a function of
the dimensionality N, where nopy denotes either the information-theoretic estimate ngt (gray cir-
cles) or the maximum-relevance estimate néﬁ{ (black squares). The dashed horizontal line marks the
value 1, corresponding to perfect agreement with the KL optimum. (a) Low-dimensional datasets
discretised through N-dimensional histograms. (b) Higher-dimensional iid Gaussian datasets, with
representations constructed through agglomerative clustering.

systematic deviations above or below one indicate, respectively, that the RR crite-
rion selects representations that are too coarse or too fine relative to the supervised

optimum.

3.3.1 Unstructured Synthetic Datasets

As a first benchmark, we considered synthetic datasets generated from continuous
distributions without any latent discrete structure. These systems provide the sim-
plest setting in which to isolate the effect of dimensionality, without the additional
complication of embedded classes or metastable states.

In the low-dimensional regime, where representations are constructed through
N-dimensional histograms (Figure 3.2.a), all distributions display the same qual-
itative behaviour: for N = 1, both RR criteria select representations that are finer
than the KL-optimal one. In this regime, the RR framework therefore tends to over-
estimate the number of discrete states that best reproduces the underlying probabil-
ity density. As the dimensionality increases, however, this discrepancy decreases
rapidly. Already at N = 2, the maximum-relevance estimate approaches the super-
vised optimum, and for larger values of N the KL-optimal discretisation systemat-
ically falls within the interval delimited by névr[)f‘ and nggt.

The same trend is observed in higher-dimensional iid Gaussian datasets, where
the representations are constructed through agglomerative clustering rather than
direct histogram discretisation (Figure 3.2.b). Also in this case, the low-dimensional
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Figure 3.3: Comparison between the KL-optimal representation and the two characteristic RR es-
timates for structured synthetic datasets. The figure shows the ratio nki,/Nepy as a function of
the number of informative dimensions m, where nqp denotes either the information-theoretic es-

timate nll, (gray circles) or the maximum-relevance estimate n)\it (black squares). The dashed

horizontal line marks the value 1, corresponding to perfect agreement with the KL optimum. Pan-
els correspond to Gaussian mixture models with different numbers of components and mixing
weights: (a) two components with equal weights, (b) five components with equal weights, (c) two
components with unequal weights ([0.66,0.33]), and (d) five components with unequal weights
([0.34,0.27,0.19,0.13,0.07]). For each case, results are shown for two values of the mixture width,
om = 0.2and oy = 0.6. The plots on the right illustrate representative datasets in the correspond-
ing informative subspaces.

mismatch progressively disappears as N increases. For intermediate dimensions,
the optimality region becomes broader, indicating that the two RR criteria identify
a range of informative resolutions rather than a single sharply defined value. Upon
further increasing the dimensionality, the two RR estimates move closer to one an-
other, and ngt approaches the KL optimum.

Taken together, these results establish the baseline observation of the chapter:
the mismatch between RR and KL is primarily a low-dimensional effect. Even in
the absence of latent structure, increasing dimensionality makes the unsupervised
RR criterion progressively more consistent with the supervised notion of optimal
fidelity.

3.3.2 Structured Synthetic Datasets

Having isolated the effect of dimensionality in the absence of embedded structure,
we next considered synthetic datasets with an explicit latent organisation. These
systems were constructed in a space of fixed total dimensionality (N = 100), with
only a subset of m coordinates carrying informative signal and the remaining ones
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acting as uninformative Gaussian background. In the informative subspace, the
data were distributed according to Gaussian mixture models with either two or five
components, equal or unequal weights. This setting makes it possible to disentan-
gle the role of the nominal dimensionality of the data from that of the informative
dimensionality, namely the number of coordinates that actually encode the latent
probability structure.

As shown in Figure 3.3, the results display the same qualitative trend observed
for unstructured datasets, but now as a function of the number of informative di-
mensions m. When only a very small number of coordinates carries signal, both RR
criteria tend to select representations finer than the KL-optimal one, reproducing
the overestimation already observed in low-dimensional continuous systems. As m
increases, however, the agreement improves rapidly. In all analysed cases, the KL-

optimal representation lies within the RR interval, and for sufficiently informative

IT

datasets it is typically found close to the information-theoretic point ;.

A further relevant feature concerns the width of the optimality region. For small

but increasing values of m, the interval between nMR and n!'T

opt opt initially broadens, in-

dicating that when the latent structure is only partially resolved, the RR framework
identifies several nearby resolutions as nearly equivalent in descriptive power. As
the number of informative dimensions increases further, the interval narrows again,
showing that the data support a progressively more sharply defined optimal resolu-
tion. In this regime, the RR framework not only brackets the supervised optimum,
but approaches it with high precision.

These trends are robust with respect to the number of mixture components, the
class weights, and the width of the informative clusters, additional combinations
of these parameters are reported in Appendix B. The relevant control parameter is
therefore not the nominal dimensionality of the ambient space, but the amount of
informative structure available in the data. The structured synthetic datasets thus
sharpen the interpretation suggested by the previous subsection: the beneficial role
of dimensionality is not purely geometric, but depends on the effective dimension-
ality of the signal.

3.3.3 Gaussian Clones of MNIST

To bridge the gap between fully synthetic models and real-world data, we next con-
sidered semi-real datasets constructed as Gaussian clones of MNIST. In this setting,
each selected digit class is represented by a class-conditional multivariate Gaussian
estimated from the original images, and synthetic samples are drawn from mixtures
of these fitted distributions. This procedure preserves important aspects of the co-
variance structure of the original handwritten-digit data while still providing an ex-
plicit reference probability model for the KL comparison. The analysis was carried
out for binary and five-class mixtures, with either equal or unequal class weights,
considering all admissible combinations of digit classes except those involving digit
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Figure 3.4: Comparison between the KL-optimal representation and the two characteristic RR es-
timates for Gaussian clones of MINIST. The figure shows the distribution of the ratio nkr,/nopt, for
different class mixtures, where nope denotes either the information-theoretic estimate ngt or the

maximum-relevance estimate n)R. The dashed horizontal line marks the value 1, corresponding
to perfect agreement with the KL optimum. Panels correspond to mixtures with different numbers
of classes and different class weights: (a) two-class mixtures with equal weights, (b) two-class
mixtures with unequal weights ([0.66, 0.33]), (¢) five-class mixtures with equal weights, and (d)
five-class mixtures with unequal weights ([0.34,0.27,0.19, 0.13,0.07]).

1, whose anomalous RR behaviour is discussed separately in the Appendix B.

As shown in Figure 3.4, the information-theoretic point ngt display the best
agreement with the KL-optimal discretisation across all tested mixture configura-
tions. The corresponding distributions of the ratio ngy,/ nf)gt are centred close to one,
indicating that the —1 slope criterion provides, on average, a nearly unbiased esti-
mate of the supervised optimum. By contrast, the maximum-relevance estimate

MR MR

Moo Systematically selects coarser representations, yielding values of np,/n,,

larger than one.

This distinction between the two RR criteria is consistent with their respective
roles. The maximum-relevance point identifies the representation at which occu-
pancy heterogeneity is maximal, whereas the information-theoretic point marks a
more permissive threshold, at which additional resolution can still be introduced
without a netinformational loss. In a structured and high-dimensional dataset such
as MNIST, this second criterion is the one that most closely matches the supervised
optimum. In other words, once the data contain sufficiently rich internal organisa-
tion, the best representation is generally not the one at which relevance is maximal,
but the one slightly beyond it, where further descriptive detail remains statistically

meaningful.

Another relevant observation is that this behaviour is stable across different
numbers of mixture components and across both equal and unequal class weights.
The close correspondence between n[l
of a particular class combination, but a robust property of this semi-real setting.

The Gaussian-clone construction thus provides a strong intermediate validation of

and nky, is therefore not a special feature

main claim: when the data are both high-dimensional and sufficiently structured,
the information-theoretic RR criterion becomes a reliable unsupervised proxy for

the supervised optimum.
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Figure 3.5: Comparison between the KL-optimal representation and the two characteristic RR es-

timates for alanine dipeptide. The figure shows the ratio nkr,/nops for 10 independent molecular

dynamics trajectories, where nqp denotes either the information-theoretic estimate ngt (gray cir-

cles) or the maximum-relevance estimate nlc}g{ (black squares). The dashed horizontal line marks

the value 1, corresponding to perfect agreement with the KL optimum. (a) Values of nx1,/fopt as
a function of the MD run index. (b) Equilibrium probability density in the (¢, ) dihedral-angle
space estimated from the molecular dynamics trajectory. (c) Coarse-grained representation of the

same conformational landscape obtained from the clustering at ngt.

3.3.4 Alanine Dipeptide

As a final test, we considered a molecular dataset consisting of ten independent
molecular dynamics trajectories of alanine dipeptide. Unlike the previous cases, no
exact generative distribution is available here. The supervised reference is there-
fore defined in a physically motivated way, by estimating the equilibrium probabil-
ity density in the space of the backbone dihedral angles ¢ and i, which provide
the standard low-dimensional description of the conformational landscape of this
molecule. The discrete representations entering the RR analysis, however, are built
in the full configurational space through RMSD-based clustering. The comparison,
therefore, probes whether the discretisations selected from full atomic configura-
tions recover the physically relevant equilibrium structure captured in dihedral-
angle space.

As shown in Figure 3.5, the KL-optimal number of clusters lies within the RR
optimality region for all analysed trajectories. This confirms that the unsupervised
criterion remains consistent with the supervised one even in an empirical molecular
system, where the reference distribution is not known by construction but estimated



3.4. Conclusions 59

from finite trajectories. At the same time, the alanine dipeptide does not display
the same sharp preference for one RR criterion over the other that was observed

in the structured synthetic and MNIST-based datasets: in some trajectories the KL

IT
opt’
This broader variability is expected. In the molecular case, the supervised refer-

optimum is closer to nggt{, whereas in others it is closer to n

ence is an empirical estimate obtained from the same finite trajectory and projected
onto a reduced set of collective variables, while clustering is performed in the full
configurational space. The two descriptions are therefore not expected to coincide
exactly, even in the absence of noise. What matters is that the RR framework con-
sistently restricts the plausible optimal discretisation to a narrow interval, and that
this interval remains stable across independent trajectories.

A qualitative inspection of the corresponding representations further supports
this interpretation. In Figure 3.5b, each point corresponds to an atomistic frame
projected onto the (¢, ¢’) plane, whereas in Figure 3.5c the coarse-grained descrip-
tion obtained at n; [,

with marker size proportional to the cluster population. This representation repro-

is shown by representing each cluster through its centroid,

duces the main large-scale features of the conformational landscape. The principal
basins and their relative organisation are preserved, even though the representation
is obtained without using dihedral information during clustering. This shows that
the discretisations selected by the RR analysis are not only statistically consistent
with the KL benchmark, but also physically meaningful from the perspective of the
standard conformational coordinates of alanine dipeptide.

3.4 Conclusions

The first main result of this chapter is that the unsupervised RR criterion and the
supervised KL benchmark show a substantial agreement in the selection of infor-
mative representations. Across the different datasets analysed here, the KL-optimal
representation is generally found close to, or within, the RR optimality region de-

limited by nM} and n!T

opt opt- A second central result is that this agreement becomes

progressively stronger as the data become more informative. In low-dimensional or
weakly structured settings, the two RR optima tend to select representations that are
more refined than the KL-optimal one. This mismatch, however, decreases when
either the dimensionality of the data or the number of informative degrees of free-
dom is increased. In the most structured high-dimensional cases, ngt becomes a
very good approximation of nkr,.

This result does not imply that increasing dimensionality automatically makes
representation selection easier. Rather, it shows that when the data possess a suf-
ficiently rich internal structure, the RR trade-off becomes increasingly aligned with
the criterion based on fidelity to the reference probability distribution. The struc-
tured synthetic datasets make this point particularly clearly: what drives the agree-

ment is not the ambient dimensionality by itself, but the number of coordinates that
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actually carry informative signal. In this sense, the beneficial effect is tied to the ef-
fective dimensionality of the organisation encoded in the data.

The analysis also suggests that the most robust output of the RR framework is
not always a single preferred number of states, but rather an optimality region. This
point emerges most clearly in the alanine dipeptide data, where the KL-optimal dis-
cretisation is consistently found within the interval bounded by n(l}g‘ and ngt, but
does not show a systematic proximity to one specific boundary across all trajecto-
ries. In this case, the interval provides a more stable and meaningful description
than either characteristic estimate taken in isolation. By contrast, in the synthetic
IT s
opt
generally the closest estimate to the supervised optimum. The two characteristic

MR
opt

and semi-real datasets, and in particular in the Gaussian clones of MNIST, n
points therefore play distinct roles: n_ * marks the lower boundary of the RR opti-
mality region, while ngt often provides the best quantitative approximation to nkr,
when the structure of the data is sufficiently rich.

At the same time, the present analysis helps clarify the scope of what RR can
and cannot assess. Since the framework evaluates representations through the dis-
tribution of their occupancies, its criterion is entirely determined by the balance
between resolution and relevance encoded in that distribution. It is therefore in-
formative only when applied to a family of candidate representations constructed
according to a meaningful prescription, such as a geometric partition, a clustering
procedure based on a sensible distance, or a physically motivated measure of sim-
ilarity. Within such a family, RR can identify the level of resolution that is most
informative. By contrast, it does not directly assess the internal composition of the
groups themselves. Different partitions sharing the same occupancy distribution
are indistinguishable from the point of view of RR, even if one preserves the struc-
ture of the data while another does not. The method should thus be understood
as a criterion for selecting the resolution within a prescribed family of representa-
tions, rather than as a stand-alone criterion for validating an arbitrary grouping of
the data. A more quantitative discussion of this point is provided in Appendix B.

The numerical evidence collected in this chapter strongly suggests that the cor-
respondence between RR and KL is not accidental, at least for broad classes of
datasets. A natural extension of the present work would therefore be the deriva-
tion of an analytical relation connecting the KL optimum to the structure of the RR
curve. Such a result would clarify under which assumptions the KL-optimal rep-
resentation is expected to fall within the RR optimality region, and under which
conditions it should approach one of its two boundaries. This would place the em-
pirical trends reported here on firmer conceptual grounds.

In conclusion, this chapter shows that the RR framework provides a consistent
unsupervised indication of representation size when the candidate representations
are built in a meaningful way. The central result is not an exact equivalence be-
tween RR and KL, but the observation that, as the informative content of the data
increases, the representation selected by KL moves into the RR optimality region
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and often approaches ngt. In this sense, the chapter provides a bottom-up valida-
tion of the RR criterion in the supervised settings where such a comparison is possi-
ble, and supports its use as a practical guide for selecting informative low-resolution
representations in structured high-dimensional systems.

Take-home message

Selecting the resolution of a discrete representation is difficult when the un-
derlying probability distribution is unknown. In this chapter, the Resolution-
Relevance framework was tested against a supervised benchmark based
on the Kullback-Leibler divergence, in settings where the reference distri-
bution was known. The results showed that the representation selected
by the supervised criterion was generally contained within the Resolution-
Relevance optimality region, delimited by the maximum-relevance point and
the information-theoretic point. The agreement improved when the data con-
tained richer and higher-dimensional informative structure, supporting the
use of Resolution-Relevance as an unsupervised guide for choosing the res-
olution of meaningful candidate representations.
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Configurational

Coarse-Graining

4,1 Introduction

Molecular Dynamics (MD) simulations provide an increasingly detailed view of the
configurational space explored by biomolecules, generating trajectories that con-
tain a large amount of structural information over many length and time scales.
Advances in force fields, integration schemes, and hardware now make it possible
to investigate systems ranging from membrane assemblies and large protein com-
plexes to whole viruses and even organelle-scale models, producing trajectories that
contain structural information across many length and time scales (Gapsys et al.,
2024; Beck et al., 2024; Mathur et al., 2024). The central difficulty consequently
shifts from sampling configurations to extract, from them, a compact description
that remains physically meaningful (Noid, 2013; Noid et al., 2024). In practice, this
requires grouping similar conformations into a smaller number of effective states,
so as to separate robust collective organisation from microscopic detail and thermal
fluctuations. This problem can be formulated as a configurational CG task, in which
the trajectory is replaced by a partition of the sampled conformational space.

A natural way to construct such partitions is through clustering (Abramyan et
al., 2016). In the case of protein trajectories, clustering methods typically rely on
a structural notion of similarity, such as the root mean square deviation between
frames after roto-translational alignment, and use it to group nearby configurations
into common states (Grossfield et al., 2018; Papaleo et al., 2009). However, the
result of this procedure depends not only on the underlying data, but also on the

This chapter is based on material originally published in M. Mele, R. Covino, and R. Potestio,
Information-theoretical measures identify accurate low-resolution representations of protein configurational
space, Soft Matter 18(37), 7064-7074 (2022). The material has been revised and adapted for con-
sistency with the structure and notation of this thesis, and is reproduced in accordance with the
terms of the applicable licence. The published version is available at: https://doi.org/10.1039/
D2SM00636G.
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specific clustering strategy used to organise them. Different clustering linkage crite-
ria can produce markedly different low-resolution descriptions even when they act
on the same trajectory and the same distance matrix (Murtagh et al., 2012; Tokuda
et al., 2022). As a consequence, the problem is not only to determine how many
states should be retained, but also to understand which clustering procedures gen-
erate partitions that preserve the informative structure of the original configura-
tional space.

The present analysis sets into the broader path developed in the previous chap-
ters. After introducing the Resolution-Relevance (RR) framework as a way to quan-
tify the balance between descriptive detail and statistically reliable structure (Sec-
tion 2.3), the thesis has shown that this approach can provide a consistent unsu-
pervised indication of the appropriate representation scale (Chapter 3), provided
that the candidate descriptions are constructed in a meaningful way. At the same
time, that analysis also showed that RR cannot by itself validate an arbitrary parti-
tion, since partitions with the same occupancy distribution are equivalent from the
point of view of relevance and resolution. The problem addressed in this chapter
follows directly from this observation: rather than asking whether RR can validate
a partition in absolute terms, the question is whether it can discriminate between
different physically motivated clustering procedures applied to protein configura-
tional data.

To address this problem, this chapter analyses the configurational CG of protein
MD trajectories through agglomerative clustering (Murtagh et al., 2012), compar-
ing different linkage criteria and different structural representations. The analysis
is first performed on a dataset of structurally distinct proteins (Tarenzi et al., 2022)
and then on adenylate kinase as a detailed case study (Beckstein et al., 2009), com-
plemented by results on a humanised IgG4 antibody as an additional validation
on a larger and more complex biomolecular system (Tarenzi et al., 2021). The aim
is twofold: to determine whether RR-based quantities can identify those clustering
procedures that yield more informative low-resolution representations of the trajec-
tory, and to clarify what these results reveal about the organisation of protein con-
figurational space itself. As will be shown, the clustering procedures favoured by
the RR analysis are also those that best preserve the geometry of the high-resolution
reference, supporting a hierarchical and approximately ultrametric view of the con-
formational landscape.

4.2 Materials and Methods

The analysis presented in this chapter compares different clustering procedures for
the configurational CG of protein MD trajectories. For each system, a family of parti-
tions is generated by agglomerative clustering, varying both the structural represen-
tation used to compute configurational distances and the linkage criterion used to
define inter-cluster similarity. The resulting partitions are then evaluated from two
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complementary view points: their position in the RR plane, quantified through rel-
evance and Multiscale Relevance (MSR), and their ability to preserve the structural
organisation of the reference high-resolution trajectory, assessed through diffusion
maps and covariance decomposition.

4.2.1 Systems and Simulation Data

The analysis was carried out at two complementary levels. First, an exploratory
dataset of structurally distinct proteins was used to identify general trends across
different biomolecular systems. The dataset was selected from the dynamical clas-
sification introduced in Tarenzi et al., 2022, a set of 107 proteins, covering several
folds and structure classes, was grouped according to the similarity of their essential
dynamics. The 12 proteins considered in the present work correspond to the cen-
troids of the resulting clusters and therefore provide a set of dynamically distinct
representatives.

For the detailed analysis, two additional systems were considered. Adenylate
kinase was used as the main case study, as it provides a well-established example of
functionally relevant conformational variability on accessible simulation timescales
(Beckstein et al., 2009). In addition, a humanised IgG4 monoclonal antibody was
included as a larger and structurally more complex validation system (Tarenzi et
al., 2021); the corresponding results are reported in Appendix C.

All trajectories were generated with GROMACS 2018 using the AMBER99SB-
ILDN force field in explicit TIP3P water, with Na*™ and CI~ ions at a concentration of
0.15 M to neutralise the system and reproduce physiological ionic strength (Bekker
et al., 1993; Abraham et al., 2015; Lindorff-Larsen et al., 2010). After energy min-
imisation, NVT and NPT equilibration were performed using the velocity-rescale
thermostat and the Parrinello-Rahman barostat (Bussi et al., 2007; Parrinello et al.,
1981). Short-range van der Waals and Coulomb interactions were treated with a cut-
off, long-range electrostatics were handled with the Particle Mesh Ewald method,
and hydrogen-containing bonds were constrained with LINCS, allowing the use of
a 2 fs integration time step (Hockney et al., 2021; Hess et al., 1997). The systems in
the 12-protein dataset were simulated for 300 ns each, while adenylate kinase and
the humanised IgG4 antibody were simulated for 800 ns and 2 ms, respectively.

Configurational Representations and Clustering

For each protein, configurational similarity was quantified from the trajectory by
computing the pairwise RMSD matrix after removal of global translations and rota-
tions. To probe the effect of structural resolution on the resulting partitions, this
procedure was repeated for three atom selections: all atoms, C, atoms, and Cg
atoms. The all-atom representation retains the full structural detail of the protein,
whereas the C, and Cy descriptions provide residue-level projections with one ef-
fective site per amino acid. Each system is therefore associated with three config-
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Figure 4.1: Schematic illustration of the linkage criteria adopted in the agglomerative clustering
procedure. Different definitions of inter-cluster distance produce different dendrograms and, conse-
quently, different configurational partitions.

urational distance matrices corresponding to different structural representations of
the same trajectory.

Starting from each RMSD matrix, configurational partitions were generated by
agglomerative clustering. Seven linkage criteria were considered, each defining the
distance between clusters in a different way: single, complete, average, weighted,
centroid, median, and Ward linkage. Their operational differences are schemat-
ically illustrated in Figure 4.1. For each atom selection and each linkage rule, a
dendrogram was constructed and cut at different levels by varying the number of
clusters K from 1 to the total number of frames M. In this way, each cut of the den-
drogram defines a CG representation of the trajectory in which the original config-
urations are grouped into K configurational states. Overall, this procedure yields
21 RR curves for each system, corresponding to the combination of 3 structural rep-
resentations and 7 clustering protocols.

For every partition, resolution and relevance were computed from the frequency
distribution of the resulting clusters. In particular, if ks denotes the number of trajec-
tory frames assigned to cluster s, the resolution and relevance are computed from
the distribution of cluster frequencies {ks} according to Equation 2.26 and Equa-
tion 2.27. In the present chapter, these quantities are used as operational observ-
ables to compare the partitions obtained from different clustering procedures. Their
overall informativeness across different scales is summarised by the Multiscale Rel-
evance (MSR), defined as the area under the corresponding RR curve. This makes
it possible to compare clustering protocols not at a single value of K, but in terms of
their ability to generate informative representations over a broad range of CG levels.

As a null model, we also considered random clustering. For a fixed number of
clusters K, random label vectors were generated by assigning each of the M trajec-
tory frames to an integer in the range {1, ..., K}. For each value of K, we sampled
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10* random partitions and computed the corresponding resolution and relevance
values, which were then averaged to obtain the points of the random RR curve.
Repeating this procedure for all K from 1 to M yields a baseline against which the
agglomerative clustering results can be assessed. The MSR associated with this ran-
dom curve (M SRg) was then used to normalise the MSR values obtained from the
hierarchical clustering protocols

MSR — MSRg

MSR =
S MSRRr

(4.1)

4.2.2 Diffusion Maps and Covariance Decomposition

To characterise the structural properties of the partitions obtained from clustering,
we employed two complementary analyses: diffusion maps and covariance decom-
position.

Diffusion maps are a non-linear dimensionality-reduction technique that rep-
resents high-dimensional data through the leading modes of a diffusion process
defined on a similarity graph. Here, they were used as a geometric validation tool
to assess whether the low-resolution (LR) partitions preserve the large-scale organ-
isation of the original configurational space. In this framework, the configurations
are represented as the nodes of a weighted graph whose connectivity is determined
by the chosen distance matrix through a kernel function. A diffusion process is then
defined on this graph, and its leading eigenmodes provide a low-dimensional em-
bedding in which points that are strongly connected in the original space remain
close, whereas weakly connected or distant points are mapped farther apart (De la
Porte et al., 2008; Lafon et al., 2006; Nadler et al., 2006). The comparison was there-
fore performed between the manifold reconstructed from the full trajectory and that
obtained from the corresponding LR representations. In the high-resolution (HR)
case, each point of the manifold corresponds to a trajectory frame and the pairwise
distance is the same RMSD matrix used for clustering. In the LR case, each point
corresponds to a cluster centroid, and the distance between points is defined by the
linkage measure adopted to construct the partition. The diffusion-map kernel was
constructed using as threshold the quantile of order 0.1 of the corresponding dis-
tance distribution, and the resulting diffusion coordinates were rescaled so that all
points were contained in the square [—1, 1]%. The similarity between the HR and LR
manifolds was then quantified through the Pearson correlation coefficient (PCC)
between the first two diffusion coordinates obtained in the two representations.

As a complementary structural diagnostic, the covariance matrix of the Cg posi-
tions along the trajectory was decomposed into intra- and inter-cluster contributions
(Pontiggia et al., 2008; Kitao et al., 1998). The full covariance matrix is written as

Cij = Clttra 4 Clnter, (42)
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with

cip = o (0= (1= il ) ), (43)

I

and

cimer = 3" i ((ri)y = (1)) (<7’j>l - (rj)) : (4.4)
I

Here, [ runs over the clusters, w; is the statistical weight of cluster /, namely
the fraction of simulation time spent in that state, and (-); denotes the average
restricted to the conformations belonging to cluster /. In this decomposition, the
intra-cluster term measures the structural fluctuations within each state, whereas
the inter-cluster term accounts for the structural differences between cluster cen-
troids. In practice, this comparison was performed through the traces of the two

covariance components as a function of the number of clusters.

4.3 Results

The results presented in this section address two complementary aspects of the con-
figurational CG problem. First, the 11-protein dataset is used to compare the infor-
mativeness of different clustering protocols across structurally distinct systems and
different levels of structural resolution. Second, adenylate kinase is employed as
a detailed case study to assess whether the partitions favoured by the RR analysis
also preserve the geometric and structural organisation of the underlying configura-
tional space. Corresponding results for the humanised IgG4 antibody are reported
in Appendix C.

4.3.1 12-Protein Dataset

We first investigate the effect of the linkage criterion on the RR curves obtained by
clustering protein configurations sampled from MD trajectories. Figure 4.2 shows
that, even when the same trajectory is considered, the resulting curves depend
markedly on both the clustering protocol and the structural representation used
to define configurational similarity. In particular, changing the atom selection can
substantially modify the position of the curve in the RR plane, indicating that the in-
formativeness of the resulting partition depends not only on the sampled trajectory,
but also on the level of structural detail retained in the description.

To compare the different protocols across proteins and representations, we
quantify the overall informativeness of each curve through the MSR, namely the
area under the RR curve. The corresponding results are summarised in Figure 4.3,
where the relative MSR with respect to the random reference is plotted against the
mean RMSD of the trajectory. This representation makes it possible to compare the
performance of the seven linkage criteria over the full dataset and to relate it to the
structural mobility explored by each system.
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Figure 4.2: RR curves obtained partitioning the simulation data of protein 1DSL with two clustering
protocols, average linkage and single linkage. The two panels differ by the atom selection adopted:
all atoms on the left and Cg atoms on the right. In both panels the random curve is also present,
obtained by randomly partitioning the structures into groups. Each (H[s], H[k]) point corresponds
to a fixed number of clusters in which the frames of the whole trajectory are grouped. The theoretical
highest-H[k] for given H[s] are also plotted (black dotted line); specifically, the dotted lines show
the upper and lower bounds to the theoretical maximum.

Two main behaviours emerge. Average, complete, weighted, and Ward linkage
systematically yield positive relative MSR values and remain close to the theoret-
ical maximum, independently of the specific protein and of the structural repre-
sentation adopted. By contrast, centroid and median linkage display a stronger
dependence on the dataset and on the representation: their performance correlates
with the mean RMSD and deteriorates when the structural description is reduced
to residue-level representations. This indicates that these methods are less robust,
since their ability to identify informative CG descriptions depends more strongly
on the specific system under examination.

The single linkage criterion shows a peculiar pattern and deserves separate dis-
cussion. Here, the distance between clusters is defined as the minimum pairwise
distance between their elements. Hence, in the all-atom case, where the RMSD ma-
trix elements are broadly distributed, this algorithm is still able to form clusters
with heterogeneous populations. Conversely, the Ca and CB selections implement
a CG representation that “blurs” structural differences from the outset. As a direct
consequence of the single-linkage definition, clusters can then be merged whenever
even just one pair of frames is close, leading to the grouping of also relatively distant
configurations into the same cluster. This is the well-known chaining effect, which
in this case yields a rather uninformative representation of the system.

It can be shown (Milligan, 1979) that some of the hierarchical clustering algo-
rithms induce a monotonic hierarchy, i.e., the values in the inter-cluster distance
matrix increase monotonically during agglomerative clustering. Algorithms that
induce a monotonic hierarchy lead to an ultrametric in the cluster space (Johnson,
1967): this implies that the metric distance satisfies an inequality stronger than the
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Figure 4.3: Performance of clustering algorithms, quantified by the relative MSR (MSR), related to
the protein mobility, given by the mean value of the RMSD matrix (RMSD). Each point corresponds
to one of the 12 proteins of the dataset. The coloured region highlights the range of MSR values
associated to the RR curves falling between the theoretical limits to the curve of maximal relevance.
The three panels differ by the atom selection adopted for clustering: all atoms on the left, C, atoms
in the middle, and Cg atoms on the right. The colours and the markers identify the linkage criterion
used in the clustering procedure as shown in legend.

triangular one (Jardine et al., 1968; Fushing et al., 2013). In our analysis, it turns
out that clustering protocols that satisfy these qualities coincide with those show-
ing a consistently positive MSR; the only exception to this trend is single linkage,
which, although inducing an ultrametric in cluster space, still shows negative MSR
values when CG representations of the system are employed. In this case, however,
the clustering protocol is severely limited by the chaining effect, plausibly produc-
ing uninformative partitions of the system and consequently obtaining a lower or
comparable MSR value with respect to the random case.

Taken together, these results suggest that protein structures sampled in the
course of a molecular dynamics simulation populate the configurational space ac-
cording to an ultrametric structure, which is consistent with the self-similar organ-
isation of the free energy landscape observed in previous works (Pontiggia et al.,
2007; Volkhardt et al., 2022; Pandya et al., 2018; Henzler-Wildman et al., 2007); ad-
ditionally, the MSR appears to be capable of capturing, in a parameter-free and
unbiased manner, the effectiveness of a clustering method in finding informative
representations of a biomolecule’s configurational variability at different scales of
resolution, in that MSR correlates with the method’s capacity to preserve the ultra-
metric structure of the reference configurational space.

4.3.2 Adenylate Kinase

We next examined in greater detail how the linkage criterion affects the informative-
ness of the resulting low-resolution (LR) representation of a protein conformational
space. As a case study, we considered adenylate kinase (Beckstein et al., 2009; Bal-
lard et al., 2017). Starting from configurations extracted from an 800 ns simulation
and reduced to the positions of the Cz atoms only, we constructed clusterings us-
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Figure 4.4: Comparison of the different LR representations obtained from clustering the MD tra-
jectory of adenylate kinase using the average linkage (blue), single linkage (red), and random clus-
tering (black). The system was analysed using a coarse representation in which only Cg atoms are
considered. Left panel: RR curves drawn by the different protocols; the square points mark the 22
low-resolution representations under examination. The theoretical limits of the maximal relevance
curve are also shown as dotted lines for comparison. Middle panel: traces of the inter-state (circles)
and intra-state (triangles) correlation matrix plotted against the number of clusters K. Right panel:
Pearson correlation coefficient (PCC) between the first two DCs in the HR and LR representation,
plotted against the number of clusters K. The yellow star in each of the graphs indicates the represen-
tation that maximises the relevance for the corresponding clustering method (K = {901,5511,200}
for average, single or random protocol respectively).

ing single, average, and random linkage at different numbers of clusters. These
correspond to 22 distinct resolution values in the interval [0, 1]: the spacing in res-
olution is approximately 0.06 for the first seven representations and approximately
0.04 for the remaining ones. For each LR partition, we computed the quantities
reported in Figure 4.4: the RR plots (left panel), the traces of the inter-state and
intra-state covariance matrices (middle panel), and the Pearson correlation coeffi-
cient (PCC) between the first two diffusion coordinates in the high-resolution (HR)
and LR spaces (right panel). The latter two quantities are shown as functions of the
number of clusters K used in the representation.

At fixed resolution, the LR representations obtained with average linkage are
both simpler and more informative than those obtained with single linkage: they
achieve higher relevance values with a smaller number of clusters K. By contrast,
single linkage yields a relevance curve that lies very close to that of the random
partition, whereas the average-linkage curve approaches much more closely the
lower bound to the theoretical maximum. This ranking is confirmed by both the
covariance traces and the PCC. In particular, already for a small number of clusters
(K ~ 10), average linkage identifies LR representations in which the inter-cluster
contribution is substantially larger than the intra-cluster one. Single linkage, in-
stead, produces partitions in which these two contributions are of the same order,
or even reversed, with the intra-state term larger than the inter-state one.

These results indicate that LR representations produced by single-linkage clus-
tering do not adequately preserve the information contained in the data: they dis-
card an amount of information comparable to, or even greater than, what they
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retain. More generally, for average linkage the inter-state contribution to the co-
variance is always significantly larger, and the intra-state contribution significantly
smaller, than for single linkage. The two methods become comparable only when
more than half of the original frames are retained. Dimensionality-reduction re-
sults support the same conclusion: consistently with the trend of the MSR, the PCC
is systematically higher for average linkage than for single linkage, showing that
the former produces more informative LR representations.

In all three panels of Figure 4.4, yellow stars mark the representations that max-
imise the relevance for each clustering method. Interestingly, in both the covariance
plots and the PCC plots, these points are located at the elbow of the corresponding
curve. Additional analyses supporting this interpretation, in particular concerning
the location of the point with slope u = 1 and the behaviour of the inter-cluster
distance as a function of cluster number, are provided in Appendix C.

Overall, this behaviour suggests that increasing the resolution beyond this point
leads to a rise in model complexity that is no longer compensated by a correspond-
ing gain in information. In other words, the trade-off between complexity and in-
formativeness shifts in favour of the former, consistently with the interpretation of
relevance as a measure of useful information content. The RR framework therefore
makes it possible to identify an optimal set of representative configurations for the
dataset. Any observable can then be evaluated on these configurations, provided
that their statistical weights, proportional to the size of the corresponding cluster,
are properly taken into account. This leads to a substantial reduction in computa-
tional cost: assuming linear scaling with dataset size, the gain is proportional to the
ratio between the number of original data points and the number of clusters. For
the representation identified by average linkage, this ratio is approximately 50.

To further assess the statistical significance of these findings, we compared the
results for average and single linkage with those obtained from random clustering.
The relevance curve for random clustering is very close to that of single linkage,
and the corresponding MSR values, MSRs = 0.235 and MSRg = 0.233, differ only
at the third decimal place. Despite this similarity, the actual usefulness of the par-
titions obtained with an information-driven procedure is vastly greater than that
of random clustering. For the latter, the trace of the inter-cluster covariance matrix
remains smaller than the intra-cluster one until representations retaining about 2/3
of the original frames are considered, and the PCC between the diffusion coordi-
nates of the reference and random partitions is nearly zero at all resolution levels.
These observations reinforce the idea that relevance alone cannot be regarded as
an absolute measure of the informativeness of a given LR representation. How-
ever, when combined with an appropriate clustering criterion, it becomes a highly
effective quantity for identifying protocols that maximise the emergence of useful
information.

Finally, we examined in detail the three representations that maximise the rel-
evance for each of the clustering methods considered. In the right-hand side of
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Figure 4.5: Detailed analysis of the highest-relevance partitions of adenylate kinase trajectory data
obtained with single linkage, average linkage, and random clustering. Upper left-hand panel: RR
curves obtained from clustering the MDD trajectory of adenylate kinase via average linkage (blue),
single linkage (red), and random clustering (black). The system was analysed using a CG repre-
sentation in which only the Cg atoms are considered. The yellow stars indicate the position, on the
corresponding curve, of the low-resolution representations maximising the relevance obtained by par-
titioning the system into a K clusters. The dotted lines show the theoretical upper and lower bounds
to the maximal relevance curve. Right panel: trajectory frames or cluster points projected onto the
space spanned by the first two diffusion coordinates obtained by diffusion maps. The panel’s left col-
umn shows the low-dimensional manifold resulting from high-resolution (HR) representation where
each point is a frame of the MD simulation; the right column shows the two-dimensional manifold
resulting from the low-resolution (LR) representation, where each point is the centroid of a cluster.
All HR diffusion maps were calculated using the RMSD between configurations as a distance. For
the LR manifold, instead, the distance between points is defined by the linkage measure used to con-
struct the corresponding partition for the information-driven clustering protocols, namely average
linkage (first row) and single linkage (second row); for random clustering, it is defined as the RMSD
between cluster centroids (third row). In both HR and LR spaces, the points are coloured according
to the value taken by the first diffusion coordinate in the LR space as reported in the colour bar at the
top. Lower left-hand panel: scatter plot of the first (left) and second (right) diffusion coordinates of
the HR space plotted against the corresponding coordinates of the LR space; in each graph, we report
the points of the representations obtained through random clustering (black), single linkage (red),
and average linkage (blue). Note that the compared LR representations display close resolution val-
ues (H[s]) but significantly different numbers of clusters (K).
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Figure 4.5, the distributions of centroids in the LR representations are compared
with the distributions of frames in the HR representation; in each panel, points are
coloured according to the value of the first diffusion coordinate in the LR represen-
tation. Visual inspection shows that the centroids obtained with average linkage
are distributed in the LR diffusion-coordinate space in a way that is consistent with
the distribution of HR frames. In both spaces, a clear colour gradient is visible
along the x axis, indicating that neighbouring frames in the HR space are grouped
into neighbouring clusters in the LR representation. For single linkage, by contrast,
the relevance-maximising LR representation yields a point distribution that differs
more noticeably from that of the HR frames. Moreover, the colouring suggests that
frames that are distant in diffusion space are assigned to the same cluster.

This difference becomes even clearer when directly correlating the values of the
diffusion coordinates in the HR and LR representations, as shown in the bottom-
left panel of Figure 4.5. For both average and single linkage, a strong correlation is
observed between the first diffusion coordinates in LR and HR, with Pearson coeffi-
cients of 0.95 and 0.85, respectively. Nevertheless, in the case of single linkage, some
clusters contain frames spanning a broad range of HR diffusion-coordinate values,
i.e., frames carrying substantially different information are incorrectly grouped into
the same bin. As expected, the random partition shows a complete lack of correla-
tion with the reference HR diffusion coordinates, both in terms of point distribution
and cluster composition.

4.4 Conclusions

This chapter examined the configurational Coarse-Graining (CG) of protein Molec-
ular Dynamics (MD) trajectories from two complementary perspectives. First, it
compared different agglomerative clustering procedures across a dataset of struc-
turally distinct proteins, to assess how the resulting low-resolution representations
depend on the linkage criterion and on the structural resolution used to define
configurational similarity. Second, it analysed adenylate kinase in detail, to ver-
ify whether the clustering procedures favoured by the Resolution-Relevance (RR)
analysis also preserve the structural organisation of the reference high-resolution
configurational space. Corresponding results for the humanised IgG4 antibody are
reported in Appendix C.

The first main result is that the different linkage criteria do not perform equally
in the configurational CG problem. Across the 12-protein dataset, average, com-
plete, weighted, and Ward linkage systematically yield positive relative Multiscale
Relevance (MSR) values over different proteins and structural representations,
whereas centroid and median linkage depend more strongly on the specific sys-
tem and deteriorate when the description is reduced from all-atom to residue-level
representations. This indicates that some clustering methods provide robust infor-
mative representations across scales, while others are less reliable as general CG
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tools. Importantly, this distinction is not merely empirical. The best-performing
methods largely coincide with those that induce a monotonic hierarchy during ag-
glomeration and therefore an ultrametric structure in cluster space. Their success
is thus consistent with the idea that protein configurational space is itself organ-
ised in a hierarchical, approximately self-similar way, so that clustering procedures
able to preserve such an organisation are also those that yield the most informative
low-resolution descriptions.

A separate discussion is required for single linkage. In the all-atom representa-
tion, the broader spread of RMSD values still allows this method to generate dif-
ferentiated cluster populations. However, when the configurational description is
reduced to C, or Cy atoms, single linkage is strongly affected by the chaining ef-
fect and tends to merge frames that are not genuinely similar. As a consequence,
its MSR becomes comparable to, or even lower than, the random baseline. This
shows that even a formally hierarchical procedure can become uninformative when
its definition of inter-cluster distance is not compatible with the structural resolution
adopted. In this sense, single linkage represents an important exception: although
it also induces an ultrametric structure, its poor performance indicates that hierar-
chy alone is not sufficient when the clustering rule is operationally dominated by
the chaining effect.

