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ARTICLE INFO ABSTRACT

Keywords: A method classically used in the lower polynomial degree for the construction of a finite element
Tree-cotree basis of the space of divergence-free functions is here extended to any polynomial degree for a
DeRham diagram

bounded domain without topological restrictions. The method uses graphs associated with two
differential operators: the gradient and the divergence, and selects the basis using a spanning
tree of the first graph. It can be applied for the two main families of degrees of freedom, weights
and moments, used to express finite element differential forms.

High-order finite elements

1. Introduction

Graph techniques, and in particular the so-called tree-cotree decomposition, are widely used in computational electromagnetics.
It was first introduced in [1] (see also [2]) and since then many works have adapted and extended this technique; see, for instance,
Section 5.3 of the book of Bossavit [3] and the references therein. These works are based on the graph induced by vertices and
edges of the mesh and for this reason it is not easy the extension to high order finite elements. The use of the degrees of freedom
introduced in [4,5], the weights, leads to a natural extension because they have a straightforward geometrical visualization as a
graph. This fact suggests how to proceed when using more classical degrees of freedom, the moments. For these latter degrees of
freedom, the graph structure is not geometrically evident.

In this work we focus on the construction of a basis of the space of divergence free Raviart-Thomas finite elements of any
polynomial degree using tree-cotree techniques. Starting from a basis of the space of curl conforming edge elements we compute a
basis of the image of the curl operator using the tree-cotree decomposition of a graph associated with the gradient operator. If the
boundary of the domain is not connected, it is necessary to complete the previous set with discrete representatives of the second de
Rham cohomology group basis (which are divergence-free functions that are not curls).

It is worth noting that this is not the only possible approach to construct a basis of divergence-free finite elements. In [6] (see
also the references therein) the authors proceed by computing directly a basis of the kernel of the divergence operator. Moreover,
certain H(div) conforming basis includes a basis of the space of divergence free elements (see, e.g. [7,8]).

The construction presented in this paper extends to finite elements of any polynomial degree a classical technique well-known
for spaces of degree one. The first results are those in [9-11]. In these contributions the computational domain is assumed to be
simply connected with a connected boundary. This approach has been extended in [12,13] to general computational domains for
finite elements space of degree one. We aim now at doing so for finite elements of any polynomial degree.
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Fig. 1. The de Rham complex for the continuous spaces (left) and for Whitney differential forms (right).

We will use the Finite Element Exterior Calculus (FEEC) formalism. It unifies the notation for the different finite element
spaces involved in the construction and clarifies the important role that the de Rham complex and the homology of @ play in
the construction of the basis.

Let 7 be a tetrahedral mesh of a bounded polyhedral domain £ c R3. We will denote P;IA"(T ) the space of Whitney k-
differential forms of degree r + 1 (see e.g. [14]). They can be identified with L,,;, the Lagrange finite elements of degree r + 1, if
k = 0; with N, ,, the first family of Nédélec finite elements of degree r+ 1, if k = 1; with RT,, the Raviart-Thomas finite elements
of degree r+1, if k = 2; and with P,, the space of discontinuous piecewise polynomial functions of degree r, if k = 3. When using the
lowest order Whitney elements on a simplicial complex, Pr AK(T), with k = 0,1,2,3, the degrees of freedom are supported on the
vertices (V), edges (E), faces (F) and tetrahedra (T) of the mesh respectively. It is well known (see e.g. [15]) that given an orientation
to edges, faces and tetrahedra of the mesh, the matrices describing the differential operators d : Pr AT - Pr A*1(T) in terms of
the degrees of freedom are the transposed of the matrices of the boundary operators 9 : C;(T,Z) - C,(T,Z) being C,(T,Z) the
group of k-chains in 7. Fig. 1 represents the de Rham’s complex as in [16]. It summarizes these facts in both the continuous and
the discrete case, with H* denoting the cohomology groups for k € {0, 1,2}.

Since the boundary of an edge consists in two vertices, and any face belongs to the boundary of one or two tetrahedra, from
the point of view of graph theory we observe that: (i) the matrix associated with the gradient is the transposed of the all-nodes
incidence matrix of a directed and connected graph having a node for each vertex and an arc for each (oriented) edge of the mesh;
(ii) the matrix associated with the divergence operator is an incidence matrix of a directed and connected graph having a node for
each tetrahedra plus an additional node associated with the exterior of the domain, and an arc for each face. These facts have been
used in different contexts as tree-cotree gauge (see [2,17-19]), construction of bases of the space of divergence-free Raviart-Thomas
finite elements (see [11,20,21]) or the construction of discrete potentials (see [13,22]).

These two properties hold true also for » > 0 when using weights as degrees of freedom for u € Pr_+1Ak(T ) and a particular
realizations of the moments (see e.g. [14])

u - / TrgW AN, 1€ Pr_gims—iy AT S7F(S),
S

being .S any subsimplex of the mesh and Trg the trace operator on S. The key point is to use Bernstein polynomials to identify a
basis of P,_gim 51y A™S74(), following the approach in [23] (see also [24] where Bernstein polynomials are used to express a set
of basis of P,‘HA"(T)).

If the boundary of the domain is connected, we provide a basis of RT:’+l by selecting some elements of a cardinal basis of N,
and computing their curls. More precisely these are the elements corresponding to the moments in a belted tree (a spanning tree if
the domain is simply connected) of the graph associated with the gradient operator.

When r = 0, the use of a spanning tree of the graph associated with the gradient operator to identify a maximal set of linearly
independent columns for the curl has been first proposed in a simply connected polyhedral domain 2 without cavities (see [11,25])
and extended to domains with an arbitrary topology in [21]. In R?, the kernel of the curl operator reduces to constant functions,
and a basis of RT ﬂrl, when r > 0, can be obtained by computing the curl of a nodal basis of the space of continuous piecewise
polynomial finite elements (see [26]).

Since PDEs have boundary condition we analyze how the construction has to be modified in order to take it into account. In
this case we limit the analysis to simply connected computational domains.

This paper is organized as follows in Section 2 we introduce the notation concerning polynomial differential forms and the basic
definitions for graphs. In Section 3 we precise the two families of degrees of freedom that will be considered in the sequel by relying
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on the notation for finite element exterior calculus. In Section 4 we first recall the dimension of the space RTrO+l taking into account
the homology of the domain Q. Then we construct a basis of the range of the curl operator, that is suitably completed to obtain
the desired basis when the boundary of 2 is not simply connected. Section 5 contains the construction of a basis of the space of
divergence free finite element functions with zero trace on 9d<2 in the case of simply connected domains and some heuristics for the
general case. Few conclusions are given in Section 6.

2. Notation and basic tools

We introduce the notation concerning polynomial differential forms and some basic definitions for graphs. Note that, depending
on the notion, we will be working on either the whole simplicial mesh 7 or on the single element T of 7.

2.1. Simplices and barycentric coordinates

Let j, I, m, n be integers such that 0 </ —j < n—m. By X(j : I,m : n) we denote the set of increasing maps from {j,...,/} to
{m,...,n}, that is

ZG:lm:n={o:{j,....1} — {m,...,n} : c(j)<o(+1) < <o)}
We use multi-index notation and consider the sets
I(d+ 1,9 = {@ = (ag, ..., az) € N . |a| =)

being |a| = Zfzo ;. The sum of multi-indexes of the same length is defined in the natural way.

