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Summary

The study of orthostatic stress effects on the cardiovascular system has gained signif-
icant attention since the 1960s, initially driven by the space race, and more recently by
advances in medicine and technology. The full extent of the physiological responses to
orthostatic stress still remains not fully understood, owing to the complex interplay be-
tween multiple body systems and external factors that influence cardiovascular function.
To address this complexity, increasingly sophisticated computational models of the cardio-
vascular system have been developed.

The accuracy of these models in reproducing physiological responses to orthostatic
stress depends on the physical description of the problem, on the numerical methods used
to approximate the solution, and on the representation of the physiological mechanisms
involved. A clear and realistic formulation of the physical processes is essential for cap-
turing the fundamental features of the modeled interactions. At the same time, numerical
aspects can significantly influence the accuracy and reliability of simulations. Finally, the
extent to which the model captures the complexity of regulatory responses directly impacts
the model’s ability to reflect real-world behavior under orthostatic stress.

This Ph.D. thesis tackles all these challenges, presenting an extension of the anatom-
ically detailed arterial-venous network (ADAVN) model, a multiscale model originally
developed to reproduce hemodynamics of the entire circulation with high anatomical fi-
delity. The ADAVN model comprises a unique 3D spatial characterization of both arterial
and venous networks that captures the anatomical geometry of the human vasculature.
Blood flow in these networks is described using partial differential equations (PDEs) in
one-dimension (1D). In particular, it adopts a 1D blood flow model, where a viscoelastic
tube law is used to represent the mechanics of the vessels’ wall. To incorporate the effects
of gravity, an additional term has been introduced in the governing equations of the 1D
blood flow model, leading to a novel and unique cardiovascular model that accounts for
gravitational influences in both arterial and venous networks based on vessels’ geometrical
properties.

The first part of this thesis focuses on examining how different parameterizations of
selected tube laws alter the mathematical properties (namely hyperbolicity and genuine
non-linearity of characteristic fields) of the considered 1D blood flow model. We investi-
gate how constraining admissible parameter ranges influences the tube law’s ability to fit
human and ovine experimental data. Notably, we demonstrate that the viscoelastic tube
law, employed in the ADAVN model, preserves the mathematical properties of the 1D
blood flow model despite the imposed parametrization, making it a robust tool for further
developments of the ADAVN model.

The second part of this thesis addresses the challenge of accurately computing the
numerical solution of our model. To this end, we propose a well-balanced high-order
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path-conservative numerical method capable of solving non-conservative hyperbolic PDEs.
This method is able to describe steady-state solutions in presence of geometric- and alge-
braic-type source terms, as well as to correctly estimate transient solutions. Particularly,
we show its crucial ability to accurately reproduce hydrostatic pressure distributions when
applied to solve the 1D blood flow model with gravity in complex vascular networks.

The third part of this thesis is dedicated to the physiological aspects of the cardiovas-
cular response to orthostatic stress. Due to the reduced availability of data on the venous
system and the limited understanding of the regulatory mechanisms involved, we collab-
orated with a team of physiologists from the University of Auckland (New Zealand) to
answer specific questions regarding the lack of venous data and the functioning of the reg-
ulatory mechanisms, aiming to clarify how these elements coordinate to regulate blood
flow and pressure under different orthostatic conditions. We present the outcomes of this
collaboration, detailing the design of an experiment to collect relevant physiological data in
compliance with ethical and privacy standards. We describe the recruitment of volunteers,
the data acquisition, and the processing of raw measurements into meaningful metrics for
model validation. Notably, we underline that the collected data confirm existing findings in
literature and provide new insights into the venous system and the regulatory mechanisms.

Finally, the last part of this thesis concentrates on simulating orthostatic stress using the
extended ADAVN model. This application integrates all previously developed theoretical
knowledge, numerical tools and incorporates the acquired experimental data. We detail the
simulation setup and validate the obtained results. Furthermore, we identify the current
limitations of the ADAVN model and highlight the aspects that require further refinement
to capture the key physiological mechanisms involved in the cardiovascular response to
orthostatic stress.

This thesis brings together multidisciplinary studies that represent an important first
step towards the development of a cardiovascular model capable of reproducing essen-
tial physiological processes during postural transitions. The resulting framework offers a
valuable tool for advancing our understanding of the cardiovascular system’s response to
orthostatic stress.
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Chapter1

Introduction

Mathematical models have become essential tools for investigating cardiovascular physiology,

enabling noninvasive assessment of blood flow, pressure, and tissue perfusion under both nor-

mal and pathological conditions (Alastruey et al., 2011; Albanese et al., 2016; Caddy et al.,

2024; Quarteroni et al., 2017; Taylor and Figueroa, 2009). In recent years, a wide range of car-

diovascular models of the human circulatory system have been developed to analyze different

physiological and pathological aspects of cardiovascular function. Depending on the level of

spatial resolution and physical detail, cardiovascular models can be classified into three main

categories: three-dimensional (3D), one-dimensional (1D), and zero-dimensional (0D) models.

3D models are commonly employed to simulate the mechanical and hemodynamic behavior of

specific organs, such as the heart (Zingaro et al., 2023) or the liver (Bonfiglio et al., 2010). At

the core of most 3D cardiovascular models lie the Navier–Stokes equations, which govern the

motion of blood as an incompressible, viscous fluid. These equations provide a detailed descrip-

tion of local hemodynamics, enabling the computation of velocity fields, pressure distributions,

and wall shear stresses within complex vascular geometries. To achieve a more realistic simu-

lation of physiological environments, 3D models are commonly integrated into fluid–structure

interaction (FSI) frameworks, which describe the interaction between a deformable structure,

like the walls of a blood vessel or an organ, and the fluid flow. Such coupling captures the bidi-

rectional interplay between blood dynamics and wall motion, thereby improving the model’s

predictive capability but also increasing its computational cost. Consequently, the numerical

solution of these models requires an adequate spatial and temporal discretization, making simu-

lations computationally demanding, particularly when extended to large portions of the vascular

network. For these reasons, 3D cardiovascular models are typically applied to study localized

phenomena of interest (Formaggia et al., 2009). To address these limitations, reduced-order

formulations based on 1D or 0D representations are often adopted. These simplified models re-

tain the essential hemodynamic relationships derived from the Navier–Stokes framework while

substantially reducing computational cost, thereby allowing for efficient simulation of systemic
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circulation and of specific vascular regions (Duanmu et al., 2019; Mynard and Smolich, 2015).

They are particularly useful for simulating systemic responses under different physiological or

pathological conditions and can be effectively coupled with 3D models or with models describ-

ing the control mechanisms of the nervous system to provide a comprehensive representation

of cardiovascular function (Blanco et al., 2009). In this context, multiscale 1D-0D models play

a crucial role by integrating processes that occur across different spatial and temporal scales.

The development of such models requires the definition of both 1D and 0D models, and their

subsequent coupling. This integrated framework enables the simultaneous investigation of lo-

cal and global phenomena, capturing the interactions between different cardiovascular mecha-

nisms. By coupling models with different spatial scales, multiscale models enhance predictive

accuracy and provide a wider understanding of how localized phenomena, such as those arising

from diseases or interventions, can influence overall cardiovascular performance (Blanco and

Müller, 2025; Blanco et al., 2009; Quarteroni et al., 2017; Shi et al., 2011).

1.1 1D cardiovascular models
Here, we briefly describe the 1D cardiovascular models, which represent one of the main com-

ponents of multiscale 1D-0D frameworks. 1D cardiovascular models are derived from cross-

sectional averaging the Navier–Stokes equations under the assumptions that blood vessels are

axially symmetric and that the blood flow is predominantly laminar (Canić et al., 2006; For-

maggia et al., 2009; Hughes and Lubliner, 1973). In these models, the vascular network is

represented as a series of compliant tubes as the one showed in figure 1.1, where each seg-

ment is characterized by spatially varying parameters such as the reference radius or the wall

elasticity. Each vessel is then interconnected with the others at their inlets, outlets, or both,

forming the complete vascular network of interest. In this work, we consider extensive vascular

networks that include both arterial and venous segments, as shown in figures 1.2 and 1.3.

Each blood vessel is represented as impermeable and deformable tubular control volume,

while the blood is assumed to behave as an incompressible Newtonian fluid flowing primarily

in the axial direction with an axisymmetric velocity profile. Under these assumptions, the

mechanics of blood flow along a single blood vessel can be described by the mass conservation

and momentum balance partial differential equations (PDEs), which read∂tA+∂xq = 0,

∂tq+∂x
(q2

A

)
+ A

ρ
∂x p = R q

A +Agx,
(1.1)

2



1

1.1. 1D cardiovascular models

Figure 1.1: Schematic representation of a blood vessel. Axially symmetric vessel configuration in
three space dimensions at time t, with an indication of the cross-sectional area A(x,t).

where x is the axial coordinate along the vessel, and t is the time. The unknowns are the

cross-sectional area of the vessel lumen A(x, t) ∈ R+ \ {0}, the flow rate q(x, t) ∈ R and the

cross-sectional averaged internal pressure p(x, t) ∈ R. R ∈ R− is the negative coefficient of the

friction term, while ρ ∈ R+ is the blood density. Finally, gx(x) ∈ R is the projection of gravity

along the vessel’s axis defining the gravity term.

System (1.1) has three unknowns but only two equations, therefore, an additional relation

must be introduced. This relation, commonly referred to as the closure condition, describes

the mechanical behavior of the vessel wall by linking the average internal pressure p(x, t) to

the corresponding cross-sectional area A(x, t). This pressure–area relationship, known as the

tube law, can be formulated in different ways depending on the physical characteristics of the

vessel wall that one intends to capture. The selection of an appropriate tube law is crucial

for accurately representing the wave propagation phenomena that govern the hemodynamic

behavior of the modeled vascular system. Additionally, the parametrization of the chosen tube

law is a critical aspect, as it determines both the physical properties of the represented blood

vessels, such as the stiffness or the compliance, and the mathematical properties of the resulting

1D blood flow model.

The complete 1D formulation enables the computation of pressure and flow wave propaga-

tion along the vessels, capturing important features of pulse wave transmission throughout the

arterial and venous systems (Alastruey et al., 2011; Avolio, 1980; Formaggia et al., 2003). Fur-

thermore, it provides a favorable balance between physiological accuracy and computational

efficiency, making 1D blood flow model particularly useful for studying global hemodynamic

phenomena.

3
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Figure 1.2: ADAVN. Arterial (red) and venous (blue) networks of the Anatomically Detailed Arterial-
Venous Network model (Müller et al., 2023).

4
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1.2. 0D cardiovascular models

A B

Figure 1.3: Thoracic cavity. A) Zoom on the thoracic cavity of ADAVN86, the reduced version of
ADAVN, showing the 3-dimensionality of the network. B) Focus on the aortic arch (light red) and the
inferior vena cava (light blue), showing the vessels’ centerlines (black curves) used for the 1D modeling.

1.2 0D cardiovascular models

0D models, also known as lumped-parameter models, provide a highly simplified yet powerful

representation of the cardiovascular system. In these models, spatial variations in pressure and

blood flow are neglected, and each vascular compartment is described by global variables rep-

resenting average hemodynamic quantities. The governing equations are ordinary differential

equations (ODE) derived from the principles of mass and momentum conservation (eq. (1.1))

by applying spatial averaging to the system variables. These equations are commonly repre-

sented through an analogy with electrical circuits, where pressure, flow, compliance, resistance,

and inertance correspond to voltage, current, capacitance, resistance, and inductance, respec-

tively (Shi et al., 2011). The simplest 0D model that can be considered is a two-element circuit

arranged in series, consisting of a resistive element with constant resistance R and a capacitive

element with constant compliance C. Figure 1.4 shows a schematic representation of this 0D

model, indicating the direction of flow Q. Based on this representation, the governing equations

5
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Figure 1.4: Schematic representation of a RC electric circuit. Sketch of a resistance-capacitance
(RC) electric circuit with indication of the direction of flow Q.

for blood flow and pressure are given by

Q =
Pin −Pout

R
(1.2)

and

Pout =
V −V0

C
+Pext , (1.3)

where Pin and Pout are the pressures at the left and right of the resistive element R, respectively.

These two pressures depends on the composition of the considered 0D model and can either

come from model’s input, boundary conditions at which the 0D model is connected, or com-

puted with the previously reported equation. V is the volume circulating in the capacitor C, V0

is a reference unstressed volume and Pext is the external pressure acting on the capacitor C, and

thus on the cardiovascular compartment this 0D model is representing.

Despite their simplicity, 0D models are particularly valuable for investigating the global

behavior of the cardiovascular system and its regulatory mechanisms. Owing to their simplified

mathematical formulation, expressed through ODEs, they enable efficient simulations of the

cardiovascular interactions and long-term circulatory adaptations. They are widely employed

to represent the function of the heart, the pulmonary and respiratory systems, and different

components of the systemic circulation, including the microcirculation or specific anatomical

regions, such as the abdomen, the lower limbs, and the cerebral region. Thereby, 0D models are

well suited for large-scale studies and real-time applications. Moreover, they can be seamlessly

coupled with higher-dimensional (1D or 3D) models to provide boundary conditions, facilitat-

ing multiscale modeling of cardiovascular functions (Blanco et al., 2009; Shi et al., 2011).

6
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1.3. Multiscale 1D-0D cardiovascular models with gravity

1D model

0D model

3D sketch of a coronary branch

Figure 1.5: Example of a multiscale 1D-0D cardiovascular model. Multiscale model of a coronary
branch. Blood flow in each of the 11 blood vessels is described using a 1D model, while 0D models are
connected to the outlets of the terminal vessels, vout , to represent the microcirculation.

1.3 Multiscale 1D-0D cardiovascular models with
gravity

Both 1D and 0D approaches offers distinct advantages and trade-offs in terms of spatial reso-

lution, physiological detail, and computational cost. Consequently, recent research has increas-

ingly focused on multiscale frameworks that integrate these approaches to combine anatomical

realism with systemic physiological accuracy. A representative example of a multiscale car-

diovascular model is illustrated in figure 1.5, which depicts a coronary branch. The model

comprises eleven coronary arteries interconnected to form a small vascular network. Blood

flow in each vessel is described using a 1D formulation. At the inlet of the branch, vroot , a

boundary condition is applied to represent a typical coronary inflow, whereas at the outlets of

the terminal vessels, vout , each is coupled to a 0D model representing the microcirculation that

bridges the arterial and venous domains.

The present work is developed within this broader framework of multiscale cardiovascular
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modeling. Specifically, to investigate the effects of gravity on the human cardiovascular sys-

tem, we adopt a 1D model of the complete circulation coupled with 0D models to represent

localized hemodynamic interactions, including the function of the heart, the pulmonary system,

the microcirculation and the valve dynamic (Müller et al., 2023). A detailed description of

the state-of-the-art multiscale model is provided in appendix A. The choice of adopting such

modeling framework is motivated by its ability to balance computational cost and physiological

accuracy. Compared with 3D models, which provide highly detailed spatial representations but

are computationally expensive, 1D models offer a simplified yet physiologically meaningful

description of wave propagation phenomena along the vascular network at a lower computa-

tional cost. At the same time, 1D models preserve spatial information on pressure and flow

distribution throughout the considered vascular network, thereby capturing essential hemody-

namic features that are neglected by fully 0D models due to their focus on global hemodynamic

relationships. By coupling the 1D representation of the major vessels with 0D components de-

scribing localized circulatory regions, the proposed approach combines the strengths of both

1D and 0D models, enabling efficient and physiologically meaningful simulations of the car-

diovascular system.

Within this class of multiscale 1D-0D models, the majority of the cardiovascular models do

not account for gravity and, consequently, cannot capture orthostatic stress responses, that is the

cardiovascular adjustments elicited by gravity during postural changes (see appendix A for a de-

tailed description of the physiological mechanisms underlying orthostatic stress). Most of these

models have been developed to represent the supine position, under the simplifying assumption

that blood vessels lie within a coplanar configuration. In this orientation, the vessel plane is

perpendicular to the gravitational vector, and gravitational effects on blood flow can thus be

neglected (Alastruey et al., 2011; Boileau et al., 2015). This simplification is further justified

by the fact that most clinical and experimental data used for model calibration are obtained in

the supine position (Gerlach et al., 2021; van Assen et al., 2023). However, neglecting gravity

limits the applicability of such models to physiological conditions involving postural transi-

tions or orthostatic stress, where hydrostatic pressure significantly influence venous return and

the overall hemodynamic regulation.

In the past 70 years, increasing attention has been devoted to extending cardiovascular mod-

els to incorporate gravitational influences, enabling the study of postural changes and orthostatic

stress. A representative example is the model developed by Heldt et al. (2002) (and reference

therein), which employs a fully 0D formulation to simulate the hemodynamic responses to

orthostatic stress. Similarly, the studies by Melchior et al. (1992) and Olufsen et al. (2004)

investigated orthostatic stress responses using variants of fully 0D models coupled with repre-
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sentations of autonomic nervous system control mechanisms. In a similar manner, the works

by Snyder and Rideout (1969) and van Heusden et al. (2006) examined the influence of gravita-

tional effects on the venous circulation, also employing fully 0D formulations. Other examples

include the models developed by Murillo and Garcia-Navarro (2023) and Zhang et al. (2017),

which feature a 1D representation of both arterial and venous vascular trees, together with

the gravitational pressure gradients acting along the entire vascular network. However, these

models do not explicitly account for the neural control mechanisms of the autonomic nervous

system. A more comprehensive approach was proposed by Fois et al. (2022), who combined

a 1D arterial network with a 0D venous network, incorporating gravitational pressure gradi-

ents in both domains as well as the autonomic regulatory mechanisms governing cardiovascular

control. It is important to note, however, that all these models still rely on the assumption of

vascular coplanarity, meaning that blood vessels are considered to lie within a single plane. As

a result, while gravitational effects are included, the 3D anatomical distribution of vessels in

the human body, and its associated impact on hydrostatic pressure gradients, remains idealized.

Beyond the scope of orthostatic stress and postural transitions, several other modeling efforts

have investigated the role of gravity under different physiological and environmental conditions.

These include studies focused on cardiovascular responses to microgravity exposure, linear and

rotational accelerations, and varying gravitational loads during exercise or aerospace condi-

tions. While these models are not discussed here in detail, the interested reader is referred to

comprehensive reviews and specialized works in this field (see e.g. Blanco and Müller (2025)).

1.4 Parametrization and validation of multiscale
cardiovascular models with gravity

Building upon the formulation of multiscale 1D–0D cardiovascular models, an important as-

pect concerns their parametrization and validation, which determine the physiological fidelity

and predictive capability of the simulations (Albanese et al., 2016; Quarteroni et al., 2017). In

fact, the development of such models depends crucially on the parameters used to represent

the phenomena of interest. These parameters define a comprehensive set of anatomical and

physiological quantities that collectively describe the geometry, mechanics, and hemodynam-

ics of the entire circulation. Geometric parameters such as vessel lengths, radii, and branching

patterns are typically extracted from imaging data or anatomical databases, while wall stiff-

ness, peripheral resistances, and compliances are often calibrated to reproduce physiological

targets such as mean arterial pressures, cardiac output, or pulse wave velocity (Mynard and
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Smolich, 2015; Reymond et al., 2009; Steinman, 2002). Due to the complexity of the coupled

1D–0D network, many parameters cannot be directly measured and must be estimated through

various techniques, including inverse modeling, optimization procedures or machine learning

approaches (Argus et al., 2022; Saxton et al., 2023). Validation of the full system model then

requires comparison between simulated and measured hemodynamic quantities at multiple lo-

cations within the network to ensure that both global and local dynamics are accurately rep-

resented. Achieving robust parametrization and validation is therefore essential to establish

the model’s credibility and to enable its use for predictive or patient-specific applications (Eck

et al., 2017).

The same considerations apply when developing cardiovascular models that account for

the effects of gravity on blood flow distribution and pressure regulation. In these models, ac-

curate parametrization remains essential to capture posture-dependent variations in vascular

resistance, compliance, and venous return (Fois et al., 2022; van Heusden et al., 2006). How-

ever, a major challenge lies in the limited availability of experimental and clinical data suitable

for validation under different gravitational conditions. Most hemodynamic measurements used

for parameter estimation and model calibration are obtained in the supine position, while data

acquired during standing or in other positions, where hydrostatic effects become significant,

are relatively scarce. This scarcity, especially concerning the venous behavior and the control

mechanisms of the autonomic nervous system, of posture-specific data complicates both the

identification of parameters governing gravitational responses and the rigorous validation of

the model predictions, ultimately limiting the reliability of simulations aimed at reproducing

postural cardiovascular dynamics (Ursino and Magosso, 2003).

In summary, although current multiscale 1D–0D cardiovascular models have advanced our

understanding of posture-related hemodynamics, significant physiological uncertainties remain,

particularly regarding autonomic regulation and venous mechanics. These limitations prevent

the development of predictive models capable of reproducing the full spectrum of cardiovas-

cular responses observed during orthostatic stress. Addressing these limitations requires the

integration of more physiologically consistent representations of neural and venous dynamics,

supported by targeted experimental data for model calibration and validation. The following

section outlines the specific objectives of this work, which are designed to address some of

these challenges and contribute to the development of more comprehensive and physiologically

accurate cardiovascular models.
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1.5 Objectives of this thesis
The main objective of this work is to extend an existing multiscale 1D–0D cardiovascular model

that has a unique 3D spatial characterization of both arteries and veins by incorporating the

effects of gravity.

To achieve this, the work builds upon the Anatomically Detailed Arterial–Venous Network

(ADAVN) model (Müller et al., 2023) and its reduced formulations (Blanco et al., 2015, 2020).

The key strength of the ADAVN model lies in its high degree of anatomical fidelity, as it retains

the real 3D geometry and spatial configuration of both arterial and venous networks (see fig-

ures 1.2 and 1.3). Each vessel of these networks is represented within an anatomically realistic

3D domain, modeled as a tubular structure, consistent with established principles of descriptive

anatomy (Blanco et al., 2015). Unlike the other models that assume a coplanar vascular layout,

thereby limiting the ability to accurately compute hydrostatic pressure distributions along the

vascular network, this anatomically realistic framework explicitly accounts for the actual posi-

tioning of vessels throughout the body. As a result, it enables a more physiologically consistent

investigation of gravitational and postural effects on human circulation, overcoming a limita-

tion commonly present in previous modeling approaches and serving as the foundation for our

work.

In the context of this work, the state-of-the-art ADAVN model, described in detail in ap-

pendix A, has been extended to incorporate gravitational terms, as discussed in chapter 5. This

extension, however, was not straightforward and required addressing several technical and phys-

iological challenges. The accuracy and reliability of the resulting model in reproducing physi-

ological responses to orthostatic stress depend critically on three key components:

• the physical formulation of the problem,

• the numerical methodology employed to ensure its stable and efficient solution,

• the representation of control mechanisms, particularly those related to autonomic ner-

vous system, which are essential for reproducing realistic adaptive responses to postural

changes.

In the following chapters, each of these aspects is discussed in detail. Chapter 2 is devoted to

the identification of a clear and realistic formulation of the tube law, the constitutive relation-

ship that describes the mechanical behavior of the vessel wall, demonstrating the superiority

of the viscoelastic description in capturing realistic vessel wall behavior. Chapter 3 introduces

a well-balanced high-order path-conservative numerical scheme capable of accurately solving
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the governing equations of blood flow in the presence of gravitational effects, thereby ensuring

robust and reliable simulations. Chapter 4 complements these modeling and numerical ad-

vances with experimental data acquired in collaboration with physiologists from the University

of Auckland (New Zealand), addressing key knowledge gaps in venous dynamics and auto-

nomic control. Finally, chapters 5 and 6 integrate these elements within the ADAVN framework

to simulate the cardiovascular response to orthostatic stress, assess the model’s physiological

fidelity, and identify current limitations and directions for future research.
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Chapter2

Tube law parametrization using in vitro
data for one-dimensional blood flow in

arteries and veins

Chiara Colombo, Annunziato Siviglia, Eleuterio F. Toro, Daniel Bia,
Yanina Zócalo, and Lucas O. Müller

The deformability of blood vessels in one-dimensional blood flow models is typically described

through a pressure-area relation, known as the tube law. The most used tube laws take into

account the elastic and viscous components of the tension of the vessel wall. Accurately

parametrizing the tube laws is vital for replicating pressure and flow wave propagation phe-

nomena. Here, we present a novel mathematical-property-preserving approach for the estima-

tion of the parameters of the elastic and viscoelastic tube laws. Our goal was to estimate the

parameters by using ovine and human in vitro data, while constraining them to meet prescribed

mathematical properties. Results show that both elastic and viscoelastic tube laws accurately

describe experimental pressure-area data concerning both quantitative and qualitative aspects.

Additionally, the viscoelastic tube law can provide a qualitative explanation for the observed

hysteresis cycles. The two models were evaluated using two approaches: (i) allowing all pa-

rameters to freely vary within their respective ranges and (ii) fixing some of the parameters.

The former approach was found to be the most suitable for reproducing pressure-area curves.

This chapter has been published as: Colombo C., Siviglia A., Toro E. F., Bia D., Zócalo Y., Müller L. O. Tube
law parametrization using in vitro data for one-dimensional blood flow in arteries and veins. Int. J. Numer. Meth.
Biomed. Engng. 2024; 40(4):e3803. doi:10.1002/cnm.3803
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2.1 Introduction
In silico models have become increasingly important in modern medical research as a means of

simulating and quantifying pressure and flow pulse waveforms in the circulatory system (For-

maggia et al., 2009), since they can simulate the behavior of the circulatory system under both

healthy and pathological conditions (Liang et al., 2018; Mynard and Smolich, 2015). Among

all the mathematical models used to describe the cardiovascular system, an important role is

played by one-dimensional (1D) models, which have shown to provide accurate prediction of

pressure and flow wave propagation on large arterial and venous networks (Alastruey et al.,

2011; Boileau et al., 2015; Mynard and Smolich, 2015; Müller and Toro, 2014; Reymond et al.,

2009). These models are governed by systems of evolutionary partial differential equations

(PDEs) of hyperbolic or hyperbolic-dominant type, and provide a reasonable balance between

computational cost and accuracy (Xiao et al., 2014).

These models consider the deformability of blood vessels by incorporating the so-called

tube law, which relates the blood pressure to the wall tension. In turn, wall tension is normally

described in terms of strain, for purely elastic models, and in terms of strain and strain rate for

viscoelastic models (Bia et al., 2014). This coupling of fluid dynamics with vessel’s mechanical

properties depends on the composition of the vessel wall, which in turn is determined by its

function (Burton, 1954). While tube laws used in 1D models can consider several different

phenomena contributing to the wall tension (Formaggia et al., 2003), in this work we focus

on elastic and viscoelastic tube laws, which in turn are the most common used ones. Elastic

tube laws (elastic models) consider a purely elastic response to the vessel wall to deformation

(Brook et al., 1999; Müller and Toro, 2014; Pedley et al., 1996), while viscoelastic tube laws

(viscoelastic models) consider a viscoelastic response, incorporating the viscous properties of

the vessel wall neglected in elastic models (Bertaglia et al., 2020; Bia et al., 2014; Formaggia

et al., 2003; Müller et al., 2016).

Both elastic and viscoelastic tube laws are characterized by parameters that represent ves-

sels’ geometrical and mechanical properties (Battista et al., 2016; Bia et al., 2014). These

parameters are typically derived from more complex models (Quarteroni et al., 2000), or by

analyzing temporal data for pressure-area dynamics, which are obtained from in vitro or in vivo

experiments. By utilizing this data, it is possible to extract the values of the parameters asso-

ciated with a specific formulation (either elastic or viscoelastic) and use them to evaluate the

model’s ability to reproduce real wave patterns (Alastruey et al., 2011; Reymond et al., 2009)

and study structural and functional differences among vessels (Bia Santana et al., 2007; Valdez-

Jasso et al., 2011; Zócalo et al., 2013). However, parameter values cannot be arbitrary. Certain
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constrains are derived from physical considerations, while others might be needed if specific

mathematical properties of the 1D blood flow model are required. Elastic models are typically

governed by quasi-linear first-order PDE systems, where the parameters of the tube law are

chosen such that the model is of hyperbolic type (Müller and Toro, 2014; Spilimbergo et al.,

2021; Toro and Siviglia, 2013), allowing for the use of numerical methods of the Godunov type

(Toro, 2009). Other approaches are also available. Elastic models can indeed be linearized

and a solution, either analytical or semi-analytical, can be found in terms of Fourier series ex-

pansions (Flores et al., 2016; Sazonov and Nithiarasu, 2019). Viscoelastic models are usually

governed by quasi-linear second-orders PDEs systems of parabolic type (Alastruey et al., 2011;

Formaggia et al., 2003) and can be solved applying different numerical approaches. One ap-

proach consists in using the Galerkin method, where the solution is expanded in terms of a set

of basis functions, and the equations are projected onto these functions to obtain a system of

algebraic equations (Alastruey et al., 2011; Quarteroni, 2012). Another approach consists in us-

ing the operator splitting technique, where the original problem is split into a convective and a

diffusive subproblem that are solved sequentially (Formaggia et al., 2003; Toro, 2009). A third

alternative approach is to transform the initial parabolic problem into an hyperbolic problem

using the Cattaneo’s relaxation approach (Cattaneo, 1958). This third method has been effec-

tively applied to viscoelastic models (Montecinos and Toro, 2014; Montecinos et al., 2014), and

enables the use of standard Godunov-type numerical methods.

In this work we assess how constraining tube law parameters to obtain certain mathematical

properties of 1D blood flow model affects the capacity of the tube law to fit experimental data.

Specifically, we consider two widely employed tube laws, the elastic tube law as described in

Pedley et al. (1996) and the viscoelastic tube law as described in Alastruey et al. (2011). For

the estimation procedure we use in vitro pressure and area time series extracted from ovine and

human donors. These estimates must not only satisfy physiological requirements to correctly

reproduce pressure waveforms, but also ensure that the mathematical nature (namely hyperbol-

icity and genuine non-linearity characteristic fields (Toro, 2009)) of the 1D blood flow model

is preserved. To this end, since elastic and viscoelastic tube laws give rise to hyperbolic and

parabolic systems of PDEs, respectively, we reformulate the parabolic problem as an hyperbolic

system following Montecinos et al. (2014). We then study the mathematical properties of the

two systems of PDEs and ensure that the structure of the PDE systems is strictly hyperbolic

with genuinely non-linear and/or linearly degenerate characteristic fields. These properties en-

sure the well posedness of certain initial- and initial-boundary value problems involving these

1D blood flow models (Bressan, 2000).
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2.2 Materials and Methods

2.2.1 Mathematical model for blood flow in collapsible tubes

We consider the impermeable and deformable tubular control volume showed in Fig. 2.1 and

assume a Newtonian incompressible fluid flowing in the axial direction x with an axisymmetric

velocity profile. In such conditions, 1D blood flow in major vessels is described by two PDEs,

representing mass conservation and momentum balance. The model reads

∂tA+∂xq = 0,

∂tq+∂x
(q2

A

)
+ A

ρ
∂x p = f ,

(2.1)

where x is the axial coordinate along the vessel (Fig. 2.1) and t is the time. The unknowns are

the cross-sectional area of the vessel lumen A(x, t) ∈ R+ \{0}, the flow rate q(x, t) ∈ R and the

cross-sectional averaged internal pressure p(x, t) ∈R. The friction term f , depends on the local

velocity profile which is assumed a priori, while ρ is the blood density.

System (2.1) has more unknowns than equations, hence a closure condition must be in-

troduced. This closure condition is given by the tube law, which relates the averaged internal

pressure p(x, t) to the cross-sectional area A(x, t).

Figure 2.1: Vessel configuration. Axially symmetric vessel configuration in three space dimensions
at time t, with an indication of the cross-sectional area A(x, t). The vessel wall consists of three layers:
the tunica intima (in brown), the tunica media (light red) and the tunica adventitia (in red). Each of
these layers has a specific role. The function of the tunica media is to supply mechanical strength
and contractile power to the vessel. Therefore, it is predominantly composed of smooth muscle cells,
immersed in a matrix of elastin and collagen fibers. More details about the tunica media can be found in
Levick (2009) and in Burton (1954), together with more information on the roles of the other layers and
their composition.
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2.2.2 The elastic model
Here we adopt an elastic tube law (Brook et al., 1999; Pedley et al., 1996; Siviglia and Toffolon,

2013; Toro and Siviglia, 2013) of the form

p(x, t) = pext(x, t)+ψ(A(x, t);A0,K,m,n, p0), (2.2)

where pext(x, t) is the external pressure, assumed equal to zero. ψ(A(x, t);A0,K,m,n, p0) repre-

sents the elastic component of the tube law and is given by

ψ(A(x, t);A0,K,m,n, p0) = Kφ(A(x, t);A0,m,n)+ p0, (2.3)

with

φ(A(x, t);A0,m,n) =
[(

A(x, t)
A0

)m

−
(

A(x, t)
A0

)n]
. (2.4)

In this work, all the parameters are considered constant in space and time. Particularly, A0 ∈
R+ \{0} denotes the cross-sectional area at equilibrium, K ∈ R+ \{0} represents the the stiff-

ness coefficient of the vessel wall, p0 ∈ R is the reference cross-sectional averaged pressure,

while parameters m ∈ R and n ∈ R intend to mimic the hyperelastic nature of vessel walls and

the behavior during collapse, respectively.

The adopted tube law allows to describe experimentally observed pressure-area relations

over a wide pressure range. These relations are determined by the biological composition of the

wall of vessels (Burton, 1954), which contains elastine, collagen fibers and smooth muscle cells.

It is well known that, for increasing positive transmural pressures (ptm(x, t) = p(x, t)− p0), the

stiffness of vessels raise, due to the gradual recruitment of collagen fibers, determining a char-

acteristic hyperelastic behaviour. On the other hand, for negative transmural pressures, vessels

will undergo collapse, resulting in the buckling of the vessel wall and the consequent increment

in stiffening for decreasing transmural pressures. The intermediate region between the collapse-

related buckling region and the hyperelastic one, is a range where the vessel exhibits maximum

compliance (or minimal stiffness). Further details on this subject are available in Caro et al.

(2012) and Fung (1997).

