
Università di Trento

DIPARTIMENTO DI MATEMATICA

Doctoral Programme in Mathematics - Cycle XXXVII

Thesis for the Degree of Philosophiae Doctor

The Q-closeness technique: an application
to isoperimetric inequalities in 2-d lattices

and to the Faber-Krahn inequality

Candidate:

Gabriele Morselli
Supervisor:

Prof. Gian Paolo Leonardi

Academic Year 2024-2025





Contents

Introduction 1

1 Preliminaries 5
1.1 General Notations . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Perimeter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 A brief summary of some properties of P (E,Ω) . . . . 8
1.2.2 The Isoperimetric Inequality . . . . . . . . . . . . . . . 10
1.2.3 The Quantitative Isoperimetric Inequality . . . . . . . 11
1.2.4 The Anisotropic framework . . . . . . . . . . . . . . . 12

1.3 Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.1 The discrete perimeter . . . . . . . . . . . . . . . . . . 18
1.3.2 Anisotropy and Wulff shapes of periodic lattices . . . . 19

1.4 Γ-convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.1 Γ-convergence on lattices . . . . . . . . . . . . . . . . . 22

1.5 Q-closeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Quantitative estimates for the Anisotropic Isoperimetric In-
equality on lattices 27
2.1 The discrete-to-continuum map ζ . . . . . . . . . . . . . . . . 28

2.1.1 The Minkowski neighbourhood of a lattice . . . . . . . 29
2.2 The d-dimensional square lattice . . . . . . . . . . . . . . . . . 32

2.2.1 Geometric properties of ζ in LQ . . . . . . . . . . . . . 34
2.2.2 Q-closeness for ζ in LQ . . . . . . . . . . . . . . . . . . 35

2.3 The honeycomb lattice . . . . . . . . . . . . . . . . . . . . . . 36
2.3.1 Geometric properties of ζ in LH . . . . . . . . . . . . . 39
2.3.2 Q-closeness for ζ in LH . . . . . . . . . . . . . . . . . . 48

2.4 The triangular lattice . . . . . . . . . . . . . . . . . . . . . . . 51
2.4.1 Geometric properties of ζ in LT . . . . . . . . . . . . . 53
2.4.2 Q-closeness for ζ in LT . . . . . . . . . . . . . . . . . . 63

2.5 Final considerations on the definition of ζ . . . . . . . . . . . 65



Contents

3 Q-closeness for the discrete Faber-Krahn Inequality 67
3.1 The Quantitative Faber-Krahn Inequality . . . . . . . . . . . . 68
3.2 The discrete functional . . . . . . . . . . . . . . . . . . . . . . 69

3.2.1 Γ-convergence . . . . . . . . . . . . . . . . . . . . . . . 71
3.2.2 Boundedness of minimum value . . . . . . . . . . . . . 73
3.2.3 Uniqueness of the minimizing function . . . . . . . . . 74

3.3 Discrete rearrangements . . . . . . . . . . . . . . . . . . . . . 76
3.3.1 Discrete Riesz Rearrangement Inequality . . . . . . . . 79
3.3.2 Geometric properties of the optimal sets . . . . . . . . 84

3.4 The embedding map ζ . . . . . . . . . . . . . . . . . . . . . . 87
3.4.1 Kuhn decomposition . . . . . . . . . . . . . . . . . . . 87
3.4.2 Definition of ζ and its properties . . . . . . . . . . . . 89

3.5 Computation of the Q-closeness parameters . . . . . . . . . . 94
3.5.1 The parameter βN . . . . . . . . . . . . . . . . . . . . 95
3.5.2 The parameter γN . . . . . . . . . . . . . . . . . . . . 96
3.5.3 The error on the Fraenkel asymmetry . . . . . . . . . . 98

3.6 The quantitative estimate . . . . . . . . . . . . . . . . . . . . 99
3.7 An alternative version of the Q-closeness . . . . . . . . . . . . 103

A Q-closeness for the FCC lattice 105
A.1 Behaviour of ζ on optimal discrete sets . . . . . . . . . . . . . 106
A.2 Q-closeness for Xk . . . . . . . . . . . . . . . . . . . . . . . . 109

List of Figures 113

Bibliography 115



Introduction

Variational problems have been known since antiquity. A famous example is
the legend of Queen Dido, who was challenged to enclose the largest possi-
ble area using the skin of a single ox: she cut the skin into thin strips and
arranged them into a semicircular arc along the sea. Despite she effectively
exploited the optimal configuration, this property, known as the isoperimet-
ric inequality, was rigorously proved in the very general framework of finite
perimeter sets in the second half of the 20th century, in the celebrated works
of Ennio De Giorgi [19], [18], [20]. More recently, the isoperimetric inequality
was also proven in the anisotropic setting, a generalization of the classical
model in which the notion of perimeter is weighted by a direction-dependent
function. In this framework, the Euclidean ball is no longer the optimal
shape and instead the minimizer is the Wulff shape, a modification of the
Euclidean ball through the given weight function.
Another famous variational problem, related to the optimal shape enclosing
a given area, involves the frequency of vibrating membranes, which was for-
mulated by Lord Rayleigh in his work "The Theory of Sound" (1877). In this
work, he proved that, for a given volume, the shape of a domain influences
the frequency of its natural vibrations, and he conjectured that, among all
drums with the same area and tension, the circular drum produces the lowest
frequency. His intuition was independently proven by Faber and Krahn in
the first decades of the past century in two dimensions (respectively in [23]
and [35]), and later their proof was extended to higher dimensions.
Subsequent studies have focused on the stability of these results. While both
the isoperimetric and Faber–Krahn inequalities identify optimal shapes, they
do not quantify how far a given set deviates from optimality in terms of a
geometric distance. Inequalities that provide such estimates are known as
quantitative inequalities. Quantitative isoperimetric inequalities (see, for in-
stance, [32] and [31]) were also named by Osserman ([39]) "Bonnesen-type
inequalities", in honour of the Danish mathematician who studied them in
dimension two in the early 20th century. A cornerstone contribution in the
anisotropic setting is the work of Figalli, Maggi, and Pratelli [24]: by using
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Introduction

the Fraenkel asymmetry, a geometric error function commonly used in the
quantitative isoperimetric inequality, they were able to provide the quantita-
tive anisotropic inequality with the sharp exponent. Similarly, quantitative
Faber-Krahn inequalities were especially formulated from the early 1990s by
several authors (see, for instance, [33], [38] and [26]). In particular, in [9],
Brasco, De Philippis and Velichkov established a quantitative inequality with
the sharp exponent, again measured in terms of the Fraenkel asymmetry.

The analysis of variational problems has historically been carried out in
continuous spaces; however, the recent growing interest in material science
problems brought efforts to extend these investigations to the setting of dis-
crete configurations of particles. In fact, on discrete arrangements of points,
the analysis may seem simpler and more intuitive, but many classical results
no longer apply due to the lack of the richer geometric structure found in
continuous spaces. Consequently, the discrete setting provides an interesting
framework not only for discovering new phenomena but also for investigating
whether classical theorems from the continuous setting remain valid under
suitable adaptations. Among the various discrete configurations, lattices are
particularly noteworthy. They frequently emerge in the study of the crystal-
lization problem, which concerns the geometric arrangement of particles in a
uniform material, arises naturally in this context and is closely tied to atomic
interactions (see [6] for a review on this topic). From a physical perspective,
crystallization can be understood as the study of atomic configurations at
extremely low temperatures, where systems tend to settle into minimal en-
ergy states. In two dimensions, these configurations often correspond to the
vertices of regular tessellations of the plane (see [43], [21], [5]), while in three
dimensions, we find several distinct lattice structures (for example, see the
two cases discussed in [12]).

Since classical methods and strategies are often ineffective in discrete
analysis, one possible approach is to construct a "bridge" between discrete
objects and their continuous counterparts, allowing known techniques from
the continuous setting to be applied. The Q-closeness technique, developed
by Cicalese and Leonardi in [13], is based on this idea. Their method in-
volves associating continuous domains to discrete arrangements of point by
constructing a suitable map ζ that ensures controllable approximation errors
on the considered functionals. In [13], they applied the Q-closeness technique
using three slightly different constructions: for the d-dimensional square lat-
tice and the honeycomb lattice, the map ζ coincides with the union of the
Voronoi cells of the given configuration, while, for the triangular lattice, ζ is
the superlevel set of the sum of affine local functions centred at the points
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of the given configuration. In view of extending the technique to the more
challenging stability problems in dimension 3 and higher, we have investi-
gated an alternative and more "canonical" construction of the map ζ, which
works for all the three considered planar lattices. In Chapter 2, we present
the results obtained by following this idea for two-dimensional lattices and
we also address some issues related to extending this construction to higher
dimensions, which led us to the trivial quantitative inequality on the face-
centred cubic lattice briefly reported in the Appendix.
The Q-closeness technique can also be applied to other discrete variational in-
equalities. Among them, we aim at extending the quantitative Faber–Krahn
inequality from [9] to the discrete setting. This study was further moti-
vated by the fact that, to the best of our knowledge, only partial results had
previously been obtained concerning this kind of problems in discrete con-
figurations. An early contribution appears in [40], where it was shown that
minimizers are rigid up to automorphisms. Furthermore, [42] proves that,
under a volume constraint, the minimizers of the discrete first eigenvalue
functional λN converge to the Euclidean ball. However, these results do not
provide quantitative estimates of maximal fluctuations, which we are able to
obtain by exploiting the Q-closeness technique. The results of this joint work
are presented in Chapter 3.
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Chapter 1

Preliminaries

In this chapter, we introduce the key notations, definitions, and fundamental
results that will be used consistently throughout the thesis. We begin by
establishing standard notations and conventions to ensure clarity and coher-
ence in the subsequent discussion. Following this, we provide a brief review
of essential topics in classic and modern Calculus of Variations, highlighting
fundamental theorems that form the theoretical foundation and motivate the
research presented in this work.

1.1 General Notations

We introduce some useful notations that will be used throughout all the fol-
lowing chapters and sections. While many of these symbols are standard in
the mathematical literature, we include them here to avoid potential misun-
derstandings. In particular, we refer to [22], [4] and [36].

• we will denote by e1, . . . , ed the unitary vectors of the canonical or-
thonormal basis of Rd

• M(Rd) =
{
measurable sets in Rd

}
• given Ω ⊂ Rd, we will write

◦ ∂Ω will denote the boundary of Ω

◦ Ω|E| to denote that |Ω|E|| = |E| for a given set E ⊂ Rd

◦ Ω(x) = {y ∈ Rd : y − x ∈ Ω}
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1.1. General Notations

• Br will denote d-dimensional Euclidean ball of radius r > 0; moreover,
ωd we will denote the value of B1 in dimension d:

ωd =
π

d
2

Γ(d
2
+ 1)

with Γ

(
d

2
+ 1

)
=

{
(d
2
)! if d is even

π
1
2 (d

2
)(d

2
− 1) . . . 1

2
if d is odd

• x, y denotes the segment having x, y ∈ Rd as extremal points

• χE will denote the characteristic function of the set E ⊂ Rd, that is

χE(x) =

{
1 if x ∈ E

0 else

• with a commonly used abuse of notation, we will denote with | · | either
the absolute value or the Lebesgue measure Ld(·) of a set, depending
on the context

• Hd(·) will denote the d-dimensional Hausdorff measure

• for p ∈ [1,+∞], we denote with

Lp(Ω) =
{
f : Ω → R : f is measurable ,∥f∥Lp(Ω) < +∞

}
,

where

∥f∥Lp(Ω) =


(´

Ω
|f |p dx

) 1
p if p < +∞

inf
{
c > 0 : |f | ≤ c a.e. on Ω

}
if p = +∞ .

(1.1.1)

• similarly, for p ∈ [1,+∞],

W 1,p(Ω) =
{
f : Ω → R : f is measurable and f,Df ∈ Lp(Ω)

}
• if v = (v1, . . . , vd) is a vector in Rd, then, similarly to (1.1.1), we denote

its lp norm as

∥v∥p =


(∑d

k=1 |vk|p
) 1

p if p < +∞
max

{
|vk| : k = 1, . . . , d

}
if p = +∞ .
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1.2. Perimeter

1.2 Perimeter
The concept of perimeter plays a central role in many areas of mathematics,
from geometric measure theory to the calculus of variations, and is deeply
connected to the study of minimal surfaces and optimal shapes. Despite its
intuitive meaning, a rigorous definition of perimeter was only developed in the
20th century. In modern variational analysis, the perimeter of a measurable
set is defined via the theory of functions of bounded variation. Here we will
briefly report some major definitions and properties; we refer to [4], [22] and
[36] for further details.

Definition 1.2.1. Let f ∈ L1(Ω). We say that f has bounded variation
on Ω if

sup

{ˆ
Ω

f · div(φ) dx : φ ∈ C1
C(Ω,R

d), sup
Rd

|φ| ≤ 1

}
< +∞ , (1.2.1)

where div(φ) denotes the divergence of φ. Then, we write BV (Ω) to denote
the space of L1 functions that satisfy (1.2.1).

By observing that the boundary of a set E can be interpreted as the total
variation of the characteristic function χE on the boundary, Definition 1.2.1
can be used to elegantly define the notion of perimeter. Hence we have:

Definition 1.2.2. Let E ∈ M(Rd). We say that E has finite perimeter in
Ω ⊂ Rd if

χE ∈ BV (Ω) .

Remark 1.2.3. In the following, we adopt a different notation for the (finite)
perimeter of a set. This notation is widely used in the mathematical literature
and follows directly from Definition 1.2.2 and equation (1.2.1): indeed, we
obtain that the relative perimeter of a given set E ⊂ M(Rd) within a fixed
set Ω ⊂ Rd is

P (E,Ω) := sup

{ˆ
E

div
(
φ(x)

)
dx : φ ∈ C1

C(Ω,R
d), sup

Rd

|φ| ≤ 1

}
. (1.2.2)

In particular, if Ω = Rd, then we set P (E) := P (E,Rd), which is also called
the perimeter of E in Rd. 
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1.2. Perimeter

1.2.1 A brief summary of some properties of P (E,Ω)

As mentioned in the second part of Maggi’s book [36], the perimeter can also
be characterized from a measure-theoretic point of view, by the total varia-
tion of a vector-valued Radon measure thanks to the Riesz Representation
Theorem (see, for instance, [36, Theorem 4.7]):

Proposition 1.2.4. Let E ∈ M(Rd) and let Ω ⊂ Rd. Then, E is a set of
locally finite perimeter if and only if there exists a Rd-valued Radon measure
µE on Rd such that

ˆ
E

div (φ) dx =

ˆ
Rd

φ dµE ∀φ ∈ C1
C(R

d) .

Moreover, E is a set of finite perimeter if and only if |µE|(Rd) < +∞, where

|µE|(F ) = sup


+∞∑
h=1

∣∣µE(Fh)∣∣ : (Fh)h are pairwise disjoint, F =
+∞⋃
h=1

Fh

 .

Thus, one can prove properties of the perimeter by exploiting the proper-
ties of Radon measures. We collect some of the most important ones in the
following Proposition.

Proposition 1.2.5. Let E ∈ M(Rd) and let Ω ⊂ Rd. Then, the following
hold:

(i) E 7→ P (E,Ω) is lower semi-continuous w.r.t. the local convergence of
measure in Ω.

(ii) P (E,Ω) = P (F,Ω) whenever F ∈ M(Rd) such that
∣∣Ω ∩ (E△F )

∣∣ = 0.

(iii) P (E,Ω) = P
(
Rd \ E,Ω

)
.

(iv) For any F ∈ M(Rd),

P (E ∩ F,Ω) + P (E ∪ F,Ω) ≤ P (E,Ω) + P (F,Ω) . (1.2.3)

(v) If E has C1-class boundary, then P (E,Ω) = Hd−1(∂E ∩ Ω).

Unfortunately, (1.2.2) is a little hard to use as an operative definition.
Moreover, as stated in point (v) of Proposition 1.2.5, it provides limited
information about the geometric structure of the boundary when the set
lacks smoothness. To overcome these limitations, the concepts of the reduced
boundary and outer unit normal were introduced. These notions play a
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1.2. Perimeter

crucial role in the proof of De Giorgi’s celebrated Structure Theorem, as
developed in [19], [18], and [20]. As before, we recall these results, following
the arguments presented in the second part of [36].

Definition 1.2.6. Given E ∈ M(Rd) of locally finite perimeter and given
|µE|, the Radon measure from Proposition 1.2.4, we call reduced boundary
of E the set

∂∗E =

{
x ∈ ∂E : ∃ lim

r→0+

µE
(
Br(x)

)
|µE|

(
Br(x)

) and belongs to Sd−1

}
.

Then, we call the outer unit normal to E the function νE : ∂
∗E → Sd−1

such that

νE(x) = lim
r→0+

µE
(
Br(x)

)
|µE|

(
Br(x)

) .
Remark 1.2.7. The reduced boundary is well-posed definition and behaves
well with respect to the perimeter properties of Proposition 1.2.5. Indeed, it
is possible to show that, for E ∈ M(Rd), the follwings hold:

(i) if Et is the set of the point of density t, that is

Et =

{
x ∈ Rd : lim

r→0+

|E ∩Br(x)|
ωdrd

= t

}
,

then ∂∗E ⊂ E
1
2 ,

(ii) if E is such that P (E) < +∞ and |E△F | = 0, then ∂∗E = ∂∗F ,

(iii) up to a measure zero set, ∂∗E = ∂E; moreover, if E has C1 boundary,
then ∂∗E = ∂E.




Now we can state De Giorgi’s Structure Theorem (for more details see,
for instance, [36][Theorem 15.9]).

Theorem 1.2.8. Let E ∈ M(Rd) be set of locally finite perimeter in Rd and
let x ∈ ∂∗E. Then,

E − x

r
−−−→
r→0+

{
y ∈ Rd : νE(x) · (y − x) < 0

}
.
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1.2. Perimeter

Moreover, the measure µE in Proposition 1.2.4 satisfies

µE = νEH
d−1⌞∂∗E

and it holds true that

P (E) = |µE|(Rd) = Hd−1(∂∗E) .

Remark 1.2.9. Operatively, from Theorem 1.2.8 we obtain the following
formula for the generalized Gauss-Green formula:

ˆ
E

∇φ(x) dx
ˆ
∂∗E

φ(x) · νE(x) dHd−1(x) ∀φ ∈ C1
C(R

d) .




1.2.2 The Isoperimetric Inequality

The isoperimetric inequality states that, among all sets in Rd having fixed
volume, the set with the least perimeter is the d-dimensional ball. Although
this property has been known since antiquity, the first mathematically rig-
orous proof was made in the past century. The proof, in the full generality
of finite perimeter sets, is due to Ennio De Giorgi, in his classical paper [20]
and can be formulated as follows:

Theorem 1.2.10 (Isoperimetric Inequality). Let E ∈ M(Rd) be a set with
|E| < +∞. Then, it holds that

dω
1
d
d |E|

d−1
d ≤ P (E) (1.2.4)

Moreover, the equality holds if and only if
∣∣E△B|E|(x)

∣∣ = 0 for some x ∈ Rd.

There are several different proofs of Theorem 1.2.10. The classical one, also
presented in [36], is based on the non-increasing property of the perimeter
under Steiner symmetrization (i.e., the symmetrization of a given set with
respect to a hyperplane) and the invariance of the resulting set under reflec-
tions on hyperplanes passing through the origin. However, (1.2.4) can also be
proved using alternative strategies: for instance, via the Brunn–Minkowski
inequality (we refer to [28]), via the Alexandroff–Bakelman–Pucci technique
(as shown in [10]) or through mass transportation involving maps such as
the Knothe or Brenier map, as discussed in [24].

10



1.2. Perimeter

1.2.3 The Quantitative Isoperimetric Inequality

In order to refine the result of Theorem 1.2.10, we introduce two functions.
The first one measures the deviation of the perimeter from the minimum one:

Definition 1.2.11. Let E ∈ M(Rd) be such that 0 < |E| < +∞. We call
the isoperimetric deficit of E

δ(E) =
P (E)− P (B|E|)

P (B|E|)
. (1.2.5)

Remark 1.2.12. It is direct consequence of Theorem 1.2.10 that δ(E) ≥ 0
and that the equality holds if and only if |E△B|E|(x)| = 0 for some x ∈ Rd. 


We introduce a second function that captures some geometric property of the
set E to compare with δ(E). In [25], Fuglede used the Hausdorff distance
between sets in his proof of a quantitative inequality for convex sets, but
this quantity could not be controlled by the isoperimetric deficit a priori.
Among other possible choices, the Fraenkel asymmetry is probably the most
commonly used in the literature and also one of the most general quantities;
it was first considered by Hall, Hayman, and Weitsmann in [32].

Definition 1.2.13. Let E ∈ M(Rd) be such that 0 < |E| < +∞. We call
the Fraenkel asymmetry of E

α(E) = inf
x∈Rd

{
|E△B|E|(x)|

|E|

}
.

Remark 1.2.14. By using the isoperimetric deficit and the Fraenkel asym-
metry, Hall proved in [31] that there exists a purely dimensional constant Cd
such that

α(E) ≤ Cd
4
√
δ(E) .

However, even if the estimates in [31] were sharp, Hall conjectured that the
exponent 1

4
wasn’t optimal and that it should be 1

2
. 


The quantitative isoperimetric inequality with a sharp exponent was
lately proved by Fusco, Maggi and Pratelli in [27] using symmetrization tech-
niques:
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1.2. Perimeter

Theorem 1.2.15. Let d ≥ 2. There exists a constant Cd = C(d) > 0 such
that, for every set E ⊂ Rd with 0 < |E| < +∞, it holds

α(E) ≤ Cd
√
δ(E) .

1.2.4 The Anisotropic framework

While classical perimeter theory assumes isotropy, many variational prob-
lems connected to problem modelling arise in anisotropic settings, in which
different directions are privileged by a "weight" function ψ : Rd → R. This
function encodes the geometry of the underlying space and this motivates
the introduction of the anisotropic perimeter, along with the associated opti-
mal shapes Wψ, called Wulff shapes, first introduced by the German scientist
Georg Wulff in [44]. These objects provide a natural generalization of the
classical perimeter functional and of the classical isoperimetric theory to
anisotropic contexts, yielding corresponding analogues of the isoperimetric
and quantitative isoperimetric inequalities.

Definition 1.2.16. We say that a function ψ : Rd → R is a gauge if it is
non-negative, positively homogeneous of degree one and convex.

Then, fixed a gauge ψ as in Definition 1.2.16, we can define the Wulff
shape associated with ψ, the anisotropic perimeter and the corresponding
anisotropic isoperimetric inequalities.

Definition 1.2.17. Given a gauge ψ, then we call Wulff shape associated
to ψ the set

Wψ =
{
x ∈ Rd : x · ν < ψ(ν) for all ν ∈ Sd−1

}
. (1.2.6)

Remark 1.2.18. By construction, Wψ is an open, bounded and convex set
that contains the origin. It is also possible to prove the converse: indeed,
given a set having the same properties of Wψ, it is possible to define a gauge
ψ that satisfies the hypothesis given in Definition 1.2.17.
Moreover, we can consider the Euclidean framework as a particular case of
the anisotropic one: indeed, it is sufficient to choose ψ : Rd → [0,+∞[ such
that

ψ(x) =∥x∥L2(Rd) ∀x ∈ Rd .

and from (1.2.6) it also follows thatWψ = B1. 
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1.2. Perimeter

For sake of simplicity, in the following we will only write W and we will
omit the subscript when the context does not lead to incomprehensions.
Hence, given the gauge ψ (or, equivalently, a Wulff shape W ), we can also
define the anisotropic perimeter and the anisotropic isoperimetric inequality,
analogously to what we did in Definition 1.2.2 and Theorem 1.2.10 in the
Euclidean case:

Definition 1.2.19. Given E ∈ M(Rd), we define the anisotropic perime-
ter as

PW (E) =

ˆ
∂∗E

ψ
(
νE(x)

)
dHd−1(x) (1.2.7)

where we recall that ∂∗E denotes the reduced boundary of E and νE denotes
the outer unit normal.

Theorem 1.2.20. Let d ≥ 2 and let W ⊂ Rd be a Wulff shape. Then, for
every set E ⊂ Rd with 0 < |E| < +∞ and finite perimeter, it holds

d|W |
1
d |E|

d−1
d ≤ PW (E) . (1.2.8)

Remark 1.2.21. Given a Wullf shape W , we can extend both Definition
1.2.11 and Definition 1.2.13, since they depend uniquely on the Euclidean
counterparts of the quantities in (1.2.6) and Definition 1.2.19. Given E ⊂ Rd

with 0 < |E| < +∞, we can define:

• the anisotropic isoperimetric deficit of E as

δW (E) =
PW (E)− PW (W|E|)

PW (W|E|)
,

• the anisotropic asymmetry of E as

αW (E) = inf
x∈Rd

{
|E△W|E|(x)|

|E|

}
.




