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Abstract
Trapped-ion hardware based on the magnetic gradient induced coupling (MAGIC) scheme is
emerging as a promising platform for quantum computing. Nevertheless, in this—as in any
other—quantum-computing platform, many technical questions still have to be resolved before
large-scale and error-tolerant applications are possible. In this work, we present a thorough
discussion of the structure and effects of higher-order terms in the MAGIC setup, which can occur
due to anharmonicities in the external potential of the ion crystal (e.g. through Coulomb
repulsion) or through curvature of the applied magnetic field. These terms generate systematic
shifts in the leading-order interactions and take the form of three-spin couplings, two-spin
couplings, local fields, as well as diverse phonon–phonon conversion mechanisms. We find that
most of these are negligible in realistic situations, with only two contributions that need careful
attention. First, there are undesired longitudinal fields contributing shifts to the resonance
frequency, whose strength increases with chain length and phonon occupation numbers; while
their mean effect can easily be compensated by additional Z rotations, phonon number
fluctuations need to be avoided for precise gate operations. Second, anharmonicities of the
Coulomb interaction can lead to well-known two-to-one conversions of phonon excitations. Both
of these error terms can be mitigated by sufficiently cooling the phonons to the ground-state. Our
detailed analysis constitutes an important contribution on the way of making magnetic-gradient
trapped-ion quantum technology fit for large-scale applications, and it may inspire new ways to
purposefully design interaction terms.

1. Introduction

The rapid development of quantum-computing devices promises a significant technological impact, with
application fields ranging from pharmacology over material design to fundamental research into the building
blocks of nature [1–7]. A highly promising approach for trapped-ion based quantum computing is the
magnetic gradient induced coupling (MAGIC) scheme, which utilises a magnetic field gradient to couple
ions and make them individually addressable with microwaves [8–16]. It integrates some of the major
strengths of traditional trapped-ion platforms [17–21], including extended qubit lifetimes, minimal
interference, and all-to-all connectivity. An advantage of the magnetic-gradient induced coupling scheme is
its negligible crosstalk [22] and the high stability of microwave fields, in addition to the possibility to
integrate microwave technology into trap chips. However, as for any quantum computing platform on the
way to becoming a mature technology [23, 24], various engineering and fundamental problems still need to
be addressed, in particular what concerns the role of imperfections and errors.
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Figure 1. (a) The magnetic gradient induced coupling (MAGIC) scheme for trapped-ion quantum information processing
employs a magnetic field gradient, which renders the resonance frequency of the internal pseudo-spin position-dependent. This
couples the spin to the spatial phonon degree of freedom, which effectively generates a spin–spin coupling that can be used for
entangling gates. In this work, we analyse higher-order contributions in such a setup, in particular (b) anharmonicities in the
vibrational degrees of freedom due to Coulomb repulsion and (c) curvature of the magnetic field, which can lead to additional
three-body and two-body interactions, local field corrections, as well as spin–phonon couplings.

In this work, we investigate the effects of higher-order contributions in the MAGIC setup (illustrated in
figure 1). These include in particular residual terms originating from a third-order expansion of the
Coulomb interactions (see also [25]), spatial dependence of the magnetic field gradient, and anharmonicities
of the individual trapping potentials. While our discussion focuses mainly on systematic shifts of spin
interaction strengths and local fields, we also indicate how they apply to discrete quantum gates. As we show,
applying the canonical unitary transformation on the axial phonon modes that is used to derive the MAGIC
scheme for trapped-ion logic [8–10], such higher-order terms induce three-qubit interactions as well as
various types of terms that couple the pseudo-spins and the phonon vibrations. We show that in realistic
situations the strength of most of these terms is negligible. Two contributions, however, can naturally achieve
considerable strengths, especially when scaling to large ion chains. The first one takes the form of a
phonon-occupation-dependent longitudinal field, whose strength increases with ion chain length and which,
for typical parameters, can become comparable to the native two-qubit interaction strength. While the mean
effect of such terms can easily be compensated by detuning the microwave frequency from the qubit
resonance, virtual Z rotations [26], or through suitable dynamical decoupling schemes [24], phonon number
fluctuations lead to residual field fluctuations that require careful cooling techniques to avoid moving off
resonance or—in the case of discrete gates—to maintain gate fidelity. The second type of contribution that
needs care is a (well-known) two-to-one conversion between phonon modes [27]. These vanish if all phonon
modes are ground-state cooled. As three-qubit interactions and spin–phonon couplings may be desired
terms for various applications, ranging from quantum simulation [28–32] to quantum optimisation
[33–35], we also discuss possible strategies to engineer such terms. This work constitutes a systematic
analysis of higher-order terms in the MAGIC setup, an important step for transitioning this type of quantum
hardware from academic prototypes to mature technology. We also hope that it may inspire similar studies in
the context of other platforms, such as trapped ions with laser-free entangling gates generated by oscillating
magnetic fields [36–39], or superconducting qubits [40].

This paper is structured as follows. In section 2, we review the MAGIC scheme for trapped-ion quantum
information processing. In section 3, we compute the influence of terms due to various third-order
expansions, including numerical estimates of their resulting strengths. These are a third-order expansion of
the Coulomb repulsion between ions (section 3.2) and an external anharmonicity acting locally at each ion
(section 3.3). Section 4 is dedicated to the effects of an applied magnetic field with non-vanishing curvature.
We compare the resulting three-body interaction strengths to different schemes known in the literature to
generate such terms in section 5. Finally, section 6 contains our conclusions.

2. Quantum information processing with trapped ions subject to a magnetic field
gradient

The MAGIC scheme for quantum computation [8–10] uses microwaves instead of optical lasers to address
ions and implement quantum gates. Since microwaves cannot be focused on individual ions, a magnetic field
gradient is used to Zeeman-shift the resonance frequency of each ion and make them individually
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addressable in frequency space. Furthermore, the magnetic field gradient induces an Ising-type always-on
all-to-all coupling between the ions, even in the absence of any driving fields, which can be used to synthesise
quantum gates [13, 41] or perform adiabatic quantum sweeps [42]. Here, we give a concise review of the
derivation of the spin–spin coupling. We refer to the literature for further details [8–10].

2.1. Effective spin–spin interaction
We consider a one-dimensional (1D) ion chain, elongated in the z direction. The ions are subject to a static
magnetic field with a constant gradient ∂zB in the axial direction z, B(z) = B0+ ∂zBzêz +O(z2), where B0 is
a constant offset field. In appendix, we generalise this setting to gradients in the transversal directions.
Moreover, we will discuss the effect of a field with non-vanishing curvature in section 4. We further assume
that we use magnetically sensitive states as our qubit states (typically states from a hyperfine ground state
manifold with a resonance frequency in the microwave regime [12, 14, 43]) to make them individually
addressable. Although such states are typically prone to dephasing caused by magnetic field fluctuations,
long coherence times can be achieved via suitable protection schemes such as dynamical decoupling [24, 44]
or microwave dressing [45]. In [46], coherence times of 2.1(1) s are demonstrated for electron spin states in a
single trapped 40Ca+ ion using effective magnetic shielding techniques.