2.2.2.1 Governing equations

We consider a mathematical model consisting of system (2.1), along with tube law (2.2). Since

we are interested in the eigenstructure of the resulting system, we will restrict our study to the

homogeneous case. The resulting system can be written in quasi-linear form as follows

∂tQQQ+BBB(QQQ)∂xQQQ = 000, (2.5)
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where the vector of unknowns QQQ is

QQQ = [A,q]T ∈ Ω , (2.6)

with

Ω = {(A,q) ∈ R+ \{0}×R}. (2.7)

The matrix of coefficients BBB(QQQ) is given by

BBB(QQQ) =

[
0 1

c2
E −u2 2u

]
, (2.8)

where u = q/A, and

cE =

√
A
ρ

K∂Aφ (2.9)

is the wave speed. Next we study some mathematical properties of system (2.5).

2.2.2.2 Eigenstructure

The eigenstructure of system (2.5) is given by the eigenvalues and the corresponding eigenvec-

tors of coefficient matrix (2.8). Eigenvalues of matrix (2.8) are

λ1 = u− cE and λ2 = u+ cE . (2.10)

The corresponding right eigenvectors are

RRR1(QQQ) =

[
1

u− cE

]
, and RRR2(QQQ) =

[
1

u+ cE

]
. (2.11)

The mathematical nature of this model depends on parameters m and n of the elastic tube

law (2.2) (Spilimbergo et al., 2021; Toro and Siviglia, 2013). System (2.5) is strictly hyperbolic

if λ1 and λ2 are real and distinct. Since u ∈R, we need to check if cE ∈R+ \{0}. Therefore, we

need to verify that the argument of the squared root of the wave speed (2.9) is positive. Since

A > 0, ρ > 0, K > 0 for physical reasons, we only need to verify that

∂Aφ > 0. (2.12)

Simple manipulations give

m
(

A
A0

)m

> n
(

A
A0

)n

. (2.13)
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Introducing a = A/A0, we write inequality (2.13) as

m(a)m > n(a)n. (2.14)

We see that

• if a < 1, then

I) if m,n > 0, then for a given m, ∃v1,v2 ∈R+ \{0} s.t. n ∈ (0,v1)∪ (v2,+∞),

II) if m ≤ 0,n ≥ 0, then there is no solution,

III) if m,n < 0, then inequality (2.14) holds true only if n < m,

IV) if m > 0,n ≤ 0, then inequality (2.14) holds always true,

• if a > 1, then

I) if m,n > 0, then inequality (2.14) holds true only if n < m,

II) if m ≤ 0,n ≥ 0, then there is no solution,

III) if m,n < 0, then for a given m, ∃v3,v4 ∈ R− \{0} s.t. n ∈ [v3,v4],

IV) if m > 0,n ≤ 0, then inequality (2.14) holds always true,

• if a = 1, then

I) if m,n > 0, then inequality (2.14) holds true only if n < m,

II) if m ≤ 0,n ≥ 0, then there is no solution,

III) if m,n < 0, then inequality (2.14) holds true only if n < m,

IV) if m > 0,n ≤ 0, then inequality (2.14) holds always true.

Fig. 2.2 displays a graphical example of the previous cases, while the full derivation of the above

conclusions can be seen in Colombo (2021). Fig. 2.2 shows contour plots with binary output

of the function y(m,n;a) = m(a)m −n(a)n, where the black regions represent the sectors where

inequality (2.14) holds true for the given a > 0 and the given combination of m and n. Since

inequality (2.14) must hold true ∀a > 0, all the previous cases must be satisfied simultaneously.

Combining them (Fig. 2.2f), we obtain that our system is strictly hyperbolic when

m > 0 and n ≤ 0. (2.15)

19



Chapter 2. Tube law parametrization in arteries and veins

2

Figure 2.2: Contour plots with binary output. Panels (a)-(e) display different contour plots with
binary output of the function y(m,n;a) = m(a)m −n(a)n for 5 given a > 0. Panel (f) displays a contour
plot with binary output obtained by intersecting the previous 5 panels. Black sections are regions where
y(m,n;a) > 0. It is worth remarking that the mismatch between the analytical solution and the results
in panel (f) (small spots in quadrants I and III) is due to the particular choice we made for a. A perfect
match could be obtained by selecting a → 0 and a → ∞.

2.2.2.3 Characteristic fields

Parameters m and n control which are the families of waves present in the solution of system

(2.5). In particular, genuinely non-linear characteristic fields will give rise to shocks or rar-

efactions, while linearly degenerate characteristic fields generate contact discontinuities (Toro,

2009). Genuine non-linearity is a desirable property of hyperbolic systems of conservation

laws. In fact, problems involving genuinely non-linear characteristic fields are significantly

20



2

2.2. Materials and Methods

easier to analyze and discretize with respect to problems that present non genuinely non-linear

characteristic fields. As a consequence, most general well-posedness results for initial value

problems regarding hyperbolic systems of partial differential equations are available for sys-

tems having either genuinely non-linear or linearly degenerate characteristic fields (Bressan,

2000). Characteristic fields are said to be genuinely non-linear if the following inequalities are

fulfilled

∇λ1(QQQ) ·RRR1(QQQ)< 0 ∀Q ∈ Ω, (2.16a)

∇λ2(QQQ) ·RRR2(QQQ)> 0 ∀Q ∈ Ω, (2.16b)

where ∇λi(QQQ) is the gradient of λi. Particularly, for the problem under consideration the fol-

lowing holds

∇λi(QQQ) ·RRRi(QQQ) =

(
∂

∂A
λi +λi

∂

∂q
λi

)
, i = 1,2. (2.17)

Expressing the partial derivatives, relation (2.17) becomes

∇λi(QQQ) ·RRRi(QQQ) =± K
2ρcE

(
3∂Aφ +A∂

(2)
A φ

)
=

=± K
2ρcEA

[
m(m+2)

(
A
A0

)m

−n(n+2)
(

A
A0

)n]
, i = 1,2.

(2.18)

Under the assumption that m > 0, n ≤ 0, since K > 0, ρ > 0, cE > 0, A > 0, A0 > 0, we need to

solve the following inequality

m(m+2)
(

A
A0

)m

−n(n+2)
(

A
A0

)n

> 0. (2.19)

Introducing again a = A/A0, we write inequality (2.19) as

m(m+2)(a)m −n(n+2)(a)n > 0. (2.20)

It is possible to show that

• if a < 1, then for a given m, ∃v5 ∈ [−m−2,−2) s.t. n ∈ [v5,0],

• if a > 1, then for a given m, ∃v6 <−2 s.t. n ∈ (v6,0],

• if a = 1, then for a given m, n ∈ [−m−2,0].

These three cases must be satisfied simultaneously, thus their combination gives

m > 0 and n ∈ [−2,0]. (2.21)

Conditions (2.21) for parameters m and n guarantee that the 1D elastic model is strictly hyper-

bolic and its characteristic fields are genuinely non-linear.
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2.2.3 The viscoelastic model
Here we adopt the following viscoelastic tube law (Alastruey et al., 2011; Canić et al., 2006;

Formaggia et al., 2003; Müller et al., 2016)

p(x, t) = pext(x, t)+ψ(A(x, t);A0,K,m,n, p0)+ϕ(A(x, t);A0,Γ)∂tA, (2.22)

where the term involving ∂tA with

ϕ(A(x, t);A0,Γ) =
Γ

A0
√

A(x, t)
, (2.23)

represents its viscous component. Γ ∈ R+ is a parameter related to the viscosity of the vessel

wall (Alastruey et al., 2011), assumed constant in space and time.

2.2.3.1 Governing equations

We consider the 1D blood flow model consisting of system (2.1), along with tube law (2.22).

The resulting system can be reformulated following the procedure exposed in Montecinos et al.

(2014) and in Montecinos and Toro (2014) to obtain an hyperbolic system of PDEs. Specifically,

we introduce a new variable Ψ ∈ R and a relaxation parameter ε ∈ R+ \ {0} as well as the

following additional evolutionary equation for Ψ

∂tΨ =
1
ε
(∂xq−Ψ). (2.24)

This results in the following property

Ψ → ∂xq, as ε → 0 , (2.25)

so that one can recover the original parabolic problem for small relaxation parameter ε . We

then formulate the viscoelastic tube law (2.22) as

p(x, t) = pext(x, t)+ψ(A(x, t);A0,K,m,n, p0)−ϕ(A(x, t);A0,Γ)Ψ. (2.26)

Finally we write the system in quasi-linear form as in (2.5). The vector of unknowns is

QQQ = [A,q,Ψ]T , (2.27)

and the matrix of coefficients is

BBB(QQQ) =

 0 1 0

c2
V −u2 2u −A

ρ
ϕ

0 − 1
ε

0

 , (2.28)
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where

cV =

√
c2

E +
ϕΨ

2ρ
=

√
A
ρ

K∂Aφ +
ϕΨ

2ρ
(2.29)

is the wave speed. System (2.5) with (2.24) and (2.25) constitutes a relaxation system whose

solutions approximate those of the original viscoelastic system.

2.2.3.2 Eigenstructure

The eigenstructure of the system is given by the eigenvalues of matrix (2.28) and the corre-

sponding eigenvectors. The eigenvalues are

λ1 = u− c̃, λ2 = 0, λ3 = u+ c̃, (2.30)

where the wave speed is

c̃ =

√
c2

V +
Aϕ

ρε
=

√
A
ρ

K∂Aφ +
ϕΨ

2ρ
+

Aϕ

ρε
. (2.31)

The right eigenvectors are

RRR1(QQQ) =

 1

u− c̃

−1/ε

 , RRR2(QQQ) =


1

0
(c2

V−u2)ρ
ϕA

 , RRR3(QQQ) =

 1

u+ c̃

−1/ε

 . (2.32)

The eigenstructure allows us to study the hyperbolicity of the system, as we did for the elas-

tic model. Specifically, it is possible to prove that the system of conservation laws is strictly

hyperbolic, i.e. the eigenvalues are real and distinct, if

A
ρ

K∂Aφ +
ϕΨ

2ρ
+

Aϕ

ρε
> 0. (2.33)

After some algebraic manipulations, we obtain that inequality (2.33) is equivalent to

∂ p
∂A

− 1
ε

∂ p
∂Ψ

> 0. (2.34)

However we cannot identify any mathematical constrains on the parameters since relation (2.34)

has not a closed form. We observe that if ϕ > 0, then

∂ p
∂Ψ

=−ϕ < 0. (2.35)
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Thus, we can always choose a ε > 0 small enough such that inequality (2.34) is satisfied and the

system is strictly hyperbolic, independently of the sign of ∂ p
∂A . Additionally, since the viscoelas-

tic tube law (2.22) is an extension of the elastic tube law (2.2), we also observe that we are able

to resume the properties of the elastic model when the viscoelasticity coefficient is set to zero.

Specifically, we have that the elastic component of the viscoelastic tube law is a monotonically

increasing function of the cross-sectional area A, i.e.(
∂ p
∂A

− 1
ε

∂ p
∂Ψ

)∣∣∣∣
ϕ=0

=
∂ p
∂A

∣∣∣∣
ϕ=0

=
∂ψ

∂A
= K∂Aφ > 0, (2.36)

which is equivalent to condition (2.12).

2.2.3.3 Characteristic fields

Here we analyze the nature of the characteristic fields. It is easy to see that λ2-characteristic

field is linearly degenerate. Instead, it is possible to prove that λ1-, λ3-characteristic fields are

genuinely non-linear. It holds

∇λi(QQQ) ·RRRi(QQQ) =

(
∂

∂A
λi +λi

∂

∂q
λi −

1
ε

∂

∂Ψ
λi

)
, i = 1,3. (2.37)

Computing the partial derivatives, relation (2.37) becomes

∇λi(QQQ) ·RRRi(QQQ) =±
(

∂ c̃
∂A

+
c̃
A
− 1

ε

∂ c̃
∂Ψ

)
, i = 1,3. (2.38)

If we rewrite the expression of c̃ (2.31) as follows

c̃ =

√
A
ρ

K∂Aφ +
ϕΨ

2ρ
+

Aϕ

ρε
=

√
A
ρ

∂ p
∂A

− A
ρε

∂ p
∂Ψ

=

√
c2

V − A
ρε

∂ p
∂Ψ

, (2.39)

expression (2.38) becomes

∇λi(QQQ) ·RRRi(QQQ) =±
(

cV

c̃
∂cV

∂A
− 1

2c̃
1

ρε

∂ p
∂Ψ

− 1
2c̃

A
ρε

∂ 2 p
∂Ψ∂A

+
c̃
A
− 1

ε

cV

c̃
∂cV

∂Ψ

)
, i = 1,3.

(2.40)

Noting that
∂cV

∂Ψ
=

1
2cV

A
ρ

∂ 2 p
∂Ψ∂A

, (2.41)

and that
∂ p
∂Ψ

=−ϕ,
∂ 2 p

∂Ψ∂A
=

ϕ

2A
, (2.42)
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we obtain

∇λi(QQQ) ·RRRi(QQQ) =±
(

cV

c̃
∂cV

∂A
+

c̃
A

)
. (2.43)

Since c̃ > 0, we need to prove that

cV
∂cV

∂A
+

c̃2

A
> 0. (2.44)

Recalling the expression of the wave speed c̃ (2.31), where it appears as denominator the re-

laxation parameter ε , we conclude that, under the assumption that the system is strictly hyper-

bolic, we can always choose ε > 0 small enough such that inequality (2.44) is fulfilled and λ1-,

λ3-characteristic fields are genuinely non-linear. Hence, the parameters have no explicit math-

ematical constraints, only needing to satisfy physiological ones. As a result, we can reduce the

hypotheses on the fitting parameters, with respect to the elastic model, because the viscoelastic

model preserves its nature even when we relax conditions (2.12) (or equivalently (2.15)) and

consider m ∈ R and n ∈ R.

2.2.4 Tube law parameter estimation
We are interested in estimating parameters K,m,n,Γ of tube laws (2.2) and (2.22) by fitting

ovine and human in vitro data. Here, we introduce the in vitro data and we describe the method-

ology that we used for the evaluation of the parameters.

2.2.4.1 In vitro data

The experimental data used in this study (Bia et al., 2014; Bia Santana et al., 2007; Zócalo et al.,

2007) consist of multiple sets of pressure-diameter time series acquired from 12 adult sheep and

from 15 humans.

All protocols applied to record the data were approved by the Research and Development

Council of the Universidad de la Republica (Uruguay) and were conducted in accordance with

the guide for the care and use of laboratory animals (Council, 1996).

For all the data (ovine and human), pressure values (in mmHg) have been recorded through

the usage of a solid-state microtransducer (Model P2.5, 1200 Hz frequency response; Konigs-

berg Instruments, Pasadena, CA, USA). Vascular diameters have been measured with a pair of

ultrasonic gauges (5 MHz; 2 mm diameter) sutured to the adventitia. A sonomicrometer (Triton

Technology Inc., San Diego, CA, USA) has been used to convert transit time (1580 m/s) to

distance.
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Figure 2.3: Schematic representation of the ovine vessels’ network, with the indication of the main
vessels. Panel (a) on the left, the ovine systemic arterial network. AA: ascending aorta, BT: brachio-
cephalic trunk, CA: carotid artery, PDA: proximal descending aorta, MDA: medial descending aorta,
DDA: distal descending aorta, FA: femoral artery. Panel (b) on the right, the ovine veins’ network. VJ:
jugular vein, VCS: superior vena cava, VCI: inferior vena cava, VF: femoral vein. Adapted from Battista
et al. (2016) and Zócalo et al. (2007)

The measures of ovine data have been taken in different vessels: seven arteries of the sys-

temic circulation, i.e. carotid artery (CA), brachiocephalic trunk (BT), ascending aorta (AA),

proximal descending aorta (PDA), medial descending aorta (MDA), distal descending aorta

(DDA) and femoral artery (FA), two arteries of the pulmonary circulation, i.e. main pulmonary

artery (PT) and left pulmonary artery (LPA), and four veins, i.e. inferior vena cava (VCI), supe-

rior vena cava (VCS), jugular vein (VJ) and femoral vein (VF) (Fig. 2.3). In vitro tests for ovine

arteries have been carried out at physiological pressure, while ovine veins have been tested un-

der both low (L - physiological) and high (H - arterial values range) pressure (Bia et al., 2014;

Zócalo et al., 2007). The aforementioned prefixes shall be utilised henceforth in the text, tables,

and illustrations to specify the data that is being referenced. The methodology used to record

ovine data can be divided into two parts (Bia et al., 2007, 2014; Zócalo et al., 2007). Firstly, the

animals have been anesthetized and segments of the selected vessels have been delimited in vivo

using two suture stitches. Following this, pressure and diameter sensors have been instrumented

on each segment before excision, and in vivo data have been subsequently collected. During the

second phase, the sheep have been euthanized and their instrumented segments have been care-

fully removed and mounted in custom cannulae within the flow circuit (in vitro system). They

have been then immersed and perfused with oxygenated Tyrode’s solution at a temperature of

37◦C and a pH of 7.4. The same in vivo vessels’ length has been maintained in the process.

After a period of adaptation of 15 min, in vitro measures of pressure and diameter have been

gathered. Pressure and diameter signals from 10 to 20 consecutive cycles have been sampled

simultaneously every 5 ms (sampling rate = 200 Hz). Pressure levels and stretch rates ("heart
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rate") similar to those observed in sheep have been chosen. The previously acquired in vivo

data have been used to confirm the adequate quality of the diameter and pressure signals and to

generate in vitro pressure waveforms that simulate the morphology of the pressure waveforms

found in vivo.

For both human and sheep data, pressure values (in mmHg) and diameter values (in mm)

were recorded under dynamic conditions. The recordings for human data have been done for

two types of vessels at high pressure: saphenous vein (Saf) and femoral artery (Fem). These

segments have been obtained from donors in a condition of brain death with aseptic surgical

techniques, during multiple organ and tissue harvesting (Bia Santana et al., 2007). The method-

ology utilized to record this data is comparable to that used for ovine data (Bia et al., 2007).

Prior to vessels removal, the segments have been measured and marked with two suture stitches.

Subsequently, they have been cut off and fitted onto the same in vitro setup for biomechanical

testing. Throughout this process, efforts have been made to maintain the length of the in vivo

vessels. Pressure and diameter signals from 10 to 20 consecutive cycles have been simulta-

neously sampled every 5 ms (sampling rate = 200 Hz), using pressure levels and stretch rates

("heart rate") similar to those observed in humans.

A typical example of the acquired in vitro data is shown in Fig. 2.4a.

2.2.4.2 Estimation procedure setup

Here, we detail the procedure utilized in our study to derive parameter estimates from in vitro

data. Fig. 2.4 shows a conceptual scheme of this process.

Starting from the acquired in vitro data (Fig. 2.4a), we preprocessed all the pressure-diame-

ter time series. Specifically, for each type of vessel we had several datasets containing the

samples acquired (Table 2.1). Each of these datasets consisted of a time series of pressure and

diameter values for more than a single cycle. For all the time series we have identified the peaks

(red dots in Fig. 2.4a) and the troughs (red crosses in Fig. 2.4a) in the curves. The peaks are

the moments of maximum pressure (diameter), while the troughs are the moments of minimum

pressure (diameter). By identifying the peaks and troughs in the pressure-diameter time series,

we extracted the data associated with individual cycles. We then calculated the mathematical

mean over multiple cycles to obtain average signals. These averages are represented by an

area-pressure loop, obtained considering the extracted pressures and the circular areas, whose

diameters correspond to the extracted ones. These loops describe on average the behavior of

the vessels along a single cardiac cycle. An example of such loops can be seen in Fig. 2.4b1,

where the gray curve represents the raw in vitro data, the black curve is the average signal, the
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Figure 2.4: Conceptual scheme of the methodology used for the parameter estimation process.
Overview of the process showing the input, which is an example of acquired in vitro data (a), the estima-
tion procedure (b) to pass from the input to the output, and the output, which is the final fitting result (c).
The estimation procedure (b) is composed of different steps. A phase of preprocessing of the acquired
in-vitro data is used to obtain the averaged experimental data (b1). Instead the mathematical analysis
(b2) of the two considered models is used to ensure that the mathematical properties of the models in
which we are interested are preserved, through mathematical constrains (b3) on the parameters that must
be fulfilled. All these steps are then used in the fitting process (b4) that gives us the final results. Specif-
ically, it focuses on two aspects. Firstly, we fix A0 and p0 to enhance the identifiability of the other
parameters. Secondly, the other parameters, which are represented by the vector ZZZ = [K,m,n,Γ], were
determined through minimising the root mean squared errors (RMSE). The range ζ within which the
parameters must fall is outlined in Table 2.2.
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red cross is the averaged trough, and the red dot is the averaged peak. The descending branch,

connecting the averaged peak to the averaged trough, represents the relaxation phase. Here we

observe a steep decrease of both pressure and vessel area. The ascending branch, connecting the

averaged trough to the averaged peak, represents the loading phase. During this phase, pressure

and area initially increase slowly due to vessel’s compliance, then the increase becomes steep,

as the vessels stiffen when subjected to higher pressures. The obtained averaged experimental

data (Figure 2.4b1) were then saved and the fitting process (Fig. 2.4b4) was applied to these

averaged curves.

We now introduce the constrains derived from the mathematical analysis. Recalling that

our goal is to fit experimental data while ensuring that the use of such parameters in 1D blood

flow models results in hyperbolic mathematical problems with genuine nonlinear characteristic

fields (Fig. 2.4b3). As outlined in sections 2.2.2.2 and 2.2.2.3, the parameters of the elastic tube

law (2.2) have to satisfy the following mathematical constrains

K > 0, m > 0 and n ∈ [−2,0]. (2.45)

Similarly, in sections 2.2.3.2 and 2.2.3.3, we demonstrated that the parameters of the viscoelas-

tic tube law (2.22) have to fulfill the following constrains

K > 0, m ∈ R, n ∈ R and Γ ≥ 0. (2.46)

The fitting process is the final step of the estimation procedure setup (Fig. 2.4b4) and it

takes advantage of all the previous steps. Here, we used the constrained least squares technique

to identify the parameters that best fit tube laws (2.2) and (2.22) to the observed in vitro data.

Additionally, we fixed A0 and p0 to increase the identifiability of the remaining parameters,

making the estimation process more accurate. We extracted the values of A0 and p0 in the av-

eraged troughs (red cross in Fig. 2.4b1) to ensure that these values were as precise as possible,

given the minimal motion of the vessels at those points in the cycle. To provide an overview

of the obtained results, Table 2.1 displays the values for A0 and p0 in terms of minimum, av-

erage and maximum for every type of vessel. The decision to fix A0 and p0 is based on two

main reasons. Firstly, it is a common practice in hemodynamics to fix these parameters as A0

and p0 can be derived from experimental area-pressure data. Secondly, a local sensitivity and

collinearity analysis (results not reported here, (Colombo, 2021)) showed that pressure p(x, t)

is very sensitive to changes in A0. Therefore, we fixed it to avoid that the estimation problem

was affected by inaccurate A0 estimates.

The constrained least squares problem (Fig. 2.4b4) reads

Find ZZZ ∈ ζ such that f (ZZZ) is minimized. (2.47)
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Table 2.1
Statistics of A0 and p0. Minimum, average and maximum values in the averaged trough of the parame-
ters A0 and p0 for all the vessel types (Vess.).

Vess. Num.∗
A0 [mm2] p0 [mmHg]

Min. Avg. Max. Min. Avg. Max.

Sheep systemic arteries

AA 12 289.58 365.01 415.86 63.01 68.65 77.88
BT 11 248.83 304.80 489.15 60.79 66.78 74.08
CA 11 39.11 53.13 65.14 61.47 66.28 71.67

DDA 11 221.77 230.98 247.27 55.99 63.33 68.53
FA 11 21.87 26.60 32.64 61.63 67.97 72.84

MDA 11 247.50 267.49 279.74 54.88 63.52 69.43
PDA 11 263.78 284.87 294.97 59.28 65.31 71.68

Sheep pulmonary arteries

LPA 11 138.93 179.45 242.89 9.91 12.14 14.85
PT 10 327.43 399.00 459.56 9.92 12.18 15.07

Sheep veins at high (H) pressure

HVCI 5 255.39 318.32 377.11 63.32 70.12 74.31
HVCS 8 203.59 239.32 258.09 63.86 75.81 90.23
HVF 5 25.81 28.32 31.73 78.80 83.42 87.23
HVJ 8 67.99 152.54 258.11 67.14 79.96 101.16

Sheep veins at low (L) pressure

LVCI 10 174.35 271.30 372.28 -2.13 1.73 4.07
LVCS 12 76.09 128.65 227.40 -0.68 2.39 6.97
LVF 30 19.62 27.32 42.22 0.55 10.39 28.64
LVJ 10 28.54 75.18 148.47 0.12 3.57 12.07

Human vessels

Fem 30 23.69 43.90 55.53 54.93 73.58 107.24
Saf 20 27.11 41.37 48.46 52.81 68.61 102.03

∗Number of available sets of data for each type of vessel

ZZZ is the vector representing the parameters to estimate. For the elastic tube law (2.2), ZZZ =

[K,m,n], while for the viscoelastic tube law (2.22), ZZZ = [K,m,n,Γ]. ζ is a subset of either R3

(elastic tube law) or R4 (viscoelastic tube law) representing the parameter space. f (ZZZ) is the

objective function we need to minimize, whose expression is determined by the residual vector

rrr(ZZZ). Its i-th component is given by

ri(ZZZ) = pexp(ti)− papprox(ZZZ; ti), (2.48)

where pexp(t) is the experimental area-pressure relation ∀t ∈ R+, obtained from the averaged

experimental data (black curve in Fig. 2.4b1), while papprox(ZZZ; t) is the pressure curve that we
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Table 2.2
Parameter estimations summary. The performed estimations have been summarized, with each case
being identified by a specific name. The elastic tube law is represented by the letter E, while the vis-
coelastic tube law is represented by the letter V.

Elastic tube law

Case K m n Γ

E1 K > 0 m > 0 n ∈ [−2,0] Γ = 0
E2 K > 0 m = 10.0 n =−1.5 Γ = 0
E3 K > 0 m = 0.5 n = 0.0 Γ = 0
E4 K > 0 m ∈ R n ∈ R Γ = 0

Viscoelastic tube law

Case K m n Γ

V1 K > 0 m > 0 n ∈ [−2,0] Γ > 0
V2 K > 0 m = 10.0 n =−1.5 Γ > 0
V3 K > 0 m = 0.5 n = 0.0 Γ > 0
V4 K > 0 m ∈ R n ∈ R Γ > 0

want to parametrize and that must satisfy relation (2.2) or (2.22). We decided to evaluate the

accuracy of the estimation process computing the root mean squared error (RMSE) between

pexp(t) and papprox(ZZZ; t), normalized with respect to the pressure range. Thus, the objective

function reads

f (ZZZ) = RMSE =

√
1
nr

∑
nr
i=1(ri(ZZZ))2

max
i=1,...,nr

[pexp(ti)]− min
i=1,...,nr

[pexp(ti)]
, (2.49)

where nr is the size of rrr(ZZZ). We solved the constrained least squares problem applying a

constrained non-linear optimization technique, called Trust Region Reflective (Branch et al.,

1999; Nocedal and Wright, 1999). This method produces a solution only when the convergence

conditions have been met. Specifically, we have implemented a termination tolerance for both

cost function modification and change in independent variables, set at 10−15.

We performed 4 estimations for each tube law (Table 2.2) using the described setup. For

each estimation we performed 100 optimizations, defining each time a new random uniformly

distributed initial guess, to ensure the convergence of the optimization process. Our aim was

to compare the models, and investigate any differences between values of the parameters found

in literature (Brook et al., 1999; Formaggia et al., 2003; Müller and Toro, 2014; Siviglia and

Toffolon, 2013) and those obtained from our multiple estimations. Cases E1 and V1 are derived

from constraints (2.45), while cases E4 and V4 come from constraints (2.46). Cases E2, E3,

V2, and V3 are based on literature examples (Brook et al., 1999; Formaggia et al., 2003; Müller

and Toro, 2014; Siviglia and Toffolon, 2013), where m and n are fixed, and K and Γ are allowed

to vary. The different cases define the subset ζ .
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2.3 Results
Quantitative results are displayed in Fig. 2.5 for each vessel type in terms of average (central

dot), minimum (lower whisker) and maximum (upper whisker) RMSEs. The 5 panels on the left

display the results for the estimations obtained using the elastic tube law (cases E1-E4), while

the 5 panels on the right display the estimations for the viscoelastic tube law (cases V1-V4).

Additionally, Table 2.3 reports the values assumed by the averaged RMSEs for the different

vessel types and the different estimation cases.

Qualitative results are shown in Figs. 2.6 and 2.7 in terms of fitted pressure curves (papprox).

These curves were derived by using the estimated parameters as input data for tube laws (2.2)

and (2.22), in addition to the cross-sectional areas obtained from the experiments. Additionally,

the time derivative in the viscoelastic tube law (2.22) has been discretized using the forward

finite difference approximation. In each plot we have reported in black the considered experi-

mental area-pressure curve, in blue the fitted pressure curve obtained with the elastic estimation

cases E1-E4 and in red the fitted pressure curve obtained with the viscoelastic estimation cases

V1-V4. The experimental area-pressure curve refer to HVCI for Fig. 2.6 and to LVCI for

Fig. 2.7. Additionally, Fig. B.1, B.2, B.3 of appendix A show qualitative results for AA, LPA

and Fem, respectively.

Finally, Fig. 2.8 displays the values of the estimated parameters for six selected vessel

types and for all the four viscoelastic estimation cases V1-V4, in terms of average (central

dot), minimum (lower whisker) and maximum (upper whisker) values. The exact values of

the average estimated parameters for case V1 and all vessel types are reported in Table 2.4.

Whereas in appendix A, Tables B.1, B.2, B.3 report the exact values of the averaged estimated

parameters for estimation cases V2-V4, and Tables B.4, B.5, B.6, B.7 report the exact values of

the averaged estimated parameters for estimation cases E1-E4.

2.4 Discussion

2.4.1 Accuracy
This section presents a comprehensive evaluation of the obtained results, with emphasis on

accuracy and reliability of the parameter estimations made. After examining Fig. 2.5 and Ta-

ble 2.3, it becomes apparent that there is a noticeable pattern when comparing E1 to E4, as

well as V1 to V4. These cases, which are based on constraints (2.45) and (2.46), demonstrate

relatively similar average RMSEs for all types of vessels. This suggests that constraining m and
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Figure 2.5: RMSEs for all the vessel types and for both the elastic and the viscoelastic tube laws.
Average (central dot), minimum (lower whisker) and maximum (upper whisker) RMSEs for each vessel
type. On the left, results of the four estimates with the elastic tube law (cases E1-E4). On the right,
results of the four estimates with the viscoelastic tube law (cases V1-V4).

n, as we did in E1 and V1 cases, has not a big impact on the accuracy of the estimations. The

parameters consistently adopt the optimal configuration of values to achieve the lowest RMSE.

More importantly, this aspect allowed us to verify the influence of constraints on estimations,

particularly for the elastic tube law (2.2). Upon analyzing the results in Table B.7, that report

the obtained estimates of parameters for case E4, we can clearly observe that the estimates of

n are always below −2 or above 0. This implies that constraints (2.45) are never met. Hence,

the phenomenon we describe using parameters obtained from this fitting (case E4) might lead

to the generation of waves that are not present in the cardiovascular system. It is evident that
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Table 2.3
Averaged RMSEs. Averaged RMSEs for all the estimation cases (E1-E4 and V1-V4) and for all the
vessel types (Vess.).

Vess. Num.∗
Averaged RMSE

E1 E2 E3 E4 V1 V2 V3 V4

Sheep systemic arteries

AA 12 0.11 0.11 0.13 0.11 0.06 0.06 0.09 0.05
BT 11 0.12 0.13 0.17 0.12 0.07 0.09 0.13 0.07
CA 11 0.11 0.11 0.11 0.10 0.04 0.04 0.04 0.04

DDA 11 0.11 0.12 0.12 0.11 0.06 0.06 0.07 0.06
FA 11 0.12 0.12 0.12 0.11 0.05 0.06 0.06 0.04

MDA 11 0.12 0.13 0.14 0.12 0.08 0.08 0.10 0.08
PDA 11 0.11 0.11 0.13 0.11 0.07 0.07 0.10 0.07

Sheep pulmonary arteries

LPA 11 0.15 0.18 0.21 0.15 0.06 0.13 0.16 0.06
PT 10 0.14 0.16 0.18 0.14 0.07 0.09 0.13 0.07

Sheep veins at high (H) pressure

HVCI 5 0.08 0.09 0.08 0.08 0.03 0.04 0.04 0.03
HVCS 8 0.08 0.08 0.08 0.08 0.02 0.03 0.03 0.02
HVF 5 0.10 0.10 0.10 0.09 0.05 0.06 0.05 0.04
HVJ 8 0.08 0.08 0.08 0.08 0.03 0.04 0.04 0.03

Sheep veins at low (L) pressure

LVCI 10 0.12 0.17 0.20 0.12 0.10 0.16 0.19 0.10
LVCS 12 0.11 0.13 0.16 0.11 0.07 0.09 0.13 0.07
LVF 30 0.09 0.12 0.17 0.09 0.07 0.11 0.15 0.07
LVJ 10 0.12 0.13 0.15 0.12 0.08 0.09 0.13 0.08

Human vessels

Fem 30 0.13 0.13 0.13 0.13 0.08 0.08 0.08 0.08
Saf 20 0.05 0.07 0.07 0.05 0.04 0.06 0.07 0.04

∗Number of available sets of data for each type of vessel

while constraining m and n is not essential when dealing with the viscoelastic tube law (2.23),

it is crucial when we use the elastic tube law (2.2).

Our results (see Fig. 2.5 and Table 2.3) show also that average RMSEs for cases E2, E3 and

V2, V3 are higher compared to those for cases E1, E4, and V1, V4. By allowing for estimation

of m and n in a tube law (cases E1, E4, and V1, V4), we enhance the precision of the parameter

estimation. The greater weight of uncertainty and errors in cases E2, E3, and V2, V3 is due to

the limited number of adjustable parameters (K and Γ) in these cases. Conversely, in cases E1,

E4, and V1, V4, all parameters can vary freely and reach the optimal configuration, resulting in

smaller RMSEs. Additionally, the cases that present the highest errors are always E3 and V3.
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Therefore, if m and n cannot be estimated, but they have to be fixed, then values m = 10.0 and

n =−1.5 (E2 and V2 cases) should be used instead of m = 0.5 and n = 0.0 (E3 and V3 cases).

Finally, if we compare average RMSEs for elastic cases E1-E4 (Fig. 2.5 left panels) with

average RMSEs for viscoelastic cases V1-V4 (Fig. 2.5 right panels), for all the vessel types,

we observe that average RMSEs for the viscoelastic cases are lower than those of the elastic

cases. Therefore viscoelasticity cannot be neglected and the viscoelastic tube law should be

used instead of the elastic tube law, whenever possible.