In the end, it is also possible to state and prove a quantitative anisotropic
isoperimetric inequality, as shown by Figalli, Maggi and Pratelli in their
celebrated article [24]. Their proof relies on the quantitative study of the
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Brenier transportation map between the given set and the reference Wulff
shape, but here we do not go deeper into the proof and we refer to the original
paper for further details.

Theorem 1.2.22. Let d ≥ 2 and let W ⊂ Rd be a Wulff shape. Then,
there exists a constant Cd = C(d) > 0 such that, for every set E ⊂ Rd with
0 < |E| < +∞ and finite perimeter, it holds

αW (E) ≤ Cd
√
δW (E) .

1.3 Lattices

Lattices arise naturally in a variety of mathematical contexts, including cal-
culus of variations, geometry and algebraic group theory. From an analytical
point of view, their introduction is motivated by the study of some energy
functional associated to atomic models coming from physics or material sci-
ence problems. This research topic has become of great interest during the
last decades and brought to many results: for instance, we cite [43], [5], [37],
[11] [12].
In this Section, we provide a short introduction to lattices that present some
periodicities and regularities, rather than treating general ones. In partic-
ular, we are interested in lattices which are (partially) ordered infinite set
of points embedded in the Euclidean d-dimensional space, where each ele-
ment is obtained by the coordinate-wise addition or subtraction of two other
points of the set. Namely, we refer to lattices L ⊂ Rd for which there exists
a periodicity cell TL ∈ Rd such that

L + TL = L .

As in the previous cited articles, this is motivated by the choice of the
Heitmann-Radin potential on L (we refer to the original paper [34] for more
details), which implies that all the elements of the lattice are isolated and
separated by a minimum distance from the other ones.
In particular, with some abuse of terminology, in the following we will refer
to Bravais lattices, named after the French physicist who studied crystallog-
raphy in the 19th century.

Definition 1.3.1. We say that a d-dimensional lattice L is a Bravais lat-
tice if there exists d non-null linearly independent vectors v1, . . . , vd such
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that ∥vi∥2 =
∥∥vj∥∥2 for any i, j ∈ {1, . . . , d} and

L = spanZ {v1, . . . , vd} .

Moreover, we say that a d-dimensional lattice L is a superposition of Bravais
lattices if there exists a non-null vector τ ∈ Rd such that

L = spanZ {v1, . . . , vd}+
(
τ + spanZ {v1, . . . , vd}

)
.

Given a lattice L as in the previous definition and p ∈ L, we can define
the set of lattice points that are neighbours of p via the Voronoi cell of p (see
also [15]):

Definition 1.3.2. Given a lattice L ⊂ Rd, the Voronoi cell of p ∈ L is
defined as

V (p) =
{
y ∈ Rd : |p− y| ≤ |q − y| ∀q ∈ L \ {p}

}
.

Definition 1.3.3. Given a lattice L as in Definition 1.3.1 and a point p ∈ L,
we say that

• q ∈ L \ {p} is a first-neighbour of p if

Hd−1
(
V (p) ∩ V (q)

)
> 0

and we denote the set of first-neighbouring points of p as

N(p) = {q ∈ L : q is a first-neighbour to p} .

• z ∈ L \ {p} is a second-neighbour of p if z ̸∈ N(p) and

∃q ∈ L \ {p, z} : q ∈ N(p) and q ∈ N(z) .

Remark 1.3.4. For a generic lattice L and p ∈ L, we can not expect the
distance between p and q ∈ N(p) to be constant: for instance, in dimension
2, we may consider the Bravais lattice

L = spanZ

(1, 0),

(√
3

2
,
1

2

)
15
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or the superposition of Bravais lattices given by

L = spanZ

{
(1, 0), (0, 1)

}
+

((
0,

1

2

)
+ spanZ

{
(1, 0), (0, 1)

})
.




Remark 1.3.4 motivates the following definition:

Definition 1.3.5. Given a lattice L as in Definition 1.3.1, we say that L

has uniform lattice spacing if there exists c > 0 such that

H1(p, q) = c ∀p ∈ L ∀q ∈ N(p) .

Remark 1.3.6. If a lattice L as in Definition 1.3.1 has uniform lattice
spacing, then the set of first-neighbouring points of p coincides with

N(p) =
{
q ∈ L : H1(p, q) ≤ H1(p, z) ∀z ∈ L \ {p, q}

}
.




Remark 1.3.7. If we consider a lattice L ⊂ Rd as in Definition 1.3.1, then
it is easy to verify that each element p ∈ L has the same amount of neigh-
bouring points: namely

#N(p) = k(L) > 0 ∀p ∈ L .

In mathematical literature, this value is also called the kissing number of the
lattice. It is known that the highest possible kissing number is 6 in dimension
2 (achieved in the triangular lattice) and 12 in dimension 3 (achieved either in
the face-centered cubic lattice or in the HCP lattice). However, determining
the maximal kissing number in higher dimensions remains an open problem.




Given a lattice L ⊂ Rd as in Definition 1.3.1, we can associate to it an
interaction potential that depends only on the geometric displacement of the
elements of L: we choose V : [0,+∞[→ R such that

V (r) := V
(
|p− q|

)
∀p, q ∈ L .

16
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Fixed L and its potential V , if we set

XN := {Y ⊂ L : #Y = N}

(for sake of simplicity, we do not explicit the dependence of XN on L, since
this will be always clear from the context) and we consider X ∈ XN , then
we can associate an energy function to X based on the potential V :

EN(X) =
1

2

∑
p,q∈X
p ̸=q

V
(
|p− q|

)
.

In general, studying the behaviour of EN with respect to the cardinality
N or other competitors Y ∈ XN is a very hard problem and most of the
available results involve specific functions V called Lennard-Jones potentials.
In particular, we focus on the Heitmann-Radin potential VHR (see also [34]),
that, in some sense, can be seen as the limit case of the Lennard-Jones
potential. Hence, from now on, we consider VHR : [0,+∞[→ R such that

VHR(r) =


+∞ if r < 1,

−1 if r = 1,

0 if r > 1.

Remark 1.3.8. Since the Heitmann-Radin potential takes into account only
the behaviour among nearest neighbouring particles, it simplifies, in some
sense, the structure of the configuration: the particles are treated as rigid
balls that cannot overlap and whose interaction is minimum only when they
are tangent to each other. Thus, minimizing the energy corresponds to max-
imizing the number of tangent "Heitmann–Radin d-dimensional spheres",
that corresponds to #N(p) in our case. Then, if L is a lattice as in Defini-
tion 1.3.1 and X ∈ XN , the energy configuration EN(X) is

EN(X) = −1

2

∑
p∈X

#
(
N(p) ∩X

)
. (1.3.1)




In general, one may consider potentials with weighted interaction or which
consider energies between non-neighbouring points, but we are not interested
in those mathematical models and we focus only on nearest-neighbours in-
teractions.
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1.3.1 The discrete perimeter

If we have a periodic lattice that is either a Bravais lattice or a superposition
of Bravais lattices, then Remark 1.3.8 provides a simple formula for comput-
ing the energy of X ∈ XN . However, since X contains only a finite number
of elements, some of its point must have neighbours in L \ X. This moti-
vates the extension of the notion of perimeter to the discrete framework of
lattices. In order to ease the notations throughout the forthcoming Sections
and chapters, we set

N =
{
{p, q} ∈ L ×L : q ∈ N(p)

}
.

Remark 1.3.9. Given X ∈ XN and p ∈ X, we can use the notation "N"
to describe the points that are, respectively, first and second neighbours of p
within X. Indeed, according to Definition 1.3.3, we can say that:

• q ∈ X is a first-neighbour of p in X if {p, q} ∈ N.

• z ∈ X is a second-neighbour of p in X if

{p, z} ̸∈ N and ∃q ∈ X : {p, q}, {q, z} ∈ N . (1.3.2)




Definition 1.3.10. Given a lattice L ⊂ Rd and a set X ⊂ L not empty, we
define the valence of p ∈ X as

val(p) = #
{
q ∈ L \X : {p, q} ∈ N

}
.

Remark 1.3.11. If the lattice is periodic and Bravais (or superposition of
Bravais lattices), then the kissing number k(L) of L is constant and we can
infer that val(p) ∈ [0, k(L)] and

val(p) = k(L)−#
(
N(p) ∩X

)
= #

(
N(p) \X

)
.

Morevoer, by Definition 1.3.10, we can classify the points of X ⊂ L: we can
say that p ∈ X is

• an interior point of X if val(p) = 0,

• a boundary point of X if val(p) > 0 (in particular, p is an isolated
point if val(p) is maximum).

18



1.3. Lattices




The valence of the points of X can be also used to define a functional
that represents the boundary energy of a given configuration X. Indeed,
we can add to (1.3.1) a bulk term made by the interactions among all the
internal points and then we obtain a quantity that takes into account only
the boundary points and their missing bonds: we get∑

p∈X

#{q : {p, q} ∈ N}+ EN(X) =
∑
p∈X

val(p) . (1.3.3)

From this, the definition of discrete perimeter naturally follows:

Definition 1.3.12. Given X ⊂ L such that X is non-empty, we define the
discrete perimeter of X as P (X) =

∑
p∈X val(p).

Remark 1.3.13. With a slight abuse of notation, we choose to use the sym-
bol P (X) also in Definition 1.3.12 by analogy with the continuous case intro-
duced earlier. This choice is made despite the fact that, in the following sec-
tions, we will often evaluate the relationship between the discrete and contin-
uous perimeter. However, since we will be in the context of anisotropies, we
will avoid confusion by using the notation introduced in Definition 1.2.19. 


1.3.2 Anisotropy and Wulff shapes of periodic lattices

Analogously to the continuous case, it is possible define the anisotropic en-
ergy of periodic lattices; to do that, we need to compute the anisotropic
norm or the Wulff shape and, a priori, this can be difficult. There exists
an asymptotic cell formula to compute the norm (for instance, see [2]), but
thanks to [11, Proposition 2.6] we only need to do the computations on the
periodicity cell of the lattice. For sake of completeness, we report here the
result and some details.

Given a periodic lattice L with periodicity cell TL, we define the energy
for a function u : L → R on Ω ⊂ Rd as

E(u,Ω) =
1

2

∑
i∈L∩Ω

∑
j∈L

ci,j
∣∣u(i)− u(j)

∣∣ ,
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where the coefficients ci,j ≥ 0 satisfies

ci,j = ci+TL,j+TL ∀i, j ∈ L (1.3.4)

and
∃R > 1 : ci,j = 0 ∀i, j ∈ L such that |i− j| ≥ R (1.3.5)

Theorem 1.3.14. Let ci,j : L×L → [0,+∞[ be such that (1.3.4) and (1.3.5)
hold. Then, the anisotropic norm with respect to L is equal to

∥ν∥L =
1

|TL|
inf
{
E(u, TL) : u(·)− ⟨ν, ·⟩ is TL periodic

}
. (1.3.6)

Then, we can infer the Wulff shape associated to L from (1.3.6): like in
Definition 1.2.19, we have

WL =
{
x ∈ Rd : x · ν <∥ν∥L for all ν ∈ Sd−1

}
.

In the following, for sake of clarity, we will simply write WA instead of WLA

whenever the context does not have ambiguities.

Remark 1.3.15. In the following we will usually refer to lattices whose
interaction are only between neighbouring points, therefore the coefficients
ci,j are such that

ci,j =

{
1 if {i, j} ∈ N,

0 otherwise .

In particular, if L is a periodic Bravais lattice whose neighbouring directions
are {ξ1, . . . , ξn}, then the energy function in formula (1.3.6) becomes

E(u, TL) =
1

2

∑
i∈L∩TL

∑
ξ∈{ξ1,...,ξn}

∣∣⟨ξ, ν⟩∣∣ .



1.4 Γ-convergence

Γ-convergence was introduced by Ennio De Giorgi in the early 1970s to study
the asymptotic behaviour of families of functionals (Fε)ε and the convergence
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of their minimizers. The key feature of this theory is its flexibility: indeed, Γ-
convergence does not require a prescribed setting or assumptions on the form
of the minimizers, making it particularly well-suited to capturing variational
limits in problems involving homogenization, phase transitions or perturba-
tions, including those arising in computer vision problems or in the passage
from discrete to continuum systems.
There are various possible approaches to presenting this widely-used theory,
depending also on the given framework. Here, we briefly provide only some
fundamental definitions and properties and we refer, for further details and
more general statements, to [7], [8], and [16].

Definition 1.4.1. Given a metric space (X, d) and a sequence of functionals

(Fε)ε : X → [−∞,+∞] ,

we say that Fε Γ-converges to F : X → [−∞,+∞] at x ∈ X if the two
following hold:

(i) for every sequence (xε)ε ⊂ X converging to x

F (x) ≤ lim inf
ε→0

Fε(xε)

(ii) there exists a sequence (xε)ε ⊂ X converging to x such that

F (x) ≥ lim sup
ε→0

Fε(xε) .

We call F (x) the Γ-limit of Fε at x and we denote it as

F (x) = Γ− lim
ε→0

Fε(xε) . (1.4.1)

In particular, if (1.4.1) holds for all x ∈ X, then we say that Fε Γ-converges
to F and we denote it as F = Γ− limε→0 Fε.

Definition 1.4.2. Given a metric space (X, d) and a sequence of functionals
(Fε)ε such that Fε : X → [−∞,+∞], then we say that (Fε)ε is equi-coercive
if

∀t ∈ R ,∃Kt ⊂ X compact set :
{
x ∈ X : Fe(x) ≤ t

}
⊂ Kt .

The lower-semicontinuity and coercivity of a functional F are sufficient
conditions to prove the existence of minimizers of F , thanks to the direct
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method of the calculus of variations. Similarly, Definitions 1.4.1 and 1.4.2
provide sufficient conditions to ensure the convergence of the minima of a
sequence of functionals, as stated in the following theorem:

Theorem 1.4.3 (Fundamental Theorem of Γ-convergence). Let (X, d) be a
metric space and let (Fε)ε be a equi-coercive sequence of functional on X such
that F = Γ− limε→0 Fε. Then, there exists miny∈X F (y) and it holds that

min
y∈X

F (y) = lim
ε→0

inf
y∈X

Fε(y) .

Moreover, if (xε)ε is a converging sequence in X such that

lim
ε→0

Fε(xε) = lim
ε→0

inf
y∈X

Fε(y) ,

then its limit is a minimum point for F .

1.4.1 Γ-convergence on lattices

As we mentioned before, Γ-convergence can be used to study passages from
discrete setting into continuum systems and one of the most useful result
on this setting is the convergence theorem given in [2], which also provides
Lp-growth estimates for the limit functional.

Given the lattice Lε = εZd for ε > 0 and a function u : Lε −→ R, then
we can represent an energy-interaction functional on the lattice as

Fε(u) =
1

2

∑
i∈Lε

∑
j∈Lε

εdgε
(
i, j, u(i)− u(j)

)
and we can investigate its behaviour as ε → 0. In particular, if we consider
only nearest-neighbours interactions and if Fε is invariant under translations
with homogeneous interactions, then we obtain that

Fε(u) =
1

2

∑
i∈Lε

∑
j∈Lε

|i−j|=ε

εdf ε
(
u(i)− u(j)

ε

)
(1.4.2)

and we want to infer a Γ-convergence result to some F : Rd → [−∞,+∞]
such that

F (u) =

ˆ
Rd

f
(
Du(x)

)
dx .

22



1.5. Q-closeness

Theorem 1.4.4. Let (Fε)ε be a sequence of energy defined on Ω ∩Lε as in
1.4.2 and assume that there exists cε1, cε2 > 0 such that

cε1
(
|z|p − 1

)
≤ f ε (z) ≤ cε2

(
|z|p + 1

)
holds for all z ∈ R. Then, for every sequence (εk)k converging to 0, there
exists a subsequence (εkj)j and a Carathéodory function f : Ω×Rd −→ R that
satisfies

c1(|z|p − 1) ≤ f(z) ≤ c2(|z|p + 1)

such that (Fεkj )j Γ-converges w.r.t. the Lp(Ω)-topology to

F (u) =

ˆ
Ω

f(Du) dx if u ∈ W 1,p(Ω) .

Remark 1.4.5. Moreover, if f ε(z) is a positive homogeneous quadratic form
on Rd, then also f is a positive homogeneous quadratic form on Rd, as pointed
out in Remark 3.2 and Remark 5.2 of [2]. 


1.5 Q-closeness

The Q-closeness technique introduced in [13] offers a rigorous framework for
quantitatively analyzing the deviations of discrete lattice configurations from
optimal geometric shapes in the context of functional problems. Specifically,
this technique is designed to measure the deviations of periodic lattice con-
figurations from their optimal counterparts in the continuous setting, with
respect to a given functional. We report here the crucial steps of the Q-
closeness technique, since in the following chapters we will make a large use
of it for the anisotropic quantitative inequality and for a discrete quantitative
Faber-Krahn inequality.

Fixed a lattice L ⊂ Rd, we consider a discrete energy functional EN : L →
[0,+∞] such that

EN(X) < +∞ ⇐⇒ X ∈ XN . (1.5.1)

We also consider a functional E : M(Rd) −→ [0,+∞] that admits, up to
translations and measure-zero sets, a unique minimizing set Wv such that
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|Wv| = v for any v > 0, i.e.

E(Wv) = min
{
E(Ω) : Ω ∈ M(Rd) , |Ω| = v

}
(1.5.2)

Definition 1.5.1. We say that a functional E : M(Rd) −→ [0,+∞] satisfies
a φ-quantitative inequality if, for any Ω ∈ M(Rd) such that |Ω| = v, it
holds that

inf
x∈Rd

|Ω△(x+Wv)|
|Ω|

≤ φ

(
E(Ω)− E(Wv)

E(Wv)

)
(1.5.3)

where φ : [0,+∞[−→ [0,+∞[ is a modulus of continuity (i.e., φ is a contin-
uous, strictly increasing function such that φ(0) = 0).

Definition 1.5.2. Let (EN)N be a sequence of functionals as in (1.5.1) and
let E : M(Rd) → [0,+∞] be a functional that satisfies (1.5.3) and (1.5.2). We
say that the sequence (EN)N is Q-close (or quantitatively close) to E with
respect to a map ζ : L → M(Rd) and to the non-negative parameters αN ,
βN , γN if, for every X ∈ XN such that

EN(X) ≤ inf
Y ∈XN

EN(Y ) + αN (1.5.4)

the following two hold:

E
(
ζ(X)

)
≤ EN(X) + βN , (1.5.5)

inf
Y ∈XN

EN(Y ) ≤ inf
Ω∈M(Rd) : |Ω|=|ζ(X)|

E(Ω) + γN . (1.5.6)

Under these conditions, one can immediately prove Proposition 1 in [13],
that we report here for sake of completeness:

Proposition 1.5.3. Let (EN)N be a sequence of functionals Q-close to a
functional E that satisfies (1.5.2) and (1.5.3). Then, the following holds

inf
x∈Rd

|ζ(X)△(x+Wv)|
|ζ(X)|

≤ φ

(
αN + βN + γN

E(Wv)

)
(1.5.7)

where v = |ζ(X)|.
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Proof. Since E satisfies (1.5.3), by the monotonicity of φ, we have

inf
x∈Rd

|ζ(X)△(x+Wv)|
|ζ(X)|

≤ φ

(
E(ζ(X))− E(Wv)

E(Wv)

)
≤ φ

(
EN(X) + βN − infY ∈XN

EN(Y ) + γN
E(Wv)

)
≤ φ

(
αN + βN + γN

E(Wv)

)
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Chapter 2

Quantitative estimates for the
Anisotropic Isoperimetric
Inequality on lattices

In this chapter, we explore a different approach to quantitatively estimate
fluctuations in the anisotropic perimeter studied in the three cases from [13].
The core problem of the Q-closeness technique is to identify a suitable map
ζ that characterizes, in some sense, the correct measure and perimeter of the
set with respect to the given anisotropy. For example, if we consider two
adjacent points p, q in a lattice L, a very natural geometric object that rep-
resents this pair is the tubular neighbourhood of the segment p, q generated
with respect to the anisotropy. By following this intuition, we define a map
ζ that depends only on the given lattice and we recover the results of [13].

In Section 2.1, we will first properly define the map ζ on a suitable neigh-
bourhood of the points of the lattice L. In the subsequent sections, we will
use ζ to compute a quantitative anisotropic isoperimetric inequality. More
precisely, in Sections 2.2, 2.3, and 2.4, we will carry out the computations for
the d-dimensional square lattice, the honeycomb lattice, and the triangular
lattice, respectively. In the final section of this chapter, we briefly discuss
some intrinsic issues that arise when attempting to extend this approach to
higher-dimensional frameworks.

Before starting, we fix and recall a couple of very useful notations which
will be used throughout the following chapter. Given L ⊂ Rd as in Defini-
tion 1.3.1,

• we denote by XN the set {Y ⊂ L : #Y = N},
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• we denote by {p, q} ∈ N an unordered couple of first-neighbouring
points in L or X ∈ XN , depending on the context

• we denote by p, q the segment connecting p, q ∈ L.

2.1 The discrete-to-continuum map ζ

The construction of the map ζ, based on an appropriate tubular neighbour-
hood, respects the anisotropic nature of the given setting. Hence, we need
to define a geometric object that takes into account both the Wulff shape
associated with the lattice and the connections between neighbouring points.
To do that, we introduce the Minkowski sum:

Definition 2.1.1. Given two sets A,B ⊂ Rd, the Minkowski sum of A
and B is the subset of Rd defined as

A⊕B = {a+ b : a ∈ A , b ∈ B} .

In order to take into account the role of the adjacencies in the given lattice
L, we define the following subset of Rd:

Definition 2.1.2. Let L ⊂ Rd be as in Definition 1.3.1:

L = spanZ{v1, . . . , vd} ∪
(
τ + spanZ{v1, . . . , vd}

)
for some v1, . . . , vd ∈ Rd and for some τ ∈ Rd and let X ∈ XN . Then, we
define the 1-dimensional skeleton of X as

Ξ(X) = X ∪
{
p, q : p, q ∈ X and {p, q} ∈ N

}
∪

p, q :
⋄ p, q ∈ X
⋄ p, q satisfy (1.3.2)
⋄ H1(p, q) =∥v1∥2

 . (2.1.1)

In particular, if L is a Bravais lattice, then L = spanZ{v1, . . . , vd} and

Ξ(X) = X ∪
{
p, q : p, q ∈ X and {p, q} ∈ N

}
.

The set Ξ(X) is designed to include all the points of the configuration
X, including isolated points, all the segments representing first-neighbour
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interactions and those reflecting the intrinsic geometric structure of the un-
derlying lattice. The definition has been given in a form as general as possible
to include all lattice cases discussed in this chapter and in the Appendix.

Figure 2.1: A representation of Ξ(X) on the honeycomb lattice (see Sec-
tion 2.3 for its definition). The set X is depicted by red dots, while Ξ(X)
is the union of X with the red dashed segments. In the honeycomb lattice,
the segments connecting first- and second-neighbouring points in X coincide
with the segments defined in (2.1.1).

Using these two definitions, we define the map ζ accordingly, in order to
provide a suitable continuous representation of the discrete configuration X,
by constructing a tubular neighbourhood of Ξ(X) via the Minkowski sum:

Definition 2.1.3. Given a lattice L ⊂ Rd, given X ∈ XN and given the
Wulff shape WL associated to L, we define ζ : L −→ M(Rd) as

ζ(X) = cWL ⊕ Ξ(X) , (2.1.2)

where Ξ(X) is the set in (2.1.1) and c is the biggest positive real number
such that∣∣(p+ cWL) ∩ (q + cWL)

∣∣ = 0 for any {p, q} ∈ N . (2.1.3)

2.1.1 The Minkowski neighbourhood of a lattice

To apply Proposition 1.5.3, we firstly need to control the geometric be-
haviour of the map in (2.1.2), since we want to compute the measure and the
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anisotropic perimeter of ζ with a local-to-global procedure. Thus, we have
to choose firstly a suitable neighbourhood of the points of L in which we
can localize the computations. The most natural choice for periodic lattices
seems to be the Voronoi cells of the points of L (see Definition 1.3.2), since
they define a tessellation of the whole Rd and, by construction, for any p ∈ L

it holds that p+ cWL ⊂ V (p).
However, there exists lattices where, for any couple of points p, q ∈ L such
that {p, q} ∈ N, it holds that

cWL ⊕ p, q ̸⊂ V (p) ∪ V (q)

and therefore ζ(X) ̸⊂
⋃
p∈X V (p) for any X ∈ XN . This happens even in

well-known cases: for instance, this containment fails in the 2-dimensional
triangular lattice LT (for the precise definition and further details about LT ,
see Section 2.4) as well as for the 3-dimensional FCC lattice, as briefly ex-
plained in the Appendix.

