
1. Introduction
It is a longstanding recognition that rivers tend to sort the sediment they carry. In an insightful review paper on 
sediment sorting in 1991 Gary Parker wrote: “The decade of the 1980's saw a major change in thinking concern-
ing sediment transport in rivers. Until that decade, research tended to be focused on uniform material. […] In 
the course of the 1980's, however, many of the important problems involving mixtures were at least formulated 
correctly. […] The writer expects that the 1990's will prove to be a decade in which the present understanding of 
the transport of mixtures will grow, and lead to a mechanistic explanations of most of the morphological conse-
quences” (Parker, 1991b). After nearly 30 years, we can safely state that the wish of Parker has been substan-
tially fulfilled. The attention devoted by the scientific community to various morphodynamic problems closely 
related to grain sorting is well portrayed by a number of experimental, numerical and field results. Among the 
morphological consequences discussed by Parker, we can recall the static and mobile armoring usually observed 
in gravel-bed rivers (e.g., Parker & Klingeman, 1982; Parker & Sutherland, 1990), the formation of longitudi-
nal streaks of sediment and sorting waves known as bedload sheets (e.g., Colombini & Parker, 1995; Iseya & 
Ikeda, 1987; Seminara et al., 1996; Whiting et al., 1988), the sorting patterns in meandering and braided streams 
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(e.g., Ashworth et al., 1992; Ikeda, 1989; Parker & Andrews, 1985; Seminara et al., 1997; Sun et al., 2001), the 
sequences of “bar-flat” units in ephemeral streams (Powell et al., 2012), and the progressive downstream fining 
that arises due to the combined effect of selective deposition and grain abrasion (e.g., Cui et al., 1996; R. I. 
Ferguson et al., 1996; Hoey & Ferguson, 1994; Parker, 1991a; Paola & Seal, 1995; Paola et al., 1992).

A morphodynamic problem that was not explicitly mentioned in Parker's review is that of river bifurcations. This 
lack is somehow understandable, since the first attempt to describe river bifurcations through a morphodynamic 
model came some years later (Wang et al., 1995), despite some interesting analysis were already conducted, both 
theoretically and experimentally, by Kawai  (1991). On the other hand, Parker recognized that a multi-thread 
morphology could have significant implications on grain sorting, in particular regarding downstream fining. 
Braided streams often display local lateral “patches” of sediment, each one with its own characteristic distribution 
(Paola & Seal, 1995). These patches can dominate the process of selective deposition, and thus the downstream 
decrease of grain size.

Little is known, however, about how grain size distribution may affect the sediment flux partition at individual 
bifurcations, which can be regarded as the basic units of multi-thread streams (e.g., Ashmore, 2013; Kleinhans 
et al., 2013; Ragno et al., 2021). The occurrence of sorting in natural bifurcations is highlighted by several field 
studies (Ashworth et al., 1992; Burge, 2006; Frings & Kleinhans, 2008; Kästner & Hoitink, 2019; Szewczyk 
et al., 2021), whereas laboratory experiments are restricted to a handful of works performed by Hasegawa and 
co-workers nearly 20 years ago (e.g., Hirose et al., 2003; Meguro et al., 2002). From these experiments, which 
were conducted with reference to a geometrically symmetric bifurcation, the tendency for a bed coarsening of 
the channel carrying the largest amount of water and sediment emerged. This behavior is consistent with the 
field-based analysis carried out by Burge (2006) on several bifurcation-confluence units in the gravel-bedded 
Renous River, Canada (Figure 1). Despite the wealth of factors that may potentially affect flow and sediment 
discharge division in the field, the data collected by Burge (2006) showed that an unbalanced flux distribution at 
the bifurcation is associated with a different bed topography and sorting pattern. Specifically, the channel carry-
ing the lowest amount of water and sediment is characterized by a higher bed elevation due to bar formation at 
the channel entrance, in turn preventing the coarser fraction of sediment to be carried downstream in that branch.

The majority of theoretical models of river bifurcations developed so far focused on the case of uniform material. 
The only exception the writers are aware of is the recent analysis performed by Schielen and Blom (2018), which 
follows a straightforward generalization of the Wang et al. (1995) model. In addition to the limitations embedded 
in this model, in which sediment partitioning relies on an empirical parameter strongly dependent on the transport 
formula adopted, Schielen and Blom (2018) neglect several basic, yet fundamental mechanisms closely tied to 
grain sorting. In particular, both the so-called hiding effect, which reduces the differences in mobility between 
heavier and lighter grains, and the dependence on grain size of gravitational force on the lateral sediment trans-
port are discarded.

It is now fairly recognized that the gravitational pull along transverse bed slopes represents a key effect deter-
mining bifurcation evolution, at least in gravel-bed streams (Bolla Pittaluga et al., 2003). In the case of mixtures 
the picture becomes more complex, since it is still unclear what is the role of grain exposure and hiding on the 
lateral transport of different grain sizes (Kleinhans et al., 2013; Sloff & Mosselman, 2012). So far, two different 

Figure 1. Example of a bifurcation-confluence unit on the Renous River (Canada) analyzed by Burge (2006): (a) planform view and (b) map of the spatial distribution 
of the median grain size at a bifurcation-confluence unit (adapted from his Figure 4). Bed coarsening in the wider and most-carrying right branch is clearly discernible.
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recipes can be found in the literature, though with a lack of a sound mechanistic justification: a first approach 
assumes that hiding also affects the transport direction (e.g., Lanzoni & Tubino, 1999; Nelson et al., 2015; Parker 
& Andrews, 1985); differently, other works neglect the effect of hiding by assuming that the transverse downslope 
movement depends on the different weight of grain sizes composing the mixture (e.g., Cordier et al., 2019; Singh 
et al., 2017).

In this work we tackle the problem of grain sorting in river bifurcations with the inspiring words of Parker in 
mind. The main issues we intend to address are: why does the bed coarsen in the most-carrying branch form? 
What are the key mechanisms controlling this behavior? What is the role of hiding on lateral sorting? Can bifur-
cations enhance downstream fining in a multi-thread morphology? In order to answer these questions, a suitable 
treatment of sediment mixtures for a free (i.e., geometrically symmetric with no external effects) bifurcation is 
incorporated within the widely employed modeling framework of Bolla Pittaluga et al. (2003) (hereafter denoted 
with the acronym BRT). The attention is restricted to the case of gravel-bed rivers.

2. Formulation of the Problem
Let the scheme illustrated in Figure 2a be considered, where a main channel of width W0 splits in two branches 
of width W1 = W2 = W0/2. The main channel is fed by constant water and sediment supply. The BRT two-cell 
approach allows for considering, in a simplified manner, the two-dimensional topographical effects that phys-
ically manifest just upstream the bifurcation through the formation of a steady alternate bar (see e.g., Redolfi 
et  al.,  2019 for more details). Here, the key difference with respect to the classical BRT scheme consists in 
assuming a river bed surface that is composed by a mixture of sediment distributed according to the probability 
density f(ϕ), where ϕ is the sedimentological scale for particle size. Specifically, if d denotes a generic grain size, 
then ϕ is defined such that:

𝜙𝜙 = −log2(𝑑𝑑∕𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 ), (1)

with dref conventionally set to 1 mm. Note that the use of the word surface is not of secondary importance. Indeed, 
it is assumed that the sediment available for transport is embedded in a superficial active layer (Hirano, 1971), 

Figure 2. Sketch of the free bifurcation model. (a) Plan view, where arrows indicate the water fluxes within the channel and 
between the nodal cells; (b) detail of sediment fluxes for the fine (yellow) and the coarse (dark red) fractions. Without loss of 
generality, we assume that most of water and sediment is flowing toward the left branch (channel 1).
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which is typically coarser than the substrate (Parker & Klingeman, 1982). Accordingly, the transport relations 
that will be adopted are surface-based.