Studying now qualitative results, if we compare Fig. 2.6a (2.7a) with Fig. 2.6d (2.7d),

namely the curves obtained considering cases E1 (V1) and E4 (V4), we cannot see any clear

distinction among them. This is in agreement with the previous results, where we showed that

averaged RMSEs for these cases are similar. Although the pressure curves fitted for case E4

showed in Fig. 2.6d and Fig. 2.7d resemble the experimental pressure curves, it is important to

note that this outcome may not be replicated in more complex vessel networks. Instead, when

comparing panels (a) and (d) with panels (b) and (c), it is evident that the fitted pressure curves

obtained from cases E1, E4, and V1, V4 (with m and n allowed to vary) better approximate the

experimental area-pressure curves, particularly in the case of LVCI (Fig. 2.7). By fixing m and

n in cases E2, E3, and V2, V3, we limit the ability to capture the non-linearity of the curve to

only K and Γ. If all four parameters are allowed to change, as expected a better fit can be found.

This scenario corresponds to what we have underlined previously in terms of averaged RMSEs,

even though the differences between E2 (V2) and E3 (V3) cases are not qualitatively detectable.

The pressure curves in panels (b) and (c) of both Fig. 2.6 and Fig. 2.7 are very similar.

Finally, if we look at Fig. 2.6 and 2.7, it is clear that the hysteresis cycles are better captured

by the red dashed lines, which are the fitted curves obtained using the viscoelastic tube law.

The agreement between these curves and the experimental area-pressure curves is satisfactory,

especially in V1 and V4 cases. Instead the blue lines, which represent the fitted curves obtained

with the elastic tube law, approximate the hysteresis with straight lines and slightly overesti-

mate the pressure peaks in the pressure-time curves. These final considerations are significant

because they confirm again our quantitative results and because similar observations have been

made also by other authors (Alastruey et al., 2011; Battista et al., 2016).

Before proceeding further, a remark has to be made. Among all the datasets that we used

for this study, we observed that some of them present averaged experimental area-pressure

curves with squeezed or twisted hysteresis cycles. Despite the particular shape of these averaged

experimental data, the estimation process was only slightly affected. The obtained RMSEs for

these particular datasets all belong to the upper whiskers (Fig. 2.5) of the vessel types the

datasets refer to. However, they never assume the maximum RMSE value. Therefore, we
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Figure 2.6: Fitted pressure curves for HVCI. Comparison between experimental and fitted pressure
curves for all the estimation cases of an example dataset of VCI at high (H) pressure. Black solid lines
represent averaged experimental area-pressure and time-pressure curves, blue dash-dot lines represent
the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted
curves obtain considering the viscoelastic cases V1-V4.
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Figure 2.7: Fitted pressure curves for LVCI. Comparison between experimental and fitted pressure
curves for all the estimation cases of an example dataset of VCI at low (L) pressure. Black solid lines
represent averaged experimental area-pressure and time-pressure curves, blue dash-dot lines represent
the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted
curves obtain considering the viscoelastic cases V1-V4.
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decided to maintain these datasets as part of the study. Nevertheless, it means that the tube laws

we are considering are not able to reproduce this kind of waveforms. A more sophisticated tube

law that encompasses additional physical factors should be examined, such as the tube laws

utilised in Bertaglia et al. (2020) or in Valdez-Jasso et al. (2011).

2.4.2 Averaged estimated parameters
The ability of the viscoelastic tube law (2.22) to better approximate the behavior of the ex-

perimental area-pressure relations has been demonstrated in the previous section, where quan-

titative and qualitative comparisons between elastic and viscoelastic models have been made.

Nevertheless, the elastic tube law is still widely used, thanks to its simpler formulation and its

good representation of the dominating effect, the elastic response to vessel wall’s deformations.

However, predictably, when modeling hysteresis cycles, viscoelasticity is crucial. This is also

confirmed by the averaged estimated parameters obtained with the viscoelastic tube law. If we

examine the last panel in Fig. 2.8, which shows the results obtained for the viscoelasticity pa-

rameter Γ, it is worth noting that the average estimates across all cases and those specific to

individual vessel types are nearly indistinguishable, despite the variability of the estimates of

the different datasets of a specific vessel type can be significant. This observation is confirmed

by results reported in Table 2.4 and Tables B.1, B.2, B.3, which clearly show that Γ values for

individual vessel types are very similar. This indicates that Γ is distinct for a specific vessel

type and can be accurately estimated. Additionally, if we study the differences between vessel

types, we observe how Γ estimated values have an order of magnitude of difference between

pulmonary and systemic arteries. Our results show that the viscoelasticity of LPA and PT is

lower than the viscoelasticity of the systemic arteries and assume a value around 4.76 Pasm.

Conversely, systemic arteries range between 13.69 and 93.89 Pasm, with an increase in Γ from

AA towards DDA. This is in agreement with the observations made by Bia et al. (2014), where

the authors showed that the increase in the viscoelasticity depends on the amounts of collagen

and smooth muscle cells, components of the vessel walls (Burton, 1954; Levick, 2009). As for

the ovine veins, rather different values of Γ have been obtained for the same type of veins at low

and high pressure. Particularly, results for data regarding high pressure veins produced a vis-

coelasticity coefficient that is at least one order of magnitude greater than low pressure veins.

This is in agreement with different studies (Zócalo et al., 2013), where it has been observed

that veins viscoelasticity has the functional role of energy dissipation and adaptive response to

hemodynamic overload conditions.

Observing now the panels for K, m and n parameters of Fig. 2.8, we see that the values
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Figure 2.8: Averaged estimated parameters of the viscoelastic tube law. Averaged (central dot),
minimum (lower whisker) and maximum (upper whisker) estimated parameters of the viscoelastic tube
law for six selected vessel types and for all the viscoelastic estimation cases V1-V4.

of the three parameters can change and modify themselves to always have the best approx-

imation of the experimental data. Nevertheless, analyzing Tables 2.4 and B.3, we note how

the estimated values of the stiffness coefficient K increase from AA towards DDA. Different

studies on arterial wall composition (Bia et al., 2014) show that the quantity of elastin directly

influences arterial wall compliance and that there is an increase in compliance from peripheral

arteries to the aortic root, thus the increase we observed in K aligns with such physiological

observations. Moreover, we observe that the values of K are higher for muscular arteries, such

as the peripheral arteries CA and FA, compared to other ovine arteries. This is noteworthy as
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Table 2.4
Averaged estimated parameters of the viscoelastic tube law for V1 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 1.78 8.31 -0.83 13.69
BT 11 1.13 14.80 -1.27 19.26
CA 11 202.74 14.21 -1.27 93.89

DDA 11 8.68 11.85 -0.55 41.89
FA 11 40.16 9.30 -0.91 22.61

MDA 11 4.27 8.67 -1.36 19.66
PDA 11 2.02 10.96 -1.64 16.01

Sheep pulmonary arteries

LPA 11 0.02 35.78 -0.00 4.66
PT 10 0.13 20.85 -0.00 4.86

Sheep veins at high (H) pressure

HVCI 5 274.83 7.98 -1.60 214.50
HVCS 8 88.23 14.25 -0.25 140.46
HVF 5 97.18 6.22 -2.00 28.44
HVJ 8 36.47 20.31 -0.50 70.88

Sheep veins at low (L) pressure

LVCI 10 19.29 64.22 -0.80 7.04
LVCS 12 0.75 15.34 -1.33 8.70
LVF 30 3.45 21.54 -0.87 4.16
LVJ 10 0.65 19.78 -0.40 8.09

Human vessels

Fem 30 62.07 21.54 -0.93 49.12
Saf 20 41.73 42.41 -1.20 10.52

∗Number of available sets of data for each type of vessel

K is proportional to the Young’s elastic modulus, to the vessel wall thickness and to the inverse

of the vessel radius (Alastruey et al., 2011). Thus, since CA and FA have smaller diameters re-

spect the other considered arteries, the small radius can lead to higher values of K in these two

cases. The higher values of CA and FA are also coherent with the fact that external vessels have

thicker walls than inner vessels because they must be able to resist also to external forces that

could deform them (Levick, 2009). Instead, ovine veins exhibit even higher estimated values

of K compared to arteries. But in this case the explanation of high values is connected with the

presence of collagen. Veins indeed are more compliant at low pressure values than arteries, but

for high pressures they become very stiff (Zócalo et al., 2013).

Regarding the other two parameters (m and n), central panels of Fig. 2.8 show that the
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obtained averaged estimated m and n for cases V1 and V4 differ from the literature values that

we were considering (V2, V3 cases). Specifically, it can be read in Tables 2.4 and B.3 how all

the estimated values of m range between 6.22 and 64.22, and this is in line with the fact that for

m > 1 vessels tend to become stiffer as deformations grow, as it happens for real vessels. When

a value of m < 1 is assumed, the described behavior is the opposite. Vessels tend to be softer

for high pressure values, but this is against physiological observations. Thus, this is a further

confirmation that case V3 (m = 0.5 and n = 0.0) and in general any value of m < 1, should not

be adopted if large vessel deformations are to be modelled.

2.5 Conclusion
In this work, we estimated the parameters of elastic and viscoelastic tube laws using in vitro

data from ovine and human sources. Our methodology involved constraining the parameters to

specific ranges in order to maintain prescribed mathematical properties.

The results we obtained demonstrate that both the elastic and the viscoelastic tube laws

can replicate the in vitro experimental data. Nevertheless, we noted that the elastic tube law

cannot depict the experimentally observed hysteresis cycles owing to the absence of the viscous

term in its formulation. Furthermore, it has been noted that the viscoelastic tube law provides

a quantitative and qualitative description of all in vitro data utilised in this study. However, the

law’s viscous component requires improvement to represent more tightly or twisted hysteresis

cycles effectively. A dependency on pressure, similar to the one proposed in Bertaglia et al.

(2020), should be included to achieve better capture of these particular hysteresis cycles.

Within this study, it was demonstrated that the constraining procedure is essential for obtain-

ing accurate estimates that can be utilised in more complex blood vessel networks, particularly

when considering the elastic tube law. The calibrated models are appropriate for representing

the pressure-area relationship under experimentally observed pressure conditions. If specific

phenomena, such as vessels’ collapse or stiffening, need to be described, new parameteriza-

tions of the tube laws are necessary. In fact, the tube laws we are currently considering are

incomplete. Proper generalisation of both low and high-pressure regimes can be achieved si-

multaneously by adding new non-linear terms to the mathematical formulation of the tube laws

or by coupling the models we are considering with other specific models to describe the partic-

ular phenomena.

Finally, we also tested the two tube laws by allowing all their parameters to vary freely

within their respective ranges and by fixing some of their parameters. We observed that it is
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desirable to adopt the first approach ("leaving the parameters free") to ensure that the exper-

imental pressure-area curves are reproduced adequately. Nevertheless, we also observed that

anyhow it is possible to fix some of the parameters of the tube laws, but careful consideration

must be given to the chosen values.
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Well-balanced high-order method for
non-conservative hyperbolic PDEs with

source terms: application to
one-dimensional blood flow equations

with gravity

Chiara Colombo, Caterina Dalmaso, Lucas O. Müller,
and Annunziato Siviglia

The present work proposes a well-balanced finite volume-type numerical method for the solu-

tion of non-conservative hyperbolic partial differential equations (PDEs) with source terms. The

method is characterized, first, by the use of a recently introduced high-order spatial reconstruc-

tion, based on generalized Riemann problem information from the previous time level. Such

reconstruction is well-balanced up to order three, compact, efficient and easy to implement.

Second, the method incorporates a well-balanced space-time evolution operator, which allows

for well-balanced fully explicit time evolution. The accuracy and efficiency of the method

are assessed on both a scalar problem (Burgers’ equation) and a nonlinear PDE system (hy-

perbolized one-dimensional blood flow equations with gravity and friction, and with variable

mechanical and geometrical properties). The well-balanced property is verified by showing

that numerically-determined stationary solutions are preserved up to machine precision. The

order of accuracy in space and time is validated through empirical convergence rate studies.

Additionally, the performance of the method is assessed on a network of 86 arteries, under both

stationary and transient conditions.

This chapter is under review in the Journal of Computational Physics.
It has also been published on ArXiv repository as: Colombo C., Dalmaso C., Müller L. O., Siviglia A. Well-balanced
high-order method for non-conservative hyperbolic PDEs with source terms: application to one-dimensional blood
flow equations with gravity. http://arxiv.org/abs/2509.22190
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3.1 Introduction
Several physical phenomena can be modeled through non-conservative hyperbolic PDEs with

source terms. Notable examples include the shallow water equations (SWEs) with moving

bottom topography (Siviglia et al., 2022), the multilayer SWEs with variable density (Guer-

rero Fernández et al., 2022), the Euler equations with gravity (Bermudez et al., 2016; Gaburro

et al., 2018), and the characterization of blood flow within vessels having variable physical

properties (Müller and Toro, 2013; Toro and Siviglia, 2013). The solution of such equations

in the presence of discontinuities (shock waves) poses several challenges, as the conservative

form of the equations no longer holds. One of the main issues is the definition of jump rela-

tions across a discontinuity, which has been addressed by Dal Maso et al. (1995) interpreting

the jump relations as Borel measures dependent on the path connecting the two sides of the

discontinuity.

A second issue is the description of steady-state solutions in the presence of geometric-

and/or algebraic-type source terms, which can be discontinuous (Murillo et al., 2019). Such

solutions should be accurately captured by the numerical methods used to solve the consid-

ered PDEs. Moreover, they should be recovered after small perturbations in the initial data,

in order to avoid spurious oscillations that might cause significant deviations from the exact

solution (Castro Díaz et al., 2007; Guerrero Fernández et al., 2022). A numerical scheme able

to preserve the correct balance between advective and source terms was initially introduced in

1994 for the SWEs by Bermudez and Vazquez (1994), paving the way for the numerous first-

and high-order approaches developed in the last thirty years for different systems of balance

laws (Berberich et al., 2021; Castro and Parés, 2020; Castro Díaz et al., 2007; Gómez-Bueno

et al., 2021; Gosse, 2000; Greenberg et al., 1997; Guerrero Fernández et al., 2022; Parés and

Parés-Pulido, 2021), with a particular focus on variants of the SWEs (Canestrelli et al., 2009;

Chacón Rebollo et al., 2003; Guerrero Fernandez et al., 2020; Guerrero Fernández et al., 2022;

Noelle et al., 2006) and Euler equations (Bermudez et al., 2016; Chandrashekar and Zenk, 2017;

Desveaux et al., 2016; Gaburro et al., 2018; Grosheintz-Laval and Käppeli, 2019; Käppeli and

Mishra, 2014). Nowadays, numerous methods are also available for the solution of blood flow

equations (BFEs), tailored to the preservation of some or all stationary solutions of the system

(well-balanced and fully well-balanced methods, respectively). Many of these methods were

devised to treat space-varying geometrical and physical properties of the vasculature, friction

and gravity (Britton and Xing, 2020; Delestre and Lagrée, 2013; Ghitti et al., 2020; Li et al.,

2018; Murillo and Garcia-Navarro, 2015, 2023; Müller and Toro, 2013; Spilimbergo et al.,

2021).
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Recently, Castro and Parés (2020) and Guerrero Fernández et al. (2022) proposed a generic

strategy for the development of well-balanced high-order methods in the finite volume and

discontinuous Galerkin frameworks, testing them on hyperbolic PDEs with continuous and

discontinuous source terms. One of the main obstacles to the development of well-balanced

methods is the construction of a well-balanced reconstruction operator (Castro and Parés, 2020),

since standard reconstruction operators such as ENO, WENO and MUSCL (Harten, 1989; Liu

et al., 1994; van Leer, 1979) are not usually well-balanced. Indeed, these methods are based

on standard interpolation techniques, and there is no guarantee that stationary solutions of the

considered PDEs belong to the same class of reconstruction functions. A strategy to modify

standard reconstruction operators so that they are well-balanced for all stationary solutions of

the considered PDEs has been proposed by Castro et al. (2008). However, this approach requires

the solution of a nonlinear system of equations, which might have multiple or no solutions, and

might be computationally expensive (Castro and Parés, 2020).

In this paper, we present a numerical method that combines the novel centered recon-

struction technique by Montecinos et al. (2025) with the well-balancing approach by Castro

and Parés (2020) and Guerrero Fernández et al. (2022). The method is developed within the

path-conservative framework, using the high-order solver of Müller et al. (2016) and the well-

balancing strategy of Guerrero Fernández et al. (2022), which relies on the knowledge of fam-

ilies of stationary solutions. The reconstruction technique (Montecinos et al., 2025) requires,

at each time step and in every computational cell, the cell average of the solution at the current

time level and the solution of a generalized Riemann problem (GRP) at the cell interfaces from

the previous time level. Provided that the GRP solver being used is well balanced, this minimal

data dependence guarantees the well-balancing of the reconstruction technique by construction

up to the third order, while also making the technique highly efficient and easy to implement.

In the following, we show that the resulting numerical method is well-balanced up to order

three, testing it on both a scalar problem represented by the Burgers’ equation, and a PDE

system given by the hyperbolized one-dimensional BFEs presented in Montecinos et al. (2014),

including variable geometrical and mechanical vessel properties, friction and a spatially variable

C0 gravity term. The gravity term, in particular, is defined, depending on the considered test,

either as a constant quantity, a smooth function or a polyline computed from anatomical data.

The rest of the work is structured as follows. Section 3.2 illustrates the proposed well-

balanced numerical method, detailing the spatial reconstruction procedure (Montecinos et al.,

2025) and our modifications to the local space-time prediction and time evolution steps de-

scribed in Müller et al. (2016). Section 3.3 presents the numerical tests performed to assess the

accuracy and efficiency of the solver. Numerical results are discussed in section 3.4. Conclu-
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sions are drawn in section 3.5.

3.2 Numerical method
We consider the following system∂tQ+A(Q)∂xQ = S(Q), x ∈ Ω, t ∈ T ,

Q(x,0) = Q0(x),
(3.1)

where t ∈ T and x ∈ Ω are time and space independent variables, with Ω = [xA,xB]⊂R a one-

dimensional spatial domain and T = [0, tK ]⊂R+
0 a temporal domain. Q(x, t) ∈BQ is the state

vector, with BQ ⊂ Rv the space of the admissible states, Q0(x) ∈ BQ is the initial condition,

S(Q(x, t)) ∈ Rv is the source vector, and A(Q(x, t)) ∈ Rv×v is the system matrix with real and

distinct eigenvalues. If A(Q) is the Jacobian of the system, then the previous equation reduces

to a classical balance law.

Our goal is to construct a numerical scheme that preserves stationary solutions in the frame-

work of path-conservative numerical methods. We begin by identifying the stationary solutions

of problem (3.1) as described below. Let Q∗(x) ∈ BQ, ∀x ∈ Ω, be the stationary solution of

problem (3.1), then it holds

A(Q∗)∂xQ∗ = S(Q∗). (3.2)

Subtracting eq. (3.2) from eq. (3.1) (Guerrero Fernández et al., 2022), we obtain an equivalent

problem given by∂tQ+A(Q)∂xQ−A(Q∗)∂xQ∗ = S(Q)−S(Q∗), x ∈ Ω, t ∈ T ,

Q(x,0) = Q0(x).
(3.3)

Then, we discretize the spatial domain Ω into N computational cells Si = [xi− 1
2
,xi+ 1

2
], with

i = 1, . . . ,N, and the temporal domain T into K computational cells T n = [tn, tn+1] with n =

0, . . . ,K −1. Integrating eq. (3.3) in space and time over the control volume V n
i = Si ×T n, we

obtain the following numerical scheme

Qn+1
i = Qn

i −
1

∆x

(
Bi −B∗

i

)
− ∆tn

∆x

(
D−

i+ 1
2
+D+

i− 1
2

)
+∆tn

(
Si −S∗

i

)
, (3.4)

where

Qn
i ≈

1
∆x

∫ x
i+ 1

2

x
i− 1

2

Q(x, tn)dx, (3.5)
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Bi ≈
∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

A(Q)∂xQdxdt, B∗
i ≈

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

A(Q∗)∂xQ∗dxdt, (3.6)

Si ≈
1

∆x∆tn

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

S(Q)dxdt, S∗
i ≈

1
∆x∆tn

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

S(Q∗)dxdt, (3.7)

and

D±
i+ 1

2
≈ 1

∆tn

∫ tn+1

tn
D±

i+ 1
2

(
Q−

i+ 1
2
(t),Q+

i+ 1
2
(t),ΨΨΨ

(
Q−

i+ 1
2
(t),Q+

i+ 1
2
(t),s

))
dt. (3.8)

∆x = xi+ 1
2
− xi− 1

2
is the mesh spacing, and ∆tn = tn+1 − tn is the n-th time step. Qn

i denotes

the i-th cell average at time tn, Bi and B∗
i are the non-conservative products of the i-th cell, Si

and S∗
i are the numerical source terms of the i-th cell, while D±

i+ 1
2

are the numerical fluctuations

across the interface xi+ 1
2
. D±

i+ 1
2

(
Q−

i+ 1
2
,Q+

i+ 1
2
,ΨΨΨ

)
are the jump terms on the cells boundaries,

also called fluctuations, that arise from the solution of a Riemann problem (RP) at the cell

interface xi+ 1
2
. They depend on the left and right states at the cell interface Q±

i+ 1
2
(t), and on

the integration path ΨΨΨ
(
Q−

i+ 1
2
,Q+

i+ 1
2
,s
)
. Here, we compute them as described in Müller and

Toro (2013). The integration path ΨΨΨ is a parametric arc in the parameter s ∈ [0,1] that is used

to connect the left and right states Q±
i+ 1

2
(t). Multiple path choices are possible. Theoretical

details on the choice of paths are given in Parés (2006). Here, we adopt the segment path for

the Burgers’ equation, and a modification of it for the BFEs (Müller and Toro, 2013). The left

and right states Q±
i+ 1

2
(t) are space-time reconstructed data that are extrapolated to both sides of

the cell interface xi+ 1
2
. These space-time reconstructed data are space-time predictions of the

sought solution Q(x, t), computed with a local implicit discontinuous Galerkin scheme. Here,

we adopt a modified version of the Dumbser-Enoux-Toro GRP solver (Dumbser et al., 2008)

that uses spatial reconstruction polynomials as initial data. These polynomials are computed

through a reconstruction procedure that exploits GRP-based predictions from the previous time

step to construct the reconstructions at the current step. Together, the GRP solver and the

spatial reconstruction technique, described in detail below, provide the quantities required for

evaluating the integrals in (3.4), thereby yielding a high-order numerical scheme in both space

and time.

In order to have a fully explicit evolution of the data Qn+1
i at each time step, we have to

approximate integrals appearing in eq. (3.4) with the desired order of accuracy. The numerical

fluctuations D±
i+ 1

2
(3.8) are computed as follows. First, we solve a classical RP for system

in (3.3) with initial condition defined as

Q(x, tn) =

Q−
i+ 1

2
if x < xi+ 1

2
,

Q+
i+ 1

2
if x > xi+ 1

2
,

(3.9)
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in order to compute the jump terms D±
i+ 1

2
(Müller and Toro, 2013). Then, we approximate the

time integral in eq. (3.8) using a second- or third-order quadrature rule with Gaussian quadrature

nodes and Lagrange interpolation polynomials defined on these nodes. In analogous manner,

the numerical sources Si and S∗
i in (3.7), and the two non-conservative products Bi and B∗

i

in (3.6) are approximated with the same quadrature rule in both space and time.

3.2.1 Stationary solution identification
In this section, we describe the procedure that, at each time step tn, and for each computational

cell Si, we use to identify a suitable stationary solution Q∗(x) of problem (3.1) defined in each

of the P(= 2,3) quadrature points xp, p = 0, . . . ,P− 1 used in the numerical scheme. To this

end, we discretize each computational cell Si into P−1 intervals [xp−1,xp] of length h. Then, we

identify a succession of P values {Q∗
i,p}P−1

p=0 representing the approximated stationary solution

in each node xp. Specifically, this succession is obtained by applying the Runge-Kutta method

(RK) of order P and with P stages to eq. (3.2). In this work, we consider the second-order RK

with 2 stages, and the third-order RK with 3 stages. In both cases, the standard Butcher tableau

with coefficients a jk,b j, and c j is employed. Therefore, we compute Q∗(xp) ≈ Q∗
i,p for p > 0

as Q∗
i,p+1 = Q∗

i,p +h∑
P−1
j=0 b jK j,

K j = f̃ (xp + c jh,Q∗
i,p +h∑

P−1
k=0 a jkKk).

(3.10)

Additionally, in order to identify Q∗
i,0, we require that the average stationary solution in Si

coincides with the cell average Qn
i (Guerrero Fernández et al., 2022). Particularly, we apply a

Gaussian quadrature rule of order P, with nodes xp and weights wp, to the average stationary

solution integral and we enforce the equivalence at the discrete level. As a result, we compute

Q∗
i,0 by solving the following non-linear system of equations

w0Q∗
i,0 +

P−1

∑
p=1

wpQ∗
i,p(Q

∗
i,0) = Qn

i . (3.11)

Here, the solution to this system was found by applying the standard Newton method.

3.2.2 The well-balanced DET solver
In this section, we present the procedure for constructing a space-time polynomial QST,n

i (x, t)

that approximates the solution Q(x, t) within V n
i and is employed in the evaluation of the inte-

grals in eq. (3.4). Particularly, we apply a modified version of the Dumbser-Enaux-Toro (DET)
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GRP solver (Dumbser et al., 2008) that is based on the calculation of the so-called deviations.

The deviation dn
i (x, t) is defined as the difference between the space-time polynomial QST,n

i (x, t)

and the stationary solution Q∗
i (x), namely

dn
i (x, t) = QST,n

i (x, t)−Q∗
i (x), ∀(x, t) ∈V n

i . (3.12)

In order to compute integrands in eq. (3.4) at the desired time levels, we need to know the

solution of the GRP for system in (3.3) with initial condition defined as

Q(x, tn) =

wn
i−1(x), if x < xi− 1

2
,

wn
i (x), if x > xi− 1

2
,

(3.13)

where wn
i (x) is the reconstruction polynomial of order P− 1 in Si at time tn. The DET solver

(Dumbser et al., 2008) finds the solution to this GRP at the desired time points by first perform-

ing a space-time evolution procedure, and then solving classical RPs at those time points using

the space-time predictions as initial conditions. In particular, locally evolved data in space and

time, the space-time predictions QST,n
i , are computed through a local space-time discontinuous

Galerkin finite element scheme of order P. Given the structure of the adopted numerical scheme,

these predictions QST,n
i are space-time polynomials QST,n

i (x, t) evaluated at spatial and tempo-

ral quadrature nodes, i.e. xi− 1
2
,xi+ 1

2
and tn, tn+1 for a second-order method, and xi− 1

2
,xi,xi+ 1

2

and tn, tn+ 1
2 , tn+1 for a third-order method. The classical Riemann solver instead provides the

solution of the GRP at the time points along interfaces where such solution is required for the

computation of the numerical fluctuations D±
i± 1

2
(3.8) and the reconstruction polynomials, by

solving classical RPs and using space-time predictions at the previous time level on the left and

on the right of the same interface as initial data. Before proceeding with the description of the

DET solver, we underline that whenever we refer to a local quantity, we drop both the temporal

superscript n and the spatial subscript i, keeping only the subscript h to recall that we are in the

local framework, for example QST
h = QST,n

i .

The local framework is defined by the transformation of the computational volume V n
i into

the reference space-time element Vh = [0,1]× [0,1] with the reference coordinate ξ and τ as

x = xi− 1
2
+∆xξ , and t = tn +∆tnτ . Hence, problem (3.3) becomes


∂τQST

h +
∆tn

∆x
A(QST

h )∂ξ QST
h − ∆tn

∆x
A(Q∗

h)∂ξ Q∗
h =

∆tnS(QST
h )−∆tnS(Q∗

h),

QST
h (ξ ,0) = wh(ξ ).

(3.14)
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We note that this change of coordinate does not affect the mesh spacing ∆x or the time step

∆tn, as both are constant quantities. Since ∂τQ∗
h = 0, using relation (3.12), we replace the term

∂τQST
h with ∂τdh. Additionally, we write the space-time predictor in terms of deviations as

QST
h (ξ ,τ) = dh(ξ ,τ)+Q∗

h(ξ ). As a result, we transform the unknown of our problem from

QST
h (ξ ,τ) to dh(ξ ,τ). We also note that if both the non-conservative product A(Q)∂ξ Q and the

source term S(Q) are linear operators, then eq. (3.14) can be written only in terms of deviations

dh(ξ ,τ), without the stationary solution Q∗
h(ξ ) explicitly appearing in the formulation.

Then, we multiply eq. (3.14) by a space-time basis function θ(ξ ,τ) ∈ Pm,m with m the

degree of the polynomial, and we integrate it over Vh. After applying integration by parts only

in time, we obtain

[θ ,dh]
1 −⟨∂τθ ,dh⟩Vh − [θ ,dh]

0 +
∆tn

∆x
⟨θ ,A(QST

h )∂ξ QST
h ⟩Vh

− ∆tn

∆x
⟨θ ,A(Q∗

h)∂ξ Q∗
h⟩Vh = ∆tn⟨θ ,S(QST

h )⟩V h −∆tn⟨θ ,S(Q∗
h)⟩V h,

(3.15)

where we have used the following notation for the two scalar products of two functions f (ξ ,τ)

and g(ξ ,τ)

[ f ,g]τ =
∫ 1

0
f (ξ ,τ)g(ξ ,τ)dξ , ⟨ f ,g⟩Vh =

∫ 1

0

∫ 1

0
f (ξ ,τ)g(ξ ,τ)dξ dτ. (3.16)

We now take the element [θ ,dh]
0 of eq. (3.15) at reference time τ = 0 and we observe that

it is completely defined by the initial condition. The initial condition (Dumbser et al., 2008) is

dh,0(ξ ) = dh(ξ ,0) = wh(ξ )−Q∗
h(ξ ), (3.17)

where the stationary term Q∗
h(ξ ) is known from previous computations.

Later, using the same basis function θ(ξ ,τ), we approximate the different quantities in

(3.15) expanding them as

dh(ξ ,τ) =
P2

∑
l=1

θld̂l, Q∗
h(ξ ) =

P2

∑
l=1

θlQ̂∗
l, (3.18)

A(QST
h )∂ξ QST

h (ξ ,τ) =
P2

∑
l=1

θlÂ∂ξ Ql, A(Q∗
h)∂ξ Q∗

h(ξ ) =
P2

∑
l=1

θlÂ∗∂ξ Q∗
l, (3.19)

S(QST
h )(ξ ,τ) =

P2

∑
l=1

θlŜl =
P2

∑
l=1

θlS(Q̂l) =
P2

∑
l=1

θlS(d̂l + Q̂∗
l), (3.20)

S(Q∗
h)(ξ ) =

P2

∑
l=1

θlŜ∗
l =

P2

∑
l=1

θlS(Q̂∗
l). (3.21)
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We observe that the term Â∂ξ Ql is obtained by assuming that Â∂ξ Ql = A(Q̂l)∂̂ξ Ql , and by

computing the expansion coefficients of the spatial derivative as ⟨θk,θl⟩Vh ∂̂ξ Ql = ⟨θk,∂ξ θl⟩VhQ̂l

for k = 1, . . . ,P2 (Müller et al., 2016). Similarly, Â∗∂ξ Q∗
l = A(Q̂∗

l)∂̂ξ Q∗
l , and the spa-

tial derivative is computed as ⟨θk,θl⟩Vh ∂̂ξ Q∗
l = ⟨θk,∂ξ θl⟩VhQ̂∗

l for k = 1, . . . ,P2. In general,

∀l = 1, . . . ,P2, the expansion coefficients Q̂∗
l , Â∗∂ξ Q∗

l , and Ŝ∗
l , , are known because of the

knowledge of the stationary solution. The expansion coefficients Q̂l instead can be written in

terms of deviations as Q̂l = d̂l + Q̂∗
l . Finally, the expansions coefficients related to the devia-

tions d̂l , ∀l = 1, . . . ,P2, which are the resulting unknown of system (3.15), are found applying

a fixed-point iteration procedure to the following system{
[θk,θl]

1 −⟨∂τθk,θl⟩Vh

}
d̂m+1

l −∆tn⟨θk,θl⟩V hS(d̂m+1
l + Q̂∗

l) =

[θk,ψl]
0d̂0l −

∆tn

∆x
⟨θk,θl⟩VhA(d̂m

l + Q̂∗
l)
{
⟨θk,θl⟩Vh

}−1⟨θk,∂ξ θl⟩Vh(d̂
m
l + Q̂∗

l)

+
∆tn

∆x
⟨θk,θl⟩VhA(Q̂∗

l)
{
⟨θk,θl⟩Vh

}−1⟨θk,∂ξ θl⟩VhQ̂∗
l −∆tn⟨θk,θl⟩V hS(Q̂∗

l),

(3.22)

for k = 1, . . . ,P2, where we have expanded the initial condition as dh,0(ξ ) = ∑
P2

l=1 ψld̂0l =

∑
P2

l=1 ψl(ŵl − Q̂∗
l), and where m represents the current iteration step. We underline that due

to the non-linearity of the system we decided to evaluate the second term of the right-hand side

at the known expansion coefficients d̂m
l of the current iteration. Once the expansion coefficients

are known, we finally retrieve the space-time predictions QST,n
i in V n

i . We remark that the mod-

ified version of the DET solver here described is equivalent to the original version of the DET

solver if we assume that the stationary solution Q∗
i (x) is always zero.

3.2.3 Spatial reconstruction
In this section, we provide a brief overview of the GRP-based reconstruction procedure used

to derive second- and third-order accurate spatial reconstruction polynomials wn
i (x) (Monteci-

nos et al., 2025). These polynomials serve as local reconstructed data that provide the initial

condition for the GRP solver, which in turns computes high-order space-time predictions of the

solution Q(x, t). As a result, they enable the construction of a high-order scheme in both space

and time.