The detailed analysis of adenylate kinase makes this picture more concrete. At
fixed resolution, average linkage produces representations that are both simpler
and more informative than those obtained with single linkage, reaching higher rel-
evance with a smaller number of clusters. This ranking is confirmed by the struc-
tural diagnostics. In the average-linkage partitions, the inter-cluster covariance be-
comes larger than the intra-cluster contribution already at relatively small num-
bers of states, indicating that the retained representation captures more structural
information than what remains within the discarded fluctuations. The diffusion-
map analysis leads to the same conclusion, showing that the corresponding low-
resolution manifolds preserve a substantially stronger correspondence with the
high-resolution reference than those obtained through single or random clustering.

These results also clarify the role of RR framework in this problem. Relevance
alone cannot be regarded as an absolute measure of the quality of a partition, be-
cause it depends only on cluster occupancies and is therefore blind to the geometric
content of the grouping. Its usefulness emerges when the comparison is restricted
to a physically meaningful family of partitions, in which case larger MSR values are
associated with clustering procedures that better preserve the structural organisa-
tion of the reference configurational space. In this sense, the RR framework does
not replace geometric analysis, but provides an unsupervised criterion to compare
alternative configurational CG procedures.

More generally, the results of this chapter suggest that the same framework can
be extended beyond the specific clustering protocols considered here. Since the RR

analysis is able to discriminate between more and less informative configurational



76 4. Configurational Coarse-Graining

partitions, it can also be used to compare different definitions of configurational
similarity. This is particularly relevant because, although RMSD is the most com-
mon choice, its usefulness depends sensitively on the structural alignment proce-
dure and it can be strongly influenced by flexible regions, so that alternative metrics
may offer a more faithful description of conformational variability when the biolog-
ically relevant degrees of freedom are more specific. For example, in RNA systems,
measures such as eRMSD, which focus on the relative arrangement of nucleobases
rather than on a global Cartesian superposition, have been introduced precisely to
better capture differences in base-pairing and stacking interaction patterns, and are
therefore often more informative than standard RMSD when the structural question
concerns RNA motifs, folding states, or interaction networks. Likewise, for DNA,
descriptors based on helicoidal or backbone parameters can be more appropriate
when the problem is to characterize sequence-dependent shape variations, groove
width, or BI/BII backbone substates, rather than overall structural deviation.

This point also provides a natural connection to the next chapter. While the
present analysis focused on configurational CG, i.e., on how molecular configura-
tions are grouped into states, the same general strategy can be extended to struc-
tural CG, where the question is no longer how to partition the sampled trajectory,
but how much structural detail must be retained in order to preserve the informa-
tive properties of the molecule. In this sense, the next chapter shifts the focus from
the CG of configurational space to the CG of the molecular representation itself.

Take-home message

Protein Molecular Dynamics trajectories can be compressed by clustering
sampled conformations into a smaller number of configurational states. In
this chapter, the informativeness of the resulting low-resolution representa-
tions was shown to depend strongly on the clustering protocol. By comparing
different agglomerative clustering strategies, the analysis showed that Multi-
scale Relevance identified the protocols that better preserved the geometry
of the original configurational space. Informative configurational Coarse-
Graining representations are therefore not arbitrary reductions of the trajec-
tory, but partitions that retain the hierarchical organisation of the protein
conformational landscape.




Structural Resolution

5.1 Introduction

In the previous chapter, the problem of CG was addressed from the standpoint of
configurations, asking ourselves how the structures sampled along a MD trajectory
could be grouped into informative states. The same perspective can be extended one
step further by considering structural CG, in which the object to coarsen is no longer
the configurational space, but rather the system structure itself, and the question is
then how much structural detail must be retained for the low-resolution represen-
tation to remain informative.

Proteins are paradigmatic systems for which this question is particularly non-
trivial. Their biological function is generally associated not only with the existence
of a well-defined native structure, but also with a significant degree of flexibility,
which allows them to explore a heterogeneous configurational space through mo-
tions spanning different spatial and temporal scales (Frauenfelder et al., 1991; Dill
et al., 1997; Henzler-Wildman et al., 2007; Boehr et al., 2009; Dill et al., 2008). MD
simulations represent an essential tool to investigate this interplay between struc-
ture and dynamics, since they provide an atomistic description of molecular motion
(McCammon et al., 1977; Karplus et al., 2002; Dror et al., 2012). This level of detail
is invaluable when a faithful microscopic characterisation of the system is required.
For the purpose of gathering mechanistic insight in the system’s function, however,
a highly detailed representation is not necessarily a more informative one.

Indeed, an overly rich description may obscure the large-scale structural pat-
terns and collective degrees of freedom most relevant to interpreting the sampled
ensemble. As an extreme example, the precise knowledge of every atomic coordi-

This chapter is based on material originally published in M. Mele, R. Fiorentini, T. Tarenzi, G. Mat-
tiotti and R. Potestio, Determining the optimal structural resolution of proteins through an information-
theoretic analysis of their conformational ensemble, Journal of Chemical Theory and Computation, 22(3),
1244-1257 (2026). The material has been revised and adapted for consistency with the structure and
notation of this thesis, and is reproduced in accordance with the terms of the applicable licence. The
published version is available at: https://doi.org/10.1021/acs.jctc.5c01773.
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nate is not necessarily required to distinguish between major conformational basins,
since this task can often be accomplished through a much smaller number of suit-
ably chosen coarse variables (Best et al., 2005; Peters et al., 2006; Noé et al., 2008;
Chodera et al., 2014; Noé et al., 2017). This observation reflects a more general
distinction between data and information: an atomistic trajectory contains a large
amount of structural data, yet the challenge is not to preserve every microscopic
fluctuation, but to identify a representation in which the relevant organisation of
configurational space emerges clearly from the ensemble.

This issue is central in CG modelling. A reduced representation should be sim-
ple enough to suppress irrelevant microscopic fluctuations, yet detailed enough to
retain the structural and dynamical features that characterise the molecule (Noid,
2013; Saunders et al., 2013; Kmiecik et al., 2016). In practice, however, the choice
of structural resolution is often guided by empirical intuition, computational con-
venience, or the conventions of established models. Widely used protein CG force
fields, such as Martini and SIRAH, provide successful examples of intermediate-
resolution representations capable of reproducing many relevant conformational
and thermodynamic properties while substantially reducing computational cost
(Souza et al., 2021; Machado et al., 2019; Klein et al., 2023). Yet, their effectiveness
does not by itself answer a more general question: whether it is possible to deter-
mine, directly from the data, the structural resolution at which a protein admits its
most parsimonious informative description.

The construction of a structural CG representation involves two conceptually
distinct questions. The first concerns the resolution of the representation, namely,
how many structural degrees of freedom should be retained. The second concerns
the mapping, that is, which specific atoms should be kept to realise that represen-
tation. These two aspects are often intertwined in practical applications, but they
need not coincide conceptually. In particular, before asking which mapping is most
appropriate, one may ask whether the data themselves contain an intrinsic indi-
cation of the amount of structural detail that must be preserved. This distinction
is especially relevant in light of previous work on mapping entropy and mapping
optimisation, where the focus is on identifying which degrees of freedom are most
informative once a target resolution has been fixed (Shell, 2008; Chaimovich et al.,
2011; Giulini et al., 2020; Giulini et al., 2021; Holtzman et al., 2022; Giulini et al.,
2024).

The present chapter addresses precisely the first of these two questions. Build-
ing on the RR framework introduced in Section 2.3, we consider the problem of
identifying the structural resolution at which a protein conformational ensemble
admits its most parsimonious yet informative description. The key idea is that a
low-resolution structural representation induces a corresponding clustering of the
sampled configurations, and that the statistical properties of this clustering depend
on the number of atoms retained in the mapping. By scanning different values
of the retained-atom number and quantifying the resulting balance between re-
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tained information and compression level, it is possible to identify an optimal reso-
lution scale in a fully data-driven, unsupervised way. This is the same general logic
that, in the previous chapters, was used to characterise the size of informative low-
resolution representations of the configurational space; here, it is transferred to the
level of the structural description itself.

Within this framework, the chapter has two main objectives. The first is to assess
whether the optimal structural resolution shows systematic trends across proteins
of different sizes and dynamical characters. The second is to clarify which physical
information is captured by the identified optimal scale by comparing it with inde-
pendent structural diagnostics, such as the covariance of atomic fluctuations and
the mapping entropy. As shown, the optimal number of retained atoms is not de-
termined solely by size, but also by the extent and type of conformations sampled
by the system.

5.2 Materials and Methods

5.2.1 Systems and Simulation Data

The analysis was carried out on a dataset of 11 proteins differing in size, struc-
ture, and function, together with the enzyme adenylate kinase (ADK), which was
treated separately to investigate how optimal structural resolution depends on the
conformational state explored. The 11-protein dataset was constructed following
the pipeline introduced in Tarenzi et al., 2022. Specifically, a representative, hetero-
geneous subset of proteins was selected from a larger database based on structural
and dynamical criteria. The proteins considered here have PDB codes 1DSL, 1INOA,
1SNO, 1UNE, 1XWL, 1IGD, 1HYP, 1KNT, 1QKE, 2EXO, and 1KOE.

In addition to this benchmark set, adenylate kinase was used as a test case to
probe the role of conformational variability explicitly. ADK is particularly suited
for this purpose because of its pronounced large-scale structural rearrangements,
which can be sampled on time scales accessible to standard atomistic MD simula-
tions. The starting structure for the simulations corresponds to the crystallographic
open form (PDB ID: 4AKE).

All simulations were performed with Gromacs 2018 (Abraham et al., 2015). The
protein topology was described with the AMBER99SB-ILDN force field (Lindorff-
Larsen et al., 2010), while water molecules were modelled with the TIP3P model
(Jorgensen et al., 1983). Sodium and chloride ions were added to neutralise the sys-
tem’s total charge and to reproduce a physiological salt concentration of 150 mM.
After energy minimisation, NVT and NPT equilibration stages were performed us-
ing the velocity-rescale thermostat (Bussi et al., 2007) and the Parrinello-Rahman
barostat (Parrinello et al., 1981), respectively. A cut-off of 1.2 nm was used for van
der Waals interactions and for the short-range component of the Coulomb interac-
tion, whereas long-range electrostatics were treated with the Particle Mesh Ewald
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Figure 5.1: Infographic that illustrates the steps of the first part of the PROPRE protocol: the con-
struction of the RR scatter plot. After filtering the atomistic trajectory (by choosing a random dec-
imation mapping of the heavy atoms), the RSD map is built in order to perform a clustering of the
filtered configurations. Each mapping corresponds to a point in the RR plane; by varying the selec-
tion of retained atoms and the number of retained atoms, one can reconstruct the curve as a scatter
plot.

method (Darden et al., 1993; Essmann et al., 1995). Bond constraints involving hy-
drogen atoms were enforced through the LINCS algorithm (Hess et al., 1997), and
the equations of motion were integrated with a time step of 2 fs. For each protein in
the data set, a 500 ns trajectory was generated, and the first 100 ns were discarded
as equilibration.

5.2.2 Structural Decimation and Induced Configurational Clustering

The analysis starts from the atomistic trajectory of a protein, described solely by
the coordinates of its heavy atoms. If ny,, is the total number of heavy atoms, each
configuration is represented as a point in a 3ny,-dimensional space. Low-resolution
structural representations were generated through decimation mappings, obtained
by selecting a subset of Nog heavy atoms out of the ny, available ones. For a fixed
value of N¢gq, different mappings correspond to different subsets of retained atoms
and therefore to different projected representations of the same trajectory. The over-
all workflow, from structural decimation to the construction of the induced config-
urational partition and of the corresponding RR point, is schematically shown in
Figure 5.1.

For each mapping, the atomistic trajectory was projected onto the coordinates of
the selected atoms and clustered by agglomerative hierarchical clustering using the
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UPGMA algorithm (Sokal et al., 1958). The distance between two configurations
was measured through the root squared distance (RSD),

& 2
a b
§,|Xi _Xi|

i=1

1/2

RSD(X%, X?) = , (5.1)

which is proportional to the usual root mean square deviation, RSD = v/n RMSD.
The use of RSD is convenient here because, unlike RMSD, it preserves the absolute
scale of the distance when the number of retained atoms changes, making it possible
to adopt the same clustering threshold at all values of N¢g.

The clustering threshold, C, was defined from the all-atom trajectory as the
largest value below which all sampled configurations remain distinguishable, so
that each frame still forms a singleton cluster. The same threshold was then used to
cut the dendrograms obtained from the projected trajectories at all values of Ncg.
In this way, two reduced configurations were regarded as indistinguishable only
if their retained structural differences were smaller than the minimum distance re-
quired to resolve distinct configurations in the full heavy-atom space.

For each pair given by a retained-atom number N¢g and a specific decimation
mapping, this procedure yields a partition of the trajectory into clusters of struc-
turally equivalent reduced configurations and therefore a point in the RR plane.
The comparison of these points across different mappings and Ncg values provides
the basis for identifying the optimal structural resolution discussed in the next sub-
section.

5.2.3 PROPRE Analysis and Identification of the Optimal Resolution

PROPRE, short for PROtein PReservEd sites, denotes the atom-selection procedure
used to identify the most informative retained sites at each resolution. For each
system, the PROPRE analysis was performed on 1000 frames extracted from the
trajectory. Two sampling strategies were considered: uniform sampling, obtained
by selecting equally spaced frames along the trajectory, and centroid sampling, ob-
tained from the centroids of 1000 UPGMA clusters. For a fixed number of retained
atoms Ncg, 50 random decimation mappings were generated, and the procedure
described above was applied to each of them. The number of retained atoms was
then progressively decreased with a step corresponding to 0.5% of the total number
of heavy atoms of the protein. In this way, each system is associated with a family
of RR points, obtained by scanning both the structural resolution and the specific
choice of retained atoms.

The resulting RR curve was then smoothed to identify the characteristic reso-
lutions; the exact protocol is described in Appendix A. Two reference points were
considered: the value of Ncg at which the relevance reaches its maximum, denoted
here by Né\gf‘, and the value at which the local slope of the curve is equal to -1,
denoted by N1

opt*
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For adenylate kinase, the same procedure was applied not only to the full tra-
jectory, but also separately to the portions associated with the open and closed con-
formational states, identified through UPGMA clustering. This enabled compari-
son of optimal structural resolution across different regions of the conformational
landscape.

5.2.4 Structural Fluctuation Analysis

To quantify the structural fluctuations of a molecular system composed of 1y, heavy
atoms over T time steps, we compute the covariance matrix of atomic positions.
Let P € RT*3™a denote the matrix of atomic configurations, where each row corre-
sponds to the 3D positions of all heavy atoms at a given time step, flattened into a
vector of length 3ny,,. The mean configuration over time is given by P € R3"ma,
The covariance matrix C € R3™aX3"a ig then defined as:

1
N -1

This matrix captures the variance and covariance of positional fluctuations, in-

C= P-P)T(P-P). (5.2)

cluding both intra- and inter-atomic correlations among Cartesian coordinates. As
a scalar descriptor of the overall fluctuation magnitude, we consider the trace of the
covariance matrix, defined as the sum of its diagonal elements:

L 2
b = Ty(C) = % > HPi - PH : (5.3)
i=1

The same construction can be applied when only Ncg atoms are kept, chosen
at random among the ny,, heavy atoms. The corresponding fluctuation measure is
denoted 7 “C. Since the trace grows proportionally with the number of atoms, the
two quantities 7" and 7 ““ are not directly comparable. We therefore introduce a
size-independent observable

TCG - Mha
(]’ha . NCG ’

cov = (5.4)

This normalisation accounts for the difference in system size by assigning an
average fluctuation contribution to the atoms excluded during CG. By construction,
cov = 1 when all atoms are retained, and values near 1 indicate that the retained
subset captures the overall structural variability of the whole system. The behaviour
of cov as a function of Ncg provides a diagnostic for quantifying how representative
an atom’s subset is of the system’s fluctuations.

5.2.5 Mapping Entropy

Mapping entropy quantifies the intrinsic loss of information that arises when a fine-
grained system is projected onto a CG representation. This concept was first intro-
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duced within the framework of the relative entropy method (Shell, 2008) and has
been widely applied to the analysis of proteins and other systems (Giulini et al.,
2020; Holtzman et al., 2022; Giulini et al., 2021; Aldrigo et al., 2025).

Let x € R3"™a denote a microscopic configuration of a molecular system com-
posed of ny, heavy atoms, sampled from the canonical distribution p(x) o e~ PUM),
where U(x) is the potential energy and f = 1/(kpT) is the inverse temperature. A
CG representation can be defined by selecting a subset of Ncg < 1y, atoms. The se-
lection is encoded by a binary vector ¢ = {0; € {0, 1}}?:11; such that Z?ji 0; = Neg.
This defines a projection operator M that maps the full configuration x to a CG
macrostate X = M(x), retaining only the positions of the selected atoms.

The mapping entropy Suap is defined as the Kullback-Leibler divergence be-
tween the original microscopic distribution p(x) and the reconstructed distribution
p(x) inferred from the CG representation:

Smap = kB / p(x)In (f%) dx. (5.5)

The reconstructed distribution fi(x) corresponds to the statistical model obtained
by backmapping from the CG variables and is given by

L pea(M()
P = "amie) ¢

where pcg(X) = f p(x")0(M(x") — X) dx’ is the induced probability over CG config-
urations, and Q(X) = f O0(M(x") — X) dx’ is the degeneracy of the macrostate X, i.e.,
the volume of microscopic configurations such that M(x) = X.

(5.6)

This functional is non-negative and vanishes only when the CG representation
preserves the full statistical structure of the original representation. In this work, we
evaluate Sy, for a sample of randomly generated selections of Ncg atoms, drawn
from the ny, available atoms, to estimate the average information loss associated
with unsupervised, non-optimised CG choices.

Mapping entropy calculations were performed using the EXCOGITO software
package (Giulini et al., 2024), a general-purpose toolkit for CG analysis. In our
case, the mapping entropy was estimated as the Kullback-Leibler divergence be-
tween the full microscopic distribution and the reconstructed one, with structural
similarity assessed through clustering based on the root square deviation (RSD),
adopting the same distance threshold as in the PROPRE protocol. Further details
on the methodology can be found in (Giulini et al., 2024; Holtzman et al., 2022;
Shell, 2008; Chaimovich et al., 2011).

5.3 Results

The results presented in this section address three related aspects of the structural
CG problem. First, the 11-protein dataset is used to determine whether the opti-
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Figure 5.2: (a, b) Scatter plots illustrating the number of optimal sites identified by PROPRE
for each protein in relation to the number of residues; for both cases (striding and clustering), the
correlation coefficient of the linear fit (R?) is 0.98, and the Pearson correlation coefficient is 0.99.
(a) Analysis based on 1000 equidistant frames extracted through striding. (b) Analysis based on
the centroids of 1000 clusters obtained from a UPGMA clustering procedure. Error bars indicate
the standard deviation in the number of optimal sites within the most probable bin, as determined
by PROPRE using the density-based protocol. (c) Box plots of the ratio between the number of
optimal sites and the average sampled volume (Nopt/V') for the two strategies: striding (STR) and
clustering (CLU). For STR, orange points indicate values for the AKE protein computed from the
full trajectory, as well as separately for the open and closed conformations.

mal number of retained atoms displays a systematic dependence on protein size.
Second, adenylate kinase is employed as a case study to assess how the optimal
structural resolution depends on the explored conformational state. Third, the RR-
based optimality estimates are compared with two independent structural diag-
nostics, namely the covariance of atomic fluctuations and the mapping entropy, to
clarify which features of the conformational ensemble are captured by the identified

resolution scale.

5.3.1 Optimal Number of Sites vs. Number of Protein Residues

The PROPRE algorithm allows the identification of the optimal structural resolu-
tion of a specific protein, where the optimal resolution is defined as the number of
heavy atoms that must be retained to minimise information loss upon CG. In the
following, the optimal number of retained atoms is primarily identified with the

IT
NOPT :

obtained from the maximum of the relevance, N g};ﬁT,

The complementary estimates
together with the extended fit
on the 11-protein dataset and the quantitative comparison with Martini and SIRAH,

point of slope —1 along the RR curve, namely

are reported in Appendix D.

It is natural to expect that the optimal number of retained atoms depends on the
specific system under investigation and on its features, such as size, structure, and
flexibility. To assess whether a more general trend is present, the PROPRE analy-
sis was first applied to the trajectories of the 11 proteins of the dataset introduced
in Section 5.2.1. The resulting relation between the optimal number of retained
atoms and the total number of amino acids is reported in Figure 5.2a,b for the two
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trajectory-sampling strategies considered here, namely striding and centroid selec-
tion through UPGMA clustering.
Despite the large differences in structure, size, and dynamical features across

the dataset, a clear linear trend emerges in both cases. The same analysis extended

RM
NOPT’

shown that the linear scaling with protein size is preserved also under this alter-

to the relevance-maximising point, is reported in Appendix D, where it is
native operational definition of the optimal resolution. Larger proteins require a
proportionally larger number of retained atoms to preserve an informative repre-
sentation of their configurational space. The existence of this correlation is not in
itself surprising, since larger systems are expected to require more structural detail.
However, the fact that the dependence is so clearly linear across a set of structurally
and dynamically heterogeneous proteins is far from trivial. In both sampling pro-
tocols, the fitted slope is close to four retained heavy atoms per residue, indicating
that the optimal representation is substantially more detailed than a one-site-per-
residue description, while remaining much more compact than the full atomistic
one.

This result suggests that, for globular proteins that explore relatively limited
fluctuations around their native structures, the minimally informative representa-
tion corresponds approximately to a backbone-level description supplemented by
limited side-chain detail. In this sense, the analysis identifies a characteristic struc-
tural scale at which a large fraction of microscopic detail can be removed without
suppressing the informative organisation of the conformational ensemble.

The consistency between the two sampling strategies in Figure 5.2a,b is also
noteworthy. In the present dataset, none of the proteins undergoes major conforma-
tional rearrangements, which likely explains why uniform and centroid sampling
yield nearly identical optimal resolutions. Differences between the two procedures
are expected to become more pronounced when analysing trajectories characterised
by greater heterogeneity in configurational states.

A complementary way of looking at the same trend is reported in Figure 5.2c,
where the optimal number of retained atoms is normalised by the average config-
urational volume explored during the simulation. The resulting values of Nopt/V
are narrowly distributed across the 11 proteins, despite their differences in size and
topology. This suggests the presence of a characteristic density, indicating that pro-
teins with stable globular folds tend to retain a similar number of optimal sites per
unit of sampled volume.

To explicitly probe the role of conformational variability, adenylate kinase was
considered as a separate case study. The same protein was analysed in three dif-
ferent ways: using the full trajectory, using only the subset corresponding to the
open state, and using only the subset corresponding to the closed state, the latter
two obtained through UPGMA clustering as described in Section 5.2.3. As shown
by the orange points in Figure 5.2¢, all three adenylate kinase cases fall within the
same density range as the 11 proteins, indicating that variations in the sampled vol-
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ume are accompanied by corresponding changes in the optimal number of retained

atoms.

A complementary insight is obtained by considering the ratio between the op-
timal number of retained atoms and the number of amino acids as a function of
the average radius of gyration, reported in Figure 5.3. Only the closed-state trajec-
tory aligns with the reference value fitted on the 11-protein dataset, indicated by
the dashed horizontal line. By contrast, the full trajectory and the open-state subset
yield systematically lower values of N, (I)%T /Naa.

These results indicate that the optimal number of retained atoms decreases as
the average radius of gyration increases. In other words, conformational ensem-
bles spanning broader configurational regions require fewer atoms to be retained,
whereas subsets confined to smaller fluctuations need more atoms to achieve the
same information balance. This inverse relation is consistent with the idea that
large-scale, highly collective motions can be described with a reduced number of
degrees of freedom, while small-amplitude local fluctuations require a higher struc-
tural resolution to be meaningfully distinguished.

In the specific case of adenylate kinase, the open-to-closed transition is known
to be dominated by hinge-bending motions of the LID and NMP domains, that
is, by a collective and intrinsically low-dimensional rearrangement. The present
results quantitatively support this picture: the broader the conformational explo-
ration, the fewer the atomic degrees of freedom needed for an informative repre-
sentation. Conversely, when the analysis is restricted to a smaller conformational
basin, the remaining variability is dominated by finer local rearrangements, and a
higher structural resolution is required to preserve structural diversity.

Overall, the results discussed so far show that system size is a key determinant
of the optimal structural resolution, but it is not the only one. The optimal number
of retained atoms also depends on intrinsic dynamical features, such as the extent
of conformational variability and the diversity of the structural states explored by
the system.
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Figure 5.4: (a) Correlation between the elbow position (NgG) in the variance of the CG covariance
(2., and the optimal number of retained atoms Nopr identified by PROPRE, across a dataset of 11

cov

proteins. Blue markers correspond to the information-theoretic estimate N5&.. (slope u = —1), red

markers to the relevance-maximum estimate Ng[g}T (slope yu = 0). The legend reports the Pearson

correlation coefficient for each criterion, and error bars indicate the standard deviation of Nopt
within the most-probable bin returned by PROPRE. (b-c) Analysis of protein 11GD. In both panels,
the vertical blue dashed line marks the elbow position (N éG ), the vertical dashed red lines delimit the
core PROPRE interval, and the shaded region extends it by one standard deviation. (b) Distribution
of the normalised CG covariance cov over 50 random atom selections for each Ncq; colour encodes the
pointwise density, the solid red line traces the running average. (c) Empirical variance o2 ,(Ncc)
(grey dots) and fitted power-law decay (red curve).

5.3.2 Optimal Number of Sites vs. Position Covariance

To further investigate the factors influencing optimal resolution, its relationship
with the distribution of atomic displacements was examined through the nor-
malised trace of the covariance matrix, cov, introduced in Section 5.2.4. For each
value of N¢q, cov was computed over 50 randomly selected subsets of heavy atoms.

The results are summarised in Figure 5.4. The right panels refer to the repre-
sentative protein 1IGD and illustrate the behaviour of the observables and the pro-
cedure used to extract the characteristic structural resolution. The upper panel,
Figure 5.4b, shows that cov fluctuates around 1 over the whole range of N¢q, indi-
cating that, on average, the overall magnitude of the structural fluctuations is pre-
served even in reduced representations. At the same time, the spread of the values
around this average decreases systematically with increasing Ncg, reflecting the
reduced variability among different atom selections as the representation becomes
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sufficiently detailed to capture most of the fluctuation profile.

2

To quantify this trend, the variance o,

(Ncg) was computed for each value of
Ncg. As shown in Figure 5.4¢, this quantity displays an elbow-shaped decay, sug-
gesting that beyond a certain structural resolution, the addition of further atoms
contributes only marginally to reproducing the fluctuations of the full system. The
elbow position, denoted as NgG,
becomes sufficiently rich to capture the dominant configurational variability.

identifies the point at which the CG description

The shaded region in Figure 5.4c marks the optimal interval identified by PRO-
PRE, delimited by NG5, and NJ... Notably, this interval lies systematically just
beyond the elbow. This indicates that PROPRE tends to select resolutions slightly
higher than those strictly required to retain the dominant structural fluctuations. In
other words, the optimal resolution is not simply the minimum needed to preserve
fluctuation amplitudes, but rather a slightly finer representation at which the re-
duced structure becomes both fluctuation-preserving and statistically informative.

This trend extends to the whole dataset, as shown in Figure 5.4a, where the
elbow positions extracted from the covariance analysis are compared with the op-
timal resolutions identified by PROPRE. A strong linear correlation is observed for
both definitions of the optimum, with Pearson coefficients larger than 0.98. These
results show that the optimal resolution identified through the RR analysis system-
atically lies just beyond the point at which the covariance-based description begins
to saturate.

5.3.3 Optimal Number of Sites vs. Mapping Entropy

A complementary analysis was carried out by comparing the PROPRE estimates
with the mapping entropy Spap, introduced in Section 5.2.5, which quantifies the
information loss associated with the projection of the full system onto a reduced
structural representation. In the present case, Sy.p was computed for randomly
selected subsets of retained atoms, to characterise the information loss associated
with non-optimised CG mappings. For each value of Ncg, 50 random subsets of
heavy atoms were considered.

For the representative protein 1IGD, the distribution of Sy, is reported in Fig-
ure 5.5b. Its average value decreases smoothly as Ncg increases, indicating that, on
average, the reconstruction quality improves progressively as more atoms are re-
tained. However, this mean behaviour does not exhibit a distinct elbow or plateau
and therefore does not by itself identify a special resolution threshold.

A more informative quantity is instead the variance of the mapping entropy
across different random selections. As shown in Figure 5.5¢, ogmap(Ncg) exhibits a
well-defined maximum at an intermediate value of Ngg, denoted as N gG. This be-
haviour has a clear interpretation. At very low values of Ncg, almost all mappings
are poor and therefore similarly uninformative. At very high values of Ncq, almost
all mappings are good and therefore similarly accurate. Between these two limits,
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Figure 5.5: (a) Correlation between the peak position in the variance of the mapping entropy (N, g a)
and the optimal number of retained atoms Nopt identified by PROPRE, across a dataset of 11
proteins. Blue markers correspond to the information-theoretic estimate NIL, - (slope u = 1), red

OPT
markers to the relevance-maximum estimate NN=. (slope u = 0). The legend reports the Pearson

correlation coefficient for each criterion, and error bars indicate the standard deviation of Nopt
within the most-probable bin returned by PROPRE. (b-c) Analysis of protein 11GD. In both panels,
the vertical blue dashed line marks the peak position N gG, vertical dashed red lines delimit the core
PROPRE interval, and the shaded region extends it by one standard deviation. (b) Distribution of
the mapping entropy Smap over 50 random atom selections for each Nc; color encodes the pointwise
density. The yellow and green triangles highlight the values of Smap obtained from the specific
selections of all C, atoms and all backbone atoms, respectively. (c¢) Empirical variance ogmap(Nc(;)

(gray dots) and its Gaussian-smoothed estimate ngap (black line).

the specific choice of retained atoms matters the most, and this produces a peak in
the variance.

The relation between this characteristic point and the PROPRE optimum is re-
ported in Figure 5.5a. Also in this case, a positive correlation emerges between the
peak position in the variance of the mapping entropy and the optimal number of
retained atoms identified by PROPRE. Thus, the optimal structural resolution falls
in the regime where the reduced representation is most sensitive to which atoms
are actually retained.

An additional indication comes from the specific chemically motivated selec-
tions also reported in Figure 5.5b. The values of S,,, obtained by retaining all C,
atoms or all backbone atoms lie well above those corresponding to random heavy-
atom subsets of the same size. This shows that, for the present dataset, these stan-
dard structural reductions are not especially informative. Since the proteins consid-



90 5. Structural Resolution

ered here do not undergo large conformational rearrangements but rather fluctuate
within local basins around their native globular structures, the relevant structural
information is not fully captured by C, or backbone coordinates alone.

Taken together, the covariance-based and mapping-entropy-based analyses pro-
vide two complementary interpretations of the same result. On the one hand, the
optimal interval identified by PROPRE lies just beyond the minimum resolution
needed to retain the dominant structural fluctuations. On the other hand, it lies in
a regime where the specific choice of retained atoms matters the most in terms of
information loss. The structural resolution identified by PROPRE therefore emerges
as a minimal yet informative representation of the conformational ensemble, deter-

mined jointly by system size and by the nature of the configurational exploration.

5.4 Conclusions

In this chapter, the RR framework has been extended from the analysis of configura-
tional representations to the study of structural CG in proteins. The central question
was no longer how many configurational states are required to describe a system,
but rather how many atomic degrees of freedom must be retained to preserve an
informative representation of its conformational ensemble. Within this perspective,
the PROPRE procedure provides an operational criterion for directly identifying the
optimal structural resolution of a protein from simulation data.

The results presented in this chapter show that the optimal number of retained
atoms is not arbitrary but depends systematically on the system’s properties and the
type of conformational variability explored. For the 11 proteins considered here,
the optimal structural resolution scales approximately linearly with the number of
amino acids, indicating that larger systems require proportionally more retained
atoms to preserve an informative description of their configurational space. At the
same time, the analysis of adenylate kinase shows that this dependence is not solely
determined by size but is also influenced by the conformational region sampled by
the system. In particular, broader and more collective motions require fewer re-
tained atoms, whereas more localised fluctuations within restricted basins require
a finer structural description. This is consistent with the broader view that pro-
tein dynamics can often be described in terms of collective variables and reduced
dynamical representations (Noé et al., 2017; Chodera et al., 2014; Noé et al., 2008).

A further relevant result is that the structural resolution identified by PROPRE
is quantitatively close to those adopted by widely used CG models such as Martini
and SIRAH (Souza et al., 2021; Klein et al., 2023; Machado et al., 2019). More specif-
ically, for the proteins considered in this chapter, the optimal number of retained
sites predicted by PROPRE falls systematically between the number of sites associ-
ated with Martini-like and SIRAH-like representations, as discussed quantitatively
in Appendix D. In this sense, the present analysis does not merely recover a generic
intermediate level of CG, but identifies a structural resolution that is directly com-
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parable with the one employed by two of the most widely used protein CG force
fields.

This result is particularly significant because Martini and SIRAH represent two
well-established and successful examples of intermediate-resolution protein CG
modelling, which differ in both mapping strategy and level of structural detail
(Souza et al., 2021; Klein et al., 2023; Machado et al., 2019). The fact that the opti-
mal resolution identified here lies between them provides a non-trivial, data-driven
indication that the structural compression selected by PROPRE corresponds to a
physically meaningful regime, rather than to an arbitrary decimation threshold. In
other words, the analysis places the optimal information-theoretic resolution in the
same structural range that has proved effective in practical CG descriptions (Noid,
2013; Saunders et al., 2013; Kmiecik et al., 2016).

At the same time, this comparison should be interpreted at the resolution level,
not at the mapping level. Martini and SIRAH employ chemically informed and
non-uniform representations, so that their effective descriptive power is richer than
what is captured by the nominal number of sites alone. By contrast, PROPRE iden-
tifies a global optimal structural scale, averaged over decimation mappings. The
agreement should therefore not be read as a validation of a specific force field, but
rather as an independent rationale for why protein representations at this interme-
diate resolution are especially effective for the class of systems considered here. The
robustness of the identified optimal resolution with respect to stochastic mapping
generation and independent simulation replicas is assessed in Appendix D, con-
firming that the observed variability remains within the intrinsic uncertainty of the
procedure.

The comparison with the covariance of atomic fluctuations and with the map-
ping entropy further clarifies the meaning of the identified optimal scale. On the
one hand, the PROPRE optimum lies just beyond the minimum structural reso-
lution needed to reproduce the dominant positional fluctuations of the full sys-
tem. On the other hand, it lies in the regime where the information loss associ-
ated with structural projection is most sensitive to the specific degrees of freedom
that are retained. Taken together, these results indicate that the optimal structural
resolution identified by the RR analysis corresponds to a minimal yet informative
representation of the conformational ensemble. This interpretation is consistent
with the information-theoretic picture underlying relative-entropy and mapping-
entropy approaches to CG (Shell, 2008; Chaimovich et al., 2011; Holtzman et al.,
2022; Giulini et al., 2020; Giulini et al., 2021).

More generally, the analysis developed in this chapter shows that the balance be-
tween compression and information retention can also be used to address the choice
of structural resolution in molecular systems. In this sense, the RR framework is ex-
tended beyond the partitioning of configurational space and provides a principled
criterion for identifying reduced structural representations directly from simula-
tion data. The results obtained for the protein systems considered in this chapter
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support the idea that the optimal resolution is an intrinsic property of the sampled
conformational ensemble, rather than an arbitrary modelling choice (Marsili et al.,
2022; Cubero et al., 2019; Holtzman et al., 2022).

Take-home message

A protein can be represented at different structural resolutions, depending on
how many residues or interaction sites are retained in the reduced descrip-
tion. This chapter investigated whether an optimal number of retained sites
could be identified by analysing the configurational partitions induced by
structural decimation. The results showed that the optimal structural resolu-
tion scaled approximately linearly with protein size and correlated with both
collective fluctuations and Mapping Entropy. This suggests that an informa-
tive protein representation should not be chosen only by chemical intuition
or fixed conventions, but can be also selected from the statistical information
retained by the reduced structural description.
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Theoretical Background

Between 2023 and 2024, the most advanced Artificial Intelligence (AI) models ex-
hibited substantial gains on major benchmark tasks, with score increases of 18.84
percentage points in multimodal reasoning, 48.9 points on expert-level scientific
questions, and 67.3 points on software engineering tasks (Maslej et al., 2025). In
parallel, AT applications have expanded far beyond controlled research settings. In
healthcare, for example, the number of FDA-approved Al-enabled medical devices
grew from 6 in 2015 to 223 in 2023, while autonomous-driving services moved from
experimental testing at the beginning of 2024 to deployment at scales exceeding
150, 000 rides per week only in the US by late 2024 (Maslej et al., 2025). The same
trend is visible in scientific activity, where Al-related publications have more than
doubled over the last decade, and the share of computer-science research devoted to
Al is steadily increasing (Maslej et al., 2025). Taken together, these trends capture
both the scale and the speed of what is often defined as the Artificial Intelligence
revolution. Neural networks and related learning systems are currently reshaping
a broad range of domains, from everyday technologies to industry, from education
to scientific research, where they are increasingly used as standard tools for the
analysis, generation, and organisation of complex data.

However, despite this extraordinary success, the rules governing the behaviour
of Al models remain only partially understood (Goodfellow et al., 2016; Zdeborova,
2020). This gap is not a mere academic curiosity; it also has important practical and
scientific consequences. As Al systems become increasingly embedded in decision-
making processes, from medical diagnosis to other high-impact applications, it be-
comes essential to quantify the uncertainty associated with their predictions and
to establish under which conditions those predictions can be considered reliable.
At the same time, a deeper understanding of how neural networks process infor-
mation is necessary to improve efficiency, guide architectural design, and facilitate
the transfer of learned models to related tasks, thereby reducing the need to retrain
large networks from scratch. In the broader scientific domain, Al is increasingly
used not only to analyse data but also to extract regularities, generate hypotheses,
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and support the discovery of new laws from complex datasets (Carleo et al., 2019;
Mehta et al., 2019; Romera-Paredes et al., 2024; Davies et al., 2021). However, this
ambition sits in tension with the limited interpretability of modern learning sys-
tems: when the internal logic underlying their conclusions remains opaque, it be-
comes difficult to assess the nature of the knowledge they capture and the extent to
which their outputs contribute to scientific understanding.

These difficulties motivate some of the central open questions in neural net-
work theory (Zdeborovéd, 2020; Goodfellow et al., 2016; Mehta et al., 2019). Why
do highly overparameterised models usually generalise well rather than overfit the
training data? Which properties of the data, the network architecture, and the opti-
misation algorithm determine the effective complexity of the learned solution? Why
does gradient-based learning, despite being applied in extremely high-dimensional
and non-convex spaces, so often converge to models with strong predictive perfor-
mance? More broadly, how are internal representations organised across layers,
which features of the loss landscape shape the learning dynamics, and how are ro-
bustness, uncertainty, and interpretability related? Dealing with these questions
is essential for turning the empirical success of modern Al into a more principled
understanding of learning systems.

At this point, a natural question arises: why should a statistical physicist care
about these problems? The answer is that many of the difficulties posed by mod-
ern learning systems are, at their core, problems of collective behaviour in high-
dimensional spaces (Mehta et al., 2019; A. Engel et al., 2001). Neural networks are
composed of many interacting degrees of freedom; their training can be viewed as a
dynamical exploration of a complex (loss) landscape; and their characteristic prop-
erties, such as generalisation, robustness, and sensitivity to perturbations, emerge
collectively rather than being straightforwardly reducible to the action of individ-
ual parameters. In this respect, the challenge is closely related to those tradition-
ally addressed by statistical physics, whose aim is precisely to connect microscopic
interactions with macroscopic behaviour in large, heterogeneous systems, whose
configurational space is only partially accessible in computation. This connection is
not new: early studies of the perceptron and the Hopfield network, together with
analyses of large random and disordered neural systems, established an important
bridge between neural computation and the statistical mechanics of complex sys-
tems (Rosenblatt, 1958; Hopfield, 1982; A. Engel et al., 2001). These works showed
that learning, memory, and information propagation could be studied in terms
of interacting variables, collective phases, and structured high-dimensional land-
scapes. Although they were developed for shallow networks, they laid the founda-
tions for a statistical-physics perspective that has recovered central relevance in the
era of deep learning (Zdeborova, 2020; Mehta et al., 2019).

From this standpoint, neural networks can be studied not only through their pre-
dictive performance, but also through the structure of the space in which learning
takes place (Mehta et al., 2019; A. Engel et al., 2001). Training defines a dynamics in
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a high-dimensional landscape of parameters, while the resulting behaviour reflects
the interplay between optimisation, architecture, and data. Questions about gen-
eralisation, robustness, and transferability can therefore be reformulated in terms
of the geometry of this landscape, the organisation of its accessible regions, and
the effective degrees of freedom that control the system’s behaviour. In this frame-
work, notions such as configurational space, entropy, and reduced representation
become natural analytical tools. This is the perspective adopted in the present the-
sis, where neural networks are treated as complex systems and studied through the
structure of their configuration space and the possibility of identifying reduced yet
informative descriptions of their organisation. This chapter first introduces the for-
mal framework of feed-forward neural networks and supervised learning; it then
presents the two statistical physics tools that will be used throughout the remain-
der of this thesis: the Wang-Landau algorithm, for the exploration of configuration
space, and Mapping Entropy, as a measure of the information loss inherent in re-
duced representations.