We focus on the steady state configurations of the system. Therefore, following BRT formulation we consider all 
the variables (flow depth, velocity, grain size distribution) to be spatially uniform within each channel, with the 
exception of the area just upstream the bifurcation node.

With reference to Figure 2a, let fi (i = 0, 1, 2) denote the grain size distribution in each channel i. The correspond-
ing values of geometric mean grain size dgi and standard deviation σgi are then given by:

𝑑𝑑𝑔𝑔𝑔𝑔 = 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟2
−𝜙𝜙𝑚𝑚𝑔𝑔 , 𝜎𝜎𝑔𝑔𝑔𝑔 = 2𝜎𝜎𝑔𝑔 , (2)

where ϕmi and σi are defined as:

𝜙𝜙𝑚𝑚𝑚𝑚 = ∫
+∞

−∞

𝑓𝑓𝑚𝑚𝜙𝜙 𝜙𝜙𝜙𝜙𝜙 𝜙𝜙2
𝑚𝑚 = ∫

+∞

−∞

𝑓𝑓𝑚𝑚(𝜙𝜙 − 𝜙𝜙𝑚𝑚𝑚𝑚)
2
𝜙𝜙𝜙𝜙𝑑 (3)

The volumetric sediment flux per unit width in each channel, qsi, is then computed as:

𝑞𝑞𝑠𝑠𝑠𝑠 = ∫
+∞

−∞

𝑓𝑓𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠 𝑑𝑑𝑠𝑠𝑑 (4)

If we consider bedload only, a general relation for the transport rate qsϕ of grain size ϕ can be expressed in the 
following form (e.g., Parker, 1990; Parker & Klingeman, 1982):

𝑞𝑞𝑠𝑠𝑠𝑠 =
(𝜏𝜏∕𝜌𝜌)3∕2

𝑔𝑔Δ
(𝜁𝜁 ), 𝜁𝜁 = 𝑔𝑔ℎ𝑟𝑟

𝜃𝜃𝑔𝑔

𝜃𝜃𝑟𝑟
, (5)

where θg is the Shields mobility number:

𝜃𝜃𝑔𝑔 =
𝜏𝜏

𝜌𝜌𝑔𝑔Δ𝑑𝑑𝑔𝑔

, (6)

and θr is the reference value of Shields number for sediment motion, τ is the bottom shear stress, g is the gravity 
acceleration, ρ is the water density, and Δ is the relative submerged weight of sediment. Various expressions for 
the transport function 𝐴𝐴 (𝜁𝜁 ) have been proposed through the years (e.g., Ashida & Michiue, 1972; Parker, 1990; 
Powell et  al.,  2001; Wilcock & Crowe,  2003). Regardless of its explicit expression, the fundamental aspect 
is that 𝐴𝐴 (𝜁𝜁 ) accounts for the different mobility of individual grain sizes through the reduced hiding function            

𝐴𝐴 𝐴𝐴ℎ𝑟𝑟 =  (𝑑𝑑𝐴𝐴∕𝑑𝑑) .

Since the seminal work by Einstein (1950), it is well known that the transport of mixtures is affected by two 
competing mechanisms. On one hand, larger grains are harder to be moved as they are heavier than finer grains. 
If this mechanism is the only one at play, it would imply that every grain in the mixture would act as if it is 
surrounded by grains of the same size (Parker, 2004). It follows that accounting just for the different weight of 
sediment would lead ghr to be simply proportional to the ratio dg/d, a condition that is typically called “grain (or 
gradation) independence” (Parker & Klingeman, 1982). On the other hand, grains in mixtures actually feel their 
neighbors. Fine grains tend to be shielded by coarse grains, which in turn protrude more into turbulent flow and 
thus are subject to a higher fluid drag (Egiazaroff, 1965; Einstein, 1950; Parker, 2008). The effect of hiding then 
partially compensates for the weighting dg/d toward fine grains (Parker, 1991b). This mechanism allows to define 
a second limiting case, that is the so-called condition of “equal mobility” (i.e., ghr = 1). It has been shown that 
most gravel-bed rivers tend to move the coarse and fine halves of the gravel load supplied to them at nearly the 
same rate, which is accomplished through the formation of a pavement layer (i.e., mobile armor) at the bottom 
surface (e.g., Parker & Klingeman, 1982; Parker & Toro-Escobar, 2002). Nevertheless, equal mobility is seldom 
achieved in a strict sense (e.g., Ashworth & Ferguson, 1989). The reduced hiding function ghr is shown in Figure 
A1 of Appendix A, in accordance to some of the most-used expressions available in the literature.

The fundamental element of the BRT formulation consists in a nodal point relation that allows to predict how the 
incoming sediment flux qs0 is distributed between the downstream branches. The model is based on the appli-
cation of sediment mass continuity equation to each nodal cell, accounting for the lateral exchange of sediment 
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driven by flow exchange and transverse slope. In the case of mixtures, it has been largely debated on how sort-
ing mechanisms affect not only the transport capacity of the flow, but also the lateral transport. Indeed, on a 
sloping plane gravity tends to differently pull downhill sediment particles depending on their weight (Parker 
& Andrews, 1985; Yamasaka et al., 1987). The BRT nodal point relation can be readily amended following the 
expression proposed by Parker and Andrews (1985). We then compute the transverse flux (per unit length) qsyϕ 
of sediment of size ϕ in the form:

𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑞𝑞𝑠𝑠0𝑠𝑠

[

𝑞𝑞𝑠𝑠

𝑞𝑞0
−

𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟

(𝜂𝜂1 − 𝜂𝜂2)

𝑊𝑊0∕2

]

, (7)

where qy is the lateral flow exchange (per unit length) between the two cells, q0 is the incoming water discharge 
(per unit width), η1,2 are the bed elevations at the inlet of the two downstream branches, and the parameter r is the 
Ikeda coefficient controlling the magnitude of the gravitational effect (Ikeda, 1982).

The function lhr takes into account the dependence on grain size of the gravitational pull on the transversal 
exchange of sediment. The assumption that the effect of hiding must also be included in the function lhr has 
been widely used in theoretical and numerical studies of sorting patterns in meandering rivers (Parker & 
Andrews, 1985; Sun et al., 2001) and alternate bars formation (Hasegawa et al., 2000; Lanzoni & Tubino, 1999; 
Nelson et al., 2015). Differently, other works have relied on the assumption of grain independence. This was done, 
among others, by Olesen (1987), Singh et al. (2017), Qian et al. (2017), and Cordier et al. (2019), yet without a 
mechanistic motivation. Nonetheless, Yamasaka et al. (1987) performed several experiments by means of a lateral 
tilting wind tunnel. Their results give some support to the reliability of the gradation independence assumption, 
in spite of the fact that just air flows were used.