The spatially varying magnetic field gives rise to a position-dependent resonance frequency ω(z), which
in general has to be calculated numerically or can be estimated using the Breit–Rabi formula [47]. Under
weak Zeeman splitting, which holds for the examples considered in this work, provided that the offset
field B0 is sufficiently small, the resonance frequency can be obtained as

ω(z) = ω0+(g(e)F m(e)
F − g(g)F m(g)

F )µBB(z)/h̄. Here, g
(g)
F and g(e)F are, respectively, the Landé g-factors of the

qubit ground and excited state with total atomic angular momentum F,m(g)
F andm(e)

F are the corresponding
magnetic quantum numbers, and µB is the Bohr magneton. The bare resonance frequency in the absence of a
magnetic field is denoted by ω0. The internal energy of the ions is then given by

Hint =− h̄

2

N∑
n=1

ω (zn)σ
(n)
Z , (1)

where σ(n)
Z denotes the Pauli-Z operator acting on qubit n at position zn and N is the number of ions in the

chain.
The resonance frequency can be expanded around the equilibrium position zn,0 of ion n as

ω (zn) = ωn + ∂zωn (zn − zn,0)+O
(
z2n
)
, (2)

where ωn = ω(zn,0) is the resonance frequency and ∂zωn = ∂ω(zn,0)/∂z the first derivative at the position of
the ion. Higher-order terms in this expansion will be discussed in section 4. Denoting the excursion of ion n
from its equilibrium position as qn = zn − zn,0, we can then write the internal energy as

Hint =− h̄

2

N∑
n=1

ωnσ
(n)
Z − h̄

2

N∑
n=1

∂zωnqnσ
(n)
Z . (3)

Additionally, the ions have an energy associated with their external degrees of freedom, composed of
their kinetic energy, the potential energy due to the trap, as well as their mutual Coulomb repulsion:

Hext =Hkin+V(z)

=Hkin+Vtrap (z)+VCoul (z)

=
1

2m

N∑
n=1

p2z,n +
m

2
ω2z

N∑
n=1

z2n +
e2

8πϵ0

N∑
n ̸=l

1

|zn − zl|
. (4)

Here, the vector z contains the axial positions of all ions, e is the charge of the ions,m their mass, ϵ0 the
vacuum permittivity, and pz,n is the momentum of ion n in the axial direction. For now, we will consider a
harmonic trap with angular frequency ωz and expand the potential energies around the ions’ equilibrium
positions up to second order, yielding (after dropping a constant term)

3
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Hext =
1

2m

N∑
n=1

p2z,n +
m

2

N∑
n=1

N∑
l=1

Anlqnql +O
(
q3
)
, (5)

with Anl = ∂2V(z0)/∂zn∂zl. In sections 3.2 and 3.3, we will discuss the effects of higher-order terms in the
expansion of the potential energy.

The matrix A is symmetric and real and can thus be diagonalised as D= S−1AS with an orthogonal
matrix S. Since A is a positive-definite Hessian (it results from an expansion around the minimum of the
potential energy), its eigenvalues are positive and can be written as ν2l . We can now express the local
coordinates qn in terms of collective normal modes Ql,

qn =
N∑
l=1

SnlQl . (6)

These diagonalise the external Hamiltonian to

Hext =
1

2m

N∑
n=1

P2n +
m

2

N∑
n=1

ν2nQ
2
n , (7)

where we have defined P= S−1pz and only written down the second-order terms.
We can quantise the external Hamiltonian by introducing phonon creation and annihilation operators

for the normal modes:

Ql =∆zl
(
a†l + al

)
, (8)

with∆zl =
√

h̄/2mνl being the width of the ground-state wave packet of the quantum harmonic oscillator.

In terms of these operators, the external Hamiltonian becomes Hext = h̄
∑N

n=1 νna
†
nan and the overall

Hamiltonian H=Hint+Hext can now be expressed as

H= h̄
N∑

n=1

νna
†
nan −

h̄

2

N∑
n=1

ωnσ
(n)
Z − h̄

2

N∑
n=1

N∑
l=1

∂zωnSnl∆zl
(
a†l + al

)
σ
(n)
Z . (9)

We can decouple the internal and external degrees of freedom (spins and phonons) via a suitable unitary
transformation [8, 10] (in some contexts known as polaron transformation [48]), H̃= U†HU, with

U= exp

(
− i

h̄

N∑
n=1

N∑
l=1

∆zlϵnlσ
(n)
Z Pl

)
, (10a)

ϵnl =
∆zl∂zωn

νl
Snl . (10b)

Here, we have defined the effective Lamb–Dicke parameter ϵnl, describing how strongly ion n (with
internal transition frequency ωn) couples to phonon mode l (with frequency ν l).

With the transformed phonon operators

U†alU= al +
1

2

∑
n

ϵnlσ
(n)
Z (11)

(and unchanged spin operators σ̃(n)
Z = σ

(n)
Z ), the total Hamiltonian yields the desired two-body spin–spin

interaction,

H̃(2) = h̄
N∑

n=1

νna
†
nan −

h̄

2

N∑
n=1

ωnσ
(n)
Z − h̄

2

N∑
i<j

J(2)ij σ
(i)
Z σ

( j)
Z , (12)

with the spin–spin coupling strength

J(2)ij =
N∑

n=1

νnϵinϵjn . (13)

This effective Hamiltonian is valid up to second order in the potential energy and linear order in the
spatial dependence of magnetic field, owing to the Taylor expansions leading to the quadratic Hamiltonian in
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equation (9). Note that the polaron transformation from equation (9) to equation (12) is exact in the sense
that it does not involve any further approximations.

The spin–spin coupling strength J(2)ij can be tuned via the magnetic field gradient and the strength of the

external harmonic trap, since J(2)ij ∼ (∂zB/ν)2. By employing different trapping potentials along the chain
(not necessarily harmonic), coupling strengths between different pairs of ions can be enhanced or
reduced [11].

2.2. Discrete quantum gates within theMAGIC scheme
The always-on two-body interactions in the MAGIC setup, equation (12), can be used to implement
entangling two-body quantum gates. To implement, for example, a unitary ZZ rotation gate of the form

exp(−iθσ(i)
Z σ

( j)
Z ), one first transfers the state populations of all ions except i and j into states that are (to first

order) magnetically insensitive. Consequentially, equation (12) reduces in a rotating frame to

H̃(2) =− h̄

2
J(2)ij σ

(i)
Z σ

( j)
Z . (14)

The system’s free evolution for a time T then implements the desired discrete unitary gate with a rotation

angle of θ =− 1
2 J

(2)
ij T. More complicated global entangling gates can also be synthesised by selectively

excluding sets of ions from the two-body interactions and letting the system evolve freely in an alternating
fashion [13].

Moreover, quantum gates can be implemented on the MAGIC platform also via microwave driving fields.
Tuning a microwave signal with frequency ωMW and phase ϕ close to the resonance frequency of ion n
realises the driving Hamiltonian [9]

Hdrive (t) =
h̄Ω

2

{
ei(ωn+δωn−ωMW)t+iϕσ

(n)
+ exp

[
i
∑
l

ϵln

(
a†l e

iνlt + h.c.
)]

+ h.c.

}
, (15)

where Ω is the Rabi frequency, δωn =
∑

l νlϵln/2 reflects a shift in the ion’s resonance frequency, σ
(n)
+ is the

spin raising operator acting on ion n, and h.c. denotes the Hermitian conjugate. This Hamiltonian is of the
same form as the well-known Hamiltonian characterising light–matter interaction in traditional laser-based
trapped-ion setups and as such permits implementing the same set of quantum gates, including entangling
gates like the Mølmer–Sørensen gate [49, 50], by using microwave instead of optical radiation. In particular,
single-qubit rotations can be realised by tuning the microwave frequency close to the carrier transition,
ωMW ≈ ωn + δωn. In the Lamb–Dicke regime, the driving Hamiltonian in a rotating frame then becomes

Hdrive =
h̄Ω

2

(
eiϕσ(n)

+ + h.c.
)
+

h̄∆n

2
σ
(n)
Z (16)

with detuning∆n = ωMW−ωn − δωn. Rotations around an arbitrary axis in the XY plane can be
implemented by driving the qubits on resonance (∆n = 0), while rotations around the Z axis can be
generated by a combination of X and Y pulses or, as is typically done, they can be realised virtually by
adjusting the phase reference of the qubits [26].