In the following, we define a neighbourhood U(p) for the points of the given
lattice L such that

ζ(X) ⊂
⋃
p∈X

U(p) for anyX ∈ XN .

In this way, we can apply the local-to-global approach without neglecting
any relevant contributions from either the measure or the perimeter of ζ.
First, we introduce the following notation: given a lattice L ⊂ Rd as in Defi-
nition 1.3.1 and its associated rescaled Wulff shape cWL as in Definition 2.1.3,
we set

cWL ⊕ p, q

2
:=

⋃
λ∈[0, 12 [

(cWL ⊕ p, q) ∩ Πp,q,λ ,

where Πp,q,λ denotes the hyperplane orthogonal to p, q and passing through
the point λp+ (1− λ)q.

Remark 2.1.4. Roughly speaking, cWL⊕ p,q
2

denotes the tubular neighbour-
hood (w.r.t. the Wulff shape and the segment p, q) truncated orthogonally
at the middle point of p, q. 


Definition 2.1.5. Given a lattice L ⊂ Rd and p ∈ L, we define the
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2.1. The discrete-to-continuum map ζ

Minkowski neighbourhood in p ∈ L as:

U(p) =


V (p) if

(
cWL ⊕ p,q

2
⊂ V (p)

)
holds ∀q : {p, q} ∈ N ,⋃

q∈L
{p,q}∈N

(
cWL ⊕ p,q

2

)
otherwise .

(2.1.4)

Remark 2.1.6. By the previous definition, we can infer that

|ζ(X)| ≤

∣∣∣∣∣ ⋃
p∈X

U(p)

∣∣∣∣∣ .
In particular, when summing the local measure contributions of the inter-
nal points, each such point contributes exactly |U(p)| to the measure of ζ.
However, if U(p) is not the Voronoi cell of the lattice, then there may be
overlaps between neighbouring Minkowski neighbourhoods, which we must
take care not to double-count, or there may be portions of Rd near p that are
not covered by ζ.
In particular, if we have that V (p) ⊂ U(p), then we can avoid computing
the measure of these overlaps and simply infer that each internal point con-
tributes |V (p)| to the measure of ζ; in this case, we obtain that

∣∣ζ(X)
∣∣ ≤ ∑

p∈X
val(p)=0

|V (p)|+

∣∣∣∣∣ ⋃
p∈X

U(p) \
⋃
p∈X

val(p)=0

V (p)

∣∣∣∣∣ .



In the following lemma, we show that the measure of the boundary of
ζ(X), for a givenX ∈ XN , can be computed as the sum of the local boundary
measures within the Minkowski neighbourhoods of the points in X.

Lemma 2.1.7. Given L ⊂ Rd, let ζ be the map in (2.1.2) and let U(p) be
the Minkowski neighbourhood of Definition 2.1.5. Let us assume that

Hd−1
(
∂ζ(X) ∩ U(p) ∩ U(q)

)
= 0 ∀p, q ∈ X . (2.1.5)

Then, for any X ∈ XN it holds that

Hd−1
(
∂ζ(X)

)
=
∑
p∈X

Hd−1
(
∂ζ(X) ∩ U(p)

)
. (2.1.6)
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2.2. The d-dimensional square lattice

In particular, it holds that

PWL

(
ζ(X)

)
=
∑
p∈X

PWL

(
ζ(X) ∩ U(p)

)
. (2.1.7)

Proof. From (2.1.5) we can infer the additivity of the (d − 1)-dimensional
Hausdorff measure on the sets

(
∂ζ(X) ∩ U(p)

)
p∈X :

Hd−1
(
∂ζ(X) ∩

(
U(p) ∪ U(q)

))
= Hd−1

((
∂ζ(X) ∩ U(p)

)
∪
(
∂ζ(X) ∩ U(q)

))
−Hd−1

(
∂ζ(X) ∩ U(p) ∩ U(q)

)
= Hd−1

(
∂ζ(X) ∩ U(p)

)
+Hd−1

(
∂ζ(X) ∩ U(q)

)
.

Hence, we get the thesis:

Hd−1
(
∂ζ(X)

)
= Hd−1

∂ζ(X) ∩
⋃
p∈X

U(p)

 = Hd−1

⋃
p∈X

(
∂ζ(X) ∩ U(p)

)
=
∑
p∈X

Hd−1
(
∂ζ(X) ∩ U(p)

)
.

(2.1.7) is a direct consequence of (2.1.6) and (1.2.7), since, by construction,
∂ζ(X) is made by (d − 1)-dimensional polyhedra on which the anisotropic
weight is constant.

We remark that, if U(p) coincides with the Voronoi cell of L, then (2.1.6)
trivially holds, since Voronoi cells form a tessellation of Rd. This is the case
for the lattices considered in Section 2.2 and Section 2.3. By contrast, in
Section 2.4, the Minkowski neighbourhood does not coincide with the Voronoi
cell, but condition (2.1.5) still holds; therefore, by the previous Lemma,
we can compute exactly the anisotropic perimeter of ζ via a local-to-global
procedure.

2.2 The d-dimensional square lattice

In the study of periodic structures, the d-dimensional square lattice is prob-
ably the simplest and most fundamental configuration, where each point of
the grid is spaced evenly by the vectors of the canonical orthonormal basis
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2.2. The d-dimensional square lattice

e1, . . . , ed of Rd; formally, we can describe the lattice as

LQ = Zd = spanZ {e1, . . . , ed} .

This description reflects the translational invariance and the scaling invari-

Figure 2.2: The lattice LQ in two dimension.

ance of LQ; moreover, it is easy to see that the periodicity cell of the lattice is
the unitary d-dimensional cube. Thus, for sake of simplicity, for any p ∈ LQ

we set

Q(p) = p+

]
−1

2
,
1

2

[d
.

From Theorem 1.3.14, we know that we can compute the anisotropic norm
with the periodicity cell formula (1.3.6). We get

∥ν∥Q =
d∑

k=1

1

2
|⟨ν, ek⟩|+

1

2
|⟨ν,−ek⟩| =

d∑
k=1

|⟨ν, ek⟩| =∥ν∥1 . (2.2.1)

Then, the Wulff shape associated to LQ is determined by the sublevel set of
the dual function of the anisotropic norm:

WQ =
{
x ∈ Rd : x · ν <∥ν∥1 for all ν ∈ Sd−1

}
= ]−1, 1[d . (2.2.2)

Moreover, by (1.2.7) and (1.2.8) we get

PQ(E) =

ˆ
∂∗E

∥νE∥Q dHd−1 ≥ PQ(WQ,|E|) , (2.2.3)

where we recall that
∣∣WQ,|E|

∣∣ = |E|.
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2.2. The d-dimensional square lattice

2.2.1 Geometric properties of ζ in LQ

The first step in order to apply the Q-closeness is the computation of the
measure and the perimeter of the map ζ defined in (2.1.2) on LQ. Since the
Wulff shape WQ coincides with the Voronoi cell in each point p of the lattice,
we can localize the computations inside the Voronoi cells of the points of
X ∈ XN . Moreover, by construction, we also get that the rescaling factor
needed for (2.1.2) is 1

2
: hence

cWQ ⊕ p, q = Q(p) ∪Q(q) ∀{p, q} ∈ N .

Therefore, for the lattice Zd, the discrete-to-continuum map ζ : LQ → M(R2)
defined in (2.1.2) is equivalent to

ζ(X) =
⋃
p∈X

Q(p) (2.2.4)

and then we can infer the following properties:

Lemma 2.2.1. Let X ∈ XN and let ζ : LQ → M(Rd) be the function defined
in (2.2.4). Then,

(i) |ζ(X)| = N ,

(ii) PQ
(
ζ(X)

)
= P (X).

Proof of (i). This is a direct consequence of (2.2.4): indeed for any p ∈ X
we have |Q(p)| = 1 and hence

|ζ(X)| =

∣∣∣∣∣∣
⋃
p∈X

Q(p)

∣∣∣∣∣∣ =
∑
p∈X

|Q(p)| = #X .

Proof of (ii). By ∥νΩ∥Q = ∥νΩ∥1 and (2.2.4) we have
∥∥νζ(X)

∥∥
Q
≡ 1 for a.e.

point in ∂∗ζ(X); thus, (2.2.3), we get

PQ
(
ζ(X)

)
=

ˆ
∂∗ζ(X)

∥∥νζ(X)(x)
∥∥
Q

dHd−1(x) = Hd−1
(
∂∗ζ(X)

)
.

The thesis follows by

Hd−1
(
∂∗ζ(X)

)
=
∑
p∈X

Hd−1
(
∂ζ(X) ∩ ∂Q(p)

)
=
∑
p∈X

val(p) .
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2.2. The d-dimensional square lattice

Remark 2.2.2. We point out that, through our definition (2.1.2) of ζ, we
obtain the same set used by Cicalese and Leonardi in their paper [13] for the
lattice LQ. 


2.2.2 Q-closeness for ζ in LQ

In order to apply the Q-closeness, we set the discrete functional as

EN : L → [0,+∞] such that EN(X) = P (X) ∀X ∈ XN , (2.2.5)

and the continuous functional as

E : M(Rd) → [0,+∞] such that E(Ω) = PQ(Ω) ∀Ω ∈ M(Rd) . (2.2.6)

Analogously to Remark 2.2.2, we can infer that the map (2.2.4) produces
the same estimates for the parameters βN , γN as the ones obtained in [13].
Therefore, we briefly report here only the results without computations and
we refer to the original article for further details.
We get that the estimate (1.5.5) holds with βN = 0 since

E
(
ζ(X)

)
= Hd−1

(
∂∗ζ(X)

)
=
∑
p∈X

Hd−1
(
∂∗ζ(X) ∩Q(p)

)
=
∑
p∈X

val(p) = EN(X) ,

while (1.5.6) holds with
γN ≤ CdN

1− 2
d ,

which is obtained by the removing-points algorithm explained in [13].
Finally, by applying Proposition 1.5.3, we get the following quantitative es-
timate:

Proposition 2.2.3. Let ζ be the map defined in (2.2.4) with respect to the
rescaled Wulff shape Q. Let EN , E be the functionals defined respectively in
(2.2.5), (2.2.6) and let X ∈ XN such that

EN(X) ≤ inf
Y ∈XN

EN(Y ) + αN . (2.2.7)

Then, there exists a dimensional constant Cd = C(d) > 0 such that

inf
x∈Rd

∣∣ζ(X)△(x+WQ,|ζ(X)|)
∣∣ ≤ Cd

(
αNN

d+1
d +N2− 1

d

) 1
2
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2.3. The honeycomb lattice

For sake of completeness, we report the proof from [13]:

Proof. By Proposition 1.5.3, we have

inf
x∈Rd

∣∣ζ(X)△(x+WQ,|ζ(X)|)
∣∣ ≤ Cd

(
αN + βN + γN

d

) 1
2

|ζ(X)|
d+1
2d

We know that βN = 0 and that γN ≤ CdN
1− 1

2d ; thus,

inf
x∈Rd

∣∣ζ(X)△(x+WQ,|ζ(X)|)
∣∣ ≤ Cd

(
αN + CdN

1− 2
d

d

) 1
2

N
d+1
2d

≤ Cd

(
αNN

d+1
d +N2− 1

d

) 1
2

Remark 2.2.4. Proposition 2.2.3 gives a sharp exponent for the quantitative
estimate in dimension d = 2, the so-called N

3
4 -law, that was proven to be

optimal in [41] and [17]:

inf
x∈R2

∣∣ζ(X)△(x+WQ,|ζ(X)|)
∣∣ ≤ C2

(
αNN

3
2 +N2− 1

2

) 1
2
= C̃2N

3
4 .

However, the Q-closeness technique only gives a sub-optimal exponent in
greater dimension: indeed, in [37] it is shown that the N

3
4 -law still holds in

three dimensions. 


2.3 The honeycomb lattice
The honeycomb lattice is a 2-dimensional periodic lattice, where each point
has three nearest neighbors, arranged in a hexagonal pattern by the super-
position of two Bravais lattices:

LH =spanZ

{
√
3e1,

−
√
3e1 + 3e2
2

}
∪e2 + spanZ

{
√
3e1,

−
√
3e1 + 3e2
2

} , (2.3.1)
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2.3. The honeycomb lattice

where we recall that ei denotes the ith vector of the standard orthonormal
basis of Rd.
By construction, the lattice has unitary uniform spacing, as in the d dimen-
sional square lattice case, and the periodicity cell TH of the lattice is the
rhombus spanned by the two basis vectors of the Bravais lattice centred in
(0, 1

2
), while the Voronoi cell of p ∈ LH is an equilateral triangle of side length

equal to
√
3 centred in p.

Figure 2.3: The honeycomb lattice

Analogously to the previous case of the d-dimensional square lattice, we
can use Theorem 1.3.14 to compute the anisotropic norm associated to LH :
we get

∥ν∥H =
1

3
min

{
|ν1 +

√
3ν2|+ |ν1 −

√
3ν2|, |ν1 +

√
3ν2|+ 2|ν1|,

|ν1 −
√
3ν2|+ 2|ν1|

}
. (2.3.2)

Consequently, the Wulff shape associated to LH is

WH =
{
x ∈ R2 : x · ν ≤∥ν∥H for all ν ∈ S1

}
,

that is the regular hexagon with vertices
(
2
3
, 0
)
,
(

1
3
,
√
3
3

)
,
(
−1

3
,
√
3
3

)
,
(
−2

3
, 0
)
,
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2.3. The honeycomb lattice

(
−1

3
,−

√
3
3

)
,
(

1
3
,−

√
3
3

)
.

Moreover, again by (1.2.7) and (1.2.8), we have that

PH(E) =

ˆ
∂∗E

∥∥νE(x)∥∥H dH1(x) ≥ PH(WH,|E|) ,

where
∣∣WH,|E|

∣∣ = |E|.

Remark 2.3.1. The anisotropic norm can be obtained as follows. Since
|TH | = 3

√
3

2
, from (1.3.6) we get

∥ν∥H =
2

3
√
3
inf


∑
p∈TH

∑
q∈LH

{p,q}∈N

1

2
|u(p)− u(q)| : u(·)− ⟨ν, ·⟩ TH-periodic

 .

Since, up to translations, the periodicity cell contains the points (0, 0), (0, 1)
and since u(·)− ⟨ν, ·⟩ is TH-periodic, we can infer that

|u(p)− u(q)| = |⟨p− q, ν⟩ − t| for some t ∈ R ,

where p ∈ spanZ

{√
3e1,

−
√
3e1+3e2
2

}
and q ∈

(
e2 + spanZ

{√
3e1,

−
√
3e1+3e2
2

})
.

Hence, we get that

∥ν∥H =
2

3
√
3
inf
t

|t+ ν2|+

∣∣∣∣∣t+
√
3

2
ν1 −

1

2
ν2

∣∣∣∣∣+
∣∣∣∣∣t−

√
3

2
ν1 −

1

2
ν2

∣∣∣∣∣
 .

and this yields (2.3.2). For sake of conciseness, we omit all the explicit
computations here, but for further details on the computation of a similar
anisotropic norm, we refer to Proposition 2.5 of [12]. 


Remark 2.3.2. Before applying Definition 2.1.3, we need to find a scaling
value c > 0 such that two rescaled Wulff shapes are tangent whenever {p, q} ∈
N. Since each direction p, q intersect orthogonally the boundary of the Wulff
shape, a straightforward computation shows that the right scaling value is
c =

√
3
2

. For sake of simplicity, from now on we denote the rescaled Wulff
shape as

H :=

√
3

2
WH and H(p) = p+H ∀p ∈ LH . (2.3.3)
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2.3. The honeycomb lattice

Moreover, since we will need to compute the anisotropic perimeter of (2.1.2),
we also remark that, by (2.3.2), ∀p ∈ LH we get

∥∥ν(x)∥∥
H
=

{√
3
3

for x ∈ ∂
1
2H(p)

2
3

for x ∈ ∂
1
3H(p)

. (2.3.4)

Recalling the notation introduced in Remark 1.2.7, the case x ∈ ∂
1
3H(p)

corresponds to the directions of the vertices of H(p) and we explicit this value
since these directions are the ones connecting second-neighbouring points in
LH and we will need to consider them in the forthcoming computations, due
to Definition 2.1.3. 


2.3.1 Geometric properties of ζ in LH

As in the case of the d-dimensional square lattice, we consider a set X ∈ XN

and we have to select a proper set for evaluating the local contributions to
the measure and perimeter. Since it holds that

H ⊕ p, q ⊂ V (p) ∪ V (q) ∀{p, q} ∈ N ,

by Definition 2.1.5 we can choose the Voronoi cells as the localization sets.
Since the honeycomb lattice is generated by the superposition of two Bra-
vais lattices, by Definition 2.1.2, the 1-dimensional skeleton of X ⊂ LH is
composed of isolated points, segments connecting neighbouring points and
segments linking second-neighbouring points in the configuration. Then, we
can write Ξ(X) as

Ξ(X) =
⋃
p∈X

val(p)=3

{p} ∪
⋃
p,q∈X
{p,q}∈N

p, q ∪
⋃
p,z∈X

(1.3.2) holds

p, z (2.3.5)

while we define the discrete-to-continuum map ζ : LH → M(R2) as

ζ(X) = H ⊕ Ξ(X) ∀X ∈ XN . (2.3.6)

Before estimating the measure and the anisotropic perimeter of (2.3.6) in
Proposition 2.3.4, we state the following lemma to simplify the computations:
given p ∈ X, we quantify the contributions of (2.3.6) within each V (p)\H(p)
in the two cases of first-neighbouring points and second-neighbouring points
(see also Figure 2.4).
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2.3. The honeycomb lattice

Figure 2.4: An example illustrating the behaviour of (2.3.6) on a given set
X ⊂ LH (shown as red points): the area covered by ζ(X) is depicted in red
while the area of the Minkowski neighbourhoods of the points of X is in gray.

Lemma 2.3.3. Let X ∈ XN , let p ∈ X and let H be the set defined in
(2.3.3). Then, the followings hold:

(i) if q ∈ X is such that {p, q} ∈ N, then∣∣∣(H ⊕ p, q) ∩
(
V (p) \H(p)

)∣∣∣ = √
3

12

PH
(
H ⊕ p, q , V (p) \H(p)

)
=

2

3
.

(ii) if z ∈ X is a second neighbour of p in X, then∣∣∣(H ⊕ p, z) ∩
(
V (p) \H(p)

)∣∣∣ = √
3

12

PH
(
H ⊕ p, z , V (p) \H(p)

)
=

1

3
.

Proof of (i). If {p, q} ∈ N, then
∣∣(H ⊕ p, q) ∩ V (p)

∣∣ corresponds to half |H(p)|
plus the measure of the rectangle of basis length equal to H1

(
diam(H(p))

)
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2.3. The honeycomb lattice

and height equal to H1(p,q)
2

. Thus, we have that∣∣∣(H ⊕ p, q) ∩
(
V (p) \H(p)

)∣∣∣ = H1
(
diam(H(p))

)
· H

1(p, q)

2
− |H(p)|

2
.

Since, by construction, H1
(
diam(H(p))

)
= 2

√
3

3
, H1(p,q)

2
= 1

2
and |H(p)| =

√
3
2

,
we get the desired value.
On the other hand, PH

(
H ⊕ p, q , V (p) \H(p)

)
corresponds to the weighted

1-dimensional Hausdorff measure of the two segments of length H1(p,q)
2

parallel
to p, q. Since the outer unit normal ν(x) to these segments is parallel to
νH(p)(x) for x ∈ ∂

1
3H(p), by (2.3.4) we have that

∥∥ν(x)∥∥
H

is constantly equal
to 2

3
. Hence, we get

PH
(
H ⊕ p, q , V (p) \H(p)

)
=

ˆ
∂∗(H⊕p,q)∩(V (p)\H(p))

∥∥ν(x)∥∥
H
dH1(x)

=
2

3
· 2H

1(p, q)

2
=

2

3
.

Proof of (ii). Similarly to the previous case, we can infer that
∣∣(H ⊕ p, q) ∩ V (p)

∣∣
is equal to |H(p)| plus one third of |V (p) \H(p)|. Hence, we have∣∣∣(H ⊕ p, z) ∩

(
V (p) \H(p)

)∣∣∣ = |V (p)| − |H(p)|
3

=

√
3

12
.

On the other hand, PH
(
H ⊕ p, z , V (p) \H(p)

)
corresponds to the weighted

1-dimensional Hausdorff measure of an edge of the equilateral triangle of side
length equal to

√
3
3

(one of the congruent triangles composing V (p) \H(p)).
The outer unit normal to this edge is parallel to νH(p)(x) for x ∈ ∂

1
2H(p) and

hence it is constantly equal to
√
3
3

by (2.3.4). In the end, we get

PH
(
H ⊕ p, z , V (p) \H(p)

)
=

√
3

3
·
√
3

3
=

1

3
.

Proposition 2.3.4. Let X ∈ XN and let ζ : LH → M(R2) be the map defined
in (2.3.6). If we denote by Valk(X) = #{p ∈ X : val(p) = k}, then

(i) 3
√
3

4

(
N − P (X)

9

)
≤ |ζ(X)| ≤ 3

√
3

4

(
N − Val2(X)+3Val3(X)

9

)
.

(ii) PH
(
ζ(X)

)
= P (X)− Val2(X)+3Val3(X)

3
.
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2.3. The honeycomb lattice

Proof. To compute (i) and (ii), we divide the proof in four different cases,
based on the valence of the points of X. In the end, we sum up their contri-
butions. To ease the notations, we set

HM(p) := ζ(X) ∩ V (p) , PH
(
HM(p)

)
:= PH

(
ζ(X), V (p)

)
.

We also observe that, within each V (p), the map ζ affects the measure and
the anisotropic perimeter by the quantities computed in Lemma 2.3.3; hence,
it suffices to apply these two cases, while taking care to account for overlaps,
to deduce the local contributions in the forthcoming computations.

Case 1 :
{
p ∈ X : val(p) = 3

}
.

Whenever p is an isolated point, we have HM(p) = H(p). Therefore, the
local contributions of p are respectively

|H(p)| =
√
3

2
and PH

(
H(p)

)
= 2 .

Case 2 :
{
p ∈ X : val(p) = 2

}
.

p has a unique first-neighbour in X, but it might have more 0, 1 or 2 second
neighbours. We denote this amount by N2(p), that is

N2(p) = # {z ∈ X : (1.3.2) holds for z} ,

and then we compute the three possible subcases.
For N2(p) = 0, we have that the couple {p, q} is isolated from the configu-
ration X. Hence, we can apply directly the first point of Lemma 2.3.3: we
obtain ∣∣HM(p)

∣∣ = |H(p)|+
√
3

12
=

7
√
3

12
,

while the perimeter contribution is equal to

PH
(
HM(p)

)
=
PH
(
H(p)

)
2

+ PH
(
H ⊕ p, q , V (p) \H(p)

)
=
PH
(
H(p)

)
2

+
2

3
=

5

3
.

If N2(p) = 1, we denote by q the first neighbouring point and by z1 the
unique second neighbour of p in X; then, the directions p, q, p, z1 produce a
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2.3. The honeycomb lattice

overlap within V (p) of the Minkowski sum. By Lemma 2.3.3, we have

|HM(p)| =
∣∣∣(H ⊕ p, q) ∩

(
V (p) \H(p)

)∣∣∣+ ∣∣∣(H ⊕ p, z1) ∩
(
V (p) \H(p)

)∣∣∣
+ |H(p)| −

∣∣∣(H ⊕ p, q) ∩ (H ⊕ p, z1) ∩
(
V (p) \H(p)

)∣∣∣
=

√
3

12
+

√
3

12
+

√
3

2
−

√
3

24
=

15
√
3

24
.