They are piecewise functions of degree P − 1, with P being the order of the numerical

method, defined on each computational cell Si at time tn. They are expressed in terms of the

cell average of the solution at the current time step Qn
i , and in terms of left and right boundary

states at the previous time step Q+,n−1
i− 1

2
and Q−,n−1

i+ 1
2

. These states arise from the solution of a
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classical RP at time tn−1 +∆tn−1 at the interfaces xi± 1
2

between two neighboring cells, and are

also used to compute the integrand in the time integral of the fluctuations (3.8). For the left

interface xi− 1
2
, the classical RP reads
∂tQ+A(Q)∂xQ = 0, x ∈ R, t > tn−1,

Q(x, tn−1 +∆tn−1) =

QST,n−1
i−1 (xi− 1

2
, tn−1 +∆tn−1) if x < xi− 1

2
,

QST,n−1
i (xi− 1

2
, tn−1 +∆tn−1) if x > xi− 1

2
,

(3.23)

where QST,n−1
i−1 and QST,n−1

i are space-time predictions at time tn−1 +∆tn−1 and related to cells

Si−1 and Si, respectively. Their computation is described in the previous section. The solution

to RP (3.23) can be obtained using various methods (Toro, 2009). Here we applied the exact

Riemann solver for the Burgers’ equation, and a two-rarefaction approximate Riemann solver

for the BFEs, which yielded to a non-linear system in the left boundary states unknowns Q±,n−1
i− 1

2
.

The − and + superscripts on the left boundary states denote, respectively, values taken from the

left and right of the interface. This distinction is essential, since at cell interfaces the solution of

the considered RP can exhibit discontinuities. Details on how the non-linear system was solved

are provided in section C.1 of the supplementary material. The solution to this problem internal

to cell Si, namely Q+,n−1
i− 1

2
, is then used to find the reconstruction polynomial wn

i (x).

Due to the structure of our numerical method, the reconstruction polynomials wn
i (x) need

to be evaluated only in the quadrature nodes, i.e xi− 1
2

and xi+ 1
2

for a second-order method, and

xi− 1
2
,xi and xi+ 1

2
for a third-order method. In particular, for a second-order method, a first

degree polynomial evaluated in the 2 quadrature nodes xi± 1
2

of the computational cell Si at time

tn reads

wn
i (xi± 1

2
) = Qn

i ±
1
2
(Q−,n−1

i+ 1
2

−Q+,n−1
i− 1

2
). (3.24)

Similarly, for a third-order method, a second degree polynomial evaluated in the 3 quadrature

nodes xp ∈ {xi± 1
2
,xi} of the computational cell Si at time tn reads

wn
i (xp) = a+bxp + cx2

p, (3.25)

where

a = Q+,n−1
i− 1

2
, (3.26)

b =
2

∆x
(−2Q+,n−1

i− 1
2

−Q−,n−1
i+ 1

2
+3Qn

i ), (3.27)

and

c =
3

(∆x)2 (Q
+,n−1
i− 1

2
+Q−,n−1

i+ 1
2

−2Qn
i ). (3.28)
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Both reconstruction polynomials are fully determined by either computing a slope or interpo-

lating them through the boundary states Q∓,n−1
i± 1

2
associated with cell Si, and by enforcing the

conservation property, which ensures that the cell average of cell Si at time tn is Qn
i . Conse-

quently, if the cell average is that of the steady-state solution on the same computational cell,

and the boundary states lie on the same steady-state solution, then the resulting reconstruction

polynomials evaluated in the quadrature nodes xp coincide with the steady-state solution. We

underline that this feature of the GRP-based reconstruction procedure applies only to first and

second degree polynomials. Higher degree polynomials require additional information coming

from neighboring cells Si±1 for their complete identification (Montecinos et al., 2025). Thus,

they may fail to coincide with the steady-state solution.

3.2.4 Summary of the method
Consider a non-conservative hyperbolic PDE system with source terms written as in (3.1). The

following list summarizes how to compute its numerical solution with the proposed methodol-

ogy:

1) Discretize the spatial domain Ω into N computational cells Si, and the temporal domain

T into K temporal cells T n.

2) At each time step tn and for each cell Si, compute the steady-state solution of prob-

lem (3.1) using eq. (3.10) and eq. (3.11).

3) At each time step tn and for each cell Si, compute the spatial reconstruction polynomials

using eq. (3.24) or eq. (3.25).

4) At each time step tn and for each cell Si, compute the space-time predictions using infor-

mation from points 2) and 3), and the GRP solver presented in section 3.2.2.

5) At each time step tn and for each cell Si, use information from points 2) and 4) to approx-

imate integrals (3.5), (3.6), (3.7), and (3.8).

6) At each time step tn and for each cell Si, update the solution using eq. (3.4).

7) Repeat points 2)-6) till the final simulation time is reached.
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3.3 Numerical tests
This section presents the numerical tests conducted to evaluate the performance of the proposed

high-order numerical method. Two representative test cases are considered: the scalar Burgers’

equation and the hyperbolized BFEs system introduced in Müller et al. (2016). To carry out

these tests, we employ both second- and third-order implementations of four different methods

for comparison. The first is our method, which combines the GRP-based reconstruction with the

well-balanced DET solver (GRP+DET-WB). The second method employs the GRP-based re-

construction, coupled with the original, non-well-balanced DET solver (GRP+DET). The third

method combines the WENO reconstruction with the well-balanced DET solver (WENO+DET-

WB). The fourth method is a reference approach based on the WENO reconstruction combined

with the original DET solver (WENO+DET). More details about the WENO reconstruction can

be found in Liu et al. (1994).

3.3.1 Scalar case: Burgers’ equation
Let us replicate the test proposed by Guerrero Fernández et al. (2022), where we consider

the following one-dimensional scalar Burgers’ equation with algebraic nonlinear source term,

expressed in quasi-linear form (3.1) as

∂tq+q∂xq = q2, x ∈ Ω, t ∈ T , (3.29)

with initial condition (see figure 3.1A) defined as

q
(
x,0

)
= exp

(
x
)
+0.3exp

(
−200(x+0.5)2), x ∈ Ω, (3.30)

and left boundary condition as

q(xA, t) = exp
(
xA
)
, t ∈ T . (3.31)

A transparent right boundary condition is also enforced. Stationary solutions of eq. (3.29) can

be computed either analytically as

q(x) = exp
(
x
)
, x ∈ Ω, (3.32)

or numerically by applying the procedure described in section 3.2.1.

The goal of this test is to demonstrate the ability of our numerical scheme to recover and

preserve the stationary solution of eq. (3.29) when the initial condition (3.30) is given by a
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Figure 3.1: Burgers’ problem. Initial condition (A), steady-state solution (B), and errors in space
between the numerical solution and the steady-state solution obtained either numerically (C and D)
or analytically (E and F). Results are shown for both second- and third-order implementations of the
GRP+DET and the GRP+DET-WB methods.

small spatial perturbation of that stationary solution. We consider a computational domain Ω =

[−1,1], discretized through a mesh of N = 50 computational cells, and we stop our simulations

at the final time tK = 40s. We use a CFL number of 0.9 to compute ∆tn = CFL ·∆x/ν , with

ν = max(||qn||L∞ , ||V n||L∞), (3.33)

where q is the vector containing the cell averages qn
i of the solution in Si at time tn, and V is

a vector containing the maximum, on each computational cell, between the left and right states

q+,n
i− 1

2
and q−,n

i+ 1
2

and their average M = 0.5(q+,n
i− 1

2
+ q−,n

i+ 1
2
). The time step ∆tn is updated at each

iteration of the method and, if necessary, when computing space-time predictions. In this way,

we account for the highest wave speed that arises in the presence of shocks and rarefactions.

Moreover, we solve equation (3.22) employing a maximum number of iterations equal to the

order of accuracy of the method (Dumbser et al., 2008).
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Table 3.1
L1 and L∞ error norms, and corresponding empirical convergence rates for a second- and third-order
implementation of the numerical scheme. N is the number of computational cells.

N L1 L∞ O(L1) O(L∞) L1 L∞ O(L1) O(L∞)

Order 2 Order 3
32 1.9e-03 3.2e-03 - - 3.8e-06 6.4e-06 - -
64 4.9e-04 8.4e-04 2.0 1.9 4.8e-07 8.3e-07 3.0 2.9
128 1.2e-04 2.2e-04 2.0 2.0 6.1e-08 1.1e-07 3.0 3.0
256 3.1e-05 5.5e-05 2.0 2.0 7.6e-09 1.3e-08 3.0 3.0
512 7.8e-06 1.4e-05 2.0 2.0 9.6e-10 1.7e-09 3.0 3.0

In figures 3.1C and 3.1D, we show the absolute errors between the numerical solution of the

steady-state problem obtained through an appropriate Runge-Kutta scheme, and the numerical

solution of eq. (3.29) obtained using the GRP+DET-WB and the GRP+DET methods. Similarly,

we display in figures 3.1E and 3.1F the errors between the analytical solution (3.32) and the

numerical solution obtained using the GRP+DET-WB and the GRP+DET methods.

We also perform an empirical convergence test to verify whether our method reaches the

expected order of accuracy. We report in table 3.1 L1 and L∞ error norms between the numerical

solution obtained with the GRP+DET-WB method and the analytical solution (3.32), along with

the corresponding empirical convergence rates.

3.3.2 System case: hyperbolized blood flow equations
Let us consider the hyperbolized BFEs system proposed in Müller et al. (2016), including now

a gravity term. This system of PDEs can be written in quasi-linear form as in eq. (3.1), where

we have

Q = [A,q,ψ,A0,h0,Ee,Ec, pr]
T , (3.34)

A(Q) =



0 1 0 0 0 0 0 0

c2 −u2 2u A
ρ

∂ψζ
A
ρ

∂A0ζ
A
ρ

∂h0ζ
A
ρ

∂Eeζ
A
ρ

∂Ecζ
A
ρ

0 −1/ε 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


, (3.35)
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with u = q/A, and c =
√

A
ρ

∂Aζ , and where

S(Q) =
[
0,Rq/A+Agx,−ψ/ε,0,0,0,0,0

]T
. (3.36)

x is the axial coordinate along the vessel, t is the time, A(x, t) represents the cross-sectional

area of the vessel lumen, q(x, t) is the flow rate, and ψ(x, t) is an auxiliary variable used in the

hyperbolization process (Montecinos et al., 2014) along with the relaxation time ε > 0. R(< 0)

is the coefficient of the friction term, while gx(x) is the projection of gravity along the vessel’s

axis defining the gravity term. A0(x), h0(x), Ee(x), Ec(x), and pr(x) are spatial parameters,

assumed to be either constant or continuously varying along the vessel’s axis. These parame-

ters characterize the vessel’s wall mechanics through a nonlinear constitutive relation that links

the cross-sectional area to the blood pressure. More details about the spatial parameters, the

adopted pressure-area relation, and the system itself can be found in Müller et al. (2016). Addi-

tionally, details of the eigenstructure of this system are given in Müller et al. (2016), and more

extensively in Montecinos et al. (2014); Müller et al. (2016). Finally, we recall that the compu-

tation of the boundary states for RP (3.23), associated with the hyperbolized BFEs, is carried

out as described in section C.1 of the supplementary material.

To test our method on this PDE system, we considered two geometries. First, we used a

single blood vessel to verify the empirical convergence of the method to the desired order of

accuracy and to compare its efficiency to that of other numerical schemes. Later, we used an

arterial network to assess the well-balanced property of the method over a complex geometry

and its performance in transient scenarios. Specifically, we considered a reduced version of

the anatomically detailed arterial network described in Blanco et al. (2015), ADAN86 (Blanco

et al., 2020), which is an open network composed of 86 arteries that resemble the real human

anatomy. Among all the arteries of ADAN86, we also considered the right internal carotid

artery (ICA) as the single blood vessel on which run the first set of tests, due to its peculiar

geometry.

The PDE system was solved in each artery of the ADAN86 network using an initial condi-

tion given by constant pressure equal to 60 mmHg, and constant zero flow rate. Additionally,

three different types of boundary conditions were enforced. At the inlet of the ascending aorta,

an inflow boundary condition was set. At the outlet of terminal vessels, either a Dirichlet bound-

ary condition in cross-sectional area or an outflow boundary condition were used. Finally, at

the joins between two or three arterial segments, junction coupling conditions were prescribed.

Further details on the treatment of these boundary conditions and their assignment in the con-

text of the proposed numerical scheme are given in Müller and Blanco (2015); Müller et al.
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(2016); Müller et al. (2016). We emphasize that boundary and coupling conditions computed

as reported in these references are used by the implemented GRP-based reconstruction, thereby

obviating the need for more sophisticated techniques, such as ghost cell filling, to achieve high-

order accuracy. We also underline that, given the high computational cost of computing (3.8)

along junctions, we adopt the local time-stepping algorithm proposed in Müller et al. (2016),

where, for all tests, the user-defined CFL value is 0.8.

3.3.2.1 Efficiency analysis for a single blood vessel (ICA test)

An efficiency analysis was performed to assess if our method was able to attain a prescribed er-

ror at low computational cost. To this end, we considered three different scenarios of increasing

complexity, all defined on the same blood vessel, the ICA, and subject to identical boundary

conditions. The difference among the scenarios arises solely from the choice of both the gravity

term and the spatial parameters, in order to highlight the importance of combining appropriate

reconstruction techniques with well-balanced solvers to achieve maximal efficiency.

The first scenario (S1) considers the parameters of the pressure-area relation to be constant

along all the vessel axis. Specifically, A0 = 0.24 cm2, h0 = 0.05 cm, Ee = 3.6 · 106 Pa, and

Ec = 9 ·108 Pa. It also assumes the gravity projection gx to be constant and equal to 981 cm/s2.

For this first scenario, we compared the results obtained using a second-order implementation

of the GRP+DET-WB, the GRP+DET, the WENO+DET-WB, and the WENO+DET methods.

The second scenario (S2) considers the parameters of the pressure-area relation to be vari-

able and continuous in space (Blanco et al., 2015). Additionally, a smooth function of the

gravity projection is taken into account

gx(x) = |g|
[

exp(−x)− exp(−L)
]
, (3.37)

where L is the axial length of the ICA, while |g| = 981cm/s2 is the gravitational accelera-

tion modulus. In this second case, we only compared results obtained with the second-order

GRP+DET-WB method, to those obtained with the second-order GRP+DET method, to better

highlight the differences among the well-balanced and the non-well-balanced solvers.

The third and final scenario (S3) considers a variation to the second case, where the gravity

projection is now a polyline. Here, we took into account the real 3D geometry of the ICA and

we projected the gravitational acceleration on the vessel axis.

For all the scenarios, we assumed a final simulation time of 10 s, and a minimum number

of 4 spatial computational cells that are doubled for each of the 4 considered mesh refinements.

Additionally, we assumed a no-flow boundary condition at the inlet of the vessel, and fixed
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Figure 3.2: Efficiency plots for ICA test. CPU times versus L2 error norms between the numerical
solution and either the exact solution (S1 and S2) or a reference solution (S3), for all the considered
scenarios and for 4 consecutive mesh refinements. Each row refers to a different scenario (S1, S2,
and S3). Results are shown for both cross-sectional area (left panels) and flow rate (right panels) in
logarithmic scale on both axes.

cross-sectional area at the outlet such that the corresponding pressure was 60 mmHg. In all the

cases, we run our tests on a workstation that had a Intel Core i9 processor with 16 cores and 24

threads (3.2 GHz clock speed), and 64 GiB of RAM, using 1 thread per test.

Figure 3.2 shows the obtained results at the final simulation time for a second-order im-

plementation of all the considered methods in terms of CPU time and L2 error norms between
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Table 3.2
L1 and L∞ error norms, and corresponding empirical convergence rates for the cross-sectional area A(x, t)
at the final simulation time and for scenarios S1, S2, and S3 for the ICA test, for a second- and a third-
order implementation of the numerical scheme. N is the number of computational cells.

Variable N L1 L∞ O(L1) O(L∞) L1 L∞ O(L1) O(L∞)

Scenario S1 Order 2 Order 3
A [cm2] 4 7.84e-05 5.92e-06 — — 8.49e-08 6.28e-09 — —

8 1.96e-05 1.48e-06 2.0 2.0 1.08e-08 1.17e-09 2.97 2.42
16 4.90e-06 3.72e-07 2.0 2.0 1.36e-09 1.68e-10 2.99 2.80
32 1.23e-06 9.30e-08 2.0 2.0 1.74e-10 2.34e-11 2.97 2.84

Scenario S2 Order 2 Order 3
A [cm2] 4 8.59e-03 9.59e-04 — — 5.90e-03 4.37e-04 — —

8 2.49e-03 2.85e-04 1.78 1.75 9.72e-04 1.13e-04 2.60 1.96
16 6.71e-04 7.84e-05 1.89 1.86 1.36e-04 2.03e-05 2.84 2.47
32 1.74e-04 2.04e-05 1.95 1.94 1.72e-05 2.82e-06 2.99 2.84

Scenario S3 Order 2 Order 3
A [cm2] 4 1.64e-02 1.64e-03 — — 9.79e-04 1.16e-04 — —

8 4.04e-03 5.15e-04 2.02 1.67 8.38e-04 8.36e-05 0.22 0.47
16 6.66e-04 9.75e-05 2.60 2.40 7.48e-05 1.36e-05 3.49 2.62
32 2.05e-04 3.70e-05 1.70 1.40 3.17e-05 4.34e-06 1.24 1.65

the numerical solution and either the exact solution (S1 and S2), or a reference solution (S3)

obtained by running a test with 4 times the number of computational cells considered in the

final mesh refinement. For all tests, we show results in terms of cross-sectional area and flow

rate.

3.3.2.2 Empirical convergence rates for ICA test

An empirical convergence test was carried out to verify whether the proposed method attains

its expected theoretical order of accuracy. Convergence rates were computed for the ICA test

cases obtained with the GRP+DET-WB method across the three scenarios (S1, S2, and S3).

The errors between the computed numerical solutions and either the exact solution (S1 and S2)

or a reference solution (S3) were evaluated in both L1 and L∞ norms. The results, reported in

table 3.2, are given in terms of cross-sectional area. Errors for the flow rate are omitted, as they

consistently remained below 10−10 cm3/s.

3.3.2.3 Well-balance property for the ADAN86 geometry (deadman test)

This test is designed to verify if our method can accurately approximate a specific steady-

state solution, characterized by zero flow throughout the network and a hydrostatic pressure

distribution (i.e. the pressure varies linearly along the vertical axis of the body due to gravity,
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with higher values in lower regions, such as in the legs, and lower values in elevated regions,

such as in the head).

To this end, we considered the ADAN86 network in the upright posture, enabling the sim-

ulation of hydrostatic pressure gradients induced by gravity. Then, we assumed the parameters

of the pressure-area relation to be variable and continuous in space. In this test, the gravity term

gx(x) was a polyline. Specifically, we took into account the real 3D geometry of the different

vessels and we projected the gravitational acceleration on the vessels’ axes. All blood vessels

were discretized using a maximum mesh spacing of 1 cm, and the simulations were performed

over 20 s. Finally, we assumed no-flow boundary conditions at both inlet and outlets of the

terminal vessels.

Results are shown in figure 3.3 and figure C.2 of the supplementary material in terms of

flow rate (top panel) and pressure (bottom panel). Specifically, the two networks in each panel

display the errors at the final simulation time along the ADAN86 network between the deadman

solution and the numerical solutions obtained with a second (and third) order implementation of

the GRP+DET-WB and the GRP+DET methods. A focus on three vessels (left anterior cerebral

artery, thoracic aorta, and left femoral artery) is provided in the middle of each panel, where

results are reported for the midpoint of the vessels axis and for the last second of simulation.

Additionally, figure 3.4 and figure C.3 of the supplementary material show the obtained pressure

distribution along the network for both the applied methods of order two and three at the final

simulation time. A focus on different vessels at different heights of the network is provided in

the middle of the panel, where results are displayed for the midpoint of the chosen vessels axis.

3.3.2.4 Transient simulation for ADAN86

The final test we present aims to assess the capability of our method to accurately capture

transient solutions in complex geometries. Specifically, we wanted to test its ability in retrieving

pressure and flow rate curves that are commonly observed when modeling the cardiovascular

system.

We considered the ADAN86 network in the upright posture and we assumed the parameters

of the pressure-area relation to be variable and continuous in space. As in the previous test, the

gravity projection gx(x) was defined as the projection of the gravitational acceleration along the

vessels’ axes. All blood vessels were discretized using a maximum mesh spacing of 2 cm, and

the simulations were performed over 10 s. A periodic inflow boundary condition was prescribed

at the aortic inlet (Blanco et al., 2015) to simulate the behavior of the heart (here not present),

thereby reproducing the dynamics of the human cardiac cycle. Finally, an outflow boundary
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Figure 3.3: Deadman test. A representation of the ADAN86 network is shown. In the top panel, the
colors indicate the errors between zero-flow solution and the second-order numerical solution computed
with either the GRP+DET-WB, or the GRP+DET. In the bottom panel, the colors indicate the errors
between the reference hydrostatic pressure distribution and the numerical solution computed with either
the GRP+DET-WB, or the GRP+DET. A focus on three vessels is provided in the middle of both panels.
All the results are shown in logarithmic scale.
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Figure 3.4: Pressure distribution. Pressure distribution at the final simulation time along the ADAN86
network obtained with a second-order implementation of both the GRP+DET-WB method (left) and the
GRP+DET method (right). A focus on eight vessels is provided in the middle of the panel, showing
how the GRP+DET-WB results respect the expected hydrostatic distribution indicated in light gray. The
considered vessels are: LACA: left anterior cerebral artery, RICA: right internal carotid artery, LVA: left
vertebral artery, TA: thoracic aorta, RBA: right brachial artery, LRA: left radial artery, LFA: left femoral
artery, RATA: right anterior tibial artery.

condition was enforced by coupling terminal vessels to lumped parameters models that mimic

the resistance and compliance of the venous system (Müller et al., 2016). We underline that the

pressure of the venous system was assumed to be hydrostatically distributed with respect to the

vertical axis of the body. In particular, we considered the aortic root to be our reference level.

Results are shown in figure 3.5 and figure C.4 of the supplementary material in terms of

flow rate and pressure for three specific vessels (left anterior cerebral artery, thoracic aorta, and

left femoral artery) at their midpoint along the final cardiac cycle of simulation. A reference

solution, obtained by running the test with gravity set to zero, is also displayed.
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Figure 3.5: Transient test. Flow rate (left column) and pressure (right column) curves along the final
cardiac cycle of simulation at the midpoint of three selected blood vessels: left anterior cerebral artery
(orange), thoracic aorta (red), and left femoral artery (blue). Indication on the location of the vessels is
shown in the ADAN86 network representation on the left. Black dashed lines represent the reference
solution with no gravity in the different vessels.

3.4 Discussion
In this section, we discuss results obtained through the numerical tests outlined in section 3.3,

assessing the accuracy and efficiency of our numerical method, and evidencing its limitations.

Empirical convergence results reported in tables 3.1 and 3.2 demonstrate that the

GRP+DET-WB scheme converges with the expected order of accuracy to either the analytical

steady-state solution or to a reference solution computed on a sufficiently fine mesh. Addition-

ally, results reported in figure 3.1D confirm that the method is well-balanced when applied to

find the steady-state solution of problem (3.29). This proves numerically that, as opposed to the

standard WENO reconstruction, the GRP-based reconstruction is well-balanced up to the third

order of accuracy by construction. Indeed, as mentioned in section 3.2.3, reconstruction poly-

nomials are computed by enforcing that the boundary states associated with each cell are used
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either to compute the polynomials slopes or as interpolation points, and that the conservation

property holds. Consequently, if the cell average is that of the steady-state solution on the same

computational cell, and the boundary states lie on the same steady-state solution, then they are

not perturbed by the reconstruction procedure.

This is also confirmed from the efficiency plots reported in figure 3.2. When considering

scenario S1 (top row), we can notice that the choice of the spatial reconstruction plays a signif-

icant role: results obtained through the GRP+DET method present lower errors, with the same

spatial discretization, than results obtained through the WENO+DET method. Moreover, the

former are comparable, when considering the cross-sectional area, to results obtained through

the GRP+DET-WB scheme. As a consequence, we can conclude that the only well-balancing

errors introduced within the GRP+DET framework are those associated with the DET solver.

A comparison between numerical results and either the analytical solution of the prob-

lem or the reference solution computed on a sufficiently fine mesh (see figures 3.1E, 3.1F,

and 3.2), shows that, while the GRP+DET-WB and GRP+DET methods perform similarly in

simple cases such as the Burgers’ equation and scenario S1 for the BFEs, there is an evident

advantage in choosing a well-balanced scheme for more complex scenarios. When considering

scenarios S2 and S3 for the BFEs, numerical errors for the cross-sectional area and the flow

rate obtained through the GRP+DET-WB scheme are significantly lower than those obtained

in the GRP+DET setup with analogous meshes, highlighting the higher efficiency of the well-

balanced setup. The similar performance of the GRP+DET-WB and GRP+DET schemes in

simple scenarios suggests that the approximation of steady-state solutions (see section 3.2.1)

has a significant impact on the overall numerical errors introduced by the scheme. This poses

the problem of choosing an ordinary differential equation solver of high enough accuracy to

avoid the introduction of numerical errors that are comparable or higher than those introduced

by the absence of well-balancing.

The ability of our numerical method to preserve stationary solutions is also particularly evi-

dent when the method is applied to solve the BFEs over a complex geometry like the ADAN86

network. In fact, observing figure 3.3, top panel, it is evident that the errors in flow rate be-

tween the exact solution given by zero-flow and the numerical solution are always higher for

the GRP+DET case with respect to the GRP+DET-WB case. A minimum of two orders of

magnitude difference between the solutions obtained with the two methods is always detected.

Additionally, we observe that the maximum errors for the GRP+DET-WB case are found in

the neck and head region, due to its intricate geometry. This region presents multiple vessels

junctions, and blood vessels with high geometrical variability, which results in a gravity projec-

tion ranging from −981 cm/s2 to 981 cm/s2 along the same vessel axis that can significantly
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influence the approximation of the solution. Similarly, observing the bottom panel of figure 3.3,

we note that the errors in pressure between the deadman solution and the numerical solution are

generally larger for the GRP+DET case with respect to the GRP+DET-WB case. These errors

strongly affect the representation of the pressure distribution. In particular, we expect to see

an hydrostatic pressure distribution along the network when a steady-state is reached, with a

maximum pressure in the legs region that gradually decreases towards the cerebral region. This

behavior is correctly reproduced in figure 3.4 by the GRP+DET-WB scheme, whereas the GRP-

DET scheme fails to capture the hydrostatic distribution, leading to an incorrect approximation

of the target solution with a maximal error of 100 mmHg.

Finally, from the pressure and flow-rate waveforms reported in figure 3.5, we observe that

the effects of the gravity term are most apparent in the pressure curves. The flow-rate waveforms

obtained with gravity are in good agreement with those computed without gravity, with only

slight differences in curvature and peak values. In contrast, the pressure waveforms with gravity

exhibit a vertical shift relative to those without gravity. This shift reflects the position of the

vessel under consideration with respect to the aortic root, which serves as the reference level

for the assumed hydrostatic pressure distribution of the venous system. These findings are

consistent with previous observations reported in Fois et al. (2022); Murillo and Garcia-Navarro

(2023), confirming that the proposed method is capable of performing transient simulations in

complex scenarios, allowing an accurate reproduction of the behavior of the cardiovascular

system.

3.5 Conclusion
In this work, we proposed a high-order well-balanced numerical scheme for the solution of non-

conservative systems of hyperbolic PDEs with source terms. The method is based on the GRP

reconstruction by Montecinos et al. (2025), which is well-balanced by construction up to third

order of accuracy, provided that boundary states belong to the same family of the steady-state

solution of the considered PDEs and the conservation property holds. In addition, it incorporates

a modification of the DET solver (Dumbser et al., 2008) along the same lines as those proposed

by Guerrero Fernández et al. (2022). Numerical tests performed on the Burgers’ equation and

on the hyperbolized BFEs (Müller et al., 2016) with friction, gravity and variable geometrical

properties demonstrate the well-balanced property of the scheme and highlight its accuracy and

efficiency in complex scenarios.

However, it is important to mention that in this work we employ the GRP-based recon-
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struction without making use of any limiter, which is linear in Godunov’s sense. As a conse-

quence, spurious oscillations might arise in the presence of discontinuities. A possible strategy

to overcome this issue would be to employ an a-posteriori limiter such as the Multi-dimensional

Optimal Order Detection (MOOD) strategy (Clain et al., 2011).
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Chapter4

Quantitative analysis of physiological
responses to orthostatic stress during

the head-up tilt test

4.1 Introduction
The gravitational field exerts a significant influence on the human body, representing one of

the main factors affecting both cardiovascular function and the activity of the nervous system.

As described in appendix A, when a healthy adult transitions from the supine to the standing

position, approximately 500 ml of blood are redistributed from the thoracic region to the lower

limbs. This redistribution alters blood flow, blood pressure, and cardiac function. Within a few

seconds, control mechanisms of the autonomic nervous system are activated, triggering reflex

responses that act to restore cardiovascular equilibrium (Widmaier et al., 2016). Although many

aspects of these physiological responses have been characterized (Blomqvist and Stone, 1991;

Hinghofer-Szalkay, 2011; Levick, 2009), their full extent remains incompletely understood. In

particular, the magnitude and dynamics of the autonomic nervous system’s compensatory ac-

tions have not been fully quantified (Ursino and Magosso, 2003). Furthermore, compared to the

arterial circulation, the venous system has received considerably less attention, and the available

literature contains limited data on the hemodynamic behavior of individual veins (Blomqvist

and Stone, 1991).

Several experimental approaches have been proposed to study the physiological and patho-

logical effects of orthostatic stress and to simulate the transition from supine to standing posi-

tion under controlled conditions. Among the most common techniques are the head-up tilt test

(HUT), the head-down tilt test (HDT), the active stand test, the NASA lean test, the bed-rest

test, and the lower body negative pressure (LBNP) protocol (Finucane et al., 2019; Goswami

et al., 2019; Kapoor et al., 1994; Teuschl et al., 2025; Traon et al., 2007). Each of these meth-

ods provides a controlled means of altering the hydrostatic pressure within the body, thereby
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enabling the investigation of cardiovascular regulation and autonomic responses to gravitational

changes. These methods allow for precise control of the degree of orthostatic load and facilitate

the measurement of key parameters such as heart rate, blood pressure, and venous return. De-

pending on the specific protocol, different aspects of cardiovascular control can be emphasized,

for instance, the HUT test primarily evaluates autonomic reflexes and blood pressure regulation

during passive tilting, while LBNP allows for the isolation of lower body venous pooling effects

without changing body orientation (Goswami et al., 2025). Additionally, these techniques are

often combined with various measurement methods to monitor cardiovascular function. Com-

mon examples include electrocardiography (ECG) for assessing heart rate and rhythm, Doppler

ultrasound for evaluating blood flow velocity and vessel dynamics, and impedance plethysmog-

raphy for estimating changes in blood volume and venous return. In this context, the combi-

nation of posture-based tests with non-invasive monitoring tools provides valuable insight into

the dynamic responses of the cardiovascular and autonomic nervous systems under orthostatic

stress (Yong et al., 2025).

Experimental data obtained from such protocols are essential for the development, vali-

dation, and parametrization of physiological models describing the interactions between auto-

nomic regulation, vascular responses, and cardiac function during orthostatic stress. Reliable

quantitative measurements allow the comparison between simulated and observed responses,

enabling researchers to refine model parameters and improve the predictive accuracy of com-

putational frameworks. In particular, accurate recordings of variables such as blood pressure,

venous flow, and heart rate dynamics are crucial for reproducing the complex interactions be-

tween the circulatory and autonomic systems. The availability of high-quality experimental

datasets thus represents a fundamental step toward building physiologically meaningful models

capable of simulating human responses to gravitational challenges and supporting both clinical

and aerospace applications (Alzaabi et al., 2025).

In this work, an experimental procedure was designed and carried out to characterize the

influence of gravitational stress on hemodynamic responses. Particular emphasis was placed

on the quantitative characterization of the venous circulation, providing novel experimental

data that enhance the understanding of cardiovascular and autonomic regulation under different

orthostatic conditions. The collected experimental data also provided the basis for the validation

and parametrization of the ADAVN cardiovascular model. Specifically, we propose the use of a

HUT test to characterize blood flow in different body districts. This test allows for a controlled

and reproducible simulation of orthostatic stress, making it possible to monitor cardiovascular

adjustments as the body transitions from a horizontal to an upright position. By analyzing flow

parameters across various arterial and venous segments, the HUT test enables the assessment
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of how gravitational forces influence blood distribution and vascular function.

The structure of this chapter is organized as follows: in section 4.2, the experimental pro-

tocol is described, including details on ethical approval, participants’ demographics, the exper-

imental measurements performed, and the methods used for data analysis. Subsequently, in

sections 4.3 and 4.4 the obtained results are presented and discussed, and the main limitations

of the study are outlined. Finally, in section 4.5 conclusions are drawn.

4.2 Methods
In this section, we describe the methodological framework of the study, including the ethical

approval process, the recruitment of 10 volunteers, the experimental protocol developed and

applied, and the procedures used for data acquisition and analysis.

4.2.1 Ethical approval
Ethical approval was granted by the Northern B Health and Disability Ethics Committee, Auck-

land, New Zealand (19/NTB/125), by the Auckland District Health Board Research Review

Committee (A+ 8687), and was registered with the Australian New Zealand Clinical Trials

Registry (ACTRN12619001767190). All volunteers received a detailed verbal and written ex-

planation of the study procedures before giving their written consent to participate in the study.

The study was conducted according to the standards described in the latest revision of the Dec-

laration of Helsinki (2013).

4.2.2 Participants
Ten healthy participants were enrolled in this study. All participants were between 20 and

40 years old, non-obese [body mass index (BMI) < 30 kgm−2] and with a maximum height of

185 cm. All participants reported not being recreational drug users and hazardous alcohol users.

People with a history or symptoms of pulmonary, metabolic and neurological diseases, as well

as any acute or chronic disorders associated with alterations in cardiovascular structure or func-

tion, were excluded from this study. In addition, people with episodic recurrent syncope and

low blood pressure values were not included. The demographic information of the participants

is reported in table 4.1.
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Table 4.1
Participants demographic. Values are expressed as mean ± maximum absolute deviation for continu-
ous data and as frequency (percentage) for discrete variables.

Total number of participants 10
Number of women (%) 5 (50%)

Age (years) 28±5
Weight (kg) 71.1±10.5
Height (m) 1.73±0.07

BMI (kgm−2) 23.7±2.5

4.2.3 Experimental protocol

The experimental protocol consisted of two visits to the laboratory on separate days. The pur-

pose of the first visit was to make participants familiarize with the study protocol. During this

visit, clinical information was collected, and demographic data were acquired.

The purpose of the second visit was to acquire the hemodynamic measurements of interest.