Let T € R? be an 3-simplex with vertices x, x;, x,, x5 in general position. We let A(T") denote all the subsimplices, or faces, of T,
while 4,(T) is the set of subsimplices of T of dimension k, for any selected value of k between 0 and 3. For each o € X(j : 1,0 : 3),
we let f, be the (oriented) closed convex hull of the vertices Xo(j)s o> Xo(l) which we henceforth denote by f, = [(Xo(jys -+ s Xonl-
There is a one-to-one correspondence between 4,(7T) and (0 : k,0 : 3).

Let £, be the set of indices ¢ such that s, € 4,(7). By assigning an integer number a, to each simplex s,, we can define the
k-chain ¢ =}, ass¢, i.e. a formal weighted sum of k-simplices s, in 7. We denote by

C(T) = { Y ass; : s, € 4(T) and as € Z}
reLy

The boundary operator 9, takes a k-simplex s and returns the sum of all its (k — 1)-faces f with coefficient 1 or —1 depending of

whether the orientation of the (k — 1)-face f matches or not with the orientation induced by that of the simplex s on f. The notion

of boundary can be extended to a k-chain ¢ by linearity, namely d,c = ak(zfeﬁk assp) = Yper, ¢ Oi(sy)- Note that 9, is linear

mapping from C,(T) to C,_;(7) and we have

do 9 0, 9
0 «— GT) «— CUT) «— GT) «— GO
From the property 9,0, = 0, it follows that Imd,,; C Ker d;. The homology spaces H,(7;Z) are defined as the quotient spaces

H(T:Z) =Ker 0, /Imo,,,. B, :=dimH,(T,Z), k=0,1,2.

Let P.(T') denote the space of polynomials in » variables of degree at most r. In the following, Az, A7 1, ..., A7, are the barycentric
coordinate functions with respect to 7. Each function Ay ; € P|(T) is determined by the equations i ;(x;) = §;;, 0 < i,j < n, being
6. the Kronecker’s symbol. All together, the functions A;; form a basis of 7|(T), are non-negative on T, and sum to 1 identically
on T. To make for the higher order r > 1, we introduce the Bernstein basis of the space P,.(T): it consists of all monomials of degree
r in the variables Ay ;. We have

— . e 2% 4 A
P(T) =span{Af : a € I(n+1,r)}, A7 = Apodry - Ay

Whenever a fixed simplex 7T is understood, we may simplify the notation by writing

A= Apy AT =A%
2.2. Polynomial differential forms

We denote by A¥(T) the space of differential k-forms over T with smooth bounded coefficients. For k = 0, the set A%(T) = C®(T)
is the space of smooth functions over T with uniformly bounded derivatives of all orders. Furthermore, A*(T) # {0} for 0 < k < n.
We recall the exterior product w A 7 € A¥(T) for w € AX(T) and n € A/(T). Let d : AX(T') - A**1(T) denote the exterior derivative
operator.
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We write digy,d4,...,d4, € A!(T) for the exterior derivatives of the barycentric coordinate functions. Clearly
dig+dA; + - +dAi, =0,

on T since Z:’zo A=1LIfceX(:1,m:n),wesetdl, :=di,; A Addyg)-
For k > 0 any element w of A¥(T) can be written as

o= Y a,di
c€X(0:k—1,1:n)

o>

where a, € C*(T). Taking a, € P,(T) we obtain the space P,A*(T) of polynomial differential k-forms of polynomial degree at most
r. Moreover P,AO(T) coincides with P.(T).
For k > 0,

PoAX(T) = span{di, : 6 € 20 : k—1,1: n)}.
Furthermore, if 0 < k < n, we can write
P.AKT) = span{A%d4, : 0 €20 : k—1,1:n and @ € I(n+1,r)}.
The set
BP.AKT) := {A%dA, : 6 €20 : k—1,1:n)and a € I(n+ 1,r)} @

is a basis of P, A*(T).
For k=0

BP.ANT) :={A* : a€I(n+1,r)}
is a basis of P, A%(T) while for k = n
BP,A"T) := {A%dA; A+ AdA, - a€I(n+1,r)}

is a basis of P,.A"(T).
A particular set of polynomial differential k-forms of polynomial degree 1 are the Whitney’s differential forms. They are associated
with the k-simplices f of T. If k = n then f = T and the Whitney’s differential form w; is the volume form, of polynomial degree 0.

Definition 1. Let k > 0 and f € 4,(T). The Whitney’s differential form w, associated with the subsimplex f is defined as follows:

* if k=0 then f is a vertex of T, namely, f = [x;] for i =0,...,n, and w, = Wiy, = A3
+ifk>0then f=f, forace 20 : k0 : n)and

k
wr, = 2D Ao\, )
i=0
being f, \ [x,(;] € 44_;(T) the oriented (k — 1)-face of T' with the vertices of f, except x, .

We can write f; \ [X5)] = [X0)> -+ » Xo()» -+ » Xo(k))> Where the widehat means that the underlying term is omitted from the list.
For each 6 € X(0 : k,0 : n) it holds that

dwy = (k+1D!dA, = (k+ D!y A Addgg).
In fact, when k = 1 one has w; = 1,9)d45(1) — 451yd4s() and
dwy = dAs0) Addgq) — dAgy A ddg) = 2 ddg) A ddgqy).

For k > 1, by induction we obtain

k k
dwfg =d <Z(_1)"16(i>dwfa\[x0<i)]> = Z(—])ldﬂ,a(i) A dwfa\[xn(’)]
i=0 i=0

k
= DD g A (K gy A A By A+ AdAgge)
i=0
k
=KUY ddgy A Adgy = KLk + 1) dAgg) A -+ A gy,
i=0
Then
k k
Wy, = P (=D Aoy \ 1 = KU 2 (=D Aoy Aoy A+ Addgy A Adigge.
i=0 i=0
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In finite element exterior calculus, the space of Whitney’s differential k-forms on T is denoted by
P;ANT) :=span{w, : f € A(T)}.
Since there is a one to one correspondence between 4,(T) and (0 : k,0 : n) we can also write

PrAKT) :=spanfw; : o€ (0 : k0 : m}.

Definition 2. Whitney’s differential k-forms of polynomial degree r + 1 are the elements of the space

P,‘HA"(T) = span{&"’w/lr c0€X0:k0:nandaeI(n+1,r}.

For k > 0, the space P;IA"(T) G P, AK(T).
For k=0

P A%T) =span{A®4; : i €{0,...,n} and @ € I(n+1,r)}

=span{i® : @ € I(n+1,r+1)} = P, AXT).

Fork=n
P A"(T) = span{A%dA, A - AdA, 1 @ € I(n+1,r)} = PA"T).
Remark 3. It is worth noting that, in the n-simplex T with vertices x(, xi, ..., x,, the elements belonging to the set

{/1"‘wf¢r :0€X20:k0:n, aeln+1,r}
are not linearly independent. As an example, for n =2, if k =1, and r = 1, it can be verified that

Aow[xlsle - Alw[xo»le + A2w[X0~X1] =0. (©))

Given 6 € X(0 : k,0 : n) we set
I,n+1,r):={ae€I(n+1r) : aq=0Vi<o(0)}.