2.2.1. Effects and compensation of undesired local fields
Below, we will show that one main effect of expanding the potential energy in equation (4) to higher order
leads to additional local fields of the form hZσZ. These terms shift the ions’ resonance frequencies and result
in additional contributions to unitary gates of the form exp(−ihZTσZ). To avoid any undesired effects, their

strength hZ should either be negligible compared to the two-body interaction J
(2)
ij or these terms must

actively be compensated.
To illustrate the error such a small undesired local field may generate, we consider the example of

preparing the Bell state (|00⟩+ |11⟩)/
√
2 by applying the simple quantum circuit CNOT1,2H1 to the initial

state |00⟩. Here, H1 is a Hadamard gate acting on the first qubit and CNOT1,2 is a controlled NOT gate, with
the first qubit acting as control and the second one as target. The CNOT1,2 can be further decomposed into a
ZZ rotation gate plus single-qubit rotations:

CNOT1,2 = e
i(π/4)σ(1)

Z ei(π/4)σ
(2)
X H2e

−i(π/4)σ(1)
Z σ

(2)
Z H2 . (17)

In [41], such a CNOT gate has been realised experimentally on the MAGIC platform based on always-on
couplings. Now, let us assume the ZZ rotation is contaminated with small local fields,

e−i(π/4)σ(1)
Z σ

(2)
Z → e−i(π/4)σ(1)

Z σ
(2)
Z e−ihZ(σ

(1)
Z +σ

(2)
Z ). Then, to still obtain the target Bell state with a fidelity higher

5



Quantum Sci. Technol. 10 (2025) 025051 S Nagies et al

Figure 2. Spin–spin coupling strengths in the MAGIC scheme, calculated as a function of the number of 171Yb+ ions N in a chain
with trapping frequency ωz = 2π × 130kHz and magnetic field gradient (a) 150Tm−1 and (b) 19Tm−1. Depicted are only the

largest coupling strength J
(2)
max (blue), occurring between two neighbouring ions at the edges of the chain, as well as the smallest

coupling strength J
(2)
min (orange), felt by the most distant ions at opposite ends of the chain. The decrease of J

(2)
max follows the law

N−1/2 to good approximation, while J
(2)
min decreases approximately as N

−1.19. Corresponding fits are shown as grey dashed lines.

than 0.99, one requires hZ/J12 < 0.05. For a typical two-body interaction strength of J
(2)
12 = 2π × 26.5Hz this

would correspond to hz/2π < 1.325Hz. To put this value into context: Microwaves with frequencies that can
be stabilised to the order of millihertz (mHz) through state-of-the-art technology are employed to address
the qubits. This precision is much smaller than the hz required for the reliable functioning of the scheme.

In contrast, as we will see below, higher-order effects in the MAGIC scheme can lead to local fields on the

same order as J(2)ij . As the above consideration illustrates, high-fidelity quantum information processing
requires one to carefully compensate such undesired contributions. In the above scenario, this may most
conveniently be achieved via additional virtual Z rotations [26]. This approach is generally viable for gates
that commute with the error or for sufficiently small rotations. Moreover, in applications involving a
microwave driving, undesired longitudinal fields may also be compensated by appropriately changing the
frequency detuning of the microwave field, see equation (16). As an alternative, systematic shifts
corresponding to longitudinal fields can be cancelled via dynamical decoupling techniques. As mentioned
above, e.g. in the case of encoding the qubit in magnetic-field sensitive states, dynamical decoupling is
typically used in order to suppress dephasing due to fluctuations of the magnetic field, such that its use for
cancelling the undesired higher-order terms does not incur relevant additional overhead.

2.3. Example: MAGIC with 171Yb+ ions

To illustrate realistically achievable spin–spin coupling strengths, we numerically calculate J(2)ij for a chain of

five 171Yb+ ions with trapping frequency ωz = 2π × 130kHz and a magnetic field gradient of
∂zB= 19Tm−1, realised experimentally in [12]. We consider the states |F= 0,mF = 0⟩ and
|F= 1,mF =+1⟩ (gF ≈ 1) in the ground state hyperfine manifold as our qubit. The resonance frequency is
then given by ω(z)≃ ω0+µBB(z)/h̄ [13]. The largest coupling strength occurs between the two outer

neighbouring ions at both edges of the chain: J(2)12 = J(2)45 ≈ 2π × 26.5Hz. The weakest coupling occurs
between the leftmost and outermost ion: J(2)15 ≈ 2π × 12.9Hz. For a stronger magnetic field gradient of
150Tm−1, which is feasible with current technology [14, 51], the maximal (minimal) spin–spin coupling

strength increases to J(2)12 = J(2)45 ≈ 2π × 1650Hz (J(2)15 ≈ 2π × 805Hz).
In figure 2, we plot the scaling behaviour of the maximal and minimal coupling strengths for different

numbers of ions in the chain, for the same trapping frequency and for the same two choices of magnetic field
gradients as above. From a numerical fit (grey dashed lines), the maximal spin–spin coupling strength
decreases as N−0.51±0.01 [52], matching the value N−1/2 caused by the increasing inertia of larger ion crystals
in the Cirac–Zoller gate [53] or the Mølmer–Sørensen gate [54].

6
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Table 1. Comparison of always-on interaction strengths in the MAGIC setup with ion chains of different length (N= 5,10,15 ions),
different ion species (171Yb+ and 9Be+), and for two different magnetic field gradients (∂zB= 19Tm−1 and ∂zB= 150Tm−1). As
qubit states, we consider |F= 0,mF = 0⟩ and |F= 1,mF =+1⟩ for 171Yb+, and |F= 1,mF = 0⟩ and |F= 2,mF =+1⟩ for 9Be+. The
table lists illustrative values of the maximal and minimal two-body coupling strength |J(2)ij |, the maximal three-body coupling strength
|J(3)ijk | due to anharmonicities in the Coulomb repulsion, as well as the largest local field correction |hzi |=

∑
jkCjjkϵik for a ground-state

cooled system (which may be amplified by higher phonon occupations, see section 3.2). All interaction strengths are given in units of
Hz/2π.

Ion species N

∂zB= 19Tm−1 ∂zB= 150Tm−1

maxij |J(2)ij | minij |J(2)ij | maxijk |J(3)ijk | maxi |hzi | maxij |J(2)ij | minij |J(2)ij | maxijk |J(3)ijk | maxi |hzi |

171Yb+ 5 26.5 12.9 11.5× 10−6 6.2 1650.6 805.1 0.006 49.2
171Yb+ 10 18.6 5.8 4.2× 10−6 9.6 1157.7 361.1 0.002 75.6
171Yb+ 15 15.1 3.7 2.0× 10−6 11.9 938.4 229.7 0.001 94.2
9Be+ 5 125.8 61.3 195× 10−6 22.2 7837.3 3822.9 0.1 175.1
9Be+ 10 88.2 27.5 70.8× 10−6 34.1 5496.8 1714.7 0.04 268.9
9Be+ 15 71.5 17.5 34.4× 10−6 42.5 4455.8 1090.8 0.02 335.2

In addition, we find the minimal spin–spin interaction diminishes as N−1.19±0.01. This stronger decrease
can be attributed to the large distance between the involved ions (equivalent to N, the length of the ion
chain) in interplay with contributions from phonons beyond the centre-of-mass mode, which can lead to
spatially decreasing interactions [55–59].

In table 1, we compare the above values for the spin–spin coupling strength to numerical data for a chain
of 9Be+ ions (also considering different chain lengths and magnetic field gradients). For the 9Be+ ions, we
consider as the qubit states |F= 1,mF = 0⟩ and |F= 2,mF =+1⟩ from the hyperfine ground state manifold.
The mass of the ions enters the two-body coupling strength only via∆zl in equation (13) and we therefore

have J(2)ij ∝ 1/m. The numerical values in table 1 reflect this dependence through larger coupling strengths
for the 9Be+ ions. Lighter ions can thus achieve faster quantum gate speeds. However, certain isotopes of
heavier ion species can have other advantages, which may counterbalance the slower gate times. E.g., 171Yb+

ions have a simple hyperfine level structure due to their nuclear spin of I= 1/2 (in contrast to I= 3/2 for
9Be+), which can be advantageous for cooling methods.

3. Higher-order contributions from the potential energy

In the above, we have outlined the standard derivation of the effective spin–spin interaction arising in
trapped-ion systems from the presence of a magnetic field gradient. This spin–spin interaction has been
achieved by expanding the external potential governing the vibrational modes and the internal energy of the
pseudo-spins to second order in the displacements from their equilibrium positions. In what follows, we
investigate sources of higher-order terms in these expansions, which may contribute to the interactions in a
MAGIC trapped-ion quantum computer.

This section is devoted to higher-order terms stemming from the potential energy associated with the
external degrees of freedom of the ions.