Analogously, since half of the contribution of PH
(
H ⊕ p, q , V (p) \H(p)

)
is

covered by ζ in direction p, z1, we have

PH
(
HM(p)

)
=
PH
(
H(p)

)
2

+
PH
(
H ⊕ p, q , V (p) \H(p)

)
2

+ PH
(
H ⊕ p, z1 , V (p) \H(p)

)
=
PH
(
H(p)

)
2

+
1

3
+

1

3
=

5

3
.

If N2(p) = 2, it is sufficient to compute the contributions in the direction
of the two second neighbours z1, z2 of p in X: indeed, the Minkowski sum
along the two p, z1 and p, z2 does not produce overlaps in V (p) \H(p), while
it completely covers the contribution in the direction of the first neighbour
q. Then, by the second point of Lemma 2.3.3, we have

∣∣HM(p)
∣∣ = |H(p)|+

2∑
k=1

∣∣∣(H ⊕ p, zk) ∩
(
V (p) \H(p)

)∣∣∣
= |H(p)|+ 2

√
3

12
=

2
√
3

3
.

For the same motivation, the perimeter contribution is equal to half PH
(
H(p)

)
plus the perimeter contributions along pz1, pz2; hence, we get

PH
(
HM(p)

)
=
PH
(
H(p)

)
2

+
2∑

k=1

PH
(
H ⊕ p, zk , V (p) \H(p)

)
=
PH
(
H(p)

)
2

+
2

3
=

5

3
.

To sum up, if p ∈ X is such that val(p) = 2, then

7
√
3

12
≤ |HM(p)| ≤ 2

√
3

3
and PH(HM(p)) =

5

3
.
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2.3. The honeycomb lattice

Case 3 :
{
p ∈ X : val(p) = 1

}
.

Similarly to Case 2, we have to consider different cases depending on N2(p) ∈
{0, . . . , 4}. However, if we denote by q1, q2 the two first neighbours of p,
then q1, q2 ∈ Ξ(X), according to (2.3.5). Thus, the equilateral triangle T
contained in V (p) \H(p) near q1, q2 is fully covered by ζ(X), independently
from the value N2(p) (see Figure 2.5). Hence, we can immediately infer that
|HM(p)| > |H(p)|+

√
3

12
and that it is sufficient to consider how many second

neighbours of p in X lie outside the portion of plane delimited by the angle
q̂1pq2; we denote this quantity by N̂2(p) and, as before, N̂2(p) ∈ {0, 1, 2} gives
three subcases.

Figure 2.5: For p, q1, q2 ∈ X such that {p, q1}, {p, q2} ∈ N, we have q1, q2 ∈
Ξ(X). If we denote by T the small equilateral triangle in the upper part of
V (p), then T ⊂ H ⊕ q2, q1 ⊂ ζ(X). In red, the area covered by H ⊕ q2, q1.

If N̂2(p) = 0, then it is enough to compute the contributions in the direction
of the two first neighbours q1, q2 of p. Then, by Lemma 2.3.3, the measure
contribution is

∣∣HM(p)
∣∣ = |H(p)|+

√
3

12
+

2∑
k=1

∣∣∣(H ⊕ p, qk) ∩
(
V (p) \H(p)

)∣∣∣
2

=

√
3

2
+

√
3

12
+

√
3

12
=

2
√
3

3
,

while the perimeter contribution is equal to PH(H(p))
6

plus the half of the one
given by the first neighbours

PH
(
HM(p)

)
=
PH
(
H(p)

)
6

+
2∑

k=1

PH
(
H ⊕ p, qk , V (p) \H(p)

)
2

=
PH
(
H(p)

)
6

+
2

3
= 1 .
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2.3. The honeycomb lattice

If N̂2(p) = 1, then we denote by z1 this second neighbour of p in X and we
assume, without loss of generality, that {p, q1}, {q1, z1} ∈ N. Therefore, we
have that

∣∣HM(p)
∣∣ = |H(p)|+

√
3

12
+

∣∣∣(H ⊕ p, q2) ∩
(
V (p) \H(p)

)∣∣∣
2

+
∣∣∣(H ⊕ p, z1) ∩

(
V (p) \H(p)

)∣∣∣
=

√
3

2
+

√
3

12
+

√
3

24
+

√
3

12
=

17
√
3

24
,

and the local perimeter is
PH(H(p))

6
plus the contributions in the directions

p, q2, p, z1

PH
(
HM(p)

)
=
PH
(
H(p)

)
6

+
PH
(
H ⊕ p, q2 , V (p) \H(p)

)
2

+ PH
(
H ⊕ p, z1 , V (p) \H(p)

)
=
PH
(
H(p)

)
6

+
1

3
+

1

3
= 1 .

If N̂2(p) = 2, then HM(p) = V (p) and |HM(p)| = 3
√
3

4
. If we denote the two

second neighbours of p in X by z1, z2, we get that the perimeter is
PH(H(p))

6

plus the contributions in the directions p, z1, p, z2:

PH
(
HM(p)

)
=
PH
(
H(p)

)
6

+
2∑

k=1

PH
(
H ⊕ p, zk , V (p) \H(p)

)
=
PH
(
H(p)

)
6

+
2

3
= 1 .

To sum up, if p ∈ X is such that val(p) = 1, then

2
√
3

3
≤ |HM(p)| ≤ 3

√
3

4
and PH(HM(p)) = 1 .

Case 4 :
{
p ∈ X : val(p) = 0

}
.

If p is an internal point of the configuration, then it immediately follows that
|HM(p)| = |V (p)| = 3

√
3

4
and PH(HM(p)) = 0.

Since the Voronoi cells are a partition of R2, then both the measure and
the anisotropic perimeter of ζ are given by the sum of the local contributions
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2.3. The honeycomb lattice

(see also Lemma 2.1.7). Since |ζ(X)| =
∑

p∈X

∣∣HM(p)
∣∣, by recalling that

N =
3∑

k=0

Valk(X) and P (X) =
N∑
i=1

val(pi) =
3∑

k=1

kValk(X) ,

we get conclusion (i):

3
√
3

4

(
N − P (X)

9

)
≤ |ζ(X)| ≤ 3

√
3

4

(
N − Val2(X) + 3Val3(X)

9

)
.

Similarly, conclusion (ii) is given by

PH
(
ζ(X)

)
=
∑
p∈X

PH
(
HM(p)

)
= Val1(X) +

5

3
Val2(X) + 2Val3(X)

= P (X)− Val2(X) + 3Val3(X)

3
.

Remark 2.3.5. If we consider Xk ⊂ LH such that #Xk = 6k2 for some
k ≥ 1, then we can construct "optimal quasi-hexagonal" configurations: it is
sufficient to start from the six points that are the vertices of a regular hexagon
in LH of unitary side-length and then add all the neighbouring points until
we enclose other 3(k − 1) + 3(k − 1)2 hexagons in our configuration (see
Figure 2.6).
By construction, Xk has exactly 6k(k − 1) internal points and 6k boundary
points, whose valence is equal to 1; by Proposition 2.3.4, we have that

|ζ(Xk)| ∈

[
3
√
3

4

(
N − 2k

3

)
,
3
√
3

4
N

]
and PH

(
ζ(Xk)

)
= P (Xk) .




Obviously, we cannot always expect to have "good" sets like those de-
scribed in Remark 2.3.5. However, since in the following we are going to
consider sets whose boundary energy is close to minimal one, it is reasonable
to assume that configurations close to the minimal one contain few isolated
points. Under this assumption, we obtain

PH
(
ζ(X)

)
≃ P (X)− Val2(X)

3
and |ζ(X)| ≤ 3

√
3

4

(
N − Val2(X)

9

)
.

Improving these estimates by imposing conditions on Val2(X) seems too
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2.3. The honeycomb lattice

Figure 2.6: The set X2, obtained by adding the red points to X1 (in black).

much restrictive. Nevertheless, in the following Lemma, we show that con-
sidering sets with controlled boundary energy still allows us to avoid certain
pathological configurations. For example, these sets cannot contain a large
number of disconnected dipoles, i.e. couples of points p, q ∈ X such that
{p, q} ∈ N and

̸ ∃z ∈ X , z ̸= p, q : {p, z} ∈ N or {q, z} ∈ N . (2.3.7)

(these configurations are the ones also considered in the first part of the
second case of Proposition 2.3.4).

Lemma 2.3.6. Let X ∈ XN and let δ1, . . . , δM be dipoles (see (2.3.7)) for
the configuration X. Let h ≥ 0 be such that 6h2 ≤ N < 6(h+1)2 and assume
that there exists C > 0 such that

P (X) ≤ inf
Y ∈X6(h+1)2

P (Y ) + C . (2.3.8)

Then, M < 5 + C+
√
3C

4
.
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2.3. The honeycomb lattice

Proof. If we denote by δi the couple (pi, qi), then it follows that

val(δi) = val(pi) + val(qi) = 4 ∀i = 1, . . . ,M .

Since the δ1, . . . , δM are disconnected parts of the configuration, we also have

P (X) =
∑

p∈X\{p1,q1,...,pM ,qM}

val(p) + 4M

If we consider X̂ = X \
⋃M
i=1 δi, then there exist k ≥ 0 such that 6k2 ≤

N − 2M ≤ 6(k + 1)2 and, by Remark 2.3.5, we can infer that

6k = min
Y ∈XN−2M

P (Y ) ≤ P (X̂) .

Since N − 2M < 6(k + 1)2, we can infer also that

P (X) = P (X̂) + 4M ≥ 6k + 4M > 6

(√
N − 2M

6
− 1

)
+ 4M

By (2.3.8) and by 6h2 ≤ N , we get

6

(√
N − 2M

6
− 1

)
+ 4M < 6

(√
N

6
+ 1

)
+ C

and hence

6

(√
N

6
−
√

2M

6
− 1

)
+ 4M < 6

(√
N

6
+ 1

)
+ C .

A straightforward computation leads to M < 5 + C+
√
3C

4
.

Hence, from Lemma 2.3.6, we can infer that it is not restrictive to assume
that, for a set X having anisotropic perimeter close to the minimum, the
amount of dipoles is negligible as #X tends to infinity.

2.3.2 Q-closeness for ζ in LH

Now we want to apply Proposition 1.5.3 and we choose the discrete function-
als as

EN : LH → [0,+∞] such that EN(X) = P (X) ∀X ∈ XN , (2.3.9)
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2.3. The honeycomb lattice

and the continuous functional as

E : M(R2) → [0,+∞] such that E(Ω) = PH(Ω) ∀Ω ∈ M(R2) . (2.3.10)

The parameter βN is null since by Proposition 2.3.4 we have

E(ζ(X)) = EN(X)− Val2(X) + 3Val3(X)

3
≤ EN(X) ,

while we need to be more careful with the parameter γN since |ζ(X)| is only
estimated by Proposition 2.3.4.

Lemma 2.3.7. Let the functionals EN , E be the ones defined respectively in
(2.3.9), (2.3.10). Then it holds that

inf
Y ∈XN

EN(Y ) ≤ inf
Ω⊂R2 : |Ω|=|ζ(X)|

E(Ω) + 8 .

Proof. If N = 6k2 for k ≥ 1, then we can have a minimal quasi-hexagonal
configuration Xk (the one described in Remark 2.3.5) such that

inf
Y ∈X6k2

P (Y ) = P (Xk) = 6k .

Whenever 6k2 ≤ N < 6(k+1)2, we can construct an N -cardinality competi-
tor X in the following way: starting from an optimal set Xk+1 of 6(k + 1)2

points, we first remove a random boundary point and then the boundary
point that was a neighbour of the first one. Since it holds that∑

q∈Xk+1\{p}

val(q) =
∑

q∈Xk+1

val(q) + 3− 2val(p) ,

after removing two points p1, p2 we get
∑

q∈Xk+1\{p1,p2} val(q) =
∑

q∈Xk+1
val(q)

and then, by iterating, we can infer that P (X) ≤ P (Xk+1) + 1 = 6k + 7 and

inf
Y ∈XN

EN(X) ≤ EN(X) ≤ 6k + 7 .
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2.3. The honeycomb lattice

By Proposition 2.3.4 and the previous inequality, we have

inf
Ω⊂R2 : |Ω|=|ζ(X)|

E(Ω) = 2|WH |
1
2 |ζ(X)|

1
2 =

√
8
√
3

3
|ζ(X)|

1
2

≥

√
6

(
N − P (X)

9

)
≥

√
6

(
6k2 − 6k + 7

9

)
≥
√
36k2 − 4k − 14

3
≥ 6k − 1 ,

since N ∈ [6k2, 6(k + 1)2[ for some k ∈ N such that k > 1. In the end, we
obtain the thesis:

inf
Y ∈XN

EN(Y )− inf
Ω⊂R2 : |Ω|=|ζ(X)|

E(Ω) ≤ (6k + 7)− (6k − 1) = 8 .

Now we can apply Proposition 1.5.3 and obtain a quantitative fluctuation
estimate for the honeycomb lattice.

Proposition 2.3.8. Let ζ be the map defined in (2.1.2) with respect to the
rescaled Wulff shape H. Let EN , E be the functionals defined respectively in
(2.3.9), (2.3.10) and let X ∈ XN such that

EN(X) ≤ inf
Y ∈XN

EN(Y ) + αN , (2.3.11)

then there exists a constant C such that

inf
x∈R2

∣∣ζ(X)△(x+WH,|ζ(X)|)
∣∣ ≤ C (αN + 8)

1
2 N

3
4

Proof. By Proposition 1.5.3, we have

inf
x∈R2

∣∣∣ζ(X)△
(
x+WH,|ζ(X)|

)∣∣∣ ≤ C

(
αN + βN + γN

E
(
WH,|ζ(X)|

) ) 1
2

|ζ(X)|
3
4

= C

(√
3

4
(αN + βN + γN)

) 1
2

|ζ(X)|
3
4

The parameter βN is null since E(ζ(X)) ≤ EN(X), while by Lemma 2.3.7 we
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get that γN ≤ 8 and hence

inf
x∈R2

∣∣∣ζ(X)△
(
x+WH,|ζ(X)|

)∣∣∣ ≤ C

(√
3

4
(αN + 8)

) 1
2

|ζ(X)|
3
4

Then, by Proposition 2.3.4, we can conclude as follows:

inf
x∈R2

∣∣ζ(X)△(x+WH,|ζ(X)|
∣∣ ≤ C

(√
3

4
(αN + 8)

) 1
2
(
3
√
3

4
N

) 3
4

≤ C̃ (αN + 8)
1
2 N

3
4 ,

where we set Valk(X) = #{p ∈ X : val(p) = k}.

2.4 The triangular lattice

The triangular lattice is a 2-dimensional lattice having uniform spacing,
whose points are arranged in periodic grid made by congruent equilateral
triangles; a remarkable property is that the kissing number of this lattice is
6, that is the highest possible value in dimension 2 (see also Remark 1.3.7),
and defines a hexagonal symmetry. Analogously to the d-dimensional square
lattice, this is a Bravais lattice and, assuming that the lattice spacing is
unitary, we can describe it as follows:

LT = spanZ

{
e1,

e1 +
√
3e2

2

}
(2.4.1)

The periodicity cell of LT is the rhombus generated by the two basis vectors
of (2.4.1), while the Voronoi cell V (p) of p ∈ LT is a regular hexagon of side
length equal to

√
3
3

and centred in p. By Theorem 1.3.14, we can compute
the anisotropic norm associated to LT : since we have

∥ν∥T =
2√
3

[
1

2

(
|⟨ν, e1⟩|+

∣∣∣∣∣⟨ν, e1 +
√
3e2

2
⟩

∣∣∣∣∣+
∣∣∣∣∣⟨ν, e1 −

√
3e2

2
⟩

∣∣∣∣∣+
+ |⟨ν,−e1⟩|+

∣∣∣∣∣⟨ν, −e1 −
√
3e2

2
⟩

∣∣∣∣∣+
∣∣∣∣∣⟨ν, −e1 +

√
3e2

2
⟩

∣∣∣∣∣
)]

,
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Figure 2.7: The triangular lattice LT

we immediately get that

∥ν∥T =
2√
3

|ν1|+

∣∣∣∣∣ν12 +

√
3

2
ν2

∣∣∣∣∣+
∣∣∣∣∣ν12 −

√
3

2
ν2

∣∣∣∣∣
 . (2.4.2)

Thus, the Wulff shape associated to LT is

WT =
{
x ∈ R2 : x · ν ≤∥ν∥T for all ν ∈ S1

}
, (2.4.3)

that, similarly to honeycomb lattice case, is the regular hexagon with vertices(
4√
3
, 0
)
,
(

2√
3
, 2
)
,
(
− 2√

3
, 2
)
,
(
− 4√

3
, 0
)
,
(
− 2√

3
,−2

)
,
(

2√
3
,−2

)
.

As before, by (1.2.7) and (1.2.8), we also have

PT (E) =

ˆ
∂∗E

∥∥νE(x)∥∥T dH1(x) ≥ PT (WT,|E|) ,

where |WT,|E|| = |E|.

Remark 2.4.1. Similarly to the case of the honeycomb lattice discussed
in Remark 2.3.2, the Wulff shape in (2.4.3) must be rescaled before using
Definition 2.1.3. A simple computation shows that the right scaling value for
(2.1.3) to be true is

√
3
8

; thus, we set

T :=

√
3

8
WT and T (p) = p+ T ∀p ∈ LH . (2.4.4)
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Moreover, from (2.4.2) we can also infer that ∀p ∈ LT∥∥ν(x)∥∥
T
= 2 ∀x ∈ ∂∗T (p) . (2.4.5)




2.4.1 Geometric properties of ζ in LT

Differently from the lattices in Section 2.2 and Section 2.3, here we can not
localize the computations within the Voronoi cells: indeed, for any p, q ∈ LT

such that {p, q} ∈ N it holds that

T ⊕ p, q ̸⊂ V (p) ∪ V (q) .

Hence, according to Definition 2.1.5, the Minkowski neighbourhood in p ∈ LT

is given by

U(p) =
⋃
q∈L

{p,q}∈N

(
T ⊕ p, q

2

)
. (2.4.6)

On the other hand, by (2.4.1), the LT lattice is a Bravais lattice and its 1-
dimensional skeleton of X ∈ XN is given by the union of the isolated points
of X and of the segments linking first-neighbouring points of X; thus, by
Definition 2.1.2, the map ζ in the LT lattice is

ζ(X) = T ⊕

 ⋃
p∈X

val(p)=6

{p} ∪
⋃
p,q∈X
{p,q}∈N

p, q

 . (2.4.7)

Remark 2.4.2. Conversely to the case where U(p) coincides with the Voronoi
cell, we observe that, in this setting, the Minkowski neighbourhood U(p) is a
non-convex set which overlaps with neighbouring Minkowski neighbourhoods
(see also Figure 2.8 and Figure 2.9). Indeed, we have∣∣U(p) ∩ U(q)∣∣ > 0 ∀p, q ∈ LT : {p, q} ∈ N .

Therefore, a key challenge in estimating the measure and the perimeter of
(2.4.7) via a local-to-global approach will be to combinatorially count the
number of overlaps within each Minkowski neighbourhood (2.4.6), which de-
pends on the valence of the points in X ∈ XN .
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2.4. The triangular lattice

Figure 2.8: In gray, the Minkowski neighbourhood U(p) of p ∈ LT . The red
polygonal curve represents the boundary of the rescaled Wulff shape T (p).

Moreover, we point out that formulas (2.1.6) and (2.1.7) hold by construc-
tion: indeed, for any p, q ∈ X we have that H1(∂ζ(X) ∩ U(p) ∩ U(q)) = 0
and hence condition (2.1.5) is still true in the LT lattice. 


Remark 2.4.3. Given X ∈ XN and p ∈ X, we can also notice that the map
(2.4.7) generates no overlaps within U(p)\T (p) whenever the first neighbours
of p are not first neighbours of each other: namely, if q1, q2 ∈ X such that
{p, q1}, {p, q2} ∈ N and {q1, q2} ̸∈ N, we have[(

T ⊕ p, q1
2

)
\ T (p)

]
∩

[(
T ⊕ p, q2

2

)
\ T (p)

]
= ∅ . (2.4.8)

The picture of
(
T ⊕ p,q

2

)
\ T (p) can be seen in Figure 2.10. 


Analogously to the honeycomb case, before estimating the measure and the
anisotropic perimeter of (2.4.7), we state a lemma to simplify the forthcoming
computations.

Lemma 2.4.4. Let X ∈ XN , let p, q ∈ X such that {p, q} ∈ N and let T (p)
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Figure 2.9: In gray, the Minkowski neighbourhoods U(p), U(q) of p, q ∈ LT

such that {p, q} ∈ N. The red area represents their intersection.

be the set defined in (2.4.4). Then, it holds that∣∣∣∣∣
(
T ⊕ p, q

2

)
\ T (p)

∣∣∣∣∣ =
√
3

16

PT

(
T ⊕ p, q

2
, U(p) \ T (p)

)
= 1 ,

Proof. By construction, (T ⊕ p,q
2
) \ T (p) consists of two congruent triangles

(see Figure 2.10) whose catheti have lengths 1
4

and
√
3
4

. These values are a
straightforward consequence of the fact that they are respectively one fourth
of H1(p, q) and one half of the height of the equilateral triangle of basis p, q.
Thus, ∣∣∣∣∣

(
T ⊕ p, q

2

)
\ T (p)

∣∣∣∣∣ =
√
3

16
.

On the other hand, the perimeter contribution is equal to twice the length of
the smaller cathetus, weighted by the norm of its outer unit normal, which
coincides with the one in (2.4.5); therefore, we get

PT

(
T ⊕ p, q

2
, U(p) \ T (p)

)
= 2

H1(p, q)

4
· 2 = 1 .

55



2.4. The triangular lattice

Figure 2.10: In red, the portion of R2 given by
∣∣∣∣(T ⊕ p,q

2

)
\ T (p)

∣∣∣∣.
Proposition 2.4.5. Let X ∈ XN and let ζ : LH → M(R2) be the map in
(2.4.7). Then,

(i)
√
3
2

(
N − P (X)

24

)
≤ |ζ(X)| ≤

√
3
2

(
N + P (X)

24

)
.

(ii) PT
(
ζ(X)

)
= P (X).

Proof. Analogously to Proposition 2.3.4, we divide the proof in multiple case
depending on the valence of the points of X and, in the end, we sum up the
results. For sake of simplicity, we start by setting

TM(p) := ζ(X) ∩ U(p) and PT
(
TM(p)

)
:= PT

(
ζ(X), U(p)

)
,

where U(p) is the neighbourhood defined in (2.4.6).
Moreover, by Remark 2.4.3, we notice that there may be no overlaps in ζ(X)
within U(p) \ T (p) whenever val(p) ≥ 4.

Case 1 :
{
p ∈ X : val(p) = 6

}
.

If p is an isolated point, then TM(p) = T (p). Hence |TM(p)| = 3
√
3

8
and

PT
(
TM(p)

)
= 2|WT |

1
2 |T (p)|

1
2 = 2

√
8
√
3|T (p)| = 6 .

Case 2 :
{
p ∈ X : val(p) = 5

}
.
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2.4. The triangular lattice

p has a unique neighbour q ∈ X. Then, by Lemma 2.4.4, we get

|TM(p)| = |T (p)|+

∣∣∣∣∣
(
T ⊕ p, q

2

)
\ T (p)

∣∣∣∣∣
= |T (p)|+

√
3

16
=

7
√
3

16
.

On the other hand, by construction the perimeter contribution is equal to 2
3

of the anisotropic perimeter of T (p) plus PT
(
T ⊕ p,q

2
, U(p) \ T (p)

)
:

PT
(
TM(p)

)
= PT

(
T ⊕ p, q

2
, T (p)

)
+ PT

(
T ⊕ p, q

2
, U(p) \ T (p)

)
=

2

3
PT
(
T (p)

)
+ 1 = 5 .

Case 3 :
{
p ∈ X : val(p) = 4

}
.

If we denote by q1, q2 ∈ X the two first neighbours of p, then we need
to consider only two subcases, depending on whether {q1, q2} ∈ N or not.
Indeed, if {q1, q2} ̸∈ N, then by Remark 2.4.3 and (2.4.8) we get

|TM(p)| = |T (p)|+
2∑

k=1

∣∣∣∣∣
(
T ⊕ p, qk

2

)
T (p)

∣∣∣∣∣ = |T (p)|+
√
3

8
=

√
3

2
,

while the perimeter contribution is given by

PT
(
TM(p)

)
= PT

(
TM(p), T (p)

)
+

2∑
k=1

PT

(
T ⊕ p, qk

2
, U(p) \ T (p)

)
=
PT
(
T (p)

)
3

+ 2 = 4 .