When k = 0 then f, is a vertex of T, namely, f, = [x;] being ¢(0) = j. In this case, to be clearer, we will sometimes use the
notation I[x/](n +1,r) instead of I (n+ 1,r).
. ke s
A basis of P A (T) is
136’73:+1

For n=2, k=1 and r = 1, the 8 elements of BP;A'(T), with T =[x, x|, x,], are

ANT) = {A*w; : 6€ 20 :k0:nanda€el,(n+1,n}

iy ) = 4 Ggddy = Addg). i=0,12,
A Wiy x) = Ai (AgdAy — ApdAyg), i=0,1,2,
Dty = A (Addy = Apddy),  i=1,2.

X1,X7

The condition a € I,(3, 1) prevents Aywy,, .,) from being in the set BP; AND).
2.3. Graphs

We now introduce some basic definitions and results of graph theory that will be used in the sequel (they can be found, for
instance, in [27]).

A graph M = (N, A) consists of two sets: a finite set N' = (), of nodes and a finite set A = {aj};.’;l of arcs. Each arc is
identified with a pair of nodes. The two end nodes defining an arc need not be distinct. If the arc a; has the two end points equal to
the same node n; then it is called a self-loop at node n,. If the arcs of M are identified with ordered pairs of nodes, then M is called
a directed or an oriented graph. Otherwise M is called an undirected or a non-oriented graph. The following definitions concern
both directed and undirected graphs.

A walk is a finite alternating sequence of nodes and arcs Mo s My Qs My M @G, T such that, for k € {1,...,K}, the
arc a;, is identified with the pair of nodes n;_, n; . This walk is usually called a n; —n; walk with n; and n; referred to as the
end or terminal nodes of this walk. A walk is open if its end nodes, w, n;, are distinct; otherwise it is closed. A walk is a trail if
all its arcs are distinct. An open trail is a path if all its nodes are distinct. A closed trail is a circuit if all its nodes except the end
nodes are distinct. A graph is said to be acyclic if it has no circuits.

Two nodes n;, n; are said to be connected in a graph M if there exists a n; — ny path in M. A graph M is connected if there
exists a path between every pair of nodes in M.

Finally we recall the definition of a spanning tree in a graph M = (N, A).

Definition 4. A tree in a graph M = (N, A) is a connected acyclic subgraph of M. A spanning tree S is a tree in M containing all
its nodes.
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It is worth noting that if S is a spanning tree of M = (N, A), then S = (N, B) with B C A. Moreover B has exactly n — 1 arcs.
If M is not connected, then it has not spanning trees. We recall also the definition of the all-nodes incidence matrix of a directed
graph.

Definition 5. The all-nodes incidence matrix M¢ € Z™" of a directed graph M = (N, A), with n nodes N' = {n;}7_,, m arcs
A= {q; };_"= . and with no self-loop, is the matrix with entries
1 if a; is incident on n; and oriented away from it,
[Me]; =7 -1 ifa ; is incident on n; and oriented toward it,
0  if a; is not incident on n; .

3. Weights and moments

We recall the two families of degrees of freedom that will be considered in the sequel by relying on the FEEC form.

3.1. Small simplices and weights

The concepts of small simplices and weights for polynomial differential forms in P;IA"(T), were born in [4,5], for any order
k and any polynomial degree r > 0, to solve the difficulty raised in [28]: “The main problem with such forms is the interpretation
of DoFs” in geometrical terms. We recall these concepts here below with a notation adapted to the isomorphism we want to state
between these new DoFs, the weights, and the classical ones, moments, introduced in [14,29].

In the n-simplex T with vertices x,, x|, ..., x,, the principal lattice of order r+ 1 (» > 0) in T is the set of points defined by their
barycentric coordinates with respect to the vertices of T as follows

r

Sr+1(T)= {X eT : AI-(X) S {O’r-l-_l’.“’r-l-_l

,1} for each i € {0,...,n}}.
Ai(x)+a;

To each multi-index a € I(n + 1,r) we associate an affine function, z, : T — T, such that 7,(4;(x)) = e

then

JIf f, is a face of T

To(fs) = {14(x) : x € f,}.

Definition 6. The small k-simplexes of order r in T are the elements of the set

SKT) = {tq(f,) : f, € A(T) and @ € I(n+1,r)}
= {r,(fy) 1 6€Z0:kO0:nand a € I(n+1,r).

For k > 0, they are 1/(r + 1)-homothetic to k-faces of T, with vertices in .S, (T). For k = 0, we have S?(T) =8,.1D).

For k > 0 there is a one-to-one correspondence between the elements of Sf(T) and the couples (c,a) with ¢ € X(0 : k,0 : n)
and @« € I(n+ 1,r). In fact, if a, &’ € I(n+ 1,r) and a # &’ then 7,(T) N 7, (T) is either empty or an element of S?(T).

The weight of ® € AK(T) on a k-simplex s contained in T is denoted by fsw. If k =0, forw € C°(T) and s € T we have
[ o= w(s).

In particular we are interested in the following set of weights.
Definition 7. Letw € AX(T), 6 € (0 : k,0 : n) and @ € I(n + 1,r).
W, q(@) i= / . 3)
7a(f5)

The weights of Definition 7 are determinant in Pr‘HA"(T), namely, if w € P,‘HA"(T) and [ o =0 for all s € SX(T) then » = 0
(see [30] for a proof). However, for 0 < k < n, the cardinality of the set of weights {W, ,(w) : 6 € 2(0 : k,0 : n), a € I(n+ 1,r)}
is greater than the dimension of PrjrlA"(T). Hence in the sequel we often consider the following set of weights:

WE = (W, o) : 6 €20 : k0:n), a€Ln+l,r). “

It is worth noting that W* is determinant (see [31]) and its cardinality coincides with the dimension of Pr_+1Ak(T)'

Remark 8. Only one of the three representations for the small node shared by the three gray small triangles in Fig. 2 verifies the
condition «; = 0 for all i < ¢(0) required to support a weight of the set defined in (4). The first representation fails the condition
(in the up-left gray small triangle, a, # 0 with 0 < 6(0) = 1), the second satisfies it (in the up-right gray small triangle, a; # 0 with
1 > 6(0) = 0), the third fails too (in the bottom-center gray small triangle, ay # 0 with 0 < 6(0) = 2).
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T2

i) X1

1

Fig. 2. Points of the principal lattice for P; A%(T), where T is a 2-simplex. The node with barycentric coordinates 3 i f) in T is shared by the three grey

small triangles and it has different representations, as small node. Indeed, this point can be 7,(f,) with, @ =(1,0,2), f, = x, in the top-left gray small triangle,
a=(0,1,2), f, =x, in the top-right gray small triangle, and a = (1,1,1), f, = x, in the bottom-center gray small triangle, respectively.