We first derive the general form of the leading corrections to the Hamiltonian, giving rise to three-body
spin–spin, spin–phonon, and phonon–phonon couplings (section 3.1). Subsequently, we address specifically
the effects of cubic anharmonicities in the Coulomb repulsion (section 3.2) as well as in the external trapping
potential (section 3.3). As we show by computing their natural strength using experimentally relevant
parameters, they constitute negligible perturbations or can be compensated in typical setups, though in
principle a device specifically designed to enhance these higher-order contributions might leverage them for
quantum information processing tasks.

3.1. General third-order expansion of the potential
To start with, we calculate the effect of higher-order contributions of the external potential acting on the ion
crystal. In this section, we focus on the Coulomb repulsion between ions. These contributions will naturally
occur in any trapped-ion setup using a phonon bus, though we discuss their effect here specifically for the
MAGIC platform. We start with general derivations, which we will adapt also in the next section for
anharmonicities in the trapping potential, and then specialise to the Coulomb repulsion.
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Extending the expansion of the potential energy V of a 1D trapped-ion chain given in equation (4) up to
third order, we obtain

V(z) = V(z0)+V(2) (z)+V(3) (z)+O
(
z4
)

= V(z0)+
∑
i,j

Aij

2
qi qj +

∑
i,j,k

Bijk

6
qi qjqk +O

(
q4
)
, (18)

with

Aij =
∂2V

∂qi ∂qj

∣∣∣∣
z0

, (19)

Bijk =
∂3V

∂qi ∂qj∂qk

∣∣∣∣
z0

. (20)

The quadratic terms form the harmonic part of the potential [see equation (7)], whose eigenmodes will be
used to express the higher-order terms. As in the previous section, the matrix A is diagonalised by the normal
modes Q, which are related to the position operators via equation (6) and quantised through ladder
operators via equation (8). The cubic terms Bijk can derive either solely from a higher-order expansion of the
Coulomb potential, or additionally from anharmonicities in the trapping potential. These scenarios will be
analysed separately later. In principle, the above expansion can be continued to any desired higher order, but
the resulting effects will be subleading (see also [25]).

We note that at this order of expansion of the external potential, the axial phonon modes couple to the
transverse modes [27]. Here, we neglect this effect as we assume (i) axial and transverse modes to typically
live at different energy scales and (ii) the phonon modes to be ground-state cooled. We discuss the
contributions from transverse modes in appendix.

Inserting the quantised normal modes, the anharmonic part of equation (18) reads

V(3) =
1

6

∑
i,j,k

Bijk

∑
l,r,s

SilSjrSks∆zl∆zr∆zs
(
a†l + al

)(
a†r + ar

)(
a†s + as

)
. (21)

Adding this contribution to the Hamiltonian in equation (9) and applying the polaron transformation of
equation (10) yields the total Hamiltonian H̃= H̃(2) + H̃(3) of the system, given by

H̃= H̃(2) +
1

6

∑
ijk

Cijk

(
a†i + ai +

∑
n

ϵniσ
(n)
Z

)

×

(
a†j + aj +

∑
n

ϵnjσ
(n)
Z

)(
a†k + ak +

∑
n

ϵnkσ
(n)
Z

)
. (22)

Here, H̃(2) is the standard MAGIC Hamiltonian in equation (12), resulting from an expansion of the
potential up to second order, and we have defined

Cijk =
∑
mnl

BmnlSmiSnjSlk∆zi∆zj∆zk . (23)

Sorting the terms by their order of spin interactions, we get

H̃= H̃(2) + h̄
∑
i<j<k

J(3)ijk σ
(i)
Z σ

( j)
Z σ

(k)
Z

+
1

2

∑
ijk

Cijk

(
a†i + ai

)∑
nm

ϵnjϵmkσ
(n)
Z σ

(m)
Z

+
1

2

∑
ijk

Cijk

(
a†i a

†
j + ai aj + a†i aj + ai a

†
j

)∑
n

ϵnkσ
(n)
Z

+
1

6

∑
ijk

Cijk

(
a†i a

†
j a

†
k + ai ajak + a†i a

†
j ak + a†i aja

†
k

+ ai a
†
j a

†
k + a†i ajak + ai a

†
j ak + ai aja

†
k

)
. (24)
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One of the corrections to the standard MAGIC Hamiltonian H̃(2) is a three-body spin interaction,
given by

H̃(3) = h̄
∑
i<j<k

J(3)ijk σ
(i)
Z σ

( j)
Z σ

(k)
Z (25)

with three-body interaction strength

h̄J(3)ijk =
∑

a,b,c,l,r,s

BabcSalSbrScs∆zl∆zr∆zsϵilϵjrϵks

=
∑
lrs

Clrsϵilϵjrϵks

=
∑
a,b,c

Babc
J(2)ia

∂zωa

J(2)jb

∂zωb

J(2)kc

∂zωc
. (26)

In equation (25), we left out contributions to the local fields that arise for two coinciding indices. As we will
see below, their strength, just like the three-body interaction, is negligible in realistic situations, but they
could also be compensated easily through virtual Z rotations or by adjusting the frequency detuning in the
presence of a microwave driving field, see section 2.2. The other terms (second to fifth row of equation (24))
describe a coupling of phonon modes to two-body spin interactions and local fields, as well as the usual
anharmonic phonon term appearing due to anharmonicities of the external potential [27].

3.2. Higher-order effects from the Coulomb interaction
Up to here, the discussion applies to general anharmonicities in the external trapping potential. To obtain
concrete order-of-magnitude estimates, we now specialise to the case of anharmonicities deriving solely from
the Coulomb interactions, discussing each of the above additional contributions term by term. This
complements the analysis of [25], where the phonon dependency was discussed within a mean field
approximation assuming thermal phonon populations, with qualitatively similar conclusions.

The strength of the additional terms in equation (24) is determined by the cubic expansion
coefficients Bijk. From the Coulomb repulsion, they can be evaluated as [27]

Bijk =
−6mω2z

l

∑
q̸=i

ui − uq
|ui − uq|5

(
δij − δqj

)(
δik − δqk

)
, (27)

where l is the characteristic length scale, defined via l3 = e2/(4πϵ0mω2z ) [60]. We have further defined
dimensionless equilibrium positions by u= z0/l.

3.2.1. Three-body spin interactions
As a concrete example, we calculate the three-body interaction strength in a 1D chain of five 171Yb+ ions in
an axial harmonic trapping potential of strength ωz = 2π × 130kHz and an applied magnetic gradient of
150Tm−1. The numerical computation is based on a microscopic model of the ion chain, where we first find
the ions’ equilibrium positions and then diagonalise the phonon eigenmodes, from which we can then derive
all relevant energy scales. In this example, we find the highest three-body interaction strength to be

J(3)145 ≈ 2π × 0.006Hz (J(3)125 ≈−2π × 0.006Hz). Compared to the smallest two-body interaction strength in
the same system, J(2)15 ≈ 2π × 805Hz, the three-body spin interactions introduced by anharmonicities in the
Coulomb repulsion are negligible.

Analogous numerical values for longer ion chains, as well as for a different ion species (9Be+), are shown
in table 1. Even though the maximal three-body interaction strength is an order of magnitude larger for the
lighter ions, it is still negligible compared to the—also increased—two-body interactions.

3.2.2. Phonon-nonconserving two-body spin interactions

The term in the second row of equation (24) gives corrections of the form∼ (a†i + ai)σ
(n)
Z σ

(m)
Z to the MAGIC

two-body spin couplings. Their strength scales as Cijkϵnjϵmk, and is thus one order in the Lamb–Dicke

parameter ϵ stronger than J(3)ijk . Formally, they are of the same order in the Lamb–Dicke parameter as the

two-body interaction J(2)ij . However, the terms∼ (a†i + ai)σ
(n)
Z σ

(m)
Z are suppressed by another factor Cijk;

even more, in contrast to J(2)ij , they do not preserve phonon number, and can thus safely be neglected within
a rotating wave approximation: In the interaction picture given by the diagonal phonon Hamiltonian
h̄
∑

n νna
†
nan, the creation and annihilation operators gain a time dependence a

†
i → eiνi ta†i . They thus rotate

9
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on a time scale significantly faster than Cijkϵnjϵmk. For instance, in the above example of a chain of five 171Yb+

ions, the strength of the terms in the second row of equation (24) is |Cijkϵnjϵmk|≲ 10−1Hz. This value
corresponds to interaction scales that are weaker than typical coherence times in trapped-ion hardware [61,
62]. Moreover, it is orders of magnitude smaller than even the smallest axial phonon frequency,
ωCOM = ωz = 2π × 130kHz, such that this contribution can be neglected in a rotating wave approximation.