Otherwise, if {q1, q2} ∈ N, then the map ζ(X)∩U(p) covers completely, with
some overlaps, the part of U(p) inside the equilateral triangle

△
pq1q2 (see also

Figure 2.11). Hence, it is sufficient to assign to TM(p) ∩ △
pq1q2 a measure

contribute equal to |
△

pq1q2|
3

and a null perimeter contribution. Outside
△

pq1q2,

TM(p) coincides with 5
6

of T (p) united to half of
(
T ⊕ p,qk

2

)
\T (p) for k = 1, 2.
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2.4. The triangular lattice

Figure 2.11: In gray, U(p) ∪ U(q1) ∪ U(q2). The red areas represent their
pairwise intersections. In particular, we have

△
pq1q2 ⊂ U(p) ∪ U(q1) ∪ U(q2).

By Lemma 2.4.4, we get

|TM(p)| = 5

6
|T (p)|+

2∑
k=1

∣∣∣∣(T ⊕ p,qk
2

)
\ T (p)

∣∣∣∣
2

+
| △
pq1q2|
3

=
5

6
|T (p)|+

√
3

16
+

√
3

12
=

11
√
3

24
. (2.4.9)

Similarly, the local perimeter is given by half of the perimeter of T (p) plus
half of the perimeter of both PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
:

PT
(
TM(p)

)
= PT

(
TM(p), T (p)

)
+

2∑
k=1

PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
2

=
PT
(
T (p)

)
2

+ 1 = 4 . (2.4.10)

To sum up, if p ∈ X is such that val(p) = 4, then

11
√
3

24
≤ |TM(p)| ≤

√
3

2
and PT

(
TM(p)

)
= 4 .

Case 4 :
{
p ∈ X : val(p) = 3

}
.
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2.4. The triangular lattice

Again, we have to consider some subcases depending on the reciprocal posi-
tions of the three neighbours q1, q2, q3 of p. We first suppose that {qi, qj} ̸∈ N

for each i, j ∈ {1, 2, 3} with i ̸= j: then, by (2.4.8) and by Lemma 2.4.4,

|TM(p)| = |T (p)|+
3∑

k=1

∣∣∣∣∣
(
T ⊕ p, qk

2

)
\ T (p)

∣∣∣∣∣ = |T (p)|+ 3
√
3

16
=

9
√
3

16

and the perimeter is given by three times PT
(
T ⊕ p,qk

2
, U(p) \ T (p)

)
(since

PT
(
TM(p), T (p)

)
= 0)

PT
(
TM(p)

)
=

3∑
k=1

PT

(
T ⊕ p, qk

2
, U(p) \ T (p)

)
= 3 .

Now we suppose that, without loss of generality, {q1, q2}, {q2, q3} ∈ N (roughly
speaking, p, q1, q2, q3 are the vertices of a rhombus with p, q2 and q1, q3 as di-
agonals). As in the Case 3, the map ζ(X) fully covers the regions inside
the triangles

△
pq1q2,

△
pq2q3 and hence we assign to TM(p) ∩ (

△
pq1q2 ∪

△
pq2q3)

a measure contribute equal to 2|
△

pq1q2|
3

and a null perimeter contribution;

outside
△

pq1q2 ∪ △
pq2q3, TM(p) coincides with two-third of T (p) united to(

T ⊕ p,qk
2

)
\ T (p) for k = 1, 3. Therefore, by Lemma 2.4.4, the measure

contribution is

|TM(p)| = 2

3
|T (p)|+

∑
k∈{1,3}

∣∣∣∣(T ⊕ p,qk
2

)
\ T (p)

∣∣∣∣
2

+
2| △
pq1q2|
3

=
2

3
|T (p)|+

√
3

16
+

√
3

6
=

23
√
3

48

and the perimeter contribution is

PT
(
TM(p)

)
= PT

(
TM(p), T (p)

)
+
∑

k∈{1,3}

PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
2

=
1

3
PT
(
T (p)

)
+ 1 = 3 .

Finally, we suppose that {q1, q2} ∈ N and {q1, q3}, {q2, q3} ̸∈ N. Then,
p, q1, q2 form an equilateral triangle as in the second part of Case 3 and q3,
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2.4. The triangular lattice

by (2.4.8), contributes independently of them. Hence, for this configuration,

|TM(p)| can be obtained by adding
∣∣∣∣(T ⊕ p,q3

2

)
\ T (p)

∣∣∣∣ to (2.4.9):

|TM(p)| =

∣∣∣∣∣
(
T ⊕ p, q3

2

)
\ T (p)

∣∣∣∣∣+ 11
√
3

24
=

25
√
3

48
.

Similarly, the perimeter contribution can be obtained from (2.4.10) by adding
PT

(
T ⊕ p,q3

2
, U(p) \ T (p)

)
and subtracting the part of PT

(
T (p)

)
covered by

ζ(X) in direction p, q3: by Lemma 2.4.4,

PT
(
TM(p)

)
= 4 + PT

(
T ⊕ p, q3

2
, U(p) \ T (p)

)
−
PT
(
T (p)

)
3

= 2 + PT

(
T ⊕ p, q3

2
, U(p) \ T (p)

)
= 3 .

To sum up, if p ∈ X is such that val(p) = 3, then

23
√
3

48
≤ |TM(p)| ≤ 9

√
3

16
and PT

(
TM(p)

)
= 3 .

Case 5 :
{
p ∈ X : val(p) = 2

}
.

First, we assume that the two missing neighboursm1,m2 of p satisfy {m1,m2} ∈
N and we denote the four neighbours of p as q1, . . . , q4 numbered counter-
clockwise. Then, as in the previous two cases, ζ(X) fully covers the polygonal
region with vertices p, q1, . . . , q4. As before, we can assign to TM(p)∩(

△
pq1q2∪

△
pq2q3 ∪

△
pq3q4) a measure contribution equal to 3|

△
pq1q2|
3

and a null perimeter
contribution. Outside this polygonal region, it is left to consider half of T (p)
and half of the contributions in the directions of q1 and q4. We get

|TM(p)| = 1

2
|T (p)|+

∑
k∈{1,4}

∣∣∣∣(T ⊕ p,qk
2

)
\ T (p)

∣∣∣∣
2

+ | △
pq1q2|

=
1

2
|T (p)|+

√
3

16
+

√
3

4
=

√
3

2
.
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2.4. The triangular lattice

and

PT
(
TM(p)

)
= PT

(
TM(p), T (p)

)
+
∑

k∈{1,4}

PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
2

=
PT
(
T (p)

)
6

+ 1 = 2 .

If we assume that {m1,m2} ̸∈ N, then it is not restrictive to assume that they
are symmetric with respect to p. Then, by symmetrizing, we can compute
the measure contribution as twice the one in (2.4.9) minus |T (p)|, that is
double-counted: we get

|TM(p)| = 2
11
√
3

24
− |T (p)| = 13

√
3

24
.

Since T (p) is fully covered by ζ, PT
(
TM(p)

)
is given, for k = 1, . . . , 4, by half

of PT
(
T ⊕ p,qk

2
, U(p) \ T (p)

)
:

PT
(
TM(p)

)
=

4∑
k=1

PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
2

= 2 .

To sum up, if p ∈ X is such that val(p) = 2, then
√
3

2
≤ |TM(p)| ≤ 13

√
3

24
and PT

(
TM(p)

)
= 2 .

Case 6 :
{
p ∈ X : val(p) = 1

}
.

p has a unique missing neighbour m, then there is a unique possible con-
figuration, up to rotations. Similarly to the previous Cases, if we denote by
q1, . . . , q5 the neighbours of p in counter-clockwise order, then, by Lemma 2.4.4,
we have

|TM(p)| = 1

3
|T (p)|+

∑
k∈{1,5}

∣∣∣∣(T ⊕ p,qk
2

)
\ T (p)

∣∣∣∣
2

+
4| △
pq1q2|
3

=
1

3
|T (p)|+

√
3

16
+

√
3

3
=

25
√
3

48
.

PT
(
TM(p)

)
is equal to half of the perimeter contribution in the two directions
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2.4. The triangular lattice

p, q1, p, q5 since PT
(
TM(p), T (p)

)
= 0:

PT
(
TM(p)

)
=
∑

k∈{1,5}

PT

(
T ⊕ p,qk

2
, U(p) \ T (p)

)
2

= 1 .

Case 7 :
{
p ∈ X : val(p) = 0

}
.

Finally, if p is an interior point, then it follows that PT (TM(p)) = 0 and
|TM(p)| = |V (p)| =

√
3
2

by Remark 2.1.6.

In the end, by P (X) =
∑6

k=1 k ·#{p ∈ X : val(p) = k} and by (2.1.7),
we obtain that the anisotropic perimeter of ζ(X) is

PT
(
ζ(X)

)
=
∑
p∈X

val(p) = P (X) .

By summing the measure contribution, we end up with
√
3

48

6∑
k=0

Ck ·#
{
p ∈ X : val(p) = k

}
,

where C0 = 24, C1 = 25, C2 ∈ {24, 26}, C3 ∈ {23, 25, 27}, C4 ∈ {22, 24},
C5 = 21 and C6 = 18. By recalling that N =

∑6
k=0 #{p ∈ X : val(p) = k},

we get the conclusion:
√
3

2

(
N − P (X)

24

)
≤ |ζ(X)| ≤

√
3

2

(
N +

P (X)

24

)
.

Remark 2.4.6. We observe that (2.4.7) generates the same figure as the
one defined in [13] for LT . In fact, by construction, (2.4.7) completely covers
the internal points of X ∈ XN and, on each connected component of X, its
boundary forms closed polygonal curves passing though the midpoints of the
segments connecting the points of X with their missing neighbours. Thus,
Proposition 3 of [13] can be applied to (2.4.7) and we obtain that

∣∣ζ(X)
∣∣ =∑

p∈X

|V (p)| −
M∑
k=1

√
3

8

(
1−#{holes of ζ(Xk)}

)
,

where V (p) denotes the Voronoi cell of LT centred in p and X1, . . . , XM

denote the connected components of X ∈ XN .
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2.4. The triangular lattice

Then, if we know the number of holes and connected components of the
given set X, we can improve the measure estimate in Proposition 2.4.5: since
|V (p)| =

√
3
2

for any p ∈ X, we can infer

∣∣ζ(X)
∣∣ = √

3

2
N −

√
3

8

(
M −#{holes of ζ(X)}

)
.




2.4.2 Q-closeness for ζ in LT

We choose the discrete functional as

EN : LT → [0,+∞] such that EN(X) = P (X) ∀X ∈ XN , (2.4.11)

and the continuous functional as

E : M(R2) → [0,+∞] such that E(Ω) = PT (Ω) ∀Ω ∈ M(R2) . (2.4.12)

Again, we can immediately infer that the parameter βN in Definition 1.5.2
is null since by Proposition 2.4.5 we have

E(ζ(X)) = P (X) = EN(X) . (2.4.13)

In the following Lemma, similarly to what we have previously done in Lemma 2.3.7
for the honeycomb lattice, we estimate the value of γN for LT :

Lemma 2.4.7. Let the functionals EN , E be the one defined respectively in
(2.4.11), (2.4.12). Then it holds that

inf
Y ∈XN

EN(Y ) ≤ inf
Ω⊂R2 : |Ω|=|ζ(X)|

E(Ω) + 18

Proof. We start by noticing that, if N = 1 + 3k + 3k2 for some k ≥ 0, then
we can construct a minimal hexagonal arrangement Xk with the following
algorithm: starting from a point p ∈ LT , we iteratively add all the points in
LT that are first neighbours of the current configuration. By construction,
the boundary energy of Xk satisfies

inf
Y ∈X1+3k+3k2

P (Y ) = P (Xk) = 6(2k + 1) . (2.4.14)

Then, whenever 1+3k+3k2 ≤ N < 1+3(k+1)+3(k+1)2, we construct an
optimal competitor X̂ ∈ XN in the following way: starting from an optimal
set Xk+1, we remove a boundary point p with val(p) = 3 and then we iterate
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2.4. The triangular lattice

this procedure on the new boundary points.
Since ∑

q∈X\{p}

val(q) =
∑
q∈X

val(q) + 6− 2val(p) , (2.4.15)

and since in the first 6k steps we can always choose a point having valence
equal to 3, we can infer that we do not change the boundary energy value
and that

P (X̂) = P (Xk+1) if N ∈ [7 + 3k + 3k2, 1 + 3(k + 1) + 3(k + 1)2[ .

Otherwise, if N ∈ [1+3k+3k2, 7+3k+3k2[, then we continue the algorithm
by iteratively removing a point having maximal valence. Thus, by (2.4.15),
we get that P (X̂) < P (Xk+1).
Hence, by (2.4.14), we can infer that

inf
Y ∈XN

P (Y ) ≤ P (X̂) ≤ P (Xk+1) = 6(2k + 3) (2.4.16)

for any N ∈
[
1 + 3k + 3k2, 1 + 3(k + 1) + 3(k + 1)2

[
.

By the measure estimate in Proposition 2.4.5, we can infer that

inf
Ω⊂R2 : |Ω|=|ζ(X̂)|

E(Ω) = 2|WT |
1
2 |ζ(X̂)|

1
2 =

√
32
√
3|ζ(X̂)|

1
2

≥

√√√√48

(
N − P (X̂)

24

)
≥
√

48(1 + 3k + 3k2)− 2(12k + 18) ≥ 12k ,

where the last row follows from (2.4.16). By (2.4.11), the conclusion follows:

inf
Y ∈XN

EN(Y )− inf
Ω⊂R2 : |Ω|=|ζ(X)|

E(Ω) ≤ 6(2k + 3)− 12k = 18 .

Now we can apply Proposition 1.5.3 to the functionals (2.4.11) and (2.4.12):

Proposition 2.4.8. Let ζ be the map defined in (2.4.7). Let EN , E be the
functionals defined respectively in (2.4.11), (2.4.12) and let X ∈ XN such
that

EN(X) ≤ inf
Y ∈XN

EN(Y ) + αN . (2.4.17)
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2.5. Final considerations on the definition of ζ

Then, there exists a constant C such that

inf
x∈R2

∣∣∣ζ(X)△
(
x+WT,|ζ(X)|

)∣∣∣ ≤ C (αN + 18)
1
2 N

3
4 .

Proof. We apply Proposition 1.5.3 with the parameters βN , γN given by
(2.4.13) and Lemma 2.4.7: we have

inf
x∈R2

∣∣∣ζ(X)△
(
x+WT,|ζ(X)|

)∣∣∣ ≤ C

(
αN + 18

16
√
3

) 1
2

|ζ(X)|
3
4 .

By Proposition 2.4.5, we conclude as follows:

inf
x∈R2

∣∣∣ζ(X)△
(
x+WT,|ζ(X)|

)∣∣∣ ≤ C

(
αN + 18

16
√
3

) 1
2

[√
3

2

(
N +

P (X)

24

)] 3
4

≤ C̃ (αN + 18)
1
2

(
N +

P (X)

24

) 3
4

≤ Ĉ (αN + 18)
1
2 N

3
4 .

2.5 Final considerations on the definition of ζ
Our construction of the map ζ, as explained in Definition 2.1.3, allowed us,
via a unified approach, to obtain estimates for the measure and anisotropic
perimeter of two of the most relevant 2-dimensional lattices, as well as for the
Zd lattice. Although the resulting bounds involve suboptimal constants and
exponents, the maximal fluctuation estimates derived from the Q-closeness
technique depend only on the dimension; hence, we attempted to obtain anal-
ogous results for other higher-dimensional lattices. In particular, our interest
was partly inspired by the results in [12], where the authors determine the
Wulff shapes for the face-centred cubic (FCC) lattice LFCC and the hexago-
nal close-packed (HCP) lattice LHCP , two of the most significant lattices in
R3.

However, the map ζ failed to yield meaningful estimates for the FCC
lattice. The main reason for this failure may lie in the inability of (2.1.2)
to construct continuous boundary surfaces that form a proper thickening of
the underlying discrete structure. This issue could potentially be resolved
by modifying the definition of ζ to allow the rescaled Wulff shape to move
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2.5. Final considerations on the definition of ζ

along closed two-dimensional polygons that connect neighbouring points in
the configuration, rather than restricting it to the straight edges between
them. Defining such polygons, however, is challenging: a meaningful local
definition would require taking into account the relative positions of all neigh-
bouring points, whereas we would prefer to base our construction only the
local datum given by the number of neighbouring points in the given lattice.

For further details on this issue in the case of the FCC lattice, we refer to
the Appendix, where we briefly show that Definition 2.1.3 leads to a trivial
fluctuation estimate.
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Chapter 3

Q-closeness for the discrete
Faber-Krahn Inequality

In this chapter, we refer the results obtained in collaboration with M. Ci-
calese, L. Kreutz, and G.P. Leonardi, which are presented in [14]. In that
work, we establish a discrete counterpart of the quantitative inequality of
Theorem 3.1.3 for a discrete version of the first eigenvalue functional (3.1.1)
via the Q-closeness technique introduced in [13].

In Section 3.1 we motivate our interest in the quantitative discrete Faber-
Krahn by summarizing some basic result on the classic inequality and by
stating its quantitative estimate. Then, in Section 3.2, we define a discrete
functional λN that resembles the continuous one and we prove that this func-
tional has good analytical properties and that its definition is well-posed in
the sense of Γ-convergence. In Section 3.3, we report some results on the re-
arrangement of discrete functions, which serves as a key tool in establishing
a discrete version of the Faber–Krahn inequality of Theorem 3.1.1. More-
over, we use the this technique to deduce some geometric properties of the
minimizers of λN . Afterwards, in Section 3.4, we introduce a suitable choice
for the discrete-to-continuous map ζ, which ensures that λN is Q-close to the
continuous functional in (3.1.1) as N goes to +∞, and allows us to apply
Proposition 1.5.3. Eventually, in Section 3.5, following appropriate error es-
timates, we derive the quantitative inequality in Theorem 3.6.1.

Differently from the previous chapter, all definitions, remarks, and com-
putations are made specifically on the d-dimensional square lattice Zd. There-
fore, before proceeding, we fix some useful notation introduced in the previous
chapter:
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3.1. The Quantitative Faber-Krahn Inequality

• we denote by LQ = Zd the d-dimensional square lattice; in the fol-
lowing, we will sometimes omit to specify it when it is clear from the
context

• again, we denote by {p, q} ∈ N an unordered couple of neighbouring
points p, q in Zd and by XN the sets of all the subsets of Zd having
cardinality N (i.e., XN = {Y ⊂ Zd : #Y = N}).

3.1 The Quantitative Faber-Krahn Inequality
Given the Dirichlet problem{

−△u = λu in Ω

u = 0 on ∂Ω ,

the first eigenvalue problem consist in studying the behaviour of the eigen-
value λ depending on the choice of u and of the domain Ω. For a fixed Ω,
the value of the first eigenvalue can be computed by solving the following
variational problem:

λ(Ω) = min
u∈H1

0 (Ω)

{ˆ
Ω

|∇u(x)|2 dx : ∥u∥L2(Ω) = 1

}
. (3.1.1)

We may also ask under which assumptions on Ω the quantity (3.1.1) is min-
imized. This problem was solved by Faber and Krahn, who proved Lord
Rayleigh’s conjecture by showing the following inequality:
Theorem 3.1.1. Let Ω ⊂ Rd with smooth boundary and let B|Ω| be the d-
dimensional ball such that

∣∣B|Ω|
∣∣ = |Ω|. Then,

λ
(
B|Ω|

)
≤ λ(Ω) (3.1.2)

and the equality holds if and only if |Ω△B|Ω|| = 0 (up to translations).

Remark 3.1.2. By (3.1.1), we can infer that the first eigenvalue functional
λ satisfies the following scaling law:

λ(tΩ) =
1

t2
λ(Ω) ∀t > 0 .

Thus, it is not restrictive to consider inequality (3.1.2) on sets having unitary
measure:

λ (Ω) ≥ λ(B1) ∀Ω : |Ω| = 1 .
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3.2. The discrete functional

Moreover, we may also rewrite (3.1.1) by extending u to zero outside the
given set Ω and we obtain

λ (Ω) = min
u∈H1(Rd)

{ˆ
Rd

|∇u(x)|2 dx : ∥u∥L2(R2) = 1, u = 0 in Rd \ Ω
}
.




As for the Euclidean isoperimetric inequality, the ball continues to be
the optimal shape also for the first eigenvalue functional (3.1.1). This raised
questions about the stability of this solution and brought to quantitative esti-
mates analogously to Theorem 1.2.15 and Theorem 1.2.22. As we mentioned
in the Introduction, a first result is due to Fusco, Maggi, and Pratelli in [26],
who proved that there exists a purely dimensional non-negative constant Cd
such that

inf
x∈Rd

∣∣Ω△(x+B1)
∣∣ ≤ Cd

(
λ(Ω)− λ(B1)

) 1
4

for ΩM(Rd) such that |Ω| = 1. In 2013, Brasco, De Philippis and Velichkov
provided, in [9], the quantitative inequality with sharp exponent:

Theorem 3.1.3 (Brasco, De Philippis, Velichkov). Let Ω ⊂ Rd such that
|Ω| = 1. Then, there exists a purely dimensional constant Cd > 0 such that

inf
x∈Rd

∣∣Ω△(x+B1)
∣∣ ≤ Cd

(
λ(Ω)− λ(B1)

) 1
2 (3.1.3)

Remark 3.1.4. We point out that both the results in [26] and in [9] are more
general than the one we stated before: indeed, they involve in (3.1.1)the Lp-
norm of ∇u and the Lq-norm of u (with suitable choices of q). However, the
formulation given in Theorem 3.1.3 is enough for our purposes. 


3.2 The discrete functional
In (3.1.1) we evaluate the L2-norm of the gradient of given functions. On the
Zd lattice, we define the gradient of a function u : Zd → R as the difference in
function values between adjacent grid points, divided by the distance between
them, as it is usually done in the mathematical literature. Hence, we have
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3.2. The discrete functional

Definition 3.2.1. Given a function u : Zd → R, we define its discrete
Dirichlet energy D(u) as

D(u) =
∑

{i,j}∈N

|u(i)− u(j)|2 .

Then, given a discrete set X ⊂ Zd and a function u : Zd → R, we define
some discrete functionals associated to X and u, which we will consider in the
rest of this chapter. In particular, since we will consider lattices that haven’t
unitary spacing, our definition highlights the dependence on the scaling N− 1

d ,
that is the cardinality of X ∈ XN .

Definition 3.2.2. Given X ∈ XN and P (X) the discrete perimeter in Defi-
nition 1.3.12, then we denote the scaled discrete perimeter of X as

PN(X) = N− d−1
d P (X) .

Moreover, given u : Zd → R such that supp(u) ⊂ X, we denote the scaled
discrete Dirichlet energy as

DN(u) = N− d−2
d D(u) . (3.2.1)

Now we are ready to define λN , the discrete counterpart of the continuous
functional defined in (3.1.1):

Definition 3.2.3. Given X ∈ XN , we define the discrete first eigenvalue
functional λN : X −→ R+ as

λN
(
X
)
= min

DN(u) : u(i) = 0 in Zd \X ,
1

N

∑
i∈Zd

u2(i) = 1

 . (3.2.2)

As in (3.1.1), the functional λN in Definition 3.2.3 is scaling-invariant
and, if there exists YN ∈ XN such that

λN(YN) ≤ λN(X) for all X ∈ XN ,

then we call YN a minimal set for λN and we set

mλ,N := inf{λN(X) : X ∈ XN} . (3.2.3)
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3.2. The discrete functional

Remark 3.2.4. It is not restrictive to assume that the minimal function u
in (3.2.2) has constant sign: indeed, since∣∣u(i)− u(j)

∣∣ ≥ ∣∣|u(i)| − |u(j)|
∣∣ ∀u(i), u(j) ∈ R ,

then DN(u) ≥ DN

(
|u|
)
. Hence we can assume that u(i) ≥ 0 on X ∈ XN

without loss of generality. 


3.2.1 Γ-convergence

Definition 3.2.2 is justified by a Γ-convergence viewpoint. GivenX ∈ XN and
u : Zd → R, we set the denote the rescaled lattice and the rescaled periodicity
cell respectively as

L
N,d
Q := N− 1

d Zd , Q
N− 1

d
(i) := i+

(
N− 1

d

[
−1

2
,
1

2

]d)
for i ∈ L

N,d
Q

and then we define the piecewise-constant interpolation of u on L
N,d
Q as

uN(x) := u
(
N

1
d i
)

for x ∈ Q
N− 1

d
(i) and i ∈ L

N,d
Q . (3.2.4)

Remark 3.2.5. If u is such that
∑

i∈Zd u(i)p = N , we get that the function
in (3.2.4) satisfies

∥uN∥Lp(Rd) = 1 .