Figure 4.1 shows a sketch of the timeline of this session. Before this second visit, participants

were asked not to consume caffeine, not to exercise for 12 hours prior to the study, and not to

consume alcohol for 24 hours prior to the study. Participants were also asked not to eat for 2

hours before the study, even if an early meal was encouraged. Upon arrival at the laboratory,

participants were asked to lie on a tilt table, horizontally placed, in supine position. After in-

strumentation, the protocol consisted of three repeating phases. First, a rest period of 4 minutes

was awaited, so that the vital parameters (heart rate, blood pressure, and arterial oxygen satura-

tion) of the participants stabilized. Second, a period of 20-30 minutes followed, during which

ultrasound and echocardiographic measurements were performed. Third, a final period of 3

minutes took place during which the bed was tilted. These three phases were repeated for each

of the four selected angles of tilt, namely 0°, 30°, 60°, and 90°. The test was terminated when

either all measurements were acquired or the participant was showing early signs of syncope.

This protocol in its whole was applied to 5 participants (3 men and 2 women) and showed a

60% rate of early signs of syncope when participants were tilted to 60° or 90°. For this reason,

the protocol has been reduced by removing the two critical angles of tilt (60° and 90°) and it

was applied in this reduced manner to the second half of the participants.
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Figure 4.1: Second visit of the experimental protocol: sketch of the timeline. Schematic overview of
the second experimental visit protocol, consisting of three phases: 5 min of baseline bed rest with heart
rate and blood pressure monitoring, 30 min of ultrasound and echocardiographic measurements, and a
final 5 min tilting phase. The tilting phase included three tilt angles: 30°, 60°, and 90°. The total duration
of the session was approximately 2h 30 min to 3h. All abbreviations used in the figure are defined in
table 4.2.

4.2.4 Experimental measurements

Participants were lying on a tilt table (MPVT, amtech) while heart rate (HR) was continuously

monitored with a three-lead electrocardiogram (ADInstruments), and beat-to-beat blood pres-

sure (BP) was measured with a finger photoplethysmography (Finometer PRO). Brachial artery

BP measurements were recorded with an automated sphygmomanometer (BP+, Uscom) before

tilting the participant to the next angle of tilt and used to validate finger BP values. Arterial

oxygen saturation (SpO2) was continuously monitored using a finger pulse oximeter (ADIn-

struments). A digital transcranial Doppler (ST3, Spencer Technology) was placed on a headset

and used to continuously measure cerebral blood flow velocity, specifically in the mean cerebral

artery (MCA). A 3D echocardiography (ACUSON SC 2000, Siemens) was performed for each

angle of tilt to measure cardiac output (CO) and stroke volume (SV) by a single operator (G.

M. Q.). Duplex Doppler ultrasound (uSmart 3300, Terason) was used for each angle of tilt to
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Table 4.2
Abbreviations in alphabetical order.

Abbreviations Extended name

BA Right brachial artery
BP Blood pressure
CO Cardiac output

CVP Central venous pressure
DBP Diastolic blood pressure
FA Right femoral artery
FV Right femoral vein
HR Heart rate
ICA Right internal carotid artery
IJV Right internal jugular vein
IVC Inferior vena cava
MAP Mean arterial pressure
MCA Mean cerebral artery

PP Pulse pressure
SBP Systolic blood pressure
SV Stroke volume
VA Right vertebral artery
VV Vertebral vein

acquire blood flow velocity and diameter of vessels at eight different locations: right brachial

artery (BA), right femoral artery (FA), right internal carotid artery (ICA), right vertebral artery

(VA), right femoral vein (FV), inferior vena cava (IVC), right internal jugular vein (IJV), and

vertebral veins (VV) on the right side of the neck. The B-mode was used to locate the vessels

and measure their diameter. In particular, it was ensured that the sample volume was positioned

in the center of the vessel in order to cover the width of the vessel diameter. The pulse-wave

mode was used to measure the velocities. All ultrasound measurements were performed by a

single operator (K. N. T.). Ultrasound images were screen captured (DVI2USB3.0; Epiphan

Video, Ottawa, ON, Canada) by a different operator (J-L. F.) and stored as digital MP4 files for

offline analysis. A minimum time of 20 seconds for a continuous recording was adopted. For

clarity, a summary of the abbreviations used is provided in table 4.2, while appendix D includes

representative images of the experimental setup.
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4.2.5 Data analysis

Cardiorespiratory and MCA velocity recordings were converted into digital signals at 1000 Hz

(PowerLab 16/35 and LabChart version 8; ADInstruments), stored as text files, and then ana-

lyzed offline by a single operator (C. C.), who also processed the ultrasound video files. Each

stored file referred to a participant in a specific tilting position, and the saved signals repre-

sented the experimental measurements of the participant at steady state. HR was extracted from

the electrocardiogram signal by computing the number of consecutive R waves in a minute of

recording. Finger BP was calibrated based on the systolic (SBP) and diastolic (DBP) sphyg-

momanometer measurements taken at the brachial level. In particular, the frequency of the

pressure waves was kept unchanged, while the amplitude was scaled in order to match the

sphygmomanometer pulse pressure (PP=SBP-DBP). The finger BP time series was then shifted

to match the sphygmomanometer value of the mean arterial pressure (MAP=DBP+1/3*PP).

From the calibrated finger BP, continuous signals of SBP and DBP were then extracted, and

their averaged values were calculated over the full considered tilting period.

CO and SV were calculated from echocardiograpic images of the left ventricle, by averaging

the data coming from multiple recordings at the same angle of tilt over multiple cardiac cycles.

Ultrasound video files were analyzed using an automated edge detection and wall tracking

software (Cardiovascular Suite; Quipu, Italy), which provided blood flow velocity and ves-

sel diameter measurements. These measurements represent temporal variations across the full

recording period at a fixed spatial sampling point corresponding to the ultrasound probe loca-

tion. Specifically, vessel diameter measurements were used to compute cross-sectional areas

over time, assuming a circular vessel shape, and subsequently to derive the average cross-

sectional area. The velocity data obtained represented peak blood velocity over time, which

we used to calculate the mean blood velocity. Mean blood velocity was determined by dividing

the peak blood velocity by two and then averaging these data over the recording period. As sug-

gested by Evans (1985), when a parabolic velocity profile is assumed, the time-averaged mean

velocity of pulsatile flow equals one-half of the time-averaged peak velocity, a relationship later

experimentally validated by Li et al. (1993). Finally, blood flow was calculated as the product

of the mean blood velocity and the mean vessel cross-sectional area. Another potentially infor-

mative feature of ultrasound measurements is the blood flow waveform. In the present study,

however, we were unable to perform this analysis because we did not have automated tools in

our possession that could denoise the recordings and extract the waveform.
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4.3 Results
Results for the various quantities of interest across the entire participant population at all tilt

angles are presented in figures 4.2 to 4.10. For each participant, the average data of the different

quantities at all angles of tilt 0◦,30◦,60◦,90◦ were extracted and then normalized with respect

to the average value at 0◦.

If the normalizing factor was zero, the first non-null average value at greater tilt angles was

used for normalization. These data (light dots in the figures) were then grouped by tilt angle,

and the mean values (dark dots) and standard deviations (whiskers) were computed for the

entire population. Unfortunately, the limited sample size, together with the fact that multiple

participants presented early signs of syncope at high tilt angles (60◦ and 90◦), further reduced

the effective dataset and prevented the extraction of meaningful gender-specific insights.

Figures 4.2 and 4.3 present the mean values and standard deviations of SV and CO, respec-

tively. Figure 4.4 displays the mean values and standard deviations of HR, while figure 4.5

shows those of BP time series. Figure 4.6 illustrates the mean values and standard deviations of

blood flow, cross-sectional area, and blood flow velocity in the ICA and VA. Figure 4.7 presents

the mean values and standard deviations of MCA blood velocity. Finally, figures 4.8, 4.9, and

4.10 display the mean values and standard deviations of blood flow, cross-sectional area, and

blood flow velocity in IJV and VV, BA and FA, and FV and IVC, respectively.

4.4 Discussion
This section presents a comprehensive discussion of the obtained results, structured according

to the type of data acquired.

4.4.1 Stroke volume
Our data reveal a clear trend in SV (see fig. 4.2), showing a decrease as the tilt angle increases.

Venous pooling results in a reduction of central venous pressure (CVP). The CVP is the pressure

at the entrance of the right atrium and is also known as the heart filling pressure. In fact, it is the

pressure that determines the stretch of the resting right cardiac chambers. Therefore, the more

the CVP is reduced, the less the fibers of the right atrium are stretched, resulting in a reduced

blood volume admitted to the heart. Such a reduction affects the amount of blood ejected from

the right ventricle and then admitted to the left atrium, translating into a reduced left ventricle

SV (Blomqvist and Stone, 1991).
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Figure 4.2: Mean values and standard deviations of SV for the complete population. Light dots
represent normalized average data for each participant. Dark dots and whiskers represent mean values
and standard deviations for the entire population at the considered angle of tilt. Results show a decrease
in normalized SV relative to the 0◦ position as the tilt angle increases.

The progressive reduction of SV that we observe in our data (see fig. 4.2) is in line not

only with the general behavior of the cardiovascular system just described, but also with the

data coming from other experimental works. Møller et al. (2004) showed that a HUT test at

30° produces a SV reduction of 9% with respect to the 0° position, corresponding to the 12%

decrease in SV that we observe at 30° (see fig. 4.2, red marker). Møller et al. (2004), along

the same study, also observed a SV reduction of 49% at 60° with respect to the 0° position,

which is slightly higher then the 40% decrease that we observe for the same tilt angle (see

fig. 4.2, orange marker). Wang et al. (1960) and Edgell et al. (2012) instead showed that when

the participants to their studies moved from supine to the standing position, the SV is reduced

by 30-50%, agreeing with the 47% decrease in SV that we observe at 90° (see fig. 4.2, yellow

marker).

4.4.2 Cardiac output
The mechanism affecting CO is the same as described in the previous paragraph (venous pool-

ing). However, its impact on CO is mitigated by variations in the heart rate. In fact, CO

represents the efficiency of the heart in maintaining adequate tissue perfusion in the human
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Figure 4.3: Mean values and standard deviations of CO for the complete population. Light dots
represent normalized average data for each participant. Dark dots and whiskers represent mean values
and standard deviations for the entire population at the considered angle of tilt. Results show a decrease
in normalized CO relative to the 0◦ position as the tilt angle increases.

body and should be kept high enough to meet the metabolic demand. For this reason, a re-

duction in SV without an adequate response may result in a prominent decrease in CO and a

consequent impairment of metabolic demand (Levick, 2009). To prevent such a catastrophic

behavior, the autonomic nervous system triggers a response, by increasing the activity of the

sympathetic division, that raises the HR and constricts the veins of the splanchnic circulation.

While the first mechanism acts directly on the cardiac activity, the second mechanism is useful

to prevent an excessive drop of the CVP and thus a further reduction of the SV. This response

shifts blood from the congested venous system into the arterial system, promoting the venous

return and avoiding the collapse of the cardiovascular system (Pocock et al., 2017). However,

if the raise in HR is not enough to counterbalance the reduction in SV, a reduction in CO will

still be observed, though less pronounced than the one seen in the SV.

This behavior of CO is evident in our results (see fig. 4.3), which show a progressive re-

duction with increasing tilt angle. In addition, our findings are consistent with those reported

by other authors. Smith et al. (1970) observed a decrease in CO of the 20% with respect to

the 0° position during a 20 min HUT test at 70°, which well compares with both the 20% de-

crease in CO that we observe at 60° (see fig. 4.3, orange marker) and the 27% decrease in CO

that we observe at 90° (see fig. 4.3, yellow marker). Toska and Walløe (2002) observed a 17%
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Figure 4.4: Mean values and standard deviations of HR for the complete population. Light dots
represent normalized average data for each participant. Dark dots and whiskers represent mean values
and standard deviations for the entire population at the considered angle of tilt. Results indicate that HR
increases relative to the 0◦ position as the tilt angle increases.

decrease in CO during a 2 min HUT test at 30° with respect to the 0° position, while Møller

et al. (2004) measured a decrease of 35% in CO during a 20 min HUT test at 60° with respect

to the 0° position. Both these percentages are slightly higher compared to our results, where

we observed a decrease in CO of 5% and 20% at 30° and 60°, respectively (see fig. 4.3, red

and orange markers). Nevertheless, these differences may be due to the different experimental

protocols adopted by these authors compared to ours.

4.4.3 Heart rate
The HR is controlled by the autonomic nervous system through multiple mechanisms that can

increase or decrease the frequency of cardiac contractions depending on physiological demands.

One of these mechanisms is mediated by the sympathetic division of the nervous system, which

specifically promotes acceleration of the HR. As previously discussed, sympathetic activity

increases to counteract the excessive drop in CO caused by venous pooling, resulting in a cor-

responding increase in HR (Widmaier et al., 2016).

Our data confirm this increase in HR (see fig. 4.4). In particular, we observe how HR

increases while increasing the angle of tilt, confirming what just described in the previous para-
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graph. However, we also observe a more marked response of the sympathetic division, and

hence in HR, at 60° compared to the other tilting angles (30° and 90°). In fact, we notice that

the HR increases of 32% at 60° with respect to the 30° position (see fig. 4.4, orange marker),

while it increases of about 7% at 30° with respect to the 0° position (see fig. 4.4, red marker),

and similarly it increases of about 8% at 90° with respect to the 60° position (see fig. 4.4, yellow

marker). This is due to two different mechanisms that involve sympathetic activity. At 30°, the

action of gravity, which drags blood away from the heart, is moderate and can be easily counter-

balanced by a slight growth of sympathetic activity. In contrast, at 60°, the action of gravity is

stronger and a more powerful response is needed. At 90°, a mechanism similar to that observed

at 60° remains active, but sympathetic activity may attain its peak level of responsiveness. This

is due to the fact that the firing rate of the nerve fibers transmitting the information to the cells of

the heart is not infinite, but it presents a plateau. When this plateau is reached, the sympathetic

activity saturates and no further response is triggered rather than the one already delivered,

which explains the small increase in HR from 60° to 90° (Levick, 2009). This behavior has also

been reported by other authors (Møller et al., 2004; Smith et al., 1994; Zaidi et al., 2000), who

observed HR responses similar to ours under experimental conditions comparable to those we

employed, further confirming the consistency of our findings with previous observations.

4.4.4 Blood pressure
The compensatory mechanism triggered by the drop in venous return and SV is used not only to

preserve a suitable CO but also, most importantly, to stabilize BP. In fact, BP plays an extremely

important role in maintaining adequate tissue perfusion in different districts of the body based

on the various blood vessels involved in the processes of transport and diffusion of oxygen, hor-

mones, nutrients and waste products (Pittman, 2011). To stabilize BP, the human body relies

on mechanical pressure receptors that signal changes in pressure to the central nervous system,

which then triggers compensatory mechanism. Such receptors, commonly known as barore-

ceptors, can be divided into two groups based on their location. As described in appendix A,

arterial baroreceptors are located in the aortic arch and carotid sinus, while low-pressure barore-

ceptors are found in large systemic veins, pulmonary vessels, and the walls of the right atrium

and ventricles (Pocock et al., 2017). The arterial baroreceptors, as suggested by the name, are

mechanoreceptors that are responsive to distention of the blood vessels due to changes in arte-

rial BP. Specifically, they inform the central nervous system about changes in MAP, in PP, and

in the rate of change of the BP. The low-pressure baroreceptors, also known as cardiopulmonary

baroreceptors, instead are mechanoreceptors that sense changes in low BP. They are activated
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Figure 4.5: Mean values and standard deviations of BP time series for the complete population.
Light dots represent normalized average data for each participant, while dark dots and whiskers indicate
the mean values and standard deviations for the entire population at each tilt angle. From left to right
and from top to bottom, the normalized quantities displayed are: systolic blood pressure (SBP), diastolic
blood pressure (DBP), mean arterial pressure (MAP), and pulse pressure (PP). Results indicate that
SBP remains constant regardless of the tilt angle, while DBP shows a marked increase relative to the 0◦

position as the tilt angle increases. Additionally, results reveal a slight increase in MAP and a pronounced
decrease in PP, both relative to the 0◦ position and corresponding to an increase in tilt angles.

as well by the stretch of the blood vessels or by the stretch of the heart surface where they are

located, and are primarily involved in the regulation of blood volume. Depending on the type of

sensory information received by the central nervous system, different responses are activated.

The combination of these responses return the general action of the compensatory mechanism,

which involves changes in heart rate, as already seen, but also changes in cardiac contractility,

and in vascular resistance (Widmaier et al., 2016).

Considering the specific case of the venous pooling and the consequent drop in SV, it is well

known that such a change in blood volume produces not only a reduction in CO, as previously

seen, but also a fall in PP and in MAP. The PP is the difference between SBP and DBP, and

is approximately proportional to the SV and inversely proportional to the compliance of the
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aorta (Homan et al., 2023). Thus, a marked decrease in SV results in a decrease in PP. Simi-

larly, MAP, which is the average BP along a single cardiac cycle, is approximately proportional

to SV, HR and systemic vascular resistance. Thus, a significant reduction in SV may lead to

a marked decrease in MAP, unless HR and vascular resistance are appropriately elevated to

compensate (Widmaier et al., 2016). At the same time, venous pooling in the lower extremities

leads to a redistribution of blood within the systemic circulation and an increase in the com-

pliance of the thoracic veins, where venous pressure decreases. As a result, CVP temporarily

falls. These pressure changes are detected by low-pressure baroreceptors located in the tho-

racic veins and atria, which trigger reflex responses that constrict the systemic veins and reduce

their compliance. This compensatory mechanism enhances venous return to the heart and helps

restore CVP, thereby limiting the decline in SV. In addition, the associated increase in venous

tone contributes to a rise in DBP, which in turn reduces PP (Pocock et al., 2017).

Our data (see fig. 4.5) agree with the behavior of the cardiovascular system and the com-

pensatory mechanism just introduced. Specifically, we observe that SBP presents fluctuations

in the range of 3% for all angles of tilt (30°, 60°, and 90°) with respect to the 0° position, sug-

gesting a constant behavior of this quantity (see fig. 4.5, top left panel). The DBP instead has

a more marked raise, up to +12% at 90° with respect to the 0° position (see fig. 4.5, top right

panel). MAP presents a slight increase reaching a maximum of +6% at 90° with respect to the

0° position (see fig. 4.5, bottom left panel). Finally, we observe a slight increase in the PP of

+10% at 30° with respect to the 0° position, followed by a strong decrease that reaches a −22%

at 90° with respect to the 0° position (see fig. 4.5, bottom right panel). The general BP behav-

ior just analyzed is in line not only with the physiology described in the previous paragraphs,

but also with what other authors observed in their experimental works (e.g. Smith et al., 1994;

Vijayalakshmi et al., 2000), confirming again how our data align with such observations.

4.4.5 Cerebral inflow
The body activates multiple responses to maintain cardiovascular equilibrium, with their inter-

play ultimately determining the system’s overall state and, consequently, the body’s condition.

Maintaining homeostasis and protecting vital organs, especially in the presence of disease, is

essential. Among these organs, the brain plays a crucial role, processing information from the

nervous system and coordinating various physiological responses (Widmaier et al., 2016). In

order to preserve its normal functioning, the brain needs a continuous inflow of blood that sup-

plies oxygen and nutrients to the brain tissues, and a continuous outflow of blood that removes

waste products created by the brain activity. The quantification of blood flow in the brain is
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Figure 4.6: Mean values and standard deviations of blood flow, area and blood velocity of ICA
and VA arteries for the complete population. Light dots represent normalized average data for each
participant, while dark dots and whiskers indicate mean values and standard deviations for the entire
population at each tilt angle. All quantities are normalized to their corresponding values at 0◦. The first
row presents blood flow data, the second row cross-sectional area, and the third row blood flow velocity.
The left column corresponds to the ICA, the right to the VA. For the ICA, all three quantities decrease
across all tilt angles. For the VA, they decrease at 30◦ and 60◦ but increase in blood flow and cross-
sectional area at 90◦.

not easy due to its position inside the skull. Nevertheless, we can inference some information

analyzing other quantities.

The vessels that supply blood to the brain are divided in two groups. There are arteries that

supply blood to the anterior brain, like the ICA, and there are arteries that supply blood to the
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posterior brain, like the VA. These arteries are then interconnected trough other arteries belong-

ing to the circle of Willis, which guarantees an homogeneous blood supply to the different parts

of the brain (Pocock et al., 2017). The amount of blood that flows through the ICA, the VA, and

the arteries of the circle of Willis is controlled by the cerebral autoregulation, a control mech-

anism that maintains adequate blood supply to the brain in response to changes in the cerebral

perfusion pressure. This control mechanism acts mainly by adjusting the resistance of the ves-

sels that supply blood to the brain (Sagirov et al., 2023). However, the cerebral autoregulation

does not work alone. It has been observed that during postural changes, from supine to upright,

the cerebral autoregulation mechanisms are closely connected to the responses activated by the

sympathetic nervous system previously described, and in particular they are inversely corre-

lated (Nasr et al., 2014). Thus, analyzing the blood flow coming from the ICA and the VA can

give us important information about the general blood supply to the brain and the behavior of

the cerebral autoregulation.

Different studies (e.g. Ogoh et al., 2015; Sato et al., 2012; van Campen et al., 2018) analyzed

the responses of blood flow to orthostatic stress in ICA and VA. The authors of these studies

observed that the cerebral blood flow was reduced following an increase of orthostatic stress,

due to a reduction of the flow in these vessels. van Campen et al. (2018) performed a 30 min

HUT test at 70° and they observed a similar flow reduction in both ICA and VA at 70° with

respect to the 0° position. On the contrary, Sato et al. (2012) performed a 9 min HUT test

at 60° and they found no significant reduction in VA blood flow at 60° with respect to the

0° position, while ICA blood flow was reduced. Thus, these experimental studies suggest that

while the blood flow in the ICA responds immediately to orthostatic stress, blood flow in the VA

reduces only during severe orthostatic stress, giving rise to regional differences in the cerebral

blood flow and in cerebral autoregulation responses between anterior and posterior vascular

areas (Ogoh et al., 2015; Sato et al., 2012).

Our data (see fig. 4.6) display the behavior of the ICA and the VA under the different

degrees of orthostatic stress experienced by the volunteers. We observe that the blood flow of

the ICA decreases while increasing the angle of tilt (see fig. 4.6, top left panel). In particular,

we observe a reduction of 9% at 30°, of 20% at 60°, and of 31% at 90° with respect to the 0°

position. Similarly, the cross-sectional area reduces of 3% at 30°, of 8% at 60°, and of 11%

at 90° with respect to the 0° position (see fig. 4.6, center left panel), while the blood velocity

decreases of 6% at 30°, of 15% at 60°, and of 22% at 90° with respect to the 0° position (see

fig. 4.6, bottom left panel). On the contrary, the VA presents a decrease in all the measured

quantities at 30° and 60° with respect to the supine position similar to the one described for the

ICA, but it presents an increase in both blood flow and cross-sectional area at 90° with respect
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to the 0° position. In fact, we measure an increase of 15% in blood flow and of 31% in cross-

sectional area (see fig. 4.6, right panels). The VA blood velocity instead presents a decrease of

17% at 90° with respect to the 0° position, which however corresponds to an increase of 5%

with respect to the 60° position (see fig. 4.6, bottom right panel).

Our data agree with what observed by Ogoh et al. (2015); Sato et al. (2012); van Campen

et al. (2018). In fact, while at 30° and 60° there are no significant differences between ICA and

VA behaviors, as in van Campen et al. (2018), at 90° we observe how the cerebral autoregula-

tion responds differently on these two vessels, as in Sato et al. (2012). Specifically, our results

suggest that the cerebral autoregulation is most responsive at 90°, rather than at 30° or 60°,

because the blood supply at 90° falls below a critical threshold, signaling an inadequate level of

perfusion. Therefore, at 90°, while the arterial baroreceptors triggers the increase in systemic

vascular resistance through the vessels constriction, the cerebral autoregulation reduces the re-

sistance of the vessels in the neck and head areas through a dilatation of these vessels, thus

increasing the cross-sectional area, the blood velocity and the blood flow with respect to the

previous angle of tilt (60°). However, while these changes are evident on the VA (see fig. 4.6,

right panels), they are not observed on the ICA (see fig. 4.6, left panels), which may indicate

that the arterial baroreceptors response dominates over the cerebral autoregulation response. It

is also worth noting that, in a couple of individual cases, very low flow values were observed at

intermediate tilt angles for both ICA and VA. These measurements likely reflect subject-specific

physiological responses combined with the sensitivity limits of the acquisition procedure. De-

spite the presence of these outliers, they do not alter the overall trends reported here, which

remain consistent across the study population.

An additional quantity that we considered to analyze the behavior of the blood flow in the

brain is the blood velocity recorded in the MCA. The MCA originates from the ICA, thus it

seems reasonable to think that a decrease in blood velocity of the ICA results in a decrease in

blood velocity of the MCA. Our data (see fig. 4.7) agree with this behavior. In fact, we observe

that at 30° the MCA blood velocity is almost constant, increasing of only 2% with respect to the

0° position, while at 60° and 90° it decreases of 11% and 17% with respect to the 0° position,

respectively. Other works, like the one by Garrett et al. (2017), report similar results.

4.4.6 Cerebral outflow
Cerebral outflow refers to the volume of blood that drains from the brain through the veins,

returning to the heart and lungs for oxygenation. It should equalize the cerebral inflow to guar-

antee the adequate removal of waste products from the brain. It is well known that there exist
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Mean values of MCA velocity for all tilt studies

Figure 4.7: Mean values and standard deviations of MCA velocity time series for the complete
population. Light dots represent normalized average data for each participant. Dark dots and whiskers
represent mean values and standard deviations for the entire population at the considered angle of tilt.
Results show a decrease in MCA velocity with respect to the 0◦ position and corresponding to an increase
in the angle of tilt.

different venous pathways of drainage of the cerebral blood flow based on the body position

considered. In a resting supine position, the primary pathway is through the IJVs. In the up-

right position, the IJVs partially collapse and the venous outflow from the brain is redirected

to the VVs and other vessels of the extrajugular system such as the deep neck veins (Doepp

et al., 2004). The differences in cerebral blood flow distribution, as well as the differences in

the anatomy of the veins may affect the extrajugular outflow pathways making more prominent

the outflow through a specific type of vein (e.g. VVs) over the others. In addition, Sagirov et al.

(2023) observed that the IJVs start to collapse when the human body assumes a tilted position

between 10° and 30°, thus a change in the type of outflow pathway from IJVs to extrajugular

veins may be visible for high tilting angles, like in our case 60° and 90°.

Our data (see fig. 4.8) highlight this change in outflow pathway from IJVs to extrajugular

veins. In fact, we observe a reduction of the blood flow through the right IJV (see fig. 4.8, top

left panel) that reaches −26% at 30° with respect to the 0° position, and −63% at 90° with

respect to the 0° position. At the same time, we also observe that the cross-sectional area de-

creases of 14% at 30° with respect to the 0° position, and of 78% at 90° with respect to the 0°

position (see fig. 4.8, center left panel), while the blood velocity increases of 81% and 125% at
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Figure 4.8: Mean values and standard deviations of blood flow, area and blood velocity of IJV and
VV veins for the complete population. Light dots represent normalized average data for each partici-
pant. Dark dots and whiskers represent mean values and standard deviations for the entire population at
the considered angle of tilt. The first row represents blood flow data, the second row represents cross-
sectional area data, while the third row represents blood flow velocity data. Left column refers to IJV,
right column refers to VV. Results highlight a shift in cerebral blood drainage from the IJV to the extra-
jugular pathway. In fact, results of IJV show a decrease in blood flow with respect to the 0◦ position and
corresponding to an increase in the angle of tilt. This decrease is mainly due to the venoconstriction that
progressively reduces the cross-sectional area and increases the blood velocity. On the contrary, results
of VV show an increase in blood flow with respect to the 0◦ position and corresponding to an increase
in the angle of tilt, due to an increase in both cross-sectional area and blood velocity.

30° and 90° with respect to the 0° position, respectively (see fig. 4.8, bottom left panel). These

changes are unlikely to be caused by the sympathetic activation previously discussed, as the
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effects of the sympathetic nervous system on veins are generally minimal. Instead, they appear

to be consistent with the behavior of a passive collapse of the IJV resulting from a combination

of factors. Among these, a key role may be attributed to the transmural pressure, defined as the

difference between the pressure inside the vessel and the external surrounding pressure. When

the transmural pressure approaches zero, the internal and external pressures nearly balance,

causing the vessel to collapse. Because the external pressure is generally assumed to equal

the atmospheric pressure (approximately zero), vessel collapse largely depends on the internal

pressure. This pressure consists of two main components: the pressure generated by viscous

forces associated with blood flow in the entire vascular system, and the hydrostatic pressure

arising from the gravitational column of blood. Tilting of the body increases the hydrostatic

component, thereby altering the balance between these pressures. When the hydrostatic pres-

sure becomes comparable to or exceeds the viscous contribution, the resulting equilibrium may

lead to passive vessel collapse (Holmlund et al., 2017). Focusing now on the 60° angle of tilt,

we observe a 98% decrease in blood flow with respect to the 0° position, but we also notice an

increase in cross-sectional area of 7% with respect to the 0° position and a decrease in blood

velocity of 99% with respect to the 0° position. These changes in cross-sectional area and blood

velocity at 60° appear to contrast with the trends observed at 30° and 90°. We believe that these

anomalies are due to a shift in the location of the vessel collapse point relative to the probe’s

fixed position. Specifically, we hypothesize that, as at 90°, a 60° tilt is sufficient to induce

vessel collapse. However, while the ultrasound probe was consistently positioned at the same

anatomical site for all tilt angles, the collapse point itself shifts depending on the angle. As

noted by Hinghofer-Szalkay (2011), the collapse point moves toward the more compliant end

of the vessel, which, in this case, corresponds to the distal end of the IJV. In other words, our re-

sults suggest that the collapse point of the IJV shifts from head to heart, approaching the probe

position as the tilt angle increases. This shift results in a greater distance between the probe and

the collapse point at 60° than at 90°, explaining the nearly unchanged cross-sectional area at

60° relative to the 0° position, and the smaller cross-sectional area observed at 90° (see fig. 4.8,

center left panel). Additionally, as the lumen at the collapse point narrows, the velocity of blood

passing through this region increases in accordance with the continuity principle, whereas, as

the lumen expands back toward its original size, the velocity correspondingly decreases. Conse-

quently, when the probe is farther from the collapse point, as at 60°, the blood passing through

the collapsed region slows down before reaching the probe, leading to the near-zero velocity

observed. Conversely, when the collapse point lies closer to the probe, as at 90°, the blood has

less distance to decelerate, resulting in the higher measured velocity (see fig. 4.8, bottom left

panel).
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As for the right VV, it presents a huge increase in blood flow (see fig. 4.8, top right panel),

reaching +576% at 30° with respect to the 0° position, +825% at 60° with respect to the 0°

position, and +617% at 90° with respect to the 0° position. These changes in blood flow are

due to changes in cross-sectional area of the considered vessel and blood flow velocity. In fact,

we also observe an increase in both cross-sectional area and blood velocity corresponding to

an increase in the angle of tilt (see fig. 4.8, center and bottom right panels). The behavior of

the VV, as well as that of the IJV, is consistent with a change in the venous outflow pathway,

in agreement with both experimental observations and reports in the literature (Doepp et al.,

2004). However, the specific extrajugular vessels involved in this process cannot be identified

due to the lack of additional experimental data.

4.4.7 Peripheral arteries
The peripheral arteries that we insonated are the BA and the FA, and they are located at the

beginning of the upper and lower limbs, respectively. These arteries are the main blood supply

of arms and legs. Thus, studying these arteries can give us information about the behavior of

the cardiovascular system in the limbs.