In this paper, the transport function 𝐴𝐴  and the reduced hiding function ghr are computed using the expressions 
proposed by Wilcock and Crowe (2003):

(𝜁𝜁 ) =
⎧

⎪

⎨

⎪

⎩

0.002 𝜁𝜁 7.5
if 𝜁𝜁 𝜁 1.35

14.2
(

1 −
0.894

𝜁𝜁0.5

)4.5

if 𝜁𝜁 ≥ 1.35
, (8a)

𝑔𝑔ℎ𝑟𝑟 =

(

𝑑𝑑

𝑑𝑑𝑔𝑔0

)−𝑏𝑏

, 𝑏𝑏 =
0.67

1 + exp(1.5 − 𝑑𝑑∕𝑑𝑑𝑔𝑔0)
, (8b)

where a constant value of the reference Shields θr = 0.036 is used, therefore assuming a gravel mixture without 
a significant presence of sand.

Regarding the function lhr, we have tested both alternatives, namely lhr = ghr or lhr = dg0/d (“grain independence”), 
and found that the latter assumption leads to better agreement with field and laboratory observations, as will be 
further discussed in the text.

The system of nodal point conditions is then completed by assuming the water surface elevation at the bifurca-
tion node to be the same in the three branches (i.e., H0 = H1 = H2), and imposing the conservation of the water 
discharge:

𝑞𝑞1 + 𝑞𝑞2 = 2 𝑞𝑞0. (9)

The flow rate q is expressed through the following uniform flow relation:

𝑞𝑞 = 𝑐𝑐 𝑐𝑐3∕2
√

𝑔𝑔𝑔𝑔𝑔 𝑐𝑐 = 𝑐𝑐(𝜙𝜙𝑔𝑐𝑐)𝑔 (10)

where D is the flow depth and S is the channel slope, and the dimensionless Chézy coefficient c is assumed to 
depend on both the flow depth and the bed surface composition. Specifically, assuming the absence of small 
bedforms like ripples and dunes, the Chézy coefficient is expressed through the following logarithmic-type rela-
tion (e.g., Keulegan, 1938):

𝑐𝑐 = 6 + 2.5 log

(

𝐷𝐷

𝑘𝑘𝑠𝑠

)

, (11)
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where the roughness height ks depends on the diameter dσ that represents the size of the coarser part of the grain 
size distribution (Parker, 1991b):

𝑘𝑘𝑠𝑠 = 𝑛𝑛𝜎𝜎𝑑𝑑𝜎𝜎 = 𝑛𝑛𝜎𝜎𝑑𝑑𝑔𝑔2
𝜎𝜎, (12)

with nσ ≃ 2–3.5 (e.g., Parker, 2008).

Henceforth, we consider the simplest case of a bimodal mixture composed by a coarse component of size ϕC and 
fine part of size ϕF, whose proportion on the bed surface is indicated by fC and fF = 1 − fC. Once applied to the 
two fractions, Equation 7 yields:

𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑞𝑞𝑠𝑠𝑠𝑠𝑠

[

𝑞𝑞𝑠𝑠

𝑞𝑞0
−

𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝑠𝑠

(𝜂𝜂1 − 𝜂𝜂2)

𝑊𝑊0∕2

]

, (13a)

𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑞𝑞𝑠𝑠𝑠𝑠𝑠

[

𝑞𝑞𝑠𝑠

𝑞𝑞0
−

𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝑠𝑠

(𝜂𝜂1 − 𝜂𝜂2)

𝑊𝑊0∕2

]

, (13b)

which constitute the basic nodal point relations. Taking the length of the nodal cells equals to αW0 (see Figure 2), 
the lateral fluxes are related to the sediment transport within the channels through the following mass conserva-
tion equations:

𝑞𝑞𝑦𝑦 =
1

2𝛼𝛼
(𝑞𝑞1 − 𝑞𝑞0), (14a)

𝑓𝑓0𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝑠𝐶𝐶 =
1

2𝛼𝛼
(𝑓𝑓1𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 − 𝑓𝑓0𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 ), (14b)

𝑓𝑓0𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝑠𝐹𝐹 =
1

2𝛼𝛼
(𝑓𝑓1𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 − 𝑓𝑓0𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 ), (14c)

where, consistently with previous studies (e.g., Ragno et al., 2021), in the following a representative value α = 4 
is considered.

Summarizing, the generalization to the case of a bimodal mixture of the BRT model for a free bifurcation trans-
lates into the following system of nonlinear algebraic equations:

𝑞𝑞1 + 𝑞𝑞2 = 2𝑞𝑞0, (15a)

𝑓𝑓1𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 = 𝑞𝑞𝑠𝑠𝑠𝐶𝐶𝑓𝑓0𝐶𝐶

[

𝑞𝑞1

𝑞𝑞0
−

2𝑟𝑟𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝐶𝐶

(𝜂𝜂1 − 𝜂𝜂2)

𝑊𝑊0∕2

]

, (15b)

𝑓𝑓1𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 = 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 𝑓𝑓0𝐹𝐹

[

𝑞𝑞1

𝑞𝑞0
−

2𝑟𝑟𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝐹𝐹

(𝜂𝜂1 − 𝜂𝜂2)

𝑊𝑊0∕2

]

, (15c)

𝑓𝑓1𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 + 𝑓𝑓2𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 = 2𝑓𝑓0𝐶𝐶𝑞𝑞𝑠𝑠𝑠𝐶𝐶 , (15d)

𝑓𝑓1𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 + 𝑓𝑓2𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 = 2𝑓𝑓0𝐹𝐹 𝑞𝑞𝑠𝑠𝑠𝐹𝐹 , (15e)

𝐻𝐻0 = 𝐻𝐻1 = 𝐻𝐻2. (15f)

3. Linear Analysis
The system (15a–15f) admits of a trivial, balanced solution, in which water and sediment discharges are evenly 
distributed between the two branches, so that no exchange occurs between the two nodal cells, and the flow 
parameters and grain size distribution are the same throughout the domain and coincide with those of the 
upstream channel. It is well established that the stability of such balanced solution is primarily controlled by the 
(half) width-to-depth ratio (or aspect ratio) of the main channel β0 = W0/(2D0) (e.g., Bolla Pittaluga et al., 2003; 
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Redolfi et al., 2019). In particular, there exists a critical value βcr for which a pitchfork bifurcation of the equi-
librium diagram appears, so that for larger values of β0 the trivial balanced solution becomes unstable, and two 
stable, unbalanced solutions emerge.

The marginal stability condition for which slightly unbalanced, steady solutions are possible can be found through 
a linear analysis of system (15a–15f) considering the balanced solution as the base state, which is then altered by 
adding an infinitesimal perturbation. We note that in the case of a sediment mixture the base state can be uniquely 
defined once the dimensionless parameters describing the hydraulic and sediment characteristics of the main 
upstream channel are assigned, namely β0, θg0, dg0, f0C, and σ0.