3.2. Moments associated with a basis of polynomial differential forms

Let » be a differential k-form defined on T C R". For each d-face f, of T, with { € X(0 : 4,0 : n) and k < d < n, the moments
of w in f, of degree r — (d — k) are

M, (@) = /f TrpwAan V0 €P_ A (/). ®
¢

where Tr 7 1s the trace operator on f.

It is well known that these moments are determinant in P AX(T). Taking 7 in a basis of each space Pr_d—k Ad=k( f¢), one obtains
a determinant set of moments with cardinality equal to the dimension of Pr‘HAk(T) (see [14,30], for two different proofs).

The goal of the present work is to point out an isomorphism between moments and weights which is consistent in a sense
specified in the next sections with the exterior derivative operator. To do that, we will consider a particular basis of the space
Pyr_ta—iy AT (fy) in (5).

* If d = k we adopt the Bernstein’s basis of the space P,(f;), namely
BPAf) = (4] pETW+1.0).

B _ b ba _ 3P0 Ba
where ’1& = Af;,O /lf{’d = AT,C(0> /IT’W).
« If d > k we rely on the basis indicated in (1), namely,
BP,_q-ip A7 (fp) = {Aji{(d/lf{)ﬂ D pEZO0:d—(k+1),1:d),
BeId+1,r—(d-k)}.
Here

Ay,  =ddg o0 A Ay pa—ke))
= dAr g0 A A AT -t 1)))-

With these choices of basis we obtain the following moments for @ € A¥(T):
for each { € X(0 : k,0 : n), and € I(k+ 1,r)

Mg p(@) = / Trjwndl : (6)
J¢
foreachd >k, (€ X(0:d,0:n),peX0:d—-(k+1),1 :d)yand € I(d+ 1,r—(d —k))
M, p(@) = /f Tej A &) (d2g),. %)
¢

We use the notation “p = #” when d = k since (0 : d —(k+1),1 : d) has not been defined for d = k. We thus have the following
set of moments for w € P_ | AX(T):

Mk = (Mg ,p(@) : £€2(0:d,0:n), pe X0 :d—-(k+1),1:4d),

and B € I(d+1,r—(d—k)) with k <d < nj}. ®

Remark 9. If w € A%T), then

»whend =k =0, then { € (0 : 0,0 : n), so fe=1x] for some j € {0,...,n}; moreover I(1,r) has a unique element, hence
B = (r) and we have

M gy p(@) = o(x;)),
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» whend >0,then{ € X(0:d,0:n),pe X0 :d-1,1:d)and g € I(d + 1,r — d). It is worth noting that X(0 : d — 1,1 : d)
has a unique element and (d/lf[ )p =dAey A Addgg), namely

M, 5(@) = /f Teg o n A) (iggy A A ddg).
¢

4. A basis of the space of divergence-free finite elements
4.1. The dimension

The de Rham diagram in terms of functional spaces and corresponding conforming finite element spaces reads

0 H(@®@) — H(ul®) — HUiv;Q — L¥Q)
grad curl div
0sL,,() — N,LT) — RL,(T) — P(T)

where < is the inclusion. Our aim is to construct a basis in RT,;(7) of Ker(div).
In terms of forms, the de Rham diagram reads

0 o A%(Q) — AL(R) — AX(Q) — A3(R)
dy d d,
0 = P AT — P AT — P ANT) — P ANT)

The differential operators grad, curl, and div correspond to d, d;, and d, respectively. The spaces P 1/1"(T ) for k € {0,1,2,3} are
spaces of “trimmed” polynomial differential k-forms.
The cohomology spaces H*(2) are defined as

H*(Q) =Kerd, /Imd,_;, f; :=dimH*(Q), k=1,2; p,=dim(Ker dy).
If Q2 is connected, then f, = 1. In P,‘HA"(T ) one obtains
dim (Kerdy) = g, + dim (Imd,_,) .
By the rank theorem, we have
dim (Imd,_, ) = dim (P, A*"/(7)) — dim (Ker d;_;) .
By relying on recursivity,
dim (Kerd,) =, +dim (Imd,)
= py +dim (P7,, A%7) ) - dim (Ker dy)
= p, +dim (P;IAU(T)) — bo-
It thus holds

dim (Kerd,) = dim (P

r+l

ANT)) —dim (P A°(TD)) + f, — By + -

r+l
We are interested in the case k = 2 that in terms of functional spaces reads

dim (Ker div) = f, + dim (Im curl)
=dim (N, (7)) —dim (L, (7)) + B> — By + fo.

We will start by constructing a basis of Im(curl).

4.2. Construction of a basis of RT,(T)nIm(curl)

A classical approach for the low order finite element spaces (r = 0) uses the graph defined by vertices and edges of the mesh. It
is based in the construction of a spanning tree, if §; = 0 (see, [11]) or a belted tree, if §; # 0, of this graph (see, [12,13]). In the
sequel we will study how to extend this approach to high order finite element spaces (r > 0).

If p, = 0, the extension is natural once one has a set {DoF;‘ }ieg k€0, 1} of unisolvent degrees of freedom in P A*(T) with
the following property:

Property 1. For each j € J, there exist exactly two elements ini(j), end(j) € J;, such that
Donl (dyw) = DoF?, i) (@) = DoF’.?”(j)(w), Vo e P A%T).

8
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Let {cu;? }jeg, be the cardinal basis of Pr’HA"(T ) for a set of degrees of freedom verifying Property 1. For the construction of such
a basis see, e.g., [32].

If g € P, AXT) then ¢ = ¥, ;. DoF)($) @) and dyp € P, A'(T). We thus have

i€y
dp= Y DoF(dpp)o! = Y (Doandu)(dJ)—DoI’i?”(/.)((jz)) ol.
JET JET
This means that the matrix of the operator d, : Pr*HAO(T ) — PrjrlA'(T ), when using these bases, is the transpose of the all
nodes incidence matrix of an oriented graph M, ; = (N,,, A,,;) Where each degree of freedom DoFiO of (P, A%(T))* corresponds
with a node of the graph and each degree of freedom Donl of (Pr’HA'(T ))* corresponds with an arc of the graph. We thus have,
card(W,,) = dim(Pr‘HAO(T)) and card(A,,,) = dim(P_, A'(7)). The arc Don' goes from the node DoF’%I_(D to the node DoF?, i) if
and only if DoF/.l (dw) = DoF? ()@ = DoFl_?"_(j)(a)) for any w € P, A%T).

We are interested in two different families of degrees of freedom that satisfy Property 1: weights, {Wj"} jed and moments,
{Mjk }j SN/

In the low order case (r = 0) weights and moments coincide and it is natural to identify the graph M, with the graph defined
by vertices and edges of the mesh. Indeed, natural degrees of freedom for P AK(T) are the values on the vertices of the mesh for
k =0 and the circulation along the (oriented) edges of the mesh for k = 1.

In the high order case (r > 0) the situation is similar when using weights. In fact, it is natural to identify the graph M, with
the graph defined by the small vertices and those small edges chosen to obtain a unisolvent set of degrees of freedom. Also in this
case there is a one to one correspondence between weights and geometrical (small) objects.

In the case of moments the geometrical realization of the graph M, is more abstract because the degrees of freedom can be
associated with geometrical objects of any dimension. For this reason it is useful to rely on the canonical isomorphism between
weights and moments described in [33] that preserves the matrix of the d, operator. In other words, with this isomorphism it turns
out that the graphs of weights and moments coincide.