Furthermore, if u = 0 on Zd \N 1
dΩ for some Ω ⊆ Rd open and bounded, we

have that, for all N ∈ N

supp(uN) ⊂ (Ω)
N− 1

d
√
d
=
{
p ∈ Zd : d(p,Ω) ≤ N− 1

d

√
d
}




Thanks to the interpolation in (3.2.4), we can extend the discrete Dirichlet
functional in Definition 3.2.2 to a function on L2(Rd), with a slight abuse of
notation.

Definition 3.2.6. Given an open and bounded set Ω ⊂ Rd, given a function
u : Zd → R such that

1

N

∑
i∈Zd

u2(i) = 1 and u = 0 on Zd ∩
(

Rd \N
1
dΩ
)
,
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3.2. The discrete functional

we define

DN (v,Ω) =

{
DN(u) if v = uN for u
+∞ otherwise .

(3.2.5)

For this functional, thanks to Theorem 1.4.4, Remark 1.4.5 and the prop-
erties in Remark 3.2.5, we get the following convergence result:

Γ
(
L2(Rd)

)
- lim
N→+∞

DN (v,Ω) =


´

Rd |∇v|2 dx if


v ∈ H1(Rd)

v = 0 on Rd \ Ω
∥v∥L2(Rd) = 1

+∞ otherwise on L2(Rd) .

Remark 3.2.7. By the Fundamental Theorem of Γ-convergence (Theorem 1.4.3),
if XN = N

1
dΩ ∩ Zd for some bounded and open Ω ⊂ Rd, from the previous

Γ-convergence result we can also deduce that

lim
N→+∞

λN(XN) = λ(Ω) ,

where λN , λ are the functions defined respectively in (3.2.2), (3.1.1). 


Remark 3.2.8. Similarly, we can obtain a Γ-convergence result also for the
scaled perimeter in Definition 3.2.2: indeed, we can argue as before and we
can read PN as defined on L1(Rd) (with a slight abuse of notation) as follows:

PN(v) =

{
PN(X) if v = uN for u = χX and X ∈ XN ,

+∞ otherwise.

Then, thanks to [1, Theorem 4] and the properties of the interpolation de-
scribed in Remark 3.2.5, we get the following:

Γ(L1(Rd)) - lim
N→+∞

PN(v) =


´
∂∗Ω

∥νΩ∥L1 dHd−1 if

{
v = χΩ ∈ BV (Rd)

∥v∥L1(Rd) = 1

+∞ otherwise on L1(Rd) .

Moreover, we also recall that ∥ν∥1 is exactly the anisotropic norm associated
to Zd, as we have already computed in (2.2.1). Hence, as in Remark 3.2.7,
we obtain

lim
N→+∞

PN(XN) = PQ(Ω) .
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3.2. The discrete functional




3.2.2 Boundedness of minimum value

In the following Lemma we prove that the value mλ,N in (3.2.3) assumed by
the discrete functional λN is finite:

Lemma 3.2.9. There exists Cd > 0 such that, for all N ∈ N, it holds

mλ,N ≤ Cd .

Proof. We prove that, for each N ∈ N, it is possible to construct a competitor
X ∈ XN such that

λN(X) ≤ Cd

for some Cd > 0 independent of N .
We start by proving the inequality on the sets having N = (2k + 1)d points
defined as Xk = [−k, k]d ∩Zd for k ∈ N, k ≥ 0. Let u : Zd → R be defined by

u(i) = Cd,N(k − l) ∀i ∈ Zd : ∥i∥∞ = l and 0 ≤ l ≤ k ,

where Cd,N > 0 is such that
∑

i∈Zd u2(i) = N . Since

N =
k∑
l=0

C2
d,N(k − l)2#

{
i ∈ Xk : ∥i∥∞ = l

}
and ld−1 ≤ #

{
i ∈ Xk : ∥i∥∞ = l

}
≤ 2dld−1, we can infer that

N ≤ 2dC2
d,N

k∑
l=0

(k − l)2ld−1 ≤ 2dC2
d,Nk

d+2

and that

N ≥ C2
d,N

k∑
l=0

(k − l)2ld−1 ≥ ĉdC
2
d,Nk

d+2

for some ĉd > 0. Thus, we can infer that there exists a constant cd > 0 such
that

1

cd
N− 1

d ≤ Cd,N ≤ cdN
− 1

d .
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3.2. The discrete functional

Then, we obtain that

DN(u) = N− d−2
d

∑
{i,j}∈N

∣∣u(i)− u(j)
∣∣2 ≤ N− d−2

d

∑
i∈Xk

∑
j∈Zd : {i,j}∈N

C2
d,N

≤ N− d−2
d C2

d,N2dN ≤ 2dc2d =: Cd .

If N ∈
[
(2k + 1)d, (2k + 3)d

[
for k ≥ 0, then it is sufficient to consider, as

competitor, the previous set Xk rescaled to keep the mass constraint; the
thesis follows since (2k + 3)d ≤ 3d(2k + 1)d.

3.2.3 Uniqueness of the minimizing function

We report here properties of the functions that minimize (3.2.2) We start by
the introducing the notion of connectedness of subsets of Zd.

Definition 3.2.10. We say that X ⊂ Zd is connected if, for all p, q ∈ X,
there exist M ∈ N and points p1, . . . , pM ∈ X such that{

p0 = p, pM = q ,

(pk, pk+1) ∈ N ∀k = 0, . . . ,M − 1 .

Given X ⊂ Zd we call a connected component of X any maximal (with
respect to set inclusion) connected subset of X.

Proposition 3.2.11. Let X ⊂ Zd be a connected set. Then, the following
holds:

(i) any minimizer u of (3.2.2) is such that u(i) > 0 for each i ∈ X;

(ii) there exists a unique function that minimizes (3.2.2).

Proof. Proof of (i). By Remark 3.2.4, we can assume that u(i) ≥ 0 on X
and we are only left to prove the strict inequality.
Let us suppose by contradiction that there exists a minimizer u that vanishes
on A ⊆ X (maximal with respect to set inclusion) such that M := #A <
#X. Then, for t ∈ (0, 1) we consider ut : Zd → R defined by

ut(i) :=

tu(i) if i ∈ Zd \ A ,√
N
M
(1− t2) if i ∈ A .

74



3.2. The discrete functional

Let us point out that, for each t ∈ (0, 1), it holds that

1

N

∑
i∈Zd

(ut(i))2 =
1

N

∑
i∈Zd\A

t2u2(i) +
1

N

∑
i∈A

(√
N

M
(1− t2)

)2

= t2 + (1− t2) = 1

and hence ut is a competitor for the minimum in (3.2.2). However, the
Dirichlet energy of ut is

D(ut) =
∑

{i,j}∈N
i,j∈Zd\A

|ut(i)− ut(j)|2 + 2
∑

{i,j}∈N
i∈Zd\A,j∈A

|ut(i)− ut(j)|2

+
∑

{i,j}∈N
i,j∈A

|ut(i)− ut(j)|2

= t2
∑

{i,j}∈N
i,j∈Zd\A

|u(i)− u(j)|2 + 2
∑

{i,j}∈N
i∈Zd\A,j∈A

∣∣∣∣∣t u(i)−
√
N

M
(1− t2)

∣∣∣∣∣
2

= t2D(u) + 2

√
N

M
(1− t2)

∑
{i,j}∈N

i∈Zd\A,j∈A

(
−2t u(i) +

√
N

M
(1− t2)

)
.

Note that, since X is connected and A is maximal with respect to set inclu-
sion, there exist {i0, j} ∈ N with i0 ∈ Z \ A and j ∈ A such that u(i0) > 0.
Since the sum (being finite) on the right-hand side of the previous equation
is continuous in t, and for t = 1 we have∑

{i,j}∈N
i∈Zd\A, j∈A

− 2u(i) ≤ −2u(i0) < 0 ,

there exists t ∈ (0, 1) such that

2

√
N

M
(1− t2)

∑
{i,j}∈N

i∈Zd\A, j∈A

(
−2t u(i) +

√
N

M
(1− t2)

)
< 0 .

This yields a contradiction to the minimality of u.
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Proof of (ii). Let us suppose that u, v are both minimizers of λN(X)
in (3.2.2). Thanks to part (i) we can assume that u, v > 0 on X. Given
t ∈ (0, 1), let us define wt : Zd → R as

wt(i) :=
(
tu2(i) + (1− t)v2(i)

)1/2
.

Since 1
N

∑
i∈X |wti|2 = 1, wt is a competitor for λN(X). Moreover, for {i, j} ∈

N it holds that

|wt(i)− wt(j)|2 = t
(
u2(i) + u2(j)

)
+ (1− t)

(
v2(i) + v2(j)

)
− 2

(
t2u2(i)u2(j)

+ (1− t)2v2(i)v2(j) + t(1− t)(u2(i)v2(j) + u2(j)v2(i))

) 1
2

Since

0 ≤ DN(w
t)− λN(X) = DN(w

t)− tDN(u)− (1− t)DN(v) ,

by expanding the squares and by the previous calculation, we get that

0 = 2
∑

{i,j}∈N

[
tu(i)u(j) + (1− t)v(i)v(j)

−
(
t2u2(i)u2(j) + (1− t)2v2(i)v2(j) + t(1− t)(u2(i)v2(j) + u2(j)v2(i))

) 1
2
]
.

By standard computations, we notice that each term in the last sum is equiv-
alent to

−t(1− t)

(
u(i)v(j)− u(j)v(i)

)2

,

and hence we can infer that each term is non-positive and that it equals zero
if and only if u(i)v(j) = u(j)v(i). Since X is connected, u(i) = αv(i) for
some α > 0 and for all i. By the constraint on the norm, we infer that α = 1
which concludes the proof of (ii).

3.3 Discrete rearrangements
The classic proof of the Faber-Krahn inequality (3.1.2) relies on symmetriza-
tion arguments, such as the Riesz rearrangement inequality or the Polya-
Szego inequality; however, these tools can not be used in the discrete setting
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and we need to introduce a discrete version of them. In this section, we will
report some definitions and results on the discrete Riesz rearrangement that
are introduced in [42] and [30].

We start by setting some useful notations:

• we denote by D the set of admissible directions in Zd

D =

{
ei, ei + ej, ei − ej : i, j = 1, . . . , d and i < j

}
.

For sake of simplicity, in the following we will sometimes refer to the ele-
ments of D as {v1, . . . , vd2} and, for k ∈ N, we set vk = v((k−1)mod d2)+1.

• given e ∈ D, we denote with Πe the hyperplane orthogonal to e:

Πe =

{
Zd ∩ {x : ⟨x, e⟩ = 0} if e = ek ,

Zd ∩
{
x : ⟨x, e⟩ ∈ {0, 1}

}
if e = ei ± ej .

(3.3.1)

• given u : Zd → [0,+∞) and q ∈ Πe, we denote as uq,e : Z → [0,+∞) the
restriction of u to the 1-dimensional slice of Zd in direction e passing
through q, namely

uq,e(t) = u(q + te) for t ∈ Z .

Remark 3.3.1. We notice that, if we fix e ∈ D, then each point of Zd can
be uniquely written as i = q+ te for some q ∈ Πe and some t ∈ Z. Hence, we
can extend the previous notation to the slices of a given X ∈ XN ; indeed,
we set

(X)q,e = {t ∈ Z : q + te ∈ X} .




Using the set of directions D we can introduce the notion of convexity
for discrete sets and the notion of symmetric decreasing rearrangement of
a function. This last one is defined constructively, starting from functions
whose domain is contained in Z and then by extending to domains in Zd

by slicing; in particular, we refer to the original construction defined in [29,
Definition 2.1], [30, Paragraph 2.2] and [30, Definition 4.11].

Definition 3.3.2. Given a direction e ∈ D, we say that X ⊂ Zd is e-convex
if for every x ∈ X and x+Ke ∈ X for some K ∈ N we have that x+ke ∈ X
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for all k = 1, . . . , K − 1. We call a set X ⊂ Zd direction-convex if it is
e-convex for all e ∈ D.

Definition 3.3.3. Let u : Z → [0,+∞) be a function with finite support.
Let {αi}i∈N with αi ≥ αi+1 be the values taken by u. We define the 1-
dimensional symmetric decreasing rearrangement of u as

u∗(i) =

{
α1−2i if i ≤ 0 ,

α2i if i > 0 .

Given d ≥ 2, e ∈ D and u : Zd → [0,+∞) with finite support, we define the
symmetric decreasing rearrangement of u in direction e as

u∗e(i) := (uq,e)∗(t) for i = q + te , q ∈ Πe .

Furthermore, setting u0 = u and uk = (uk−1)∗vk , the symmetric decreasing
rearrangement of u is defined as

u∗ := lim
k→+∞

uk .

From Definition 3.3.3, the notion of discrete rearrangement of a set imme-
diately follows from the rearrangement of its characteristic function: indeed,
given a finite set X ∈ XN , its symmetric rearrangement in direction e is
defined as

Re(X) := supp(χ∗e
X ) ,

while its symmetric rearrangement is defined as

R(X) := supp(χ∗
X) .

Therefore, we say that a finite set X ∈ XN is symmetric if

Re(X) = X for all e ∈ D .

Remark 3.3.4. We remark the following properties of the rearrangement:

(i) In [30] it has been shown that for u : Zd → [0,+∞) with finite support
u∗ is well-defined and is achieved in a finite number of iteration, namely

∃k̂ such that uk = uk+1 ∀k ≥ k̂.
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Obviously, if X ⊂ Zd is a finite set, the same holds for R(X).

(ii) The Cavalieri Principle holds:∑
i∈Zd

u2(i) =
∑
i∈Zd

(u(i)∗)2 .

(iii) Note that for X ∈ XN it holds that #Re(X) = #R(X) = N .




3.3.1 Discrete Riesz Rearrangement Inequality

Before stating a discrete version of the Riesz rearrangement inequality, we
introduce the notion of supermodular function.

Definition 3.3.5. A function G : R × R → R is said to be supermodular
if, for any x, y ∈ R and for any s, t > 0, it holds

G(x, y + t) +G(x+ s, y) ≤ G(x+ s, y + t) +G(x, y) .

If we have a supermodular function, then it is possible to show a Riesz
rearrangement inequality; similarly to Definition 3.3.3, this is done by steps,
starting from the one-dimensional case and then by generalizing it. As far
as we know, the one-dimensional Riesz rearrangement inequality has been
proved firstly in [29, Proposition 4.3] via a polarization argument and the
higher-dimensional Riesz inequality has been proved in [30, Theorem 1.2].

Theorem 3.3.6 (1-dimensional Riesz rearrangement inequality). Let u, v :
Z −→ [0,+∞) be two functions with finite support. Let H : N −→ [0,+∞)
be non-increasing. Let G : [0,+∞)× [0,+∞) −→ [0,+∞) be a supermodular
function such that G(0, 0) = 0. Then,∑

i,j∈Z

G
(
u(i), v(j)

)
H
(
|i− j|

)
≤
∑
i,j∈Z

G
(
u∗(i), v∗(j)

)
H
(
|i− j|

)
.

In [29], sufficient conditions for the equality case in Theorem 3.3.6 are
also provided. However, since these conditions rely on the injectivity of the
functions u and v, which cannot be expected in our setting, we do not report
them here. The same consideration applies to the forthcoming d-dimensional
inequality.
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Theorem 3.3.7 (Riesz rearrangement inequality). Let u, v : Zd −→ [0,+∞)
be two functions with finite support. Let H : Z −→ [0,+∞) be such that H(t)
is non-increasing as |t| increases. Let G : [0,+∞)× [0,+∞) −→ [0,+∞) be
a supermodular function such that G(0, 0) = 0. Then,∑

i,j∈Zd

G
(
u(i), v(j)

)
H
(
∥i− j∥L1

)
≤
∑
i,j∈Zd

G
(
u∗(i), v∗(j)

)
H
(
∥i− j∥L1

)
.

We remark that Theorem 3.3.7 is stated slightly differently than in [30]:
indeed, we replaced the assumption H(t) = H(|t|) with with the requirement
that the kernel H(t) must be non-increasing as |t| increases, as this is key
property needed for rearrangements along a generic direction e ∈ D. Nev-
ertheless, once we prove that the L1 distance in Theorem 3.3.7 satisfies the
non-increasing hypothesis for H, all the ideas presented in the original article
still apply and it is sufficient to follow the scheme used in [30, Lemma 5.6].

Lemma 3.3.8. Fix e ∈ D and q, p ∈ Πe. Let dq,p =∥q − p∥L1 and i, j ∈ Zd

such that

i ∈ σq,e = {q + ke ∈ Zd : k ∈ Z}
j ∈ σp,e = {p+ le ∈ Zd : l ∈ Z} .

Then we have:

(i) for e = en with n ∈ {1, . . . , d}

∥i− j∥L1 = dq,p + |k − l|

(ii) for e = en ± em with 1 ≤ n < m ≤ d

∥i− j∥L1 = dq,p+max
{
0, |2(k − l) + ⟨q − p, e⟩| − |qn − pn| − |qm − pm|

}

Proof of (i). We assume e = en for some n ∈ {1, . . . , d}; then,

∥i− j∥L1 =
∥∥(q − p) + (k − l)en

∥∥
L1 = dq,p + |k − l|

where the last equality follows from q − p ∈ Πen = e⊥n .

Proof of (ii). We assume that e = en + em for some 1 ≤ n < m ≤ d. By
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definition, we have

∥i− j∥L1 =
∑

h∈{n,m}

|qh − ph + (k − l)|+
∑

h∈{1,...,d}\{n,m}

|qh − ph|

=
∑

h∈{n,m}

|qh − ph + (k − l)|+

dq,p − ∑
h∈{n,m}

|qh − ph|


= dq,p +

∑
h∈{n,m}

|qh − ph + (k − l)| − |qh − ph|

By (3.3.1), we know that ⟨q, e⟩, ⟨p, e⟩ ∈ {0, 1}and hence ⟨q−p, e⟩ ∈ {0, 1,−1}.
For sake of clarity, we set a = qn − pn.
If ⟨q − p, e⟩ = 0, then qn − pn = pm − qm and we obtain∑

h∈{n,m}

|qh − ph + (k − l)| − |qh − ph|

= |(k − l) + a|+ |(k − l)− a| − 2|a|
= max

{
0, 2|k − l| − 2|a|

}
.

If ⟨q− p, e⟩ = 1, then we necessarily have qn+ qm = ⟨q, e⟩ = 1 and pn+ pm =
⟨p, e⟩ = 0. Therefore, qn − pn = 1− (qm − pm). Thus, we have∑

h∈{n,m}

|qh − ph + (k − l)| − |qh − ph|

= |(k − l) + a|+ |(k − l) + (1− a)| − |a| − |1− a|

= max

{
0, 2

∣∣∣∣k − l +
1

2

∣∣∣∣− |a| − |a− 1|

}
.

Eventually, if ⟨q − p, e⟩ = −1, then we have qn + qm = ⟨q, e⟩ = 0 and
pn + pm = ⟨p, e⟩ = 1. Therefore, qn − pn = −1− (qm − pm) and we infer∑

h∈{n,m}

|qh − ph + (k − l)| − |qh − ph|

= |(k − l) + a|+ |(k − l)− (1 + a)| − |a| − |1 + a|

= max

{
0, 2

∣∣∣∣k − l − 1

2

∣∣∣∣− |a| − |a+ 1|

}
.
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To sum up, if e = en + em for some 1 ≤ n < m ≤ d, then we get

∥i− j∥L1 = dq,p +max
{
0, |2(k − l) + ⟨q − p, e⟩| − |qn − pn| − |qm − pm|

}
By analogous computations, we obtain the same expression for e = en − em
and thus the proof of (ii) is completed.

Thus, now we can report from [30] the proof of Theorem 3.3.7:

Proof of Theorem 3.3.7. Given a direction e ∈ D, we consider the restriction
of u, v on the slices of Zd in direction e with respect to basis points on Πe:
namely,

uq,e(k), vp,e(l) for q, p ∈ Πe .

Thus, we get∑
i,j∈Zd

G
(
u(i), v(j)

)
H
(
∥i− j∥L1

)
=
∑
q,p∈Πe

∑
i∈(X)q,e

j∈(X)p,e

G
(
uq,e(i), vp,e(j)

)
H
(
∥i− j∥L1

)

and, since uq,e(i) = u(q + ke) and vp,e(j) = v(p + le), the inner sum is
equivalent to∑

k,l∈Z

G
(
u(q + ke), v(p+ le)

)
H
(∥∥q − p+ (k − l)e

∥∥
L1

)
.

By Lemma 3.3.8, ∥i− j∥L1 depends only on |k − l| since dq,p is a constant;
thus, H(∥i− j∥L1) = H̃(|k − l|) is decreasing as |k − l| increases and we can
apply Theorem 3.3.6, obtaining∑
k,l∈Z

G
(
u(q + ke), v(p+ le)

)
H̃
(
|k − l|

)
≤
∑
k,l∈Z

G
(
u∗e(q + ke), v∗e(p+ le)

)
H̃
(
|k − l|

)
.

Since this does not depend on the choice of the basis points in Πe, we can
sum over q, p and obtain∑
i,j∈Zd

G
(
u(i), v(j)

)
H
(
∥i− j∥L1

)
≤
∑
i,j∈Zd

G
(
u∗e(i), v∗e(j)

)
H
(
∥i− j∥L1

)
.

By the first point of Remark 3.3.4, we know that we get u∗, v∗ in a finite
number of rearrangements, hence the thesis follows by iterating over the
directions of the set D.
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From Theorem 3.3.6 and Theorem 3.3.7 we can infer the following:

Corollary 3.3.9. Let u : Zd → [0,+∞) have finite support.

(i) For any e ∈ D, the symmetric decreasing rearrangement of u in direc-
tion e satisfies∑

{i,j}∈N

|u∗e(i)− u∗e(j)|2 ≤
∑

{i,j}∈N

|u(i)− u(j)|2 .

In particular, for any X ∈ X it follows that λN
(
Re(X)

)
≤ λN(X).

(ii) The symmetric rearrangement of u satisfies∑
{i,j}∈N

|u∗(i)− u∗(j)|2 ≤
∑

{i,j}∈N

|u(i)− u(j)|2 .

In particular, for any X ∈ XN , it follows that λN
(
R(X)

)
≤ λN(X).

Proof. First, we note that the function G : R × R → R defined by G(x, y) =
−|x−y|2 is supermodular (see Definition 3.3.5) and hence we can apply both
Theorem 3.3.6 and Theorem 3.3.7.

Proof of (i). Fixed e ∈ D, the proof make use of Theorem 3.3.6 with
G(x, y) = −|x− y|2 and different choices for H, u, and v.
If e = en for some n = 1, . . . , d, the inequality follows by choosing

• H(t) = χ{0,1}(t) and u = v = uq,e(t) for the interactions in direction
en,

• H(t) = χ{0}(t), and u = uq,e(t), v = uq+ek,e(t) for the interactions in
direction ek ̸= en,

with t ∈ Z and q ∈ Πen . If e = en + ek for 1 ≤ n < k ≤ d, then we choose

• H(t) = χ{0}(t), u = uq,e(t) and v = uq+ej ,e(t) for the interactions in
direction ej ̸= en, ek, where t ∈ Z and q ∈ Πen+ek

• for the interaction in directions en, ek, the result follows from [42, Sec-
tion 5.2]: indeed, all the lines in direction e are contained in the 2-
dimensional plane spanZ{en, ek}

Proof of (ii). The thesis follows directly from Theorem 3.3.7 by choosing
G(x, y) = −|x− y|2, H(t) = χ{0,1}(t) and u = v.
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Point (ii) of Corollary 3.3.9 gives us some kind of discrete Faber-Krahn
inequality. Unlike the continuous result, the Riesz Rearrangement does not
provide a unique ball having fixed measure as minimizer and we can only
infer the existence of a family of optimal sets, each of which satisfies some
geometric properties that we present in the next section.

3.3.2 Geometric properties of the optimal sets

Thanks to the results on the discrete rearrangement of sets, we can also in-
fer some properties of the sets minimizing (3.2.2). We begin with a slightly
technical geometric Lemma that will be used in the proof of the Proposi-
tion 3.3.11.