Looking at our data (see fig. 4.9), the first thing that we noticed is that at both 30° and 60°,

the two arteries present a reduced blood flow with respect to the 0° position. In particular, the

BA present a 35% decrease at both 30° and 60° with respect to the 0° position (see fig. 4.9,

top left panel), while the FA present a 25% decrease at both 30° and 60° with respect to the 0°

position (see fig. 4.9, top right panel). This behavior is in agreement with the reduction in CO

and SV that we observed. In fact, upper and lower limbs are areas of the human body without

vital organs, thus they are areas that can be sacrificed in terms of blood flow compared to other

parts of the body, like the heart and the brain (Widmaier et al., 2016). The cross-sectional areas

instead present a slight decrease around the supine values of about −3% and −1% for the BA

at 30° and 60°, respectively (see fig. 4.9, center left panel), while an increase of about +13%

and +6% is recorded for the FA at 30° and 60°, respectively, with respect to the 0° position (see

fig. 4.9, center right panel). We believe that the observed changes in cross-sectional area in both

BA and FA are primarily due to gravity-induced blood redistribution, modulated by autonomic

compensatory mechanisms. During HUT, hydrostatic pressure increases in vessels below the

heart and decreases in vessels above the heart. The BA, being near heart level, shows only

minimal decreases in cross-sectional area, likely due to the relatively small hydrostatic pressure

changes it experiences during tilts. In contrast, the FA expand more due to the hydrostatic

pressure increase in the lower limbs. The non-linear changes with increasing tilt angle, such
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Mean values of cross-sectional area, blood flow and blood flow velocity of peripheral arteries for all tilt studies

Figure 4.9: Mean values and standard deviations of blood flow, area and blood velocity of BA and
FA arteries for the complete population. Light dots represent normalized average data for each par-
ticipant. Dark dots and whiskers represent mean values and standard deviations for the entire population
at the considered angle of tilt. The first row represents blood flow data, the second row represents cross-
sectional area data, while the third row represents blood flow velocity data. Left column refers to BA,
right column refers to FA. Results show a decrease in blood flow and blood velocity in both BA and FA
at 30° and 60° with respect to the 0◦ position. Results also show a slight decrease in cross-sectional area
of BA at 30° and 60° with respect to the 0◦ position, while an increase in cross-sectional area of FA is
observed at 30◦ and 60◦ with respect to the 0◦ position. The results for the 90° position show a decrease
in all quantities with respect to the 0◦ position in the FA, but an opposite behavior in the BA, with an
increase in both blood flow and blood velocity, and an almost constant cross-sectional area with respect
to the 0◦ position.
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as the smaller FA increase at higher angles, likely reflect autonomic adjustments counteracting

excessive expansion. As for the blood velocity, our data highlight a decrease in both vessels

at 30° and 60° with respect to the 0° position. In particular, we recorded a decrease of 33%

at both angles in the BA (see fig. 4.9, bottom left panel), and a decrease of 30% and 24% at

30° and 60°, respectively, with respect to the 0° position, in the FA (see fig. 4.9, bottom right

panel). These reductions in velocity are consistent with the observed changes in cross-sectional

area, blood flow, and the effects of gravity-induced blood redistribution. In the BA, the minimal

decrease in diameter coupled with a substantial velocity reduction corresponds to the observed

moderate reduction in blood flow to the upper limb during tilt. In the FA, despite an increase in

area, velocity also decreases, likely reflecting venous pooling and contributing to the observed

reduction in blood flow. At 90°, the behavior of the FA is more marked with respect to the

previous angles of tilt (see fig. 4.9, right panels). In fact, we observe a reduction of the cross-

sectional area of 6% with respect to the 0° position (see fig. 4.9, center right panel), of the

blood flow of the 57% with respect to the 0° position (see fig. 4.9, top right panel), and of the

blood velocity of 55% with respect to the 0° position (see fig. 4.9, bottom right panel). This

marked response may reflect several complementary mechanisms. Autonomic compensatory

mechanisms, which partially maintain flow at lower tilt angles, may reach their limit at 90°,

preventing adequate vasoconstriction. Systemic reductions in venous return, stroke volume,

and cardiac output contribute to the substantial decrease in blood flow of the FA. Finally, the

body may actively redistribute blood to prioritize perfusion of vital organs, further decreasing

flow to peripheral arteries like the FA. Together, these factors likely explain the pronounced

reductions in FA area, velocity, and blood flow observed at 90°. Instead, the BA presents a

different behavior compared with the FA. In fact, we observe an increase in both blood flow

and velocity, while the area is almost constant (see fig. 4.9, left panels). We believe that in

this case the cardiovascular response may reflect the body’s prioritization of perfusion to vital

regions. Because the BA is near heart level, hydrostatic pressure changes are minimal, allowing

flow to increase without substantial changes in diameter. Additionally, autonomic adjustments

may selectively maintain or slightly enhance flow in upper-body arteries while constricting

lower-body vessels, effectively redistributing blood to critical areas. Reflex responses could also

contribute to the observed increases in velocity and flow. Overall, these findings suggest that the

BA behaves differently from the FA, highlighting regional differences in vascular regulation.
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Figure 4.10: Mean values and standard deviations of blood flow, area and blood velocity of FV
and IVC veins for the complete population. Light dots represent normalized average data for each
participant. Dark dots and whiskers represent mean values and standard deviations for the entire popu-
lation at the considered angle of tilt. The first row represents blood flow data, the second row represents
cross-sectional area data, while the third row represents blood flow velocity data. Left column refers to
FV, right column refers to IVC. Results of FV show a marked increase in cross-sectional area, a decrease
in blood velocity, and oscillating blood flow. Results of IVC instead show an increase in blood flow, and
oscillating cross-sectional area and blood velocity.

4.4.8 Other blood vessels: femoral vein and inferior vena cava
Finally, we analyze the behavior of two other blood vessels: the FV and the IVC (see fig. 4.10).

The FV shows a pronounced increase in cross-sectional area, ranging from 63% to 104% at all

tilt angles compared with the 0° position (see fig. 4.10, center left panel). Concurrently, blood
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velocity decreases by 50− 65% (see fig. 4.10, bottom left panel), while blood flow exhibits

oscillations around the supine value at the same tilt angles (see fig. 4.10, top left panel). It

should be noted that a potential outlier at 30° may affect the observed trend. We believe that

this behavior reflects the effects of venous pooling in the lower limbs. In fact, the increase

in cross-sectional area may allow the FV to accommodate the greater volume of blood shifted

downward during tilt, while the reduced velocity and oscillatory flow may indicate that venous

return is partially slowed and modulated by autonomic reflexes to maintain CVP and CO.

The IVC instead presents an increased blood flow reaching the +22% at 30°, +8% at 60°

and +11% at 90° with respect the 0° position (see fig. 4.10, center right panel). At the same

time, it also presents oscillating cross-sectional area and blood flow velocity of the order of

±50% in both cases with respect to the 0° position (see fig. 4.10, top and bottom right pan-

els). We believe that these oscillations primarily reflect the influence of respiration (Mintz

et al., 1981), which modulates venous return through cyclic changes in intrathoracic and intra-

abdominal pressures. In addition, sympathetic venoconstriction, particularly within the splanch-

nic compartment, may actively modulate IVC flow by intermittently ejecting blood toward the

thoracic cavity (Fudim et al., 2021), contributing to the observed variability and overall increase

in mean flow during tilt. For one subject in the 0◦ position, a single measurement showed a local

reversal of IVC flow (local backflow), likely driven by respiration-related pressure fluctuations

in the absence of orthostatic stress. Nevertheless, this isolated measurement does not alter the

overall trends observed across the study population.

4.4.9 Further considerations
The adopted experimental setup enabled a quantitative analysis of physiological responses to

orthostatic stress. However, the study also presents certain limitations. The most significant

among these is the limited number of volunteers who completed the full experimental proto-

col, which included tilts at 0◦,30◦,60◦, and 90◦. Expanding the sample size would enhance

the statistical robustness of the results, allow for a more accurate assessment of inter-individual

variability. Moreover, a larger cohort of participants would provide greater confidence in dis-

tinguishing systematic physiological trends from subject-specific effects, thereby improving the

generalization of the findings. Future studies should also address technical and methodologi-

cal aspects. First, the experimental protocol could be optimized by dividing the experimental

session into multiple visits to reduce participant fatigue and mitigate potential long-term phys-

iological drifts that may occur during prolonged testing. Second, ensuring consistent signal

acquisition across sessions is crucial, as fluctuations in the participant’s hemodynamic and res-
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piratory states due to movement or postural adjustments can affect data quality. Additionally,

integrating new measurements, such as respiratory activity and oxygen consumption, would

provide valuable insight into coupled cardiovascular–respiratory dynamics, including cerebral

blood flow regulation. Finally, refining data processing procedures would enable the extraction

of additional information, such as blood flow waveforms, while minimizing measurement un-

certainty and ensuring robust results for model validation. The type of computational model

for which the experimental data are intended also plays a critical role, as it determines the spe-

cific data required for validation. Throughout this analysis, mean values obtained by averaging

measurements across volunteers were used. This approach was adopted to characterize the gen-

eral behavior of the cardiovascular system, independent of individual variability. However, it

is important to recognize that such averaged behavior may not reflect the specific responses of

any single participant. This highlights the importance of careful selection and interpretation of

experimental data for model development.

4.5 Conclusion
Orthostatic stress is a major factor influencing the cardiovascular function, as it challenges the

body’s ability to maintain adequate blood flow and pressure during postural changes. The ex-

perimental work conducted in this study has provided valuable quantitative insights into the

cardiovascular responses elicited by orthostatic stress across different tilt angles. By system-

atically recording hemodynamic quantities, this experiment has expanded the characterization

of venous responses and provided new insight into autonomic regulation, while highlighting

the interplay between vascular dynamics, autonomic regulation, and gravitational effects on

blood distribution. The results demonstrate clear trends in both cardiac and venous–arterial

responses, confirming previously reported findings while also providing new data that are oth-

erwise scarce in the literature. They also offer essential information for the parametrization

and validation of computational models of the cardiovascular system. At the same time, sev-

eral limitations of the experimental work have been identified. Future studies should aim to

address these limitations to improve both the type and quality of collected data. Finally, it is

important to emphasize the nature of the data used for model validation: the current analysis

relied on mean values averaged across volunteers to capture general cardiovascular behavior.

While suitable for population-level modeling, this approach is not appropriate for personalized

or subject-specific modeling. Careful consideration of these factors will be essential in future

experimental and computational work aiming to deepen our understanding of cardiovascular re-
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sponses to orthostatic stress. Overall, the experimental insights obtained here provide a critical

foundation for the subsequent development and validation of the ADAVN model under ortho-

static conditions, ensuring that simulations accurately reflect physiological responses across a

range of postures.
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Chapter5

Modeling cardiovascular responses to
orthostatic stress

5.1 Introduction
This final chapter brings together the key elements developed throughout this thesis: the tube

law formulation, the numerical strategy designed to solve the governing equations, and the ex-

perimental data collected under controlled conditions. In the previous chapters, each of these

components was investigated separately, allowing us to establish a solid theoretical foundation,

a reliable computational framework, and a set of measurements suitable for validation. Here,

they converge in a unified analysis aimed at understanding how our model behaves when con-

fronted with physiologically relevant scenarios.

The focus of this chapter is on simulations that incorporate gravitational effects in both

supine and upright postures. These two scenarios were chosen because they reveal how the

cardiovascular system, and, by extension, our model, responds to changes in orthostatic stress

introduced by posture. The transition from a supine to an upright position represents one of the

most important physiological challenges, involving substantial changes in hydrostatic pressure

distribution and cardiovascular regulation (Blomqvist and Stone, 1991). By comparing the pre-

dicted responses with experimental measurements, we evaluate the model’s ability to reproduce

key physiological trends under these conditions and identify the aspects that perform well, as

well as those that require further improvement.

The first part of this chapter focuses on simulations performed in both supine and upright

positions using the baseline parameter set. This baseline parameter set refers to the parameters

used to perform the baseline simulations without gravity, which we are not going to modify

throughout this work unless explicitly stated. By comparing the simulation outputs with lit-

erature data, we assess the extent to which the model captures expected physiological trends,

such as pressure distributions and blood flow variations. This comparison enables us to identify

the components of the model that robustly reproduce observed behavior, as well as those that
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exhibit limitations.

The second part introduces the upright simulation with manual calibration. In this context,

manual calibration refers to the targeted adjustment of selected parameters, within physiologi-

cally reasonable bounds, to better match the experimental standing data. This procedure allows

us to evaluate not only whether improved alignment with the measurements can be achieved,

but also which parameters play the most influential role in shaping the model’s response to or-

thostatic stress. The manually calibrated case therefore provides a complementary perspective,

highlighting the strengths of the model structure while revealing potential sources of mismatch

between simulation and experiment.

By synthesizing the theoretical, numerical, and experimental developments of the preceding

chapters, this final analysis aims to offer an assessment of the model’s current performance. At

the same time, it outlines the most critical directions for future work, ultimately guiding the

continued development of a physiologically consistent and experimentally validated modeling

framework.

5.2 Methodology
In this section, we describe the methodological developments implemented to extend the

ADAVN model for the study of posture-dependent hemodynamics. First, we outline the modi-

fications introduced to incorporate gravitational effects into the governing equations and model

formulation. Subsequently, we present the computational setup employed to simulate the car-

diovascular responses to orthostatic stress under different body positions.

5.2.1 The ADAVN model: extension with gravity
The Anatomically Detailed Arterial-Venous Network (ADAVN) model provides a high-fidelity

computational representation of the human cardiovascular system, enabling simulation of the

entire circulation. Here, we summarize only the modifications introduced to incorporate grav-

itational effects, while the full model description is available in Blanco et al. (2015, 2020);

HeMoLab (2013); Müller et al. (2023) and appendix A.

The first modification introduced in the ADAVN model is the capability to alter body ori-

entation in 3D space. As described in appendix A, the vascular network is represented through

vessel centerlines with defined 3D coordinates that reflect their anatomical orientation. Because

the supine position serves as the reference configuration for these centerlines, we implemented

a function that applies rigid-body transformations to the entire network, allowing the model
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to be rotated into any desired body orientation. Successively, the second modification that we

introduced concerns the hemodynamic modeling itself. In the original 1D blood flow model,

used to simulate hemodynamics in both arterial and venous networks, the gravitational term was

neglected (i.e. gx(x) = 0 in eq. (1.1)). In the present work, this term is redefined as a spatially

varying parameter, whose value depends on the geometry and orientation of each blood vessel

within the global vascular network. One of the advantages of the ADAVN framework is that it

allows us to characterize the gravitational term in a more distributed and realistic manner across

the network. These two features, the rigid-body transformation function and the non-zero grav-

itational term, enable the model to simulate hemodynamic responses to orthostatic stress across

a range of postural conditions.

Another important component of the ADAVN model that we modified to account for grav-

itational effects is the microcirculation. Incorporating gravity into this part of the model is

essential, as the microvascular compartments play a key role in determining local blood pres-

sure, volume distribution, and capillary exchange. Under postural changes, arterioles, capillar-

ies and venules experience hydrostatic pressure variations that influence venous return, making

their proper representation crucial for accurately simulating the cardiovascular response to or-

thostatic stress. To capture these effects, the microcirculation, which in ADAVN is represented

using 0D models, as described in chapter 1, was modified to include the hydrostatic pressure in-

duced by gravity and to ensure consistent coupling with the 1D vascular network. A schematic

representation of the microcirculation’s 0D configuration, illustrating an example of a 1:1 arte-

rio–venous connection, is shown in figure 5.1. Following the electrical analogy, pressure and

blood flow in arterioles and venules are computed through the standard relations for resistive

and capacitive elements (eqs. 1.2 and 1.3). We underline that two different types of microcir-

culation models were implemented, depending on how the unstressed volumes V0 are defined.

The first type is a linear model, which assumes that the unstressed volumes V0, capacitances

Ci, and resistances Ri, for arterioles (a), capillaries (av), and venules (v), are all constant pa-

rameters based on reference values, and their pressure–flow relationships are computed directly

from equations 1.2 and 1.3. The second type is the nonlinear model, which assumes a nonlin-

ear relationship between the pressure and the volume of the considered compartment (Celant

et al., 2021), and is applied specifically to the venular compartments. In particular, the pres-

sure–volume relationship considered in this nonlinear model, which replaces equation 1.3, is

given by

P(t) = Pext +Pre f +K
[(

V (t)
Vre f

)m

−
(

V (t)
Vre f

)n]
, (5.1)

where m = 10.0, n = −1.5, and K =
Vre f

Ci(m−n) , with Ci denoting the constant reference capaci-
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Figure 5.1: Microcirculation. 0D model of a 1:1 arterio–venous connection, with indication of arteri-
olar (a), venular (v), and capillaries (av) compartments. Each compartment presents a resistive element
(R) with blood flow (Q) directed from the arterial to the venous side of the circulation. Arteriolar and
venular compartments also present a capacitive element (C), while the capillaries compartment presents
a generator of hydrostatic pressure (Pg).

tance used in the linear model. The parameters Pre f and Vre f represent the reference pressure

and volume, respectively. They are assumed constant and are extrapolated from previous sim-

ulations using the linear model with V0 = 0 in order to match the typical pressure and volume

of the compartment under consideration. Equation 1.2 still applies in this nonlinear model, but

here the resistances are no longer constant. Instead, they vary with volume according to

R(t) = Rre f

(
Vre f

V (t)

)2

, (5.2)

with Rre f denoting the constant reference resistance used in the linear model, which en-

sures consistency between the pressure–volume behavior of the compartments and their

flow–resistance characteristics.

While gravitational effects are inherently included in the terminal arterial and venous seg-

ments, they are not directly accounted for in the microcirculation. To address this limitation,

we introduced a hydrostatic pressure source immediately downstream of the capillary resis-

tance Rav, as done in Snyder and Rideout (1969) and Fois et al. (2022), thereby incorporating

the gravitational contribution within this specific segment. Specifically, the equation for the

capillary flow Qav was modified by adding a hydrostatic pressure term, computed as the scalar

product between the gravitational acceleration vector ḡ and the vector l̄ connecting the outlet of

the 1D terminal artery to the inlet of the 1D terminal vein associated with the given capillary.

The governing equation for the capillary flow can thus be written as

Qav =
Pv −Pa +Pg

Rav
, (5.3)
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where Pa and Pv are the arterial and venous pressures, computed with equation (1.3) or (5.1),

Rav is the constant capillary resistance, and Pg is the newly introduced hydrostatic pressure,

computed as

Pg = ρ ḡ · l̄, (5.4)

with

l̄ =

xa,outlet

ya,outlet

za,outlet

−

xv,inlet

yv,inlet

zv,intlet

 . (5.5)

This relation, together with equations 1.2 and 1.3 (or (5.1)), provides the complete set of equa-

tions governing the dynamics of the terminal microcirculatory compartments. These equations

offer a simplified yet physiologically meaningful description of the pressure–volume dynamics

within the terminal vessels and serve as the basis for coupling the microcirculation with the

larger-scale 1D vascular network.

5.2.2 Simulation setups
In this section, we describe the computational configurations employed to simulate cardiovas-

cular responses to orthostatic stress using our model. Specifically, we used an unpublished

version of the ADAVN model, referred to as ADAVN86. This model was developed by Cate-

rina Dalmaso, a fellow Ph.D. student in our research group, as part of her project. ADAVN86

is a reduced representation of the full 1D arterial and venous network, comprising the 86 main

systemic and terminal arteries from the ADAN86 model (Blanco et al., 2020), 23 additional

coronary arteries, and 189 veins from the ADAVN model, including 58 cerebral and 13 coro-

nary veins (Müller et al., 2023). Consistently with the ADAVN framework, ADAVN86 also

incorporates 30 venous valves and 53 Starling resistors. All other features of the ADAVN86

model not explicitly described here, such as the nonlinear tube law for the 1D vessels and the

0D models for the heart and lungs, are identical to those of the full ADAVN model. Further de-

tails can be found in Blanco et al. (2020); Müller et al. (2023), in chapter 2, and in appendix A.

The ADAVN86 model was parametrized to closely match haemodynamic waveforms obtained

through the ADAVN model in the thoracic and abdominal vasculature. The choice of using

ADAVN86 instead of the full ADAVN model is primarily due to computational reasons, as the

reduced network preserves the key physiological features relevant for orthostatic simulations

while significantly lowering the computational cost.

The simulations were designed to reproduce key physiological conditions associated with

orthostatic stress. We initially conducted three simulations, referred to as NoGravity, Hut00,
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and Hut90, whose main characteristics are summarized in table 5.1. The NoGravity simula-

tion represents the baseline condition, reproducing the cardiovascular behavior in the supine

position while neglecting the influence of gravity. This setup serves as a reference case for

comparison with previously published versions of the model. The Hut00 simulation introduces

a slight modification to the baseline. Here, the cardiovascular system is still modeled in the

supine position, but the gravitational field is now applied to assess its effects under supine con-

ditions. The Hut90 simulation represents the transition to an upright posture, corresponding

to a head-up tilt of 90◦. In this configuration, the full gravitational field acts along the body’s

longitudinal axis. This setup allows investigation of the cardiovascular adjustments required

to maintain adequate perfusion under orthostatic stress, and provides a basis for evaluating the

impact of gravity-induced blood redistribution on systemic hemodynamics. To achieve this

configuration, the simulation was performed over a total period of 70 s: an initial 10 s in the

supine position, followed by a 45 s transition phase to gradually reach the upright posture, and

concluding with 15 s in the final upright position, to allow the system to settle into its periodic

solution. For a given posture, the model converges to a unique periodic solution that does not

depend on the initial conditions. However, the direct application of the full gravitational field

while retaining the initial conditions and the parametrization calibrated for the supine position

without gravity (NoGravity simulation) leads to large, non-physiological oscillations in several

model variables during the initial seconds of the simulation. The inclusion of a gradual transient

phase is therefore necessary to ensure numerical stability and smooth convergence of the so-

lution. Moreover, the progressive rotation better reflects the experimental head-up tilt protocol

presented in chapter 4, in which postural changes occur over a finite time rather than instanta-

neously. In principle, the transient phase could be avoided by adopting initial conditions and a

parametrization specifically calibrated for the upright posture with gravity. However, this was

not pursued here in order to preserve consistency with the supine calibration and to explicitly

model the postural transition.

In addition to the previous simulations, we performed four further simulations designed

to mimic the influence of the autonomic nervous system on cardiovascular regulation. These

simulations were based on the Hut90 setup and thus correspond to the upright position under

the full gravitational field. In these cases, the HR was increased by 23%, the maximal ven-

tricular elastance was increased by 18% and the arteriolar resistances were raised by 40% to

represent autonomic modulation. The total peripheral venous compliance, however, is less well

characterized in literature. To account for this uncertainty, it was varied at four levels: baseline

(0%), −10%, −20%, and −30%. All these percentage changes were chosen based on values

reported in literature (Blomqvist and Stone, 1991; Hinghofer-Szalkay, 2011; Koubenec et al.,
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Table 5.1
Simulation setups. Description of the simulation setups. Each case corresponds to a different com-
bination of gravitational loading and body orientation for evaluating orthostatic effects. The second
part of the table reports the corresponding calibration adjustments applied to heart rate (HR), maximal
ventricular elastance (E), arteriolar resistances (R), and total peripheral venous compliance (C).

Simulation name Gravity load Body position Calibration adjustments (%)

HR E R C

NoGravity No Supine 0 0 0 0
Hut00 Yes Supine 0 0 0 0
Hut90 Yes Upright 0 0 0 0
Hut90_C00 Yes Upright +23 +18 +40 0
Hut90_C10 Yes Upright +23 +18 +40 −10
Hut90_C20 Yes Upright +23 +18 +40 −20
Hut90_C30 Yes Upright +23 +18 +40 −30

1978; Levick, 2009; Sagawa et al., 1977; Smith et al., 1994), with the range for venous compli-

ance specifically intended to explore plausible physiological variability. The resulting simula-

tions are referred to as Hut90_C00, Hut90_C10, Hut90_C20, and Hut90_C30, and their main

characteristics are summarized in table 5.1. These configurations were specifically selected to

reproduce typical physiological responses associated with orthostatic stress, allowing assess-

ment of how changes in venous capacitance interact with cardiac and vascular adjustments to

maintain hemodynamic stability.

The numerical method used to perform all the simulations is the one presented in chapter 3,

with a CFL number of 0.8. All blood vessels were discretized using a maximum mesh spacing

of 2 cm, and the parameters defining the vessel mechanics in the tube laws were assumed to

be constant across all vascular segments. Additionally, the 1D arterial and venous networks

were connected using the nonlinear model of microcirculation. The final simulation time for

all cases was set to 70 s, and the results presented in the next section correspond to the last

simulated cardiac cycle.

5.3 Results and discussion
In this section, we present and discuss the results obtained from the simulations previously

introduced. First, we compare the outcomes for the supine position with and without gravity.

Next, we examine the differences between the supine and upright positions under the influence

of gravity. Finally, we discuss the results for the upright position with gravity following manual

calibration.
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Table 5.2
Blood volume distribution in supine position. Percentage blood volume distribution for NoGravity
and Hut00 simulations, and their differences.

Compartment NoGravity (%) Hut00 (%) Difference (%)
Heart 7.10 6.93 -0.17
Pulmonary circulation 6.79 6.64 -0.15
1D arteries 5.43 5.40 -0.03
1D veins 8.22 8.22 0.00
Terminal arteries 9.63 9.63 0.00
Terminal veins 62.33 62.72 0.38
Terminal coronary vessels 0.49 0.47 -0.02

5.3.1 Supine position simulations: Gravity vs. No gravity
The comparison between simulations performed in the supine position with and without gravity,

Hut00 and NoGravity respectively, highlights the specific contributions of gravitational loading

in a posture where hydrostatic effects are minimized with respect to the upright posture, but still

present.

The first thing that we notice when we analyze the blood volume distribution in table 5.2

is that the inclusion of gravity produces only modest distributions across model’s compart-

ments. Most changes remain below 1% of the total blood volume, confirming that the supine

orientation minimizes gravitational effects. The heart and pulmonary circulation show slightly

reduced volumes in the Hut00 condition compared to NoGravity, with differences of approx-

imately 0.17% and 0.15%, respectively. Similarly, a minor reduction is observed in both 1D

arteries and coronary vessels, indicating that these arteries of the ADAVN86 network, which

are explicitly solved using the 1D blood flow model, are only minimally affected. Conversely,

the terminal venous compartment exhibits a small increase, about 0.38% when gravity is in-

cluded, suggesting a subtle pooling tendency even in the supine posture. The 1D veins of the

ADAVN86 network, also solved with the 1D blood flow model, and terminal arteries remain

essentially unchanged, with differences close to zero.

Another relevant point is the comparison of cardiac and haemodynamic outputs. Table 5.3

presents the main variables from the NoGravity and Hut00 simulations alongside literature

reference values. Overall, the two simulations exhibit similar behaviors, with most variables

falling within or near the physiological ranges reported in the literature. However, the main

focus here is on the effect of gravity in the supine position. In this sense, the results show that

including gravity in the supine posture produces only minor differences. Pressures in the sys-

temic circulation, including systolic, diastolic and mean arterial pressures, are comparable, with

differences of only few millimeters of mercury between simulations. Central venous pressure
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Table 5.3
Hemodynamic variables in supine position. Hemodynamic variables for NoGravity, Hut00, and ref-
erence conditions. MAP: mean arterial pressure, SBP: systolic blood pressure, DBP: diastolic blood
pressure, MPAP: mean pulmonary arterial pressure, CVP: central venous pressure, LVSV: left ventricle
stroke volume, CO: cardiac output, CBF: cerebral blood flow, CorBF: coronary blood flow.

Variable NoGravity Hut00 Ref. value Reference
MAP (mmHg) 98.36 95.80 88 ±8 McEniery et al. (2005)
SBP (mmHg) 117.79 114.75 123 ±10 McEniery et al. (2005)
DBP (mmHg) 76.38 74.26 73 ±8 McEniery et al. (2005)
MPAP (mmHg) 15.03 14.66 14 ±3 Lau et al. (2016)
CVP (mmHg) 4.64 4.50 0 - 5 Levick (2009)
LVSV (mL) 78.29 76.56 40 - 120 Levick (2009)
CO (mL/s) 96.15 93.95 83.30 ±33.3 Cattermole et al. (2017)
CBF (mL/s) 15.66 15.40 12.18 ±2.12 Ford et al. (2005)
CorBF (mL/s) 5.10 4.87 4.50 ±1.36 Sakamoto et al. (2013)

and pulmonary pressure also align well, showing only minor deviations between the two simu-

lations. Similarly, stroke volume and cardiac output show minimal differences, while cerebral

blood flow and coronary blood flow remain consistent across both simulations. These find-

ings indicate that, under supine conditions, gravitational loading has a very limited impact on

cardiac and hemodynamic outputs, confirming that the Hut00 configuration accurately repre-

sents supine physiology and thereby supporting the use of the Hut00 configuration as a reliable

baseline for further analyses.

A final aspect of interest is the shape of pressure and blood flow waveforms. Figure 5.2

presents these waveforms in six major vessels: three arteries (the internal carotid artery, as-

cending aorta, and femoral artery), and three veins (the inferior vena cava, internal jugular vein,

and femoral vein). The waveforms from the NoGravity and Hut00 simulations show small dif-

ferences in flow rates and arterial pressures, while larger differences are observed in venous

pressures. These pressure variations are due to the relative positions of the vessels along the

direction of the gravitational field, which are no longer coplanar, rather than reflecting any fun-

damental change in hemodynamic behavior. This spatial arrangement modifies the hydrostatic

pressure acting on each vessel, leading to the observed differences in internal pressure. Overall,

while the waveforms remain largely consistent between the NoGravity and Hut00 simulations,

the two cases are not completely equivalent due to these pressure changes. Taken together, the

analyses of volume distributions, hemodynamic variables, and waveforms show that, although

the Hut00 simulation closely reproduces the behavior of the NoGravity simulation, and thus

remains valid for representing the supine condition, it is not strictly equivalent to it. The small

but systematic differences introduced by gravitational loading may influence subsequent analy-

ses, highlighting the importance of explicitly including gravity in the model even in the supine
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Figure 5.2: Supine waveforms. Pressure and blood flow waveforms along the final cardiac cycle of
simulation at the midpoint of six selected vessels: right internal carotid artery, ascending aorta, right
femoral artery, right internal jugular vein, inferior vena cava, and right femoral vein. Results are shown
for supine position simulations with gravity (Hut00) and without gravity (NoGravity).

position.

5.3.2 Postural simulations: Supine vs. Upright
In this section, we compare simulations performed with gravity in two different body postures:

the supine position (Hut00) and the upright position (Hut90). No model parameters are mod-

ified here between the two scenarios. The only difference between the two simulations is the

orientation of the body, and therefore the direction of the gravitational field acting on the car-

diovascular network. This setup allows us to isolate and characterize the purely mechanical

effects of gravity on the cardiovascular system, providing a baseline understanding of how the

model responds to postural changes before introducing physiological regulatory mechanisms.

A key aspect of the physiological response to a posture change is the redistribution of blood

volume. When a person moves from the supine to the upright posture, approximately 340 to
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560 mL of blood shifts from the thoracic region toward the lower extremities, primarily accu-

mulating in the venous system (Smith et al., 1994). This gravitational pooling reduces central

venous return and alters the filling conditions of the heart, ultimately influencing both systemic

and pulmonary hemodynamics (Blomqvist and Stone, 1991).

In our simulations, where no regulatory mechanisms are included, the effects of this redis-

tribution are captured.The comparison between Hut00 and Hut90 (see table 5.4) clearly shows

a substantial redistribution of blood volumes across compartments. Most notably, the termi-

nal venous compartment exhibits a marked increase of about 5.8% of the total blood volume in

Hut90, reflecting significant venous pooling during standing. This shift is accompanied by large

reductions in the volumes of central compartments. The heart and pulmonary circulation show

decreases of 2.59% and 3.06%, respectively, indicating reduced thoracic blood content when

standing. Smaller but consistent decreases also occur in the 1D arterial network and termi-

nal arterial compartments. Conversely, the volumes of 1D veins and terminal coronary vessels

show slight increases in Hut90, though their magnitude is much smaller than that observed in

the terminal venous reservoir. To examine this behavior more closely, table 5.5 provides a de-

tailed breakdown of blood distribution among the anatomical regions identified by the 1D blood

vessels. In the arterial network, we see that the thoracic arterial volume decreases by 0.45%,

while the volume in lower limbs increases by 0.05%. These changes indicate a downward re-

distribution of arterial blood, consistent with the gravitational shift of blood toward the lower

body. In the venous network, the changes are even more pronounced. The venous volumes in

the head, neck, and thorax decrease significantly by 0.54% and 0.13% respectively, whereas the

lower limbs increase by 0.8% and the abdomen by 0.34%. This highlights that venous pooling

predominantly occurs in the lower extremities, which is the primary reservoir for gravitation-

ally shifted blood during standing. It is also worth noting that, while the percentages reported

in tables 5.4 and 5.5 indicate that our model correctly captures the general tendency for venous

pooling when standing, the absolute magnitude of blood volume shift is slightly lower than the

physiological value of approximately 340-560 mL (Smith et al., 1994). Specifically, our simula-

tions show a comprehensive pooling of 6.3% of the total blood volume in the lower extremities,

corresponding to roughly 300 mL. We attribute this reduced value to two factors: first, the vas-

cular network in our model contains fewer vessels than the human body, and second, the total

blood volume considered in the simulations is around 4.8 L, which is slightly below the typical

5 L of a healthy adult (Klabunde, 2021).

The volume shifts have clear hemodynamic consequences. As shown in Table 5.6, mov-

ing from supine to upright results in marked decreases in stroke volume, from 76.56 mL

to 46.93 mL, and in cardiac output, from 93.95 mL/s to 56.22 mL/s. These reductions re-
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Table 5.4
Blood volume distribution in different postures. Percentage blood volume distribution for Hut00 and
Hut90, and their differences.

Compartment Hut00 (%) Hut90 (%) Difference (%)
Heart 6.93 4.33 -2.59
Pulmonary circulation 6.64 3.57 -3.06
1D arteries 5.40 4.81 -0.59
1D veins 8.22 8.69 0.47
Terminal arteries 9.63 9.61 -0.02
Terminal veins 62.72 68.51 5.80
Terminal coronary vessels 0.47 0.48 0.01

Table 5.5
Blood distribution among 1D anatomical regions. Percentage distribution of 1D arterial and venous
blood volume among the different model’s anatomical regions in Hut00 and Hut90. Percentages are
computed with respect to the total arterial and venous blood volume (%), as well as the total blood
volume (% TBV).

Region Compartment Hut00 Hut90 Hut00 Hut90 Difference
(%) (%) (% TBV) (% TBV) (% TBV)

1D Arteries
Head and neck Arterial 5.52 5.32 0.30 0.26 -0.04
Back and spinal cord Arterial 2.09 2.12 0.11 0.10 -0.01
Thorax Arterial 44.66 40.88 2.41 1.97 -0.45
Abdomen and pelvis Arterial 22.65 23.73 1.22 1.14 -0.08
Upper limbs Arterial 10.31 10.38 0.56 0.50 -0.06
Lower limbs Arterial 14.77 17.56 0.80 0.84 0.05
1D Veins
Head and neck Venous 17.47 10.34 1.44 0.90 -0.54
Back and spinal cord Venous 0.00 0.00 0.00 0.00 0.00
Thorax Venous 6.33 4.54 0.52 0.39 -0.13
Abdomen and pelvis Venous 34.70 36.76 2.85 3.19 0.34
Upper limbs Venous 5.09 4.73 0.42 0.41 -0.01
Lower limbs Venous 36.41 43.63 2.99 3.79 0.80

flect the diminished venous return caused by gravitational pooling in the lower extremities.

In turn, these changes strongly affect blood pressure behavior: mean arterial pressure drops

from 95.80 mmHg to 63.25 mmHg, systolic blood pressure decreases from 114.75 mmHg to

77.86 mmHg, and diastolic pressure falls from 74.26 mmHg to 47.43 mmHg. Pulmonary arte-

rial pressure similarly decreases from 14.66 mmHg to 8.70 mmHg, while central venous pres-

sure drops from 4.50 mmHg to 2.41 mmHg. Together, these changes indicate that the reduced

venous return lowers cardiac preload, highlighting impaired cardiopulmonary filling during up-

right posture.

The substantial reductions in stroke volume and cardiac output would, under physiological

conditions, be partly compensated by reflex tachycardia and peripheral vasoconstriction. In the
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Table 5.6
Hemodynamic variables in different positions. Hemodynamic variables for Hut00, Hut90, and ref-
erence conditions. MAP: mean arterial pressure, SBP: systolic blood pressure, DBP: diastolic blood
pressure, MPAP: mean pulmonary arterial pressure, CVP: central venous pressure, LVSV: left ventricle
stroke volume, CO: cardiac output, CBF: cerebral blood flow, CorBF: coronary blood flow.