We recall that the graph M, allows to organize the set of indices in such a way that it is easy to identify the degrees of freedom
that correspond with the kernel of the operator d,. In the following we will show that the graph M, can be used similarly for
r> 0.

Let us consider a spanning tree S,,; = (N5, A,41s) of this graph M, ;. Then we have that card(A,; 5) = card(N,;; g) — 1 =

dim (P;1A0(7)> — 1; the arcs in A, ¢ = A,y \ A, s belong to the cotree and card(A,,;c) = card(A,,;) — card(A,,;g) =

dim (P,‘HAI(T )) — dim (P;IAO(T )) + 1. A spanning tree of the graph M, ,; can be constructed as explained in [34] for weights.
Then, its construction can be done also for moments, by relying on the canonical isomorphism defined in [33].

Proposition 1. Let {Donl }jeg, be a set of unisolvent dofs in N, (T) and {DoF; 0y jeg, a set of unisolvent dofs in L,,,(T) verifying
Property 1. If the associated graph M,,; = (N,,;, A, ) is connected, let S,.; = (N,;, A, s) be a spanning tree of M,,,. Let
Jls ={jeJ : Don1 €A, 5} and ch =7 \JIS. Let {0} e, be the cardinal basis for the set {Donl }jeg, of degrees of freedom of
N1 (T). If py = 0 then the set {curlw;},;_;c is linearly independent. If, in addition, f, = 0 then it is a basis of RT,,;(T) N H(d; Q).

1

Proof. First we will prove that if 3, ;c ¢;curlw; = 0 and f; = 0 then the coefficient ¢; =0 for all j € ]IC. We have
1

B1=0
0= Z ¢;curlw; = curl Z ey lﬁ c;w; = grad ¢ 9)

jegf jegt jegt
for some ¢ € L, (7). To conclude the proof, we will show that in fact grad ¢ = 0; since {@;} ;¢ 7 is a basis of N, (7) this imply
that ¢; =0 for all j € JIC.
Since {w; }ieq, is the cardinal basis of N, (7) for the set of degrees of freedom {Don1 Yieq,s then Donl,(a;j) =& for all
Jj. j' € J,. Moreover, J]S n J]C = @, hence we have

Donl,(grad¢)=Donl, Y o= Y chonl,(wj)= Y ¢6;, =0 foreachj €JF.
jegt jedt jegt
Using Property 1 it follows that

0= Donl,(grad ¢) = DoF°  (¢)— DoF?

-1 S
end(i') lniU’)(¢) for each j’ € 7.

Since S is a spanning tree of M which is connected, it follows that there exists ¢ € R such that DoF‘.O(qB) =c for all i € J,,. Then
in fact Don1 (grad ¢) = D"Feond(j>(¢) — Doﬂ‘;[m(qb) =0 for all j € J; and grad ¢ = 0 because {Don] Vieq is a set of unisolvent dofs in
Ny (7).

Therefore Don1 (grad¢) = 0 for all j € J, and then grad ¢ = 0 because this set of degrees of freedom is unisolvent. Recalling
that grad ¢ = Zjejlc ¢;w; it follows that ¢; =0 for all j € J£ because {w;};z, is a basis of P;IAI(T). O

9
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If g, # 0, namely, if £ is not simply connected, there exist curl free functions that are not gradients and the implication in (9)
is not true.

A polynomial differential form w € P;HAI(T ) is exact, namely, w = dy¢ for some ¢ € P;HAO(T ), if and only if d;w = 0 and
ygy o =0 for any 1-chain y = ¥, a,e with a, € Z of oriented edges of the mesh 7 such that 9,y = Y, a,0,e = 0.

In terms of weights, we get

fo= T w e

e€supp(y)
being supp(y) = {e€ E : a, #0}.
In terms of moments, we first recall that

n r
r!
1=<2/‘li) = 2 —!/1" al i=aqp! - a,l

=0 aciiir1n &

fo = Zle= T e

|
Z /co A r—'ﬂ“
eesupp(y) e€supp(y) uEl(Z,r) e @

1 3o 3 fongurer T a3 Mo
acI2r)’e @

eesupp(y) eesupp(y) a€I2r)

3 o= 3 e T W
uel(z,r) To(€) acI(2r)

eesupp(y) e€supp(y)

Then

where the last term is the sum of moments (5) for w € P;IAI(T) in f,=e,withd=k=1and n= %A".

Our aim is to extend to the high order case the notion of belted tree (see e.g. [12,18,35]).

We start by recalling the definition of belted tree for the graph M, given by vertices and edges of the mesh 7.

To this end we assume to know a set of f, polygonal loops in 7, {6,} 12> mutually disjoint and without self-intersection,
representing a basis of H(7;Z). Each loop ¢, can be written as 6, = Y . 0,.¢ with o;, € {-1,0,1}. For each I = {1,...., 4},
select one edge e; belonging to o;. The set LJﬁ1 (supp(o,) \ {ef }) is therefore a tree and it is possible to construct a spanning tree

=N, 4,5) of the graph M, = (N}, A,) such that all the edges of each o, \ {¢;'} belong to this spanning tree, while the edges
{e;‘}lﬂ;1 belong to the cotree. The subgraph B, = (N}, A; s U (e} }f;l) is called belted tree of the graph M,.

We are doing an abuse of notation since the arcs in the graph M, are in fact degrees of freedom. So, instead of e we should
write W,(w) or M,(w), being W,(w) = M,(w) = [, » and the loop in M, should be in reality o, = ¥, 6, W,(-) = X, 61, M, ().

When we are in the graph M, the corresponding loops read G} = ¥ ,c 61, Yuez2 Weal) 0T M = X oc i 610 Ductry Mega()
(we use G, when it is not necessary to specify the type of degrees of freedom). The coefficients ¢,, are those of the geometrical
loop o; while the multi-indices a take care of the higher polynomial degree. Moreover when using weights one has g,W(w) =
Yeck Ol ZaEZ(Z,r) W, q() = j'ggl o and when using moments QIM(C") = Yck Ole ZaGZ(Z,r) M, g4 (0) = % ?gg, @

The definition of a belted tree of the graph M, for any r > 0 is a straightforward extension of that done in the geometrical
graph (the one defined by the vertices and edges of the mesh).

The arcs of G, are identified by a couple ¢ = (e, ®) with e € E and a € I(2, r) and the support of G, is supp(G)) := {e = (e,a) : ¢, #
0}. Foreach / = {1,..., §, }, select one arc (for weights, one small edge) ¢, € supp(G,). The set Up ! (supp(g',) \ {ef }) is therefore a tree
and it is possible to construct a spanning tree S, = (N1, A,4s) of the graph M, ;| = (J\/,+1,A,+1) such that all the arcs of each
supp(G)\ {€;'} belong to this spanning tree, while the arcs {ef }fil belong to the cotree. The subgraph B, = (Nr+1’Ar+1,S Ufef }il)
is called belted tree of the graph M, . It is worth noting that supp(G,) C A, s U {€] }]ﬂ:'I forall/ € {1,...,1}.