3.2.3. Spin-dependent phonon pair production and annihilation
The term in the third row of equation (24) has parts with different physical interpretation, which need to be
discussed separately. In the same interaction picture as above, the terms creating (and annihilating) phonon
pairs a†i a

†
j (and ai aj) rotate with a frequency νi + νj, which is much larger than the associated energy scale

Cijkϵnk. Again, for the above example with five ions, we get corrections on the order of |Cijkϵnk|≲ 1Hz. As the
phonon frequencies are orders of magnitude larger, these terms can again safely be neglected within a
rotating wave approximation.

3.2.4. Spin-dependent phonon hopping
In contrast, the number-preserving terms of the form a†i aj rotate with the frequency

∣∣νi − νj
∣∣. For axial

phonons and small systems, the difference of phonon mode frequencies is large (e.g. for a chain of five ions
in a trapping potential of ωz = 2π × 130kHz, phonon modes are separated by at least about 2π × 80kHz).
Terms with i ̸= j thus still rotate rapidly as compared to the time scale Cijkϵnk and can be neglected.

3.2.5. Phonon-occupation-dependent longitudinal field
We are thus left with terms where i= j, which give a correction to the local fields of strength
∼
∑

ikCiikϵnk(2ni + 1), where ni = a†i ai. Again, in the example of a chain of five
171Yb+ ions with

ωz = 2π × 130kHz and a magnetic gradient of 150Tm−1, and assuming zero phonon number excitations
(ni = 0), we get corrections on the order of 101Hz. These are largest for the outermost ions at the edges of
the chain (n= 1 and n= 5), amounting to

∑
ikCiikϵnk ≈±2π × 49.2Hz. For a magnetic gradient of

19Tm−1, as is used in current experiments [12], this magnitude drops to 2π × 6.2Hz. For non-zero phonon
occupation numbers, these additional longitudinal fields get further enhanced by factors of (2ni + 1) in each
term of the summation. The local field corrections are comparable to or even larger (for non-zero phonon
occupation numbers) than the two-body coupling strengths J(2)/2π ≈ 13Hz− 27Hz. They may generate an
additional contribution to the two-qubit gates when implementing them as explained in section 2 (the
magnitude of such gate errors has also been previously discussed in [25]).

In figure 3, we show the behaviour of the local field corrections across a chain of 15 ions for magnetic
field gradients of (a) 150Tm−1 and (b) 19Tm−1. The corrections are largest towards the edges of the chain
(equal magnitudes with opposite signs) and vanish for the ion at the centre. The magnitude of the correction
scales approximately linearly with the distance to the centre of the chain, with larger deviations toward the
edges. This is visualised by the grey dashed line, which is a linear fit through the centremost three ions.
Comparing the largest corrections at the edges of the chain in figure 3(b) (≈ 2π × 11.9Hz) to the spin–spin
coupling strengths shown in figure 2(b) (J(2)max/2π ≈ 15.1Hz), we find them to be already of the same order of
magnitude as the always-on spin–spin couplings for this system size.

In figure 4, we plot the scaling of these largest corrections at the edges of the chain with system size, again
for the same values of the magnetic field gradient. We find that the local field corrections increase with the
length of the chain. In contrast, as illustrated above in figure 2, the spin–spin coupling strengths decrease.
Thus, these local corrections become more relevant as the system size increases. Phenomenologically, we find
the scaling behaviour to be best described by a power law with logarithmic corrections of the form
Na log(bN), with fitting parameters a= 0.18± 0.01, b= 1.38± 0.04 for 150Tm−1 and a= 0.18± 0.01,
b= 1.35± 0.07 for 19Tm−1.

For comparison, table 1 shows the maximal (at the edges of the chain) local field corrections also for
chains of lighter 9Be+ ions. For a gradient of 19Tm−1, the corrections are again on the same order of
magnitude as the always-on two-body coupling strengths. The ratio improves with a larger magnetic field
gradient, but worsens with increased chain length.

The presence of an undesired local field could constitute an issue for the precise functioning of two-qubit
gates or for the correct definition of cost functions in quantum optimisation [63]. Fortunately, since the

associated terms are proportional to σ(n)
Z , even for nonzero mean phonon excitation numbers they can be

offset by adjusting the detuning of a microwave driving field from the qubit resonances or performing virtual
Z gates [26] (see section 2.2). In typical trapped-ion devices, such a compensation is often routine, even for
terms many orders of magnitude stronger than in this case. For instance, in a Mølmer–Sørensen setup
on the axial modes of 40Ca+ ions, undesired off-resonant excitation of dipole transitions can induce
inhomogeneous light shifts on the order of 2kHz− 3kHz, which need to be calibrated and
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Figure 3. Corrections to the local field acting on each ion n (numbered from left to right) due to the anharmonicity of the

Coulomb repulsion,
∑

ikCiikϵnkσ
(n)
Z [third line in equation (24)]. Values computed for a chain of 15 171Yb+ ions and plotted over

their spatial positions, with a trapping frequency of ωz = 2π × 130kHz and magnetic field gradients of (a) 150Tm−1 and (b)
19Tm−1, assuming ground-state-cooled phonons. These corrections are highly inhomogeneous and can acquire significant
values comparable to spin–spin couplings (see figure 2). The grey dashed line is a linear fit through the central three ions.

Figure 4. Scaling of the largest correction
∑

ikCiikϵ1kσ
(1)
Z (on the leftmost edge) to the local fields with increasing number of

171Yb+ ions in the chain. Calculations were done for a vanishing phonon occupation, a trapping frequency of
ωz = 2π × 130kHz, and magnetic gradients of (a) 150Tm−1 and (b) 19Tm−1. The absolute strength increases with chain
length, rendering this correction significant in particular when scaling to larger ion chains. Numerical fits (grey dashed lines)
show a scaling∝ N0.18 log(1.38N).

compensated [56]. In addition, already simple dynamical-decoupling techniques can remove undesired
terms∼ σi

Z [25, 64].
While the mean phonon number contribution to these local fields can easily be compensated, phonon

number fluctuations remain problematic as they lead to fluctuating shifts. This underscores the critical
importance of cooling techniques, such as sympathetic cooling [65–67], to minimise these fluctuations and
ensure precise gate operations.
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3.2.6. Phonon creation, annihilation, and conversion terms
Finally, the two last lines of equation (24) contain terms that describe the generation/annihilation of triples
of phonons as well as two-to-one phonon conversion, which have been discussed before [27]. The former
terms can be neglected since they rotate with at least three times the trap frequency, which is much larger
than the interaction strength Cijk. The two-to-one conversion terms, however, require careful attention. As
long as all modes are ground-state cooled, these terms vanish. They can also be suppressed by designing the
trap parameters such that the phonon frequencies do not conspire to render such terms resonant. For the
above setup with five ions and a magnetic field gradient of 150Tm−1, the smallest frequency difference∣∣νi + νj − νk

∣∣ is about 27kHz. In this specific case, these terms can thus safely be neglected even if the chain is
not fully cooled into the motional ground state. Nevertheless, these caveats need to be kept in mind especially
when scaling up to large ion chains, where ground-state cooling becomes more challenging and resonances
can appear more easily.

To summarise this part, among the various corrections to the MAGIC trapped-ion scheme that derive
from a third-order expansion of the Coulomb repulsion, only phonon-number-dependent longitudinal
fields as well as two-to-one phonon conversions can become sizable. The effect of the former can be
compensated via additional virtual Z rotations in the case of discrete quantum gates [26] or, in applications
involving a microwave driving, by adjusting the frequency detuning, while the latter can be avoided by
ground-state cooling of the phonon modes.