6.1 Feed-Forward Neural Networks and the Learning Prob-

lem

6.1.1 Feed-Forward Neural Networks

The origins of artificial neural networks can be traced back to the late 1950s, when
Frank Rosenblatt introduced the perceptron, the simplest feed-forward neural net-
work, conceived as an abstract model of a neuron with a binary response (McCul-
loch et al., 1943; Rosenblatt, 1958). Over time, this elementary unit was generalised
and combined into increasingly expressive architectures (Goodfellow et al., 2016;
Bishop, 2006). The simplest type of deep feed-forward model is the fully connected
network, also known as the multi-layer perceptron. In this model, the neurons are
arranged in successive layers, with each unit in one layer connected to all units in
neighbouring layers. (Goodfellow et al., 2016).

Formally, a feed-forward neural network defines a parametrised mapping fo :

FEED-FORWARD NEURAL NETWORK ACTIVATION FUNCTIONS
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Figure 6.1: Schematic representation of a fully connected feed-forward neural network. The network
maps an input layer h(®©) € R% to an output § € R through a sequence of hidden layers h*) € R%
connected by weight matrices W), On the right, examples of commonly used activation functions
are shown: the error function erf(x), the rectified linear unit ReLU(x), and the sigmoid o(x).
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R% — R4 from an input vector x € R% to an output § = fy(x) € R% through the
successive composition of affine transformations and nonlinear activation functions
(Goodfellow et al., 2016; Bishop, 2006; Rumelhart et al., 1986). Denoting by h(¥) €
R% the activation of layer ¢, with h® = x, the forward propagation through the

network is written recursively as
R = ¢® (w“>h<"> + b<">) . £=0,...,L-1, (6.1)

where W) e R¥+1Xdt and b(®) € R+ are, respectively, the weight matrix and bias
vector of layer ¢, while ¢*) denotes the corresponding activation function. The set

of all trainable parameters,
L-1

0= {w“>,b<">} (6.2)

=0
fully specifies the network. For a fixed architecture, each choice of 6 corresponds to
one configuration of the model in parameter space. A schematic representation of
a fully connected feed-forward architecture, together with examples of commonly
used activation functions, is shown in Figure 6.1.

The presence of nonlinear activation functions is essential. If all ¢(© were lin-
ear, the composition of the layers would collapse into a single affine transforma-
tion, independently of the network depth (Goodfellow et al., 2016; Bishop, 2006).
It is precisely the nonlinear response of the hidden units that allows the model to
construct increasingly elaborate internal representations and to approximate highly
non-trivial input-output relations. Different choices of activation function, such as
sigmoidal functions, hyperbolic tangents, or piecewise-linear activations like the
rectified linear unit, lead to distinct geometric and dynamical properties. Still, they
all serve a common goal: preventing the network from reducing to a purely linear
map (Goodfellow et al., 2016; Bishop, 2006; Nair et al., 2010; Glorot et al., 2011).

Thanks to this non-linearity, feed-forward neural networks are highly expres-
sive; indeed, the universal approximation theorem states that, under suitable as-
sumptions, a network with one hidden layer and sufficiently many units can ap-
proximate any continuous function on a compact domain arbitrarily well (Cybenko,
1989; Hornik et al., 1989; Funahashi, 1989).

6.1.2 Supervised Learning, Training Error, and Generalisation

In the supervised-learning setting, the goal is to infer a mapping between inputs
and outputs from a finite set of examples (Hastie et al., 2009; Shalev-Shwartz et al.,
2014; Bishop, 2006). More precisely, given a dataset

D= {(X/J, y#)}i\f:y (6.3)

where each input x,, € R% is associated with a target output yu € R, the task is to
determine the parameters 0 of the network such that the predicted output § = fo(x)
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approximates the target y for inputs drawn from the same underlying distribution.

To quantify the quality of the predictions, one introduces a loss function ¢(J, y),
which measures the discrepancy between the predicted (§) and true (y) outputs.
The learning problem is then formulated as the minimisation of the empirical risk
(Vapnik, 2013; Vapnik, 1999; Hastie et al., 2009),

M
L(G) = Z f@(xy) y‘u (6'4)

u=1

which defines an objective function over the parameter space. In this way, training
aneural network corresponds to solving a high-dimensional optimisation problem,
where each configuration 6 is associated with a loss value.

The empirical risk £(0) measures the average loss over the training dataset and
is therefore often referred to as the training error (Bishop, 2006; Hastie et al., 2009).
However, the ultimate objective of learning is not merely to minimise the error on
the observed data, but to achieve good performance on new, unseen samples drawn
from the same underlying distribution. To this end, one typically distinguishes be-
tween a training set, used to fit the parameters, and a test set, consisting of data not
used during training, which provides an estimate of the generalisation error (Bishop,
2006; Hastie et al., 2009; Shalev-Shwartz et al., 2014).

Formally, if the data are assumed to be drawn from an unknown distribution
P(x,y), the generalisation error can be defined as the expected loss (Vapnik, 2013;
Shalev-Shwartz et al., 2014),

-Lgen(a) = E(x,y)~P [e (f@(X), Y)] ’ (65)

which is approximated in practice by evaluating the model on a test dataset. The
difference between training and generalisation error lies at the core of the learning
problem: while the former can always be reduced by fitting the training data more
closely, the latter reflects the ability of the model to capture the underlying struc-
ture of the data rather than dataset-specific, possibly spurious correlations (Vapnik,
2013; Hastie et al., 2009; Shalev-Shwartz et al., 2014).

6.1.3 Gradient-Based Optimisation

In practice, the empirical risk £(6) is minimised through iterative optimisation al-
gorithms that update the parameters in the local direction of decreasing loss (Good-
fellow et al., 2016; Bottou, 2012; Bengio, 2012). The most basic scheme is gradient
descent, in which the parameters evolve according to

Otr1 = 6 —n Ve L(6:), (6.6)
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where 1 > 0 is the learning rate and Vg.£(60) denotes the gradient of the loss with
respect to the parameters.

The efficient evaluation of this gradient is made possible by backpropagation,
which exploits the layered structure of the network to compute derivatives recur-
sively via the chain rule (Linnainmaa, 1976; Werbos, 1982; Rumelhart et al., 1986).
Since the network output is obtained as a composition of layer-wise transforma-
tions, the derivative of the loss with respect to the parameters 6 = {IW®), b0} of
layer ¢ can be written schematically as

0L JdL 9§ oh(f+2) gpt+1)
900 — 9% ohT-D  nt+) 9o

(6.7)

After the output § = fp(x) and the loss L have been computed by forward prop-
agation, one first evaluates d.L/dy, which measures how a small change in the pre-
diction affects the loss. This quantity is then propagated backwards from one layer
to the previous one, so that the sensitivity of the loss to each intermediate activation
can be reused to compute the gradients with respect to the corresponding weights
and biases. In this way, all derivatives are obtained exactly, but without repeatedly
recomputing the same intermediate terms. As a result, the overall computational
cost remains the same order of magnitude to that of a single forward propagation,
making the training of large networks computationally feasible (Rumelhart et al.,
1986; Goodfellow et al., 2016).

In large-scale settings, however, evaluating the full gradient over the entire
dataset at every update step is computationally prohibitive and often unnecessary.
For this reason, stochastic gradient descent and its variants are typically employed
(Robbins et al., 1951; Bottou, 2012; Goodfellow et al., 2016). In this model, the gra-
dient is estimated from a subset of the data, known as a mini-batch. If 8; denotes
the mini-batch used at iteration ¢, the update becomes

Or41 = 0 — T]VG-[:Bf(Qt)/ (6-8)

where )
L (0) = — ¢ , ) 6.9
5(0) = & 24 (folxy), ) (69)

When mini-batches are sampled uniformly from the training set, the corre-
sponding gradient provides an unbiassed estimator of the full gradient, but with
a finite variance (Bottou, 2012; Shalev-Shwartz et al., 2014). The update direction
is therefore only an approximation of the deterministic one and introduces an in-
trinsic source of stochasticity into the learning dynamics. This stochasticity reduces
the computational cost of each update and, at the same time, causes the trajectory
in parameter space to fluctuate rather than follow a smooth path toward a mini-
mum. As a consequence, stochastic gradient descent does not simply approximate
full-batch gradient descent, but defines a different dynamical process, whose prop-
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erties can affect both convergence and generalisation (Bottou, 2012; Mehta et al.,
2019). In particular, the noise induced by mini-batch sampling may help the dy-
namics avoid narrow or unstable regions of the loss landscape and is often argued
to favour broader, flatter solutions, which are commonly associated with improved
robustness and better generalisation on unseen data (Keskar et al., 2017; Hochre-
iter et al., 1997b). The training process can therefore be viewed as a trajectory in
parameter space, shaped jointly by the geometry of the loss landscape, the statisti-
cal structure of the data, and the specific properties of the optimisation algorithm
(Mehta et al., 2019; Goodfellow et al., 2016).

6.1.4 The Teacher-Student Setting

A particularly convenient framework for studying learning under controlled condi-
tions is the Teacher-Student (TS) setting (Watkin et al., 1993; A. Engel et al., 2001).
The basic idea is straightforward: rather than considering data generated by an un-
known real-world process, one assumes that the labels are produced by a known
model, dubbed the teacher. A second model, referred to as the student, is then trained
on a finite set of examples generated by the teacher, and its performance is assessed
by comparing its predictions with the teacher’s rule on previously unseen inputs.

In the simplest version of this setting, both teacher and student are perceptrons
(Seung et al., 1992; Watkin et al., 1993). The teacher is specified at the beginning by
a weight vector w*, typically sampled from a prescribed distribution and then kept
fixed. Given an inputx € R% drawn from a chosen distribution, the teacher assigns
the label

y=¢(w* x), (6.10)

where ¢ is a fixed activation function. Repeating this construction for M indepen-
dent inputs yields the training set

Drrain = {(xw ]/{u)}i\le- (6.11)

The student is a second perceptron, with weight vector w, that is adjusted using
the examples in Dirain.

The same construction can be extended in a natural way to deeper architectures
(Saad et al., 1995; Goldt et al., 2019; Goldt et al., 2020). One may consider a teacher
network with parameters 6*, generating outputs according to

y = for(x), (6.12)

and a student network, with parameters 0, trained on examples produced by the
teacher. The two networks may have the same architecture, but this is not nec-
essary: one may also study mismatched situations, in which student and teacher
differ in size, depth, or activation function. In all cases, the central advantage of
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the framework remains the same: the target rule is known exactly, and the effect
of architectural choices, finite sampling, and optimisation can be analysed without
the additional complications of poorly controlled data (Watkin et al., 1993; A. Engel
etal., 2001).

This setting has played a central role in the statistical mechanics of learning since
the late 1980s. One of the earliest lines of work concerned the storage problem for
the perceptron, where analytical methods made it possible to characterise the typ-
ical capacity of a network to implement random input-output associations and to
identify sharp transitions between regimes in which all training constraints can or
cannot be satisfied simultaneously. These results established a prototype for the
study of neural networks as disordered systems (Gardner, 1988; Gardner et al.,
1988).

A second major achievement of the TS framework was the analytical study of
generalisation. In perceptron models, the generalisation error can be expressed
in terms of a small number of macroscopic observables, most notably the overlap
between teacher and student weights. This reduction allowed explicit predictions
for learning curves, asymptotic generalisation error, and the dependence of per-
formance on the size of the training set (Seung et al., 1992; Watkin et al., 1993).
Closely related analyses also clarified the role of different training protocols, in-
cluding online learning rules, for which exact dynamical equations can be derived
in the thermodynamic limit (Biehl et al., 1995).

The same methodology was later extended to multilayer architectures, such as
committee machines and soft committee machines. In these models, the TS setting
revealed phenomena that are absent in the single-layer case, including hidden-unit
specialisation, symmetry breaking, and phase transitions separating qualitatively
distinct learning regimes (Saad et al., 1995; A. Engel et al., 2001). More recently,
related TS constructions have continued to provide a useful theoretical laboratory
for the analysis of modern high-dimensional learning problems, including mul-
ticlass classification and overparameterised random-feature models (Goldt et al.,
2019; Goldt et al., 2020; Cornacchia et al., 2023; Worschech et al., 2024).

For this reason, the TS setting remains a valuable theoretical framework. Its
main strength is that, by fixing the data-generating rule, it allows one to isolate
and analyse the effects of architecture, sample size, noise, and optimisation in a
controlled way. At the same time, this level of control comes at the price of a highly
idealised description of the data, making it necessary to develop complementary
approaches able to probe analogous questions in settings where the structure of
the problem is not imposed a priori.

6.1.5 Beyond Feed-Forward Architectures

The fully connected feed-forward network provides the simplest and most direct
realisation of a parametrised mapping between inputs and outputs. However, it
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represents only one element within a much broader family of neural network archi-
tectures that have been developed to address the specific structure of different data
modalities and learning tasks (Goodfellow et al., 2016).

A first important generalisation is provided by convolutional neural networks,
which are designed to process data with an underlying spatial organisation, such
as images. In these models, the connectivity pattern is no longer fully dense, but
constrained by locality and weight sharing, so that the same set of parameters is
applied across different regions of the input (LeCun etal., 1998). This inductive bias
significantly reduces the number of parameters and allows the network to exploit
translational invariances present in the data.

Another major class is given by recurrent neural networks, which are tailored
to sequential or time-dependent data (Elman, 1990). In this case, the architecture
introduces feedback connections that allow the network to maintain an internal
state and to process inputs in a temporally ordered fashion. Variants such as long
short-term memory networks and gated recurrent units have been developed to ad-
dress stability issues and to capture long-range dependencies in the input sequence
(Hochreiter et al., 1997c; Cho et al., 2014).

More recently, attention-based architectures and, in particular, transformer
models have become central in a wide range of applications (Bahdanau et al., 2015).
These models replace explicit recurrence or convolution with attention mechanisms
that allow each element of the input to interact directly with all others (Vaswani et
al., 2017). This leads to a highly flexible representation, capable of capturing com-
plex, long-range correlations in high-dimensional data.

Despite their architectural differences, these models share a common underly-
ing principle: they define parametrised functions obtained by composing elemen-
tary transformations, typically involving affine maps and nonlinear activations, and
are trained through variants of gradient-based optimisation. From this perspective,
the fully connected feed-forward network introduced above can be regarded as the
simplest reference model, in which the role of architecture is reduced to its minimal
form.

For this reason, the analysis developed in the following will focus primarily on
feed-forward architectures, where the interplay between data, optimisation, and
representation can be studied in a controlled setting. At the same time, many of the
concepts that will be introduced, such as the structure of the loss landscape or the
identification of effective degrees of freedom, are expected to extend beyond this
specific class of models and to remain relevant for more complex architectures.

6.2 Wang-Landau Sampling

Wang-Landau (WL) sampling is a generalised-ensemble Monte Carlo method for
estimating the density of states of a system. Its main motivation lies in the limita-

tions of conventional importance-sampling schemes: at fixed temperature, canon-
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ical simulations efficiently explore only the energy region that gives the dominant
contribution to the Boltzmann distribution, and therefore are known to become inef-
ficient in presence of metastability, free-energy barriers, or phase coexistence (Berg
et al., 1992; F. Wang et al., 2001b; Mitsutake et al., 2001; D. P. Landau et al., 2004).
By targeting the density of states rather than a temperature-dependent equilibrium
distribution, WL sampling provides a route to reconstructing thermodynamic prop-
erties over a broad temperature range within a single computational framework.

In the following, the method is introduced first through the density of states and
its thermodynamic role, then through the flat-histogram idea and the original WL
algorithm, and finally through the main practical and theoretical issues associated
with its implementation and convergence.

6.2.1 Density of States and Thermodynamic Reconstruction

Building on the statistical mechanics framework introduced in Chapter 2, it is useful
to rewrite the partition function in terms of the density of states g(E), namely the
number of microscopic configurations associated with a given energy E. Restricting
ourselves, for simplicity, to the configurational contribution and to systems with
discrete energy levels, one has

Z(p)= Qe = ) g(E)e ", (6.13)
E

X

where 8 = 1/(kgT), T is the temperature, and the second sum runs over the accessi-
ble energy levels. This representation separates two contributions to the canonical
weight at fixed energy: the Boltzmann factor e PF, which suppresses high-energy
states, and the density of states ¢(E), which counts how many configurations realise
that energy. The function g(E) therefore encodes the temperature-independent
statistical structure of the system, while the temperature dependence enters only
through the Boltzmann weight.

The central role of g(E) follows immediately from Equation 6.13. Once the den-
sity of states is known, equilibrium thermodynamic quantities can be reconstructed
over the whole temperature range without performing independent simulations at
each temperature. In particular, the canonical probability of observing energy E is

(6.14)

so that thermal averages can be obtained by reweighting over energy. For observ-
ables depending only on E, one has

_ 2 A(E) g(E)e Pt
Yeg(E)ePE

(Adg (6.15)

Free energy, internal energy, entropy, and response functions then follow from
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the standard thermodynamic relations once the partition function has been recon-
structed.

The practical difficulty is that g(E) is rarely accessible analytically. Determin-
ing it requires a detailed characterisation of how the microscopic configurations
are distributed over the energy spectrum, which is feasible only in a limited num-
ber of idealised cases and rapidly becomes intractable as the size and complexity
of the system increase. For this reason, one typically seeks a statistical estimate of
g(E) based on stochastic exploration of configuration space. This is the context in
which generalised-ensemble methods become relevant: by modifying the sampling
weights, they enable the exploration of broad energy regions and thereby the indi-
rect estimation of the density of states (Berg et al., 1992; Mitsutake et al., 2001; D. P.
Landau et al., 2004).

6.2.2 Generalised-Ensemble Motivation and the Flat-Histogram Idea

The difficulty of estimating g(E) is closely connected to a basic limitation of canon-
ical importance sampling. In a standard Monte Carlo simulation at fixed tempera-
ture, configurations are generated according to the Boltzmann weight, so that the
induced energy distribution is

Py(E) o< g(E)ePE. (6.16)

As a consequence, the simulation predominantly explores the energy range that
isrelevant at the chosen temperature, while energetically or entropically suppressed
regions are visited only rarely. This becomes especially problematic in systems with
rough free-energy landscapes, metastable states, or phase coexistence, where bar-
riers may strongly hinder transitions between relevant regions of the configuration
space.

Generalised-ensemble methods were introduced precisely to mitigate this diffi-
culty. Their common idea is to replace the canonical Boltzmann weight with a mod-
ified sampling weight that enhances exploration of states that would otherwise be
poorly sampled. Rather than directly generating a physical ensemble at fixed tem-
perature, these methods define an auxiliary stochastic dynamics whose output can
later be reweighted to recover equilibrium information (Berg et al., 1992; D. P. Lan-
dau et al., 2004).

A particularly important strategy within this class is to aim for a flat exploration
in energy space. If configurations could be sampled with a weight

1

then the resulting energy distribution would satisfy

P(E) « g(E)w(E) ~ const., (6.18)
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Figure 6.2: Schematic representation of the original Wang-Landau algorithm. Starting from a con-
figuration x, a trial move x — x’ is proposed according to the kernel q(x — x’) and accepted
with probability p(x — x’) = min[1, eSE=SE) g(x" — x)/q(x — x")|, where S(E) = log §(E)
is the current estimator of the logarithmic density of states. After each Monte Carlo step, both S(E)
and the histogram H(E) are updated at the visited energy according to S(E) — S(E) + In f and
H(E) - H(E) + 1.

so that all accessible energies would be visited with comparable frequency. In that
case, the resulting random walk in energy would no longer remain confined to the
narrow interval favoured by a canonical ensemble, but would instead probe the en-
ergy range more uniformly. The flat-histogram idea is therefore useful not because
a uniform energy distribution is of physical interest in itself, but because it provides
an efficient route to estimating the density of states (F. Wang et al., 2001b; D. P. Lan-
dau et al., 2004).

The main difficulty is that the ideal weight w(E) « 1/g(E) requires prior knowl-
edge of the same quantity one wishes to determine. WL sampling resolves this
difficulty by estimating the density of states iteratively during the simulation and
using the current estimate to update the sampling bias. It can therefore be viewed
as an adaptive realisation of the flat-histogram principle (F. Wang et al., 2001b; F.
Wang et al., 2001a; D. P. Landau et al., 2004; Zhou et al., 2005).

6.2.3 The Original Wang-Landau Algorithm

The problem is therefore no longer to identify the target distribution, but to con-
struct a Monte Carlo scheme that approaches it without knowing g(E) in advance.
The original WL algorithm addresses this point by introducing a running estimate
Z(E), which is used directly in the acceptance probabilities and progressively re-
fined during the simulation.

More precisely, one defines a random walk in configuration space such that, at
any stage of the procedure, the current estimator ¢(E) plays the role that the exact
density of states would have in the ideal flat-histogram ensemble. For symmetric
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proposal probabilities, a trial move from a configuration of energy E to one of energy
E’ is therefore accepted with probability

(6.19)

p(E — E’) = min [1 8(E) ] ,

"&(E)
which is the natural Metropolis prescription for an auxiliary ensemble in which the
statistical weight of a configuration is proportional to 1/g(E). If the estimator were
held fixed, the corresponding stationary probability of observing energy E would
then be <(E)

P3(E) o 3E) (6.20)

Hence, whenever ¢(E) coincides with the true density of states up to a multi-
plicative constant, the energy distribution becomes flat. The role of the algorithm is
precisely to drive the estimator toward this self-consistent solution (F. Wang et al.,
2001b; F. Wang et al., 2001a; D. P. Landau et al., 2004; Zhou et al., 2005).

Since no prior information on g(E) is assumed, the procedure can be started from
the simplest possible choice, namely a uniform guess (E) = 1 over the accessible
energy range. In addition, one also keeps track of a histogram H(E), which counts
how many times each energy level has been visited during the sampling.

Starting from this initial condition, the simulation proceeds by alternating be-
tween the stochastic evolution of the system and the update of the current estimate
Z(E) together with the histogram H(E). After each Monte Carlo step, both quanti-
ties are modified at the energy actually visited by the walk. In the original scheme,
if that energy is E, one performs the updates

§(E)—JE)f,  H(E)—>H(E)+1, (6.21)

where f > 1is the modification factor. The update is therefore applied to the energy
effectively occupied after the accept-reject step, so that both the current estimate of
the density of states and the visitation histogram evolve together with the random
walk (F. Wang et al., 2001b; F. Wang et al., 2001a; D. P. Landau et al., 2004).

The rationale behind this prescription is to introduce a negative feedback on
the exploration of energy space. Energies that are visited frequently are repeat-
edly assigned a larger estimated density of states and, through Equation 6.19, be-
come progressively less likely to be revisited. Conversely, energies that have been
sampled only rarely are penalised less strongly and therefore remain comparatively
more accessible. In this way, the coupled evolution of ¢(E) and H(E) progressively
compensates sampling imbalances and drives the walk toward the flat-histogram
regime (F. Wang et al., 2001b; Zhou et al., 2005).

The parameter f controls the amplitude of this correction. At the beginning of
the simulation, when the estimate g(E) is still far from the true density of states, f is
chosen sufficiently large to allow rapid reshaping of the profile of §(E). As the sim-
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ulation proceeds and the histogram becomes progressively flatter, finer corrections
are required. For this reason, the original WL algorithm does not keep f fixed, but
reduces it through a sequence of refinement stages. At each stage, the histogram
H(E) is accumulated until it satisfies a prescribed flatness criterion, after which the
histogram is reset and the modification factor is reduced.

The refinement is performed according to the recursive rule

for1 = s (6.22)

starting from an initial value typically chosen as fy = e. The simulation then pro-
ceeds through successive iterations, each characterised by a smaller modification
factor and therefore by a less impactful update of the density-of-states estimate.
The logic is that the early stages should rapidly establish the global shape of ¢(E),
whereas the later ones should progressively improve its accuracy.

The condition used to decide when a given refinement stage is complete is usu-
ally formulated in terms of the histogram H(E). In the original work, the histogram
was considered sufficiently flat when every visited energy satisfied

H(E) > c(H), (6.23)

where (H) denotes the average histogram count over the sampled energy range and
¢ is a chosen threshold, often taken between 0.8 and 0.95. Once this condition is met,
the current estimate ¢(E) is retained, the histogram is reset, and a new refinement
stage begins with a smaller value of f.

The original WL scheme therefore combines three essential ingredients: a tran-
sition rule that would generate the desired flat-histogram ensemble if the exact den-
sity of states were known, a multiplicative update of the running estimate ¢(E), and
a staged reduction of the modification factor f. Together, these elements define a
self-consistent procedure in which the density of states is learned during the sam-
pling itself rather than provided in advance (F. Wang et al., 2001b; F. Wang et al.,
2001a; D. P. Landau et al., 2004).

6.2.4 Practical Aspects of the Wang-Landau Method

Beyond its formal definition, the practical implementation of WL sampling requires
a number of additional choices that influence both the accuracy of the density of
states estimate and the efficiency of the exploration. In particular, one must ad-
dress the numerical representation of the estimator, the treatment of the energy
axis — including its discretisation and possible restriction to a finite interval — and
the definition of the proposal probabilities entering the Monte Carlo sampling.

A first practical issue concerns the numerical representation of the density of
states estimate. In principle, the algorithm can be formulated directly in terms of
Z(E), as in Equation 6.19 and Equation 6.21. In practice, however, this is rarely
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convenient, because the density of states typically varies over many orders of mag-
nitude and may increase extremely rapidly with system size. Storing and updating
& (E) directly can therefore lead to numerical overflows, underflows, or substantial
loss of precision.
For this reason, WL implementations are usually formulated in terms of the
logarithm of the estimate,
S(E) =Ing(E), (6.24)

which plays the role of a microcanonical entropy up to an irrelevant additive con-
stant. In this representation, the acceptance probability for symmetric proposal
moves becomes

p(E — E’) = min [1,exp (S(E) - S(E'))] , (6.25)

while the multiplicative update of Equation 6.21 is replaced by the additive rule
S(E) - S(E)+1Inf. (6.26)

The modification factor is therefore naturally handled through its logarithm,
and the iterative refinement of the density of states is recast as a sequence of additive
corrections to S(E) (D. P. Landau et al., 2004; Shell et al., 2002).

This reformulation leaves the logic of the algorithm unchanged, but improves
its numerical stability and interpretability. In particular, the indeterminacy of the
overall normalisation of ¢(E) corresponds simply to an additive constant in S(E),
which does not affect either the sampling dynamics or the reconstruction of ther-
modynamic observables based on derivatives or relative entropy differences.

A second important practical aspect concerns the representation of the energy
axis on which the quantities §(E), S(E), and H(E) are defined. For systems with
a discrete energy spectrum, these quantities can in principle be associated directly
with the allowed energy values. For systems with continuous energies, instead, the
algorithm must be implemented on a discretised energy axis, obtained by partition-
ing the relevant energy range into bins of finite width AE. In this case, the method
no longer estimates the density of states at exact energy values, but rather a CG ap-
proximation associated with the chosen discretisation (Shell et al., 2002; Zhou et al.,
2006; Poulain et al., 2006).

The choice of the bin width involves a nontrivial compromise. If AE is too large,
the resulting estimate loses resolution and may smoothen out relevant features of
the density of states. If it is too small, the number of sampled bins increases, the
statistics collected in each bin decrease, and the convergence of the algorithm may
become significantly slower. The discretisation of the energy axis is therefore not a
purely technical detail, but part of the effective definition of the estimated density
of states itself.

A related issue concerns the range of energies over which the random walk is
performed. In some systems the full energy spectrum is naturally bounded and
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known in advance, but in many cases it is either not known exactly, effectively un-
bounded, or so large that sampling it entirely would be computationally impracti-
cal. Moreover, thermodynamic observables are often controlled only by a restricted
portion of the spectrum, so that exploring the entire energy axis would be unnec-
essary. For these reasons, WL simulations are frequently carried out over a finite
energy interval chosen to include the region of physical interest.

The selection of this interval requires particular care. If the chosen window
is too narrow, energetically relevant configurations may be excluded and the re-
constructed thermodynamics may become biassed or incomplete. If it is exces-
sively broad, the exploration may become inefficient and the statistical effort may
be spread over regions that contribute negligibly to the observables of interest. In
practical applications, the sampled interval is therefore typically determined on the
basis of prior physical knowledge, preliminary simulations, or iterative refinement.

Once a finite energy window has been selected, the treatment of moves that
would bring the system outside of the prescribed interval must also be specified
consistently. The most common choice is to reject such moves and to treat the cur-
rent energy as visited once again, so that both the histogram and the density-of-
states estimate are updated at the previously occupied energy. In this way, the
random walk remains confined to the selected support while preserving the inter-
nal consistency of the update scheme. More elaborate strategies, based for example
on overlapping windows, may also be employed when the relevant energy range
is too wide to be sampled efficiently in a single simulation (F. Wang et al., 2001b;
Belardinelli et al., 2007a).

A final important element of the practical implementation is the choice of the
proposal probability governing the attempted moves in configuration space. De-
noting by q(x — x’) the probability of proposing a transition from configuration x
to configuration x’, the acceptance rule of Equation 6.19 applies directly only when

the proposal mechanism is symmetric, namely when

g(x - x') = gx — x). (6.27)

In many practical situations, however, restricting the dynamics to symmetric
proposals would be unnecessarily limiting. The proposal mechanism may need to
be adapted to the structure of the configuration space, to the presence of geometric
or dynamical constraints, or more simply to improve the efficiency of the explo-
ration by favouring moves of a given type or scale. In such cases, the proposal
probabilities are generally asymmetric, and this asymmetry must be taken into ac-
count explicitly in order to preserve the intended sampled distribution (Hastings,
1970; Shell et al., 2002).

More specifically, if a move from x to x” changes the energy from E to E’, the
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correct WL acceptance probability is given by the Metropolis-Hastings form

0 =) (625)

p(x — x’) = min [1, 2(E) a(x > %)

Equivalently, in terms of the logarithmic estimator introduced above, this can

be written as
A N IX = %)
p(x — x’) = min [1,exp (S(E)—S(E )+ In m)} . (6.29)

The symmetric rule of Equation 6.25 is therefore recovered as the special case in
which the proposal ratio is equal to unity.

The choice of the proposal dynamics does not alter the target density of states,
but it can strongly affect the efficiency with which the energy landscape is explored.
Different proposal mechanisms may lead to substantially different tunnelling rates
across entropic barriers, different round-trip times between low- and high-energy
regions, and therefore different practical convergence properties. For this reason,
the definition of the proposal probability is not merely an auxiliary technical detail,
but an important component of the overall effectiveness of a WL simulation.

In the following, the expression “density of states estimate” will be used generi-
cally to refer either to $(E) itself or, when the logarithmic representation is adopted,
to the corresponding quantity S(E) = In ¢(E).

6.2.5 Error Saturation in the Original Wang-Landau Scheme

The histogram-flatness criterion of the original WL procedure is an operational rule
for deciding when a refinement stage should be terminated and the modification
factor reduced. However, it does not directly control the actual error of the esti-
mated density of states (Zhou et al., 2005; Belardinelli et al., 2007b; Zhou et al.,
2008). To make this distinction explicit, it is useful to introduce few diagnostic quan-
tities. Denoting by g(E, t) the estimated density of states at Monte Carlo time ¢, and
by gex(E) the exact one, the local errors are defined as

Ing(E, t)

_8(E, 1)
In gex(E)

Sex(E)

e(E, t) = '1 . (6.30)

, n(E, t) = '1

Their averages over the sampled energy levels provide two global measures of
the quality of the estimate,

€)= g DB, ) = g Y nED,  (631)
E E

where N is the number of sampled energy values or bins (Belardinelli et al., 2007a).
In parallel, the flatness of the visitation histogram can be monitored through global
quantities constructed from H(E, t), which denotes the number of visits accumu-
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Figure 6.3: Dynamical behaviour of the original WL algorithm. Panel (a) reports the refinement
parameter F = 1n f together with the mean error measures {€(t)) and (n(t)). Panel (b) shows
the average histogram height (H(t)), its width AH(t), and the relative fluctuation AH(t)/(H(t)).
Figure reproduced under license from (Belardinelli et al., 2007a)

lated up to time ¢ in the energy level or bin E. In particular, one may consider its
average height

(H) = > HIE, D), (632)
E

its width
AH(t) = Hmax(t) - Hmin(t)/ (633)

and the relative fluctuation AH(¢t)/(H(t)).

A first limitation of the original scheme is that its late-stage refinement becomes
progressively inefficient. Writing Fx = In f, the original updating rule fi,; = \/]Tk
becomes

Fi

Frar = 5 (6.34)

Since each visit changes the logarithmic estimate S(E) by an amount Fx (Equa-
tion 6.26), the individual corrections become exponentially smaller from one re-
finement stage to the next. Consequently, obtaining an overall correction of com-
parable size requires an exponentially larger number of visits. This behaviour is
already visible in Figure 6.3, where the successive reductions of F are accompanied
by progressively smaller decreases in (e(f)) and (n(t)).

This point can be made more quantitative. For fixed refinement parameter F =
In f, the residual statistical error scales as

6S ~ VF, (6.35)

so reducing F does improve the estimate, but only slowly: each successive refine-
ment stage yields a smaller gain than the previous one. In this sense, the origi-
nal schedule suffers from diminishing efficiency even before one addresses its true
asymptotic behaviour (Zhou et al., 2005; Belardinelli et al., 2007b).

The more serious problem is that, under the original refinement schedule, the
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cumulative strength of all future updates remains finite. Indeed, during the k-th
refinement stage, each update changes S(E) by an amount of order Fi. Because the
original scheme imposes the geometric decay Fi,1 = Fi/2, the cumulative ampli-
tude of all corrections that remain available after a given stage kg is bounded by

D Fe=Fg Y 27" =2F, (6.36)
n=0

k=ko

This quantity is finite for any ky. Consequently, once the residual stochastic
fluctuations of the estimate become larger than the total corrective power still avail-
able at later stages, the algorithm can no longer remove them. The estimate then
ceases to improve asymptotically and the error approaches a non-zero plateau (see.
Figure 6.3). This is the origin of the saturation effect in the original WL scheme
(Belardinelli et al., 2007b).

The same conclusion is reflected in the histogram itself. As shown in Figure 6.3,
the relative fluctuation AH/{H) decreases at first and satisfies the chosen flatness
threshold, but both (H) and AH eventually approach regimes in which they only
fluctuate around nearly constant mean values, while the error measures (e(t)) and
(n(t)) no longer decay. Histogram flatness is therefore operationally useful, but
it is not a sufficient condition for asymptotic convergence of the density-of-states
estimate (Zhou et al., 2005; Belardinelli et al., 2007b; Zhou et al., 2008).

The limitation of the original WL procedure is thus not merely that convergence
becomes slow at late times, but that the refinement schedule itself prevents the error
from vanishing asymptotically. This is the central reason for replacing the geomet-
ric reduction of F by a slower time-dependent law, leading to the 1/t algorithm
discussed in the next section.

6.2.6 The 1/t Algorithm

Since the saturation of the original WL scheme originates from the fact that the
cumulative strength of all future updates remains finite, the natural remedy is to
adopt a refinement schedule that decays more slowly in time. More generally, one

may consider a time-dependent refinement parameter of the form
F(t) oc t7F, (6.37)

with t the Monte Carlo time and p > 0. The key requirement is that the cumulative
correction

Z F(t), (6.38)

must remain divergent, so that the algorithm retains an unbounded capacity to cor-
rect the estimate at late times. This excludes schedules that decay too rapidly, such
as the geometric refinement of the original WL procedure. Within the family de-
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Figure 6.4: Dynamical behaviour of the 1/t refinement scheme. Panel (a) shows the decay of the
error measure (e(t)), together with the fluctuation measure (1(t)); the reference slope t /2 is also
reported. Panel (b) shows the average histogram height (H'), its width AH’, and the relative fluc-
tuation AH' [(H"). Figure reproduced under license from (Belardinelli et al., 2007a)

fined in Equation 6.37, the optimal choice is the marginal case

F(t) = % (6.39)
which is the slowest decay still ensuring that the update amplitude vanishes asymp-
totically. Faster decays with p > 1 again lead to a finite total correction and therefore
to non-convergence, whereas slower decays with p < 1 preserve convergence but
reduce the error more slowly. The case p = 1 therefore provides the best compro-
mise between continued correction and asymptotic refinement (Belardinelli et al.,

2007a; Belardinelli et al., 2007b; Belardinelli et al., 2014).

The practical implementation of the 1/t algorithm retains the initial stage of the
original WL scheme, during which the estimate is rapidly shaped through succes-
sive reductions of the modification factor, following the standard exponential reduc-
tion schedule (Equation 6.34). The crucial change concerns the late-time regime:
once the refinement parameter becomes of the order of the inverse Monte Carlo
time,

F(t) %, (6.40)
the flatness-controlled iterations are abandoned and the simulation enters a contin-
uous refinement stage in which

F(t) = % fort > t., (6.41)

with t. the crossover time. From that point onward, the logarithmic density-of-
states estimate is updated as

S(E) > S(E) + 7, (6.42)

whenever the random walk visits the energy level or bin E. In this regime, the ex-
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plicit histogram-flatness test is no longer needed to determine the refinement sched-
ule, since the update amplitude is controlled directly by time (Belardinelli et al.,
2007a; Belardinelli et al., 2007b).

The advantage of this choice is twofold. First, because

1
Z 7 (6.43)
t=t.

diverges, the algorithm never exhausts its capacity to correct the estimate, and the
saturation mechanism of the original scheme is avoided. Second, the update am-
plitude still tends to zero, so the stochastic fluctuations of the estimate are progres-
sively reduced. As a result, the error no longer approaches a non-zero plateau, but
decays asymptotically as

0S(t) ~ t71/2, (6.44)

asillustrated in Figure 6.4, where the decay of (e(t)) follows the t~1/2 behaviour once
the 1/t regime is established (Belardinelli et al., 2007a; Belardinelli et al., 2014).

The same figure also shows that, in contrast with the original refinement scheme,
the histogram diagnostics continue to evolve consistently with ongoing refinement:
the fluctuation measure (1(t)) keeps decreasing, while the relative histogram width
AH'/(H’) does not approach the stationary plateau characteristic of error satura-
tion. The 1/t prescription therefore restores asymptotic convergence not only for-
mally, through the divergence of Equation 6.43, but also at the level of the observed
long-time behaviour of both the error and the histogram fluctuations (Belardinelli
et al., 2007a).

The significance of the 1/t prescription is that it identifies, and leverages, the
threshold between two qualitatively different behaviours: if the refinement param-
eter decreases faster than 1/¢, the remaining total correction is finite and the error
cannot vanish asymptotically; if it decreases more slowly, convergence is preserved
but the reduction of the fluctuations is suboptimal. The 1/t law is thus the marginal
choice that restores asymptotic convergence while maintaining the fastest decay of
the error within this class of time-dependent schedules (Belardinelli et al., 2007a;
Belardinelli et al., 2014).

6.3 Applications and Broader Scope of Wang-Landau Sam-
pling

Over the last two decades, WL sampling and its variants have been used to address a
broad range of statistical mechanics problems in which conventional canonical sam-
pling becomes inefficient because relevant regions of configuration space are sep-
arated by strong entropic or free energy barriers. A particularly important class of
applications concerns first-order transitions and phase coexistence. In these cases,
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the canonical probability distribution is strongly suppressed in the intermediate re-
gion between competing phases, so that direct simulations may remain trapped for
long times in one metastable basin. By compensating this suppression through an
estimate of the density of states, WL sampling enables repeated crossings of the
coexistence region and allows one to reconstruct the associated free energy barri-
ers and finite-size thermodynamics with high accuracy (F. Wang et al., 2001b; D. P.
Landau et al., 2004; Berg et al., 1992; Belardinelli et al., 2007Db).

The usefulness of the method, however, is not restricted to the reconstruction of
a one-dimensional density of states ¢(E). In many systems, energy alone is not suf-
ficient to distinguish between physically relevant configurations or transition path-
ways. In these cases, the method can be extended to estimate a joint density of states
g(E, q), where g denotes an additional collective variable or order parameter intro-
duced to resolve structural, magnetic, or geometrical features that are not uniquely
identified by the energy alone. This extension has proved particularly valuable in
the study of phase transitions and in systems such as polymers and biomolecules,
where energy-degenerate configurations may nevertheless belong to distinct macro-
scopic states (Zhou et al., 2006; Poulain et al., 2006; Menichetti et al., 2021).

Although lattice and other discrete-state systems remain the most natural set-
ting for the method, WL sampling is not restricted to them. The approach has also
been extended to off-lattice and continuous systems, provided that the relevant vari-
ables are discretised appropriately. In that case, the estimated density of states must
be understood in a CG sense, associated with finite bins in energy or in a multidi-
mensional space of collective variables. Moreover, in continuum models, one must
define the target quantity carefully, so as to separate configurational and kinetic
contributions consistently and to derive the correct acceptance probabilities for the
biassed random walk (Shell et al., 2002; Zhou et al., 2006; Poulain et al., 2006). These
additional ingredients do not alter the logic of the method, but they make its prac-
tical implementation more delicate than in discrete models.

The continuum case also makes clear a more general point: the success of WL
sampling depends not only on the refinement schedule, but also on the adequacy of
the chosen reaction coordinates. When the slow degrees of freedom of the system
are not well resolved by energy alone, a one-dimensional density of states ¢(E) may
be insufficient to capture the relevant barriers. In such cases, extending the method
to a multidimensional density of states is not merely a refinement, but often a ne-
cessity for obtaining an accurate description of the explored configuration space
(Poulain et al., 2006; Zhou et al., 2006). The flexibility of WL sampling lies precisely
in this possibility: the method does not require a fixed thermodynamic ensemble,
but can be reformulated in terms of generalised densities of states adapted to the
structure of the problem under study.

Taken together, these developments show that WL sampling is a remarkably
powerful framework for the exploration of complex energy landscapes. Its strength
lies in the possibility of reconstructing thermodynamic and structural information
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over broad regions of configuration space within a single simulation strategy, while
overcoming the trapping problems that affect conventional importance-sampling
methods. At the same time, the discussion of the previous sections has made clear
that this power comes with important practical and theoretical constraints: the nu-
merical representation of the density of states, the choice of the sampled range and
proposal dynamics, the treatment of continuous variables, and the convergence
properties of the refinement schedule all play a decisive role in the reliability of
the final estimate.