Let JB :={je g, : Donl € Ay sUle})and JEB = 7\ gB. If {®;}jeg, is the cardinal basis for the set {Donl }jeg, then
DoF!(w;)=01ifi € JP and j € J 5. Hence, G (w;) =0 for all j € JC5.

Moreover we recall that A, jpc = A,y \ (A5 U {el*}fil) and thus card(A,,| pc) = card(A,,)) — card(A,,,5) — f; =
dim(PrjrlA'(T)) - dim(P;lAO(T)) +1-4.

Proposition 2. Let {®;};c 7 be the cardinal basis of N, ,(T) for either weights {Wl }jeg, or moments {M 1 jeq: The set {curlw; } je ch
is linearly independent and its cardinality coincides with the dimension of RT,,(7)N Im(curl), thusitis a basls for the latter space. If §, =
then it is a basis of RT, +l(T)nH(dn/ Q).

Proof. We will proceed as in the proof of Proposition 1.

If Z]EJCB ¢;curlw; = 0 then clearly curl (Z g8 ¢ ;) ) = 0 and, by Poincaré duality, ¢, <Z egcB ¢ @) ) =0 for all y that is the
boundary of a 2 chaln of T.

Moreover from the definition of leB and taking again into account that w; is the cardinal basis for the degrees of freedom,

{DoF/.1 }jegrs it is clear that for / € {1, ..., ;}. For weights we have
}{ 2 cjw; = 2 }{ w; = c-QIW(wj)=0
o jegE jegcr jegfr

10
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and similarly for moments we obtain
}{ Z cjw; = Z cj?{ coj:r! z c/g{”(a)j):o.
% jegcr jegcs o jegce
In conclusion ng Ze geB €0 = 0 for any 1-chain y of 7 with dy = 0. Then Poincaré duality yields ¥, geB e @) = grad¢ for
some ¢ € L, (T). Then, the proof ends by the same mathematical steps done to prove Proposition 1. []

If g, = 0, then card(A,p) is the dimension of RT,, (T)nH (div®; 2) and the “recipe” to construct a basis of RT,,(T)nH (div®; Q)
is given in Algorithm 1.

Algorithm 1 (case f, = 0)

1. Select a basis {v;};ez, of N,y (T).

2. Select a set {Donl }jeg, of unisolvent dofs in N, (7) and a set {DoF/Q}jEJl of
unisolvent dofs in L, (7)) verifying Property 1.

3. Construct the cardinal basis {w;} ;¢ 7 for the set { Don' }jeg, in terms of the
basis {vi}jeq,-

4. Construct the associated graph M, .| = (N, 1, A1)

5. Construct a belted spanning tree B,,; = (N, 4,41 p)-

6. Compute curlw;, for each index j associated with an arc not in A, g.

Note that if ; =0 then B, is in fact a spanning tree of the graph M, ;.

The complexity of Algorithm 1 is given by the cost of the inversion, at point 3., of the Vandermonde matrix, to compute the
cardinal basis, and the construction, at point 5., of the belted spanning tree. The fact of working with barycentric coordinates makes
any computation independent from the current tetrahedron. Therefore, concerning the Vandermonde matrix, its inversion is done
only once since this matrix has the same entries in any tetrahedron of the mesh. For the construction of the belted spanning tree, the
high order enrichment inside each element does not depend on the element, it is done by the same procedure in all the tetrahedra.
An analysis of this construction can be found in [34].

4.3. Making for a basis of RT,,(T)N H(diV°; Q) when p #0

If B, # 0 then the space of divergence-free Raviart-Thomas finite elements that are not the curl of Nédélec finite elements is non

trivial and has dimension f,. So we have to add, for each n =1, ..., §,, one solution z, , € RT,(T) of
divz,, =0 in Q
A (10)
/(ag)fzh,n'“(z:ﬁnf C=1...,p,

where (0Q2),, for ¢ € {0,1, ..., 8,} are the connected components of dR2 being (912), the external one. Each one of these problems
has solution and it is unique up to a curl.
For any choice of z,, the set {zhy,,}f 2, is linearly independent. In fact, if Ef 2, €nZn, = O then for any # € {1,...,,} one has

B I b
0= f(dﬂ)f (Zn2:| anh,n) ‘g = Z,,i] Cn /(0_())/ Zpy - ng = anz] Cr15n,f =Cp-

Proposition 3. Let {w; Yieq be the cardinal basis of N, (T) for either weights {le }jeg, or moments {Mj' }jeg, - For eachne (1,...,5},
let z;, , be a solution of (10). The set {curlw, }jEJ]ce U {Zh,n}ﬁil is a basis of RT,,(T)n H(d’; Q).

Proof. First we notice that the cardinality of the set {curl ; }jEJCB Uiz, }fz_l is equal to dim(Pr’HAI(T))—dim(Prjrl AT +1=p,+5,.
| -

. fr . . R p
It remains to prove that the set {curlw;}, ges Y {24,,},2, is linearly independent. If ¥, gen ¢ seurlw; + 372 ¢z, = 0 then, by
Stokes’ theorem

b b
0=/ E é-curlw~+§cz -n =/ Ecz ‘N =¢
J J n®h.n Q n®h,n Q 4
09Q), 09Q),

jG[IICB n=1 n=1

forallZ € {1,...,5,}. Thus ) jegch ¢;curlw; = 0. In Proposition 2 we have proved that the set {curl ; } jegc® is linearly independent
so, also the coefficients ¢; are equal to zero. []

It is possible to consider solutions of Problem (10) in RT;(7) C RT, (7). This case has been studied in [13] Section 5 where it is
proposed a very efficient algorithm for the computation of the solution. The algorithm uses the dual mesh of 7. It is an elimination
procedure that follows the arcs of a spanning tree of the graph defined by the dual vertices (the barycenters of the elements) and
the dual edges (one associated to each face of the mesh). This algorithm has been extended to the case r > 0 in [6] relying on the
use of the weights as degrees of freedom for both RT,,(7) and P.(7). It follows the arcs of a spanning tree of the graph with nodes

11
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Fig. 3. Example of spanning tree in the (dual) graph, namely a selection of acyclic paths made of arcs, visiting all the nodes of the (dual) graph (r = 1, left
and r = 2, right).
Source: Taken from [36].

Lit Vs
G GT
BN K
Niir ————— E;
SN K
C el
72
RTy ;¢ Eik Fs
D D'
PO +1 Tg

Fig. 4. A graphical summary of the structure of the basis of RTr‘i] and its construction (in the case f,(£2) = 0). Here, K* = J, ¢ and K = J, ¢, with or without
the footindex B (standing for belted), depending on g, (£2).

the barycenters of the small elements and arcs associated to the small faces chosen to obtain a unisolvent set of degrees of freedom
for RT,, (T) (see Fig. 3).
In Fig. 4, we summarizes the situation. Due to the property that d,d, = 0, we cannot construct a divergence-free basis of RTr0+1
starting from the curl of a basis of N, because they are not linear independent. However, the spanning (eventually belted) tree for
°

the gradient of function L, allows to identify the set (associated with the corresponding co-tree) of indices K* = J ¢ of columns
in G that will provide a part of this basis, once we apply on them the curl operator (see Proposition 4). If ,() # 0, the basis
has to be completed by hands, by adding the generators of > (see Proposition 6), namely the solution of problem (10), for each
I=1,...,52)+1.