Lemma 3.3.10. Let X, Y ⊂ Zd have finite cardinality. Then, there exists
τ ∈ Zd such that there exists a unique pair (x, y) ∈ N with x ∈ X and
y ∈ Y + τ .

Proof. The proof proceeds in two steps. First we show that for anyX, Y ∈ Zd

with finite cardinality there exists a translation σ ∈ Zd such that

• X ∩ (Y + σ) = {z} for some z ∈ Zd

• X ⊂ {x ∈ Zd : xd ≥ zd} and Y + σ ⊂ {y ∈ Zd : yd ≤ zd}
(3.3.2)

and then the claim of the Lemma follows by choosing τ = σ − ed.
To prove (3.3.2), we proceed by induction on the dimension. Since for d = 1
the proof is trivial, we assume that the statement is true for d − 1 and we
prove it for d. We set

md(X) := min
x∈X

xd and Md(Y ) := max
y∈Y

yd

and we set Xd−1, Yd−1 to be, respectively, the (d − 1)-dimensional slices of
X, Y with respect to {z ∈ Zd : zd = md}, {z ∈ Zd : zd =Md}. Then, by the
induction assumption, we infer that there exists τ̂ such that

Xd−1 ∩ (Yd−1 + τ̂) = {z} for some z ∈ Zd

while the second point of (3.3.2) holds by construction. By setting τd :=
−Md(Y ) + md(X), it is sufficient to choose the translation τ = (τ̂, τd) to
conclude the proof of (3.3.2).
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Proposition 3.3.11. Let YN ∈ XN be a minimal set for (3.2.2). Then, the
following properties hold:

(i) YN is connected;

(ii) YN is direction-convex;

(iii) there exists Cd > 0, independent of N ∈ N, such that, if d = 2 or if
d > 2 and YN is symmetric according to Definition 3.3.3, then

diam(YN) ≤ CdN
1/d ,

where diam(YN) = max{∥i− j∥L1 : i, j ∈ YN}.

Remark 3.3.12. We note that, thanks to Corollary 3.3.9, for any d ≥ 2 and
N ∈ N there exists a symmetric minimal set YN ∈ XN . 


Proof of Proposition 3.3.11. For the proof of (i) we argue by contradiction,
assuming that YN is not connected. First, we assume that YN = C1 ⊔ C2

with C1, C2 ⊂ Zd two disjoint connected components of YN , according to
Definition 3.2.10, and we consider a non-negative function u realizing the
minimum for λN(YN), that is

DN(u) = λN(YN) and u = 0 on Zd \ YN .

By Lemma 3.3.10, there exists τ ∈ Zd \ {0} such that there exists a unique
pair {i, j} ∈ N with i ∈ C1 and j ∈ τ + C2. Thus, ŶN = C1 ⊔ (τ + C2) is a
connected set such that #ŶN = N .
We define a function û : Zd → R+ such that û ≡ 0 on Zd \ ŶN :

û(i) =

{
u(i) if i /∈ C2 + τ

u(i− τ) if i ∈ C2 + τ .

Then, û is a competitor for λN(ŶN) and it holds that

DN(û) = DN (ûχC1) +DN

(
ûχ(τ+C2)

)
+
∣∣û(i)− û(j)

∣∣2 + ∣∣û(i)∣∣2 + ∣∣û(j)∣∣2
= DN(u) +

∣∣u(i)− u(j − τ)
∣∣2 + ∣∣u(i)∣∣2 + ∣∣u(j − τ)

∣∣2
≤ DN(u) = λN(YN) ,
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where the equality holds if and only if min
{
u(i), u(j − τ)

}
= 0. Hence, û

is a minimizer for λN(ŶN) and, according to Proposition 3.2.11, it satisfies
u(x), u(y − τ) > 0, which gives a contradiction to the minimality of YN .
If YN has more disjoint connected components, then it is sufficient to repeat
the same argument iteratively.

Proof of (ii). This is a straightforward consequence of point (i) of Corol-
lary 3.3.9 and point (iii) of Remark 3.3.4.

Proof of (iii). The case d = 2 follows from [42, Proposition 6.6] and it
remains to prove the case d > 2 for YN , symmetric and minimal set for λN .
The thesis follows if we prove that there exists Cd > 0 such that for all i ∈ YN
there holds

|in| ≤ CdN
1
d for all n = 1, . . . , d . (3.3.3)

We assume that there exists i ∈ YN such that (without loss of generality)
|id| ≥ κ. We then show that there exists cd > 0 such that

#YN ≥ cdκ
d . (3.3.4)

Since Red(YN) = YN , there exist i∗ ∈ YN such that{
i∗n = in if n ∈ {1, . . . , d− 1} ,
|i∗d + id| ≤ 1 .

Since YN is direction-convex by the previous step, YN contains the segment
i, i∗ ∩ Zd and we can assume that this segment contains the origin. In fact,
if it is not the case, then for all j ∈ i, i∗ ∩ Zd we have jk ̸= 0 for an index k
in {1, . . . , d− 1} and we have

Rek

(
i, i∗ ∩ Zd

)
=
{(
Rekj1, . . . , Rekjd

)
: j ∈ (i, i∗ ∩ Zd)

}
⊂ YN ,

where

Rekjn =

{
jn if n ̸= k ,

−jk if n = k .

Then, exploiting the direction-convexity of YN for the direction ek, we con-
clude that (i, i∗ ∩ Zd − ik) ⊂ YN and passes through the origin. Therefore,
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3.4. The embedding map ζ

we can infer that

i, i∗ ∩ Zd =
{
ned : n ∈ N , |n| ≤ κ− 1

}
⊂ YN .

Again, by symmetry with respect to e = ej + ed for j ̸= d, we have that{
nej : n ∈ N , |n| ≤ κ− 1

}
⊂ YN for all j = 1, . . . , d− 1 .

Due to the directional-convexity with respect to e = ej + ek for all j ̸= k, we
conclude that

C := conv

 d⋃
j=1

{nej : n ∈ N , |n| ≤ κ− 1}

 ∩ Zd ⊂ YN ,

where conv(Ω) denotes the convex envelope of Ω. Since #C = Cdκ
d we

obtain (3.3.4) and, since #YN = N , this implies (3.3.3).

3.4 The embedding map ζ

In order to apply the Q-closeness technique to the discrete Faber-Krahn in-
equality, we have to define a map ζ from Zd to M(Rd) (see Definition 1.5.2)
that gives a suitable continuous competitor for optimizing the Rayleigh quo-
tient. We will properly define this map in Section 3.4, but first we need to
introduce a peculiar decomposition of Zd, the so-called Kuhn decomposition,
that also allows us to define a suitable competitor function in (3.1.1).

3.4.1 Kuhn decomposition

The Kuhn decomposition is an useful tool that allows us to establish a well-
defined and periodic partition of the periodicity cell [0, 1]d of Zd into d-
dimensional simplices (for instance, see [3]). For sake of clarity, we denote

Pd = {π : π is a permutation of d elements} .

and we recall that Ω(x) = x+ Ω for x ∈ Rd and Ω ⊂ Rd.

Definition 3.4.1. Given π ∈ Pd and given [0, 1]d, if we define the d-dimensional
simplex Tπ ⊂ [0, 1]d as

Tπ = {x ∈ Rd : 0 ≤ xπ(d) ≤ xπ(d−1) ≤ · · · ≤ xπ(1) ≤ 1} .
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3.4. The embedding map ζ

then, we define the Kuhn decomposition of [0, 1]d as

T
(
[0, 1]d

)
= {T : T = Tπ for some π ∈ P(d)}.

In particular, we define T = T(Rd), the Kuhn decomposition of Rd, as

T = {T : T = Tπ(z) for some z ∈ Zd and π ∈ P(d)}.

Remark 3.4.2. From Definition 3.4.1 it immediately follows that the Kuhn
decomposition is periodic of period [0, 1]d. Moreover, we can also infer that
#T

(
[0, 1]d

)
= d! (since #P(d) = d!) and that

T̊π1 ∩ T̊π2 = ∅ for π1, π2 ∈ P(d) : π1 ̸= π2 .




In the following Proposition, we show some basic properties of the Kuhn
decomposition that we will be of use in the forthcoming sections of this
chapter.

Proposition 3.4.3. The Kuhn decomposition satisfies the following proper-
ties:

(i)
⋃
z∈Zd

{
T ∈ T : T ∩ {z} ≠ ∅

}
= Rd

(ii) For all z ∈ Zd and π ∈ Pd we have |Tπ(z)| = 1/d!;

(iii) For any k ∈ {1, . . . , d}, there exists a unique edge of the simplex Tπ(z)
parallel to ek;

(iv) For each {i, j} ∈ N, there exist d! distinct simplices sharing the segment
i, j as a common edge;

(v) For each point i ∈ Zd, there exist (d+1)! distinct elements of T sharing
i as a common vertex.

Proof. Properties (i), (ii) and (iii) are a trivial consequence of the definition
of Tπ(z) and Remark 3.4.2.
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3.4. The embedding map ζ

Proof of (iv). First, we notice that, given an edge i, j such that i, j ∈ Zd

with j = i + ek for some k ∈ {1, . . . , d} and given a permutation π ∈ Pd,
then there exists a unique z ∈ Zd such that i, j ⊂ Tπ(z); namely, we have

#{z ∈ Zd : i, j ⊂ Tπ(z)} = 1 . (3.4.1)

Indeed, if z, z′ ∈ Zd are distinct, then necessarily Tπ(z) ∩ Tπ(z
′) is either

empty or contains a single point of the lattice. Then by (3.4.1) we conclude
the proof of (iv) as

#{(π, z) ∈ Pd × Zd : i, j ⊂ Tπ(z)} =
∑
π∈Pd

#{z ∈ Zd : i, j ⊂ Tπ(z)}

=
∑
π∈Pd

1 = d! .

Proof of (v). We first observe that, since [0, 1]d is the periodicity cell of the
decomposition, counting the number of different simplices passing through
a point is equivalent to summing the number of times each vertex of [0, 1]d
belongs to a different simplex of the Kuhn decomposition of [0, 1]d. If we call
this number S(d), then we have

S(d) =
∑

i∈{0,1}d
#{π ∈ Pd : i ∈ Tπ} =

∑
i∈{0,1}d

∑
π∈Pd

χTπ(i)

=
∑
π∈Pd

∑
i∈Tπ∩{0,1}d

1 =
∑
π∈Pd

(d+ 1) = (d+ 1)! .

3.4.2 Definition of ζ and its properties

In this section, we define the embedding of the discrete problem in the con-
tinuum setting through a map ζ, similarly to the embeddings presented in
the previous chapter for the lattices LQ,LH ,LT . To this end, we need to
properly extend both sets X ∈ XN and functions u : Zd → R by using the
Kuhn decomposition introduced in Section 3.4.1.

Definition 3.4.4. We define the map ζ : Zd → M(Rd) as

ζ(X) =
⋃
i∈X

⋃
T∈T(i)

T for any X ⊂ Zd , (3.4.2)

where T(i) =
{
T ∈ T : T ∩ {i} ≠ ∅

}
.
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Definition 3.4.5. Given a function u : Zd → R, we define the function
û : Rd → R as the function who is affine on each Kuhn simplex T ∈ T

and satisfies
û(i) = u(i) ∀i ∈ Zd .

Remark 3.4.6. Given X ∈ XN , and u : Zd → R such that u(i) ̸= 0 for any
i ∈ X, then from Definition 3.4.4 and Definition 3.4.5 we get that supp (û) =
˚ζ(X). 


Even if the map ζ has an intuitive formulation, we saw in Chapter 2 that
the estimates of its analytical properties can be very hard; in the next lemma
we estimate the error in the measure one makes when passing from a discrete
set X to its continuum representation ζ(X).

Lemma 3.4.7. Let X ∈ XN and let ζ be the map defined in (3.4.2). Then,
there exists Cd > 0 such that

N ≤
∣∣ζ(X)

∣∣ ≤ N + CdN
d−1
d PN(X) . (3.4.3)

In particular,
∣∣ζ(X)

∣∣ ≤ CdN .

Proof. If we denote T(i) =
{
T ∈ T : T ∩ {i} ≠ ∅

}
and Q(i) = i+ [0, 1]d for

i ∈ Zd, then the lower bound is straightforward since we have

Q(i) ⊆
⋃

T∈T(i)

T .

The upper bound is less trivial; we first notice that

ζ(X) ⊆
⋃

i∈(X)√d

Q(i)

where we defined (X)√d = {i ∈ Zd : dist(i,X) ≤
√
d}. Since the union on

the right hand side is a disjoint union, we obtain that

|ζ(X)| ≤
∑

i∈(X)√d

|Q(i)| = #X +#
(
(X)√d \X

)
= N +

(
(X)√d \X

)
.
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Then, we can observe that i ∈ (X)√d \ X only if there exists j ∈ X such
that dist(i, j) ≤

√
d and val(j) ≥ 1. Moreover, for each j ∈ Zd there exists a

constant Cd > 0 (independent of j) such that

#{i ∈ Zd \X : dist(i, j) ≤
√
d} ≤ Cd .

Hence,

#
(
(X)√d \X

)
=

∑
j∈X : val(j)≥1

#{i ∈ Zd \X : dist(i, j) ≤
√
d}

≤ Cd
∑
j∈X

val(j) = CdN
d−1
d PN(X) ,

and we conclude the proof of (3.4.3). The last part of the statement follows
by construction.

Differently from Chapter 2, here we have to take into account also the
interpolation function û in Definition 3.4.5 to compare the Dirichlet energy
functionals related of û with respect to the one given by u : Zd → R. to define
the discrete and continuum eigenvalues.

Lemma 3.4.8. Let X ∈ XN and let u : Zd → R be such that supp(u) = X.
The function û has the following two properties:

(i) ˆ
Rd

|∇û(x)|2 dx = N
d−2
d DN(u) ,

(ii)

ˆ
Rd

|û(x)|2 dx ≤
∑
i∈Zd

u2(i) + 2
√
d

∑
i∈Zd

u2(i)

 1
2

N
d−2
2d DN(u)

1
2 ,

ˆ
Rd

|û(x)|2 dx ≥
∑
i∈Zd

u2(i)− 2
√
d

∑
i∈Zd

u2(i)

 1
2

N
d−2
2d DN(u)

1
2 .

where DN(u) is the discrete Dirichlet energy defined in (3.2.1).
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Proof. Proof of (i). To this end, we can observe that it is sufficient to prove
that, for all k ∈ {1, . . . , d}, it holds that∑

i∈Zd

|u(i+ ek)− u(i)|2 =
ˆ

Rd

|∂kû|2 dx ; (3.4.4)

indeed, once this equality is proven, (i) follows by summing over k ∈ {1, . . . , d}.
Let us prove (3.4.4). We fix k ∈ {1, . . . , d}, i ∈ Zd and we denote by T(i, k)
the set of simplices of T that passes through both the points i, i+ ek:

T(i, k) =
{
T ∈ T : i, j ⊂ T for j = i+ ek

}
.

Then, thanks to Proposition 3.4.3(iii), we get that #T(i, k) = d! and, thanks
to Definition 3.4.5 we have

∂kû(x) = u(i+ ek)− u(i) ∀x ∈ T , T ∈ T(i, k) .

Hence, by Proposition 3.4.3 and the fact that T̊1 ∩ T̊2 = ∅ for all distinct
T1, T2 ∈ T, we obtain
ˆ
⋃

T(i,k) T

|∂kû(x)|2 dx =
∑

T∈T(i,k)

ˆ
T

|∂kû(x)|2 dx = |T |
∑

T∈T(i,k)

|u(i+ ek)− u(i)|2

=
#T(i, k)

d!
|u(i+ ek)− u(i)|2 = |u(i+ ek)− u(i)|2 .

By summing over i ∈ Zd we get∑
i∈Zd

|u(i+ ek)− u(i)|2 =
∑
i∈Zd

ˆ
⋃
T∈T(i,k)

|∂kû(x)|2 dx =

ˆ
Rd

|∂kû(x)|2 dx ,

which concludes the proof of (i).

Proof of (ii). Given T ∈ T, x ∈ T and z ∈ T be a vertex of T , by
Definition 3.4.5 we have

|û(x)− u(z)| = |û(x)− û(z)| ≤
√
d
∣∣∇û|T ∣∣

and, by the triangular inequality, we can infer that

u2(x) ≥
∣∣|û(x)− u(z)| − |u(z)|

∣∣2 ≥ u2(z)− 2
√
d
∣∣∇û|T ∣∣ ||u(z)| . (3.4.5)
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Again, by the very definition of û, we observe that∣∣∇û|T ∣∣2 ≤ ∑
{i,j}∈N
i,j∈Zd∩T

|u(i)− u(j)|2 . (3.4.6)

Thus, by (3.4.5) and Proposition 3.4.3 we get
ˆ

Rd

|û(x)|2 dx =
∑
i∈Zd

∑
π∈Pd

ˆ
Tπ(i)

û2(x) dx

≥
∑
i∈Zd

∑
π∈Pd

|Tπ(i)|
(
u2(i)− 2

√
d|u(i)|

∣∣∣∇û|Tπ(i)

∣∣∣)

=
∑
i∈Zd

u2(i)−
∑
i∈Zd

∑
π∈Pd

2
√
d

d!
|u(i)|

∣∣∣∇û|Tπ(i)

∣∣∣ .
By (3.4.6) and the Cauchy-Schwarz inequality, the last quantity can be esti-
mated as follows:

∑
i∈Zd

∑
π∈Pd

|u(i)|
∣∣∣∇û|Tπ(i)

∣∣∣ ≤ ∑
i∈Zd

∑
π∈Pd

|u(i)|


∑

(h,k)∈N
h,k∈Zd∩Tπ(i)

|u(h)− u(k)|2


1
2

≤

∑
i∈Zd

∑
π∈Pd

u2(i)

 1
2


∑
i∈Zd

∑
π∈Pd

∑
(h,k)∈N

h,k∈Zd∩Tπ(i)

|u(h)− u(k)|2


1
2

= d!

∑
i∈Zd

u2(i)

 1
2
 ∑

(h,k)∈N

|u(h)− u(k)|2
 1

2

,
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3.5. Computation of the Q-closeness parameters

where the last equality is due to Proposition 3.4.3(iv) and to∑
i∈Zd

∑
π∈Pd

∑
(h,k)∈N

h,k∈Zd∩Tπ(i)

f(h, k) =
∑
i∈Zd

∑
π∈Pd

∑
(h,k)∈N

χTπ(i)(h) · χTπ(i)(k)f(h, k)

=
∑

(h,k)∈N

∑
i∈Zd

∑
π∈Pd

χh−Tπ(i) · χk−Tπ(i)f(h, k)

=
∑

(h,k)∈N

d! f(h, k) .

Finally, we get that

ˆ
Rd

|û(x)|2 dx ≥
∑
i∈Zd

u2(i)− 2
√
d

∑
i∈Zd

u2(i)

 1
2
 ∑

{i,j}∈N

|u(i)− u(j)|2
 1

2

and we obtain the lower bound in (ii). The estimate from above follows the
same strategy.

Remark 3.4.9. In Lemma 3.4.8 there are no conditions on the considered
functions apart from its support; thus, if we consider in particular the func-
tions u : Zd → R in (3.2.2), then we have that

∑
i∈Zd u2(i) = N and

N − 2
√
dN1− 1

dDN(u)
1
2 ≤

ˆ
Rd

|û(x)|2 dx ≤ N + 2
√
dN1− 1

dDN(u)
1
2 .




3.5 Computation of the Q-closeness parame-
ters

In the previous paragraphs, we introduced a discrete counterpart of the clas-
sical first eigenvalue functional and we proved some of its properties, includ-
ing a Faber-Krahn-type inequality; then, we defined a discrete-to-continuum
map ζ. In order to apply the Q-closeness technique of Proposition 1.5.3
to the quantitative estimate of Theorem 3.1.3 by Brasco, De Philippis and
Velichkov, we prove, in the forthcoming Lemma 3.5.1 and Lemma 3.5.4, the
two necessary conditions of Definition 1.5.2.
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3.5. Computation of the Q-closeness parameters

3.5.1 The parameter βN

In the following Lemma we ensure that condition (1.5.5) holds for the discrete
functional (3.2.2) with respect to the continuous one (3.1.1).

Lemma 3.5.1. Let N ∈ N and X ∈ XN . Let ζ : Zd → R the map defined in
(3.4.2). Then, it holds that

λ
(
ζ(X)

)
≤ N− 2

dλN(X) +
1

16d
.

Proof. For X ∈ XN let u : Zd → R be a minimizer of (3.2.2), that is

λN(X) = DN(u) = N−1+ 2
d

∑
{i,j}∈N

|u(i)− u(j)|2

with 1
N

∑
i∈Zd u2(i) = 1 and u(i) = 0 for all i ∈ Zd \X.

We consider as a competitor for λ(ζ(X)) the piecewise-affine interpolation û
defined in Definition 3.4.5 and we estimate its Rayleigh quotient for N large
enough. By Lemma 3.4.8, we obtain

´
Rd |∇û|2 dx´

Rd |û|2 dx
≤ N

d−2
d DN(u)

N − 2
√
dN
(
N

d−2
d DN(u)

) 1
2

=
N− 2

dλN(X)

1− 2
√
d

(
N

d−2
d λN (X)
N

) 1
2

= N− 2
dλN(X)

1

1− 2
√
dN− 1

dλ
1
2
N(X)

.

Furthermore, since 1
1−t ≤ 1 + 2t for t ∈

]
0, 1

2

[
, we can estimate the last right

hand side in the previous inequality as follows

1

1− 2
√
dN− 1

dλ
1
2
N(X)

≤ 1 + 4
√
dN− 1

dλ
1
2
N(X) for λN(X) <

1

16d
N

2
d

and, in the end, we get
´

Rd |∇û|2 dx´
Rd |û|2 dx

≤ N− 2
dλN(X) + 4

√
dN− 3

dλ
3
2
N(X)

< N− 2
dλN(X) +

1

16d
.
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3.5. Computation of the Q-closeness parameters

The statement of the lemma follows by passing to the infimum over H1(Rd)
functions which are zero outside ζ(X) and satisfy ∥u∥L2(Rd) = N .

Remark 3.5.2. We emphasize that in the proof of Lemma 3.5.1, the in-
equality λN(X) < 1

16d
N

2
d is used without being explicitly assumed in the

hypothesis. This is justified by Lemma 3.2.9 and the fact that our fluctua-
tion estimate in Theorem 3.6.1 is valid for arbitrarily large N . 


3.5.2 The parameter γN
Now we check that condition (1.5.6) holds for the discrete functional (3.2.2)
with respect to (3.1.1).

Lemma 3.5.3. Let N ∈ N, let ζ : Zd → R the map defined in (3.4.2) and let
mλ,N be the value defined in (3.2.3). Then, there exists Cd > 0 such that

mλ,N ≤ λ
(
B1

)
+ CdN

− 1
d .

Proof. We first prove the claim for Nk := #(Bk ∩ Zd), k ∈ N. Note that
there exists Cd > 0 such that

|B1|
(
kd − Cdk

d−1
)
≤ Nk ≤ |B1|

(
kd + Cdk

d−1
)
. (3.5.1)

In the rest of the proof we omit the dependence ofN on k to simplify notation.
Let u ∈ H1

0 (B1) be such that
ˆ
B1

|∇u|2 dx = λ(B1) ,

ˆ
Rd

u2 dx = 1 .

The following scaling property can be readily checked to hold true:

λ(B1) = |B1|−
2
dλ(B) . (3.5.2)

By standard elliptic regularity estimates u ∈ C∞(B1). Hence, for any m ∈ N
and every multi-index α of order m there exists Cd,m > 0 such that

∥Dαu∥L∞(Rd) ≤ Cd,m . (3.5.3)

Let uk : Zd → R be defined as uk(i) = Cd,ku
(
i
k

)
, i ∈ Zd, and where Cd,k > 0

is to be chosen such that
∑

i∈Zd u2k(i) = N . Using (3.5.1) and the fact

96



3.5. Computation of the Q-closeness parameters

that u ∈ H1
0 (B1), we can compute Cd,k as follows. We first observe that∑

i∈Zd∩Bk
u2
(
i
k

)
=
∑

i∈ 1
k

Zd∩B1
u2 (i) and then

∑
i∈ 1

k
Zd∩B1

u2 (i) =
∑

i∈ 1
k

Zd∩B1

u2 (i)−  
Q 1

k
(i)

u2(x) dx

+ kd
ˆ

Rd

u2(x) dx

=
∑

i∈ 1
k

Zd∩B1

u2 (i)−  
Q 1

k
(i)

u2(x) dx

+
N

|B1|
+O(kd−1) .