Variable Hut00 Hut90 Ref. value Reference
MAP (mmHg) 95.80 63.25 88 ±8 McEniery et al. (2005)
SBP (mmHg) 114.75 77.86 123 ±10 McEniery et al. (2005)
DBP (mmHg) 74.26 47.43 73 ±8 McEniery et al. (2005)
MPAP (mmHg) 14.66 8.70 14 ±3 Lau et al. (2016)
CVP (mmHg) 4.50 2.41 0 - 5 Levick (2009)
LVSV (mL) 76.56 46.93 40 - 120 Levick (2009)
CO (mL/s) 93.95 56.22 83.30 ±33.3 Cattermole et al. (2017)
CBF (mL/s) 15.40 5.81 12.18 ±2.12 Ford et al. (2005)
CorBF (mL/s) 4.87 3.21 4.50 ±1.36 Sakamoto et al. (2013)

present simulations, however, these mechanisms are not implemented, so the observed drops

are larger than would be expected in vivo. Nevertheless, the trends are consistent with the early

phase of orthostatic stress, during which blood volume from the thorax is rapidly shifted toward

the lower extremities, causing a transient reduction in venous return and a temporary drop in

systemic arterial pressures.

These hemodynamic changes have also direct implications for blood flow. Cerebral blood

flow decreases substantially, from 15.40 mL/s to 5.81 mL/s, which in reality would normally

trigger autoregulatory mechanisms to maintain brain perfusion. Coronary blood flow also de-

clines, from 4.87 mL/s to 3.21 mL/s, which would normally limit myocardial oxygen delivery

under physiological conditions. The pronounced drops in cerebral and coronary perfusion in

the model indicate the absence of compensatory processes, such as cerebral autoregulation and

baroreflex-mediated vasoconstriction, which are essential for an accurate representation of up-

right posture.

These results illustrate the purely mechanical consequences of blood volume redistribution

during postural change in the absence of regulatory mechanisms: lower-body venous pooling

reduces central venous return, decreases cardiac preload, lowers stroke volume and cardiac out-

put, and leads to a drop in systemic pressures. Cerebral and coronary perfusion also decline,

reflecting the direct impact of gravity on organ perfusion. Importantly, these effects are exag-

gerated relative to physiological conditions because no autonomic or local compensatory mech-

anisms are included. This analysis demonstrates how the model responds to postural changes

purely from a mechanical perspective, providing a baseline for assessing the role of regulatory

mechanisms in subsequent simulations.
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5.3.3 Upright position simulations: Effects of manual calibration

In this section, we present the comparison between the upright simulation (Hut90) and its manu-

ally calibrated counterpart (Hut90_C). The specific parameter changes applied in the calibrated

case are summarized in table 5.1 for reference. As shown in the previous section, the uncal-

ibrated Hut90 model captures the immediate, mechanically driven trends associated with the

transition to standing, particularly those occurring before the activation of autonomic control

mechanisms. However, the observed hemodynamic responses deviate from physiological be-

havior due to the absence of baroreflex and cardiopulmonary reflex regulation. To address

this limitation, we performed a preliminary manual calibration designed to mimic the primary

effects of these autonomic controls. This calibration serves as a first approximation of how

baroreflex-mediated adjustments to heart rate, vascular resistance, and venous tone, as well as

cardiopulmonary reflex contributions, would modify the system’s response. However, while

the autonomic effects on heart rate, ventricular elastance, and vascular resistance have been

quantified in the literature, much less information is available regarding reflex-induced changes

in venous tone. For this reason, in our calibration we applied established average values for

the known regulated variables, while exploring venous compliance reductions across a plau-

sible range of percentage adjustments to account for its limited experimental characterization.

This strategy enables us to first isolate the effects of the documented autonomic adjustments

and then evaluate how modifications in venous tone, still poorly characterized experimentally,

shape the overall hemodynamic response. By comparing Hut90 with Hut90_C, we aim to assess

the potential impact that these regulatory mechanisms would have on our model and to eval-

uate whether such adjustments improve the physiological plausibility of the upright position

simulations.

Figure 5.3 illustrates the effects of the manual calibration by showing the relative changes

in stroke volume, cardiac output, arterial pressure (mean, systolic, and diastolic), and central

venous pressure with respect to the supine simulation (Hut00), comparing the uncalibrated up-

right simulation (Hut90) with its calibrated versions (Hut90_C). The figure also includes the

experimental measurements obtained from the head-up tilt test, which were analyzed in chap-

ter 4, providing a reference for evaluating the physiological plausibility of the simulations. The

first notable observation is that, in the configuration where venous compliance is not modi-

fied (Hut90_C00), the calibration of heart rate, ventricular elastance, and vascular resistance

produces a markedly different response across the considered hemodynamic variables. In the

experimental data, stroke volume is expected to decrease by approximately 47% upon standing.

Consistently, the calibrated simulation (Hut90_C00) closely reproduces this reduction, whereas
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Figure 5.3: Calibration effects on hemodynamic variables using the nonlinear model of microcir-
culation. Relative changes in key hemodynamic variables with respect to the supine condition (Hut00)
for the upright simulation (Hut90) and its calibrated versions (Hut90_C00, Hut90_C10, Hut90_C20,
Hut90_C30) when the nonlinear model of the microcirculation is adopted. SV: stroke volume, CO: car-
diac output, MAP: mean arterial pressure, SBP: systolic blood pressure, DBP: diastolic blood pressure.

the uncalibrated Hut90 underestimates it, showing only a −38% change. Cardiac output, which

experimentally decreases by about 25%, is overestimated in both simulations: −40% in Hut90

and −37% in Hut90_C00. Nevertheless, the calibrated case shows a smaller deviation from the

supine condition, indicating partial improvement relative to Hut90. Arterial pressures (mean,

systolic, and diastolic) decrease in both simulations, contrary to the experimental trend, where

they are expected to increase or remain stable. Again, the calibrated simulation exhibits a

smaller relative drop, suggesting a trend toward the experimental behavior. This divergence

highlights how the calibrated adjustments act through different mechanisms. The increase in

heart rate and vascular resistance in Hut90_C00 helps stabilize stroke volume and partially align

it with measured values. However, the unchanged venous compliance limits venous return, pre-

venting adequate maintenance of cardiac output and arterial pressures. These results indicate

that, while the manual calibration can reproduce some aspects of the experimental response,

notably stroke volume, additional modifications, particularly in venous tone, are necessary to

fully capture the physiological behavior observed during the head-up tilt test.
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Table 5.7
Blood volume distribution in the upright posture. Percentage blood volume distribution for Hut90
and Hut90_C20, and their differences.

Compartment Hut90 (%) Hut90_C20 (%) Difference (%)
Heart 4.33 4.61 0.28
Pulmonary circulation 3.57 4.35 0.78
1D arteries 4.81 5.59 0.78
1D veins 8.69 8.72 0.03
Terminal arteries 9.61 9.78 0.17
Terminal veins 68.51 66.45 -2.06
Terminal coronary vessels 0.48 0.51 0.03

When venous compliance is progressively reduced in the calibrated simulations

(Hut90_C10, Hut90_C20, and Hut90_C30), the hemodynamic response moves closer to what

would be expected from an active increase in venous tone. Compared with Hut90_C00, the

reduction in compliance limits gravitational pooling in the lower extremities and partially re-

stores central venous pressure and ventricular filling. Consequently, stroke volume, cardiac

output, and central venous pressure change progressively across Hut90_C10 to Hut90_C30,

with their deviations from the supine baseline becoming less negative. This trend illustrates the

impact of venous tone on central blood volume redistribution during orthostatic stress, though

the degree of compliance reduction does not necessarily correspond to the best agreement with

experimental data for every variable.

The presence of an enhanced venous return is further supported by the results reported in

Table 5.7, which compare the blood volume distributions between the Hut90 and Hut90_C20

simulations. Overall, the Hut90_C20 condition shows slightly higher volumes in the heart, pul-

monary circulation, and terminal arteries compared to Hut90, while the terminal veins exhibit

a modest reduction. This indicates a more efficient redistribution of blood toward the central

circulation under the Hut90_C20 condition. The differences, although small, highlight sub-

tle shifts in compartmental blood volume that may contribute to improved venous return and

cardiac filling.

Correspondingly, the arterial pressure variables in figure 5.3 follow a similar compensatory

pattern. MAP, SBP, and DBP steadily rise as venous compliance decreases, indicating improved

systemic perfusion and a more effective counteraction of the orthostatic fall in arterial pressure.

Although none of the calibrated cases fully match the experimental data in chapter 4, the im-

provements are clearly visible. In particular, the Hut90_C20 case shows the closest agreement

with the targeted reflex-mediated adjustments, suggesting that enhanced venous tone plays a

key role in moderating the hemodynamic destabilization observed in the upright posture.
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It is worth noting, however, that the present calibration relies on significant assumptions

regarding venous compliance. In the absence of detailed experimental data on how venous tone

changes quantitatively during orthostatic stress, it is difficult to determine whether a uniform

reduction of, for example, 10− 30% of the total peripheral venous compliance is physiolog-

ically justified. In reality, venoconstriction is likely to be regionally heterogeneous (Raffetto

et al., 2010), with different vascular beds exhibiting distinct autonomic sensitivities. A more

anatomically targeted adjustment of venous compliance might therefore enhance the realism

of the simulated response and yield an improved match with expected physiological trends.

Moreover, the use of a nonlinear model for the microcirculation may influence how changes

in compliance are distributed across the vascular tree. In a nonlinear model, where a nonlin-

ear pressure-volume relationship is used, compliance is not constant but varies with pressure.

As a consequence, a global reduction in compliance does not produce a uniform proportional

change in volume across all venous segments. Instead, vessels operating on the steeper portion

of the pressure–volume curve may exhibit large volume changes for a small pressure variation,

whereas vessels operating near a plateau may show minimal response to the same modifica-

tion. Thus, the same percentage decrease in nominal compliance can lead to heterogeneous and

model-dependent effects, potentially amplifying pooling in some regions while attenuating it in

others. This raises the possibility that part of the observed behavior results from model-intrinsic

redistribution mechanisms rather than purely physiological processes. These considerations in-

dicate that the role of venous compliance remains an open question. Future work will need to

explore more detailed formulations of venous tone regulation and to investigate how localized

changes in compliance interact with nonlinear microcirculatory dynamics. Such refinements

will be essential for determining whether the improvements observed in the current calibrated

simulations are capturing the true physiological response or simply reflecting an approximate

compensatory adjustment within the model.

To further investigate the role of microcirculatory dynamics, figure 5.4 reports the results

of the same set of calibrated simulations using a linear formulation for the microcirculation. In

this case, the impact of reducing total venous compliance is markedly different. Even when ve-

nous compliance is decreased substantially, the calibrated simulations exhibit hemodynamic re-

sponses that remain very similar to the Hut90_C00 case, with no meaningful recovery in stroke

volume, cardiac output, or arterial pressures. This behavior indicates that a uniform global re-

duction in venous compliance is not effective when the microcirculation is modeled linearly,

suggesting that physiological improvements in preload likely depend on local redistribution of

compliance rather than a simple global change. In contrast, the nonlinear model inherently

produces these region-specific changes in compliance, which can amplify or attenuate the in-
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Figure 5.4: Calibration effects on hemodynamic variables using the linear model of microcircu-
lation. Relative changes in key hemodynamic variables with respect to the supine condition (Hut00)
for the upright simulation (Hut90) and its calibrated versions (Hut90_C00, Hut90_C10, Hut90_C20,
Hut90_C30) when the linear model of the microcirculation is adopted. SV: stroke volume, CO: cardiac
output, MAP: mean arterial pressure, SBP: systolic blood pressure, DBP: diastolic blood pressure.

fluence of a global compliance reduction depending on where each vascular segment lies along

the pressure-volume curve. In other words, the linear model appears to require anatomically

targeted adjustments, mirroring actual regional differences in venous tone, for venoconstriction

to produce the expected hemodynamic effects, while the nonlinear model implicitly incorpo-

rates a form of distributed response that the linear model cannot reproduce. This reinforces the

idea that the interaction between venous compliance and microcirculatory mechanics is nontriv-

ial and that capturing realistic orthostatic adaptations will require future refinements involving

regional control of venous properties and more detailed vascular reflex modeling.

Finally, in figure 5.5 we visualize the pressure distribution of the Hut90_C20 simulation,

obtained with the nonlinear microcirculation model, directly on the anatomical network. This

representation makes evident how strongly the hydrostatic component shapes the global pres-

sure field in the upright posture, with a clear decline in pressure along vessels located above

heart level and a corresponding increase in the lower extremities. However, the resulting dis-

tribution does not fully resemble the characteristic pressure profile observed in actual standing
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humans, especially in the the central and upper regions. For comparison, an example of the ex-

pected physiological pressure distribution in the upright posture can be found in Levick (2009)

and Hinghofer-Szalkay (2011). In physiological conditions, several regulatory and structural

factors act together to buffer raw hydrostatic gradients and prevent extreme cranio-caudal pres-

sure drops. These include baroreflex-mediated adjustments in vascular tone, as previously seen,

active modulation of cardiac function, and respiratory-driven intrathoracic pressure variations,

all of which redistribute pressures more evenly across the circulation (Smith et al., 1994). Fur-

thermore, intracranial and intra-abdominal pressures are not constant in vivo but adapt dynam-

ically during orthostasis, influencing venous return, cerebrovascular pressures, and abdominal

venous capacitance (Grillner et al., 1978; Moncur et al., 2024). In the present model, despite

the manual calibration, these mechanisms are either absent or represented in a simplified man-

ner, and gravitational effects on the heart and pulmonary circulation are not fully captured. As

a result, the computed pressure field reflects the unregulated mechanical effects of gravity on

the vascular network, rather than the physiologically modulated profile observed in standing

individuals. Taken together, all these results confirm that the model successfully reproduces

the primary mechanical effects of gravity on the cardiovascular system, while highlighting that

further refinements are required to capture the full physiological regulation of pressure during

orthostatic stress.

5.4 Conclusion
In this chapter, we investigated the hemodynamic response to postural changes using the

ADAVN86 cardiovascular model. We first compared simulations in the supine position with

and without gravity (Hut00 and NoGravity, respectively), exploring the impact of considering

gravity in supine position. We then analyzed blood volume redistribution and its impact on key

hemodynamic variables when moving from the supine (Hut00) to the upright (Hut90) posture

without control mechanisms. Our simulations captured the general trends of venous pooling

in the lower extremities, reductions in central venous return, decreases in stroke volume and

cardiac output, and the corresponding effects on systemic and pulmonary pressures. However,

these effects were exaggerated compared with physiological observations due to the absence of

baroreflex and cardiopulmonary regulatory mechanisms.

To explore the role of autonomic regulation, we then introduced a preliminary manual cal-

ibration (Hut90_C) that mimics baroreflex and cardiopulmonary reflex adjustments, including

heart rate, ventricular elastance, and vascular resistance. By progressively modifying venous
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Figure 5.5: Pressure distributions. Network-based pressure rendering for the upright simulation
(Hut90_C20), illustrating the pronounced hydrostatic gradient induced by gravity.

compliance, we showed that enhanced venous tone plays a key role in mitigating the hemody-

namic destabilization caused by upright posture. Comparisons with a linear microcirculation

model further revealed that local redistribution mechanisms are crucial for capturing the effects

of venous tone on hemodynamics. These results emphasize the importance of both preload

restoration and regional redistribution of venous compliance in reproducing physiologically

plausible responses.

Finally, we visualized the pressure distribution of the best calibrated simulation

(Hut90_C20), showing how gravity alone shapes the cranio-caudal pressure gradient in the

upright posture. While the model captures the primary mechanical effects of gravity, the ab-

sence of dynamic intracranial, intrathoracic, and intra-abdominal pressures, as well as regu-

latory mechanisms, leads to exaggerated gradients compared with physiological observations.

This highlights that, although the mechanical baseline is well represented, further refinements

are needed to fully reproduce the regulated pressure distributions seen in vivo.

The simulation results are promising: they reproduce key features of orthostatic stress, il-

lustrate the contribution of autonomic reflexes, and provide insight into the interaction between
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vascular compliance and hydrostatic effects. At the same time, these findings highlight clear

directions for future developments. Key improvements include more detailed modeling of re-

gional venous compliance, integration of full baroreflex and cardiopulmonary reflex control,

and incorporation of non-constant pressures. Additional validation using experimental wave-

form measurements will be essential to strengthen model reliability. A more comprehensive

discussion of future work and broader research directions is presented in chapter 6.
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Chapter6

Conclusion

This research project has focused on the development of a multiscale 1D-0D cardiovascular

model that accounts for gravitational effects. Particularly, we aimed at extending the Anatom-

ically Detailed Arterial-Venous Network (ADAVN) model by incorporating gravity into its

framework. Although the methodology developed here is general and applicable to other

1D–0D cardiovascular models, the ADAVN model presents specific challenges, most notably

the representation of the venous system with a 1D model, whose highly nonlinear behavior adds

significant complexity when gravity is introduced. To address this aim, three major challenges

were identified and investigated:

• the establishment of a mathematically convenient and physically consistent formulation

of the tube law,

• the numerical methodology employed to ensure its stable and efficient solution,

• the representation of physiological processes, such as those mediated by control mech-

anisms, which are essential for reproducing realistic adaptive responses to postural

changes.

This chapter revisits each of these elements, summarizing the key findings and discussing

how they collectively contribute to extending the ADAVN model to include gravitational effects

from theoretical, numerical, and physiological perspectives.

6.1 Mathematical formulation of the tube law
A key step in extending the ADAVN model with gravity involved establishing a mathematically

convenient and physically consistent pressure–area relationship for the venous 1D segments.

Since every 1D blood flow model relies on a tube law to close the system, particular attention
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was given to evaluating whether the formulation adopted in the ADAVN model for the venous

system is suitable both in terms of parametrization and in its ability to preserve the hyperbolic

nature of the governing equations, which is crucial for the modeling framework we aim to

employ.

To this end, two tube law formulations were selected and examined in detail. Their mathe-

matical properties, such as hyperbolicity and genuine non-linearity of characteristic fields, were

analyzed to ensure that the 1D blood flow model preserves these properties when each tube law

is employed. Following this analysis, both formulations were parametrized to reproduce ovine

and human in vitro data. Particular attention was given to how constraining certain parame-

ters to admissible ranges affects each tube law’s ability to fit experimental data, as discussed in

chapter 2. Importantly, our results show that the viscoelastic tube law, adopted in the ADAVN

model, retains the desired mathematical properties of the 1D blood flow equations despite the

imposed parametrization. This makes it a robust and reliable formulation for further model

development.

6.2 Numerical methodology
A second important aspect of this project involved the development of a numerical method

capable of solving the extended 1D blood flow model with gravity efficiently and stably. Incor-

porating gravitational terms in the system of equations requires careful numerical treatment to

avoid instabilities and the computation of inaccurate solutions. Specifically, it requires the use

of a well-balanced numerical method tailored to the newly introduced gravity source term.

To address this, we implemented a well-balanced high-order path-conservative numerical

scheme. This method correctly computes steady-state solutions in presence of geometric- and

algebraic-type source terms, such as the one resulting from incorporating gravity in the 1D

model, while also accurately reproducing transient dynamics. The well-balanced property is

particularly crucial for preserving hydrostatic pressure distributions, as demonstrated in chap-

ter 3, where the method was applied to the 1D blood flow model with gravity on the ADAN86

network.

By ensuring accuracy in both steady-state and dynamic conditions, the numerical frame-

work developed in this project enables reliable simulations of gravitational effects across differ-

ent postures. This foundation is essential for integrating the physiological processes discussed

in the following section and for achieving physiologically meaningful cardiovascular predic-

tions.
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6.3 Acquisition of experimental data
A final key aspect of this project involved representing the physiological mechanisms underly-

ing cardiovascular responses to orthostatic stress. While many responses of the cardiovascular

system are well-characterized, certain processes remain poorly understood. This lack of de-

tailed physiological understanding and available data, particularly regarding the venous circu-

lation and the autonomic nervous system regulation, poses a significant challenge for accurate

model development. Accurately capturing these responses is essential for simulating realistic

hemodynamic adaptations during postural changes.

To this end, we conducted a head-up tilt (HUT) test, as described in chapter 4, to measure

relevant cardiovascular quantities under controlled orthostatic stress. The resulting data pro-

vided valuable insights into the dynamics of venous return, baroreflex-mediated autonomic ad-

justments, and overall cardiovascular function. In particular, the analysis revealed clear trends,

including decreases in stroke volume, cardiac output, and cerebral inflow with increasing an-

gle of tilt, accompanied by compensatory rises in heart rate and diastolic pressure, as well as

a shift in cerebral venous drainage from the internal jugular to vertebral pathways. Together,

these findings quantitatively describe how gravitational stress redistributes blood and activates

autonomic regulation. All these experimental observations were then used to refine our under-

standing of the cardiovascular behavior and will serve as a basis for integrating physiological

control mechanisms into the ADAVN model.

6.4 Modeling cardiovascular responses to orthostatic
stress

In chapter 5, the three aspects developed throughout this work were brought together within the

ADAVN model. This integration enabled the first simulations of cardiovascular responses to

orthostatic stress in different postures using a highly detailed 1D arterial network coupled with

a fully 1D venous network. These results represent an important step toward achieving a physi-

ologically consistent multiscale model capable of capturing both the underlying hemodynamic

responses and the adaptive regulatory mechanisms involved in orthostatic stress.

The simulations presented in chapter 5 reproduced the trends associated with orthostatic

loading. In particular, the model captured the onset of venous pooling in the lower extremi-

ties following head-up tilting, as well as the associated redistribution of pressures and volumes

across the arterial and venous systems. While the magnitude of venous pooling was overesti-
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mated, reflecting the absence of autonomic regulatory mechanisms, these results nonetheless

provide insight into the passive mechanical effects of gravity within the extended framework.

The simulations also explored the contribution of autonomic regulation, highlighting in partic-

ular the role of venous tone in mitigating the hemodynamic destabilization induced by upright

posture.

Taken together, these findings indicate that the extended ADAVN model offers a promising

foundation for multiscale simulations of the physiological responses to orthostatic stress. Al-

though further refinement is needed to achieve fully quantitative accuracy, the results obtained

here establish the feasibility and potential of the proposed approach.

6.5 Limitations and future works
Building on the foundations established in this thesis, several directions for future developments

can be identified. Having constructed a multiscale 1D–0D cardiovascular framework that ac-

counts for gravity, the subsequent steps arise naturally from both the capabilities achieved and

the new physiological questions that the model enables us to address.

A first priority is the integration of autonomic regulatory mechanisms. Having now char-

acterized the purely passive response of the circulation to gravitational loading, the model is

in a position where the addition of baroreflex and cardiopulmonary reflex control mechanisms

becomes both feasible and essential. Their inclusion will enable quantitatively realistic com-

pensatory responses and will transform the current simulations from exploratory mechanistic

tests into physiologically complete scenarios. In parallel, the present implementation of grav-

itational loading, successfully incorporated in both the 1D arterial and 1D venous networks,

should be extended to all 0D compartments, including the heart and the pulmonary circulation.

This generalization will ensure full internal coherence of pressures across central and peripheral

regions and will make it possible to study global hemodynamic responses that remain inacces-

sible under the current partial treatment.

The increased fidelity in representing orthostatic responses gained so far also highlights the

importance of further refining the microcirculation compartments. The current results reveal

that global hemodynamic behavior is highly sensitive to the representation of venous periph-

eral compliance. Strengthening this component emerges as a natural next step, enabling the

model to capture the subtle interplay between vascular capacitance, volume redistribution, and

postural changes. Similarly, the cerebrovascular compartment warrants further development to

surpass the limiting hypothesis of a constant intracranial pressure. Introducing a cerebrospinal

122



6

6.5. Limitations and future works

fluid module would complete the physiological picture, allowing the framework to reproduce

cerebral blood flow regulation, intracranial pressure dynamics, and their modulation during

orthostatic stress.

Although this thesis introduced and successfully applied a dedicated numerical method-

ology for handling the inclusion of gravitational effects, future extensions of the model may

challenge the current method. As the physiological complexity of the framework increases,

particularly with regulatory mechanisms and intracranial dynamics, further developments or

refinements of the numerical method may become necessary to ensure stability, efficiency, and

accuracy.

In addition to these extensions, further refinements of the model’s physiological complexity

will be important. This includes incorporating additional mechanisms such as hormonal and

metabolic regulatory pathways, as well as respiratory influences on venous return. Expanding

the framework in this way would also allow exploration of inter-subject variability and the

effects of anatomical or functional differences on orthostatic responses.

With these numerical, structural and regulatory components in place, a major objective

will be to conduct orthostatic stress simulations using the complete ADAVN model and to

compare the resulting hemodynamic responses with those generated by the reduced ADAVN86

network. The present thesis has established both modeling environments, laying a consistent

foundation on which the next developments can build. Consequently, future works will be able

to explicitly quantify how anatomical detail influences orthostatic behavior and to what extent

simplified networks can reproduce clinically relevant responses. Progress on these fronts will

also benefit from the acquisition of additional experimental data. The current study lacks a

sufficiently detailed waveform analysis, which we believe is essential for demonstrating the

impact of gravity on cardiovascular hemodynamics. Accordingly, waveform measurements

from head-up-tilt protocols, particularly pressure and flow recordings at multiple anatomical

sites, will be crucial both for parameter identification and for validating the full wave-dynamic

behavior that the multiscale model is designed to capture.

Ultimately, once the regulatory framework and enhanced physiological aspects are incor-

porated, the model will be equipped to explore scenarios that were previously beyond reach.

In particular, the availability of clinical recordings of syncope events provides a unique op-

portunity to test whether the extended ADAVN model can reproduce the onset, progression,

and recovery phases associated with orthostatic intolerance. Reaching this stage will allow the

model to move beyond simulating passive gravitational responses and begin to capture transient

and pathological episodes, thereby significantly expanding its applicability to clinically relevant

scenarios and realizing the full potential of the multiscale 1D–0D cardiovascular framework de-
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veloped in this thesis.

6.6 Concluding remarks
Working on the extension of the ADAVN model to include gravitational effects and orthostatic

stress responses has been both challenging and rewarding. Beyond the technical achievements,

developing robust numerical methods, characterizing tube laws, and integrating physiological

processes, this work has highlighted the intricate interplay between vascular mechanics, auto-

nomic regulation, and body posture in determining cardiovascular function.

Personally, this project has reinforced my appreciation for the complexity of the cardiovas-

cular system and the importance of combining experimental observations with computational

modeling. It has also emphasized the value of systematically integrating theory, data, and nu-

merical implementation to produce models that are both mathematically and physiologically

meaningful.

From a scientific perspective, the results obtained provide a foundation for further studies of

orthostatic stress, syncope, and related physio-pathological conditions. More broadly, this work

contributes to the development of anatomically and physiologically detailed models capable of

supporting future research and clinical investigations of cardiovascular behavior. Ultimately,

this work highlights the importance of a multiscale approach to modeling the cardiovascular

system, offering new opportunities to explore both normal physiology and disease mechanisms

under a variety of conditions.
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Background

This appendix outlines the fundamental physiological concepts and the modeling framework

necessary for understanding the cardiovascular mechanisms investigated in this work. It begins

with an overview of the human cardiovascular system, describing its anatomy and function in

sustaining circulatory equilibrium. The subsequent section explores the physiological effects of

orthostatic stress, emphasizing the hemodynamic adaptations and autonomic responses elicited

by postural transitions. Finally, the appendix examines the state of the art in the ADAVN model,

providing a detailed basis for interpreting its cardiovascular behavior and responses within the

context of this work.

A.1 The human cardiovascular system
The cardiovascular system (CVS) is essential to human physiology. Its primary task is to deliver

oxygen and nutritive molecules to tissues, to carry hormones, enzymes, antibodies and other

substances and to remove carbon dioxide and metabolic waste produced by cells to recycle or

expulsion centers (Levick, 2009).

The CVS consists of the heart, a network of blood vessels, and the blood. The heart is a

hollow organ that can be found at the center of the thoracic cavity, between the two lungs. As it

can be seen in figure A.1, showing a schematic representation of the heart anatomy, this organ

is internally subdivided into four chambers: left and right atria, and left and right ventricles.

Left chambers are separated from right chambers by a septum, which is a wall of cardiac tissue

that prevents oxygenated blood handled by heart left side to mix with de-oxygenated blood

handled by heart right side (Martini et al., 2012). Atria receive blood from veins and make it

flow to ventricles through cardiac valves. Similarly, ventricles return blood to arteries, making

it flow through other cardiac valves. There are four cardiac valves in total. The mitral valve

lies between the left atrium and the left ventricle, while the tricuspid valve is located between

the right atrium and the right ventricle. The aortic valve is positioned at the outlet of the left
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Figure A.1: Schematic representation of the heart anatomy with an indication of the route of the blood
flow. Taken from Martini et al. (2012).

ventricle, separating it from the aorta, while the pulmonary valve is found at the outlet of the

right ventricle, separating it from the pulmonary artery. Each of these valves is made of thin

membranes that open and close at each cardiac beat, responding to the pressure differences

between the two chambers they divide. Their function is to favor the flow of blood in a single

direction, preventing backflow (Widmaier et al., 2016).

The heartbeat originates from an electrical impulse generated by the sinus-atrial node,

which spreads to all the cardiac cells triggering their coordinated contraction. This mecha-

nism ensures the cyclic contraction and relaxation of the atria and ventricles, enabling blood

to flow from atria to ventricles, from ventricles into the great arteries, and from the systemic

veins back into the atria (Klabunde, 2021). The phase of cardiac contraction is called systole,

while the phase of cardiac relaxation is called diastole. The alternation of these two phases pro-

duces an intermittent blood ejection into the arterial system, inducing an arterial pressure that

is pulsatile and that drives systemic perfusion. Figure A.2 illustrates this phenomenon using a

Wiggers diagram. The Wiggers diagram, together with the values reported below, refers to a

healthy adult in supine position at rest. The hemodynamic changes occurring in the standing

position, and the resulting effects of orthostatic stress, are addressed in the next section. Un-

der these normal resting conditions, systemic arterial pressure decreases from approximately

120 mmHg in systole to 80 mmHg during diastole (see the red curve in figure A.2), whereas

pulmonary arterial pressure falls from about 25 mmHg in systole to 10 mmHg in diastole. In
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Figure A.2: A Wiggers diagram, representing some of the most important heart values over an entire
cardiac cycle for a healthy adult in supine position at rest. Adapted from Levick (2009).

contrast, pressure in the great veins is only a few mmHg (Levick, 2009). This steep pressure

difference between arteries and veins provides the driving force for blood flow throughout the

circulatory system. Blood pressure is therefore a fundamental hemodynamic parameter of clin-

ical significance across multiple medical fields (Pocock et al., 2017). The gradual decline in

pressure across the arterial tree results from the resistance of large arteries, with the sharpest

drop occurring at the level of the arterioles, where microcirculation begins and arteries transition

into veins (Widmaier et al., 2016).

Within the CVS, two distinct circulations can be identified: the systemic circulation, which

supplies oxygenated blood to the body, and the pulmonary circulation, which ensures gas ex-

change in the lungs (Levick, 2009). In both circulations, arteries transport blood away from

the heart, capillaries connect arteries to veins while allowing substance exchanges with the sur-

rounding cells, and veins return blood back to the heart, thereby completing a loop. Arteries and

veins differ not only for the direction of blood flow (away from the heart for arteries, and toward

the heart for veins), but most importantly in the structural composition of their walls, which re-

flects their distinct functional roles (Widmaier et al., 2016). As shown in figure A.3, arteries

have thick walls, principally made by elastin, collagen, and smooth muscle cells, which are de-
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Figure A.3: Schematic representation of the vessels wall structure. Taken from Martini et al. (2012).

signed to withstand and propagate the high pulsatile pressure generated by the heart. The elastic

and collagen fibers in the elastic tissue of the arterial wall absorb the high pressure waves from

each heartbeat, providing the structural strength needed to resist the high pressures of blood

flow. At the same time, these fibers expand during systole to store the energy generated by the

heart and then recoil during diastole to push blood out of the arteries. This mechanism is essen-

tial to ensure an efficient blood circulation, maintaining a relatively steady flow and pressure

in the arteries throughout the cardiac cycle thanks to its dampening effects, while preventing

the pulsatile flow from the heart from causing damage to the more delicate downstream vessels.

Finally, smooth muscle cells allow for vasoconstriction and vasodilation (narrowing and widen-

ing of the vessel lumen, respectively) to control blood pressure and direct blood flow to specific

tissues as needed (Widmaier et al., 2016). In contrast, veins have thinner walls with less smooth

muscle cells and connective tissue, and they generally exhibit a wider internal diameter, which

allow them to collapse or expand to hold blood. This large deformation capacity grants veins

the ability to accommodate substantial changes in blood volume with only minimal alterations

in pressure. They also frequently contain valves that prevent backflow, particularly in the lower

limbs. Almost the 70 % of the total blood volume in the human body is in fact in the venous

system. This great capacity earned veins with the name of capacitance vessels, highlighting

their role as low-pressure reservoirs returning blood to the heart (Martini et al., 2012).

The ability of both arteries and veins to adjust their lumen depends on the vascular tone,

namely the degree of constriction experienced by a blood vessel relative to its maximally di-

lated state (Klabunde, 2021). An increase in vascular tone causes vasoconstriction, thereby

reducing local blood flow. Conversely, a decrease in vascular tone leads to vasodilation, as
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the blood pressure distends the relaxed vessel wall. Such adjustments in vascular tone play a

central role in regulating regional blood flow, capillary filtration, arterial blood pressure, and

central venous pressure (Levick, 2009). These changes are mediated by alterations in the resis-

tance of peripheral arteries, veins, arterioles, and venules. Basal vascular tone, in turn, reflects

a dynamic equilibrium between competing vasoconstrictive and vasodilatory influences. Its

regulation involves two classes of processes: extrinsic factors, originating outside the organ or

tissue in which the blood vessel resides, and intrinsic factors, arising from the vessel itself or

its surrounding tissue. Extrinsic factors primarily regulate systemic arterial pressure by mod-

ulating vascular resistance to flow, whereas intrinsic factors adjust local blood flow to match

the metabolic demands of surrounding tissue. This distinction establishes a hierarchy of control

processes, with intrinsic regulation acting at the local level and extrinsic regulation exerting

global influence (Klabunde, 2021). Among intrinsic factors, autoregulation of blood flow is

particularly important. It protects organ perfusion against fluctuations in arterial blood pres-

sure by maintaining a nearly constant local blood flow despite changes in pressure. Although

autoregulation functions within a limited pressure range, it can be reset by metabolic vasodila-

tors to operate at a different baseline flow level (Levick, 2009). Another noteworthy factor is

the autonomic nervous system, which represents one of the major extrinsic determinants of the

vascular tone. It governs vascular tone as part of its broader role in controlling the involuntary

functions of the human body, such as breathing, digestion, thermo-regulation, bladder function,

heart rate, and blood pressure. It also plays a central role in activating compensatory responses

to orthostatic stress, as is discussed in the next section (Robertson et al., 2012).