In this perspective, the methodology developed in this thesis naturally fits
within the broader scope of WL sampling while also extending it into a direction
that, to the best of our knowledge, has not previously been explored in a system-
atic way, namely the study of neural network configuration spaces. As discussed in
the previous section, these systems are characterised by high-dimensional param-
eter spaces, a strong combinatorial proliferation of admissible configurations, and
the presence of broad regions of near-degenerate solutions separated by nontrivial
barriers. These are precisely the conditions under which a flat-histogram strategy
becomes especially valuable. Rather than focusing only on a single optimised con-
figuration, WL sampling provides a framework to probe the global organisation
of the landscape, quantify the abundance of solutions at different effective ener-
gies, and access regions that would remain strongly suppressed under conventional
training dynamics. For this reason, it provides a particularly well-suited conceptual
and computational basis for the analyses presented in the following chapters.

6.4 Mapping Entropy

The problem of reduced representations appears in different forms throughout this
thesis. In molecular systems, it arises in the construction of CG descriptions of high-
dimensional configurational ensembles; in neural networks, it emerges when one
aims to eliminate subsets of neurons, in particular hidden units, so as to decrease
model complexity without compromising performance on the task. In both cases,
the central issue is the same: a reduced description is obtained through a mapping
that lowers the effective dimensionality of the system, and this operation inevitably
induces a loss of information.

A quantitative treatment of this loss is provided by the Mapping Entropy (ME),
an information-theoretic quantity originally introduced in the context of bottom-up
CG of biomolecules (Shell, 2008; Chaimovich et al., 2011; Giulini et al., 2020). Al-
though its historical derivation is rooted in statistical mechanics and in the relative
entropy formulation of soft matter CG modelling, the resulting concept is more gen-
eral: it provides a measure of the information that is irreversibly discarded when
a detailed description is replaced by a reduced one. For this reason, it is particu-
larly well suited for the analyses developed in the following chapters, where the
same logic will be transferred from molecular mappings to the selection of hidden
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neurons in neural networks.

In the following, the ME is introduced by first recalling the relative-entropy
framework in which it was originally derived, and then isolating the contribution
that depends on the mapping alone. This route is useful not only for historical rea-
sons but also because it places the construction on a precise statistical-mechanical
basis and clarifies the relation between CG representations, reconstructed distribu-
tions, and information loss (Giulini et al., 2020; Giulini, 2022).

6.4.1 Relative Entropy Framework

As discussed more in detail in Chapter 2, the exact CG description of a system is
formally encoded in the Many-body Potential of Mean Force (MB-PMF). As already
noted, however, this quantity is, in general, not amenable to direct use in simula-
tions, due to its high-dimensional and strongly nontrivial structure. This motivates
the introduction of approximate reduced models. Within the bottom-up perspective
recalled in Chapter 2, one of the most systematic approaches is the relative entropy
method, which formulates CG as a variational problem and introduces a functional
to quantify the discrepancy between a detailed reference model and an approximate
reduced one.

In its original formulation (Shell, 2008), the relative-entropy approach consid-
ers two probability distributions: a target distribution, denoted by p, which repre-
sents the detailed reference system, and a model distribution, denoted by py1, which
represents an approximate description of the same system. Both distributions are
defined over the same configurational space Q, whose generic element is denoted
here by r. Their discrepancy can therefore be directly compared and quantified in a
statistically well-defined manner. In this setting, the natural functional measuring
the discrepancy between the two descriptions is the KL divergence (Kullback et al.,

1951),

Spel = /Q dr pr(r) In ]’; ;((?) (6.45)

This quantity is non-negative and vanishes only when the two distributions co-
incide almost everywhere; it therefore provides a natural criterion to optimise the
approximate model (Kullback et al., 1951) by means of variational approaches.

This definition applies when the target and model distributions are defined on
the same configurational space. In the CG setting, however, this condition is no
longer satisfied. One wishes, in fact, to compare the microscopic reference distri-
bution p,(r) « e Pu)  defined on the full space Q, with a CG model distribution
Pr(R | U) o« e PUMR) defined on the lower-dimensional space Qr, where U(R)
denotes a generic effective CG model and Pr(R | U) the corresponding approxi-
mate reduced distribution, to be distinguished from the exact mapped distribution
Pr(R) introduced in Chapter 2, built on the MB-PMF. Since the two distributions
live on spaces of different dimensionality, their comparison requires an additional
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construction. Specifically, the CG distribution must be transported back to the mi-
croscopic configurational space, so as to assign a probability weight to each micro-
scopic configuration r that maps into the same CG configuration R. This is achieved
by defining the back-mapped probability

P | U) = PROM@) | U) % (6.46)
where
Q) = /Q dr g(r) (M(r) ~ R), (6.47)

is the weighted degeneracy associated with the CG configuration R. In this way, all
microscopic configurations compatible with the same coarse state contribute to the
lifted model distribution, with weights determined by the function g(r). Different
choices of g(r) are possible; the most natural ones are the uniform weight g(r) = 1,
corresponding to the original relative-entropy construction (Shell, 2008), and the
Boltzmann weight g(r) = e—Pul) (Rudzinski et al., 2011; Chaimovich et al., 2011;
Noid, 2013).

In the present discussion, the second choice is the most convenient, since for
g(r) o p,(r), the quantity QQ(R) becomes proportional to the probability density
induced on the reduced space by the microscopic ensemble. Recalling the definition
already introduced in Chapter 2, this is precisely the mapped distribution

pr(R) = [ dop(r) (M) - ). (6.48)

With this choice, Eq. (6.46) takes the form

Pr(M(x) | U)

Py(r|U)= Pr(l‘) pR(M(r))

(6.49)
The back-mapped probability is thus obtained by reweighting the microscopic
distribution by the ratio between the CG model probability and the exact reduced
probability associated with the microscopic ensemble.
Substituting Equation 6.49 into the definition of the relative entropy yields

_ pr(r) pr(M(r))
sw= [Ldrpemn gty = [ emplROT (@

Since the argument of the logarithm depends on r only through the reduced
variable R = M(r), the integral can be redefined on the CG space alone:

pr(R)

Pr®R 1) (6.51)

Srel = / dR pR(R) In
Qr

In this form, the relative entropy is again a KL divergence, now comparing di-
rectly the exact reduced distribution induced by the microscopic system and the
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one generated by the approximate CG model.

At this stage, the original variational interpretation of the method becomes clear:
minimising S,.] with respect to U(R) corresponds to identifying the effective CG
model whose probability distribution is closest, in the KL sense, to the exact re-
duced distribution. This model-fitting aspect, however, is not the main object of
interest here. What matters for the present thesis is that the same formalism natu-
rally suggests how to isolate a contribution that depends on the mapping alone.

To proceed further, it is convenient to restrict the discussion to the class of deci-
mation mappings. In this case, the reduced configuration R is obtained by retaining
N of the original n degrees of freedom, while the remaining n — N variables are
discarded. Denoting the discarded variables collectively by q, the microscopic con-
figuration can then be written as r = (R, q). Under this assumption, and provided
that the measure factorises between retained and discarded degrees of freedom, the
geometric degeneracy associated with the unresolved variables becomes indepen-
dent of the specific value of R and reduces to a constant volume factor,

QR)=V"N, (6.52)

Within this restricted but practically relevant setting, the mapping-dependent
contribution can be isolated in a particularly transparent form. One may then
rewrite Equation 6.50 as

_ V"_Npr(l‘) _ V”_Npr(r)
Srel = /er pr(r)In —PR(M(r) 0 /er pr(r)In —pR(M(r)) , (6.53)

where the factor V"N has been introduced, as in the standard derivation, to make
the arguments of the logarithms dimensionless. The first term depends explicitly on
the chosen CG model U, whereas the second depends only on the mapping through
the induced reduced distribution pr(R). It is this second contribution that defines
the Mapping Entropy:

_ Vn_NPr(I“)
Smap=/0drpr(r)lnm. (654:)

By construction, Sy, is a functional of the mapping alone. It quantifies the
information loss induced by replacing the microscopic description with the reduced
one, independently of any subsequent optimisation of an effective interaction model
(Giulini et al., 2020).

6.4.2 Information-Theoretic Interpretation

Equation 6.54 already shows that the ME depends only on the microscopic distri-
bution and on the reduced representation induced by the mapping. Its meaning
becomes clearer once one makes explicit what information is preserved by the re-
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duced description and what is instead discarded.

In the decimation setting introduced above, retaining only the variables col-
lected in R means that all microscopic distinctions along the discarded coordinates
are lost. Equivalently, the mapping partitions the microscopic configurational space
into classes of configurations that share the same reduced representation. A natural
way to formalise this loss of resolution is therefore to construct, on the original mi-
croscopic space, a distribution that preserves the probability of each CG state while
remaining completely structureless along the unresolved coordinates. To this end,
let us introduce the auxiliary distribution

pr(r) = PRM(r)). (6.55)

1
y n-N
This distribution is obtained by [ifting the mapped distribution pr(R) back to
the microscopic space and assigning it uniformly over the n — N discarded degrees
of freedom. In other words, p,(r) retains exactly the information encoded in the
reduced variable R, while removing any residual distinction between microscopic
configurations that share the same image under M.

Using the definition of the mapped distribution (Equation 6.48), the same quan-
tity can be written as

f’r(r) =

o [ P 3ME) = MO, (656)

which makes its meaning more transparent. For a given microscopic configuration
r, the value of p,(r) is obtained by collecting the total probability weight of all con-
figurations r’ that are mapped onto the same CG state as r, and redistributing that
weight uniformly within the corresponding equivalence class. The mapping there-
fore acts by preserving the CG probability mass while flattening the unresolved
microscopic degrees of freedom.

With this construction, Equation 6.54 can be rewritten as

Pr(l‘)
ﬁr(r) .

Smapzfdrpr(r)ln (6.57)
Q

The ME is thus the KL divergence between the original microscopic distribution
pr(r) and the reconstructed distribution p,(r) obtained from the reduced description
alone (Kullback et al., 1951; Giulini et al., 2020). In this form, its interpretation is
immediate: S,,,, measures how different the true microscopic ensemble is from the
best representation that can be built once only the mapped variable M(r) is kept
and all finer distinctions are discarded.

As a consequence of the non-negativity of the KL divergence,

Smap 2 0, (6.58)
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with equality if and only if, almost everywhere,

pr(r) = P, (r). (6.59)

This limiting case has a simple physical meaning: within each equivalence class
induced by the mapping, all microscopic configurations already have the same
probability density. In that situation, the mapping removes no relevant informa-
tion, because the configurations that are grouped were already indistinguishable
from the probabilistic point of view.

The KL form also clarifies the role of the mapping itself. The quantity p,(r) is not
an independently chosen model, but the microscopic distribution that is uniquely
associated with the reduced representation once one imposes complete ignorance
about the discarded degrees of freedom. The ME therefore does not quantify the
quality of an approximate CG force field; rather, it quantifies the irreducible infor-
mation loss due solely to the projection defined by M.

The same quantity admits an equivalent entropic interpretation (Giulini et al.,
2020; Foley et al., 2015). Let us introduce the non-ideal configurational entropy of
the microscopic description,

Sy = —‘/erpr(r) ln(V pr(r)), (6.60)

and the corresponding quantity for the reduced description,

SR = _/ dR pr(R)In(VNpr(R)), (6.61)
Qr
it can be shown (Giulini et al., 2020) that
Smap = SR — S/ (6.62)

This expression shows that the ME can be read as the increase in configurational
entropy generated by the reduction of description. Passing from the microscopic en-
semble to the reduced one amounts to discarding part of the available information;
correspondingly, the reduced description is compatible with a larger set of unre-
solved microscopic configurations and, therefore, has a larger entropy (sg > s,).

Equation 6.57 and Equation 6.62 provide two complementary views of the same
quantity. In the first, Sy, is an information-theoretic distance between the true
microscopic ensemble and its reconstruction from the reduced description. In the
second, it is the entropic cost of replacing the full-resolution description with a re-
duced one (Giulini et al., 2020; Foley et al., 2015). These two perspectives are fully
equivalent and together make clear why the ME is an intrinsic property of the map-
ping: it depends only on how the projection groups microscopic configurations and
on the probability measure carried by the original ensemble, independently of any
subsequent optimisation of an effective CG model. For this reason, it provides a
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natural criterion to compare different reduced representations solely in terms of
the information they retain about the reference system.

6.4.3 Practical Evaluation of the Mapping Entropy

The exact definition of the ME introduced above is conceptually complete. How-
ever, its direct evaluation is generally unfeasible in realistic high-dimensional sys-
tems. In its original form, Sy, is defined as a KL divergence between the mi-
croscopic distribution p,(r) and the corresponding back-mapped distribution p,(r).
This definition involves the evaluation of a logarithmic average over the full mi-
croscopic space Q. Except for very simple cases, such a quantity cannot be com-
puted analytically and is also numerically delicate to estimate directly. For this rea-
son, practical applications rely on estimators computable from sampled configura-
tions and from an explicit partition of the reduced configurational space into CG
macrostates (Giulini et al., 2020; Giulini, 2022; Giulini et al., 2024).

A convenient starting point is the decomposition of the total ME into contribu-
tions associated with individual reduced configurations:

Smap = / dR PR(R) Smap(R)/ (663)
Qr

where R = M(r) denotes the reduced configuration induced by mapping M, and
pr(R) is the exact probability density on the reduced space. This representation
makes it explicit that the total information loss is obtained by averaging the local
contribution Sy,ap(R) over the reduced ensemble. Practical strategies for estimat-
ing the ME are developed from this macrostate-resolved form (Giulini et al., 2020;
Giulini, 2022).

Cumulant Expansion Strategy

The first strategy applies to systems sampled at thermal equilibrium, for which the
microscopic distribution is canonical:

e—ﬁu (r)
Z 4

pr(r) = (6.64)

where u(r) is the microscopic potential energy, g = (kgT)™!, and Z = /Q dr e~F10) is
the partition function.

In this setting, the ME associated with a given reduced configuration R can be
expressed in terms of the conditional distribution of the microscopic energy at fixed
R (Giulini et al., 2020; Giulini, 2022), defined as

Jo @ pr(r) 6(M(x) = R) 8(u(r) - U)
Jodrpr@ oM -R)

Ps(U |R) = (6.65)
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Using this quantity, one obtains
Smap(R) = kpIn [ / dU Py(U | R) PU-Wpie) || (6.66)

where
(LI)MR = / dU U Pg(U | R), (6.67)

is the conditional average of the microscopic potential energy restricted to the
macrostate R. The Boltzmann constant kg is introduced to enforce consistency with
the standard Gibbs formula for the entropy in statistical mechanics (Shannon, 1948).

This expression shows that, at equilibrium, the ME is controlled by the distribu-
tion of atomistic energies among the microscopic configurations that are indistin-
guishable at the reduced level. If all microscopic configurations mapping onto the
same R have the same energy, then Pg(U | R) = 6(U — iir) for some iig. In this case,
one obtains Spap(R) = 0. In this sense, zero ME is thus achieved for isoenergetic
mappings (Giulini et al., 2020).

Although the previous expression is exact, its numerical evaluation is made dif-
ficult by the presence of an exponential average, whose estimation is typically af-
fected by large sampling errors (Klimovich et al., 2015). A standard way to over-
come this problem is to perform a cumulant expansion of the logarithm and trun-
cate it at second order (Park et al., 2004; Giulini et al., 2020; Giulini, 2022). One then

obtains )

N p < 2>
Smap(R) ~ kg 9 (u <u>/3|R) BIR ’ (6.68)
which, upon averaging over the reduced distribution, leads to

2
Smap % kB% dR pr(R) <(U - <U>5|R)2> : (6.69)
Or BIR
The meaning of this approximation is immediate: the ME is estimated as a
weighted average of the conditional energy variance within each macrostate. Ac-
cordingly, mappings that group together microscopic configurations with similar
energies are associated with smaller values of Spap.
From a computational viewpoint, the cumulant-expansion strategy requires: (i)
a set of microscopic configurations r; sampled according to p,(r), (ii) the corre-
sponding atomistic energies u(r;), and (iii) a practical prescription to associate sam-
pled configurations with reduced macrostates. The last point is non-trivial. The
macrostates entering the formal definition are not known a priori and cannot, in
general, be obtained by explicitly integrating over the discarded degrees of free-
dom. In practical implementations, one therefore constructs an empirical partition
of the sampled configurations by clustering them on the basis of the retained de-
grees of freedom only (Giulini, 2022; Giulini et al., 2024). Once such a partition has
been obtained, one estimates within each cluster the conditional mean and variance
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of the atomistic energy and combines them according to the discretised counterpart
of the previous equation.

It is important to stress that this route is approximate in two distinct respects.
First, the exact continuous reduced space is replaced by a finite partition obtained
from the available data. Second, even after such a partition has been fixed, the
expression above relies on a second-order truncation of the cumulant expansion.
The resulting quantity should therefore be regarded as an equilibrium estimator
of the ME, particularly suited to situations in which equilibrium trajectories and

microscopic energies are available.

Kullback-Leibler Strategy on a Discrete State Space

A second practical route is based more directly on the original information-theoretic
definition of the ME and is formulated on a discrete set of representative micro-
scopic configurations. This strategy is useful when one does not wish to rely on the
equilibrium cumulant approximation, or more generally when the available data
are already given in the form of a discrete ensemble endowed with probabilities
(Giulini et al., 2024; Aldrigo et al., 2025).

Let {r;}, be a finite set of microscopic configurations, with associated proba-
bilities p,(r;) satisfying

L
D i) =1 (6.70)
i=1

Given a mapping M, these configurations are grouped into CG macrostates by
partitioning them according to the retained degrees of freedom. Let C, denote one
such macrostate. Its probability is then

PR(Ra) = Z pr(rj)- (6.71)

I‘jECa

The discrete analogue of the back-mapped distribution is obtained by redis-
tributing the probability of each macrostate uniformly over all microscopic config-
urations belonging to it. In complete analogy with the continuous construction of
pr(r) introduced above, one defines

PR(Ra)
ICal *

ﬁr(rl‘) = forr; € Cg,, (6.72)
where |C,| denotes the number of sampled microscopic configurations contained
in the cluster C,.

The ME estimator is then written as the discrete KL divergence

pr(ri)
r_)r(ri) ‘

L
Smap = k5 > pr(r;) In (6.73)
i=1
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This expression is the natural discrete counterpart of the continuous definition
in Equation 6.57. It quantifies the loss of information induced by replacing, within
each reduced macrostate, the original microscopic distribution by a uniform redis-
tribution over all microscopic configurations compatible with the same reduced de-
scription.

The conceptual distinction with respect to the cumulant-expansion strategy
should be emphasised. In the equilibrium route, the ME is inferred indirectly from
the fluctuations of the microscopic energy inside each macrostate, exploiting the
canonical form of p,(r). In the KL strategy, by contrast, no explicit use is made of
the microscopic potential energy. What is required instead is a representative dis-
crete ensemble together with a probability assignment on it. For this reason, the
KL-based estimator can also be employed in situations where the samples are not
generated by a known equilibrium dynamics, provided that the probabilities p,(r;)
can be estimated or assigned.

Operationally, the procedure again relies on the construction of a partition in-
duced by the mapping. The microscopic configurations are first projected onto
the retained degrees of freedom, then grouped into clusters identified with re-
duced macrostates, and finally reweighted according to the average probability
within each cluster. Once the discrete back-mapped distribution p,(r;) has been
constructed, the ME is evaluated by the finite sum above. This makes the KL strat-
egy particularly convenient when the available data naturally take the form of a
catalogue of representative configurations rather than a long equilibrium trajectory.

Binary-State Systems and Decimation Mappings

The KL-based formulation of the ME is particularly useful when the microscopic
degrees of freedom have discrete states to begin with. Let us address the simplest
of such cases, namely when the microscopic configuration is described by a set of
binary variables (Aldrigo et al., 2025). Let

¢ =(51,-..,51), si € {-1,+1}, (6.74)

denote a microscopic configuration of the system, and let p(¢) be the associated
probability distribution, normalised as

D p@)=1. (6.75)
7

In this setting, a reduced representation is defined through a decimation map-
ping M, which selects a subset of N < n microscopic variables to be retained. If the
retained indices are iy, ..., in, the reduced configuration reads

b = M(¢) = (51, .-, 5iy)- (6.76)
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The reduced variables thus identify a CG description obtained by discarding the
remaining n — N degrees of freedom. Equivalently, the mapping can be represented
by a binary selection vector specifying which microscopic variables are retained and
which are integrated out.

Once the mapping M has been fixed, it induces a probability distribution in
the reduced space. Such distribution is obtained by marginalising the microscopic
probability over all configurations compatible with the same reduced label:

P(QZA)) = Zp(ﬁb) 08, M(¢)” (6.77)
¢

where 6 S M) 18 equal to 1 if ¢ is mapped onto ¢, and vanishes otherwise. In anal-
ogy with the general construction previously introduced, one can define the back-
mapped distribution by redistributing the probability of each reduced configuration
uniformly over all microscopic configurations that project onto it.

To make this construction explicit, let Q(¢p) denote the degeneracy of the reduced
label ¢, namely the number of microscopic configurations that are compatible with
it:

Q) = Z B4 Mo (6.78)
¢
The corresponding back-mapped distribution is therefore
_ P($) A
@)= —2,  with$ = M(). (679)
Q(¢)

This expression is the discrete counterpart of the back-mapped probability den-
sity p,(r) introduced in the general formulation: all microscopic configurations that
are indistinguishable at the reduced level are assigned the same probability weight.

The ME associated with the mapping M is then written as the discrete KL diver-
gence between the microscopic distribution and its back-mapped approximation:

_ L P@)
Simap(M) = kg gp(qs) n 275 (6.80)

Substituting the definition of f(¢p) into the previous expression gives

p(9) AM(@)

POM()) (681)

Smap(M) = k5 " p(¢) In
¢

This form makes explicit that the information loss associated with a given deci-
mation mapping is determined by two ingredients: the probability of the reduced
configurations and the number of microscopic states that are merged into each of
them.

It is useful to rewrite the previous expression in a form that separates the depen-
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dence on the microscopic distribution from the contribution of the reduced repre-
sentation. Introducing the Shannon entropy of the microscopic distribution (Shan-
non, 1948),

H{ == p(¢)Inp(9), (6.82)
¢
and the Shannon entropy of the reduced distribution,
Hs ==Y P($)nP(d), (6.83)
¢
one obtains
Smap(M) = =H{ + Hs + " P($) In (). (6.84)
¢

This decomposition highlights the interplay between the resolution of the re-
duced description, measured by Hs, and the configurational degeneracy induced
by the decimation procedure. In particular, at fixed number of retained variables
N, variations in the ME among different mappings are determined by how the se-
lected subset reorganises the microscopic probability mass over the reduced labels
(Aldrigo et al., 2025).

In practical applications, the microscopic distribution p(¢) is typically repre-
sented by the empirical frequencies of the sampled binary configurations. For a
fixed decimation mapping M, the reduced distribution P(¢) is then obtained by
grouping together all microscopic configurations that share the same retained pat-
tern, while Q(¢) counts how many microscopic configurations are associated with
that reduced label. The corresponding back-mapped distribution p(¢) is finally con-
structed by uniformly redistributing the probability of each reduced configuration
over all microscopic states compatible with it. This provides an operational route
to the evaluation of the ME for discrete-state systems (Aldrigo et al., 2025).

Optimisation of the Mapping

Once the ME has been specialised to the case of discrete microscopic variables, the
identification of an informative reduced description can be formulated as an op-
timisation problem in the space of mappings (Aldrigo et al., 2025; Giulini, 2022).
At fixed number N, of retained units, one seeks the decimation mapping M that
minimises the information loss,

M* =arg min  Spap(M), (6.85)
GMNCg
where My,, denotes the set of all mappings retaining exactly N, variables out of
the n available ones.
Although the discussion here focuses on a discrete setting, the optimisation of
the ME applies more generally. In particular, it has also been developed for con-
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Figure 6.5: Optimisation workflow for the minimisation of the ME in binary hidden-layer represen-
tations. The input data are processed through a fully connected feed-forward neural network with
one hidden layer. The hidden activations are then binarised by applying the sign function, yield-
ing an ensemble of binary configurations of dimension n. A trial CG representation is defined by a
mapping that retains Neg < n hidden units, thereby projecting the full hidden layer activity onto a
reduced configuration. For the selected mapping, the corresponding value of Smayp, is computed from
the empirical distribution of the observed hidden configurations and from the associated back-mapped
distribution. The mapping is then iteratively updated through a Metropolis acceptance rule within a
simulated annealing scheme, so as to explore the space of admissible subsets at fixed reduced dimen-
sionality and identify mappings associated with low information loss.

tinuous molecular systems in the context of CG based on configurations extracted
from MD trajectories (Giulini et al., 2020; Giulini et al., 2024; Giulini, 2022). In that
case, for each proposed mapping, the objective function is evaluated by construct-
ing CG macrostates through a clustering procedure on the retained continuous co-
ordinates. In the following chapters, the same framework is instead specialised to
binary hidden-layer activations, for which the reduced states are naturally defined
by decimation.

In the scenario of interest here, each microscopic configuration is a binary acti-
vation pattern of the hidden layer,

oF = (sf, . ,SK[), u=1,...,P, (6.86)

where P is the number of sampled input patterns in the dataset, and sf e {-1,+1}
denotes the binarised activation of hidden unit i for sample u, obtained by apply-
ing a sign threshold to the corresponding continuous output. A mapping M is
therefore identified with a subset of N, hidden neurons, and the corresponding
reduced configuration ¢ = M(¢*) is obtained by retaining only the components
of ¢* associated with such subset. For each choice of M, the value of Sy,,,(M) is
evaluated through the discrete KL formulation introduced above, by reconstructing
the empirical reduced distribution and the corresponding degeneracy factors from
the ensemble of observed binary activation patterns.

For small systems, the optimisation can in principle be carried out by exhaus-
tively enumerating all possible mappings at fixed N.;,. However, the number of
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admissible subsets grows combinatorially with 7, so that a complete exploration
rapidly becomes unfeasible as the size of the hidden layer increases. In this regime,
one must resort to a stochastic exploration of the mapping space. Following the
strategy already adopted in previous ME applications, we employ a Monte Carlo
simulated annealing procedure, which is particularly suitable because the mapping
space is discrete and, at fixed reduced dimensionality, is naturally explored through
discrete modification moves (Kirkpatrick et al., 1983; Giulini et al., 2020; Aldrigo et
al., 2025).

The simulated annealing dynamics is defined on the space of subsets of retained
hidden units. Starting from an initial mapping M, obtained for instance selecting
N neurons at random, a trial mapping M’ is generated by replacing one retained
unit with one unit that is not currently part of the subset. In this way, the cardinality
of the mapping is preserved throughout the optimisation, while the algorithm per-
forms a local exploration of the space of admissible reduced representations (Kirk-
patrick et al., 1983; Giulini, 2022; Aldrigo et al., 2025). Once the move M — M’ has
been proposed, the corresponding variation of the objective function,

ASmap = Smap(M’) - Smap(M)/ (6'87)

is evaluated. The trial mapping is then accepted or rejected according to a
Metropolis-like criterion, using the ME as the cost function:

(6.88)

WM — M’) = min {1, exp [—Smap(M/) - Smap(M)]} '

T

Therefore, moves that decrease the value of the ME are always accepted, while
moves that increase it are accepted with a probability that depends on the effec-
tive annealing temperature T. At high temperatures, the algorithm can explore the
mapping space broadly and escape local minima; as the temperature is lowered, the
dynamics become increasingly biassed toward mappings characterised by smaller
information loss.

Following the standard simulated annealing scheme adopted in previous ap-
plications of mapping-entropy optimisation, the effective temperature is decreased
according to an exponential schedule (Giulini, 2022; Giulini et al., 2024; Aldrigo et
al., 2025),

T(i) = Toe /", (6.89)

where i is the optimisation step, Ty is the initial temperature, and v controls the
decay rate. This cooling protocol gradually drives the stochastic dynamics from
an initial exploratory regime toward the identification of low-ME mappings. Since
a single optimisation run is not guaranteed to identify the global minimum or to
capture the full set of degenerate low-ME solutions, it is convenient to perform sev-

eral independent minimisations, starting from different random initial mappings,
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in order to obtain a pool of candidate low-information-loss reduced representations
(Giulini, 2022; Aldrigo et al., 2025). The overall workflow employed in the present
discrete case is schematically illustrated in Figure 6.5.

The formal setting introduced above, together with the Wang-Landau algorithm
and the Mapping Entropy framework, provides the methodological toolkit for the
analyses presented in the following chapters. These tools will be used to investi-
gate the organisation of neural network configuration spaces and the information
retained by reduced hidden representations. Before moving to more direct applica-
tions, however, the next chapter is devoted to a methodological decomposition of
the ME, with the aim of clarifying its structure and interpretation independently of
the specific system under consideration.
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Mapping Entropy
Multi-Body Decomposition

7.1 Introduction

In the previous chapter, Mapping Entropy (ME) was introduced as an information-
theoretic measure of the loss of information that results from replacing a detailed
description of a system with a simpler one. In this form, the ME provides a natural
criterion to compare different reduced representations and to identify those retain-
ing the largest amount of information about the reference ensemble. This capability
makes ME particularly relevant in the context of the present thesis, where reduced
descriptions are used as a tool to probe the structure of complex systems and, in
particular, to analyse the informational content of neural networks.

At the same time, however, ME is an intrinsically multi-body functional of the
mapping, which depends on all the retained system elements at once. In quantify-
ing the overall information loss associated with a mapping, it does not immediately
reveal how this loss is distributed among the degrees of freedom, nor how it is
shaped by their statistical dependencies of increasing order. As a consequence, al-
though the ME can be used directly as an optimisation functional, the structure it
reveals remains partially hidden. A more explicit decomposition would therefore
be useful both to clarify the meaning of the quantity itself and to understand which
features of the underlying system are most relevant in determining the quality of a
reduced representation.

The aim of this chapter is to derive such a decomposition in the case of discrete
degrees of freedom. The interest of this construction is twofold: on the one hand, it
provides a more transparent interpretation of the ME, by relating it to more famil-
iar information-theoretic quantities and by disentangling the contributions arising
from one-body, two-body, and higher-order statistical structure (Killian et al., 2007;
Matsuda, 2000). On the other hand, it suggests a natural route toward low-order
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approximations of the full quantity, which may be of practical interest whenever the
exact evaluation or optimisation of the ME becomes computationally demanding.
The chapter is organised as follows. After introducing the formal setting used
for the decomposition, the multi-body expansion of the ME is derived and its first
terms are discussed explicitly. The consequences of this result are then analysed,
with particular attention to the interpretation of the lowest-order contributions and
to the insight that they provide into the informational organisation of the system.

7.2 Formal Framework

The definitions and notation for the ME introduced in the previous chapter are
adopted here in the specific case of systems with discrete degrees of freedom. In
particular, the quantity is understood in the discrete KL-based formulation dis-
cussed there, to which the reader is referred for a more detailed treatment of the
reduced distribution, the associated back-mapped distribution, and their relation
to the information loss induced by a mapping.

Let x = (x1,...,x,) denote a microscopic configuration of a system with n dis-
crete degrees of freedom, distributed according to a probability law p(x) satisfying

ZP(X) =1 (7.1)

A reduced representation is obtained by retaining only a subset of the original
variables. In the following, such a mapping is encoded by a binary selector vector

c=(c1,...,cn), ci € {0,1}, (7.2)

where ¢; = 1 if the variable x; is retained and ¢; = 0 otherwise. At fixed reduced
dimensionality,

n
N = Z ¢, (7.3)
i=1

different reduced descriptions correspond to different choices of the vector c.

Within this setting, the ME can be regarded as a function of the mapping, and
therefore as a function of c¢. The aim of this chapter is to make this dependence
explicit by deriving a decomposition in terms of contributions of increasing order
in the retained variables. Formally, one seeks an expansion of the form

Smap(c) = SO 4+ Z Sgl)ci + Z Sff)cic]' + Z Sl(.;’lzcic]'ck +--, (7.4)
i i<j i<j<k
@

ijk’
one-body, two-body, three-body, and higher-order contributions to the information

where S is a constant term, while the coefficients Sgl), Sl(.]?), S:, .-+, quantify the

loss associated with the mapping.
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No specific dynamical model is assumed in the derivation developed below.
The discussion is carried out at the level of a generic discrete probability distribu-
tion and is therefore intended to clarify the structural properties of the ME itself,
independently of the particular physical system to which the quantity may later be
applied.

7.3 Results

In this section, the expansion of the ME in powers of the selector variables c; is de-
rived to make explicit the contributions associated with statistical dependencies of
increasing order among the microscopic degrees of freedom. The derivation is con-
veniently organised in two steps. First, the entropy of a generic discrete system is
rewritten in a multi-body form. This representation is then specialised to the re-
duced distribution entering the definition of the ME (Killian et al., 2007; Watanabe,
1960).

7.3.1 Multi-body Decomposition of the Entropy

Let x = (xi,...,x,) denote a microscopic configuration distributed according to
p(x). The entropy reads
S=- Zp(x) In p(x). (7.5)
{x}

The probability of a configuration can be written as

px) = > p()Ix,x), (7.6)
{x'}

where I(x,x’) is a characteristic function equal to unity if x = x” and vanishes oth-
erwise. Since the identity of two configurations is equivalent to the identity of all

their components, one has

n

I(x,x) = ﬁﬂ(xi,x;) = H (1+56;), (7.7)

i=1 i=1

where 6; = I(x;, x:) — 1. This representation makes it possible to express the proba-
bility of a configuration as a sum of contributions of increasing order,

PO) = 1+ > (5i) + > (8id;) + > (8idio) +-+-, (7.8)

i<j i<j<k

where the averages are taken with respect to the distribution p(x’), namely

(Fr= ) pE)fxx). (7.9)
{x'}
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For notational convenience, let X(x) = >;(6;) + Zi<]-(6i6j) + -+, so that Equa-
tion 7.8 can be written as
p(x) =1+ X(x). (7.10)

The advantage of this formulation is that it allows us to expand the logarithm
entering Equation 7.5 around unity and thereby reorganise the entropy into contri-
butions of increasing order. Indeed, using

1 1
1n(1+X):X—§X2+§X3+---, (7.11)

and substituting the resulting expression into Equation 7.5, one can collect all terms
according to the number of indices involved. The zeroth-order contribution van-
ishes as a consequence of probability normalisation, so that the entropy takes the

—S=ZQi+ZQij+ZQijk+”‘/ (7.12)

i<j i<j<k

hierarchical form

where the quantities Q;, Qij, Qijk, and the higher-order terms are obtained by col-
lecting all contributions involving respectively one index, two indices, three indices,
and progressively larger subsets of variables. The entropy is thus reorganised into a
hierarchy of terms associated with statistical structures of increasing order. The ex-
plicit derivation of these contributions is reported in Appendix E; for the purposes
of the present discussion, it is sufficient to report explicitly the lowest-order terms,
which already illustrate the structure of the expansion.

The first non-vanishing contribution is the one-body term, which depends only
on the marginal distribution of the variable x;,

Qi =) plx)np(x,). (7.13)
{xi}

This quantity is therefore the negative entropy of the corresponding one-
variable marginal. At the second order one obtains

p(xi, x;)

P Gp ()’ (714)

Qij = Z p(xi, xj)1In

{xi,x}

which vanishes when x; and x; are statistically independent. The two-body term
thus represents the correction associated with pairwise dependence and can be
identified with the mutual information between the two variables (Cover et al.,
2006). At the third order, one finds a contribution of the form

p(xi, xj, xi) p(xi) p(x;) p(xk)
p(xi, x;) p(xi, xp) p(xj, xi)

Qijk = Z p(xi, xj, x¢) In

{xi,xj,xk}

(7.15)

which accounts for the part of the statistical dependence among x;, x;, and x; that
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is not exhausted by the one-body and pairwise terms alone. In this sense, Q;;x rep-
resents the first genuinely higher-order correction in the expansion (McGill, 1954;
Matsuda, 2000). Higher-order contributions follow analogously and describe irre-
ducible dependencies involving progressively larger subsets of degrees of freedom.

7.3.2 Multi-body Decomposition of the Mapping Entropy

The general multi-body expansion derived in the previous subsection can now be
specialised to the ME. In the discrete formulation introduced in Chapter 6, this
quantity is defined as

p(x)

Smap(€) = > p(x)In = (7.16)
P {ZX; Pe(x)
=3 pEmpx) = Y pE) N gex) + Y px)nQ(x). (7.17)

{x} {x} {x}

The second line follows by substituting the definition of the back-mapped dis-
tribution,
qe(x)
Qx)’

Pe(x) = (7.18)

where g.(x) denotes the probability of the CG configuration selected by the map-
ping, and Q(x) its degeneracy, namely the number of microscopic configurations
compatible with the same reduced state. In the explicit form given in Equation 7.17,
the ME is thus naturally separated into three contributions. The first term is the en-
tropy of the full distribution, whose multi-body decomposition has already been
derived in the previous subsection. The remaining task is therefore to specialise the
same treatment to the reduced probability g.(x), where the dependence on the se-
lector variables appears explicitly, and then combine the resulting expansion with
the contribution arising from the degeneracy term ((x).

The first step is, therefore, to treat the term depending on the reduced probabil-
ity g.(x). This quantity is obtained by summing over all microscopic configurations
compatible with the CG state selected by the mapping, and can be written in the
factorised form .

ge(x) = Y pe) [ |1 +ciil, (7.19)
x'} i=1
where §; encodes the matching condition between the configurations x and x’ at site
i. The selector variable c; specifies whether site i is retained by the mapping: when
¢; = 1, the corresponding matching condition is included in the product, whereas
for ¢; = 0 it is omitted.

Written in this form, g.(x) has the same algebraic structure as the full probability
p(x) leading to the decomposition in Equation 7.8. The derivation of the logarithmic
expansion therefore carries over unchanged, with the selector variables appearing
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only as multiplicative weights. As a result,

Z p(x)In ge(x) = Z Qici + Z Qijcicj + Z Qijkcicjck + -+ . (7.20)
{x} i i<j i<j<k
The coefficients Q;, Qij, Qijk, - .. are given by the same expressions already

derived in Equation 7.13-7.14-7.15, the dependence on the mapping entering only
through the selector products.

The last contribution in Equation 7.17 comes from the degeneracy factor ()(x).
For a decimation mapping, this quantity counts the number of microscopic config-
urations that are compatible with the same reduced configuration, namely those
sharing the same values of the retained variables. At this point, we assume that the
accessible configurational space factorises as the direct product of the local state
spaces of the individual degrees of freedom. Thus, if each degree of freedom x; can
access w; distinct states, every combination of such local states is in principle an ad-
missible microscopic configuration, and the total size of the configurational space

is

n
Qo= i (7.21)
i=1

This assumption is exact for systems whose admissible configurations are fully
specified by independent local state spaces, and it is often a natural starting point in
discrete model systems. In empirical settings, however, the actually visited config-
uration space may be only a subset of this full product space, either because some
combinations are excluded by correlations or constraints, or because finite sampling
does not explore all admissible states.

For a given mapping c, only the variables that are not retained contribute to the
degeneracy, so that

Qx) = ]_[ w7 (7.22)
i=1

Indeed, when c; = 1 the value of x; is fixed by the mapping and no degeneracy
is associated with that degree of freedom, whereas for ¢; = 0 all its w; accessible
states contribute.

The corresponding term in the ME can then be evaluated directly

n

Z p(x)InQ(x) = So - Z cilnw;, (7.23)

{x} i=1

where

n
So=1nQp = Zln wi, (7.24)
i=1

is the entropy of the corresponding uniform reference system, namely the system
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defined on the same (factorised) configurational space of size )y, in which all mi-
croscopic configurations are assigned equal probability.

By combining the expansions of the three contributions in Equation 7.17, the
ME can finally be expressed as a many-body series in the selector variables,

Smap(c) = 50 -S- Z(Ql +In a)i)ci — Z Qi]’ Cl'C]' — Z Qijk CiC]'Ck — . (7.25)

i<j i<j<k

Equation 7.25 makes explicit how the ME depends on the subset of retained vari-
ables. In particular, two limiting cases are recovered immediately. When ¢; = 0 for
all i, no variable is retained and all selector-dependent contributions vanish. This
corresponds to the maximal ME, since the reduced distribution becomes uniform
over all microscopic configurations compatible with the mapping and therefore car-
ries no information about the original state. In this limit, the ME reduces to the
negative excess entropy of the full system, namely to the difference between the
entropy of the corresponding uniform reference distribution and that of the micro-
scopic distribution,

Smap(0) = So — S. (7.26)

At the opposite extreme, when ¢; = 1forall i, all degrees of freedom are retained.
Using the decomposition of the full entropy S derived in the previous subsection
together with Sg = }; In w;, is easy to demonstrate that S,,,,, vanishes identically, as
expected for the fully resolved mapping.

Between these two extremes, Equation 7.25 provides a direct interpretation of
the information progressively recovered by the mapping. The one-body contribu-
tions quantify the reduction of ME associated with retaining individual variables,
while the two-body terms account for the additional information recovered when
pairwise statistical dependencies are resolved. Both contributions are necessarily
negative: (Qi +1n a)i) is a KL divergence (see Appendix E) and Q;; a mutual infor-
mation, and are therefore positive semidefinite. Their effect is therefore to lower the
ME from its maximal value as more structure of the original distribution is retained.

The interpretation becomes qualitatively different starting from the third or-
der. The coefficient Q;jx is not sign-definite and may be either positive or nega-
tive (McGill, 1954; Matsuda, 2000). Depending on the statistical structure of the
system, they may either reinforce the information recovered at lower orders or par-
tially compensate it.