In practice, each dependent variable (say X) is expanded as follows:

𝑋𝑋 = 𝑋𝑋0 + 𝛿𝛿�̂�𝑋𝑋 𝛿𝛿 𝑋 1𝑋 (16)

with δ indicating the order of magnitude of the perturbation. Substituting from Equation  16 into Equa-
tions 15a–15f, expanding in Taylor series and neglecting higher-order terms arising from nonlinear interactions, 
we obtain a linear system that can be expressed in terms of the unknowns 𝐴𝐴 �̂�𝐷 and 𝐴𝐴 𝑓𝑓𝐶𝐶 as follows:

⎛

⎜

⎜

⎝

𝑎𝑎11 𝑎𝑎12

𝑎𝑎21 𝑎𝑎22

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

�̂�𝐷

𝑓𝑓𝐶𝐶

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎝

0

0

⎞

⎟

⎟

⎠

, (17)

where the algebraic coefficients aij are given by:

𝑎𝑎11 = 𝑞𝑞𝜂𝜂𝜂𝜂 −
(

3

2
+ 𝑐𝑐𝐷𝐷

)

−
4𝑟𝑟𝑟𝑟

𝛽𝛽0
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝜂𝜂
, (18a)

𝑎𝑎12 = 𝑞𝑞𝜙𝜙𝜙𝜙 (𝜙𝜙0𝜙𝜙 − 𝜙𝜙0𝐹𝐹 ) − 𝑐𝑐𝜙𝜙(𝜙𝜙0𝜙𝜙 − 𝜙𝜙0𝐹𝐹 ) − 𝑐𝑐𝜎𝜎𝜎𝜎𝑓𝑓 +
1

𝑓𝑓0𝜙𝜙

, (18b)

𝑎𝑎21 = 𝑞𝑞𝜂𝜂𝜂𝜂 −
(

3

2
+ 𝑐𝑐𝐷𝐷

)

−
4𝑟𝑟𝑟𝑟

𝛽𝛽0
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝜂𝜂
, (18c)

𝑎𝑎22 = 𝑞𝑞𝜙𝜙𝜙𝜙 (𝜙𝜙0𝐶𝐶 − 𝜙𝜙0𝜙𝜙 ) − 𝑐𝑐𝜙𝜙(𝜙𝜙0𝐶𝐶 + 𝜙𝜙0𝜙𝜙 ) − 𝑐𝑐𝜎𝜎𝜎𝜎𝑓𝑓 −
1

𝑓𝑓0𝐶𝐶

. (18d)

Various coefficients appear in Equations  18a–18d. Specifically, cD, cϕ, and cσ measure the sensitivity of the 
Chézy coefficient to variations of flow depth and grain size distribution, being defined as follows:

𝑐𝑐𝐷𝐷 =
1

𝑐𝑐0

𝜕𝜕𝑐𝑐

𝜕𝜕𝐷𝐷

|

|

|

|𝐷𝐷0

, 𝑐𝑐𝜙𝜙 = −log(2)𝑐𝑐𝑑𝑑, 𝑐𝑐𝜎𝜎 = −𝑐𝑐𝜙𝜙, 𝑐𝑐𝑑𝑑 =
𝑑𝑑𝑔𝑔0

𝑐𝑐0

𝜕𝜕𝑐𝑐

𝜕𝜕𝑑𝑑𝑔𝑔

|

|

|

|𝑑𝑑𝑔𝑔0

. (19)

The coefficients qη and qϕ, which measure the sensitivity of the transport rate to variations of Shields number and 
grain size composition, read as:

𝑞𝑞𝜂𝜂 =
3

2
+ Γ, 𝑞𝑞𝜙𝜙 = 𝜁𝜁𝜙𝜙Γ, Γ =

𝜁𝜁0

0

𝑑𝑑
𝑑𝑑𝜁𝜁

|

|

|

|0

, (20)

where:

𝜁𝜁0 =
𝜃𝜃𝑔𝑔0

𝜃𝜃𝑟𝑟
𝑔𝑔ℎ𝑟𝑟𝑟, 𝜁𝜁𝜙𝜙 = (𝑔𝑔ℎ𝑟𝑟𝑟𝑟 + 1)log(2), 𝑔𝑔ℎ𝑟𝑟𝑟𝑟 =

1

𝑔𝑔ℎ𝑟𝑟𝑟

𝜕𝜕𝑔𝑔ℎ𝑟𝑟

𝜕𝜕(𝑟𝑟∕𝑟𝑟𝑔𝑔)

|

|

|

|𝑟𝑟𝑔𝑔0

, (21)

with ghrd denoting the perturbation of the reduced hiding function due to grain size variations, and finally:

𝜎𝜎𝑓𝑓 =
𝜕𝜕𝜎𝜎

𝜕𝜕𝑓𝑓𝐶𝐶

|

|

|

|0

. (22)
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A nontrivial solution of system (17) exists (i.e., 𝐴𝐴 �̂�𝐷 ≠ 0 and 𝐴𝐴 𝑓𝑓𝐶𝐶 ≠ 0 ) provided the determinant of the matrix of 
coefficients is different from zero. This allows for determining the marginal conditions for the stability of the 
bifurcation system, which can be cast into the following general functional form:

 (𝛽𝛽𝑐𝑐𝑐𝑐, 𝜃𝜃𝑔𝑔0, 𝑑𝑑𝑔𝑔0, 𝑓𝑓0𝐶𝐶 , 𝜎𝜎0) = 0. (23)

From Equation 23, the following explicit expression for the critical aspect ratio βcr is obtained:

𝛽𝛽𝑐𝑐𝑐𝑐 =
4𝑐𝑐𝑟𝑟
√

𝜃𝜃𝑔𝑔0

(

𝑎𝑎22
√

𝑙𝑙ℎ𝑐𝑐𝑟𝑟

−
𝑎𝑎12

√

𝑙𝑙ℎ𝑐𝑐𝑟𝑟

)

1
[(

𝑞𝑞𝜂𝜂𝑟𝑟 − 3∕2 − 𝑐𝑐𝐷𝐷
)

𝑎𝑎22 −
(

𝑞𝑞𝜂𝜂𝑟𝑟 − 3∕2 − 𝑐𝑐𝐷𝐷
)

𝑎𝑎12
] . (24)

The values of the critical aspect ratio βcr as predicted by Equation 24 are plotted in Figure 3a as a function of the 
Shields number θg0 and for different values of the standard deviation σ0, by assuming gradation independence 
along the lateral direction. Furthermore, the reference mixture is assumed to be composed of an equal amount of 
the two fractions, thus f0C = f0F = 1/2.

For σ0 = 0 (i.e., uniform grain size), the critical aspect ratio βcr generally increases with θg0, consistently with 
the result obtained through existing uniform sediment models for bifurcations in gravel bed (Bolla Pittaluga 
et al., 2003). However, for small values of the Shields number the marginal curve displays an opposite trend, 
which is a consequence of the piecewise-form of the adopted transport function 𝐴𝐴  (Equation 8), whose lower 
branch reduces to a simple power law. In this case, the coefficients qηC and qηF in Equation 24 are constant and the 
critical aspect ratio becomes inversely proportional to the square root of θg0. The minimum of the marginal curve 
basically corresponds to the value at which the mobility parameter for the coarse fraction crosses the threshold 
ζ = 1.35.

Increasing the standard deviation of the sediment mixture, the Shields number corresponding to the minimum of 
the marginal curve also increases. As a consequence, the effect of sediment sorting on bifurcation stability highly 
depends on the value of θg0: for relatively small values of θg0 the critical aspect ratio increases with σ0, while for 
larger values the effect of sorting is almost negligible, but for the case of poorly sorted mixtures (σ0 = 2), for 
which the critical aspect ratio undergoes a strong reduction.