3.3. Cubic anharmonicities of the external trapping potential
In addition to the intrinsic anharmonicities given by the Coulomb potential, there could also be
anharmonicities stemming from the external trapping potential. While such effects are often undesired for
quantum logic, anharmonicities can nowadays also be designed and exploited in a controlled way [68, 69].
Such anharmonic potentials can change the equilibrium positions of the ions and therefore modify the
two-body interactions induced by a magnetic field gradient. This effect has been investigated in [11]. Here,
we discuss the role of higher-order terms generated by anharmonicities in the external potential.

To this end, we consider a cubic contribution to the potential energy of the form

V(3) (z) =
∑
n

αn

6
(zn − zn,0)

3
, (28)

where αn describes the strength of the cubic anharmonicity felt by ion n. Such terms in the potential energy
generate additional three-body spin–spin, spin–phonon, and phonon–phonon interactions, for which the
general considerations discussed in section 3.2 apply. Here, we investigate the resulting three-body spin
interaction in more detail.

Inserting the expansion coefficients Bijk = δijδjkαi into equation (26), the three-spin coupling coefficients
specialise to

h̄J(3)ijk =
∑
n

αn

(∂zωn)
3 J

(2)
in J(2)jn J(2)kn . (29)

In order to obtain a simple order-of-magnitude estimate for their typical strength, we first estimate the
typical strength of the two-body spin interaction in equation (13). For this purpose, we consider only the
contribution from the centre-of-mass (cm) mode, whose frequency coincides with the trap frequency,
νcm = ωz, and whose matrix elements Si,cm are given by 1/

√
N. Assuming that the gradient of the resonance

frequency is the same for all ions (∂zωi = ∂zω), we have J(2) ≃ ωzϵ
2 with the effective Lamb–Dicke parameter

ϵ= ∂zω∆z/ωz

√
N and oscillator length∆z=

√
h̄/2mωz. Combining this expression with equation (29), we

can estimate the typical strength of the three-body coupling as

h̄J(3) ≃ 1√
N

α∆z3

h̄ωz
ϵ h̄J(2) =

1√
N
α∆z3ϵ3 , (30)

where we have made the additional simplifying assumption that the anharmonicity is the same at each ion
position (αn = α).

One may be tempted to engineer cubic terms in the potential similar to equation (28) with the goal of
harnessing the resulting three-body spin interaction for quantum information processing tasks.
Unfortunately, as we argue in what follows, this endeavour is unlikely to be advantageous in practice.

To this end, we note that cubic contributions to the potential energy may severely affect the stability of
the trap. For instance, an external potential of the form Vtrap(z) =

∑
nmω2z z

2
n/2+

∑
nαz

3
n/6 with global

anharmonicity α gives rise to terms as in equation (28) with αn = α. However, such a potential also shifts the
equilibrium positions of the ions. Thus, in order to prevent ions from being ejected from the trap, the
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anharmonicity should be a somewhat small perturbation on top of the harmonic part, such that the
potential still features a local minimum that is sufficiently deep and wide to trap the ions. That is, the energy
scale α∆z3 should be well below the harmonic trapping energy h̄ωz, requiring α∆z3/h̄ωz ≪ 1. On the other
hand, the three-body interaction should be sufficiently strong in order to be of practical use. For example, a
native three-qubit gate should outperform the equivalent gate synthesised from a combination of two-qubit
gates. Thus, it is desirable that J(3) = λJ(2) with λ as large as possible (though typically well below unity). The
estimate in equation (30) can then be expressed as α∆z3/h̄ωz = λ

√
N/ϵ. As noted before, stability of the

trapping potential requires this quantity to be sufficiently small, enforcing the hierarchy
λ= J(3)/J(2) ≪ ϵ/

√
N. This means that the three-qubit interaction is bound to be weaker than the two-qubit

interaction by a factor well below ϵ/
√
N, which in realistic setups amounts to a suppression by at least one, if

not several, orders of magnitude.
To circumvent the stability issues described above, one may attempt to engineer the terms in

equation (28) locally, i.e. without affecting the equilibrium positions of the ions, as may be possible, e.g. in
segmented ion traps [68]. However, from a practical point of view, the electrodes creating such local
potentials cannot be placed arbitrarily close to the ions, but require a certain minimum distance, which is
typically large compared to the spacing between ions [68]. Consequently, it becomes difficult to create
localised features varying on the scale of the oscillator length∆z, which is much smaller than the distance
between ions. For example, it appears challenging to engineer localised external potentials stronger than the
intrinsic Coulomb potential created by the ions themselves. Even if the strength of the local cubic potential
was comparable to the characteristic energy scale of the anharmonic part of the Coulomb repulsion in
equation (27), α∆z3 = 6mω2z∆z3/l≈ 0.004 h̄ωz, the maximum three-body coupling strength would amount

to only J(3)max/2π ≈ 0.3Hz in a chain of N = 5 ions with trapping frequency ωz/2π = 130kHz and magnetic
field gradient ∂zB= 150Tm−1, which is too low for typical applications. For comparison, a potential with a
global cubic anharmonicity of the same strength would induce equally weak three-body interactions, but
would not be able to trap the ions for the above parameters in its local minimum.

To sum up, while cubic anharmonicities can in principle be a route to engineering three-body
interactions in the MAGIC setup, the comparatively slow three-qubit interaction rate and the substantial
experimental overhead of realising the required cubic anharmonicities in a stable way limit the practical use
of this scheme. After all, our discussion reveals that moderate cubic anharmonicities typically have a
negligible parasitic impact on the standard MAGIC setup.

4. Higher-order contributions from the magnetic field curvature

While anharmonicities in the external potential of the ion crystal appear in any trapped-ion platform, a
higher-order contribution specific to the MAGIC setup originates from higher-order spatial derivatives of
the magnetic field. To evaluate their effect, we expand the magnetic-field-dependent resonance frequency of
the ions [see equation (2)] up to second order,

ω (zn) = ωn + ∂zω (zn)
∣∣∣
zn,0

(zn − zn,0)

+
1

2
∂2zω (zn)

∣∣∣
zn,0

(zn − zn,0)
2
+O

(
z3n
)
. (31)

The Hamiltonian Hint in equation (3), describing the internal energy of the ion chain, then becomes

Hint =− h̄

2

∑
n

(
ωn + ∂zωnqn +

1

2
∂2zωnq

2
n

)
σ
(n)
Z . (32)

Inserting again the quantised normal modes, the internal energy Hamiltonian reads

Hint =− h̄

2

∑
n

ωnσ
(n) − h̄

2

∑
nl

∂zωnSnl∆zl
(
a†l + al

)
σ
(n)
Z

− h̄

4

∑
nlr

∂2zωnSnlSnr∆zl∆zr
(
a†l + al

)(
a†r + ar

)
σ
(n)
Z . (33)

Performing, as before, the polaron transformation to decouple phonons and spins in the first order terms,
equation (10), we obtain the total Hamiltonian H̃= H̃(2) + H̃(3) with

H̃(3) =− h̄

4

∑
nlr

∂2zωnSnlSnr∆zl∆zrσ
(n)
Z

(
a†l + al +

∑
i

ϵilσ
(i)
Z

)a†r + ar +
∑
j

ϵjrσ
( j)
Z

 . (34)
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Again, H̃(2) is the standard MAGIC Hamiltonian, while H̃(3) are the corrections due to the expansion of the
magnetic field distribution up to third order. We can sort all terms by their power in the spin operators and
write

H̃= H̃(2) − h̄

4

∑
ijk

J(3)ijk σ
(i)
Z σ

( j)
Z σ

(k)
Z

− h̄

2

∑
ijlr

C̃ilrϵjr

(
a†l + al

)
σ
(i)
Z σ

( j)
Z

− h̄

4

∑
ilr

C̃ilr

(
a†l a

†
r + a†l ar + ala

†
r + alar

)
σ
(i)
Z , (35)

where we defined

C̃ilr = ∂2zωi SilSir∆zl∆zr . (36)

Analogously to the discussion of section 3.2, the terms in the second row give corrections to the two-body

spin interactions of the form (a†l + al)σ
(i)
Z σ

( j)
Z . Again, these do not preserve phonon numbers and can be

neglected within a rotating wave approximation. The terms in the third row only give corrections to local
fields of strength∼ C̃irr(2nr + 1) with nr = a†r ar (neglecting phonon-number-non-preserving terms as
before), which can be offset by microwave detunings or neglected for small magnetic field curvatures
(C̃irr ∝ ∂2zωi). Due to the different origin of the higher-order terms as compared to section 3.2, there are no
cubic phonon terms in this expansion.