7.3.3 Non-Interacting Model

To better illustrate the meaning of the decomposition derived above, it is useful to
consider a simple reference case in which the microscopic degrees of freedom are
statistically independent. Despite its apparent simplicity, this model is instructive
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because the corresponding ME can be computed exactly, thereby clarifying several
non-trivial properties of the quantity itself.

Consider a system of n independent binary spins, o; € {0, 1}. For each spin, let
pi = p(o; = 1), so that the corresponding marginal distribution is

ploi) = p{i(1—pi)' . (7.27)

Statistical independence then implies that the probability of a microscopic con-
figuration o = (04, ..., 0,) factorises as

po) = |py(t—pat—. (7.28)
i=1

The same property carries over to the reduced probability. Indeed, substituting
Equation 7.28 into the general expression Equation 7.19 gives

n

q(0) = l_[ [1 + ¢ (pfi(l —pi) 7o - 1)] , (7.29)
i=1
so that both p(0) and g(o) consist of products of single-spin contributions.
According to the general definition of the ME in Equation 7.17, the calculation
is therefore reduced to evaluating three terms: the entropy of the full distribution,
the contribution involving the reduced probability (o), and the degeneracy term.
The first two contributions in Equation 7.17 can be treated together. Because
both p(0) and g(o) factorise, they give rise to the same single-spin structure, the
only difference being the presence of the selector variables c; in the reduced term

n

full p(o)np(o) =Y [pilnp;+(1—p)In(l - p))], (7.30)
{0} i=1

reduced Z p(o)lng(o) = Z cilpilnp; + (1 = pi)In(1 - p;)]. (7.31)
{0} i=1

The role of the selector variables is now clear. In Equation 7.30 every spin con-
tributes, while in Equation 7.31 only the retained spins do. Their difference, there-
fore, isolates the contribution of the discarded degrees of freedom:

n

D p@)npe) = > p(e)ng(o) = Y (1 =) [pinpi + (1 - p)n(l = p))] . (7.32)
{o} {o} i=1

The last contribution in Equation 7.17 is the degeneracy term. In the present
case, its evaluation is particularly simple. Since each discarded spin can take two
possible values, every unresolved degree of freedom contributes a factor of 2 to
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the number of microscopic configurations compatible with the CG state. The total
degeneracy is therefore determined only by the number of discarded spins and not
by the specific values of the probabilities p;. Denoting by N = }; ¢; the number of
retained spins, it follows that Q(o) = 2"=N and hence

> p(@) Qo) = (n = N)In2. (7.33)
)

Collecting these results, the ME of the non-interacting spin system becomes

Smap = (1 = N)In2 - Z(l —¢i) [=pilnpi = (1 = pi) In(1 - pi)]. (7.34)

i=1

Equation 7.34 provides a particularly clear interpretation of the non-interacting
case. In the absence of correlations, the ME reduces to a sum of independent one-
body contributions associated with the discarded spins. No pair or higher-order
correction appears, consistently with the fact that the microscopic distribution con-
tains no statistical dependencies beyond the single-site level. In this sense, the infor-
mation loss induced by the mapping is entirely controlled by the local uncertainty
of the unresolved degrees of freedom.

The additive form of Equation 7.34 makes the optimisation problem fully
tractable. In particular, the minimum ME can be studied from two complemen-
tary perspectives: as a function of the number of retained sites N, and as a function
of the resolution, introduced in Chapter 2, which provides a more physical measure
of the retained description. These two viewpoints are discussed separately in the
following.

Lowest Mapping Entropy as a Function of the Number of Retained Sites

The optimisation problem becomes particularly simple when the number of re-
tained sites N is fixed. Indeed, as follows from Equation 7.34, the ME is the sum
of two contributions. The first term, (n — N)In 2, depends only on how many sites
are retained and is therefore constant at fixed N. As a result, the optimisation over
which sites should be retained reduces to minimising the second contribution. In
particular, the minimum is obtained by discarding the n — N spins with the largest
one-body entropy, defined as

s(pi) = —pilnp; = (1= p;)In(1 - p;). (7.35)

The function s(p;) is minimal when p; = 0 or p; = 1, for which s(p;) = 0. In
both cases, the spin is completely deterministic, since it always takes the same value
and therefore carries no uncertainty. By contrast, s(p;) is maximal for p; = 1/2,
where s(1/2) = In2. This corresponds to the situation of maximal uncertainty, in
which the two spin states are equally probable. More generally, s(p;) decreases as p;
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moves away from 1/2 toward either 0 or 1, reflecting the fact that the spin becomes
progressively more biased and therefore more predictable. The full optimisation

problem is therefore solved by ranking the sites according to their local entropy.

*
map

Denoting by S; . (N) the lowest ME value obtained when retaining N sites, one

can write

n-N
Stap(N) = (n = N)In2 — s(pi].) , (7.36)
=1

]

where the indices i; label the n — N discarded spins ranked in order of decreas-
ing one-body entropy, that is, their probabilities are the closest to the maximally
uncertain value p; = 1/2.

The behaviour of S}, ,(N) as a function of the number of retained sites can now
be analysed explicitly. When passing from N to N +1, one additional site is retained;
in the optimal construction, this is the site with the smallest local entropy among
those that were previously discarded. The difference between the two optimal val-
ues is therefore

ASHap(N) = S5 (N +1) = SE,,(N) = s(pix) = In2, (7.37)
where i* denotes the site by which the two optimal selections differ. Since 0 <
s(pi) < In2 for any binary spin, it follows immediately that

ASE.(N) < 0. (7.38)

Hence, for the ideal non-interacting spin system, the curve of the minimum ME
is monotonically non-increasing as a function of N. Physically, this is the expected
behaviour: retaining one more degree of freedom can only reduce, or at most leave
unchanged, the information loss associated with the mapping.

A special case occurs when one of the spins has p; = 1/2. In that case its local
entropy is exactly In 2, and if this spin is the one added when going from N to N +1,
then AST,(N) = 0. More generally, if several spins satisfy p; = 1/2, they are all
equivalent from the point of view of the optimisation, and the curve S7,, ,(N) devel-
ops a flat region. Such a plateau is therefore a trivial consequence of the presence of
maximally uncertain degrees of freedom, all contributing equally to the information
loss, rather than a signature of collective effects.

Finite-Sampling Effects and Sampled Configurational Space

The discussion above refers to the ideal setting in which the accessible configura-
tional space is fully represented. It is therefore crucial to understand how this pic-
ture is modified when the probability distribution is estimated from a finite sample.
Even for a system that is non-interacting in principle, finite sampling may prevent a
complete exploration of the configurational space. In that case, while the one-body

probabilities p; may still be estimated with reasonable accuracy, the degeneracy
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term entering the ME need no longer attain its ideal value (n — N)In 2.

To make this point explicit, let My denote a mapping retaining N sites, and

define
) =) | | 1oi, 0, (7.39)
{0’} ieMn

where the hat indicates that the sum runs only over the distinct configurations that
are actually present in the sample. The quantity Qn(0) is thus the number of sam-
pled microscopic configurations that map onto the same CG configuration as o.

Now consider a mapping My 41 obtained from My by retaining one additional
spin j. One then has

QN(G) = QN+1(G; gj = 0) + QN+1(G; oj = 1). (7.40)

If both values of the additional spin are represented in the sample for every fixed
configuration of the other retained variables, then Qn(0) = 2Qn+1(0). Otherwise,
if some configurations are missing, one has instead QN(G) <2 @N+1(0). Therefore,

(InQn+1(0)) = (InQn(0)) > ~In2, (7.41)

with equality only in the fully sampled case.

This shows that, in the finite-sampling regime, the decrease of the minimum ME
as N increases can be weaker than in the ideal case. As sampling becomes poorer
and the configurational space is explored less completely, the negative contribution
associated with the degeneracy term is reduced in magnitude. As a consequence,

the curve S*

map(IN) may develop extended nearly flat regions even in the absence

of genuine correlations and even when no spin has exactly p; = 1/2 (Aldrigo et al.,
2025). In extreme undersampling conditions, one cannot even exclude pathological
situations in which the estimated minimum ME increases when an additional site
is retained. Such behaviour, however, should be interpreted as a property of the
finite sample rather than as a structural property of the underlying non-interacting
system.

Lowest Mapping Entropy as a Function of the Resolution

A complementary viewpoint is obtained by analysing the minimum ME at fixed
number of retained sites N as a function of the resolution of the retained descrip-
tion. Within the Resolution-Relevance framework introduced in Chapter 2, the res-
olution quantifies the entropy of the CG representation and therefore measures how
detailed, or informative, the retained description is. This representation is especially
useful because, unlike N, the resolution does not only count how many degrees of
freedom are kept, but also reflects how much information is effectively encoded in
the corresponding CG variables (Marsili et al., 2013).
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In general, the ME can be written as
Smap = Hs = S + (In Qn(0)), (7.42)
where S is the entropy of the full system, while

Hy == p(0)ing(o) == q(s)Inq(s), (7.43)
{o} {s}

is the resolution, namely the entropy of the system represented in terms of the re-
tained variables only. Here s denotes a CG configuration,

{s}={oi: ieMn}, (7.44)

with My indicating the mapping retaining N sites.

Equation 7.42 separates the ME into three conceptually distinct contributions:
the full-system entropy S, which is independent of the mapping; the resolution H,
which measures the informational richness of the retained description; and the av-
erage logarithmic degeneracy (In Qy (o)), which quantifies how many microscopic
configurations remain unresolved once the mapping has been applied.

In the ideal oversampling limit, where the configurational space is explored so
thoroughly that all microscopic configurations compatible with a given CG state
are effectively sampled, the degeneracy term attains its maximal value

(InQn(0)) = (n = N)In2. (7.45)

At fixed N, this is a constant independent of the specific mapping. In that

regime, one therefore obtains
Smap = Hs =S +(n—=N)In2, (7.46)

that is, for fixed N, the ME is a linear function of the resolution with unit slope. It
follows immediately that, in the fully sampled limit, minimising the ME is equiv-
alent to minimising the resolution. In other words, among all mappings retaining
the same number of sites, the optimal one is the one whose CG distribution has the
lowest entropy.

This behaviour has a clear physical interpretation. If all CG degeneracies are
perfectly resolved by the data, then the only mapping-dependent contribution left is
the entropy of the reduced representation itself. The lower the resolution, the more
concentrated the CG distribution, and the smaller the information loss associated
with the mapping.

The situation changes when the probability distribution is estimated from a fi-
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nite sample. In that case, the empirical degeneracy Qn (o) generally satisfies
On(o) < Qn(o) =2"7N, (7.47)

because not all microscopic configurations compatible with a given CG state happen
to be visited in the sample. The empirical counterpart of Equation 7.42 becomes

A

Smap = Hs =S+ > 4(s)In QO (s), (7.48)
S

where '
A, =- G(s)Ing(s), q(s) = —, 7.49
: %}q() 96), 40 = 47 (7.49)
M is the number of sampled microscopic configurations, and k; is the number of
sampled configurations that map onto the CG state s.

The important point is that finite sampling affects §(s) and Qy(s) differently.
The empirical CG probabilities may already be estimated with reasonable accuracy
even when sampling is still insufficient to observe, for each state s, the full set of
compatible microscopic configurations. Hence, Qn(s) can be appreciably smaller
than its ideal value.

This mismatch is expected to be more severe at high empirical resolution. In-
deed, a larger I:IS corresponds to a broader CG distribution, so that the available
sample is spread over many states s. For fixed M, each state is then visited fewer
times on average, and its microscopic multiplicity is less completely explored. By
contrast, when Hj is small, the probability is concentrated on fewer CG states. These
dominant states collect more samples, so their microscopic degeneracies are esti-
mated more reliably, while the poorly sampled rare states are suppressed by their
small statistical weight.

Therefore, higher empirical resolution generally increases the impact of under-
sampling on the degeneracy term, although this should be regarded as a qualitative
trend rather than a strict monotonic relation. In this sense, the quantity In Qy(s) is
expected to decrease as the empirical resolution of the mapping increases.

This observation has a direct consequence for the shape of the minimum ME as
a function of the resolution at fixed N. In the well-sampled regime, the degeneracy
term is nearly constant, and émap remains approximately linear and increasing in
H,. Hence, the minimum is attained at the lowest available resolution. For suffi-
ciently poor sampling, however, the decrease of the degeneracy term with H, can
compensate for, or even overcome, the explicit linear increase coming from the first
term in Equation 7.48.

Three qualitatively distinct regimes may therefore be identified. For relatively
small N, the mapping still groups many microscopic configurations into each CG
state, so the system remains close to the oversampling regime, and the minimum
ME is reached at low resolution. For sufficiently large N, on the contrary, the CG
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representation becomes itself high-dimensional and sparse, so that undersampling
becomes severe. In that case, the degeneracy term may dominate, and the minimum
ME may shift toward mappings with larger resolution. Between these two limits,
an intermediate regime can occur in which the decrease of the degeneracy term
approximately balances the explicit increase in H, producing an extended, nearly
flat portion in the curve of the ME as a function of the resolution.

This plateau has a meaning different from the one discussed in the previous sub-
subsection. There, a flat region originated from the presence of degrees of freedom
with maximal one-body entropy, which are genuinely equivalent from the point of
view of the optimisation. Here, instead, a flat dependence on the resolution is not
a structural property of the underlying system, but the signature of a crossover be-
tween a regime in which the CG degeneracy is reliably sampled and one in which
it is not. In this sense, extended nearly flat regions have already been observed also
in empirical and more complex settings, where the effective degrees of freedom are
mutually correlated (Aldrigo et al., 2025). The shape of the curve is therefore con-
trolled not only by the statistics of the system but also by the quality of sampling.

7.3.4 Computational Illustration of the Non-Interacting System

The objective of this empirical analysis is to assess whether the closed-form ex-

*

pression for the minimum ME, S%,

(N), provides an accurate estimate of the ME
computed from data generated by an independent spin model. To this end, sam-
ples of dimension n = 25 are repeatedly drawn from the reference distribution
n

specified by the single-site probabilities {p;}} ,,
taining P configurations. To distinguish purely statistical fluctuations from system-

thereby constructing data sets con-

atic finite-sampling effects, three data sets of increasing size are considered, with
P € {10%,10°,107}.

To evaluate the ME on these generated data sets, one must estimate the micro-
scopic probability associated with each configuration, p(c) and, for any chosen set
of retained degrees of freedom, it is also necessary to estimate the probability of the
corresponding CG configurations, g(s). Both quantities are computed exclusively
from the finite ensemble of sampled configurations, following the standard proce-
dure introduced in Chapter 6. More precisely, p(o) is estimated by counting the
number of occurrences of configuration o in the data set and normalising by the
total sample size. Likewise, 4(s) is obtained by counting the occurrences of the re-
duced configuration s, defined by projecting each sampled configuration onto the
N < n retained spins.

At this stage, the CG probability g(s) must be lifted back to the microscopic con-
figuration space, since the definition of the ME involves the back-mapped distribu-
tion p(o) (Equation 7.16). In general, all microscopic configurations ¢ that project
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p(oi=1) flatten index

Figure 7.1: (a) Reference single-site probabilities p(c; = 1) obtained from the image intensity map
(colour scale). The integer shown on each pixel indicates the order in which that pixel is selected as
predicted by the theoretical optimisation at fixed N (0 is the first pixel to be retained, then 1, etc.). (b)
Representative configurations sampled from the corresponding independent-spin model (black /white
denote o; = 1/0). (c) One-body entropies s(p;) associated with the reference probabilities in panel
(a), shown as a function of the flattened pixel index; the horizontal dashed line marks the maximum
value s(1/2) = In 2.

onto the same CG label s are assigned the same probability, so that

_ q(s)
= —— 7.

where ()(s) denotes the degeneracy, i.e., the number of microscopic configurations
mapping onto s. In the ideal setting, for a binary system, a mapping that retains N
spins out of 1, this degeneracy is Q(s) = 2"V, independently of s. However, when
p(0) is reconstructed from a finite sample, ()(s) can be treated in two distinct ways,

leading to the two empirical estimators compared in the following.

In the first case, the degeneracy is taken to be the empirical one, Qp(s), defined
as the number of distinct microscopic configurations observed in the dataset that
project onto the same CG state s. The weight g(s) is then redistributed uniformly
among those observed pre-images, so that p(c) = g(s)/Qp(s) for every sampled o
compatible with s. The corresponding ME estimate is denoted by S,ap.

In the second case, the degeneracy is fixed to its ideal value 2"°N, i.e., it is as-
sumed that all microscopic pre-images of a given s contribute equally, and the
back-mapped distribution is constructed as p(c) = g(s)/2"~N. This corresponds
to imposing InQ = (n — N)In2 by construction and therefore isolates the contri-
bution of finite sampling associated with the incomplete realisation of degenerate
microscopic configurations. The resulting estimator is denoted by s;g;p, where “int”

stands for the infinite-sampling limit.

The first benchmark system is defined by taking the reference single-site proba-
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Figure 7.2: Mapping-entropy estimates for the pixel-based benchmark with near-deterministic sites.
Minimum ME as a function of the number of retained spins N. The dashed blue line reports the
theoretical prediction S¥,, (N). Left: Smap (red) and S (green) evaluated on the fixed map-

map map
ping prescribed by the theoretical ranking (cf. Figure 7.1), for three dataset sizes P = 10%,10°,107
(square/diamond /circle markers). Right: comparison at P = 107 between the same fixed-mapping
estimates (red/green) and the value obtained by directly minimising the empirical ME over map-
pings via simulated annealing (yellow).

bilities {p;} from the pixel intensity profile of aimage. The probability map, together
with representative configurations sampled from the corresponding independent-
spin model, is reported in Figure 7.1. As it can be observed, several pixels are associ-
ated with probabilities very close to unity, so that across the sampled configurations
those degrees of freedom take the same value almost always.

This feature is captured quantitatively by the one-body entropy s(p;) defined
in Equation 7.35. Pixels with p; =~ 1 contribute s(p;) ~ 0, as shown in Figure 7.1.c.
Since, at fixed N, the optimisation of the ME reduces to selecting the n—N discarded
sites so as to maximise the sum of their one-body entropies (recall that this sum
enters with an overall negative sign), the optimal strategy is to exclude from the
sum the nearly frozen pixels and to discard instead the more uncertain ones, i.e.,
those with p; closer to 1/2.

As a first benchmark, the theoretical prediction for the minimum ME S3,. (N)
can be compared with the values obtained from the two standard, data-driven es-
inf

timators introduced above, Spap and Sy, ,, while keeping the mapping fixed to the
one selected by the theory (i.e., the retention order shown in Figure 7.1). This com-
parison is reported in Figure 7.2.

Consider first the fully empirical estimator Sy,,,. For small N a pronounced
discrepancy emerges, essentially independently of the dataset size P, the empirical
curve displays an extended plateau, while the theoretical prediction decreases al-
ready at the first retained sites. Only beyond N > 9 does the agreement become
satisfactory, and even then it is contingent on having a sufficiently large dataset; for
smaller P a visible gap persists over the whole range of N. The origin of the initial
mismatch can be traced back to the presence of nearly deterministic pixels (with
pi = 1), which are precisely the first 9 sites selected by the theoretical ranking. In

the theoretical construction, the degeneracy associated with discarded degrees of
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Figure 7.3: Rescaled n = 16 pixel benchmark (no near-deterministic sites), P = 107. (a) Reference
single-site probabilities p(o; = 1) after rescaling to the interval [0.2,0.8] (colour scale); the integer
on each pixel indicates the order in which that pixel is selected as predicted by the theoretical ranking
(0 is the first retained, then 1, etc.). (b) Minimum ME as a function of the number of retained spins

N: theoretical prediction S}, ,(N (dashed blue) compared with the empirical estimators Syay, (red)

and Sg‘gp (green) evaluated on the fixed, theory-selected mapping, and with the value obtained by
direct optimisation over mappings via simulated annealing (yellow). (c¢) One-body entropies s(p;)
associated with the probabilities in panel (a), reported versus the flattened pixel index; the horizontal
dashed line marks the maximum value s(1/2) = In 2.

freedom is taken to be 2" N i.e., it is assumed that both microscopic values of each
discarded spin are effectively realised. In finite samples, however, configurations
that differ only in those nearly deterministic coordinates are typically absent, so that
the empirical degeneracy is strongly reduced and the corresponding S.,,;, does not
follow the ideal scaling at small N.

This interpretation is corroborated by the comparison with S . Since SIf | en-

forces the ideal degeneracy term by construction, the discrepancy at small N is sig-

*

nificantly reduced, and the agreement with S7

(N) improves over the entire range,
especially at large P. The residual deviations observed for the smallest datasets are
consistent with finite-sampling noise in the empirical reconstruction of p(o) and

q(s), rather than with a breakdown of the theoretical ranking criterion.

The effect becomes even more transparent when the mapping is not fixed, but
instead the ME is minimised directly over the space of mappings through simulated
annealing (right panel of Figure 7.2). In this case the resulting values are system-
atically lower than those obtained by evaluating Sy, on the theoretically selected
mapping, and the associated pixel-selection order is qualitatively different. In par-
ticular, the set of pixels with p; ~ 1-which the theory would retain first because
they have the smallest s(p;)-is retained only at much larger N by the data-driven
optimisation. This inversion reflects the fact that, under finite sampling, discarding
nearly deterministic variables can be advantageous: it reduces the impact of miss-
ing microscopic degeneracies and yields a smaller empirical Sy,.p, even though it
contradicts the ideal, infinite-sampling optimum.

The last benchmark considers a smaller version of the previous system, obtained
by selecting a subset of pixels leading to a smaller configuration space (n = 16). In
addition, the reference probabilities are rescaled such that p; € [0.2,0.8] for every
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site (Figure 7.3.a). As a consequence, no degree of freedom is nearly determinis-
tic: this is reflected by the corresponding one-body entropies s(p;), which remain
bounded away from zero and one across the whole set of spins (Figure 7.3.c).

In this setting the comparison with the theoretical prediction changes qualita-
tively. For the largest data set (P = 107) all empirical curves collapse onto a single
profile (Figure 7.3.b): the value obtained by evaluating S, on the mapping pre-
scribed by the theory, the estimator S |, and the fully optimised value obtained by
simulated annealing are indistinguishable within numerical accuracy. This collapse

indicates that the discrepancy observed in the previous benchmark is not a limita-

*

tion of the analytical expression for Sf,,

(N) per se, but rather a finite-sampling
effect associated with an incomplete exploration of the microscopic configuration
space. In particular, when near-deterministic degrees of freedom are present, the
empirical degeneracy of CG states can be substantially smaller than the ideal value
2"=N which directly impacts the reconstruction of #(¢) and hence the ME.

Finally, it is worth noting that the theoretical framework can, in principle, be
refined to account for this effect by relaxing the assumption of a uniform degener-
acy Q(s) = 2N and allowing instead for an effective, state-dependent degeneracy
when some variables are sampled only in one of their microscopic states. This ex-
tension makes it possible to capture the finite-sampling reduction of the degeneracy
term, and therefore to describe qualitative effects that are absent in the ideal theory,
such as the appearance of extended nearly flat regions in the minimum-ME curves
and possible shifts of the optimum toward higher resolution. A first discussion in

this direction is reported in Appendix E.

7.4 Conclusions

This chapter has developed a systematic route to approximate and interpret the
Mapping Entropy by means of a multi-body decomposition. Starting from the ex-
act expression of the ME in terms of the microscopic distribution p(c) and the back-
mapped distribution p(0), it has been rewritten in a form that naturally separates
contributions of increasing order in the correlations of the retained degrees of free-
dom. This construction provides both a conceptual interpretation of the ME and
a practical strategy for its approximation. In particular, the ME can be understood
as the sum of a degeneracy contribution and a hierarchy of information-theoretic
corrections. Moreover, the expansion can be truncated at a chosen order to obtain
controlled approximations of the full ME.

In the special case of independent spins, the formalism becomes fully explicit.
The factorised structure of p(c) implies a closed-form expression for the ME, and the
optimisation at fixed number of retained sites reduces to a simple ranking problem:
the optimal mapping is obtained by retaining the spins with the smallest one-body
entropy s(p;). This yields an analytical prediction for the minimum ME S}, [(N) and

map

clarifies its monotonic dependence on the number of retained degrees of freedom.
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In addition, the role of the resolution (and of the associated degeneracy factor)
has been made explicit by linking Sy,p, to the size of the microscopic pre-image of
each CG configuration, thereby providing a clear interpretation of how a change in
resolution affects the information loss.

The analytical predictions have been validated numerically by analysing syn-
thetic datasets generated from an independent-spin model defined by pixel-based
probabilities. Importantly, the empirical evaluation has been performed under the
same information constraints encountered in practical applications: probabilities
have been reconstructed exclusively from finite samples, without exploiting the
known analytical form of the generating distribution, and two standard estimators
have been compared, S, and Siﬁgp, differing only in the treatment of the degener-
acy factor. In the first benchmark, the presence of probabilities close to 1 produces
an extended discrepancy between the theoretical curve and the fully empirical es-
timator at small N, together with a qualitative change in the mapping selected by
direct optimisation. The smaller n = 16 benchmark system, obtained by rescaling
the probabilities to p; € [0.2,0.8], removes this effect and leads to an essentially
perfect collapse of all estimates for sufficiently large sample sizes. These results
demonstrate that the theoretical framework accurately captures the independent-
spin optimum, and that the dominant deviations observed in the first benchmark
originate from finite-sampling effects that hinder the accurate estimate of the CG
states degeneracy when nearly deterministic degrees of freedom are present.

The natural next step is to move beyond the independent-spin setting and con-
sider interacting systems, where the correlation terms of the expansion become
non-trivial. In that case, the practical question is whether low-order truncations of
the multi-body decomposition provide accurate approximations of the full ME and,
crucially, whether they predict mappings close to those obtained by minimising the
exact ME. Establishing the accuracy of the first non-trivial orders and identifying
regimes where higher-order terms become necessary will determine the operational
value of the decomposition as a tractable optimisation tool for realistic, interacting
models.

Take-home message

Mapping Entropy quantifies the information loss associated with replacing a
high-resolution description by a reduced one. In this chapter, this informa-
tion loss was decomposed into contributions of increasing statistical order,
separating the effect of mapping degeneracy from the effect of correlations
among microscopic variables. The resulting framework clarified which parts
of the atomistic probability structure are lost under Coarse-Graining and pro-
vided a controlled reference case in which, for non-interacting systems, the
Mapping Entropy reduces to a sum of independent one-body contributions.
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Neural Network

Configuration Space

8.1 Introduction

The study of neural networks has long been intertwined with statistical physics,
with concepts originally developed for disordered systems providing a powerful
framework to understand learning processes. Since the seminal work of Gardner
and Derrida, training a neural network has been formulated in terms of an en-
ergy landscape defined over the space of parameters, where learning corresponds
to identifying weight configurations that minimize a loss function, in close anal-
ogy with the search for ground states in physical systems with quenched disorder
(Gardner et al., 1988; Gardner, 1988).

This analogy has led to major theoretical advances. Classical approaches based
on the statistical mechanics of disordered systems and spin-glass theory have clar-
ified the ability of simple neural architectures to memorize and generalize (Seung
etal., 1992; Watkin et al., 1993; Mézard et al., 1987; A. Engel et al., 2001). Extensions
of this framework have also related geometric properties of the loss landscape, such
as flatness or the presence of dense regions of solutions, to the generalization abil-
ity of trained models (Baldassi et al., 2015; Baldassi et al., 2016; Baldassi et al., 2016;
Baldassi et al., 2021). However, many of these results rely on simplifying assump-
tions, such as infinite system size or unstructured input data, which are rarely met
in realistic learning problems.

Recent work has started to overcome these limitations by explicitly incorporat-
ing data structure into the theory. In particular, second-order statistics of the in-

This chapter is based on material originally published in M. Mele, R. Menichetti, A. Ingrosso, and
R. Potestio, Density of states in neural networks: an in-depth exploration of learning in parameter space,
Transactions on Machine Learning Research (2025). The material has been revised and adapted for
consistency with the structure and notation of this thesis, and is reproduced in accordance with the
terms of the applicable licence. The published version is available at: https://openreview.net/
forum?id=BLDtW1FKhn

153


https://openreview.net/forum?id=BLDtWlFKhn
https://openreview.net/forum?id=BLDtWlFKhn

154 8. Neural Network Configuration Space

puts have been used to move beyond featureless random patterns (Opper et al.,
2001; Shinzato et al., 2008; Ingrosso, 2020), while analytically tractable models based
on Gaussian data and mixtures of Gaussians have provided a controlled setting to
study the effect of structured datasets on learning and generalization (Mignacco
et al., 2020; Gerace et al., 2021; Gerace et al., 2024; Loureiro et al., 2021b; Loureiro et
al., 2021a; Loureiro et al., 2023; Cornacchia et al., 2023). More recently, higher-order
statistics have also been shown to play a central role in the emergence of internal rep-
resentations and learned features (Ingrosso et al., 2022; Belrose et al., 2024). These
developments mark an important shift toward a more realistic theoretical descrip-
tion of neural networks trained on structured data.

Despite this progress, most studies still focus on a limited portion of parame-
ter space, namely the subset of configurations that minimize, or nearly minimize,
the loss. While this viewpoint is natural from an optimization perspective, it leaves
aside the broader organization of the loss landscape. Yet, the way all possible con-
figurations are distributed across loss values can itself provide valuable information
on the learning problem.

In this chapter, we adopt this complementary perspective by investigating the
Density of States (DoS) of a neural network, namely the number of parameter con-
figurations associated with a given loss value. This quantity, central in statistical
physics, provides a global characterization of the parameter space and of its depen-
dence on the training data.

To estimate it, we employ the Wang-Landau (WL) algorithm, an enhanced-
sampling method originally introduced to reconstruct the DoS of complex physical
systems (F. Wang et al., 2001b; F. Wang et al., 2001a; Yin et al., 2012; Vogel et al.,
2014; Farris et al., 2021). By adaptively estimating the microcanonical entropy of
the loss, this method enables an efficient exploration of parameter space, including
regions that would be difficult to access with conventional sampling strategies.

Within this framework, we analyse neural networks with discrete weights and
study how the statistical and geometrical properties of the training set shape the
resulting DoS. We show that structured datasets leave distinct signatures on the
loss spectrum, and that several of these features can be reproduced and rationalized
through controlled synthetic data. In this way, the DoS provides a novel perspective
on the interplay between data structure and network behaviour, complementing

more standard analyses based on optimization and generalization.

8.2 Materials and Methods

8.2.1 Neural Network Architectures

In this chapter, we consider finite-size feed-forward neural networks with binary
synaptic weights, and study their configuration space through the loss function de-
fined over all possible parameter assignments. Since the general formalism of feed-
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forward networks and supervised learning has already been discussed in Chapter 6,
here we introduce only the specific architectures analysed in the present work.

We begin from the simplest case, namely a single-layer binary neural network,
or perceptron, which maps an input vector & € RN to a binary output according to

0(& W) = sgn(W - &), (8.1)

where W € {~1, 1}V is the synaptic weight vector. Given a set of P = aN patterns

5:1, with o# € {-1,1}, the learning

problem consists in identifying a weight configuration W such that o(&; W) = gt

{E“}zzl and their corresponding labels {o#}
for all p. In statistical-mechanical terms, this problem can be expressed through the
energy function

P
E(W)= > O(-c" W - &), (8.2)
u=1
where ©(x) is the Heaviside step function. This quantity counts the number of
incorrect input-output associations produced by a perceptron with weight vector
W, and therefore plays the role of the loss function in the present discrete setting
(Gardner et al., 1988; Gardner, 1988; Seung et al., 1992; Watkin et al., 1993).

Because of the binary nature of the weights and the use of the sign activation
function, the perceptron energy satisfies the symmetry

E(W) =P - E(-W), (8.3)

which implies that the number of states at energy levels equidistant from the middle
of the spectrum is identical by construction. As discussed in the following sections,
this property is directly reflected in the shape of the density of states for binary
classification tasks.

To move beyond linearly separable decision boundaries, we also consider a one-
hidden-layer network with binary weights. In this case, an input vector & € RN
is mapped to a hidden layer of Nj, neurons through a weight matrix W) ¢
{=1, 1}NnxN | yielding hidden activations

N
i = sgn(z W 51-), k=1,...,Ny. (8.4)
i=1

The hidden representation is then mapped to the output layer through a second
weight matrix W® e {~1, 1}NoXNi 5o that the final output reads

o= ¢>(W(2)h) , (8.5)

where ¢ denotes either the sign function, in the binary classification case, or the

argmax rule for multi-class classification.
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For a dataset of P labelled patterns, the corresponding training energy is defined

as

P
EWO,we) =y [1 - 5(0-#, o(w® sgn(W(l)cf“)))] , (8.6)
u=1

with 6 the Kronecker delta. Alsoin this case, learning amounts to identifying weight
configurations that minimize the number of classification errors. Compared with
the perceptron, the hidden layer introduces an internal representation of the input
and allows the network to implement non-linear decision rules in the original input
space.

Symmetries also exist in the one-hidden-layer network, although binary and
multi-class classification must be distinguished. In the binary case, the system re-
tains a symmetry with respect to the middle of the energy spectrum. Indeed, if both
weight matrices are simultaneously negated, the energy remains unchanged,

E(W(l), W(2)) — E(—W(l), _W(Q))_ (8.7)

By contrast, negating only one of the two matrices maps a configuration to an-
other one whose energy is symmetric with respect to the centre of the spectrum,
namely

E(-WWD w®) = gw) —w®) = p - Ew®), w2y, (8.8)

This property follows directly from the binary nature of the sign output activa-
tion function. When the output is instead defined through an argmax operation, as
in the multi-class case, this symmetry is generally lost.

8.2.2 Datasets

To investigate how the statistical properties of the training data affect the DoS of
neural networks, we consider a set of learning tasks based on both real-world and
synthetic datasets.

The first scenario involves real-world datasets. The classification task is per-
formed for various sizes of the training set « = P/N, where a is gradually increased
from 0.1 to 1.0 by randomly adding examples from the two digit classes considered.
As a result, for a given total number of inputs P, there might be a discrepancy in the
number of examples between the two classes (Py # P1): this condition is commonly
referred to as an “unbalanced” dataset. By contrast, a “balanced” situation entails
equally populated classes (Pp = P;). In the main text, we show results obtained
on the classic MNIST dataset (LeCun et al., 1998), focusing specifically on binary
classification problems involving only the first two classes (0 and 1). Additional
classification problems on the MNIST dataset are reported in Appendix F, along
with results obtained using Fashion-MNIST (Xiao et al., 2017).

In the second scenario, we use a series of approximations of an original real-
world dataset that retain selected statistical properties of each class. In particular,
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we construct Gaussian clones of the datasets, by sampling inputs from a mixture of
Gaussians each capturing the mean vector and covariance matrix of the images in
that class. We call this configuration GM (Gaussian mixture), where inputs possess
the correct mean and covariance per class but where all higher-order cumulants
are zero. We also compare the results on a simplified isotropic Gaussian mixture
(2isoGM), where only the mean of each class has been preserved, and the pixel-wise
variance of the two classes is equal to the geometric mean of the real variances.

Finally, the last two scenarios involve synthetic datasets. We collect hereafter
a few basic information on the data-generating process; all technical details can be
found in Appendix F. In the first case, each class represents an isotropic distribution
of points in N dimensions. Two controlling parameters are employed: the inter-
class separation, defined as the norm of the difference between the mean vectors
of the two classes, and the angle between these two mean vectors. In the second
case, we consider a perceptron learning problem with randomly generated data in
a Teacher-Student (TS) setup. Each input component EZH is drawn i.i.d. at random
with probability 1/2 in {-1,1}, and the outputs o/ are generated using a teacher
vector Wr as o = sgn(Wr - &), implying that data points are linearly separable by
construction as the solution Wr always exists.

8.2.3 Wang-Landau Sampling of the Parameter Space

The WL algorithm and its general theoretical framework have been discussed exten-
sively in Chapter 6. Here, we therefore limit the discussion to the implementation
details specific to the present application, the estimation of the loss DoS in finite
neural networks with binary weights.

The quantity of interest is the DoS

Q(E) = Z S(E(W)—E), (8.9)
w

namely the number of network configurations associated with a given value of the
training loss. Its direct evaluation is computationally prohibitive because the size of
the configuration space grows exponentially with the network size. A perceptron
with N binary weights has 2V possible configurations, while a one-hidden-layer
network with N input neurons, Nj, hidden neurons, and N, output neurons has
2NiN+NoNi configurations (F. Wang et al., 2001a; F. Wang et al., 2001b). Asa concrete
example, a perceptron with N = 100 binary weights has 219 ~ 1.3 x 103 possible
configurations; even assuming that a previously unvisited state could be sampled
on average every nanosecond, exploring the full configuration space would require
more than 10'3 years. In this regime, WL sampling provides an efficient strategy to
reconstruct QQ(E) through a sequence of biased random walks in parameter space
(F. Wang et al., 2001b; F. Wang et al., 2001a; Shell et al., 2002).

In practice, the simulation is performed in the entropy representation, S(E) =
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In Q(E), and follows the standard histogram-flatness version of the WL algorithm.
At each iteration, the current estimate of the entropy is updated together with the
visitation histogram in energy space. A Monte Carlo move consists in proposing
a new network configuration by flipping a subset of the binary weights; if W and
W’ denote the current and proposed configurations, with corresponding energies
E = E(‘W) and E’ = E(‘W’), the move is accepted according to the usual WL rule

Q(E)

AW — W) = min {1, Q)

} = min {1, exp[—(S(E’) - S(E))]} . (8.10)

Once the histogram satisfies the flatness criterion, namely when the population
of each visited energy bin is at least 80% of the average histogram count, it is re-
set and the refinement parameter is reduced according to the standard schedule
Fr+1 = Fi/2. The simulation is stopped when F < 1076, The resulting DoS is de-
termined up to an overall multiplicative constant, which can be fixed in the present
case because the full energy spectrum is sampled and the total number of admis-
sible configurations is known exactly. The normalization is therefore obtained by
imposing that the sum of the estimated DoS over all energies equals the total num-
ber of network configurations. Additional implementation details of the WL algo-
rithm, including validation tests, convergence analysis, and scaling behaviour, are
reported in Appendix F.

8.3 Results

In most studies of neural networks, the focus lies on parameter configurations that
minimise the loss function. Here, by contrast, the analysis is extended to the full
loss spectrum, investigating how the number of parameter configurations associ-
ated with each value of the loss — that is, the DoS — depends on the properties of
the network and its training set. Several interconnected factors, among which net-
work architecture, activation functions, and statistical structure of the input, play a
critical role in shaping the loss DoS. Rationalizing this interplay bears twofold con-
sequences: on the one hand, it provides insight into the properties of the dataset
itself; on the other hand, it can help us in understanding the inner working of task-
optimized neural networks. In the following, we report the results of our work in
one of these directions, our main goal being to elucidate how data structure impacts
the DoS.

In the first part of this section, we apply our method to a benchmark dataset
commonly employed in supervised learning. We examine both a perceptron and a
one-hidden layer architecture solving classification tasks. A drawback in the theo-
retical analysis of real-world datasets is that the probability distribution underlying
the input data is generally not known: to make sense of our results, we thus turn to
analyse synthetic datasets whose generative model is controllable with a small set
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Figure 8.1: Comparative analysis of the DoS in classification tasks of random or structured data
across different network architectures and input dimensions. (a) Schematic representations of the
network architectures: single-layer perceptron (top), and one-hidden layer network for both binary
classification (middle) and multiple classifications (bottom), illustrating the input layer (N), hid-
den layer (Ny,), and output layer (N, ), along with their respective weight connections. (b) DoS
for binary classification of random input data, in teacher-student setup, using a single-layer percep-
tron. (c) DoS for binary classification of the first two classes of the MNIST dataset with N = 784
input dimensions by single-layer perceptron, illustrating results for different learning complexities
(P/N =1.0and P/N = 0.1). (d) DoS for binary classification of the first two classes of the MNIST
dataset with N = 100 input dimensions, with a fixed data size of P = 140 and varying network ar-
chitectures, including a single-layer (SL) perceptron and one-hidden layer network with different
numbers of hidden layer neurons (Ny,). (e) DoS for multi-class classification of the MNIST dataset
with N = 100 input dimensions, showing results for varying numbers of hidden neurons (Ny,) in
the one-hidden layer network.

of parameters, recovering the same phenomenology observed in the case of realistic
input data.

8.3.1 Density of States Analysis of Benchmark Tasks

We start off addressing the problem of computing the DoS for simple networks ap-
plied to both random and structured input data. We analyse both a binary, single-
layer (SL) perceptron and a network with one hidden layer with varying size. The
latter architecture is employed for binary classification as well as multi-class la-
belling.

Figure 8.1.a shows the DoS for the aforementioned architectures and classifi-
cation tasks, demonstrating how various factors modify its properties. The DoS
in perceptron solving a binary classification task on both random (Figure 8.1.b)
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and real data (Figure 8.1.c) is displayed. We also show the results obtained in a
one-hidden layer neural network with an increasing number of neurons N}, in the
hidden layer, for binary (Figure 8.1.d) and multi-class classification on the MNIST
dataset (Figure 8.1.e)

Figure 8.1.b,c,d illustrate that, in the case of binary classification, the DoS curves
are symmetric with respect to the mid-energy value (E = 0.5) irrespective of the net-
work architecture. As anticipated, the symmetry is induced by the sign activation
function in conjunction with the binary nature of the weights, i.e., W = {-1, 1}V,
Such symmetry is lost in the presence of multi-class classification with an argmax
function (see Figure 8.1.e), where instead the DoS peaks at a value of the energy cor-
responding to the typical error 1 — 1/C obtained when guessing C possible classes
with uniform probability.