A.2 The effects of orthostatic stress on the human car-
diovascular system

Orthostatic stress can be defined as the set of changes caused by gravity on the human body

(Robertson et al., 2012). When a person moves from the supine position to standing, multi-

ple physiological systems activate to maintain stability and equilibrium of the human functions

in the new posture. The musculoskeletal system engages to support the body’s weight and

maintain balance, the nervous system coordinates sensory input and motor responses to pre-

vent falls, the respiratory system modifies breathing to support oxygen delivery during the shift

in posture, and the CVS regulates blood flow and blood pressure to maintain adequate tissue

perfusion (Levick, 2009). If these coordinated responses are inadequate, symptoms such as

dizziness, fatigue, or impaired motor control may occur. Studying orthostatic stress thus high-
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lights the complex interplay of these physiological systems working together to counteract the

effects of gravity in everyday life (Widmaier et al., 2016).

Focusing on the CVS, during the transition from a supine to a standing position, approx-

imately 500 mL of blood are displaced by gravity from the thorax into the veins of the lower

limbs. This process, known as venous pooling, decreases intrathoracic blood volume by about

20 % within 15 s, thereby altering cardiac function. Particularly, the central venous pressure,

namely the pressure in the venae cavae near the right atrium, drops from around 6 mmHg to

nearly 0 mmHg. As a result, veins below the heart level become markedly distended to ac-

commodate the redistributed blood and their pressure increases proportionally to their distance

from the heart, venous return to the heart declines, and the stroke volume, which is the amount

of blood ejected by the ventricle per beat, falls by 30-40 % (Hinghofer-Szalkay, 2011; Levick,

2009). To counteract these substantial changes, rapid compensatory mechanisms, mediated pri-

marily by the autonomic nervous system, adjust heart rate, cardiac contractility, and vascular

tone. When these responses are insufficient, orthostatic intolerance may occur, manifesting as

dizziness, lightheadedness, or fainting episodes (Blomqvist and Stone, 1991). Therefore, under-

standing the effects of orthostatic stress and studying the compensatory mechanisms behavior

provides valuable insight into circulatory control and the body’s ability to adapt to postural chal-

lenges. Notably, however, the full extent of the physiological responses to orthostatic stress still

remains not completely understood, reflecting the complex interplay of multiple body systems

and external factors that influence cardiovascular function (Robertson et al., 2012).

These compensatory responses are initiated by reflexes of the autonomic nervous system,

which are triggered by a variety of stimuli detected through specialized receptors located both

within and outside the circulation. The principal sensors are arterial baroreceptors, situated in

the walls of the carotid sinuses and the aortic arch, and cardiopulmonary receptors, distributed

in the atrial and ventricular walls, the coronary arteries, and the pulmonary artery (Widmaier

et al., 2016). Arterial baroreceptors respond to changes in vessel wall stretch, allowing them to

detect fluctuations in mean arterial pressure as well as the rate at which these pressure changes

occur. Cardiopulmonary receptors sense mechanical deformation of the heart’s surface, allow-

ing them to monitor central venous pressure and cardiac filling changes. Signals from both

receptor groups are transmitted to the brainstem, where they are integrated to generate appro-

priate autonomic reflexes: the baroreceptor reflex and the cardiopulmonary reflex (Pocock et al.,

2017).

The baroreceptor reflex, or baroreflex, is a rapid negative feedback system that stabilizes

blood pressure by sensing arterial pressure changes through arterial baroreceptors. When a

sudden drop in arterial pressure occurs, the reflex responds by increasing the activity of the
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17.2 The Valsalva manoeuvre

• cardiac output falls because of the low stroke volume; 
however, the reflex tachycardia limits the fall to ~20%;

• peripheral resistance increases by 30%–40% due to 
sympathetic-mediated vasoconstriction in the skeletal 
muscle, splanchnic and renal vascular beds;

• mean arterial pressure is not only restored by the rise 
in peripheral resistance but is raised by 10–14 mmHg 
above the supine value (Figure 17.2).

These responses normally take less than a minute to com-
plete. Over the next half hour or so, the orthostasis-induced 
rise in capillary filtration pressure in the lower body causes a 
12%–13% (375 mL) fall in plasma volume (Section 11.9). This 
reduces the systolic pressure and elicits additional tachycardia. 
To compensate for the fall in plasma volume, the excretion 
of salt and water is reduced through sympathetic activa-
tion of the renin–angiotensin–aldosterone system and reflex 
 vasopressin secretion.

The net result of the combined neuroendocrine responses 
is that the arterial blood pressure (BP) perfusing the brain is 
safe-guarded. It seems perverse that, despite all this physio-
logical effort, cerebral blood flow declines by 10%–20% during 

orthostasis. The decline is caused by an increase in cerebral 
vascular resistance, brought about by multiple factors: reduced 
arterial PCO2 due to increased ventilation during orthostasis; 
the gravitational collapse of the jugular veins in the neck; and 
a slight sympathetic-mediated cerebral vasoconstriction.

17.2 THE VALSALVA MANOEUVRE

Antonio Maria Valsalva was a noted 18th-century Italian phys-
iologist. His name is associated with the Valsalva manoeuvre, 
which is used as a test of circulatory function. However, the 
eponymous manoeuvre is not an ancient physiological rite 
but a natural event performed daily by all of us. It is a forced 
expiration against a closed or narrowed glottis, and this is a 
normal accompaniment to defecation, coughing, lifting heavy 
weights, singing a top A or playing the trumpet. Forced expi-
ration creates a high intrathoracic pressure, which evokes a 
complex circulatory response with four phases (Figure 17.3):

 1. Phase 1. Arterial BP increases as the thoracic aorta is 
compressed by the high intrathoracic pressure.
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Figure A.4: Schematic representation of the cardiovascular responses to orthostatic stress generated by
the baroreceptor reflex and the cardiopulmonary reflex. Taken from Levick (2009).

sympathetic nervous system and reducing the activity of the parasympathetic nervous system.

The sympathetic and parasympathetic branches are two of the three divisions of the autonomic

nervous system. The sympathetic branch is typically associated with the body’s fight-or-flight

response, preparing the organism for action in situations of stress or danger. Its activation

promotes widespread vasoconstriction, shunting blood away from organs not necessary to the

immediate survival of the organism and redirecting it toward those involved in intense physical

activity. Conversely, the parasympathetic branch supports rest-and-digest functions, favoring

recovery and energy conservation. Its stimulation reduces heart rate and facilitates processes

such as digestion (Robertson et al., 2012). The balance between sympathetic and parasympa-

thetic activity, and thus the effectiveness of the baroreflex, is dynamically modulated by the cen-

tral nervous system, for example during exercise, or may be altered by pathological conditions

that impair receptor function, such as cardiovascular diseases. Nevertheless, the baroreceptor

reflex remains a crucial mechanism for buffering short-term fluctuations in arterial pressure,

thereby contributing to the stabilization of the CVS (Widmaier et al., 2016). A typical demon-

stration of its importance occurs when a healthy adult transitions from the supine to the upright
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posture. This postural change produces a transient hypotension, namely a temporary fall in

arterial pressure, which lasts only a few seconds before the baroreflex is activated. The re-

flex response triggers vasoconstriction, increasing total peripheral resistance by approximately

40 %, along with a rise in heart rate of 15–20 beats/min and in cardiac contractility up to 25 %,

all contributing to the restoration of arterial pressure (Blomqvist and Stone, 1991; Levick, 2009;

Sagawa et al., 1977). A schematic representation of these responses is shown in figure A.4.

The cardiopulmonary reflex is a regulatory mechanism that monitors blood volume distribu-

tion and cardiac filling through the cardiopulmonary receptors located in the heart’s surface and

in the pulmonary artery wall. As a healthy adult stands up from a supine position, venous re-

turn and cardiac filling momentarily decline, prompting reflex compensatory responses aimed

at preserving circulatory stability. First, heart rate is increased to favor the transfer of blood

from the congested venous system into the arterial system, thereby sustaining cardiac output.

Second, sympathetic activity to the kidneys is reduced, promoting renal vasodilation and en-

hanced fluid excretion, which contributes to the regulation of plasma volume and, in turn, the

stabilization of arterial pressure. Together, these adjustments help limit the decline in cardiac

output and maintain arterial pressure at levels slightly higher than those observed in the supine

position (Klabunde, 2021).

The preservation of normal blood pressure over long periods also depends on the mainte-

nance of adequate blood volume Martini et al. (2012). Beyond the rapid neural adjustments

provided by the baroreceptor and cardiopulmonary reflexes, which operate within milliseconds

to seconds, slower endocrine mechanisms acting over minutes to weeks are essential for sus-

taining cardiovascular stability during prolonged orthostatic stress. The integration of these

short- and long-term control mechanisms allows the body to adapt not only to the initial hemo-

dynamic challenge of standing but also to sustain the upright posture (Widmaier et al., 2016).

However, the effectiveness of these mechanisms varies considerably among individuals, in-

fluenced by factors such as age, hydration status, physical conditioning, and genetic predis-

position, which explains why susceptibility to orthostatic intolerance is highly variable across

populations (Blomqvist and Stone, 1991). Additionally, when coordination between these neu-

ral and endocrine mechanisms is inadequate, orthostatic intolerance may persist, giving rise to

chronic disorders such as orthostatic hypotension or postural orthostatic tachycardia syndrome

(POTS) (Robertson et al., 2012). Given the complexity of these intertwined mechanisms, nu-

merical methods, ranging from lumped-parameter to multiscale computational models of the

circulation, are invaluable for simulating physiological responses and deepening our under-

standing of cardiovascular regulation under orthostatic stress.
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A.3 The ADAVN model
The Anatomically Detailed Arterial-Venous Network (ADAVN) model (Blanco et al., 2015,

2020; HeMoLab, 2013; Müller et al., 2023) is a computational model of the human CVS, which

was originally developed to study the complete circulation with high anatomical fidelity. It is a

closed-loop multiscale model that comprises a 1D description of the hemodynamic in large ar-

teries and veins, and a 0D description of the rest of the CVS, including the cardiac function, the

microcirculation connecting arteries to veins, the pulmonary system, the intracranial pressure

and the valve dynamics. Particularly, the ADAVN model includes 1598 arteries, covering the

majority of the large blood vessels listed in anatomical atlases, and 189 veins. An illustration of

the complete vascular network is provided in figure 1.2, while a zoom on the thoracic cavity is

shown in figure 1.3. Each vessel is described by a set of points in the 3D space that identifies its

centerline (black polylines in figure 1.3B), ensuring that the 3D position of the vessel’s center-

line is always available. This characterization is, to the best of our knowledge, unique, since no

other 1D model achieves this level of detail in representing blood vessels. Furthermore, as it can

be seen in figure 1.3A, it allows us to remove the coplanarity hypothesis, namely the assump-

tion that the entire vascular network lies in a single plane, thus enabling a more anatomically

realistic 3D representation of the vascular geometry. This spatial detail also makes it possible

to account for gravitational effects under any rigid orientation of the body, including the supine

and the standing positions, thereby broadening the range of physiological conditions that can be

studied. It is worth noting, however, that vessel spatial orientation is not explicitly included in

the model, except through the effect of gravity as determined by the body’s overall orientation.

Blood flow in all the vessels of both arterial and venous networks is described with the 1D

blood flow model presented in system (1.1). The relationship between the vessel cross-sectional

area A(x, t) and the internal pressure p(x, t), the tube law, is described as follows:

p(x, t) = pext(x, t)+ ptm(x, t), (A.1)

where pext(x, t) is the external pressure that accounts for the force exerted by tissues or ex-

travascular fluids on the vessel, while ptm(x, t) is the transmural pressure that is the pressure

effectively being supported by vessel’s wall stresses. In this work, the external pressure is as-

sumed constant, while the transmural pressure assumes two different formulations depending

on the type of the considered vessel. For arteries, the adopted law follows the formulation pro-

posed by Blanco et al. (2015), while, for veins, the tube law is taken from Müller and Toro

(2014). These distinct formulations enable the model to accurately represent the mechanical

differences between arterial and venous vessels within the 1D hemodynamic framework.
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Another important component of the ADAVN model is the microcirculation. The microcir-

culation represents the portion of the vascular system composed of the smallest blood vessels,

including arterioles, venules, and capillaries, which form the critical interface between the ar-

terial and venous sides of the circulation. Here, it is represented using 0D models. Specifically,

in ADAVN, terminal models are structured in a way that allows each 1D terminal artery to be

connected to a maximum of two 1D terminal veins, whereas each 1D terminal vein may re-

ceive blood from multiple 1D terminal arteries. Each of these arterio–venous connections is

represented by a multiple resistance–capacitance (RCRCR) circuit, where the central resistance

models the capillary segment connecting the arterial and venous sides. A schematic represen-

tation of this 0D configuration, illustrating an example of a 1:1 arterio–venous connection, is

shown in figure 5.1. A similar approach is used to represent also the coronary bed, namely the

microcirculation at the coronary level. However, the 0D model used here differs in order to

account for the specificity of blood flow dynamics in the cardiac microcirculation. In particular,

the central resistance connecting arterioles to venules is substituted with the circuit proposed in

Mynard et al. (2014) representing the multi-layer structure of the cardiac tissue.

The heart and its four cardiac valves are modeled following the approach proposed by My-

nard et al. (2012). This 0D model represents each cardiac chamber as an elastic compartment

characterized by a time-varying elastance, thereby capturing the pressure–volume relationship

that governs cardiac contraction and relaxation. Instead, the pressure–flow relationship across

an open valve is approximated by the Bernoulli equation. Valve dynamics depend on the instan-

taneous pressure difference and the valve state, representing the degree of opening. Valve mo-

tion begins when the instantaneous pressure difference exceeds a threshold value and smoothly

approaches zero as the valve reaches its fully open or closed position, ensuring physiologically

consistent transitions. The same valvular model is also applied to represent venous valves. In

this case, the 0D model representing the valve is placed between two one-dimensional segments

representing a vein, rather then between two cardiac chambers. Furthermore, this same model

is slightly modified to represent Starling resistors, nonlinear resistances that mimic the collapsi-

ble behavior of intracranial veins near dural sinuses (Müller et al., 2023). When the dural sinus

pressure falls below the intracranial pressure, the resistor effectively decouples the upstream

and downstream veins, temporarily halting venous outflow and reproducing the physiological

collapse mechanism observed in cerebral circulation.

The interaction between the cerebral vasculature and intracranial pressure is also incorpo-

rated into the model. Specifically, it follows the 0D formulation proposed by Ursino and Lodi

(1997), which describes the coupling between cerebral blood flow and intracranial dynamics.

However, in this preliminary stage of model development with gravitational influences, the in-
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tracranial pressure is assumed to remain constant, serving as a fixed parameter of the model.

Finally, the ADAVN model presents also the pulmonary circulation, described according

to Sun et al. (1997). This 0D representation comprises three lumped compartments, includ-

ing arteries, capillaries, and veins, each modeled as a compliance–inertance-resistance (CLR)

element. In each compartment, the pressure–volume relationship is expressed as an exponen-

tial function of the compartmental volume, enabling a physiologically realistic description of

pulmonary hemodynamics.

Given the complexity of the model and the combination of multiple 1D and 0D compo-

nents used to represent the CVS, the ADAVN model incorporates several types of coupling

conditions to ensure effective interaction and information exchange between the different sub-

models. At vessel junctions, conservation of mass and total pressure continuity are enforced

to guarantee hemodynamic consistency across connected segments. At the interfaces between

1D and 0D domains, coupling is achieved through relations derived from generalized Riemann

invariants, namely quantities preserved along characteristics for hyperbolic systems of PDEs,

supplemented by additional mass and energy conservation conditions enforced at the discrete

level. Full details about coupling conditions can be found in Müller et al. (2016) and in Müller

and Toro (2014).

A final modeling aspect concerns the parametrization of ADAVN. In this work, the

parametrization follows the values and formulations reported in the original references (Blanco

et al., 2015, 2020; Müller et al., 2023). Unless otherwise specified in the relevant chapters of

this work, no modifications have been made to the original parameter sets. This ensures that the

results presented here remain directly comparable with previous studies and reflect the baseline

configuration of the established model.
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Table B.1
Averaged estimated parameters of the viscoelastic tube law for V2 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 1.04 10.00 -1.50 13.75
BT 11 1.90 10.00 -1.50 18.96
CA 11 46.23 10.00 -1.50 93.91

DDA 11 7.78 10.00 -1.50 41.83
FA 11 11.25 10.00 -1.50 22.63

MDA 11 2.48 10.00 -1.50 19.72
PDA 11 2.01 10.00 -1.50 15.98

Sheep pulmonary arteries

LPA 11 0.35 10.00 -1.50 4.63
PT 10 0.31 10.00 -1.50 4.82

Sheep veins at high (H) pressure

HVCI 5 60.10 10.00 -1.50 214.30
HVCS 8 38.96 10.00 -1.50 140.23
HVF 5 22.62 10.00 -1.50 28.46
HVJ 8 30.38 10.00 -1.50 70.87

Sheep veins at low (L) pressure

LVCI 10 7.26 10.00 -1.50 6.85
LVCS 12 1.73 10.00 -1.50 8.61
LVF 30 5.10 10.00 -1.50 4.12
LVJ 10 2.45 10.00 -1.50 7.84

Human vessels

Fem 30 27.00 10.00 -1.50 49.02
Saf 20 26.19 10.00 -1.50 10.36

∗Number of available sets of data for each type of vessel
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Table B.2
Averaged estimated parameters of the viscoelastic tube law for V3 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 61.73 0.50 0.00 13.25
BT 11 77.13 0.50 0.00 18.55
CA 11 1118.40 0.50 0.00 93.83

DDA 11 231.43 0.50 0.00 41.53
FA 11 309.42 0.50 0.00 22.57

MDA 11 104.99 0.50 0.00 19.29
PDA 11 90.48 0.50 0.00 15.55

Sheep pulmonary arteries

LPA 11 12.33 0.50 0.00 4.62
PT 10 11.34 0.50 0.00 4.80

Sheep veins at high (H) pressure

HVCI 5 1443.86 0.50 0.00 214.01
HVCS 8 954.26 0.50 0.00 139.84
HVF 5 566.34 0.50 0.00 28.41
HVJ 8 739.41 0.50 0.00 70.80

Sheep veins at low (L) pressure

LVCI 10 186.58 0.50 0.00 6.74
LVCS 12 60.95 0.50 0.00 8.49
LVF 30 134.18 0.50 0.00 4.07
LVJ 10 82.20 0.50 0.00 7.65

Human vessels

Fem 30 654.62 0.50 0.00 48.91
Saf 20 636.63 0.50 0.00 10.30

∗Number of available sets of data for each type of vessel

138



B

Table B.3
Averaged estimated parameters of the viscoelastic tube law for V4 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 2107.74 7.37 -7.24 13.69
BT 11 1656.61 13.24 -5.01 19.24
CA 11 1642.17 50.06 -119.39 93.80

DDA 11 3165.27 9.62 0.52 41.89
FA 11 2709.82 13.85 -29.50 22.58

MDA 11 1309.26 9.89 -18.53 19.70
PDA 11 857.79 12.47 -19.24 16.07

Sheep pulmonary arteries

LPA 11 3426.68 26.59 26.59 4.66
PT 10 3779.99 14.26 14.26 4.86

Sheep veins at high (H) pressure

HVCI 5 2708.33 20.35 -49.90 214.15
HVCS 8 3932.77 12.38 -1.06 140.48
HVF 5 866.30 36.36 -128.80 28.39
HVJ 8 4066.46 15.74 -1.30 70.86

Sheep veins at low (L) pressure

LVCI 10 2906.49 53.66 -10.16 7.04
LVCS 12 1042.70 14.71 -15.95 8.70
LVF 30 2074.47 20.11 -61.35 4.17
LVJ 10 1367.72 16.60 5.65 8.08

Human vessels

Fem 30 3390.90 35.58 -61.58 49.14
Saf 20 2030.91 52.48 -53.74 10.50

∗Number of available sets of data for each type of vessel
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Table B.4
Averaged estimated parameters of the elastic tube law for E1 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 1.92 7.94 -0.71 0.00
BT 11 1.18 14.46 -1.09 0.00
CA 11 231.98 13.89 -1.48 0.00

DDA 11 9.88 11.14 -0.18 0.00
FA 11 43.01 8.95 -0.91 0.00

MDA 11 5.09 8.14 -1.09 0.00
PDA 11 2.19 10.56 -1.64 0.00

Sheep pulmonary arteries

LPA 11 0.02 35.74 0.00 0.00
PT 10 0.13 20.56 0.00 0.00

Sheep veins at high (H) pressure

HVCI 5 274.17 7.53 -1.60 0.00
HVCS 8 90.53 12.92 -0.25 0.00
HVF 5 97.90 5.58 -2.00 0.00
HVJ 8 38.02 20.02 -0.50 0.00

Sheep veins at low (L) pressure

LVCI 10 19.30 64.05 -0.80 0.00
LVCS 12 0.93 14.78 -1.33 0.00
LVF 30 3.96 21.19 -0.80 0.00
LVJ 10 0.73 18.69 -0.40 0.00

Human vessels

Fem 30 79.48 18.04 -0.97 0.00
Saf 20 41.94 42.13 -1.20 0.00

∗Number of available sets of data for each type of vessel
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Table B.5
Averaged estimated parameters of the elastic tube law for E2 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 1.03 10.00 -1.50 0.00
BT 11 1.88 10.00 -1.50 0.00
CA 11 46.13 10.00 -1.50 0.00

DDA 11 7.74 10.00 -1.50 0.00
FA 11 11.21 10.00 -1.50 0.00

MDA 11 2.46 10.00 -1.50 0.00
PDA 11 1.99 10.00 -1.50 0.00

Sheep pulmonary arteries

LPA 11 0.35 10.00 -1.50 0.00
PT 10 0.31 10.00 -1.50 0.00

Sheep veins at high (H) pressure

HVCI 5 59.90 10.00 -1.50 0.00
HVCS 8 38.87 10.00 -1.50 0.00
HVF 5 22.56 10.00 -1.50 0.00
HVJ 8 30.29 10.00 -1.50 0.00

Sheep veins at low (L) pressure

LVCI 10 7.25 10.00 -1.50 0.00
LVCS 12 1.70 10.00 -1.50 0.00
LVF 30 5.09 10.00 -1.50 0.00
LVJ 10 2.42 10.00 -1.50 0.00

Human vessels

Fem 30 26.79 10.00 -1.50 0.00
Saf 20 26.17 10.00 -1.50 0.00

∗Number of available sets of data for each type of vessel
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Table B.6
Averaged estimated parameters of the elastic tube law for E3 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 61.36 0.50 0.00 0.00
BT 11 76.75 0.50 0.00 0.00
CA 11 1116.08 0.50 0.00 0.00

DDA 11 230.46 0.50 0.00 0.00
FA 11 308.58 0.50 0.00 0.00

MDA 11 104.32 0.50 0.00 0.00
PDA 11 89.98 0.50 0.00 0.00

Sheep pulmonary arteries

LPA 11 12.29 0.50 0.00 0.00
PT 10 11.31 0.50 0.00 0.00

Sheep veins at high (H) pressure

HVCI 5 1439.15 0.50 0.00 0.00
HVCS 8 951.97 0.50 0.00 0.00
HVF 5 564.91 0.50 0.00 0.00
HVJ 8 737.28 0.50 0.00 0.00

Sheep veins at low (L) pressure

LVCI 10 186.43 0.50 0.00 0.00
LVCS 12 60.23 0.50 0.00 0.00
LVF 30 133.82 0.50 0.00 0.00
LVJ 10 81.41 0.50 0.00 0.00

Human vessels

Fem 30 649.82 0.50 0.00 0.00
Saf 20 636.01 0.50 0.00 0.00

∗Number of available sets of data for each type of vessel
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Table B.7
Averaged estimated parameters of the elastic tube law for E4 estimation case.

Vess. Num.∗ K [kPa] m [––] n [––] Γ [Pasm]

Sheep systemic arteries

AA 12 2697.51 6.85 -7.11 0.00
BT 11 2242.90 12.31 -2.30 0.00
CA 11 1613.42 46.08 -118.27 0.00

DDA 11 4071.37 7.57 2.69 0.00
FA 11 2720.88 13.43 -28.23 0.00

MDA 11 1768.51 9.13 -15.11 0.00
PDA 11 869.77 12.00 -15.81 0.00

Sheep pulmonary arteries

LPA 11 2982.01 26.56 26.56 0.00
PT 10 4031.61 14.02 14.02 0.00

Sheep veins at high (H) pressure

HVCI 5 2789.18 18.67 -51.56 0.00
HVCS 8 3984.47 11.20 -0.40 0.00
HVF 5 834.91 35.58 -128.05 0.00
HVJ 8 3879.75 15.59 -2.21 0.00

Sheep veins at low (L) pressure

LVCI 10 2312.49 56.40 -135.08 0.00
LVCS 12 1285.00 14.37 -16.75 0.00
LVF 30 2288.13 19.42 -76.38 0.00
LVJ 10 1931.50 15.73 5.68 0.00

Human vessels

Fem 30 3482.06 30.97 -56.81 0.00
Saf 20 2087.20 49.14 -48.32 0.00

∗Number of available sets of data for each type of vessel
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Figure B.1: Fitted pressure curves for AA. Comparison between experimental and fitted pressure
curves for all the estimation cases of an example dataset of AA. Black solid lines represent averaged
experimental area-pressure and time-pressure curves, blue dash-dot lines represent the fitted curves ob-
tained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain
considering the viscoelastic cases V1-V4.
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Figure B.2: Fitted pressure curves for LPA. Comparison between experimental and fitted pressure
curves for all the estimation cases of an example dataset of LPA. Black solid lines represent averaged
experimental area-pressure and time-pressure curves, blue dash-dot lines represent the fitted curves ob-
tained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain
considering the viscoelastic cases V1-V4.
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Figure B.3: Fitted pressure curves for Fem. Comparison between experimental and fitted pressure
curves for all the estimation cases of an example dataset of Fem. Black solid lines represent averaged
experimental area-pressure and time-pressure curves, blue dash-dot lines represent the fitted curves ob-
tained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain
considering the viscoelastic cases V1-V4.
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C.1 Solution to RP (3.23) for the BFEs
Let us consider the following classical RP for the hyperbolized BFEs presented in the main

manuscript at eq. (3.34)-(3.36)

∂tQ+A(Q)∂xQ = 0, x ∈ R, t > 0 (C.1)

with initial condition

Q(x,0) =

QL, if x < xi+ 1
2
,

QR, if x > xi+ 1
2
.

(C.2)

QL and QR are constant states defined to both side of the cell interface xi+ 1
2
.

Our goal is to solve this RP under the condition that the flow is subcritical. Assuming a

subcritical flow is equivalent to asking that the fluid velocity u is smaller than the wave propa-

gation speed c, namely λ1 < 0 and λ8 > 0. Indeed, we recall that the hyperbolized BFEs present

8 waves (Montecinos et al., 2014), with associated eigenvalues given by

λ1(Q) = u− c, λ2,...,7(Q) = 0, λ8(Q) = u+ c. (C.3)

Within the subcritical regime, there is only a possible wave configuration in the x− t half

plane (see figure C.1) given by 4 constant states, namely QL,Q∗L,Q∗R,QR (Spilimbergo et al.,

2021). QL is left constant state (known) that is separated from the state Q∗L by the left family of

waves associated to λ1. Similarly, QR is right constant state (known) that is separated from the

state Q∗R by the right family of waves associated to λ8. Both left and right families of waves can

generate either shock waves or rarefactions (Montecinos et al., 2014). Finally, Q∗L and Q∗R are

the two unknown states that are separated by contact discontinuities. In order to identify these

two unknown states, and thus solve the RP, we need to establish appropriate jump conditions

across the family of waves to connect the unknown states Q∗L, Q∗R between them and to the

initial conditions QL, and QR.
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x

t

Figure C.1: Wave configuration. Representation of the wave configuration in the x− t half plane.

The solution to this RP can be obtained using various methods (Toro, 2009). Here we

apply a two-rarefaction approximate Riemann solver. Specifically, we assume that the waves

associated to λ1 and λ8 are rarefactions, and we use the related Riemann invariants to identify

the unknowns (Montecinos et al., 2014; Spilimbergo et al., 2021). The application of the solver

to our problem yields

A0,L = A0,∗L, h0,L = h0,∗L, Ee,L = Ee,∗L, Ec,L = Ec,∗L, pr,L = pr,∗L, (C.4)

A0,R = A0,∗R, h0,R = h0,∗R, Ee,R = Ee,∗R, Ec,R = Ec,∗R, pr,R = pr,∗R, (C.5)

and 

ψL +AL/ε = ψ∗L +A∗L/ε,

u∗L = uL −
∫ A∗L

AL

c̃T (ξ )
ξ

dξ ,

ψR +AR/ε = ψ∗R +A∗R/ε,

u∗R = uR +
∫ A∗R

AR

c̃T (ξ )
ξ

dξ ,

q∗L = q∗R,

p∗L +
1
2 ρu2

∗L = p∗R +
1
2 ρu2

∗R.

(C.6)

The equivalences in eq. (C.4) and (C.5) identify the first set of unknowns, while the system in

eq. (C.6) leads us to the determination of the remaining six variables, namely A∗L/R, q∗L/R, and

ψ∗L/R.

In order to solve system (C.6), we first apply the midpoint rule to the two integrals appearing
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C.1. Solution to RP (3.23) for the BFEs

in it. Specifically, we have

∫ A

Â

c̃T (ξ )

ξ
dξ ∼= (A− Â)

[
c̃T
(A+Â

2

)
A+Â

2

]
, (C.7)

with Â = AL,AL, and A = A∗L,A∗R. Later, we assume that the integrand function between Â and

A is flat enough to write that
c̃T
(A+Â

2

)
A+Â

2

≈ c̃T (Â)
Â

. (C.8)

As a result, system (C.6) becomes

ψL +AL/ε = ψ∗L +A∗L/ε,

u∗L = uL + c̃T (AL)− (A∗L/AL) · c̃T (AL),

ψR +AR/ε = ψ∗R +A∗R/ε,

u∗R = uR − c̃T (AR)+(A∗R/AR) · c̃T (AR),

q∗L = q∗R,

p∗L +
1
2 ρu2

∗L = p∗R +
1
2 ρu2

∗R.

(C.9)

We observe that the first 4 equations of the system can all be written in terms of A∗L and A∗R,

namely 

ψ∗L = g1(A∗L),

ψ∗R = g2(A∗R),

u∗L = h1(A∗L),

u∗R = h2(A∗R),

q∗L = q∗R,

p∗L +
1
2 ρu2

∗L = p∗R +
1
2 ρu2

∗R,

(C.10)

where g1,g2,h1,h2 are known. Additionally, we also note that q = Au, which allows us to write

the fifth equation as

A∗Lu∗L = A∗Ru∗R, (C.11)

and to identify a relation between A∗L and A∗R. Specifically, the previous equation represents

an ellipse of the form

c̃T (AR)

AR
A2
∗R +(uR − c̃T (AR))A∗R +

c̃T (AL)

AL
A2
∗L − (uL + c̃T (AL))A∗L = 0. (C.12)
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Writing thus A∗R as a function of A∗L, i.e. A∗R = f (A∗L), which represent the solution to the

ellipse, we can now write all the equations of system (C.10) in terms of the same unknown

ψ∗L = g1(A∗L),

ψ∗R = g2( f (A∗L)),

u∗L = h1(A∗L),

u∗R = h2( f (A∗L)),

A∗R = f (A∗L),

p∗L +
1
2 ρh2

1(A∗L) = p∗R +
1
2 ρh2

2( f (A∗L)).

(C.13)

Finally, after this long manipulation of the original system (C.6), we observe that system (C.13)

is characterized by a single non-linear equation (the last one) in terms of the unknown A∗L, and

multiple equivalences. Thus, applying a standard Newton method to the last equation, it allows

us to identify A∗L and successively to retrieve the remaining unknowns.
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C.2. Additional results related to the third-order implementation of the method

C.2 Additional results related to the third-order imple-
mentation of the method
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Figure C.2: Deadman test. A representation of the ADAN86 network is shown. In the top panel, the
colors indicate the errors between zero-flow solution and the third-order numerical solution computed
with either the GRP+DET-WB, or the GRP+DET. In the bottom panel, the colors indicate the errors
between the reference hydrostatic pressure distribution and the numerical solution computed with either
the GRP+DET-WB, or the GRP+DET. A focus on three vessels is provided in the middle of both panels.
All the results are shown in logarithmic scale.
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Figure C.3: Pressure distribution. Pressure distribution at the final simulation time along the ADAN86
network obtained with a third-order implementation of both the GRP+DET-WB method (left) and the
GRP+DET method (right). A focus on eight vessels is provided in the middle of the panel, showing
how the GRP+DET-WB results respect the expected hydrostatic distribution indicated in light gray. The
considered vessels are: LACA: left anterior cerebral artery, RICA: right internal carotid artery, LVA: left
vertebral artery, TA: thoracic aorta, RBA: right brachial artery, LRA: left radial artery, LFA: left femoral
artery, RATA: right anterior tibial artery.

152



C

C.2. Additional results related to the third-order implementation of the method
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Figure C.4: Transient test. Flow rate (left column) and pressure (right column) curves along the final
cardiac cycle of simulation at the midpoint of three selected blood vessels: left anterior cerebral artery
(orange), thoracic aorta (red), and left femoral artery (blue). Indication on the location of the vessels is
shown in the ADAN86 network representation on the left. Black dashed lines represent the reference
solution with no gravity in the different vessels.
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Figure D.1: Experimental devices. Tilt table.
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Figure D.2: Experimental devices. LabChart software recording real time data.

Figure D.3: Experimental devices. Digital transcranial Doppler.
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Figure D.4: Experimental setup. Data recording of a volunteer positioned at 0◦.

Figure D.5: Experimental setup. 3D echocardiography and duplex Doppler ultrasound of the femoral
artery of a volunteer positioned at 60◦.
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Figure D.6: Experimental setup. 3D echocardiography of a volunteer positioned at 60◦.

Figure D.7: Experimental setup. Duplex Doppler ultrasound of the femoral artery of a volunteer
positioned at 60◦.
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