5. On the construction of a basis of RT,,; n Hy(div'; Q)

In the following we denote H,(div’;2) the space of divergence free fields z such that Tryoz = z - n, = 0. Similarly we set
Hy(curl’; ) the space of curl free fields u such that Tryou =ng, X uxng, = 0.

If z € RT, nH(div’; 2) and Trypz = 0 then z = curlu for some u € H, (curl; Q) = {u € H(curl; Q) : curlu-ng, =0in R} ={ue
H(curl; ) : curl (ngp Xuxng) =0 on 02}, being curl (n, X uxny) the tangential curl of the trace of u. So our aim is to construct
a basis of curl(N,,; n H,(curl; 2)). Clearly Hy(curl; 2) c H,(curl; 22). First we will construct a basis of curl(N,,; n Hy(curl; 2)) and
then we will complete it to obtain the desired basis.

12
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In the following, for both Lagrange and Nédélec elements we distinguish boundary and internal degrees of freedom. The boundary
degrees of freedom are “supported” by subsimplices completely contained on d£2. The internal degrees of freedom are those that

are not boundary degree of freedom. We set J, = J, \JI" where JI" denotes the set of indices corresponding to Nédélec internal

degrees of freedom. Similarly J, =7, \ JO" with JO" the set of indices corresponding to Lagrange internal degrees of freedom.
By the rank theorem

dim (curl(N,,; N Hy(curl; 2))) = dim(N,,, n Hy(curl; 2)) — dim(N,,; n Hy(curl’; ©2)).
We recall that N, n Hy(curl’; Q) = grad(L,,, n H(£2)) being
H(Q) = {¢ € H'() : ¢yoq),is constant Vn € (1, ﬂZ(Q)}}

The dimension of L, ;N H xl (£2) is equal to the dimension of L, ;N Hé (£) plus the number of connected components of 92 namely,
B>(2) + 1. Moreover dim (grad(L,,; N H}(€2))) = dim(L,,, n H!(2)) — 1 (with the —1 since constants have zero gradient), hence

dim (curl(N,,; n Hy(curl; 2))) = dim(N,,; n Hy(curl; )) — dim(L,,; N Hy(2)) — f5(<2).
We obtain
dim (curl(N,,; n Hy(curl; Q))) = card,]l - cardJo $r(Q).
To construct a basis of RT,; ncurl(Hy(curl; 2)) = curl(N,,; n Hy(curl; )) the idea is to contract to a single node the nodes of the
graph M, that correspond to Lagra:nge doegrees of freedom supported in the same connected component of the 0£2. The incidence

matrix of the new graph M,,; = (N,,;,4,,) is computed by replacing all the rows of the incidence matrix of M, related to
Lagrange degrees of freedom supported on a connected component of a2 with a single row equal to their sum, and removing the

columns with all the entries equal to zero that are those of the contracted arcs. The number of arcs in M, is equal to the number
of internal Nédélec degrees of freedom, namely card(J;) while the number of nodes in M,. £1 is equal to the number of internal
Lagrange degrees of freedom plus the number of connected components of d<2, namely card(J o)+ B(2)+ 1.

Let S,+1 = (N,H S’Ar+1 s) be a spanning tree of M,+1 We denote

Jis={ied; : DOFJ-I €A}

o

and J, ¢ = J{\J - Werecall that, being S, a spanning tree of M, , it holds that card(J ) = card(N ;1 g)—1 = card(J o)+, ().

Proposition 4. Let {@;} ;¢ 7 be the cardinal basis of N,(T) for either weights {W/.1 }jeg, or moments {Mj1 Yieq The set {curlw;}

. . j€Jic
is a basis of curl(N,,., N Hy(curl; 2)).

Proof. First we notice that

card(}l’c) = card}l - card(}l,s)
= cardJ | — (cardJ o + B,(£2)) = dim (curl(N,,; n Hy(curl; 2))).

Then we prove that the set {curlw;} . is linearly independent, namely, if }} o c;curlw; = O then the coefficient ¢; = 0 for
J €Jic J€J1c

all j e ..’I 1.c- The arcs of the graph M, +1 are the internal degrees of freedom of N,,; hence we have that Tr,, (Z 5 ¢;w j> =0.
j€Jic
Then, if

0= Z cjcurlcoj=curl Z C;o;

o o

Ji€Jic Jj€J1c

it holds that Y

i€Jic

If §,(22) = 0 then H,(curl; Q) = Hy(curl; ). We thus have the following.

c;w; = grad¢ for some ¢ € L, (7). Now the proof follows as that for Proposition 1. []

Corollary 10. If () =0, the set {curlcuj} o is a basis of RT,, | N Ho(dw Q).
C

JET N,

If B,(£2) # O this basis has to be completed with g,(2) elements that are the curl of functions that are in N,,; n (H,(curl; 22) \
H(curl; £2)). We do not know an efficient algorithm based on graphs to construct these functions. Methods using other strategies
can be found in [37-39] or [40]. For the sake of completeness in the sequel we provide some insights on these functions. It is worth
noting that these finite element functions could be chosen of polynomial degree lower than r+ 1, in particular of polynomial degree
one.

13
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H,(curl; Q) =

url0; Q)

V(@)

Fig. 5. A visualization of the subspaces we consider in H, (curl; ). All the functions in the rectangle are in H(curl’;Q)) = VHY(Q) & H'(R2). Here,
VH!(Q) c V H'(R), moreover VH!(2) c Hy(curl: 2) n H(curl’; Q) since the elements of VHJ(Q) are gradients, with a constant value on each connected
component of 9£.

The first step to understand the nature of these functions is to characterize the subspace of functions in H,(curl; Q) that are
not in Hj(curl; Q) (see Fig. 5). It is clear that H (curl’; Q) c H,(curl; Q) but the functions of H (curl’; 2) do not contribute to the
construction of a basis of curl(N,,; n H, (curl; 2)). So we are interested in functions of H (curl; Q) \ [H(curl; Q)u H (curl®; Q)]

For the sake of simplicity in the following we assume f,(£2) = 0.

Let D be a hexahedron in R3 such that @ is strongly contained in D. Let us denote Q' = D\ @ (the domain &’ is connected
when f,(2) = 0). If §,(£2) # 0 there exist 1-chains lying on 92 such that they are the boundary of 2-chains of 7 but they are not the
boundary of any surface contained in £’. The maximum number of 1-chains with this property, that are homologically independent
on 0%, is equal to #,(£2). For the construction see [40,41]. For each 1-chain y of this type, there exist functions p € H (curl’; Q")
such that ﬁy p=1and Tryg(p) € Tryg (N, (7)) (see e.g. [40]). It is worth noting that the trace on 0Q of p € H(curl’; ') is not
zero since 55}, p =1 and y lies on 0Q.