Figure 3. Outcomes of linear analysis depending on reference Shields number θg0 for increasing values of the standard 
deviation σ0. (a) Critical aspect ratio βcr and (b) perturbation of the coarse fraction 𝐴𝐴 𝑓𝑓𝐶𝐶 in the dominant channel for a unitary 
depth perturbation 𝐴𝐴 �̂�𝐷 = 1 . The plots are shown for dg0 = 0.02.
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To provide a physical interpretation of the effect of sorting on the critical aspect ratio, it proves useful to intro-
duce the hypothesis that perturbations of the bed composition exert a minor effect on the total sediment transport, 
which implies that:

𝑎𝑎12 + 𝑎𝑎22 ≃ 0. (25)

In this case a simplified expression for the critical aspect ratio is readily obtained by summing the two Equa-
tion 17, which leads to:

𝛽𝛽𝑐𝑐𝑐𝑐 =
4𝑐𝑐𝑟𝑟
√

𝜃𝜃𝑔𝑔0

1

2

(

1
√

𝑙𝑙ℎ𝑐𝑐𝑟𝑟

+
1

√

𝑙𝑙ℎ𝑐𝑐𝑟𝑟

)

1
[(

𝑞𝑞𝜂𝜂𝑟𝑟 + 𝑞𝑞𝜂𝜂𝑟𝑟

)

∕2 − 3∕2 − 𝑐𝑐𝐷𝐷
] . (26)

The appropriateness of this hypothesis is checked by comparing results of Equation 26 with those illustrated in 
Figure 3a, showing that the simplified expression is sufficient to capture the effect of increasing sediment heter-
ogeneity (see Figure S6 in Supporting Information S1). Equation 26 highlights that the effect of mixed sediment 
on the stability of bifurcation depends on the role of the two terms within the parenthesis, which measure grav-
itational effects and variations in sediment transport capacity, providing the basis for the physical interpretation 
of Section 5.1.

Another useful information that can be deduced from the linear analysis is the relative importance of the pertur-
bations of depth and grain composition, which can be quantified by differentiating Equation 17:

𝑓𝑓𝐶𝐶 =
1

𝑎𝑎12 − 𝑎𝑎22

[

4𝑟𝑟𝑟𝑟

𝛽𝛽𝑐𝑐𝑟𝑟
√

𝜃𝜃𝑔𝑔0𝑙𝑙ℎ𝑟𝑟𝐶𝐶

(

1
√

𝑙𝑙ℎ𝑟𝑟𝐶𝐶

−
1

√

𝑙𝑙ℎ𝑟𝑟𝑟𝑟

)

− (𝑞𝑞𝜂𝜂𝐶𝐶 − 𝑞𝑞𝜂𝜂𝑟𝑟 )

]

�̂�𝐷𝐷 (27)

Considering a unitary depth perturbation (i.e., 𝐴𝐴 �̂�𝐷 = 1 ) this gives the result illustrated in Figure 3b, which shows 
how the deeper branch (i.e., the one carrying the largest amount of flow and sediment) is in general characterized 
by bed coarsening, except for a small range of θg0 values.

4. Equilibrium Configurations
The linear analysis presented above provides information about the critical point and on the relative amplitude of 
the small perturbations in a small neighborhood of the critical state. However, to obtain a complete overview of 
the equilibrium solutions the fully nonlinear problem (15a–15f) needs to be solved.

Model outputs are here analyzed in terms of different dimensionless asymmetry indexes:

Δ𝑄𝑄 =
𝑞𝑞1 − 𝑞𝑞2

2𝑞𝑞0
, Δ𝑄𝑄𝑠𝑠𝑠𝑠 =

𝑓𝑓1𝑞𝑞𝑠𝑠1𝑠𝑠 − 𝑓𝑓2𝑞𝑞𝑠𝑠2𝑠𝑠

𝑓𝑓1𝑞𝑞𝑠𝑠1𝑠𝑠 + 𝑓𝑓2𝑞𝑞𝑠𝑠2𝑠𝑠
, Δ𝑓𝑓𝑠𝑠 =

𝑓𝑓1 − 𝑓𝑓2

𝑓𝑓1 + 𝑓𝑓2

, (28)

which measure the deviation from a balanced configuration, and span between −1 and +1. Specifically, the 
asymmetry indexes (28) can be taken as representative indicators of the bifurcation response in terms of flow 
distribution (ΔQ), fractional sediment partition (ΔQsϕ), and size composition (Δfϕ) of downstream channels. 
These outputs are then examined as a function of the distance from critical conditions, which can be measured 
through the following parameter:

𝜖𝜖 =
𝛽𝛽0 − 𝛽𝛽𝑐𝑐𝑐𝑐

𝛽𝛽𝑐𝑐𝑐𝑐
, (29)

which takes positive or negative values depending on the main channel falling under subcritical or supercritical 
conditions.

Equilibrium diagrams are shown in Figures 4 and 5, where the asymmetry indexes defined in Equation 28 are 
compared against the scaled aspect ratio ϵ for different degrees of sediment heterogeneity. Due to the geomet-
rical symmetry of the problem, just one equilibrium configuration can be studied, say the case where channel 
1 carries most of water and sediment (i.e., ΔQ > 0). As in the uniform sediment case (i.e., σ0 = 0) described by 
BRT, for ϵ > 0 the balanced configuration (i.e., ΔQ = 0) is unstable, and the system attains a stable steady state 
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characterized by an unequal discharge distribution (Figure 4a), whose degree of asymmetry increases with ϵ. In 
addition, the unbalanced solution is characterized by a variation of the surface composition in the two branches. 
Specifically, when increasing ϵ the model shows a progressive coarsening of the dominant branch with respect 
to less carrying channel, as shown by the trend of ΔfC (Figure 4b). The degree of asymmetry of the solution is 

Figure 5. Equilibrium diagrams, where the downstream (a) relative channel slope S/S0, (b) mean grain size dg/dg0, and (c) 
Shields mobility number θg/θg0 of the individual branches are shown against the scaled aspect ratio ϵ for different values of 
the standard deviation σ0. In panels (b, c), the continuous lines stand for the uniform case (i.e., σ0 = 0), while dashed lines 
denote different values of σ0 according with the symbolism employed in (a). Blue and red tones indicate the most-carrying 
and less-carrying channel, respectively. Fixed parameters are: θg0 = 0.07, dg0 = 0.02.

Figure 4. Equilibrium diagrams, where the different asymmetry indexes are compared against the reduced aspect ratio ϵ. The 
outcomes are displayed in terms of (a) ΔQ, (b) ΔfC, (c) ΔQsC, and (d) ΔQsF, for different values of the standard deviation σ0. 
Fixed parameters are: θg0 = 0.07, dg0 = 0.02.
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found to generally reduce when considering an heterogeneous mixture. Specifically, for increasing values of 
σ0 the model predicts a systematic decrease of the discharge asymmetry ΔQ and an overall tendency toward a 
decrease of ΔfC.

The combined effect of the variations of ΔQ and ΔfC are associated with an asymmetric distribution of the sedi-
ment fluxes (Figures 4c and 4d). Due to the strong nonlinear relationship between the transport function and flow 
conditions, ΔQsϕ sharply increases with ϵ. However, while the effect of sorting on ΔQsC is fairly weak, a strong 
reduction of the fine fraction partition is predicted by the model. Consequently, the outcomes suggest that while 
the coarse fraction is almost entirely carried by the channel capturing the largest amount of flow, sediment sorting 
lets the penalized branch to carry a considerable fraction of fine material.