We now compare the characteristics of the DoS curves for binary classification
via a perceptron in two distinct scenarios: i.i.d. data labelled by a teacher network
(Figure 8.1.b) and structured data, exemplified by the classification of the first two
MNIST classes (Figure 8.1.c). Both curves exhibit a maximum at the central energy
value (E = 0.5), indicating that most network configurations incorrectly label half
of the input data. However, the shape of the distribution is markedly affected by
the type of data used in the binary classification. For i.i.d. data, the DoS follows
a Gaussian distribution centred at 0.5 (Appendix F). For structured data, the DoS
decreases almost linearly away from the centre of the energy range.

The non-Gaussian shape of the DoS is maintained even when the network archi-
tecture is modified by adding a hidden layer (Figure 8.1.d). Specifically, we used
a one-hidden layer network with varying inner layer sizes to perform binary clas-
sification of the first two MNIST classes (reshaped into N = 100 dimensions, i.e.,
10 x 10 instead of the original 28 x 28). We note that the general properties of the
curve, symmetries and shape, are preserved. The DoS obtained with a perceptron,
taken as a reference, is different from the one obtained with a dataset of larger-sized
images; in particular, this curve has a sharper central peak, from which a slower
decrease is observed while moving towards lower and higher energy values. This
notwithstanding, as the number of hidden layers is increased, the DoS curve grad-
ually converges to a shape qualitatively much more similar to the one observed in
the case of Figure 8.1.c (SL perceptron, MINST dataset with images of size 28 X 28).

Taken together, these findings suggest that the shape of the DoS is influenced
by the architecture of the network as well as by the structure of the input data, in
a non-trivial interplay between the two. In order to better understand the origin of
specific properties of the DoS, we thus modulated some features of the underlying
data and investigated the relationship these bear with the shape of the resulting
curve.

Firstly, we studied the effect of class imbalance on MNIST dataset, i.e., the dis-
crepancy between the number of data points { Py, P1 } in the two classes, while keep-
ing the total number of points P = Py + Py fixed. To assess the impact of class im-
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balance on the dataset, the DoS curves of the binary classification were computed
for different values of Py, thus including scenarios where class 1 was either pre-
dominant (P; > Py) or in the minority (P; < Py). Figure 8.2.b shows that as class
imbalance is increased, the peak of the DoS shifts away from the centre of the spec-

trum.

Irrespective of which class is predominant, we observe the appearance of two
peaks that shift from the centre as the imbalance increases, due to the symmetry
of the DoS curve. When P; is significantly greater than Py (green curves), the DoS
shows pronounced peaks away from the centre, indicating a higher concentration
of states at low/high energy values. As P approaches P /2 (red curve) from above,
the DoS curves become more centralized, indicating a more balanced distribution
of states across the energy spectrum. When P; is less than P/2 (and thus less than
Py, blue curves), a pattern similar, albeit mirrored, to the first case emerges, with
the peaks moving away from the centre as P; is decreased.

This behaviour can be understood by noting that the two symmetrical peaks in
the DoS correspond to distinct sets of solutions arising from the class imbalance.
The low-energy peak represents configurations where the decision boundary opti-
mally classifies the majority class, while the minority class contributes most of the
errors (and vice versa for the high-energy peak). This duality is a natural conse-
quence of the binary weights of the perceptron and the definition of energy, which
symmetrically measures the misclassifications of the two classes.

The shifting of the peaks described above is clearly reflected in a scatter plot (Fig-
ure 8.2.c) that correlates the position of the low-energy maximum of the DoS curve
with the degree of unbalancing, computed as by |0.5—P; /P|. The plot shows results
for two distinct values of dataset size, « = 0.1 (squares) and a = 1 (diamonds). As
the degree of imbalance increases, the peak energy shifts proportionally, thereby
providing a quantifiable measure of the impact of class distribution on the DoS.

These results show how class imbalance plays a crucial role in shaping the DoS,
in a way that is further dependent on the structure of the input data; most impor-
tantly, class imbalance does not change the location of the DoS peak for randomly
distributed input: we observe such behaviour only in the presence of structured
data. This conclusion is supported by further analyses we carried out on the MNIST
and Fashion-MNIST datasets (see Appendix F).

8.3.2 Density of States Analysis of Synthetic Tasks

To further elucidate the factors impacting the DoS, we studied simple classification
problems on synthetic datasets, designed in such a way that a systematic study can

be carried out over a small number of control parameters.
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Figure 8.2: DoS analysis for binary classification of MNIST digits (0 and 1) under various class
imbalances. (a) Schematic representation of class imbalance. In the top section of the panel, P1 > Py,
there are more elements in class 1 (orange) than in class 0 (blue). In the middle section, Py = Py, the
classes are balanced. In the bottom section, Py < Py, there are fewer elements in class 1 than in class
0. The total number of points Py + Py = P is fixed. (b) DoS at a fixed learning complexity of P/N =
78/784 resulting in MINIST binary classification for different class imbalances. The legend indicates
the number of elements in class 1 (Py). Perfect class balance is achieved when Py = Py = P/2 = 39
(red curve). Larger deviations from this value indicate greater class imbalance. Blue curves represent
a predominance of class 0, while green curves represent a predominance of class 1; the lighter the
colour the greater the class imbalance. (c) Peak energy values plotted against the absolute difference
|0.5 — Py /P|, showing the correlation between peak energy and class imbalance. This correlation does
not depend on which class is predominant: blue points indicate class 0 is predominant, and green
points indicate class 1 is predominant. Results are shown for two values of learning complexity:
P/N = 0.1 (squares) and P/N = 1.0 (diamonds).

Density of States in Classification Problems with Data From Mixtures of Isotropic
Gaussians

Here, we focus on the DoS obtained from input data sampled from Gaussian prob-
ability densities and study its changes as we modify specific parameters of these
distributions. We construct a binary classification task where the different classes
consist of isotropic clouds of points in a high-dimensional space (we set N = 41).
The distributions for each class are Gaussians with zero mean and unit variance
(further details can be found in supplementary material Section I). We systemat-
ically vary the inter-class distance Ay, defined as the distance between the mean
points of the distributions, as well as the angle 0 between the mean vectors.

Figure 8.3.b shows the DoS curves obtained by varying the value of Ay, in the
simple case of 6 = 180°. We expect that a large value of Ay is associated to rather
trivial classification tasks, since the two groups of points are nearly distinct and,
consequently, a great number of planes in input space can successfully separate
them. In contrast, a Ay close to zero corresponds to overlapping clouds: in this
latter case, no plane likely exists that allows a distinction between them.

This expectation is indeed confirmed by the behaviour of the DoS: the latter is
bell-shaped, with a peak at the centre of the spectrum when Ay is small, imply-
ing that the vast majority of network parameter configurations wrongly classify the
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Figure 8.3: DoS analysis for binary classification of synthetic datasets studying the impact of inter-
class separation (Au) and inter-class mean angle (0). The angle between the two mean vectors
uniformly ranges from 180° to 18°. (a) Pictorial representations of inter-class separation (Au) at
the top and inter-class angle (6) at the bottom. (b) DoS at a fixed learning complexity of P/N =
60/41 obtained in the binary classification for multiple inter-class separations Ay and fixed inter-
class angle (6 = 180°) for balanced classes. The legend indicates that lighter colours correspond
to larger inter-class distances. (c) Peak energy values plotted against the inter-class distance Ay at
0 = 180° for balanced classes (orange) and imbalanced classes (gray). The plotted values represent
the average from 20 independent replicas of the system in the same configuration, with associated
statistical deviations. (d) DoS at a fixed learning complexity of P/N = 60/41 obtained in the
binary classification for large inter-class separations (Au = 2.0) and small inter-class mean angle
(6 = 18°) for different class imbalances. The legend indicates the number of elements in class 1 (Py).
Perfect class balance is achieved when P, = Py = P /2 = 30 (red curve). Larger deviations from this
value indicate greater class imbalance. Blue curves represent a predominance of class 0, while green
curves represent a predominance of class 1; lighter colours indicate greater class imbalance. (e) Peak
energy values plotted against the inter-class distance (Au) for different values of class imbalance as
reported in the legend. Red points denote balanced classes. Blue and green points indicate unbalanced
classes with a predominance of class 0 and 1, respectively; lighter colours indicate greater imbalance.
The two panels differ by the value of the inter-class mean angle, with 6 < 90° on the left and 6 > 90°
on the right.
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inputs 50% of the times. As Ay increases, the DoS broadens significantly: for suf-
ficiently high values of Ay the DoS develops two distinct peaks at the lowest and
highest energy values, implying that most parameter sets correspond to classifi-
cation planes that correctly label the data (or, alternatively, that make the wrong
labelling all the times, which is equivalent to perfect labelling up to a sign).

In Figure 8.3.c we show the position of the DoS peaks as a function of Ay (0 =
180°). The orange curve represents the balanced case (P; = Pj), while the grey
points correspond to scenarios with class imbalance (P; # Pp). In this context,
class imbalance does not affect the location of the DoS peaks: the trend is indeed
consistent for both balanced and unbalanced scenarios.

We then extend our analysis to a synthetic dataset where both the angle and
inter-class distance are varied systematically; we focus in particular on the two dif-
ferent regimes of small and large inter-class distances. Results are summarized in
Figure 8.3.d,e. For large inter-class distances (e.g. Ay = 2) and low angles (e.g.
0 = 18°), the DoS curves exhibit several properties observed in real datasets (Fig-
ure 8.2.b): the curves lose their typical bell shape, with the location of the maximum
density being controlled by class imbalance. When P; = P/2 = 30, the DoS (red
curve) displays a single peak at the centre of the energy spectrum. As P; deviates
from P/2, with larger values marked in green and smaller values in blue, the peak
shifts away from the centre. The peak location approaches the tail of the spectrum
as P; deviates further from the balanced case.

The location of the maximum DoS reveals two distinct regimes based on the
angle between the mean vectors: 6 > 90° and 0 < 90°. In the first regime, class im-
balance does not affect the peak location of the DoS curve. In contrast, for smaller
angles, it plays a crucial role in determining the position of the peak, which shifts
systematically towards the edges as the imbalance increases. The influence of class
imbalance on the peak location is diminished when the inter-class separation is
small. For small Ay, the maximum of the DoS remains centred in the energy spec-
trum, regardless of the angle between the mean vectors.

The results discussed thus far demonstrate that synthetic datasets have consid-
erable power in replicating the behaviour observed in real-world cases. This pro-
vides valuable insights in the way neural networks carry out classification tasks:
particularly, in the context of binary labelling involving MNIST data, we observe
that the angle between the inter-class mean vectors generally falls below 90° (see
Appendix F); such observation aligns with the results obtained on synthetic data,
where class imbalance significantly influences the location of the peak of the DoS
curves only for small angles, as it is the case for MNIST data.

Density of States in Classification Problems with Mislabelled Data

Label noise can affect the training performance and robustness of neural networks.
Here we investigate how the DoS is affected by the presence of mislabelling, i.e., the
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Figure 8.4: DoS analysis for binary classification of synthetic datasets examining the impact of
mislabelled elements at different inter-class separations Ap. (a) Pictorial representation of feature
mislabelling for different numbers of mislabelled elements L. Each class is represented by an isotropic
cloud of points, with one class having a mean vector m labelled as +1 (blue) and the other class
with mean vector —m labelled as -1 (orange). The total number of points remains constant across
different values of L. In the absence of feature noise (i.e., L = 0), there are an equal number of
points in each class. Mislabelling is introduced by randomly selecting L elements and flipping their
labels. For L = 0, all points are correctly labelled, while for increasing L (e.g., L = 5and L =
P/2), a portion of points from the cloud labelled +1 are relabelled as -1, and and a portion of points
from the cloud labelled -1 are relabelled as +1, leading to label noise. (b) DoS at a fixed learning
complexity P/N = 60/41 and inter-class separation (A = 1.3), obtained in the binary classification
for various numbers of mislabelled elements (L). The legend indicates that lighter colours correspond
to a higher number of mislabelled elements (greater L). (c) Peak energy values plotted against
the inter-class distance for different numbers of misclassified elements. The plotted values in the
range Ap € [0.8,1.3] represent the average from 10 independent replicas of the system in the same
configuration, with associated statistical deviations.

attribution of a given data point to the wrong class, which we can easily model
in a synthetic dataset by switching the label of subsets of points generated from a
mixture of Gaussians.

Specifically, we analyse a setup where some input patterns in the dataset are
mislabelled. Each class is an isotropic Gaussian cloud of points, with the two mean
vectors identifying the classes as antiparallel (0 = 180°); one cloud has a mean
vector m and is labelled as +1, while the other cloud has a mean vector —m and is
labelled as —1. We vary both the inter-class separation Ay and the number of misla-
belled elements L. To achieve the latter, a set of elements L is chosen at random, and
their labels are reversed so that points from the cloud with mean m are labelled as
—1, and/or points from the cloud with mean —m are labelled as +1. The parameter
L ranges from 0, indicating all points are correctly labelled, to P /2, representing the
maximum degree of disorder where half of the points are mislabelled.

Figure 8.4 shows that, as in previous scenarios, the peak of the DoS remains
centrally located for any L value when the classes are close to each other (Ay <
1). However, as the inter-class separation increases, the introduction of mislabelled
elements causes the peaks to shift. Notably, in the absence of mislabelling, the peaks
typically appear at the tails of the spectrum for configurations with large Ay and
0 = 180°.
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Figure 8.5: DoS analysis for binary classification of Gaussian clones of MNIST data, investigat-
ing the impact of high-order statistics on DoS properties. (a) Angle between the mean vector of
class 1 and the mean vectors of other classes in the MNIST dataset, as indicated on the x-axis. (b)
Peak location of the DoS plotted against the inter-class separation distance Ay for different values of
class imbalance, as shown in the legend. Results are obtained from 9 different binary classification
problems, comparing MINIST class 1 against each of the other MINIST classes. Red points indicate
balanced classes, while blue and green points represent unbalanced classes, with lighter colours cor-
responding to greater imbalance. The two panels differ in the approximation used for the covariance
matrix: Gaussian mixture (GM, left) and isotropic Gaussian mixture (2isoGM, right) clones.

As the level of mislabelling L increases, the peaks move progressively toward
the centre of the spectrum, converging to an energy of approximately 0.5. This
behaviour reflects the increasing randomness of the classification task: with more
mislabelled data, the network encounters a loss landscape where a large fraction
of weight configurations yield similar levels of classification error, tending towards
the limit of random classification. In this scenario, the DoS becomes dominated by
configurations that provide no clear decision boundary between the classes. This
transition aligns with the expectation that a heavily mislabelled dataset effectively
loses its structure, rendering classification equivalent to chance.

This shift in peak position due to mislabelling mirrors the behaviour observed
with class imbalance at low values of the angles between mean vectors (Fig-
ure 8.3.d), highlighting the complex interplay between data characteristics and the
resulting DoS. The progression of the DoS toward a central energy point empha-
sizes the sensitivity of neural network performance to label noise and underscores
the importance of ensuring dataset quality in real-world applications (Refinetti et
al., 2023; Belrose et al., 2024).

Density of States in Classification Problems with Gaussian Clones of Real-World
Datasets

An interesting technique to understand the relevance of input structure on learning
is the construction of a hierarchy of clones that only retain some statistical properties
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of the original real-world data.

In the light of this, we constructed a synthetic dataset where each class is a
Gaussian clone of the original MNIST data, but where we can adjust the inter-class
distances (see Supplementary Section I for further details). By doing so, we can
reproduce the behaviour observed in the previous sections. This is true whether
we employ the real correlation matrix (GM clone) or a diagonal covariance matrix
(2ISOgm). In both cases, the DoS curves show properties that closely mirror those
observed with the synthetic datasets discussed in Section 8.3.2, particularly how the
peak location is influenced by class imbalance for small angles between the mean
vectors (see Figure 8.5). The specific structure of the covariance matrices does not
seem to play a role in determining the peak location, which is mostly influenced by
the difference in the mean vectors.

8.4 Conclusions

In this chapter, a general approach to measuring the DoS in neural network learn-
ing problems has been introduced. Although enhanced sampling techniques are a
standard tool in statistical mechanics and soft matter physics (Kim et al., 2006; Stel-
ter et al., 2019; Kim et al., 2012; Tsai et al., 2007; Menichetti et al., 2021), their use in
machine learning, and in neural networks in particular, has only recently begun to
attract attention (Liu et al., 2023).

Here, for the first time to the best of our knowledge, one of these methods has
been employed to thoroughly characterise the loss spectrum of simple neural ar-
chitectures across a variety of learning tasks. A key aspect of this approach is that,
unlike classic average-case analytical methods, it can be profitably applied to finite-
size single instances, thus providing a complementary and promising perspective on
a novel class of problems. Specifically, the WL algorithm has been used to clarify
the impact of several factors on the DoS, with particular attention to the differential
effects of input statistics, linear separability, and class imbalance. The latter point
is especially relevant in view of the growing interest in the role of class imbalance
in learning and in the implicit biases of deep neural networks (Francazi et al., 2024;
Francazi et al., 2023). In particular, the analysis presented in this chapter addressed
the effect of class imbalance on the entire spectrum of the training loss.

This first application of the methodology was restricted to fully connected net-
works with a single hidden layer. A natural next step is the extension to more com-
plex and multilayered architectures, which would make it possible to investigate
how the DoS is affected by weight sharing, as in convolutional layers, recurrent
computation, as in sequence-processing architectures, and multiplicative interac-
tions, as in attention-based models. While the extension of the technique to deeper
networks is conceptually straightforward, its practical application raises an impor-
tant issue of scalability (see Appendix F for a benchmark of convergence times).
In the present context, applying the protocol to deep overparametrized networks
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would entail a high computational cost, owing to the exploration of a configuration
space that grows exponentially with network size. In this work, the original, “plain
vanilla” implementation of the WL algorithm was adopted because of its simplic-
ity and because it provides a suitable proof of concept for the present approach (F.
Wang et al., 2001a; F. Wang et al., 2001b). The advantage of this choice in terms
of clarity and simplicity is counterbalanced by limited efficiency, especially in deep
overparametrized settings.

The scalability issue can, however, be addressed through several possible strate-
gies. These include parallelisation over both training patterns and energy windows
using GPU resources (Yin et al., 2012; Vogel et al., 2014; Farris et al., 2021), as well
as more advanced variants of the WL algorithm based, for example, on multi-level
sampling (Vogel et al., 2013), replica exchange (Vogel et al., 2014), and energy-
biasing (Valentim et al., 2015). In soft and condensed matter physics, such tech-
niques have been shown to significantly improve both sampling efficiency and scal-
ability. In addition, (Liu et al., 2023) has demonstrated the advantages of optimised
WL implementations in the context of neural networks. In that work, the method
is used to explore the input space of a network, and improvements in efficiency and
scalability are obtained through approximations such as entropy interpolation and
gradient discretisation. Similar optimisations therefore appear promising for ex-
tending the scope of the present approach to larger and deeper neural architectures,
and this direction is the subject of ongoing work.

The analysis in this chapter focused on networks with discrete synaptic weights.
Nevertheless, WL techniques are known in soft and condensed matter physics to
be applicable also in continuous spaces, as illustrated, for example, by their use in
molecular simulations (Shell et al., 2002; Zhou et al., 2006; Yan et al., 2003). Extend-
ing the algorithm to continuous-weight neural networks does not alter the overall
conceptual framework, but it does require more refined strategies for generating
proposal moves in weight space. In contrast to the discrete case, however, such
moves can exploit the differentiable nature of the loss landscape, so that strate-
gies akin to stochastic gradient descent can be used to propose new weight con-
figurations. Further support in this direction may also come from enhanced sam-
pling techniques commonly employed in molecular simulation studies (Hénin et
al., 2022).

Taken together, the possible improvements and extensions discussed above sug-
gest that the present methodology may eventually become applicable to modern
neural network models of practical relevance. For example, the approach could
contribute to the study of the relation between weight-space and function-space
descriptions, in line with recent developments on linearised models in Bayesian
networks (Roy et al., 2024). This, in turn, could help clarify how weight configu-
rations relate to functional outputs, complementing the information obtained from
density-of-states analyses. More broadly, the WL approach may also provide use-
ful indications for the selection of suitable architectures for a given problem, by
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analysing the DoS together with the dynamics of learning algorithms as the weights
traverse configurations with different entropy. Since gradient-based algorithms are
known not to sample the loss landscape uniformly, but instead to display induc-
tive biases (Farnia et al., 2020; Kalimeris et al., 2019; Rahaman et al., 2019) that can
influence the entire learning dynamics (Refinetti et al., 2023; Belrose et al., 2024),
studying optimisation dynamics from the perspective of the loss density appears to
be a particularly interesting direction for future work.

Take-home message

The behaviour of a neural network is usually studied through trained solu-
tions, but these represent only a small subset of all possible network con-
figurations. In this chapter, Wang-Landau sampling was used to estimate
the Density of States of neural networks, namely how many configurations
correspond to each value of the classification error. This provided a global
statistical description of the network configuration space and showed that its
organisation depended jointly on the architecture and on the structure of the
data. Learning can therefore be interpreted not only as the search for a good
solution, but also as the exploration of a structured landscape of possible con-

figurations.
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9.1 Introduction

Modern neural networks have achieved remarkable empirical success, even as
the principles through which learning, generalisation, and internal organisation
emerge remain largely unknown. Among the numerous puzzling aspects of these
systems that one might focus on in order to gather a hint of their inner workings,
one is of particular scientific as well as technological prominence: the necessity
for overparametrization. Indeed, modern neural networks are generally highly-
overparametrized, in the sense that in order to achieve a high level of generalisation
the system has to entail far more internal degrees of freedom than they are nomi-
nally required to encode the desired target input-output relation (Goodfellow et al.,
2016; Zdeborova, 2020; Mehta et al., 2019; A. Engel et al., 2001).

This overparameterisation is widely regarded as a central ingredient in the op-
timisation dynamics and empirical success of neural networks; at the same time,
though, it raises fundamental questions. Why does this apparent excess of param-
eters bear more benefit than damage? Are all these units necessary during train-
ing only or are in general required for the effective working of the network? How
is task-relevant computation distributed across the hidden units? And, more pre-
cisely, given a trained hidden representation, can one identify specific neurons that
are essential to preserve predictive performance and other that, instead, play a re-
dundant or secondary role?

As anticipated, these questions bear directly on two distinct but closely related
issues in deep learning: efficiency and interpretability. The first one pertains to the
identification of those neurons that carry out most of the task-relevant computation;
this is central to pruning and model compression, which seek to reduce memory us-
age and computational cost while preserving predictive performance (LeCunetal.,
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1990; Hassibi et al., 1993; Han et al., 2016; Blalock et al., 2020; Hinton et al., 2015).
Strategies for the reduction of network complexity, clearly while retaining the high-
est level of accuracy, are of key importance for deployment in resource-constrained
settings, and they also have an impact on transferability, since a useful compressed
representation should remain adaptable under fine-tuning on downstream tasks
(Yosinski et al., 2014; Iofinova et al., 2022). Furthermore, model compression be-
comes extremely relevant when labelled data are scarce, because in that regime one
would like to retain only the most robust and transferable features while avoiding
unnecessary capacity.

The same motivations that fuel the quest for efficient model reduction ap-
proaches also play a role in the context of interpretability: in this context, one won-
ders whether specific hidden units have identifiable functional roles, how strongly
information is localised or distributed, and whether dominant features can be dis-
entangled within the learned representation (Bau et al., 2017; Morcos et al., 2018;
Hooker et al., 2019). From this perspective, neuron selection is not only a compres-
sion strategy, but also a way to probe the network organisation that has emerged
through training.

Alarge body of work has addressed these problems through pruning, sparsifica-
tion, and regularisation methods. In these approaches, network parameters or even
whole neurons are typically ranked according to criteria such as weight magnitude,
local sensitivity, saliency, or estimated contribution to the loss, and the least im-
portant components are removed (LeCun et al., 1990; Hassibi et al., 1993; Han et al.,
2016; Molchanov et al., 2017; Cheng et al., 2024). In parallel, dropout-based regular-
isation has shown that neural networks can remain effective even when substantial
fractions of the hidden units are randomly suppressed during training, pointing to
a considerable degree of redundancy in learned representations (Srivastava et al.,
2014). These studies also indicate that redundancy is highly non-uniform: some
subnetworks or subsets of units preserve function much better than others, as em-
phasised by works on winning tickets, neuron importance, and the behavioural ef-
fects of compression (Frankle et al., 2019; Morcos et al., 2018; Hooker et al., 2019;
Blalock et al., 2020).

What remains much less clear, however, is whether these unequal contributions
can be inferred directly from the internal statistical organisation of the hidden repre-
sentation itself, rather than from supervised importance scores. This is a key issue
with impactful fundamental as well as practical consequences: indeed, a positive
answer to this question would imply that the efficiency of a trained network in per-
forming a given task is discernible from statistical heuristics solely based on the
hidden layer features, oblivious of external attributes associated with the task itself.
The importance of a protocol to highlight these characteristics is hard to overesti-
mate.

In this chapter, we address this question from an information-theoretic perspec-
tive. Rather than assigning neuron importance through their immediate effect on
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the supervised loss, we treat the hidden layer as a configuration space generated
by the network over the dataset, and define a reduced representation by retaining
only a subset of hidden neurons. The central question is then whether the statis-
tical structure of these hidden configurations, by itself, is sufficient to identify in-
formative subsets. To this end, we use the Mapping Entropy (ME), introduced in
Chapter 6, which quantifies the information loss induced by a given CG choice. In
the present setting, CG corresponds to a decimation of the hidden layer, and by
minimising the ME one identifies the subset of neurons that best preserves the dis-
tinguishability of the hidden representations. In this way, the problem of neuron
selection is recast as an unsupervised search for reduced hidden representations
that retain the relevant configurational information.

This approach is interesting for two reasons. First, it provides an unsupervised
criterion to probe the internal organisation of hidden layers, independently of gradi-
ent information or explicit supervised importance measures. Second, it allows us to
test whether the information preserved by the representation is related to the actual
functional contribution of the selected neurons, as assessed through the predictive
performance of the reduced network. If such a correspondence holds, it would indi-
cate that the geometry of the hidden representation already encodes which neurons
contribute most to the task performed by the network.

The analysis is carried out on two complementary classes of systems. The first
consists of TS networks, where the structure of the hidden representation is con-
trolled by construction and the alignment between hidden units and teacher fea-
tures can be monitored explicitly (A. Engel et al., 2001; Saad et al., 1995). This
setting allows us to ask in an explicit way which neurons are selected by ME min-
imisation and how that selection evolves during training. The second is the Non-
Linear Gaussian Process (NLGP), which provides a synthetic but richer scenario in
which hidden units naturally split into distinct functional classes (Ingrosso et al.,
2022). Here the goal is to assess whether ME can detect such heterogeneity directly
from the hidden representations. Finally, the functional significance of the selected
subsets is evaluated through pruning experiments on NLGP and MNIST, by com-
paring the predictive performance of the corresponding reduced networks against
random baselines (LeCun et al., 1998; Deng, 2012).

9.2 Materials and Methods

The hidden layer of a feed-forward neural network is taken as the microscopic rep-
resentation of the system. A CG description is then defined by selecting a subset of
ncg < K neurons from a hidden layer of width K. Accordingly, a decimation map-
ping M specifies which neurons are retained and therefore determines the reduced
representation. In particular, given an input pattern x¥, the network produces a
hidden post-activation vector h* = (hf, ceey hﬁ). Its components are binarized by
taking their sign, yielding the binary hidden configuration
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P = (st sh),  sM = sign(ht) € {-1,+1}. (9.1)

The collection of such configurations over the dataset defines the ensemble of
microscopic states considered in the analysis. For each ¢*, the mapping M induces
areduced configuration ®* = M(¢p"). At fixed reduced size n.¢, the optimal subset

is identified by minimising the ME over the set M,,_, of all mappings that retain

ncg
exactly n., neurons:

M* =arg min  Spap(M). (9.2)

Me neg

The formal definition of S, and its information-theoretic interpretation were
provided in Chapter 6. The optimisation is carried out with different strategies de-
pending on the size of the hidden layer and, correspondingly, on the number of
admissible mappings. When the mapping space is sufficiently small, the minimum
is determined through an exhaustive exploration of all configurations. For larger
hidden layers, where such a complete enumeration becomes computationally pro-
hibitive, the minimum is instead approximated through a stochastic minimisation
procedure based on simulated annealing.

9.2.1 Teacher-Student

As an initial controlled setting, we consider a one-hidden-layer network within the
TS framework (Goldt et al., 2019; Goldt et al., 2020). The general TS construction
was introduced in Chapter 6; here we specify the definitions and settings adopted
in this work. Both teacher and student take inputs in RN and have hidden layers of
size M and K > M, respectively. This yields a controlled over-realised TS setting,
in which the student has more hidden units than the teacher, while the teacher
provides a natural reference structure (Watkin et al., 1993; A. Engel et al., 2001).
Both networks are modelled as soft committee machines with fixed second-layer
weights under the standard TS normalisation, and training acts only on the student
first-layer weights (Saad et al., 1995; A. Engel et al., 2001).

Two instances of this setting are considered. The first is an analytically con-
structed replicated configuration, in which the student hidden units are organised
into groups of replicas associated with the teacher units. The second consists of
trained student networks obtained by online learning on teacher-generated exam-
ples. We first introduce the common TS architecture and notation, and then specify

these two cases separately.

The teacher first-layer weights are taken to be an orthonormal set {Bi}f\il, with
B, e RN and B; - B; = 6;j. Accordingly, the student has K = nM hidden neurons,
indexed by pairs (i, a), where i € {1,..., M} labels the associated teacher neuron
and a € {1,...,n} labels the replica within that group. Input patterns are sampled

independently from the standard Gaussian distribution, x* ~ N(0, Iy). The teacher
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and student outputs are defined by

P (x) = —— i H(x By) = —— f o (93)
VMG VM
M M n M M n
yh(x) = g ; 2 St T 0) = g ; 2 st (9.4)

where the activation function is

o(x) = erf(%) . (9.5)

In the controlled setting, student first-layer weights are generated directly from
the teacher weights through a tunable mismatch parameter n € [0, 1]. Specifically,

Jia=+1-12Bi+1Vig, (9.6)

where v, , is a unit vector drawn uniformly in the subspace orthogonal to B;, so
that v; o - B; = 0. By construction, each student vector remains normalised and has
overlap

Jia-Bj=41-120ij, (9.7)

with the teacher weights. The parameter 1 therefore controls the degree of align-
ment: 11 = 0 corresponds to exact replication of the teacher representation, while
n = 1 corresponds to a fully orthogonal representation within the complementary
subspace.

Alongside the controlled construction, trained student networks were also anal-
ysed. The student was trained by an online learning procedure on examples gener-
ated by the teacher, with only the first-layer weights updated and the second-layer
weights kept fixed at their prescribed normalised values. As noted above, training
naturally drives the student towards the replicated organisation that is enforced an-
alytically in the in silico construction. To apply the same (i, @) labelling to trained
networks, each student neuron is assigned to the teacher class with which it has the
largest overlap at the end of training. With this convention, an effective mismatch
parameter is defined as

2
n?ﬁfx(t) = \/1 - (m}?LXJi,a(t) . B]) , (98>
and its network average as

nan(t) = 2 ) (9.9)
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The quantity neg(t) provides a time-dependent measure of the student-teacher
alignment, enabling a direct comparison between trained networks and the con-

trolled in silico reference.

For each value of n (or n¢s), the ME analysis was performed over subsets of
student neurons. Since the replicated construction associates each student neuron
with a well-defined teacher class, the selected mappings can be characterised not
only by their ME value but also by their composition. For a mapping M, let n;(M)
denote the number of selected student neurons associated with teacher neuron i,
and define

ni(M)

piM) = M

= {1/~"/M}/ (910)

with 3™ p;(M) = 1. The balance of the mapping is then quantified by

— max; pi(M)
1-1/M

AM) = ! (9.11)

By construction, A = 0 when all selected neurons belong to the same class, cor-
responding to a maximally redundant mapping, whereas A = 1 when the selected
subset is perfectly balanced across all M classes. The quantity A was used through-
out the analysis as a complementary descriptor of the structure of the selected map-
pings, and its definition applies without modification to both the in silico and trained
settings.

We investigated two TS configurations, both with input dimension N = 100. In
the first, the teacher and student hidden layers have sizes M = 2 and K = 10, respec-
tively, and the analysis is based on 3 x 10 examples; this system is small enough
to allow an exhaustive exploration of the mapping space. In the second, M = 5 and
K = 25, and the analysis is based on 10° examples; in this case, the larger mapping
space makes it necessary to minimise the ME by simulated annealing rather than
by exhaustive search. Apart from this difference in numerical treatment, the model
construction and the definitions of 1, n7c¢, and A are identical in the two settings.

9.2.2 Non-Linear Gaussian Process

As a second model, we considered a synthetic binary classification task based on a
Non-Linear Gaussian Process (NLGP) (Ingrosso et al., 2022). Input patterns are N-
dimensional vectors, where each component x;, withi = 1,..., N, plays the role of
a pixel intensity. Two classes are generated, corresponding to Gaussian fields with
correlation lengths £* and &7, respectively. The patterns belonging to each class are
generated as

<& = Py Zéi)

757 (9.12)
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+ . . . .
where Z(S S RN is a zero-mean Gaussian vector with covariance

.9
cf] = (zf*z]%‘*> = exp(—%), (9.13)
with periodic boundary conditions imposed on the input coordinate index. The two
classes are therefore distinguished by their respective correlation lengths &* and
&~. The non-linear function 1(z) = erf(z/V2) introduces non-Gaussian statistics
controlled by the parameter y, while the normalisation factor Z(y) is chosen such
that Var(x*") = 1. Throughout the analysis, the values N = 50, £* = 7.5, & = 2,
and y = 15 were employed. Both the training and test sets contain a total of P =
aN patterns, with @ = 300, equally divided between the two classes. The labels
assigned to the two classes are y = +1 and y = —1, respectively.

The network is a one-hidden-layer perceptron with N input units, K = 30 hidden
neurons, and a single linear output unit. The hidden-layer activation function is

O(x) = erf(%) , (9.14)

and the output weight vector is fixed to w" = 1/ VK for all i, with zero output
bias; only the first-layer weights and biases are trained. Training was performed by
stochastic gradient descent on the mean squared error loss with Ly regularisation
coefficient 0.1, learning rate 0.1, and batch size 300. Networks were trained for up

to 3 X 10* epochs.

For the analysis of trained networks, hidden neurons were partitioned into two
empirical groups according to the structure of their incoming weight vectors. Neu-
rons with weight vectors concentrated on a restricted subset of input coordinates
were classified as localised, whereas neurons with extended alternating-sign pro-
tiles were classified as oscillatory (Ingrosso et al., 2022). The two groups were quan-
titatively identified by means of the inverse participation ratio (IPR), defined for

each hidden neuron 7 as

N 4
2j=1 W

IPR(w;j) = — (9.15)

which ranges between 1/N, attained when all weights are equal in magnitude, and
1, attained when only a single weight is non-zero. Localised neurons therefore ex-
hibit systematically larger IPR values than oscillatory ones. The two groups also
develop distinct bias values during training, with oscillatory neurons associated
with positive bias and localised neurons with negative one, thus providing a com-
plementary indicator for their identification and tracking.

The ME analysis was performed at multiple checkpoints during training. At
each epoch, the hidden representations were computed by passing all training pat-
terns through the network and binarising the continuous activations via the sign
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function. The ME minimisation was then carried out independently at each check-
point and for each value of the number of neurons retained 7., using multiple
independent stochastic minimisation runs. Additionally, the composition of the
selected mappings can be also characterised in terms of the fraction of localised
neurons fi,.(M) among the 7., retained units,

nloc(M) )

¥l (9.16)

Jioe(M) =

9.2.3 Wang-Landau Sampling of the Dropout Space

In addition to the direct minimisation of the ME, the structure of the mapping space
of the NLGP system was characterised via WL sampling in the 1/t formulation
(F. Wang et al., 2001b; Belardinelli et al., 2007b). A more detailed theoretical and
methodological discussion of the WL approach is provided in Chapter 6, to which
the reader is referred. The present section therefore focuses only on the aspects
of the procedure that are specific to the case study considered here. Within this
framework, the ME, S,,,,,(M), was treated as the effective energy associated with
a mapping M. Sampling was terminated when the refinement parameter reached
1075,

At fixed retained neuron size 1., and fixed number of localised neurons ., the
mapping space is defined as the set of all subsets of 7., hidden neurons containing
exactly nj,. localised units or, analogously, 1. — 711, 0scillatory units.

The WL analysis was performed at fixed n., = 15. This choice is particularly
relevant for the present system, as the hidden layer consists of 30 neurons, evenly
divided into 15 localised and 15 oscillatory units, making n., = 15 a natural CG
size for the analysis. For each admissible value of 7., an independent WL simula-
tion was carried out on the corresponding constrained mapping space. Trial moves
were defined by exchanging one (or more) retained neuron(s) with one (or more)
discarded neuron(s) belonging to the same class, thereby preserving both 7., and
nioc throughout the sampling dynamics. Each simulation was continued until the
refinement parameter reached 107°.

The quantity of interest is the joint Density of States (DoS)

g(smapr nloc) ’ (917)

or, equivalently, its representation in terms of the fraction of localised neurons
floc = '::T"; The joint DoS was reconstructed by combining the independently sam-
pled spectra obtained at fixed 1j,.. This reconstruction is possible because each sim-
ulation explores the full range of effective energies accessible under the correspond-
ing compositional constraint and because, for fixed n., and nj,, the total number
of admissible mappings is known exactly. These combinatorial counts provide the
appropriate normalisation for each restricted DoS, thereby allowing the different
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contributions to be assembled into the full two-dimensional DoS. The same analy-
sis was performed at different training epochs in order to characterise the evolution
of the mapping space structure during learning.

9.2.4 Performance Evaluation of Reduced Networks

To test whether the mappings selected by ME minimisation also identify effective
reduced representations, we construct pruned networks by retaining only the hid-
den neurons selected by the mapping. For each n., value, the performance of the
selected subset is compared with that obtained from random subsets of the same
size. In the NLGP case, pruning is applied to the hidden layer of the trained clas-
sifier. After selecting the retained neurons, the output bias is re-optimised while
keeping the hidden-layer parameters fixed.

As a second classification benchmark, we consider a feed-forward neural net-
work with a single hidden layer of K = 30 neurons and erf activation function. The
task is binary classification on the MNIST dataset (LeCun et al., 1998; Deng, 2012),
restricted to digits 1 and 7. To make the problem transnationally invariant and more
challenging, the dataset is augmented by random translations of the input images.
The network is trained by stochastic gradient descent, with only the first-layer pa-
rameters optimised. Reduced networks are then obtained by pruning the hidden
layer according to the selected mapping, and their test accuracy is compared with
that obtained from random subsets of the same size.

9.3 Results

9.3.1 Structure of the Mappings Selected by Mapping Entropy Minimi-
sation

In this section, we analyse the properties of the subsets selected by ME minimisation
in controlled settings where the organisation of the hidden representation is already
understood. To this end, we consider two complementary scenarios: the overpa-
rameterised TS regression model, where hidden units can be interpreted through
their alignment with the teacher, and the NLGP classification problem, where neu-
rons organise into distinct functional classes. In both cases, this well-defined struc-
ture, known a priori, makes it possible to interpret the subsets selected by ME.

Teacher-Student system

We begin with the controlled TS setting, where the structure of the student hidden
layer is fixed by construction and therefore provides a direct reference for interpret-
ing the subsets selected by ME minimisation. The relevant observable is the balance
index A, shown in Figure 9.1e,f as a function of the mismatch parameter n for differ-
ent numbers of retained neurons n.,. By construction, A = 1 identifies a mapping
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Figure 9.1: TS system and ME analysis of hidden-layer representations. (a) Schematic representa-
tion of the teacher and student networks. The teacher has M hidden units with orthogonal first-layer

weights B;, while the student has K > M hidden units labelled by (i, ). In the controlled construc-
tion, the student weights satisfy J; o Bj =

1 —120;j. (b) Training dynamics of the overlaps J; o B;
in the M2-K10 case, shown as a function of the training epoch. Blue and green curves denote the
overlaps with By and By, respectively, while grey curves denote the components orthogonal to the
teacher directions. (c) Generalization error as a function of the training epoch for the same system.
(d) Effective mismatch parameter neg as a function of the training epoch. The dashed horizontal

line indicates the final value Ngna1 = 0.04. (e, f) Balance A of the ME-minimising mapping as a
function of the mismatch parameter 1, for the M2-K10 and M5-K25 systems, respectively. Different
colours identify different values of the retained CG dimensionality ncg, as indicated by the colour

bar. Circular markers denote the controlled in silico construction, and square markers denote the
trained networks, plotted at the corresponding effective mismatch value neg. Note the different scale
of the A axis in the two plots.

that distributes the retained neurons as evenly as possible across teacher groups,
whereas smaller values correspond to progressively more concentrated selections.

Values close to A = 1 are therefore desirable, because they indicate that the selected

subset preserves the full teacher structure rather than over-representing only a re-
stricted part of it.

We start from the exact replicated limit, = 0, which provides the natural ref-
erence case for the discussion. Here, the ME-minimising mapping is fully balanced
(A = 1) at the smallest number of neurons compatible with the teacher structure:
neg = 2 for the M2-K10 system and n., = 5 for the M5-K25 system (Figure 9.1.e,f).

Thus, when the student exactly replicates the teacher representation, the entropy
minimum coincides with the smallest subset that still covers all teacher modes. This
is a non-trivial result, because the ME is computed solely from the statistics of the

hidden configurations and has no explicit access to the teacher labels; neverthe-

less, in the replicated limit it selects one representative degree of freedom for each
teacher mode.