It is possible to construct a finite element extension of this trace in N, (7), namely a function p € N, (7) such that
Tryo(P) = Tryo(p). Clearly p € H,(curl; Q) because curlp - nyo = curl (Tryo(p) = curl (Tryo(p)) = curlp - ny, = 0. However
p & Hy(curl; Q) since Tryn(p) # 0, and curlp # 0 because otherwise the function

R= { p inQ
p inQ
would belong to H(curl’, D) hence it would be a gradient. This is not possible because ygy p # 0. Hence p € N, (T)n
[H,(curl; @)\ (Hy(curl; 2) U H(curl’; 2)) ].

This construction has to be done for each element of a set {y,}ﬂ ;(19) of 1-cycles homologically independent on 0 and
homologically trivial in €. We will denote p, the function on H(curl’; Q') with fyﬂ p,, = 16,,. The following heuristic resume
this construction:

Heuristic reasoning to build a basis of the space curl(N,,;(7)n H,(curl; £)).
1. Construct a basis {curl @ ;i < of curl(N,,;(7) n Hy(curl; £2)) using a cotree of the
j€Jic

graph M, ;.
2. Compute a set {y,}fi(lm of 1-cycles homologically independent on d<2 and
homologically trivial in €. These cycles generate H,(£2).

3. Foreach/ e {1,...,4,(2)}

(i) compute the traces Tr,q Py

(ii) compute an extension ﬁ;, 1= ext(Tr pn) to N, (7) of the traces in (i).

4. The set {curlw;} 5 U {curlﬁy‘l }Iﬂl(lg) is a basis of curl(N,,(7) n H,(curl; 2)).
J€J1c -

6. Conclusions

We have constructed a basis of the finite element space RT,,; n H(div’; £2) using the tree-cotree technique that is well-known
when r = 0. We have extended the technique to the case r > 0 without any restriction on the homology of the computational domain.
The algorithm can be applied to the two families of degrees of freedom used in this framework: weights and moments.
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The key point in the extension of the graph techniques to high order finite elements is the visualization of the graph associated
with the degrees of freedom that the use of weights provides.

We have also considered the case of functions with zero trace, namely the space RT},, n H,(div’; £2). Also in this case we propose
an algorithm based on the tree-cotree decomposition of a suitable graph to construct a basis when g,(£2) = 0. When g, # 0 to have
a basis it is necessary to complete the set obtained using the tree-cotree decomposition with g; functions associated to 1-cycles on
0% that do not bound any surface contained in R? \ £, the complementary of .

In the future we will work to design an efficient algorithm to compute a basis of RT,,; n Hy(div’; ) without any restriction on
the homology of the computational domain.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability
Data will be made available on request.
Acknowledgments

The authors are grateful to Alberto Valli for his precious ability in finding topological counter-examples, his kindness and for all
the exchanges on computational electromagnetism and applied mathematics they ever had with him.

A.AR. is member of the Gruppo Nazionale Calcolo Scientifico - Istituto Nazionale di Alta Matematica (GNCS-INdAM), (Italy).

J.C. was supported by the ANID-Chile through projects Fondecyt Regular 1231336 and Centro de Modelamiento Matematico
(FB210005).

F.R. thanks the Centre Inria d’Université Cote d’Azur (France) for the delegation during which this work was completed.

Appendix A

For the sake of completeness, we report here, in terms of the new notation, the proof of Proposition 2.1, presented in [42], that
the graph M, is connected. This is a fundamental property for all the propositions stated in the previous sections.

Proposition 5. Let us set dyy = dim N,; and d; = dim L, ;. If we denote G € RN*9L the matrix that computes, from the moments of
@y, the moments of grade,, then G7 is the all-nodes incidence matrix of a directed graph MY with a node for each Lagrange moment and
an arc for each Nédélec moment: MS = (ML, MN). This graph is connected.

Proof. We have proven in [33] that the matrix G € RI~*9L has two elements different from zero, one equal 1 and one equal -1,
on each row hence G7 is the all-nodes incidence matrix of a directed graph M% = (ML, MN). To prove that it is connected we
decompose it in edge, face and tetrahedron subgraphs (see Fig. 6).

For all e € E, G, = (N,, A,) denotes the subgraph of M¢ = (ML, MV) with nodes N, = {ML ¥ B eI, r-1)} and arcs

A, ={M Lf\’ © a € I(2,r) with ay # 0 # a}. It is easy to check that all the nodes of N, are connected with the node M M ﬂ 10"

In fact if g/ = (ﬂo, ﬁ’ ) with ﬂ’ # 0 then the arc M, N w1th a= (ﬂo +1, ﬂ’ ) belongs to A, and connects the node M~ e with the
0

/
node M . ﬂ(ﬂ0+1 P Hence it is possible to construct a path with f| arcs connecting Mk BB with Me D480 Me 10"

Analogously, for all f, = f € F, G, = (N, A;) denotes the subgraph of M% = (ML, MN), with nodes Nf = {Mg,,y 1y e

I3,r=2),€ 20 :d,0:n),pe =0 :d—-21: d)} and arcs A, =V (MY BEe TG r—Dwithf #0ifl#i, ¢ €20 :
0:n,pe X0 :d-2,1:d)}.If yé # 0, taking B such that y’ = g — eo, the arc M 5 € Ag, with g, # 0 connects the node

MCLﬂ( LD with the node M{Lp PR On the other hand if 7’1 # 0, taking B such that v = B — ey, the arc MIY,;, € A, with

B, # 0, connects the node MC ) with the node M o 41y 1) Hence, if y| +y) # 0, it is possible to construct a path with
0 ] 2 0 1 2

+ 7! arcs connecting ML with ML
nEn & Mg, Yooty rs) Sty +73.0.0)

Finally forall f, =t €T, G, = (N, A,) denotes the subgraph of M% = (M~, M), with nodes N, = {M 8 e1@,r-3).¢ce
O : :n),pe 20 :n—-2,1:n)} and arcs A, —U1<,<J<3{M ryeI@,r-2)withy, #0if I ¢ {i, j}} Proceedlng as for edges
and faces it is easy to check that G, is connected.

We consider also the subgraph ¢¥ = (N, A¥) with nodes N} = N, u1

connect M L o’ with a node of G, while the second one M VL st
me (1)
e€E, G isa path connecting the Lagrange moments associated w1th the vertices of the mesh in 4,(e). Hence if £ is connected the
graph U,cpG? is connected.

To conclude the proof we notice that we have an arc of M% = (ML, M) that connects a node of G s with a node of G,_,, o)

_ N .
o and arcs A, = {Me,ﬂ,a ca€I2,r)}. We can

connects w1th a node of G, hence g: is connected. For each

and an arc that connects a node of ¢, with a node of G,_|, PNE Since each node of M belongs to a subgraph of the type G: or G,
1y (3
or G, this prove that MY is connected. []
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Mo M. MG M) M ae

Vin(0) B a Vm.(1)
a
M‘f"mm) M(L:*,D),e M(lil),e M(livﬂ)yz M(%YS)# M‘{:Vmgu)

Ving(0)

Vins(1) Ving(2)

Fig. 6. On the top an example of edge subgraph G!. On the bottom, in blue, an example of face subgraph ¢/; in red and green the three subgraphs of the
edges on the boundary of f, in black, other arcs of the graph that are not on any face or edge subgraph.
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