By the regularity of u in (3.5.3), we can estimate

∑
i∈ 1

k
Zd∩B1

∣∣∣∣∣∣u2 (i)−
 
Q 1

k
(i)

u2(x) dx

∣∣∣∣∣∣ ≤ Cdk
d−1∥u∥L∞ ·∥∇u∥L∞ ≤ Cdk

d−1 .

This implies that Cd,k satisfies

|B1|
(
1− Cd

k

)
≤ C2

d,k ≤ |B1|
(
1 +

Cd
k

)
. (3.5.4)

Since uk(i) = 0 for all i ∈ Zd \Bk, uk is an admissible competitor for λN(X)
with X ∈ XN given by X = Bk ∩ Zd. Therefore we have that

mλ,N ≤ λN(X) ≤ N−1+ 2
d

∑
{i,j}∈N

|uk(i)− uk(j)|2 = DN(uk) . (3.5.5)

As a consequence, in order to show the estimate for mλ,N , it suffices to
estimate DN(uk). To this end we note that, by the regularity of u given in
(3.5.3), there exists Cd > 0 such that

|uk(i+ en)− uk(i)|2 ≤ C2
d,kk

d−2

ˆ
Q 1

k
( i
k
)

∣∣∂nu (x)∣∣2 dx+ Cdk
d−3

∣∣∣∣∣Q 1
k

(
i

k

)∣∣∣∣∣ .
Summing over i ∈ Zd, n ∈ {1, . . . , d} and using (3.5.1),(3.5.2), and (3.5.4),
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3.5. Computation of the Q-closeness parameters

we obtain

DN(uk) = N−1+ 2
d

∑
{i,j}∈N

|uk(i)− uk(j)|2

≤ N−1+ 2
dC2

d,kk
d−2

ˆ
B1

∣∣∇u (x)∣∣2 dx+ CdN
−1+ 2

dC2
d,kk

d−3

≤ N−1+ 2
d |B1|kd−2

ˆ
B1

∣∣∇u (x)∣∣2 dx+ CdN
−1+ 2

dkd−3

≤ λ(B1) + CdN
− 1

d .

The latter estimate together with (3.5.5) concludes the proof in the case that
N = #(Bk ∩ Zd) for k ∈ N. To treat the general case we note that for
each N ∈ N there exists k ∈ N such that for Nk = #(Bk ∩ Zd) we have
0 ≤ N − Nk ≤ Cdk

d−1. Finally, the estimate in the statement follows by
using as a test the function uk constructed above and XN = X ∪ ZN where
X is set of the previous step and ZN ⊂ Zd is chosen such that #XN = N .

3.5.3 The error on the Fraenkel asymmetry

From Lemma 3.5.1 and Lemma 3.5.3, we have all the necessary estimates to
infer that a sequence (λN)N as in (3.2.2) is Q-close to (3.1.1) with respect
to Definition 1.5.2 and therefore we can prove a quantitative discrete Faber-
Krahn inequality via Proposition 1.5.3. Before doing that, we also show
the relationship between the discrete Fraenkel asymmetry of X ∈ XN with
respect to a (properly discretized) ball and the Fraenkel asymmetry provided
by the continuous embedding of the map ζ in (3.4.2).

Lemma 3.5.4. Let X ∈ XN . Then, there exists Cd > 0 such that for all
z ∈ Zd there holds

#
(
X∆(z +BrN ∩ Zd)

)
≤
∣∣ζ(X)∆(BrN + z)

∣∣+ CdN
d−1
d PN(X) ,

where rN > 0 is such that |BrN | = N .

Proof. Without loss of generality we assume z = 0. In order to prove the
statement, we claim that for X, Y ⊂ Zd we have

#(X∆Y ) ≤ |ζ(X)∆ζ(Y )|+ Cd
(
P (X) + P (Y )

)
. (3.5.6)

Assuming the claim, we now show how to conclude. If Y = BrN ∩ Zd, then
|#Y − N | ≤ CdN

d−1
d which implies P (Y ) ≤ CdN

d−1
d . Since X ∈ XN ,
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3.6. The quantitative estimate

#X = N , hence, by the isoperimetric inequality on Zd, there exists Cd > 0
such that P (X) ≥ CdN

d−1
d . Thus, we deduce that

P (Y ) ≤ CdP (X) .

Arguing as in the proof of Lemma 3.4.7, for Y = BrN ∩ Zd it holds that

|ζ(Y )∆BrN | ≤ CdP (Y ) ≤ CdP (X) . (3.5.7)

Since P (X) = N
d−1
d PN(X), the statement of the Lemma eventually follows

from (3.5.6), (3.5.7), and the triangular inequality. We now prove the claim
(3.5.6). We first observe that (3.5.6) follows from the estimate

#
(
X \ Y

)
≤ |ζ(X) \ ζ(Y )|+ CdP (Y ) (3.5.8)

by exchanging the roles of X and Y . The proof of (3.5.8) is the consequence
of the following two facts. On one hand, by the very definition of ζ in (3.4.2)
it follows that ⋃

x∈X\ζ(Y )

(x+Q1) ⊂ ζ(X) \ ζ(Y ) .

Hence, we infer that

#
(
X \ ζ(Y )

)
=

∑
x∈X\ζ(Y )

|Q1| =

∣∣∣∣∣∣∣
⋃

x∈X\ζ(Y )

(x+Q1)

∣∣∣∣∣∣∣ ≤ |ζ(X) \ ζ(Y )| .

On the other hand, since any x ∈ ζ(Y ) \ Y is a neighbour of a boundary
point of Y , it follows that

#{x ∈ X \ Y : x ∈ ζ(Y )} ≤ CdP (Y ) .

Combining these two inequalities, we get (3.5.8) and conclude the proof.

3.6 The quantitative estimate

Eventually, we can state the quantitative result:

Theorem 3.6.1. Let {αN}N ⊆ (0,+∞) be such that supN αN < +∞ and
let X ∈ XN satisfy

λN(X) ≤ mλ,N + αN . (3.6.1)
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3.6. The quantitative estimate

Then, there exists Cd > 0 such that

min
z∈Zd

#
(
X∆((BrN ∩ Zd) + z)

)
≤ CdN

(
N− 1

2dPN(X)
1
2 + α

1
2
N +N− 1

d

)
,

(3.6.2)

where rN > 0 is such that |BrN | = N .
In particular, if the sequence (XN)N is such that supN PN(XN) ≤ C, then
there holds

min
z∈Zd

#
(
XN∆((BrN ∩ Zd) + z)

)
≤ CdN

(
N− 1

2d + α
1
2
N

)
. (3.6.3)

Proof. Before proving the statements, we point out that the value of the
constant Cd may change from line to line in what follows. We do not rename
it so as not to overburden the notation, unless its value is no longer dimension-
dependent.
Using Lemma 3.5.3 and (3.6.1), we have that

λN(X) ≤ λ(B1) + αN + CdN
− 1

d .

From Lemma 3.5.1 and the above estimate we infer that

λ
(
ζ(X)

)
≤ N− 2

dλ(B1) +N− 2
dαN + CdN

− 3
d .

Furthermore, setting r|ζ(X)| > 0 such that Br|ζ(X)| = |ζ(X)|, by the scaling
properties of λ, Lemma 3.4.7 and the fact that t 7→ t

2
d is concave, we have

N− 2
dλ(B1) =

(
|ζ(X)|
N

) 2
d

λ
(
Br|ζ(X)|

)
≤ λ

(
Br|ζ(X)|

)(
1 +

2

d
CdN

− 1
dPN(X)

)
.

By Lemma 3.4.7 we have |ζ(X)| ≤ CdN and therefore, again by the scaling
properties of λ, we have

λ
(
ζ(X)

)
− λ
(
Br|ζ(X)|

)
λ
(
Br|ζ(X)|

) ≤ CdN
− 1

dPN(X) + CdαN + CdN
− 1

d

≤ CdN
− 1

dPN(X) + CdαN .
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3.6. The quantitative estimate

Using the subadditivity of the square-root we obtain(
λ
(
ζ(X)

)
− λ
(
Br|ζ(X)|

)
λ
(
Br|ζ(X)|

) ) 1
2

≤ Cd

(
N− 1

2dPN(X)
1
2 + α

1
2
N

)
.

By [9, Main Theorem] there exists z ∈ Rd such that∣∣∣ζ(X)∆(Br|ζ(X)| + z)
∣∣∣ ≤ |ζ(X)|Cd

(
N− 1

2dPN(X)
1
2 + α

1
2
N

)
.

Combining the latter inequality with the estimate in Lemma 3.4.7, we infer
that ∣∣∣ζ(X)∆(Br|ζ(X)| + z)

∣∣∣ ≤ CdN

(
N− 1

2dPN(X)
1
2 + α

1
2
N

)
. (3.6.4)

Let z ∈ Zd be such that |z − z| ≤
√
d. Then, the triangle inequality gives

that ∣∣∣(BrN + z)∆(Br|ζ(X)| + z)
∣∣∣ ≤ ∣∣∣(BrN + z)∆(Br|ζ(X)| + z)

∣∣∣
+
∣∣∣(Br|ζ(X)| + z)∆(Br|ζ(X)| + z)

∣∣∣ .
Thanks to Lemma 3.4.7, the first term on the right hand side can be estimated
as ∣∣∣(BrN + z)∆(Br|ζ(X)| + z)

∣∣∣ ≤ CdN
d−1
d PN(X) .

The second term on the right hand side can be estimated by evaluating the
measure of the symmetric difference between a ball of radius r|ζ(X)|+

√
d and

a ball of radius r|ζ(X)| −
√
d and then by using Lemma 3.4.7:

∣∣∣(Br|ζ(X)| + z)∆(Br|ζ(X)| + z)
∣∣∣ ≤ |ζ(X)|

(1 + √
d

r|ζ(X)|

)d

−

(
1−

√
d

r|ζ(X)|

)d


≤ Cd|ζ(X)|

(
2d
√
d

r|ζ(X)|

)
≤ Cd

|ζ(X)|
N

1
d

≤ CdN
d−1
d

(
1 + CdN

− 1
dPN(X)

)
.

We can thus write that∣∣∣(BrN + z)∆(Br|ζ(X)| + z)
∣∣∣ ≤ CdN

d−1
d PN(X) . (3.6.5)
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3.6. The quantitative estimate

Combining the estimate in Lemma 3.5.4 and (3.6.5), we obtain

#
(
X∆(Zd ∩BrN + z)

)
≤ |ζ(X)∆(BrN + z)|+ CdN

d−1
d PN(X)

≤
∣∣∣ζ(X)∆(Br|ζ(X)| + z)

∣∣∣+ ∣∣∣(BrN + z)∆(Br|ζ(X)| + z)
∣∣∣

+ CdN
d−1
d PN(X)

≤
∣∣∣ζ(X)∆(Br|ζ(X)| + z)

∣∣∣+ CdN
d−1
d PN(X) .

Eventually, by (3.4.3) and (3.6.4), we infer that

#
(
X∆(Zd ∩BrN + z)

)
≤ |ζ(X)∆(Br|ζ(X)| + z)|+ CdN

d−1
d PN(X)

≤ CdN

(
N− 1

2dPN(X)
1
2 + α

1
2
N

)
+ CdN

d−1
d PN(X)

≤ CdN

(
N− 1

2dPN(X)
1
2 + α

1
2
N +N− 1

d

)
,

where in the last inequality we used that, by the very definition of PN , it
holds that PN(X) ≤ CdN

1
d . To conclude, we observe that supN αN < +∞

yields (3.6.2). The inequality (3.6.3) follows from the assumptions on XN

and the estimate (3.6.2).

Remark 3.6.2. In the statement of Theorem 3.6.1 we have a perimeter
contribution in the estimate: from (3.6.2) we get

min
z∈Zd

#
(
X∆((BrN ∩ Zd) + z)

)
≤ CdN

(
N− 1

2dPN(X)
1
2 + . . .

)
One may expect that it is possible to adjust the hypothesis of Theorem 3.6.1
and avoid this term since #X = N , but, a priori, we lack information on the
geometry: indeed, we are not considering minimizer of (3.2.2), for which we
can infer connectedness and convexity by Proposition 3.3.11, but only sets
which are quasi-minimizers (by (3.6.1)). Moreover, even in the continuous
setting, we cannot expect a quasi-minimizer of (3.1.1) to have a bounded
perimeter: for instance, we can consider a ball having long thin tentacles
with negligible measure and negligible Dirichlet energy. 
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3.7. An alternative version of the Q-closeness

3.7 An alternative version of the Q-closeness

We observe that, in our computations, it was necessary to estimate the ap-
proximation error introduced in constructing the continuous domain through
the map ζ. However, neither Definition 1.5.2 nor Proposition 1.5.3 accounts
for this parameter; therefore, we propose a slightly modified version of both
statements that incorporates this approximation error. On a lattice L ⊂ Rd,
we consider

• a sequence (EN)N of functionals as in (1.5.1),

• a functional E : M(Rd) → [0,+∞],

• a set Wv ⊂ M(Rd) that satisfies (1.5.2),

• a map ζ : L → M(Rd) such that |ζ(X)| ≥ N for any X ⊂ L such that
#X = N

and then we have the followings:

Definition 3.7.1. We say that (EN)N is Q-close E with respect to ζ and to
the non-negative parameters αN , βN , γN , δN if, for every X ⊂ L such that
#X = N and

EN(X) ≤ inf
Y ∈XN

EN(Y ) + αN ,

the following three hold:

E
(
ζ(X)

)
≤ EN(X) + βN ,

inf
Y ∈L : #Y=N

EN(Y ) ≤ E
(
W|ζ(X)|

)
+ γN ,

inf
z∈L

∣∣X∆(z +WN ∩L)
∣∣

N
≤ inf

z∈Rd

∣∣∣ζ(X)∆
(
z +W|ζ(X)|

)∣∣∣
|ζ(X)|

+ δN .

Corollary 3.7.2. Let (EN)N be Q-close to a functional E, with respect to
Definition 3.7.1, that satisfies (1.5.2) and (1.5.3). Then, for any X ∈ XN ,
the following holds:

inf
z∈L

|X△(z +WN ∩L)| ≤ |ζ(X)|φ

(
αN + βN + γN
E(W|ζ(X)|)

)
+ δN .
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Proof. From Proposition 1.5.3 we have

inf
z∈Rd

∣∣∣ζ(X)∆
(
z +W|ζ(X)|

)∣∣∣ ≤ |ζ(X)|φ

(
αN + βN + γN

E
(
W|ζ(X)|

) )
.

Then, from the third condition of Definition 3.7.1, we can infer that

inf
z∈Rd

∣∣∣ζ(X)∆
(
z +W|ζ(X)|

)∣∣∣ ≥ |ζ(X)|
N

inf
z∈L

∣∣X∆(z +WN ∩L)
∣∣− δN

≥ inf
z∈L

∣∣X∆(z +WN ∩L)
∣∣− δN

and the thesis follows.
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Appendix A

Q-closeness for the FCC lattice

The face-centred cubic (FCC) lattice is a periodic structure made by an
infinite foliation of 2-dimensional triangular lattices LT (see Figure A.1),
where the vertices of each layer are projected onto the centroid of the triangles
in the layer below, following a three-layers periodic pattern. If we assume

Figure A.1: A portion of LFCC . The layers of the 2-d triangular lattices are
highlighted in gray.

that the lattice has uniform unitary spacing, then the FCC lattice can be
mathematically described as a Bravais lattice:

LFCC =
1√
2
spanZ {e1 + e2, e1 + e3, e2 + e3} . (A.0.1)

105



A.1. Behaviour of ζ on optimal discrete sets

We report from [12] the value of the anisotropic norm associated to LFCC

and of its Wulff shape, computed thanks to Theorem 1.3.14: we have

∥ν∥FCC =
∑

1≤i<j≤3

|νi + νj|+ |νi − νj| ,

while the Wulff shape associated to LFCC is the truncated octahedron

WFCC =

{
x ∈ R3 : max

{
∥x∥∞
4

,
∥x∥1
6

}
≤ 1

}
. (A.0.2)

In particular, the value of the anisotropic norm on the outer unit normal to
WFCC is

∥∥ν(x)∥∥
FCC

=

{
2
√
3 if x belongs to an hexagonal face of WFCC

4 if x belongs to a square face of WFCC .

A.1 Behaviour of ζ on optimal discrete sets

Since the Wulff shape (A.0.2) does not satisfies the tangential property nec-
essary for the map (2.1.3), we rescale it by a factor equal to

√
2

12
and we denote

it as

Θ :=

√
2

12
WFCC and Θ(p) = p+Θ ∀p ∈ LFCC .

Then, we consider the discrete-to-continuum map ζ : LFCC → M(R3) such
that

ζ(X) = Θ⊕

 ⋃
p∈X

val(p)=12

{p} ∪
⋃

p,q∈LT

{p,q}∈N

p, q

 . (A.1.1)

Moreover, we cannot take the Voronoi cells of LFCC as Minkowski neigh-
bourhoods, since

Θ⊕ p, q ̸⊂ V (p) ∪ V (q)

for any p, q ∈ LFCC such that {p, q} ∈ N. Thus, according to Definition 2.1.5,
we need to consider

U(p) =
⋃

q∈LFCC

{p,q}∈N

(
Θ⊕ p, q

2

)
. (A.1.2)
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A.1. Behaviour of ζ on optimal discrete sets

A representation of (A.1.2) is given in Figure A.2.

Figure A.2: The Minkowski neighbourhood U(p) of LFCC

Definition A.1.1. Up to translations, we define optimal discrete sets for
LFCC the elements of the sequence constructed as follows: X0 = {0} and,
for k ≥ 1,

Xk = Xk−1 ∪ {q ∈ LFCC \Xk−1 : {p, q} ∈ N for some p ∈ Xk−1} .

Remark A.1.2. Roughly speaking, the sets defined in Definition A.1.1 are
the 3-dimensional analogue of those defined in the proof of Lemma 2.4.7. 


Remark A.1.3. If we denote as p the central point of Xk and we embed the
lattice in R3, then we can visualize Xk as the points of LFCC contained in
the truncated octahedron (see Figure A.3) given by

TO =

{
x ∈ R3 : ∥x− p∥1 ≤

√
2k , ∥x− p∥∞ ≤

√
2

2
k

}
. (A.1.3)

We can also characterize the boundary points of Xk, for k ≥ 1: there are

• 12 points having valence equal to 7 (the vertices of (A.1.3)),

• 24(k−1) points having valence equal to 5 (the points contained in each
boundary edge of (A.1.3)),
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A.1. Behaviour of ζ on optimal discrete sets

• 6(k− 1)2 points having valence equal to 4 (the points in the interior of
each square face of (A.1.3)),

• for k ≥ 3, 8
∑k−2

i=1 i points having valence equal to 3 (the points in the
interior of each triangular face of (A.1.3)).

In the end, we can also infer that the followings hold (their proof is a straight-
forward consequence of Definition A.1.1 and of the characterization above):

(i) P (Xk) = 12(3k2 + 3k + 1).

(ii) #
{
p ∈ Xk : val(p) > 0

}
= 2(5k2 + 1) for k ≥ 1.

(iii) #Xk =
10
3
k3 + 5k2 + 11

3
k + 1.




Figure A.3: The convex hull of X1, coinciding with (A.1.3) for k = 1.

In the following result we provide a formula for computing the anisotropic
perimeter of ζ(Xk). For sake of conciseness, we omit its proof, which merely
relies on the weighted sum over the points of Xk, according to the four types
of boundary points described in Remark A.1.3.

Lemma A.1.4. Let (Xk)k be the sets of Definition A.1.1 and let ζ : LFCC →
M(R3) be the function defined in (A.1.1). Then,

PFCC
(
ζ(Xk)

)
=

31

27
P (Xk)−

4

3
k − 124

9
.

108



A.2. Q-closeness for Xk

A.2 Q-closeness for Xk

We can try to apply the Q-closeness technique on the sets given by Defini-
tion A.1.1. As usual, we define the continuous functional as E : M(R3) →
[0,+∞] such that

E(Ω) = PFCC(Ω) ∀Ω ∈ M(R3) . (A.2.1)

Thanks to Lemma A.1.4, we have that the parameter β in (1.5.5) is null if
we define the the discrete functionals as EN : LFCC → [0,+∞]

EN(X) =
31

27
P (X) ∀X ∈ XN . (A.2.2)

In order to apply Proposition 1.5.3, it is left to estimate the parameter γN
of (1.5.6).

Lemma A.2.1. Let the functionals EN , E be the ones defined respectively in
(A.2.2), (A.2.1) and let Xk be a set defined as in Definition A.1.1. If we set
N = #Xk, then there exists ĉ > 0 such that

inf
Y : #Y=N

EN(Y ) ≤ inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) + ĉk2 .

Proof. By Remark A.1.3, we can infer that

inf
Y : #Y=N

EN(Y ) = EN(Xk) =
31

27
P (Xk) =

124

3

(
k2 + k +

1

3

)
. (A.2.3)

On the other hand, we have

inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) = 3 |WFCC |
1
3

∣∣ζ(Xk)
∣∣ 23 = 12

(
2|ζ(Xk)|

) 2
3

and we can estimate |ζ(Xk)| by the usual local-to-global approach. By Re-
mark A.1.3, we know that the number of points having valence greater or
equal than 5 in Xk is of order k; thus (we omit the precise computations for
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A.2. Q-closeness for Xk

sake of simplicity), we get

∣∣ζ(Xk) ∩ U(p)
∣∣ =



√
2
2

if val(p) ∈ {0, 3} ,
173

√
2

324
if val(p) = 4 ,

C1 if val(p) = 5 ,

C2 if val(p) = 6 .

By Remark A.1.3 and by summing up, we obtain

|ζ(Xk)| =
√
2

2

(
10

3
k3 − k2 − 25

3
k + 7

)
+

173
√
2

324
6(k − 1)2 + C̃1k

=
5
√
2

3

(
k3 +

73

45
k2 − 571

90
k +

181

45
+ C̃2k

)
and then we can infer that

inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) = 24

(
5

3

) 2
3
(
k3 +

73

45
k2 − 571

90
k +

181

45
+ C̃2k

) 2
3

. (A.2.4)

By (A.2.3) and (A.2.4), there exists ĉ > 0 such that

inf
Y : #Y=N

EN(Y )− inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) ≤ ĉk2 ,

Remark A.2.2. We can infer that map ζ in (A.1.1) brings to a meaningless
fluctuation estimate on the FCC lattice: indeed, by the Q-closeness tech-
nique we get an error of the same order of the measure of the set.
If we set N = #Xk and if we assume that (A.2.2) is Q-close to (A.2.1)
with parameters αN ≥ 0, then, by Lemma A.1.4, Lemma A.2.1 and Propo-
sition 1.5.3, we get

inf
x∈R3

∣∣ζ(Xk)△(x+WFCC,|ζ(Xk)|)
∣∣ ≲ (αN + ĉk2

) 1
2 |ζ(Xk)|

2
3

≲
(
αN +N

2
3

) 1
2
N

2
3 ≃ N .
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A.2. Q-closeness for Xk

Remark A.2.3. If we choose ζ : LFCC → M(R3) to be the map that asso-
ciates the Voronoi cells to the points of LFCC , then we obtain that

∣∣ζ(X)
∣∣ = √

2

2
#X and PFCC

(
ζ(X)

)
=

3

2
P (X)

for everyX ⊂ LFCC . By choosing EN(X) = 3
2
P (X) as the discrete functional

and (A.2.1) as the continuous functional, we can try to estimate the value of
γN on the sets Xk, analogously to Lemma A.2.1.
By setting #Xk = N , we get that

inf
Y : #Y=N

EN(Y ) =
3

2
P (Xk) = 54

(
k2 + k +

1

3

)
inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) = 12
(√

2N
) 2

3
= 24

(
5

3

) 2
3
(
k3 +

3

2
k2 +

11

10
k +

3

10

) 2
3

and we obtain that, for some ĉ > 0, it holds that

inf
Y : #Y=N

EN(Y )− inf
Ω∈R3

|Ω|=|ζ(Xk)|

E(Ω) ≤ ĉk2 .

As in Remark A.2.2, if we apply Proposition 1.5.3, then we obtain a quantity
which still has the wrong scaling to provide a meaningful fluctuation estimate.
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∣∣∣∣(T ⊕ p,q
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2.11 In gray, U(p) ∪ U(q1) ∪ U(q2). The red areas represent their
pairwise intersections. In particular, we have
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pq1q2 ⊂ U(p) ∪
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