As soon as the mismatch becomes finite, deviations from this correspondence
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begin to emerge. In both systems, the curves in Figure 9.1.e,f show that the smallest
number of neurons for which the selected mapping is balanced increases monoton-
ically with 7. In the M2-K10 case, the mapping selected at the minimal size 1., = 2
is balanced only at n = 0, while already at n =~ 0.1 it has collapsed to A = 0. By
contrast, the first n., value that remains balanced over an extended mismatch range
is neg = 4, which keeps A = 1 up to 1 ~ 0.2. A similar trend is visible in the M5-K25
case, but on a broader scale: the minimal balanced mapping occurs at 1., = 5 only
at 1 = 0, while for finite mismatch the balanced solution is shifted to substantially
larger numbers of retained neurons. For instance, curves with 1., ~ 10 remain at
A = 0.875, showing that they still over-represent some teacher groups, whereas the
first fully balanced solution appears only for n., = 15.

This systematic shift has a clear interpretation. The ME does not probe func-
tional equivalence with the teacher, but the statistical distinguishability of the hid-
den units. At n = 0, different replicas associated with the same teacher unit are sta-
tistically indistinguishable, so one representative per group is sufficient. At finite 1,
each student neuron acquires an additional orthogonal component and replicas are
no longer equivalent at the level of hidden-layer statistics. As the variability of the
hidden representation increases, the overall minimum of this profile shifts towards
larger n., values, because more neurons must be retained to resolve the additional
variability. In this sense, the increase of the optimal 7., is not simply a failure to
recover the teacher-minimal representation; rather, it quantifies how far the hidden
representation is from the exact replicated limit.

It is then natural to ask whether the same scenario survives in trained networks,
where the variability is not imposed homogeneously by construction but generated
by the learning dynamics. Panels Figure 9.1.b—d show that training indeed drives
the student towards the teacher representation. In the M2-K10 example, the over-
laps with the two teacher directions increase from values close to zero at the begin-
ning of training to values close to one at late times, while the orthogonal components
are progressively suppressed (Figure 9.1.b). Over the same interval, the generalisa-
tion error decreases by several orders of magnitude (Figure 9.1.c), and the effective
mismatch g drops from approximately 1 to a final value 1,1 = 0.04 (Figure9.1.d).
The trained student therefore approaches, but does not exactly reach, the replicated
limit.

The ME analysis of the trained networks is fully consistent with the controlled
construction. In Figure 9.1.e,f, the square markers corresponding to the trained
networks fall on the same branches defined by the in silico curves when plotted at the
corresponding value of n.g. Quantitatively, the trained networks no longer recover
a balanced mapping at the strictly minimal size n,, = M: for M2-K10 the smallest
balanced mapping is found at n,; = 4, and for M5-K25 at n,, = 15. These are
precisely the same 7., values selected by the controlled curves at mismatch values
of order 1 ~ 0.04, showing that the trained networks behave as weakly mismatched
replicas of the teacher representation.
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Taken together, these results identify a clear selection principle in the TS set-
ting. In the exact replicated limit, ME minimisation recovers the minimal teacher-
consistent hidden representation. As soon as replicas are no longer statistically
equivalent, the n., value for which A = 1 increases, and the amount by which it
increases provides a direct measure of the residual variability present in the hid-
den layer. The agreement between the analytically controlled construction and the
trained networks shows that this interpretation remains valid beyond the idealised
setting and continues to hold in the presence of heterogeneous, learning-induced

correlations.

NLGP System

A richer and less constrained setting is provided by the NLGP classification prob-
lem, where the hidden representation is structured, but not through explicit replica-
tion. The full set of results is shown in Figure 9.2. As already known from previous
studies (Ingrosso et al., 2022), after training the hidden neurons separate into two
classes, illustrated in Figure 9.2.b: localised neurons, whose weights are concen-
trated on a restricted subset of input coordinates, and oscillatory neurons, whose
weights display an extended alternating-sign profile. Here this prior structural in-
formation is used as a reference frame to analyse the mappings selected by the ME
minimisation.

Before turning to the ME analysis, it is important to establish that the two neu-
ron classes correspond to distinct yet individually informative representations of
the classification task. This is shown in Figure 9.2.c, where the network output is
evaluated after retaining only one class of hidden neurons at a time. In both cases,
the outputs associated with the two input classes remain clearly separated, show-
ing that either population alone is sufficient to preserve discriminative information.
The difference lies in the form of the representation: localised neurons and oscilla-
tory neurons induce distinct output distributions, reflecting two qualitatively differ-
ent internal encodings of the same classification rule. Figure 9.2.c therefore shows
that the two populations should not be interpreted as playing complementary roles
that become meaningful only when combined; rather, they define alternative rep-
resentational modes, each of which can by itself support the separation of the input
classes.

The ME analysis shows that the optimal mappings do not combine these two
representations arbitrarily. Figure 9.2.d reports the average fraction of localised
neurons in the optimal mapping as a function of n,, for different training epochs.
At early times, the selected mappings are almost entirely localised over the whole
range of retained neuron subset sizes: at epoch 100, the localised fraction is essen-
tially unity for all n,, shown. The corresponding selection-probability map in the
right panel confirms this picture: at epoch 100, the optimisation repeatedly selects
the same band of localised neurons with pi, ~ 1, whereas oscillatory neurons are
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Figure 9.2: NLGP system and ME analysis of hidden-layer representations. (a) Schematic of the
classification task and network architecture. Input patterns from the two classes, characterised by
different correlation lengths, are shown alongside the one-hidden-layer network with K = 30 neu-
rons. (b) Representative examples of hidden neurons after training: a localised neuron (left), with
weights concentrated on a subset of input coordinates, and an oscillatory neuron (right), with ex-
tended alternating-sign structure. (c) Distribution of the network output evaluated using only lo-
calised neurons (green) or only oscillatory neurons (blue), compared across the two classes (hatched
histograms). (d) Left: average fraction of localised neurons in the ME-minimising mapping as a
function of the number of retained neurons ncg, for different training epochs (colour-coded). Right:
selection probability pin of each neuron, shown as a function of neg, for two representative epochs
(100 and 1000). Neurons are ordered according to their bias value. (e) ME Syap, evaluated for map-
pings composed exclusively of localised neurons (green) or oscillatory neurons (blue), as a function
of training epoch. (f) DoS of the mapping space as a function of Syap and the number of localised
neurons, for different training epochs. Overlaid points indicate average optimisation trajectories.

almost never included.

As training proceeds, this preference changes in a strongly size-dependent way.
Around epoch 300, the average localised fraction starts to decrease for intermediate
and large n., values, signalling the appearance of a competing oscillatory solution.
By late training, the transition is sharp: at epoch 1000, the optimal mappings are still
almost fully localised for very small subsets, but the localised fraction drops below
1/2 already around n.; =~ 6—7, and becomes essentially zero for n; 2 10. The heat
map at epoch 1000 shows that this crossover does not arise from a gradual mixing
of the two populations. Rather, for small n., the selected neurons come almost
exclusively from the localised group, whereas for larger n., the selected mappings
are almost entirely oscillatory.

This interpretation is corroborated by the direct comparison shown in Fig-
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ure 9.2.e at n; = 15, where the retained subset coincides with the full set of oscilla-
tory neurons or, alternatively, with the full set of localised neurons. At epoch 100,
purely localised mappings have a substantially lower ME than purely oscillatory
ones, with Sp,,;, = 0.26 for the localised case against Sy,ap, =~ 0.31 for the oscillatory
one. Around epoch 200, the two values become comparable, Sy,a, = 0.32, marking
the point at which the two representational modes compete on equal footing. At
later epochs the ordering is reversed: the value of the ME of selections containing
exclusively oscillatory neurons remains approximately flat in the interval 0.31-0.33,
whereas the one including only localised neurons increases steadily up to ~ 0.38 by
epoch 1000. The growing gap quantitatively explains why, at late times, oscillatory
mappings dominate the optimal set at large 7.

The WL reconstruction of the full mapping space provides a more global view
of this transition. In Figure 9.2.f, the DoS is shown as a function of Sy, and the
number 7, of localised neurons retained in mappings of fixed size n.; = 15. A first
important point is that the ME minima are generally not found in mixed mappings
containing substantial contributions from both functional classes; rather, they lie
close to the edges of the space, where the retained subset is dominated by one class
or the other. At epoch 100, the low-S,,,p, basin is located at large 1o, at the fully lo-
calised edge, and the optimisation trajectories converge to this region. At epoch 300,
the landscape becomes effectively bimodal: two competing basins are visible, and
the optimisation trajectories split between them. By epoch 1000, the low-S5,,,;, basin
has moved to njo. = 0, i.e., to purely oscillatory mappings, while the localised side
remains only as a higher-S,,,, sector of the mapping space. The change observed
in Figure 9.2.d is therefore not a finite-sampling artefact of the annealing dynamics,
but reflects a true restructuring of the ME landscape.

Overall, the NLGP results show that ME minimisation does not simply favour
sparse or mixed subsets. Instead, it selects coherent mappings associated with one
of the two pre-existing representational classes, and the preferred class depends
both on the stage of training and on the number of neuron retained. At early epochs,
localised neurons provide the most informative reduced description. During train-
ing, an oscillatory representation progressively becomes competitive and eventually
dominates for sufficiently large n.,. The ME therefore acts as a probe of the internal
organisation of the hidden layer, resolving not only which neurons class should be
retained, but also which representational mode furnishes the statistically sharpest
CG description.

9.3.2 Performance of the Reduced Network

Having characterised the structure of the mappings selected by ME minimisation in
controlled settings, we now turn to their functional validation. The goal is to deter-
mine whether these subsets, beyond exhibiting a clear and non-trivial organisation
in the benchmark cases discussed above, also preserve the predictive performance
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of the original network after pruning. Because the ME criterion is defined solely
from the statistics of the hidden activation patterns, with no direct access to the
task or to the output labels, this constitutes a stringent test of its effectiveness as an
unsupervised pruning criterion.

We begin with the NLGP classifier, where the performance of reduced networks
can be monitored at different stages of training and for several values of retained
neurons ¢, (Figure 9.3). For each n., value, the accuracy obtained from the ME-
selected subset is compared with that of random subsets of the same cardinality,
as well as with the accuracy of the full network. After pruning, the output bias is
re-optimised while keeping the hidden-layer parameters fixed. This is a minimal
readjustment, introduced to compensate for the shift of the output distribution in-
duced by the selected hidden subset. Its use is motivated looking at Figure 9.2.c:
localised and oscillatory populations define distinct, yet individually viable, rep-
resentations of the classification rule, but they generally induce different offsets in
the output distribution. As a consequence, pruning changes the effective decision
threshold of the classifier. If the zero threshold used for the full network were kept
unchanged, all reduced selections would yield an accuracy close to 0.5, with one of
the two classes being almost entirely misclassified. Re-optimising the output bias
therefore removes this trivial source of performance loss and allows one to compare
different subsets on the basis of the information retained in the hidden representa-
tion.

A clear trend emerges. For all epochs considered, the ME-selected subsets typ-
ically achieve an accuracy above the bulk of the random distribution, showing that
the mappings identified through the activation statistics also retain a compara-
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tively informative representation for the task. This advantage is most visible in the
strongly compressed regime. For instance, at n,, = 8 and n.; = 12, the optimised
subset lies systematically above the typical random choice at all epochs. The same
behaviour persists at n.; = 15 and 18, although the separation becomes progres-
sively smaller as the number of retained neurons increases. By contrast, at 71, = 22
the two procedures become nearly indistinguishable, as expected when most of the
hidden layer is already retained. Overall, the NLGP results indicate that ME min-
imisation provides a non-trivial and functionally meaningful guide for pruning,
especially when the compression is sufficiently strong (i.e. when up to half of the
hidden layer neurons are culled) that the specific choice of subset matters.

The same analysis can then be extended to a more realistic classification prob-
lem, namely the binary MNIST task with data augmentation by random transla-
tions, using a network with K = 30 hidden-neurons. In this case, shown in Fig-
ure 9.4, we report the reduced-network performance only at the end of training,
since the behaviour is qualitatively stable across epochs. Also here the accuracy
obtained from the ME-selected subset is compared with the distribution generated
by random subsets of equal size. The overall picture is consistent with the NLGP
benchmark, but with a clearer dependence on the number of retained neurons. Ex-
cluding the extreme case n.; = 2, where all reduced networks perform poorly, the
ME-selected mappings systematically lie in the upper part of the random distri-
bution for small and intermediaten, values. In particular, for 3 < n < 12, the
selected subset typically yields an accuracy above the bulk of the random configu-
rations and often close to their upper tail. This indicates that, in the strongly pruned
regime, the ME criterion is able to identify hidden subsets that preserve most effec-
tively the task-relevant information. For larger n., values, however, the distinc-
tion progressively weakens: the random and optimised subsets become compatible
within the observed spread, and for the largest 1., values random pruning can even
perform comparably, or slightly better. This is consistent with the fact that, when
the reduction is mild, the space of admissible subsets becomes much less heteroge-
neous and the benefit of a structured selection is correspondingly reduced.
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Taken together, these results show that the mappings selected by ME minimisa-
tion are not only structurally meaningful, but also functionally relevant. The crite-
rion does not identify the optimal reduced network in an absolute sense, nor should
this be expected, since it is blind to the specific task and relies only on the hidden ac-
tivation statistics. Nevertheless, in a broad range of regimes it provides an effective
proxy for pruning. Its advantage is most evident when the compression is suffi-
ciently strong that the choice of the retained subset is non-trivial, while it naturally
diminishes as 7., approaches the size of the full hidden layer.

9.4 Conclusions

In this chapter, we have investigated the dropout space of neural networks through
the lens of ME, with the aim of identifying reduced representations that are both
structurally meaningful and functionally effective. By framing neuron selection as
a CG problem, we have extended the information-theoretic framework developed
in the previous chapters to the domain of learning systems.

The analysis has revealed that ME minimisation selects highly non-trivial sub-
sets of hidden neurons, whose properties reflects the internal organisation of the
network. In controlled TS settings, the selected neurons are strongly aligned with
the informative directions defined by the teacher, indicating that the ME is able to
recover the relevant features of the representation without explicit supervision. In
more complex scenarios, such as the NLGP system, the selection highlights func-
tional heterogeneity within the hidden layer, systematically favouring neurons that
contribute most to the variability of the representation.

Beyond this structural insight, a central result of the chapter is the demonstra-
tion that ME-based selection has direct functional implications. Reduced networks
obtained by retaining the neurons selected through ME minimisation consistently
outperform those constructed from random subsets of the same size. This estab-
lishes a concrete link between information-theoretic optimality and predictive per-
formance, showing that the preservation of configurational distinguishability trans-
lates into improved generalisation capabilities.

These findings suggest that the ME captures structural information that is in-
trinsic to the data representation, rather than being tied to a specific task or loss
function. In this sense, ME provides a principled pruning criterion that is comple-
mentary to standard approaches based on weight magnitude, sensitivity analysis,
or gradient-based importance measures (LeCun etal., 1990; Molchanov etal., 2017).
Unlike these methods, which rely on supervised signals, the ME-based approach
operates directly on the statistical structure of the hidden configurations, making it
applicable in a broader range of settings.

From a statistical physics perspective, the results reinforce the interpretation of
neural networks as complex systems whose behaviour is governed by the geometry
of their configurational space. The dropout space explored in this chapter can be
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seen as a CG representation of this geometry, where different subsets of neurons
correspond to different projections of the underlying landscape. The fact that ME
identifies subsets that are both structurally interpretable and functionally optimal
indicates that relevant degrees of freedom are encoded in the organisation of this
space and can be extracted through information-theoretic principles.

Several directions emerge from this work. On the methodological side, it would
be natural to extend the analysis to deeper architectures and to consider more gen-
eral forms of CG beyond simple neuron decimation. On the theoretical side, a
deeper understanding of the relationship between ME and generalisation remains
an open question, particularly in the presence of strong correlations and non-linear
interactions. Finally, from an applied perspective, the integration of ME-based cri-
teria into practical pruning and compression pipelines could provide a novel route
towards more efficient and interpretable approaches.

Take-home message

Removing hidden neurons from a trained neural network defines a space of
dropout configurations, each corresponding to a reduced architecture with a
different level of retained information. In this chapter, Mapping Entropy was
used to rank these reduced representations and to identify subnetworks that
minimised the information loss induced by pruning. The results showed that
Mapping Entropy-selected subnetworks could preserve predictive perfor-
mance while retaining only part of the original network, indicating that over-
parameterised architectures contain redundancy, but also that their informa-
tive degrees of freedom are structured and detectable through information-
theoretic criteria.
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Conclusions

This thesis has investigated how meaningful information can emerge from low-
resolution descriptions of high-dimensional systems. The central perspective
throughout this work has been that complex systems are most naturally understood
through the structure of their configurational space. The problem addressed has
therefore been not only how reduced representations of such spaces can be con-
structed, but also how their organisation depends on the adopted resolution level
and on the selected properties of the system under study. This work has approached
these questions at two levels: a general theoretical perspective and the study of spe-
cific complex systems.

The more theoretical results have been presented in Chapter 3 and Chapter 7. In
particular, Chapter 3 showed that the Resolution-Relevance (RR) framework, based
on two information-theoretic quantities that measure how finely a system is de-
scribed and how much of that description reflects meaningful structure in the data,
can provide a consistent unsupervised indication of representation size. Compari-
son with supervised benchmarks showed that the unsupervised optimum progres-
sively converges towards the representation that best approximates the underlying
generative probability distribution. This result supports the interpretation of RR as
an unsupervised criterion for identifying a class of low-resolution representations
that are maximally informative about the unknown generative process underlying
the data.

Chapter 7, in turn, addressed the complementary question of how the informa-
tion loss induced by a reduced representation can be related to the interaction and
correlation structure of the system. This loss is generally quantified by Mapping
Entropy (ME), which measures how much information is discarded when passing
from a detailed description of a system to a reduced one. Chapter 7 presented the
derivation of a multi-body decomposition of ME, which showed that this loss can be
resolved into one-body, two-body, and higher-order contributions. This multi-body
structure leads to a more interpretable form of ME, while also providing a natural
basis for low-order approximations when the full quantity becomes difficult to eval-
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uate or optimise.

The general framework outlined above has found concrete applications in the
system-specific analyses, where the search for informative reduced representations
was pursued in two very different domains: proteins, which are molecular sys-
tems exploring the configurational space of their constituent atoms; and learning
networks, which are artificial adaptive systems defined in a high-dimensional pa-
rameter spaces. Despite the difference in physical nature and function, both display
key features of complex systems, including many interacting components, high di-
mensionality, and emergent collective behaviour.

For proteins, Chapter 4 and Chapter 5 examined two complementary aspects of
informative low-resolution description. Chapter 4 focused on the Coarse-Graining
(CG) of the structure space explored by Molecular Dynamics trajectories, and
showed that the most informative procedures to cluster the sampled conformations
are those that preserve a monotonic hierarchical organisation during agglomera-
tion, supporting the idea that protein configurational space has an approximately
ultrametric, self-similar organisation. Chapter 5, in turn, shifted the focus from
the resolution of configurational states to the resolution of the structure itself, and
showed that the optimal level of detail depends systematically on both system size
and the quality of the conformational variability explored.

For learning networks, Chapter 8 and Chapter 9 studied two complementary as-
pects of neural networks: the organisation of their configurational space, and their
structural properties in the course of training. Chapter 8 focused on the network
weight space and showed that the Density of States provides a global characterisa-
tion of the loss landscape, enabling analysis of how its structure depends on prop-
erties of the learning task, such as input statistics, linear separability, and class im-
balance. Chapter 9, in turn, shifted the focus from network weight configurations
to hidden-layer representations; this chapter showed that ME identifies non-trivial
subsets of hidden neurons that reflect the internal organisation of the learned rep-
resentation and retain good predictive performance.

Overall, this thesis develops a unified perspective on complex systems, pivoting
on the idea that useful descriptions strike a balance between reducing detail and
preserving information. Across both proteins and learning networks, the objective
is not simply to compress the fine-grained description, but to identify reduced rep-
resentations that remain informative about the organisation of the system’s configu-
rational space. From this perspective, the main contribution of this work is twofold:
on the one hand, it provides general methodological results for the study of com-
plex systems; on the other, it supports a strong conceptual point, namely that low-
resolution representations are more than approximations, but rather effective tools
for revealing emergent structure and behaviour.

In my view, one of the most far-reaching implications of this work is that ap-
proaches originally developed within CG modelling may prove useful well beyond
the scope for which they were first conceived. We live in an age of unprecedented
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informational abundance, in which detailed descriptions of natural and artificial
systems are becoming increasingly easier to generate but harder to process and un-
derstand. In such a context, the importance of low-resolution representations lies
in their capacity to let information emerge. For this reason, I believe that the ele-
gance and generality of CG approaches may prove essential not only for reducing
complexity, but also, and perhaps more importantly, for making sense of it.
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Relevance-Resolution:

Optimality Point Identification

Once the RR curve has been constructed, the next step is to identify the represen-
tative point corresponding to a prescribed local slope u*. In the applications dis-
cussed in this thesis, two values are of particular interest: y* = —1, which defines
the information-theoretic balance between gain in H,¢ and cost in Hy.s, and u* =0,
which corresponds to the maximum of H,.. More generally, however, the proce-
dure is independent of the specific choice of u* and can be applied to any target
slope.

This identification is non-trivial because the RR relation is not available as
a smooth analytical function. Rather, it is obtained as a finite set of points
{(Hyes,i, Hrel i)}, generated by a family of candidate representations indexed by a
control parameter A. Depending on the application, A may denote, for example, the
number of clusters in a partition, the number of retained variables in a reduced de-
scription, the granularity of a discretisation, or any other parameter controlling the
resolution of the representation. In general, different realisations at the same value
of A may produce slightly different values of H,.s and H,.}, so that the empirical
curve appears as a cloud of points rather than as a regular line.

To extract a robust estimate of the slope, the cloud of points is first converted into
a sequence of representative points through a binning and averaging procedure.
In this work we consider two simple protocols, referred to as uniform density and
uniform spacing. In both cases, the points are grouped according to their value of
H,es, and each group is replaced by a single representative point whose relevance is
given by the average of the H, values of the points falling in that bin. A schematic
illustration of the two procedures is reported in Figure A.1 and Figure A.2.

In the uniform density protocol, the points are ordered by increasing H..s and
divided into consecutive groups containing the same number D of points. The bin
widths in H,s are therefore variable, but each representative point is obtained from
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Figure A.1: Uniform density approach to binning resolution-relevance curves. (a) pictorial repre-
sentation of 30 relevance and resolution points that we built ad hoc for a pictorial representation; (b)
subdivision of the x axis into intervals of variable width, each one containing 5 points (D = 5); (c)
average curve of relevance and resolution (red circles and blue lines).
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Figure A.2: Uniform spacing approach to binning resolution-relevance curves. (a) pictorial repre-
sentation of 30 relevance and resolution points that we built ad hoc for a pictorial representation; b)
subdivision of the x axis into 6 intervals of same length (W = 6, bin width 1/W), each one contain-
ing a variable number of points; (c) average curve of relevance and resolution (red circles and blue
lines).

the same amount of data. This construction promotes a nearly uniform statistical
weight along the averaged curve and is particularly useful when the original points
are unevenly distributed in H,.s. The procedure is illustrated in Figure A.1, where
the points are grouped into bins containing a fixed number of elements and each
bin is replaced by a representative averaged point.

In the uniform spacing protocol, instead, the H,¢s axis is subdivided into W in-
tervals of equal width. The number of points in each bin is then variable, but the
whole accessible range of H, is covered uniformly by construction. This procedure
is convenient when one wishes to preserve a homogeneous sampling of the resolu-
tion axis itself. A schematic example is shown in Figure A.2, where the averaging
is performed over bins of fixed width along the H,s axis.
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The outcome of either protocol is a sequence of representative points

(Hﬁ]e)S/ HI(‘ii) ’ ] =1,..., Nbin, (Al)

where Hije)s is taken as the midpoint of the j-th bin and Hié i is the arithmetic mean of
the relevance values of the points belonging to that bin. These representative points,
shown schematically as red markers in Figure A.1 and Figure A.2, define a smoothed
version of the original RR scatter plot, suitable for numerical differentiation.

The local slope is then estimated from the representative points by finite differ-
ences. In the simplest implementation, used throughout this work, the derivative
is computed through a first-order difference quotient,

L HI Y -
I+ )’ '
HLY - HL
with the slope fi; associated with the interval between consecutive representative
points. Equivalent higher-order finite-difference schemes could also be employed,
but in practice the simple quotient was found to be sufficiently stable once the pre-
liminary averaging step is applied.
Since the curve is finite and noisy, the condition fi = py* cannot be imposed
exactly. Instead, one identifies all representative intervals whose slope falls within
a tolerance window around the target value,

fij € [p* = op, u* + op]. (A3)

In the calculations presented in this thesis, the default choice for the
information-theoretic point is y* = -1 with tolerance 6y = 0.1, namely fi €
[-1.1,-0.9]. The same procedure is also used for the maximum-relevance point,
corresponding to u* = 0, for which the accepted interval is fi € [-0.1,0.1]. These
intervals provide a reasonable compromise between numerical stability and fidelity
to the target slope. An example of the full workflow for the case y* = —1 is shown
in Figure A.3.

Once the intervals satisfying the slope criterion have been identified, the asso-
ciated values of the control parameter A are collected. If several independent rep-
resentations are available for the same A, or if several neighbouring bins satisfy the
condition, the procedure naturally yields a distribution of admissible values rather
than a single one. The informative operating point is then defined from this distri-
bution through its mean and standard deviation,

Aopt = (), oa = V(A%) = (A)*. (A4)

In this way, the procedure returns both a central estimate of the optimal control
parameter and a corresponding uncertainty that reflects the finite sampling of the
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Figure A.3: Example of the workflow used to identify the informative operating point from an RR
analysis, shown here for the target slope u* = —1. (a) Hyc1 versus Hyes scatter plot together with the
smoothed curve obtained from the binning procedure. The highlighted region indicates the portion of
the curve where the numerical slope falls within the prescribed tolerance window around the target
value. (b) Enlargement of the selected region of the RR plot. (¢) Numerical slope fi computed along
the sequence of representative points; the horizontal band marks the tolerance interval [-1.1, —0.9].
(d) Distribution of the values of the control parameter A associated with the intervals satisfying the
slope criterion. The vertical line marks the mean value Aqpe, while the shaded region denotes one
standard deviation around it. The same procedure is applied to the case u* = 0, using the tolerance
interval [-0.1, 0.1].

RR curve and the residual variability of the candidate representations.

This construction is completely general and does not depend on the specific na-
ture of A. In the case of structural CG, A = N¢g, so that the above procedure yields
the optimal number of retained sites and its uncertainty. In other contexts, A may
instead represent the number of clusters, the dimension of a reduced space, or any
other parameter indexing the family of representations. The same algorithm can
therefore be used whenever one wishes to identify, along an RR curve, the point
corresponding to a prescribed information-theoretic condition.

As noted above, two operational definitions are used in this thesis. The first is
the information-theoretic optimum, obtained from the condition u* = —1; in the
case of structural CG, the corresponding value is denoted by N{L. The second
is the maximume-relevance reference point, obtained from the condition y* = 0; in
the same context, the corresponding value is denoted by NN The two estimates
gllf‘T marks the coarsest representation at which H,. is

identifies the point where the marginal gain in H,¢ balances

play complementary roles: N,

1T

maximal, while N,
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the marginal cost in Hyes.
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SI: Bliss of Dimensionality

This appendix gathers supplementary material associated with Chapter 3. The re-
sults collected here extend the analyses presented in the main text and provide ad-
ditional evidence for some of the points discussed there, while keeping the main
exposition focused on the central methodological and conceptual aspects.

The appendix is organised as follows. Section B.1 discusses the exclusion of
mixtures involving digit 1 in the Gaussian-clone analysis of MNIST and illustrates
the origin of the corresponding anomalous RR curves. Section B.2 presents addi-
tional results for structured synthetic datasets, showing that the trends discussed in
the main text remain robust across different parameter choices. Finally, Section B.3
collects supplementary analyses on the behaviour of the KL criterion and clarifies,
through explicit examples, the limitations of approaches based only on occupancy
statistics.

B.1 Gaussian clones of MNIST: exclusion of digit 1

In the Gaussian-clone analysis of MNIST, digit 1 was excluded from the aggregate
comparison because it induces a qualitatively different RR phenomenology. More
precisely, for binary mixtures (K = 2) in which one of the two classes is digit 1, the
RR curve is systematically not bell-shaped, but instead displays a robust bimodal
structure with two distinct maxima of relevance. This behaviour falls outside the
standard single-branch trade-off assumed in the interpretation of the RR curve and
therefore makes the identification of the two characteristic optima ambiguous.
The effect is illustrated in Figure B.1, where RR curves are reported for all digit
pairs (1,d), with d € {0,2, ..., 9}. For each pair, the curve exhibits two peaks sepa-
rated by a pronounced decrease in relevance at intermediate resolution. The impor-
tant point is that this is not an isolated feature of a specific class combination, but a
robust pattern shared by all tested pairs involving digit 1. In thisregime, the theoret-
ical motivation underlying the two operational optima introduced in the main text is
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Figure B.1: RR curves for all digit pairs (1,d), withd € {0,2, ..., 9}, computed on MNIST-derived
Gaussian-clone datasets. In each panel, H,¢| is reported as a function of Hys for the family of repre-
sentations generated by scanning the number of clusters. Points are coloured by the representation
size parameter (as in the rest of the MNIST analysis).

no longer uniquely applicable. When the curve becomes multi-peaked, both multi-
ple local maxima of relevance and multiple points satisfying the slope condition as-
sociated with the information-theoretic criterion may coexist on different branches
of the curve. As a consequence, no intrinsic criterion within the framework allows
one to privilege one branch over the other. In practice, both the maximum-relevance
criterion and the slope-based criterion may select different branches depending on
the specific realisation and on the local sampling density along the curve, leading
to unstable estimates of ngf)tR and nggt and to a deterioration of the comparison with
NKL-

A quantitative explanation for this anomalous behaviour is provided by the
strong imbalance in the spatial extent of the class-conditional distributions in the
pixel space. In pairs (1,d), digit 1 occupies a much more concentrated region of
feature space than the other digit. When the number of clusters is scanned, this in-
troduces two distinct partitioning scales: a coarse regime in which the broader com-
ponent is progressively resolved while the compact one remains effectively confined
to a small number of states, and a finer regime in which the partition also begins to
resolve the compact component. The coexistence of these two regimes is reflected
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Figure B.2: Within-class scale and effective dimensionality across MNIST digits. Left: total within-
class variance V, = tr(5.) computed from the class-conditional sample covariance 5, in N = 784
pixel space. Right: effective dimensionality deg(c) defined by the participation ratio of the eigenval-
ues of £

by the appearance of two maxima of relevance along the RR curve.

To characterise this effect quantitatively, class compactness can be measured
from the class-conditional covariance matrix £ through the total within-class vari-
ance

N
Ve = tr(Se) = ZVar(xa | o), (B.1)
a=1

and through the effective dimensionality, defined by the participation ratio of the
eigenvalues {Agc)} of £,

degt(c) = ——— . (B.2)

As shown in Figure B.2, digit 1 is an outlier under both descriptors, with sub-
stantially smaller within-class variance and lower effective dimensionality than the
other digits. The imbalance in scale and effective dimensionality thus accounts for
the coexistence of two distinct resolution regimes, and hence for the emergence of
bimodal RR curves.

To test whether such a scale imbalance is sufficient, by itself, to generate the
same phenomenology, one can consider a minimal in silico example based on a two-
dimensional Gaussian mixture with components of different widths. In this case,
the reference density is

pref(x) =T N(x7 Ui, 0%12) + (]- - 7—[) N(x7 Uz, 0312)1 (B3)

with x € R? and 01 < 02. In the specific example shown in Figure B.3, the two
components have same weights (7 = 0.5) and different widths, with o; = 0.01

and o2 = 0.3. In this setting, scanning the number of clusters again reveals two
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Figure B.3: In silico two-component mixture with scale imbalance and corresponding RR curve.
Left: example realisation of samples x € R? drawn from a two-component Gaussian mixture with
01 < 02. Right: corresponding RR curve obtained by scanning the cluster size.

distinct resolution regimes: an initial one in which the broader component is pro-
gressively resolved while the narrower one remains effectively confined to a small
number of states, and a second one in which the narrower component also begins
to be resolved. The resulting rearrangement of occupancies produces two distinct
maxima of relevance, thereby reproducing the qualitative mechanism observed in
the MNIST mixtures involving digit 1.

Taken together, these results show that the exclusion of digit 1 is a necessary
restriction to remain within the regime in which the usual RR interpretation is well
defined. The standard construction of the two characteristic optima assumes a sin-
gle regular trade-off between resolution and relevance. When strong scale and ef-
fective dimensionality imbalances generate multiple competing resolution regimes,
this assumption breaks down, and the associated optimality criteria cease to be uni-

vocal.

B.2 Additional structured-synthetic parameter combina-

tions

In this section, additional results for the structured synthetic datasets are reported
in order to complement the analysis presented in the main text. The goal is to verify
that the phenomenology discussed there is not tied to the specific parameter com-
binations shown in the corresponding figures, but remains stable across different
choices of the number of mixture components, class weights, and relative widths of
the informative and non-informative directions.

The results collected in Figure B.4 confirm the same qualitative trend observed
in the main text. When the relevant structure is distributed over several informative
directions, the optimal resolution identified by the RR analysis remains controlled
by the amount of informative content carried by the data, rather than by the nominal
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Figure B.4: Comparison between the KL-optimal representation and the two characteristic RR es-
timates for structured synthetic datasets. The figure shows the ratio nky,/Nepy as a function of
the number of informative dimensions m, where nop; denotes either the information-theoretic es-
timate n'T, (gray circles) or the maximum-relevance estimate ng/gﬁ (black squares). The dashed
horizontal line marks the value 1, corresponding to perfect agreement with the KL optimum. Pan-
els correspond to Gaussian mixture models with different numbers of components and mixing
weights: (a) two components with equal weights, (b) five components with equal weights, (c) two
components with unequal weights ([0.66,0.33]), and (d) five components with unequal weights
([0.34,0.27,0.19,0.13,0.07]). For each case, results are shown for two values of the mixture width,
om =0.1and op = 0.9. The plots on the right illustrate representative datasets in the correspond-
ing informative subspaces.

dimensionality of the ambient space. Varying the number of classes, their relative
statistical weights, or the widths associated with informative and noisy directions
modifies the detailed shape of the curves, but does not alter the general picture.

These additional examples therefore support the interpretation proposed in the
main text: the apparent blessing of dimensionality does not arise from dimension-
ality itself, but from the possibility of embedding the informative structure into a
higher-dimensional representation without changing the effective number of de-
grees of freedom that are relevant for discrimination. In this sense, the RR criterion
remains primarily sensitive to the organisation of the informative subspace, while
the addition of non-informative dimensions has only a secondary effect.

B.3 Additional analyses on the KL criterion

The comparison discussed in the main text shows that the KL-based criterion pro-
vides a useful supervised benchmark for assessing the optimal resolution of a dis-
crete representation. At the same time, the behaviour of the KL divergence also
helps clarify an important limitation of criteria based solely on occupancy statistics.
In this section, this point is made explicit through two complementary observations.

The first useful reference is provided by the two extreme representations. For
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n = 1, all samples belong to a single state with occupancy k; = P, so that the induced

empirical distribution over data points is uniform,

Pn=1(xi) = % (B.4)

At the opposite extreme, for n = P, each sample forms a singleton state and all
occupancies are equal to one. After point-wise normalisation, this again yields a

uniform empirical distribution,

puep() = 5. (B5)

As a consequence, the KL divergence takes the same value at the two extremes,

P
DL(pllpn=1) = Dxu(pllpn=p) = . p(x) log[P p(xy)] . (B.6)
i=1

This identity is independent of the specific dataset and of the form of the refer-
ence distribution, and follows solely from the fact that both limiting representations
induce a uniform empirical assignment over the observed samples.

For intermediate values of 1, the partition generally produces a non-uniform
distribution p(x;), and the corresponding KL divergence may either decrease or in-
crease relative to this uniform baseline. A decrease indicates that the representa-
tion assigns larger empirical weight to samples with larger reference probability,
and therefore provides a better approximation of the target distribution than the
uniform estimate. Conversely, an increase indicates that the partition is misaligned
with the reference structure, so that the induced distribution is a worse approxima-
tion of p(x;) than the trivial uniform assignment.

This distinction can be illustrated explicitly in the structured synthetic setting,
where samples x = (u,v) € R" X RN-™ are generated with latent structure in the
informative subspace u and independent Gaussian noise in the remaining coordi-
nates v. In this case, one can construct the clustering metric from three different sets
of variables: the full feature vector x, only the informative coordinates u, or only the
noisy coordinates v. The first case corresponds to the construction adopted in the
main text, the second represents an idealised reference in which the informative
variables are known in advance, and the third provides an explicit example of a
representation built from variables that are uninformative with respect to the latent
probability structure.

As shown in Figure B.5, the behaviour of the KL divergence clearly discriminates
between these three situations. When clustering is performed using the full fea-
ture set or the informative coordinates only, Dk, (p||p) decreases below the uniform
baseline for intermediate resolutions, showing that the induced empirical distribu-
tion captures relevant aspects of the reference probability structure. By contrast,
when clustering is performed using only the noisy coordinates, the KL divergence
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increases above the baseline, indicating that the resulting state assignment is less
consistent with the reference distribution than a uniform estimate.

Importantly, however, the corresponding RR curves remain regular and single-
peaked in all three cases, including when the representation is built from noise-only
features. This makes clear that the RR analysis depends only on the occupancy
statistics induced by a given mapping from data to states, and not on whether that
mapping resolves variables that are actually informative for the underlying system.
As a consequence, a representation constructed from uninformative coordinates
may still produce a standard bell-shaped RR curve, even though it yields a poor
approximation of the target density according to the supervised KL benchmark.

The conclusion is therefore not that the RR framework fails, but rather that its
scope must be interpreted correctly. The method can identify informative resolu-
tions within a chosen family of representations, but it does not by itself validate
the variables, distance measure, or clustering metric used to construct that family.
These ingredients must already retain information that is relevant for the problem
under study. Once this condition is met, the RR analysis provides a principled cri-
terion to select the appropriate level of resolution.
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Figure B.5: Structured synthetic data (K = 2): RR and KL under different feature choices. Top row:
RR curves obtained by clustering on the full feature set, on the informative coordinates only, and on
the noisy coordinates only. Bottom row: corresponding KL divergence Dk (pl||p) as a function of
H,cs for the same representations. Panels (a) and (b) correspond tom = 5 and m = 10, respectively,
with op = 0.1 and on = 0.01.



SI: Configurational

Coarse-Graining

This appendix collects supplementary material for the Chapter 4. Its purpose is
twofold: on the one hand, to provide additional analyses that support the interpre-
tation of the adenylate-kinase results discussed in the main text; on the other hand,
to report an additional validation on the humanised IgGG4 monoclonal antibody sys-
tem, which extends the comparison of clustering strategies beyond the case studies
presented in the chapter.

The appendix is therefore organised into two parts. The first section presents
additional RR analyses for adenylate kinase, focusing on quantities that help clar-
ify the interpretation of the optimal clustering scale. The second section reports
the results obtained for the humanised IgGG4 monoclonal antibody and provides a
complementary test of the robustness of the clustering procedures considered.

C.1 Additional analyses for adenylate kinase

This section presents additional analyses for the adenylate-kinase case study. In
particular, it compares the representation that maximises the relevance with the one
identified by the condition y = —1, and examines the behaviour of the inter-cluster
distance as a function of the number of clusters.

The analysis was performed on the same adenylate-kinase trajectory discussed
in the main text, using the coarse structural representation based on the Cg atoms
and considering the same three classes of partitions: average linkage, single linkage,
and random clustering. For each case, the same set of 22 low-resolution represen-
tations explored in the main text was considered. Figure C.1 reports, together with
the corresponding RR curves, the traces of the inter-state and intra-state covari-
ance matrices and the Pearson correlation coefficient between the leading diffusion
coordinates of the high-resolution and low-resolution representations. The repre-

209
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Figure C.1: Comparison between the characteristic representations identified along the RR curve for
the adenylate-kinase trajectory. The left column shows the relevance-resolution curves, the central
column the traces of the inter-state and intra-state covariance matrices, and the right column the
Pearson correlation coefficient between the leading diffusion coordinates of the high-resolution and
low-resolution representations, all as functions of the number of clusters K. The upper panels refer
to average and single linkage clustering, while the lower panels report the corresponding random
reference. Yellow stars mark the representations that maximise the relevance, whereas green stars
indicate the representations that maximise H[s] + H[k].

sentation that maximises the relevance is marked by a yellow star, while the one

corresponding to u = —1 is marked by a green star.

For average linkage, the two characteristic points remain close to one another
and both fall near the crossover region identified by the structural diagnostics. In
the PCC, this corresponds to the onset of the rapid loss of agreement between the
low-resolution and high-resolution diffusion spaces. In the covariance decomposi-
tion, it corresponds to the regime in which further reduction of the number of clus-
ters begins to suppress an appreciable fraction of the inter-state component while
increasing the intra-state one. This supports the interpretation that, beyond this
scale, additional coarse graining mainly reduces structural information rather than

only removing redundancy.

Single linkage displays a less clear behaviour. The separation between the rel-
evance maximum and the point with y = —1 is broader, and neither of the two is
associated with an equally sharp crossover in the PCC or covariance curves. This is
consistent with the weaker performance of single linkage discussed in the main text,
where its RR curve remains closer to the random reference and its low-resolution
representations preserve the geometry of the high-resolution space less effectively
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Figure C.2: Minimum inter-cluster distance as a function of the number of clusters K for the
adenylate-kinase trajectory, for average linkage (left) and single linkage (right). Yellow stars mark
the representations that maximise the relevance, while green stars identify those that maximise
H[s] + H[k].

than those obtained with average linkage.