Recalling that in the BRT formulation the bifurcates have the same bed slope at equilibrium, Figure 5a shows 
that greater values of the standard deviation are followed by a drop of the channel slope. Moreover, when the 
mean grain size distribution is analyzed (Figure 5b), it can be appreciated the substantial fining occurring in the 
lowest-carrying branch, while the dominant branch retains nearly the same distribution with respect to the main 
thread. As a net result, the average grain size of the two branches is always lower than the feeding channel, to the 
point that for sufficiently wide channels both branches show a bed composition that is finer than that imposed 
upstream, as it will be discussed in Section 5.3. The variation of grain size composition is in turn associated with 
a modification of the transport capacity as compared to the uniform case. In particular, as illustrated in Figure 5c, 
the progressive fining substantially increases the mobility of the less-carrying branch.

As mentioned earlier, the above findings are obtained by considering the Wilcock and Crowe (2003) formulas. 
However, it is worth observing that the trends showed by the model outcomes are qualitatively reproduced even 
if other transport predictors and relations for hiding function are chosen (see Figures S1 and S2 in Supporting 
Information S1).

5. Discussion
5.1. Physical Interpretation of Model Results

Model results presented above show that grain sorting can affect the stability of channel bifurcations. The quanti-
fication of this effect through the linear analysis of the governing system (15a–15f) provides an expression for the 
critical aspect ratio that can be regarded as an extension of existing formulas to the case of mixed sediment. As in 
the case of uniform bed material, critical conditions occur when there exists a balance between sediment transport 
capacity and sediment supply, where the latter depends on the gravitational effect due to lateral bed slope. This 
balance is affected by the presence of a mixed sediment, which (a) increases the effectiveness of the gravitational 
mechanism, thus exerting a stabilizing effect; (b) increases the sensitivity of the sediment transport capacity to 
variations of water depth, then contributing to destabilize the system. Specifically, in the simplified expression 
for the critical aspect ratio (26) the term:

1

2

(

1
√

𝑙𝑙ℎ𝑟𝑟𝑟𝑟

+
1

√

𝑙𝑙ℎ𝑟𝑟𝑟𝑟

)

, (30)

which is equal to one for a uniform sediment composition, tends to grow with σ0, indicating that the presence 
of a sediment mixture increases the overall magnitude of the gravitational effect. Similarly, the term at the 
denominator:

(

𝑞𝑞𝜂𝜂𝐶𝐶 + 𝑞𝑞𝜂𝜂𝐹𝐹

)

, (31)

which measures the sensitivity of the total sediment transport to variations of Shields number, also tends to 
increase. This depends on the fact that the lower mobility of the coarse fraction enhances the nonlinearity of 
the response (i.e., 𝐴𝐴 𝐴𝐴𝜂𝜂𝐶𝐶 increases with σ0). The higher mobility leads to an opposite effect for the fine sediment 
transport (i.e., 𝐴𝐴 𝐴𝐴𝜂𝜂𝐹𝐹 decreases with σ0), but the latter term is less important because the fine fraction is closer to 
equimobility conditions. For relatively low values of Shields number the gravitational mechanism prevails on 
the enhanced sensitivity of the sediment transport, leading to the increase of βcr illustrated in Figure 3a. On the 
other side, the second mechanism tends to prevail when θg0 is higher, at least when the sediment is poorly sorted 
(σ0 ≃ 2).
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The linear analysis also allows for determining the variation of the bed surface composition represented by 𝐴𝐴 𝑓𝑓𝐶𝐶 , 
as indicated by Equation 27. Again, the result depends on two opposite effects related to the gravitational mech-
anisms and to the transport capacity of the downstream channels. Specifically, the term:

1

2

(

1
√

𝑙𝑙ℎ𝑟𝑟𝑟𝑟

−
1

√

𝑙𝑙ℎ𝑟𝑟𝑟𝑟

)

, (32)

which represents the net result of gravitational selection, is always positive as the coarse fraction tends to be more 
subject to lateral deflection. Similarly, the term:

(

𝑞𝑞𝜂𝜂𝐶𝐶 − 𝑞𝑞𝜂𝜂𝐹𝐹

)

, (33)

which represents selective transport in the downstream branches, is also positive, thus indicating that the coarse 
fraction is more sensitive to variations of bottom stress. Since the sign of 𝐴𝐴 𝑓𝑓𝐶𝐶 turns out to be almost negative over 
a wide range of mobility conditions, the bed composition in the downstream branches is mainly driven by the 
selection induced by the differential effect of gravity on the lateral deflection of the two fractions just upstream 
the bifurcation.

In addition, the model shows that when the channel β exceeds the critical value βcr, the trivial, balanced solution, 
is no longer stable. In this case, it is found that the system evolves toward unbalanced equilibrium state solu-
tions characterized by uneven discharge distribution and different bed surface composition in the downstream 
branches. This marks a clear difference with respect to the previous work of Schielen and Blom (2018), who 
found that stable equilibrium conditions are either balanced, with no asymmetry of discharge and bed composi-
tion, or characterized by a complete closure of one of the two branches.

The bedload transport asymmetry of unbalanced equilibrium states appears markedly reduced with respect to 
the case of uniform sediment. On the one side, this effect appears rather weak when looking at the coarse halve 
of sediment load, which is explained by considering that when increasing σ0 there is more flow toward the 
less-carrying branch, but the associated increase of qsC is mitigated by the reduction of the fractional content of 
coarse material. On the other side, the effect of sorting on the fine transport is rather strong. Specifically, when 
the heterogeneity is sufficiency large, we observe a variation in the order of +50% in the less-carrying branch, 
which results from the concordant effect of more flow and more fractional content of fine material. This indicates 
that the fining process can highly contribute to keep the penalized branch morphodynamically active (i.e., able 
to transport sediment) even when it carries a small fraction of the total flow. The capture of the largest coarse 
content by the most-carrying branch, along with the fining of the penalized bifurcate, are two factors that make 
the differential mobility between channels much more subdued than would be expected in the homogeneous 
sediment case (see Figure 5c).

5.2. The Effect of Hiding on Lateral Transport

One of the key ingredients of our model is represented by the nodal-point relation (7). The equation incorpo-
rates, although in a simplified manner, a fundamental mechanism for topographic sorting, namely the differen-
tial effect of the gravitational force on the bedload transport of the different fractions. A fundamental assumption 
adopted in the analysis consists in having neglected the contribution of hiding on the lateral direction (i.e., 
hypothesis of lateral gradation independence). The motivation behind our choice is essentially twofold: first, 
there is not a solid and univocal agreement in the literature whether hiding quantitatively affects the lateral 
movement of sediment on a sloping plane; second, the model outcomes in the gradation independence assump-
tion on the gravitational terms qualitatively match field and laboratory observations (see Figure S7 in Supporting 
Information S1). Specifically, the outcomes discussed in Section 4 are comparable with the field observations of 
Burge (2006) and the laboratory experiments performed by Hirose et al. (2003), who reported bed coarsening in 
the most-carrying branch just downstream the bifurcation. Nonetheless, in the absence of a clear understanding 
of lateral sorting, it is instructive to further investigate the behavior of the model by introducing the effect of 
lateral hiding through the functional lhr (Equation 7). Moreover, we find interesting to analyze what would be 
the effect of the extreme hypothesis of considering full equimobility of the two fractions within the branches 
(i.e., ghr = 1), as for example, assumed by Schielen and Blom (2018), who, however, did not account for the 
gravitational effect.
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As illustrated in Figure 6a, considering the effect of lateral hiding invariably leads to a modest decrease of the 
critical aspect ratio. This can be explained by considering that lateral hiding tends to reduce the stabilizing gravi-
tational term (expression 30), which widens the region of instability. An opposite effect is noticed when introduc-
ing the hypothesis of equimobility of sediment transport within the branches: in this case the destabilizing effect 
of sorting on the term (expression 31) vanishes. This leads to a dramatic increase of the critical aspect ratio, to the 
point that if this hypothesis was fulfilled most natural bifurcations would show stable balanced solutions, at least 
in the absence of external forcing factors.