The remaining effective three-spin interaction is

H̃(3) =− h̄

4

∑
ijk

J(3)ijk σ
(i)
Z σ

( j)
Z σ

(k)
Z (37)

with the three-body coupling strength

J(3)ijk =
∑
lr

∂2zωi SilSir∆zl∆zr
∑
jk

ϵjlϵkr . (38)

The form of this term differs from the ones in the previous section [equations (26) and (29)], since it did
not derive from a contribution∝ x3, but rather∝ x2σz.

By defining γn = ∂2zωn/(∂zωn)
2, i.e. the ratio between the magnetic field curvature and the square of the

gradient, and using the spin–spin coupling strength given in equation (13), one can write this interaction
even more compactly as

J(3)nij = γnJ
(2)
ni J

(2)
nj . (39)

Notably, J(3)nij = J(3)nji , but in general J
(3)
nji ̸= J(3)jni . One can symmetrise the 3-body coupling strength to

J̃(3)ijk = γi J
(2)
ij J(2)ik + γjJ

(2)
ji J(2)jk + γkJ

(2)
ki J

(2)
kj , (40)

which assumes a form similar to that obtained in [70] for a trapped-ion system driven close to the second
sideband.

In analogy to the procedure for anharmonic external potentials in section 3.3, the typical strength of the
three-body coupling induced by the magnetic field curvature can be estimated as

J(3) =
1√
N

∂2zω∆z

∂zω
ϵ J(2) =

1

N
∂2zω∆z2ϵ2 . (41)

Remarkably, this quantity scales quadratically with the effective Lamb–Dicke parameter ϵ and thus with the
magnetic field gradient, like the two-body coupling J(2).

For a potential application of this ‘magnetic curvature induced three-body coupling’ in quantum
information processing, the quadratic variation of the local resonance frequency ∂2zω over length scales on
the order∆z should be sufficiently large. However, similarly as for the local cubic potentials discussed in
section 3.3, in practice it is very hard to engineer magnetic field distributions with sufficiently sharp localised
features.
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Instead, we consider in what follows a globalmagnetic field curvature of the form
B(z) = B0+(∂zBz+ ∂2zBz

2/2)êz +O(z3). Unlike higher-order terms in the external potential, higher-order
contributions to the magnetic field do not alter the equilibrium positions of the ions as they act on the
internal degrees of freedom, but they can lead to a position-dependent magnetic-field gradient ∂zB(zn). As
an example, we consider a magnetic field curvature of ∂2zB≃ 103Tm−2, which can be reached using suitably
designed Halbach magnets [71]. If the ion chain is centred around the origin, the variation of the magnetic
field gradient is negligible, ∂B(zn)/∂z= ∂zB+ zn∂2zB≈ ∂zB, since the spacing between ions is on the order of
10µm. In addition, for five 171Yb+ ions with a magnetic field gradient of ∂zB= 150Tm−1 and a trap
frequency of ωz/2π = 130kHz, we obtain three-body coupling strengths of only J(3) ∼ 2π × 10−5Hz, which
is orders of magnitude too low for practical use. Nonetheless, this example underlines that, as long as the
magnetic field gradient does not significantly vary on length scales comparable to the oscillator length∆z,
parasitic effects from nonlinear gradients can safely be neglected in the standard MAGIC scheme.

5. Comparison to existing schemes for generating higher-order interactions in trapped
ions

As we have seen in the above, higher-order terms in the MAGIC setup naturally lead to three-body
interactions and spin–phonon couplings. We have found that the three-body interaction strength is
negligible compared to the two-body interactions for realistic experimental setups. For instance, the
corrections arising due to inherent anharmonicities in the Coulomb repulsion only produce a three-body
interaction strength on the order of 10−2Hz for typical parameters (see section 3.2).

However, since such types of interactions are key ingredients in applications ranging from quantum
simulation of topological and Peierls phase transitions [29, 30] and lattice gauge theories [28, 31, 32] to
improved schemes of quantum annealing [33, 35], one may wonder if there are alternative feasible ways to
engineer such interactions and how the achievable interaction strengths compare to the ones we have
discussed above.

Indeed, various proposals have been designed for this purpose specifically with trapped-ion setups in
mind. One rather generally applicable approach relies on obtaining three-body interactions perturbatively
from two-body terms, e.g. via an energy penalty [72] or via a high-frequency expansion based on Floquet
engineering [73]. The 3-body interaction in [72] arises from perturbation theory, combining an effective
magnetic field acting on the pseudo-spins,∼K, and a Mølmer–Sørensen interaction∼J. These interactions
are further suppressed by another Mølmer–Sørensen interaction∼V, generated by an additional pair of
beams, which is assumed to be the largest energy scale. Within perturbation theory, the 3-body strength is
therefore of order KJ/V. The numerics in [72] show that values of around J= K= 0.3V are sufficient to
enter the relevant perturbative regime. Assuming that V corresponds to reasonably achievable interaction
strengths fromMølmer–Sørensen gates on the order of∼ 2π × 1kHz, this results in a three-body interaction
strength on the order of 0.32V≈ 2π × 0.1kHz. As a feature of the approach in [72], in the effective
Hamiltonian the two-body interactions play no role any more.

Other approaches are based on continuously and simultaneously addressing the first and second
sideband [31, 70], which results in the simultaneous presence of terms that are formally similar to the terms

qnσ
(n)
Z and q2nσ

(n)
Z that appear in equation (32). In this approach, the ability to use large Rabi frequencies on

the first and second sideband enables large three-body interactions whose strength can be tuned to match
that of the two-body interactions. The authors of [70] discuss how the dipole force can be adapted, assuming
reasonable trap frequencies∼ 10MHz, laser detunings∼ 1.25MHz, and stiffness parameter∼ 0.05, to reach
a three-body interaction strength of about 2π × 0.1kHz, and, by relaxing trap frequencies or designing
specific microtraps, even up to about 2π × 1.6kHz [70].

A further promising proposal has recently been put forward based on a combination of discrete,
spin-dependent displacement and squeezing pulses [74]. In a chain of four 171Yb+ ions, the authors estimate

the gate time of a fully entangling three-qubit gate, U= exp
(
− iπ4 σ

(i)
Z σ

( j)
Z σ

(k)
Z

)
, to be T≈ 130µs for feasible

setups with laser-based control, corresponding to a three-body coupling strength on the order of 2π × 1kHz.
The above three proposals rely only on ingredients already demonstrated in trapped ions, though their

combination to obtain a three-body interaction has thus far not been demonstrated in experiment.
Finally, a standard way that is always possible given a universal gate set is to engineer the unitary

three-qubit interactions through a combination of two-qubit and single-qubit gates. For example, a term of

the form σ
(i)
Z σ

( j)
Z σ

(n)
Z can be realised using four Mølmer–Sørensen gates, see, e.g. [35]. Neglecting the gate

time of single-qubit operations, one can associate an effective three-body strength to this gate sequence of
order J(3) = J(2)/4, which is a rather sizable interaction strength. As the unitary three-body gate is generated
exactly in this case, there are no additional two-body interactions.
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In addition to three-spin interactions, there are also interesting applications involving higher-order

products of spin and phonon operators, such as terms of the form ai ajσ
(n)
Z or aiσ

(n)
Z σ

(m)
Z . Above, we have

seen that the higher-order expansion can generate such terms as small corrections. In [28], it has been shown
how these terms can be used to quantum simulate a lattice version of quantum electrodynamics. In that
work, it was found that near-resonant addressing of first and second sidebands may generate interaction
strengths up to 2π× 120Hz.