The random reference helps clarify the meaning of these characteristic points. In
this case, the point selected by u = —1 is not associated with an informative organi-
sation of the configurational space, but rather with a regime in which the distinction
between inter-state and intra-state variability is largely lost. The additional random
realisations shown in Figure C.2 confirm that this behaviour is systematic.

A complementary perspective is provided by the behaviour of the inter-cluster
distance as a function of the number of clusters, reported in Figure C.3. For both
average and single linkage, the minimum distance required to obtain a partition
into K clusters decreases rapidly at small K, and then more gradually as finer par-
titions begin to separate increasingly similar configurations. In both cases, the rele-
vance maximum is located immediately after the main change of slope of this curve.
The representation selected by the RR analysis therefore corresponds to the point
at which the dominant separation scales in the configurational space have already
been resolved, while further refinement mostly acts within regions that are already
densely sampled.

Overall, these results show that, for adenylate kinase, the characteristic points
identified from the RR analysis correspond to detectable crossovers in independent
structural diagnostics, especially for average linkage. This further supports the in-
terpretation of the selected low-resolution representation as a meaningful structural

scale.
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Figure C.3: Relevance-resolution curve and covariance-matrix traces for an additional random par-
tition of the adenylate-kinase trajectory. The left panel reports the relevance-resolution curve as a
function of the number of clusters K, while the right panel shows the traces of the inter-state and
intra-state covariance matrices. The green stars identify those that maximise H[s] + H[k].

C.2 Additional validation on the humanised IgG4 mono-
clonal antibody

As an additional validation of the analysis presented in the main text, we con-
sidered a humanised IgG4 monoclonal antibody, a system that is both larger and
structurally more complex than adenylate kinase. The corresponding trajectory was
generated over a timescale of 2 ms and analysed through the same configurational
coarse-graining pipeline adopted for the other proteins. In this way, the IgG4 sys-
tem provides a useful test of whether the conclusions drawn from the adenylate-
kinase case study remain valid in a more complex conformational landscape.

Figure C.4 and Figure C.5 compare the low-resolution representations obtained
for the antibody at the two values of K corresponding to the maxima of the rele-
vance curves for complete and average linkage, respectively. As in the main text,
the comparison is performed by relating each low-resolution representation to the
geometry of the corresponding high-resolution reference. This allows one to assess
whether the clustering procedures identified as most informative by the RR analysis
also preserve the structural organisation of the configurational space in this larger
system.

The results are consistent with the picture obtained for adenylate kinase. Aver-
age and complete linkage preserve the structure of the high-resolution space more
faithfully than single linkage. In particular, their low-resolution centroids remain
distributed in a way that is more consistent with the geometry of the reference trajec-
tory, whereas single linkage yields a visibly poorer representation, with centroids
arranged along much less structured patterns.

Overall, these results provide an additional validation of the conclusions of the
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Figure C.4: Low-resolution representations of the humanised IgG4 monoclonal antibody at K = 311,
corresponding to the maximum of the relevance curve for complete linkage. The left panel reports the
relevance-resolution curves for average, complete, and single linkage, with the same value of K indi-
cated on all three curves for comparison. The upper-right panels show the first and second diffusion
coordinates of the high-resolution representation, while the lower-right panels show, for each cluster-
ing procedure, scatter plots in which the first and second diffusion coordinates of the high-resolution
space are plotted against the corresponding coordinates of the low-resolution representation. Overall,
average and complete linkage yield low-resolution representations that remain more consistent with
the organisation of the high-resolution space than single linkage.

chapter. Also in the humanised IgG4 antibody, the clustering procedures that yield
more informative low-resolution representations according to the RR analysis are
those that better preserve the geometric organisation of the corresponding high-

resolution space.
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Figure C.5: Low-resolution representations of the humanised IgG4 monoclonal antibody at K = 351,
corresponding to the maximum of the relevance curve for average linkage. The left panel reports the
relevance-resolution curves for average, complete, and single linkage, with the same value of K indi-
cated on all three curves for comparison. The upper-right panels show the first and second diffusion
coordinates of the high-resolution representation, while the lower-right panels show, for each cluster-
ing procedure, scatter plots in which the first and second diffusion coordinates of the high-resolution
space are plotted against the corresponding coordinates of the low-resolution representation. Overall,
average and complete linkage yield low-resolution representations that remain more consistent with
the organisation of the high-resolution space than single linkage.



SI: Structural Resolution

This appendix collects a set of supplementary analyses supporting the results pre-
sented in Chapter 5. These materials are reported to complement the main discus-
sion with additional quantitative comparisons and control analyses, while preserv-
ing the chapter’s continuity.

More specifically, the appendix is organised into three parts. The first part

extends the analysis of the 11-protein dataset by considering, in addition to the

IT
OPT

obtained from the maximum of the relevance. The second part

information-theoretic estimate N discussed in the main text, also the alterna-

MR
NOPT

presents a more quantitative comparison of the structural resolutions identified by
PROPRE with those associated with the Martini and SIRAH coarse-grained repre-
sentations. The third part is devoted to robustness and reproducibility analyses,

tive estimate

aimed at quantifying the sensitivity of the identified resolution to stochastic map-
ping generation and to the use of independent simulation replicas.

D.1 Extended fit on the 11-protein dataset

In the main text, the scaling analysis of the 11-protein dataset was discussed by
focusing on the information-theoretic estimate N{L., corresponding to the point
of slope —1 along the RR curve. This choice was motivated by the fact that N(I)TPT
identifies the representation at which the marginal gain in relevance balances the
marginal increase in resolution, and therefore provides the most natural operational
definition of the optimal structural scale. At the same time, as discussed in Ap-

pendix A, the same identification procedure can also be applied to the point u =0,

MR

yielding the complementary estimate N5,

which marks the coarsest representa-
tion at which the relevance is maximal.

Figure D.1 extends the analysis presented in the chapter by reporting, for both
the striding-based and clustering-based sampling strategies, the optimal number of

retained sites as a function of the total number of residues for the full set of proteins,

215
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Figure D.1: Scaling of the optimal structural resolution with protein size for the 11-protein dataset.
The optimal number of retained sites identified by PROPRE is reported as a function of the number
of residues for the proteins considered in the dataset. The left panel refers to the striding-based sam-
pling strategy, where 1000 equidistant frames are extracted from the trajectory, while the right panel
refers to the clustering-based strategy, where 1000 cluster centroids are used. Blue points denote
the information-theoretic estimate N{. ., corresponding to the point of slope u = —1 along the RR
curve, whereas red points denote the relevance-maximum estimate NN, corresponding to y = 0.
Error bars indicate the uncertainty associated with the identification of the optimal interval. Dashed
lines show the corresponding linear fits, with the reported proportionality constants between the op-
timal number of retained sites and the number of residues.

using both operational definitions. The figure shows that the approximately linear
scaling between optimal resolution and protein size is preserved not only for N--

OPT’
MR
but also for Njpr.
The main difference between the two cases is quantitative rather than qualita-

tive. While the fit corresponding to Nj5. yields a larger proportionality constant,

the fit obtained from NM&. is characterised by a smaller slope, reflecting the fact

that the maximum of the relevance is reached at a coarser structural description.
In practice, the fitted slope decreases from about 3.8 retained sites per residue at
u = —1 to about 2.9 at u = 0, while maintaining similarly high correlation coeffi-
cients for both trajectory-sampling procedures.

The two estimates delimit a range of structurally meaningful resolutions for

IT
OPT

information is preserved more faithfully, whereas N, marks a coarser but still

representative description, selected by the maximum of the relevance. This inter-

globular proteins: N, identifies the finer end of this range, where structural

pretation is consistent with the more general framework introduced in Section 2.3,
where the two operating points are explicitly described as complementary rather
than alternative definitions.

D.2 Quantitative comparison with Martini and SIRAH

The comparison with the Martini and SIRAH modelling, discussed in the main text,
can be made more quantitative by considering, for each protein in the dataset, the
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Figure D.2: Quantitative comparison between the structural resolutions identified by PROPRE and
those associated with Martini-like and SIRAH-like representations. For each protein in the 11-protein
dataset, the ratio between the number of coarse-grained beads used in Martini-like and SIRAH-like
models and the optimal number of retained sites identified by PROPRE is reported. The left and right
panels correspond to the striding-based and clustering-based sampling strategies, respectively. For

each force field, two boxplots are shown: the first refers to the information-theoretic estimate N5

and the second to the relevance-maximum estimate NI, Boxes indicate the interquartile range,
the horizontal line marks the median, and individual outliers are labeled by protein pdb code. The
numerical values reported above each box denote the median ratio.

ratio between the number of beads used in these two standard CG representations
and the number of retained sites identified by PROPRE. Expressing the comparison
in this form makes it possible to place different modelling strategies on a common
relative scale, independently of the absolute protein size.

The analysis is performed with respect to both N{L, and N3&., and for both
trajectory-sampling strategies considered throughout the chapter. As shown in Fig-
ure D.2, the trend is consistent across the entire protein set. In all cases, the Martini
representation is associated with a smaller number of beads than the correspond-
ing PROPRE estimate, whereas the SIRAH representation retains a larger number

of sites.

Quantitatively, the Martini-to-PROPRE ratio lies in the range 0.6-0.8, depending
on the sampling method and on the operational definition of the PROPRE opti-
mum. By contrast, the SIRAH-to-PROPRE ratio falls in the range 1.3-1.7, indicating
that SIRAH systematically adopts a finer representation. The structural resolution
identified by PROPRE therefore lies between the two force-field schemes, support-
ing the interpretation advanced in the main text: the method does not reproduce
one specific existing mapping, but selects an intermediate structural scale between
the coarser Martini representation and the finer SIRAH representation.

This comparison should be interpreted at the level of resolution rather than of
mapping. PROPRE does not aim to reconstruct the specific chemical grouping rules
underlying transferable force fields, nor does it imply that information-theoretic
considerations uniquely determine the mappings employed in Martini or SIRAH.
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Rather, the result shows that the structural scale selected by PROPRE is consistent
with the range of resolutions that has proved effective in practical CG modelling.
A further relevant aspect of Figure D.2 is that the relative ordering between the
three resolutions is stable with respect to the precise operational definition of the
PROPRE optimum. When the comparison is performed against N3&., the ratios
shift as expected because the reference resolution becomes coarser, but the overall
conclusion remains unchanged: the Martini representation lies below the PROPRE
range, whereas the SIRAH representation lies above it. This stability reinforces the
interpretation of the PROPRE estimate as identifying in an unsupervised way a

meaningful intermediate structural scale.

D.3 Robustness and Reproducibility of the PROPRE esti-

mates

Since the PROPRE protocol relies on a stochastic exploration of the mapping space,
it is necessary to assess the stability of the estimated informative structural res-
olution with respect to the finite sampling of candidate mappings. This point is
particularly relevant because an exhaustive enumeration of all possible subsets of
retained atoms is computationally unfeasible, owing to the combinatorial growth
of the number of admissible mappings with the number of heavy atoms. For this
reason, the practical implementation of the method necessarily relies on random
sampling, and its robustness must be evaluated explicitly.

D.3.1 Robustness with respect to stochastic sampling of the mapping
space

To quantify the sensitivity of the results to stochastic mapping generation, the full
PROPRE analysis was repeated four times by varying the random realizations used
to sample the retained-atom subsets at each CG level. The corresponding results
are reported in Figure D.3 for three representative proteins.

The figure shows that the identified operating points remain stable across inde-
pendent runs. Different realizations produce small variations in the detailed struc-
ture of the sampled representation space, but these fluctuations have only a minor
effect on the estimated values of N\ NME

OPT OPT"
dispersion remains smaller than, or at most comparable to, the internal uncertainty

and In all cases, the between-run
associated with the identification of the optimal interval. This indicates that the fi-
nite stochastic sampling of mappings is sufficient to characterize the relevant region
of the mapping space and does not introduce a significant bias in the estimate of the
informative structural resolution.

This result shows that the PROPRE criterion is not controlled by isolated acci-
dental mappings. Rather, the informative region emerges as a stable property of
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Figure D.3: Robustness of the PROPRE estimates with respect to stochastic sampling of the map-
ping space. Results obtained from four independent realizations of the PROPRE protocol for three
representative proteins. For each realization, the estimated optimal number of retained sites Nopt
is reported with error bars corresponding to one standard deviation, while dashed lines indicate the

mean across realizations. Blue markers denote the information-theoretic estimate Ni\,..., correspond-
MR

ing to the point of slope u = —1, whereas red markers denote the relevance-maximum estimate N 55r.,
corresponding to u = 0. Insets report the between-run dispersion sy, defined as the sample standard
deviation of Nopt across realizations, the typical internal uncertainty oy, defined as the root-
mean-square of the individual standard deviations, and the reduced chi-square x?2 testing consistency
with a single underlying value.

the sampled ensemble of representations, and can therefore be identified reliably
without requiring an exhaustive exploration of the full mapping space.

D.3.2 Reproducibility across independent simulation replicas

A second source of variability concerns the conformational ensemble used as input
to the analysis. Even if the mapping-space exploration is stable, the estimated struc-
tural resolution could still depend on the particular molecular-dynamics trajectory
from which the configurations are extracted. To assess this effect, the PROPRE anal-
ysis was repeated on independent simulation replicas. The corresponding results
are shown in Figure D.4.

Also in this case, the identified structural resolution remains stable. Indepen-
dent replicas lead to modest quantitative shifts in the location of the optimality in-
terval, but they do not alter the overall position of the informative structural scale or
its interpretation. The replica-to-replica variability is comparable to the intrinsic un-
certainty of the method and therefore does not qualitatively affect the conclusions
drawn in Chapter 5. This indicates that the estimated values of N{L. and NYp
reflect a genuine property of the conformational ensemble rather than an artifact of
a specific trajectory realization.

Taken together, the analyses reported in Figure D.3 and Figure D.4 support the
statistical reliability of the PROPRE protocol. The stochastic sampling of the map-
ping space is sufficiently dense to yield stable estimates of the relevant operating
points, and the resulting structural resolutions are reproducible across independent
realizations of the underlying molecular ensemble. The residual variability is natu-
rally accounted for by the uncertainty associated with the operational identification

T MR
of Ngpr and Ngpr-
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Figure D.4: Reproducibility of the PROPRE estimates across independent MD replicas. Results of
PROPRE analyses performed on independent simulation replicas for three representative proteins.
For each replica, the estimated optimal number of retained sites Nopr is reported with error bars
corresponding to one standard deviation, while dashed lines indicate the mean across replicas. Blue

markers denote the information-theoretic estimate N{\1., corresponding to the point of slope p = —1,

whereas red markers denote the relevance-maximum estimate Ny, corresponding to y = 0. Insets
report the between-replica dispersion sy, defined as the sample standard deviation of NopT across
replicas, the typical internal uncertainty oy, defined as the root-mean-square of the individual
standard deviations, and the reduced chi-square x? testing consistency with a single underlying

value.



SI: Mapping Entropy
Multi-Body Decomposition

This appendix reports the algebraic steps underlying the results presented in Chap-
ter 7. Its purpose is to make explicit the derivation leading to the multi-body ex-
pansions of the entropy. To this end, consider a system with n discrete degrees of
freedom, collectively denoted by x = (x1, x2,...,x,), distributed according to the
probability p(x). Unless otherwise stated, all sums run over the full configurational

space.

We introduced the characteristic function I(x, x’), which takes the value 1 when
the two configurations coincide and 0 otherwise. Using its factorised representation

in terms of single-variable indicators,

I(x,x') = ]_[n(xi,x;), (E.1)
i=1
and defining
0; =I(x;, x}) -1, (E2)

the probability associated with configuration x can be written as

p(x) = > p()Ix,x) = ) p(x) ]‘[ [1+6]= <]_[ [1+ 6i1>, (E3)

(x} ) i=1 i=1
where (- - -) denotes the average over x” with weight p(x’). Expanding the product
gives

PO =1+ > (5 + D (8id;) + > (8:8j0u) +- -+ (E4)
i

i<j i<j<k

Each term in this expansion remains a function of the reference configuration x.
In particular,

221



222 E. SI: Mapping Entropy Multi-Body Decomposition

(i) = > px) [1xi, xp) - 1], (E.5)
=

i)y = Y p) [1xs, ¥ = 1] [16x;, 1) - 1], (E.6)
=)

©:6;56) = ¥ px') [T, ) ~ 1] [I[(x]-,x;) - 1] (e, ) -1].  (E7)
=}

Equation E.4 can be written in compact form as p(x) = 1 + X(x). The logarithm
can then be expanded through the Taylor series. Taking terms up to the third order
in X, one obtains

Inp(x) = In(1 + X(x))

= Z<6i> + Z<6i6j> + Z (6i0j0k)

i<j i<j<k
=3 DT = D ENe) — Y [(@is) + (6ei0)]
i i<j i<j
= D7 [(8)(815k) + (8;)(0:6k) + (55)(8:5))]
i<j<k
+ §Z<6i>3 + @020 + @08 +2 3 @O @)+
i i<j i<j<k

(E.8)

At this point is useful to rewrite the previous expansion grouping the different
terms according to the number of distinct indices they involve

In(1+ XG) = ) [0 = 500 + 5 0]

+ Z [€(6:6;) = (5:)(0;) — (0:)(0i7) — (5)(0i0}) + (0i)*(0j) + (i) (6})?]

+ z]: [€6:6;0k) — (8:)(0;0k) — (0,)(0i0k) = (51k){(5:0;) + 2 (5:) (0, (k)] + -+ -
- (E.9)
Recalling the entropy definition:
S=- Z p(x)Inp(x) = - Z p(x)In(1 + X(x)), (E.10)

{x} {x}

is possible to write it as
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1 1
=2 [€€00) = 502 + 5 €)™ |
= 2[00 = (L8307 = (L3} (0:6,)) = ((6,)0:6,))
i<j
+ (OO + ()0 |
= D [€0i0;00) = (03800 = (67 (Bi00) — (oK) (B0

i<j<k
+ 20O |+, (E11)

where (F(x))) = X5} p(x) F(x) denotes the expectation value with respect to p(x).
To make the structure explicit, let us write some representative terms.

o =" pE ) [, x)) - 1]
{x} {x'}

= Z Z p(x)p(ei)l(xi, x7) — 1 = Z p(xi)? -1, (E.12)

2
(%) = > p) [Z p() ((xi, x}) 1)]

{x} {x'}

=>>. Z p()p(x)p(") [L(xi, 1) = 1] [10xs, x7) = 1]

{x} (=} {x"}

= 30303 p ) pe) plae)MCxs, XUxi, 1) =2 pxi)? + 1

= > p)* =2 p(i) + 1, (E.13)

oo = 3 3" peIpee) [(16xi, x) = 1)] | (16,4 ~ 1)
{x} {x'}

= Z Z p(xi, xj)p(x], x’)I[(xl x)(x;, x]) Zp(x N Zp(x])2 +1

xx]xx

= > plxi,x)? - Zp(xz) - Zp(x])2 +1, (E.14)

Xi,Xj
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(o) = > 3 peapd) [1txi, 1) — 1] [16x5,x7) - 1]

{x} {x}
= Z p(xi, %)% — Z p(xi)? - Z p(xj)? + 1. (E.15)
Xi,Xj Xi Xj

Using Equation E.11, S can be organised as a sum of contributions involving

one, two, three, ... indices:

—S:ZQj+ZQij+ZQijk+'“- (E.16)

i<j i<j<k

We now identify explicitly the first three terms.

One-body contribution. From Equation E.5 one has

L+(05) = " pIxi, X)) = p(xs). (E.17)
)

Therefore, all terms involving only the index i resum to
<6i> - §<5i> + §<6i> +-- = ln(l + <6i>) = lnp(xi). (E.lS)
Averaging over p(x) then yields

Qi = plxi)mp(x;). (E.19)

Two-body contribution. Using Equation E.5 and Equation E.6, one finds

1+ (61') + <6j> + <(§1’5]‘> = Z p(x’)I[(xi, x;)]I(xj,x;) = p(xi,x]'). (E.ZO)
{x'}

Therefore, the logarithm of the pair marginal can be written as

Inp(x;, xj) = ln(l T (55) + (6)) + <5i5j>). (E.21)

In order to isolate the genuine contribution associated with the pair (i, j), one
must subtract the one-body terms already assigned to i and j. Using Equation E.17,
this gives

p(xi, x))
p(xi)p(xj)

Expanding the previous expression up to third order in the averages, one obtains

Inp(x;, xj) —Inp(x;) —Inp(x;) = In (E.22)

(6:0) = (6:)(67) = (0i){0i07) = (8)46:0;) + (6:)*(6;) +(6:)(6))* +---,  (E.23)

which coincides with the complete set of terms involving the pair (7, j) up to third
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order. Averaging over p(x), the corresponding two-body contribution is

p(xi, x;)

pGp() (E.24)

Qij = Z p(xi, xj)In

xi,xj

Three-body contribution. Finally, consider the terms involving the triplet of in-
dices (i, j, k). Using Equation E.7, together with the lower-order identities above,
one has

1+ (0;) +(0j) + (Ok) + (0i0j) + (0i0k) + (0j0k) +(0i0;0k) = p(xi, xj, xx). (E.25)

Therefore, the contribution involving the triplet (i, j, k) is obtained by subtract-
ing from In p(x;, x;, x) all one-body and two-body pieces already accounted for.
Explicitly,

Inp(x;, xj, xx) —Inp(x;, x;) —Inp(x;, xx) = Inp(x;, xx)
+Inp(x;) + Inp(x;) + Inp(xg)

_yp POt g 00 p ) p(x;) p (i)
p(xi, %)) p(xi, xi) p(xj, xi)

(E.26)

Expanding the logarithms in powers of the averages, one recovers precisely the
grouped three-body terms,

(6i0j0k) — (0i){0;0k) — (0;){0i0k) — (0k){(0i0j) +2(0i)(0;){(0k) +---,  (E.27)

where again the omitted terms are the higher-order terms already contained in the
full logarithmic resummation. Averaging over p(x), the three-body contribution is

therefore
p(xi, xj, xk) p(xi) p(x;) p(xk)

p(xi, x;) p(xi, xi) p(xj, xi)

Qijk = Z p(xi, xj, xx)In

Xi Xj, Xk

(E.28)

This identifies the first three terms of the entropy decomposition introduced in
Chapter 7: the one-body contribution Q;, the two-body contribution Q;;, and the
three-body contribution Q;jk, given respectively by Equation E.19, Equation E.24,
and Equation E.28.
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E.1 Referencelocal measure and beyond the uniform degen-

eracy assumption

The one-body contribution admits a simple interpretation once the number of ac-

cessible states of each degree of freedom is written as

w; =

==, (E.29)
p?

where p? denotes the probability for spin i to be found in any one of its accessible
configurations in an unweighted and fully independent reference ensemble. Equiv-
alently, p! is the uniform reference probability over the local state space of x;.

Using Equation E.19, one then obtains
Qi+hhw; = Z p(xi)Inp(x;) + In w;
o

= Z p(xi)Inp(x;) + Z p(xi)In w;

- Z p(x;)In pl(;;i). (E.30)

1

Since p! is uniform over the w; accessible states, the previous expression is precisely
the Kullback-Leibler divergence between the empirical one-body marginal and the
corresponding unweighted independent reference distribution,

Qi +Inw; = Dk (p(xi) || p?) - (E.31)

In particular,
Qi+hhw; >0, (E.32)

with equality if and only if p(x;) = p? for all accessible states.

This interpretation also makes explicit the assumption underlying the ideal de-
generacy term used in the main text. In the binary case, if the discarded degrees of
freedom are assumed to be independent and each local state is taken to be equally
likely in the reference ensemble, then p? = 1/2 and therefore w; = 2 for every dis-
carded spin. If n — N variables are discarded, the corresponding degeneracy factor
is

Q=2"N, (E.33)

which gives the standard contribution (n — N) In 2.

A simple way to go beyond this assumption is to retain the independence of
the discarded variables while relaxing the requirement that the two local states be
equally weighted. Consider therefore a binary non-interacting degree of freedom
xi, with probability p; of being in the up state and probability 1 — p; of being in the
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down state in the reference ensemble. The contribution of this variable is then no
longer In 2, but rather the entropy of the corresponding Bernoulli distribution,

h(pi) = —pilnp; = (1 = pi) In(1 - p;). (E.34)

Indeed, h(p;) = In2 only in the unbiased case p; = 1/2, while h(p;) — 0 when
pi — 0 or p; — 1, namely when the variable becomes effectively deterministic.
More generally, for a set D of discarded binary variables, assumed independent
but not necessarily unbiased, the reference probability of a discarded configuration
y = (yi)ieD is
Poy) = [ [p" 0 =p', (E.35)
ieD

with y; € {0, 1}. The corresponding reference entropy is
Ho(D) = = > Po(y) In Po(y)
y

= Z [-pilnp; — (1 —pi)In(1 — p;)]
ieD

ieD

Accordingly, the ideal degeneracy contribution
(n—=N)In2, (E.37)

is replaced by
> h(pa). (E.38)
ieD
This provides a simple extension of the ideal framework: instead of pure count-
ing of uniformly accessible discarded states, one uses the entropy of the indepen-
dent reference measure assigned to the discarded sector. The formal multi-body
decomposition derived above is unchanged, but the balance between entropy and
degeneracy in Sy,p is modified. In particular, when some discarded variables are
strongly biased, their contribution is smaller than In 2, so that the effective degen-
eracy term is reduced with respect to the uniform prediction. This offers a natural
route to rationalise deviations from the ideal behaviour when the assumption of
equally weighted discarded states is no longer appropriate.
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SI: Neural Network

Configuration Space

This appendix collects supplementary material for Chapter 8, including additional
results on MNIST and Fashion-MNIST classification tasks, and a detailed descrip-
tion of the synthetic and Gaussian-clone datasets employed in the main text.

This appendix collects supplementary material for Chapter 8. It includes addi-
tional classification results on MNIST and Fashion-MNIST tasks, presents the de-
tailed construction of the synthetic datasets and Gaussian-clone benchmarks used
in the analysis, and reports further technical aspects of the WL sampling procedure,
including implementation details, validation tests, and scaling behaviour.

F.1 Additional details on the datasets

F.1.1 Synthetic data

This section provides a comprehensive description of the synthetic datasets used
in this study, designed to model isotropic distributions in high-dimensional space.
These datasets are structured to represent two distinct classes with configurable an-
gular separation and inter-class distances, allowing controlled manipulation of their
mean vector orientations and spatial relationships. The flexibility in specifying the
parameters A and Ay enables various configurations, from parallel to orthogonal or
antiparallel class centres. This setup allows for precise examination of class separa-
bility and interaction under different configurations, which is essential for assessing
algorithmic performance in scenarios with high-dimensional, overlapping distribu-
tions.

The synthetic datasets represent isotropic distributions in N dimensions, with
two classes whose mean vectors are derived from orthogonal normalized vectors
sampled from a univariate normal distribution. Specifically, consider two such vec-

tors in N dimensions, with components sampled from a univariate normal distri-

229
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bution:

m¢ \N
mc:{ 1 } , with m¢=N(0,1)and c € {1,2}. (E1)
[[mc| i=1

The mean vectors of the two classes are defined as follows:

p1 = Au-my class 1 (F2)
p2 = Au-[A-my+ (1 —|A|)-ma] class 2

Here, A € [-1,1] and Au € [0, +o0) are the morphing parameters controlling the
angle between the two mean vectors and the inter-class separation, respectively.
When A = 1, the two vectors are parallel (u; = p2) and the inter-class separation
is zero (||u1 — pz2|| = 0). For A = 0, the two vectors are orthogonal since m; L
my, and the inter inter-class distance is ||u1 — ua|| = AuV2. Finally, when A = -1,
the two mean vectors are antiparallel (y; = —u2) and the inter-class separation is
[|p1 = p2|| = 2Au. For a generic value of A, the inter-class distance is given by:

[l = pall = Apy(1 = A2 + (1= AD*. (F3)
The angle between the mean vectors is defined by:

B p2 A

0 = arccos —————— = arccos

e (1] 2l A2+ — A2

(F.4)

F.1.2 Gaussian Clones

This section aims to report the methodology used to generate Gaussian clones, a fam-
ily of synthetic datasets designed to approximate real-world data while allowing
precise control over specific statistical properties. These datasets enable systematic
exploration of how features such as mean separation and covariance structure in-
fluencing DoS properties. Two distinct types of Gaussian clones were constructed:
the Gaussian Mixture (GM) clone, which retains both the mean vector (1) and the
full covariance matrix (X) of each class, and the Isotropic Gaussian Mixture (2isoGM)
clone, which simplifies the covariance structure by preserving only the mean vectors
and setting the variance (v) equal across classes.

For both variants, data were sampled from a multivariate Gaussian distribution
N(ucAu, X), where pi, is the class-specific mean vector in an N-dimensional space,
Ap is a scalar parameter controlling inter-class separation, and X is the covariance

matrix. The covariance matrix was defined as:

. (xi = (xi)){xj — (xj)) for GM clones,
! v 0jj for 2isoGM clones.
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Here, 0;; is the Kronecker delta, and v = 1/v103 is the geometric mean of the vari-
ance of the two classes. The GM clone captures the real feature correlations of the
data by preserving the full covariance matrix, while the 2isoGM clone eliminates
these correlations, focusing instead on isotropic variance and the effects of mean
separation. This approach provides a controlled framework for studying how sta-
tistical properties of the data shape algorithmic performance.

F.2 Additional details on the Wang-Landau algorithm

This section provides an in-depth overview of the Wang-Landau (WL) sampling
method implementation, focusing on the parameters and conditions essential for
its convergence and efficiency. The WL algorithm is an effective approach for high-
dimensional sampling, dynamically adjusting probabilities to enable uniform visi-
tation of energy levels and accurate reconstruction of a system’s DoS. We detail the
selection of local and global moves, chosen probabilistically to ensure thorough ex-
ploration across energy states, as well as the histogram flatness criterion, which is
critical for reliable convergence and controls the reduction of the modification factor
F. These implementation details are vital for replicating our simulations and under-
standing the precision of the WL method in our study. A pseudocode summary of
the algorithm is included to outline the main steps and parameter choices.

At each stage of the WL simulation, the nature of the move—local or global—is
determined by a random number ¢ € (0, 1). Specifically, if ¢ < 0.8, the move is local,
meaning that one of the N components of the weight vector W is randomly selected
and flipped to generate W’. Conversely, when ¢ > 0.8, another random number
is drawn to determine the number n < N of components to be changed. These n
components are then randomly selected and flipped.

The flatness condition is a crucial aspect of the WL algorithm, ensuring the uni-
formity of the histogram of visited energy levels. This condition is typically de-
fined by the requirement that for each value of energy E, the histogram value Hy(E)
must not deviate significantly from the mean value (Hy). Mathematically, this is

expressed as:
Priat X (Hg) < HK(E) < (2 = pf1at) X (Hi),

where pyj,; is a predefined flatness parameter.

In the simulations performed in our study, we set p flat t0 0.9. The flatness con-
dition for the visited energy levels was checked every 800 Monte Carlo (MC) steps.
The iterative simulation scheme was continued until the modification factor F de-
creased below the predefined final value, F,,s = In(foq) = 1075.

To illustrate the implementation of the Wang-Landau algorithm in our simula-
tions, we provide the following pseudo-code outlining the key steps of the iterative

process.
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Initialize:

S(E)
H(E) = 0 for all E //Initial histogram for all emnergy levels
V(E) == 0 for all E //Initial wvisited flag for all energy levels

Set modification factor F =1

0 for all E //Initial entropy estimate for all emergy levels

Initialize network state W

Compute initial energy E_current

while F > F_end:
//Perform n_MC Monte Carlo steps
for i = 1 to n_MC:

//Determine move type (local or global)

Generate random number ¢ € (0,1)

if ¢ < 0.8:
//Local move: Flip one random component
Randomly select 1 component of W

Flip it to generate W_trial

else:
//Global mowe: Flip m < N+1 random components
Generate random number n €[1,N]
Randomly select n components of W

Flip them to generate W_trial

Compute trial energy E_trial

if E_trial within energy range:

//Check if this is a new energy level (first time visited)

if V(E_trial) == O0:
Reset H(E) = 0 for all E //Reset histogram
V(E_trial) = 1
break //Restart the MC moves (break the loop)
end if

if S(E_current) > S(E_trial):
Accept with probability exp (-(S(E_trial) - S(E_current)))
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else:

Accept the move

Update E_current
Update S(E_current) <- S(E_current) + F
Update H(E_current) <- H(E_current) + 1

end if

end for

//Check histogram flatness condition

Compute mean histogram value H_mean = average(H(E) for all E)

flatness_condition_met = True

for each energy level E:
if H(E) < p_flat * H_mean or H(E) > (2 - p_flat) * H_mean:
flatness_condition_met = False

break //Exzit loop if flatness condition s not met

if flatness_condition_met:
Reset H(E) = 0 for all E //Reset histogram
Set F = F / 2 //Halve the modification factor

end if

end while

Output:
S(E), the estimated entropy for each energy level E
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F.3 Validation and scaling analysis

Through a rigorous application of the Wang-Landau (WL) sampling algorithm
with well-defined parameters, our approach ensures a thorough exploration of the
network’s energy landscape, leading to precise estimations of the DoS, Q(E), for the
studied neural network.

In this section, we assess the accuracy of entropy estimations obtained via WL
sampling for small neural networks. Additionally, we conduct a scaling analysis to
examine how the convergence time of the algorithm grows with increasing network
size and task complexity.

F.3.1 Validation of entropy estimation

To validate the accuracy of entropy estimations produced by WL sampling, we anal-
yse small neural network architectures where an exhaustive search over the entire
configuration space is feasible. This allows us to compute exact microcanonical en-
tropy curves St(E) and compare them with those estimated by WL sampling, de-
noted Sy (E).

Three network architectures were tested: (i) a single-layer perceptron with 15
input neurons, (ii) a one-hidden layer network with 5 input neurons and 3 hidden
neurons for binary classification (one output neuron), and (iii) a one-hidden layer
network for multi-class classification with 3 input neurons, 3 hidden neurons and 3
output neurons.

For each architecture, a dataset of P examples was generated using an identical
teacher network: P = 15 for the single-layer perceptron, P = 18 for the binary classi-
fication network, and P = 15 for the multi-class classification network. To evaluate
consistency, we performed 500 independent WL simulations per configuration, and
the resulting entropy curves are shown in Figure F.1.

The figure’s top panel displays the exact entropy curves (continuous red line)
alongside the 500 WL-sampled curves (black points), indicating strong agreement.
We quantified this agreement by computing the percentage difference between the
sampled and exact curves using;:

|SwL(E) — St(E)|
St(E)

dist (Swi(E), St(E)) = (E5)

The mean and standard deviation of these distances, presented in the bottom
panel of Figure F.1, show that the average discrepancy remains consistently below
7e —2. This outcome reinforces the reliability of WL sampling in estimating entropy
curves with high accuracy.
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Figure F.1: Comparison of the true entropy curve to the output of the Wang-Landau algorithm
across different network architectures. For each architecture, 500 independent simulations are per-
formed on the same dataset composed of P data points. The upper panels (a-c) compare the true
entropy curve (red-solid line) with the sampled ones (black points). The lower panels (d-f) show
the mean percentage difference between the true and sampled entropy curves, with associated errors.
(a) Single-layer perceptron with 15 input neurons and P = 15. (b) one-hidden layer network for
binary classification with 5 input neurons, 3 hidden neurons and P = 18. (c¢) One-hidden layer
network for multi-class classification with 3 input neurons, 3 hidden neurons, 3 output neurons and
P = 15. The corresponding lower panels (d, e, f) illustrate the mean value of the percentage differ-
ence between the true and sampled entropy curves with the associated error bars.

F.3.2 Scaling analysis of the Wang-Landau algorithm

To understand how the WL algorithm scales with system size and problem com-
plexity, we investigated the convergence time as a function of two key variables:
the number of neurons in a single-layer perceptron and the complexity of the learn-
ing task.

Network Size Dependence

First, we analysed how convergence time varies with the number of neurons N in
a single-layer perceptron, keeping the learning complexity fixed at & = £ = 1. For
each N value, we generated 7 independent datasets and ran 50 WL simulations per
dataset, recording average convergence times. These times, plotted in Figure F.2,
exhibit a power-law dependency, approximately T(N) ~ 107N?.

Learning Complexity Dependence

Next, we examined convergence time as a function of learning complexity a = %

with N = 100 fixed. For each P value, 7 datasets were generated, and 50 WL simula-
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Figure F.2: Convergence time of the Wang-Landau algorithm executed on a single core as a function

of network size and learning complexity. (a) The scaling of convergence time with respect to the

number of neurons N in a single-layer perceptron, at a fixed learning complexity a = £ = 1.

For each value of N, 7 independent datasets were generated, and for each dataset, 50 independent
simulations were performed. The data points represent the mean convergence time, and the dashed
line represents the fitted curve with T(N) = 107N®. (b) The convergence time as a function of the
learning complexity a, at a fixed number of neurons N = 100. Similarly, 7 datasets were generated
for each value of P, and 50 independent simulations were conducted per dataset. The fitted curve is
T(P) =2x1076P>,

tions were performed per dataset. As shown in Figure F.2 convergence times follow
an approximate scaling of T(P) ~ 2 x 107°P5, reflecting increased computational
demands as task complexity grows with larger datasets.

All simulations in this analysis were performed on a single core, which serves
as a baseline for computational cost. These results could be significantly improved
by leveraging multi-core processing or by implementing parallel simulations across
multiple energy windows, where each window covers a specific range of the energy
spectrum. This approach allows for concurrent WL sampling within each window,
reducing convergence time and making the WL algorithm more suitable for large-
scale or high-complexity tasks.

In summary, these scaling analyses indicate that WL sampling exhibits poly-
nomial growth in computational cost with network size and learning complexity,
both with exponents near 5. This finding provides essential insights for applying
WL sampling to large neural networks or complex datasets, guiding future opti-

mization efforts for efficient algorithm implementation.

F.4 Gaussian Fit

In this subsection, we analyse the DoS curves for binary classification using a single-
layer perceptron. Our goal is to determine whether the distribution of states ob-
tained from classifying independent and identically distributed (i.i.d.) data follows
a Gaussian distribution. Figure E.3 presents the DoS curves for different numbers
of input neurons, N, along with a Gaussian fit, with the fit parameters—the stan-
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Figure F.3: DoS Curves for Binary Classification by a Single-Layer Perceptron and Gaussian Fit.
Each panel presents the DoS for binary classification of random data using a single-layer perceptron
with different numbers of input layer neurons, N as specified in the legend. The top left corner of
each plot provides the parameters of the Gaussian fit, including the standard deviation (o) and the
mean (u), as well as the coefficient of determination (R?).

dard deviation (¢) and the mean (u) of the Gaussian distribution— indicated in
the upper left corner. Additionally, the goodness of fit is measured by the coeffi-
cient R?, also shown in the upper left corner of each panel. The R2 value indicates
how well the Gaussian model represents the observed DoS, with values closer to 1
signifying a better fit. Although the DoS is not continuous in the cases studied, the
DoS approaches a continuous distribution in the thermodynamic limit, where both
N and the number of patterns P increase indefinitely while maintaining a fixed ra-
tio. This analysis demonstrates that, under these conditions, the DoS curves closely
align with a Gaussian distribution, supporting the use of Gaussian models to de-
scribe the statistical behaviour of single-layer perceptrons in binary classification
tasks with i.i.d. data.
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F.5 Fashion-MNIST

This section provides an analysis of a subset of the FashionMNIST dataset, focusing
on the binary classification of T-shirt/top and trouser images, to assess the gener-
ality of trends observed in the presence of different class imbalances. As shown
in Figure F.4, the results mirror those presented in the main text, reinforcing the
critical role of class imbalance in modelling DoS curves.

At lower complexity (P/N = 0.1), the DoS reveals a clear symmetry: as class
imbalance increases, the peaks shift progressively from the centre of the spectrum,
regardless of which class is predominant. This pattern is maintained even at higher
complexity (P/N = 0.5), where the separation of the peaks becomes more pro-
nounced with imbalance. In both cases, the location of these peaks reflects the
degree of imbalance, with the largest deviations from balance showing the most
extreme shifts.

The correlation between peak energy and imbalance is further highlighted in
the scatter plot, where the absolute difference |0.5 — P1/P| captures the relationship
between class distribution and peak shift. This trend holds across different learn-
ing complexities, demonstrating the robustness of this behaviour. These results on
FashionMNIST corroborate our findings in the main text and emphasize that the
DoS landscape is significantly influenced by structured data, with class imbalance
driving non-trivial modifications in the energy spectrum.
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Figure F.4: DoS analysis for binary classification of FashionMNIST images (T-shirt/top and
Trouser) under various class imbalances. (a) DoS at a fixed learning complexity of P/N = 0.1,
showing the distribution for different class imbalances. The legend indicates the number of elements
in class 1 (P1). Perfect class balance is achieved when Py = Py = P/2 (red curve). Larger de-
viations from this value indicate greater class imbalance. Blue curves represent a predominance of
class 0, while green curves represent a predominance of class 1; the lighter the colour, the greater the
class imbalance. (b) DoS at a higher learning complexity of P/N = 0.5, showing similar trends with
varying class imbalances. (c) Peak energy values plotted against the absolute difference |0.5— P, /P|,
highlighting the correlation between peak enerqy and class imbalance. Blue points indicate a predom-
inance of class 0, while green points indicate a predominance of class 1. Red points represent perfect
balance (P1 = Py). Results are shown for two values of learning complexity: P/N = 0.1 (squares)
and P/N = 0.5 (diamonds).
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