The effect of lateral hiding is more evident when considering the perturbation of coarse fraction (Figure 6b). 
Specifically, the perturbation 𝐴𝐴 𝑓𝑓𝐶𝐶 becomes predominantly negative across the entire range of θg0, thus indicating a 
fining of the dominant branch. This can be explained again by considering that lateral hiding reduces the impor-
tance of the gravitational selection (expression 32), so that the term related to the selective transport (expression 
33) prevails. An opposite trend is again observed when considering equimobility, as in this case the effect of 
selective transport identically vanishes.

Finally, as illustrated in Figures 7a and 7b, the discharge asymmetry and channel slope (and therefore bed eleva-
tion) are poorly affected by the choice of the lateral hiding function. Conversely, the above-mentioned effect of 
lateral hiding on the selection of bed surface composition leads the dominant channel to become slightly finer 
than the other bifurcate, an opposite trend with respect to the case of gradation independence (Figure 7c). Yet, the 
effect on grain size distribution is so small that bed composition in both branches is nearly equivalent to the feeder 
channel, suggesting that a distinct sorting pattern is almost absent when lateral hiding is retained. This leads the 
downstream transport capacities to be much closer to the uniform sediment case (Figure 7d). Consequently, the 
transport of fine material in the lowest-carrying distributary is significantly reduced (Figure 7f), while the trans-
port of coarse material slightly increases (Figure 7e).

As a final step, the equilibrium solutions under the assumption of equal mobility are analyzed. First, results of 
Figure 7a show how the resulting discharge distribution becomes highly asymmetrical. This is consistent with the 
result of Figure 4a, in which higher values of σ0 lead to an increasingly different mobility of the two fractions, 
which is associated with a reduced asymmetry. The strong coarsening of the dominant channel (Figure 7c) is again 
consistent with the results of linear analysis (Figure 6b). Interestingly, this coarsening is sufficient to compensate 
the increase of discharge asymmetry, so that the downstream transport capacities are almost unaffected by the 
choice of equimobility when compared against the case of lateral gradation independence (Figure 7d).

Figure 6. Outcomes of linear analysis depending on reference Shields number θg0 for different modeling assumptions on 
lateral and streamwise sediment transport: lateral hiding (blue lines), lateral gradation independence (red lines), equimobility 
(green lines), with black lines denoting the homogeneous case. (a) Critical aspect ratio βcr; (b) perturbation of the coarse 
fraction 𝐴𝐴 𝑓𝑓𝐶𝐶 in the dominant channel, for a unitary depth perturbation 𝐴𝐴 �̂�𝐷 = 1 . The plots are shown for dg0 = 0.02.
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5.3. Implications for Downstream Fining in Multi-Thread Rivers

The analysis suggests that at equilibrium both downstream branches are overall finer than the upstream feeder 
channel, as shown in Figure 8. Specifically, the resulting fining turns out to be almost independent of the refer-
ence Shields number, and weakly affected by the reference bed surface grain size (not shown). While results may 
appear to violate the mass conservation, this is clearly not the case, as the quantity that is conserved coincides 
with the transport fluxes, and not the bed surface composition. With this in mind, the overall fining can be inter-
preted as follows. The uneven distribution of discharge by the bifurcation increases the overall efficiency of the 
sediment transport, so that a gentler slope is sufficient to ensure the conservation of the total sediment flux. This 
is the typical behavior of braided channel networks, in which the heterogeneous distribution of the shear stress 
across the river leads to a strong increase of the sediment flux (R. I. Ferguson, 2003; Paola, 1996). However, the 
coarse fraction is naturally more sensitive to shear stress variations, so that its transport would be enhanced even 
more than the total flux. To compensate that increase, the fractional content of the coarse fraction needs to reduce, 
thus leading to the observed overall fining.

The foregoing analysis allows to cast an analogy with the problem of downstream fining in multi-thread rivers. 
Indeed, it has been observed that the bed texture of braided rivers is often characterized by sediment patches, 
which can be interpreted as spatial variations of the mean grain size across the reach (e.g., Lisle & Madej, 1992; 
Paola & Seal,  1995). These patches are associated with reach-averaged variation of the shear stress, and are 
able to produce a significant fining even in relative short reaches (e.g., R. Ferguson & Ashworth, 1991; Seal 
& Paola, 1995). Furthermore, a short-range downstream fining has been observed in a braided stretch of the 
Ridanna Creek, Italy, by Zolezzi et al. (2006), despite the authors did not analyze the cross-sectional size distri-
bution in detail.

Figure 7. Comparison between the different modeling assumptions on lateral and streamwise sediment transport: lateral 
hiding (blue lines), lateral gradation independence (red lines), equimobility (green lines). Black lines denote the homogeneous 
case. (a) Discharge asymmetry ΔQ, (b) relative channel slope S/S0, (c) coarse fraction asymmetry ΔfC, (d) scaled Shields 
number θg/θg0, and (e, f) transport asymmetries ΔQsϕ are plotted against the scaled aspect ratio ϵ. In panel (d) continuous and 
dotted lines stand for the most and less carrying branch, respectively. Reference parameters are: θg0 = 0.07, dg0 = 0.02, and 
σ0 = 2.
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The lateral variation of grain size is thus a source for selective sorting and downstream fining that, as Paola and 
Seal (1995) discussed, it is independent of the relative mobility of different fractions in a mixture. In other words, 
a strong selective deposition can occur even if local equal mobility is satisfied. In a multi-thread river, several 
factors are sources of patches generation. For example, bars produce local variation of the magnitude and direc-
tion of sediment transport. In braided rivers, bars are known to be one of the main mechanisms for the formation 
of channel bifurcation (e.g., Ashmore, 1991, 2013; Repetto et al., 2002).

Following the line of thought drawn by Paola and Seal (1995), the sorting model of channel bifurcation presented 
here can be conceived through the following ideal experiment: a semi-infinite wide flume is assumed to carry, at 
equilibrium, a bimodal mixture with a size distribution that is spatially uniform. In addition, let equal mobility 
be enforced. At a certain point, in the middle of the flume a wall splits the flow between two smaller channels, 
which can be thought, in terms of grain size, as two grain patches. Despite the different fractions are assumed to 
be transported locally at the same rate, local variation in the mean grain size can exist. The lateral size variation is 
controlled by topographic sorting, specifically by the gravitational effect on sediment transport due to the trans-
versal bed slope upstream the bifurcation.

In our analysis we refer to typical gravel-bed, bedload-dominated rivers. Hence, the present formulation is not 
conceived to model grain sorting in suspension-dominated, sand-bed streams, where different mechanisms are 
expected to become relevant. Specifically, turbulence is likely to promote the downstream transport of the finer 
fraction at the expense of the coarser counterpart, by driving the lighter particles toward the core region of the 
flow (Parker, 2008). This notwithstanding, present results may offer some insights for the interpretation of the 
downstream fining observed in coastal deltaic environments characterized by mixtures of both sand and gravel. 
An example is provided by the Selenga Delta (Russia), which is characterized by a strong downstream fining 
moving from the delta apex over 35 km of the delta topset, showing variations of dg0 up to three orders of magni-
tude (Dong et al., 2019). This progressive fining of bed material is associated with a decrease of the channels 
slope as flow is diverted between the branches, which is consistent with model results of Figure 5.