6. Conclusions

To summarise, in this article we have presented a thorough analysis of how higher-order terms in the external
potential and the magnetic field take effect in the MAGIC scheme. While most of our discussion was phrased
in terms of shifts of spin interaction strengths and local fields, the results can be straightforwardly applied to
discrete gates by considering finite gate times and hiding qubits not involved in the gate in other internal
states that are insensitive to the magnetic field. We have derived the effective interactions that result on top of
the desired two-body interactions after a polaron transformation on the axial phonon modes. There are two
generic main contributions: phonon–spin couplings and three-body spin–spin interaction terms. As we have
shown through our analysis, in typical situations such higher-order terms can safely be neglected as
compared to the two-body interactions, and in particular also as compared to other error sources such as
deriving from fluctuations or drifts in trap frequency, microwave or laser intensity, timing precisions, heating
of phonon modes, spontaneous emission, etc [75]. Since such interaction terms may also be desired for
certain applications, e.g. quantum simulation of strongly-correlated systems or enhanced
quantum-optimisation schemes [35], we have put these values in context by giving a brief survey on existing
schemes to generate exploitable three-body interactions.

In contrast, there recently has been a proposal to utilise existing anharmonicities in the Coulomb
repulsion (or explicitly engineer such anharmonicities) in order to generate noise-resilient entangling gates
for trapped ions [76]. In such cases, the subleading interaction terms are unwanted error sources, whose
magnitudes need to be carefully considered.

From our analysis, we have seen that anharmonicities in the potential energy can induce two types of
terms that need careful attention. The first one is a phonon-induced shift of the qubit resonance
frequency—an effect that in the literature has been rarely discussed [25]. Its strength increases with chain
length and phonon occupation numbers. Although its mean effect can be compensated by appropriate
detuning of the microwave radiation, phonon number fluctuations remain problematic for precise
operations, thus further highlighting the need for efficient cooling techniques. The second effect that
requires attention is a two-to-one conversion of phonons [27]. It vanishes if all phonon modes are
ground-state cooled, and it can be neglected in a rotating wave approximation if the trap is designed such
that resonances between phonon frequencies are avoided. These potential effects need to be kept in mind in
particular when scaling to large ion chains.

Our analysis provides a guideline for the precision necessary in engineering trapped-ion quantum
hardware. Future work along this direction may include more detailed investigations of the radial modes (see
appendix), which can become coupled to the axial modes by anharmonic potentials, as well as expansions to
even higher order (e.g. fourth-order correction to the Coulomb potential). Similar analyses may also be
important for other approaches, e.g. those based on Mølmer–Sørensen-type gates using laser beams [49, 50]
or oscillating magnetic fields [36–39], and they may also be important for other platforms such as
superconducting qubits, which are governed by very similar microscopic Hamiltonians [40]. Finally, our
study may inspire research into whether it is possible to purposefully enhance higher-order effects for the
design of new quantum gates or the use in other quantum-information processing tasks.
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Appendix. Higher-order corrections from transversal phononmodes

In this appendix, we briefly discuss the corrections due to transversal phonon modes in an expansion of the
potential energy up to third order. Although the transversal modes also cause corrections in a third-order
expansion of the resonance frequencies of the ions, the corresponding terms are proportional to the
curvature of the magnetic field in axial and radial directions. As argued in section 4, such contributions can
safely be neglected for realistic magnetic fields. We therefore focus here only on anharmonicities arising from
the Coulomb potential.

For a one-dimensional ion chain in a harmonic trap, analogously to the discussion in section 3.2, the
external potential can be expanded around the equilibrium position q0 as [27]

V(q) = V(q0)+V(2) (q)+V(3) (q)+O
(
q4
)

= V(q0)+
1

2

3∑
α=1

∑
i,j

Aα
ij q

(α)
i q(α)j

+
∑
i,j,k

B̃ijkq
(3)
k

(
2q(3)i q(3)j − 3q(2)i q(2)j − 3q(1)i q(1)j

)
+O

(
q4
)
, (A1)

where q(3)i (q(2)i , q
(1)
i ) is the displacement of ion i from its equilibrium position in the axial (transversal)

direction. Further, we have defined

Aα
ij =

∂2V

∂q(α)i ∂q(α)j

∣∣∣∣∣
q0

, (A2)

B̃ijk =
mω2z
2l

∑
q ̸=i

sgn
(
uq − ui

)(
δij − δqj

)(
δik − δqk

)(
uq − ui

)4 , (A3)

with the ion massm, the axial trap frequency ωz, the characteristic length scale l (defined as
l3 = e2/4π ϵ0mω2z ), and the dimensionless equilibrium positions u= q0/l.

The second-order terms in equation (A1) are decoupled. After quantising and performing a polaron
transformation on these terms with respect to all axial and transversal modes, similarly as in section 2, we
arrive again at equation (12), where the spin–spin coupling strength is now given by

J(2)ij =
3∑

α=1

N∑
n=1

ν(α)n ϵ
(α)
in ϵ

(α)
jn . (A4)

Here, we have defined the nth phonon mode frequency ν(α)n in direction α= 1,2,3 and the effective

Lamb–Dicke parameter ϵ(α)in describing the coupling of ion i to said mode, cf equation (10b). The coupling

strength scales as J(2)ij ∼
∑

α(∂αB/ν
(α))2, where ∂αB is the magnetic field gradient in direction α. If the

magnetic gradient vanishes in both transversal directions, the spin–spin coupling strength reduces to
equation (13) stated in the main text.

For the third order terms in equation (A1) (third row), we find one term with only axial motion

(∼ q(3)k q(3)i q(3)j ), which we have already discussed in section 3.2, and two terms which couple axial and

transversal motion (∼ q(3)k q(2)i q(2)j and∼ q(3)k q(1)i q(1)j ). For the latter two terms, we can perform the same
analysis as for the first term (see section 3.2).

If the magnetic gradient vanishes in the transversal directions, we are then left with two terms giving
corrections to the local fields and to the three-body mode couplings, respectively. The first one is given by

2∑
α=1

∑
ijk

Cα
ijk

(
a†α,ja

†
α,k + aα,jaα,k + a†α,jaα,k + aα,ja

†
α,k

)∑
n

ϵ
(3)
ni σ

(n)
Z , (A5a)

Cα
ijk =−3∆zi∆αj∆αk

∑
mnp

B̃mnpS
(3)
pi S

(α)
mj S

(α)
nk , (A5b)

with S(α) being the mode participation matrix for direction α, and∆αj =
√

h̄/2mν
(α)
j . Similar to the

discussion in section 3.2, terms that do not preserve phonon energy can be neglected within a rotating-wave
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approximation. The remaining corrections to the local fields read

∑
n

σ
(n)
Z

2∑
α=1

∑
ik

Cα
iikϵ

(3)
ni

(
2a†α,iaα,i + 1

)
. (A6)

This correction scales as∼
∑2

α=1 ∂3B/ν
(α)ν(3). Comparing this to the correction solely due to the axial

motion (see section 3.2), which scales as∼ ∂3B/ν(3)2, we can conclude that this contribution is smaller, as
the trapping frequencies in the transversal directions are typically much larger than the axial trap frequency
[12, 56]. While the mean contribution of this effect, like for the axial modes discussed in section 3.2, can be
easily compensated, the fluctuations in the transversal modes, despite having a smaller effect, can still affect
gate fidelity, if the system is not sufficiently cooled down.

The only other non-vanishing terms in equation (A1) (for vanishing magnetic field gradients in the
transversal directions) are the three-body axial-transversal mode couplings

2∑
α=1

∑
ijk

Cα
ijk

(
a†3,k + a3,k

)(
a†α,i + aα,i

)(
a†α,j + aα,j

)
. (A7)

Depending on the trap frequencies and system size, resonances could arise in some of these interaction terms
[27]. Although they would then remain relevant even after a rotating wave approximation (see discussion in
section 3.2), they can still be avoided by cooling the system sufficiently close to the ground state.
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