6. Conclusions
We propose a quasi-2D model to study equilibrium sorting at a channel bifurcation by extending the previous 
modeling framework of Bolla Pittaluga et al. (2003) to account for the presence of a heterogeneous sediment 
mixture, as typically the case of gravel bed rivers. Differently from the model recently proposed by Schielen and 
Blom (2018), sorting is here accounted for through a fully physically based description of the topographic effect 

Figure 8. The mean surface grain size 𝐴𝐴 𝑑𝑑𝑔𝑔 =
(

𝑑𝑑𝑔𝑔1 + 𝑑𝑑𝑔𝑔2

)

∕2 of the distributaries, as scaled by the reference value dg0, is plotted 
against the Shields number θg0 for different values of ϵ. Fixed parameters are: dg0 = 0.02, and σ0 = 2.
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exerted by the bifurcation and the selective sediment transport within the branches. Model results allow us to 
draw the following conclusions:

1.  The presence of a sediment mixture can influence the bifurcation in two opposite ways, depending on its 
effect on the two main mechanisms that control the stability of the bifurcation: (a) the gravitational pull due 
to the lateral slope upstream the bifurcation (stabilizing mechanism), and (b) variations of sediment transport 
capacity in the downstream channels (destabilizing mechanism). The presence of heterogeneous sediments 
tends to increase the effectiveness of both mechanisms, so that the net effect depends on the specific hydrau-
lic conditions. In particular, for relative low values of the Shields number the presence of mixed sediment 
promotes the stability of the system, while for moderate mobility conditions there is a widening of the insta-
bility region (i.e., a decrease of the critical width-to depth ratio) when the sediment mixture becomes poorly 
sorted.

2.  When the width-to-depth ratio exceeds a critical threshold, our model predicts the formation of unbalanced 
but stable equilibrium solutions, characterized by uneven discharge distribution and different bed surface 
composition in the downstream branches. The degree of discharge asymmetry tends to be lower than in the 
case of uniform sediment, and it decreases with the heterogeneity of the mixture.

3.  The gravitational effects and the differential sediment transport capacity produce a selection of the two 
fractions. Specifically, the gravitational pull induces a coarsening of the dominating branch, while selective 
sediment transport has an opposite effect. Considering the hypothesis of lateral gradation independence, the 
gravitational mechanism tends to prevail, leading to a coarser bed composition in the dominating channel 
and a fining of the other branch. This trend is in qualitatively agreement with available laboratory and field 
observations.

4.  The combined effect of reducing discharge asymmetry and bed surface fining tends to highly increase the 
transport of fine material in the penalized branch, while the greatest amount of the coarse fraction is always 
captured by the dominating branch. As a net result, relatively to the case of uniform sediment, the total 
sediment transport asymmetry is predicted to significantly reduce, contributing to maintain both branches 
morphologically active even at large values of the width-to-depth ratio, and therefore hampering the closure 
of the less-carrying branch.

5.  The present analysis suggests that a bifurcating system is able to produce an overall fining of bed material in 
the downstream branches.

Ultimately, this work provides a first description of the key sorting mechanisms occurring at gravel-bedded river 
bifurcations, constituting a basic tool for the analysis and interpretation of laboratory and field measurements of 
sediment patchiness across multi-thread rivers.

Appendix A: Closure Relations for the Hiding Function
Different expressions for the hiding function ghr have been proposed in the literature. The seminal Egiazaroff (1965) 
relation, as later modified by Ashida and Michiue (1972), reads as follows:

𝑔𝑔ℎ𝑟𝑟 =

⎧

⎪

⎨

⎪

⎩

(

𝑑𝑑𝑔𝑔

𝑑𝑑

)[

1 + 0.782log10

(

𝑑𝑑

𝑑𝑑𝑔𝑔

)]2

, 𝑑𝑑∕𝑑𝑑𝑔𝑔 ≥ 0.4

1∕0.843, 𝑑𝑑∕𝑑𝑑𝑔𝑔 < 0.4.

. (A1)

Alternatively, the reduced hiding function is often expressed by means of the following simple monomial form 
(e.g., Parker, 1990):

𝑔𝑔ℎ𝑟𝑟 =

(

𝑑𝑑

𝑑𝑑𝑔𝑔

)−𝑏𝑏

, (A2)

where field data indicated that the exponent b ranges approximately from 0 to 0.55 (Lanzoni & Tubino, 1999). 
Another widely used expression was proposed by Wilcock and Crowe (2003), who suggested to adopt a variable 
exponent, given by the expression (see Equations 8a and 8b):

𝑏𝑏 =
0.67

1 + exp(1.5 − 𝑑𝑑∕𝑑𝑑𝑔𝑔)
. (A3)
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The surface-based relation of Wilcock and Crowe (2003) has its main advantage in the fact that was experimen-
tally calibrated taking into account grain sizes ranging from the gravel to sand domain.

A comparison among the different expressions for ghr is provided in Figure A1.

List of Symbols
The next list describes the main symbols used within the body of the paper. Note that any subscript i, with i = 0, 
1, 2, indicates that the defined quantity refers to the upstream channel (if i = 0) or one of the two downstream 
branches (if i = 1, 2). Similarly, any subscript j, with j = F, C, indicates that the defined quantity refers to the fine 
(F) or coarse (C) component of the bimodal sediment mixture. Finally, the hat over a given variable X indicates 
its linear expansion.
β0 half width-to-depth ratio or aspect ratio of the upstream channel
βcr critical aspect ratio
ΔQ, ΔQsj, Δfj asymmetry indexes of the dimensionless fluid discharge, solid discharge and probability density 

function of the j sediment fraction, respectively
Δ relative submerged weight of sediments
δ order of magnitude of the perturbations
ϵ parameter measuring the distance from the critical conditions in terms of the aspect ratio
ηi bed elevations at the inlet of the i = 1, 2 downstream branch

𝐴𝐴   transport function
ϕ sedimentological grain size scale
ϕmi mean sedimentological grain size
ρ water density
σgi geometric grain size standard deviation of the mixture
τi bottom shear stress
θgi Shields mobility number of the mean grain size
θr reference value of the Shields number for sediment motion relative to size dg0
α dimensionless length of the bifurcation cell
ci dimensionless Chézy coefficient
d grain size
dgi geometric mean grain size of the mixture
Di flow depth
fij grain size probability density distribution
g gravitational acceleration
ghrϕ reduced hiding function
ks roughness height

Figure A1. Reduced hiding function ghr against the relative grain size d/dg according to different expressions proposed in the 
literature.
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lhrϕ function accounting for the possible hiding effect on the transversal sediment exchange
qi flow discharge per unit width
qsij volumetric sediment flux per unit width
qsyj lateral solid discharge per unit width
qy lateral fluid discharge per unit width
r Ikeda parameter
Si channel slope
Wi channel width

Data Availability Statement
The MATLAB code used for this study is publicly available at (Ragno & Redolfi,  2023): 
https://doi.org/10.5281/zenodo.8146319.
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