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Note. We recall that a hyperelliptic curve of genus g ≥ 2 is a connected and compact curve
C such that there is a degree 2 morphism u : C → P1. All genus 2 curves are hyperelliptic
because the canonical system |KC | has target Pg−1 = P1 and degree 2g − 2 = 2. When
working in characteristic different from 2, certainly the case here, as we consider complex
curves, a hyperelliptic curve of genus g can be written in the form

y2 = f(x)

where f is a polynomial with distinct roots of degree either 2g + 2 or 2g + 1.

1 Introduction

We analyze the role of hyperelliptic fibrations in F-theory; in particular, fibrations by curves
of genus 2. In this work, each hyperelliptically fibered surface is consistently embedded
inside a noncompact Calabi-Yau threefold (CY3) which is itself embedded into a Calabi-Yau
fourfold (CY4), giving in either case a total of 6 compact dimensions. Two very different
cases are considered:

• the first case, named upstairs, where the CY3 is placed in the position of fiber of the
CY4: in which case the hyperelliptic curve itself may also be regarded as living in fibers
of the CY4 (by composition the 2 fibrations);
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• and the second case, named downstairs, where the CY3 is positioned at the base of
an elliptically fibered CY4 as standard in F-theory, and where we explore some the
additional features brought up by the presence of the hyperelliptic fibration inside the
CY3.

F-theory compactifications are type IIB string theory compactifications where the back-
reaction of the 7-branes is considered [1]. It allows control of the nonperturbative limit by
encoding the physics in algebro-geometric language; see [2] for a review. The backreaction of
the 7-branes generates a holomorphically varying profile of the axio-dilaton:

λ = C0 + i exp (−ϕ), (1.1)

where g = exp (ϕ) is the string coupling constant. The SL(2,Z) invariance appearing in
type IIB string theory leads to a natural interpretation in terms of elliptic fibrations. The
axio-dilaton is geometrized in terms of the complex structure moduli of elliptic curves, with
both transforming by SL(2,Z), see for example [3]. In principle, this choice does not exclude
the possibility of other geometrical realizations.

In this work, we explore different scenarios where hyperelliptic curves play an important
role in F-theory. We consider hyperelliptic curves of genus 2 for simplicity. Notice that
the generalization of the elliptic fibration to a hyperelliptic one is not at all straightforward
when we want to preserve the property of the total space being Calabi-Yau. We bring
forward an original yet canonical strategy to solve this problem, obtained by embedding
the hyperelliptic fibered surface Y into the single noncompact CY3 which forms the total
space of the canonical bundle of Y .

Case I. The hyperelliptic fibration occurs upstairs. In this case, the hyperelliptic curves
may be seen as occurring in the fibers of the CY3. We provide a new interpretation of the
axio-dilaton in terms of the determinant of the period matrix parametrizing the hyperelliptic
curve (section 4).

Our proposal differs from the ones considered in [4–7], where an auxiliary K3 fibration is
considered, resulting in G-theory formulated in 14 dimensions instead of 12, which was used
to describe type IIB non-perturbative flux vacua. When those authors consider the K3 surface
with three moduli, the U-duality group becomes isomorphic to Sp(4,Z), thus coinciding
with the mapping class group of a hyperelliptic curve. For this reason, the authors claim an
interpretation in terms of a certain hyperelliptic fibration, considering as the axio-dilaton a
single entry of the period matrix. In contrast, in our case, by considering the axio-dilaton
as the determinant of the period matrix, we obtain that varying any of the entries of the
period matrix influences the behaviour of the axio-dilaton.

Case II. The hyperelliptic fibration occurs downstairs. In this case, the hyperelliptic fibration
is contained on the base of an elliptically fibered CY4. We briefly discuss the issue of tadpole
cancellation and its relation with numerical invariants of the CY3 (section 5).

This work is organized as follows: in section 2, we recall algebro-geometric results about
fibered surfaces and construct families of curves containing any number of nodal fibers
(Theorem 2.2) which in addition may contain any chosen nodal curve (Corollary 2.4). We
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discuss the relations between curves having split Jacobians and singularities of multiplicities
at least 2 or 3 (Theorem 2.6), which is of interest given that the specific examples we present
in section 4.3 do satisfy the condition of having split Jacobians.

In section 3, we embed any given hyperelliptically fibered surface Y into its corresponding
noncompact Calabi-Yau threefold X = Tot(ωY ), showing that all even integers may be
obtained as c2(X) (Theorems 3.6, 3.10). Note that here Y is a deformation retract of X,
thus H4(X,Z) = H4(Y,Z) = Z. In section 4, we consider Case I, where we propose a new
interpretation of the axio-dilaton, as the determinant of the period matrices associated with
the hyperelliptic fibration. Since the axio-dilaton must transform by SL(2,Z), we impose this
condition on the determinant, which then forces the set of admissible hyperelliptic curves in
our fibrations to satisfy some explicit strict conditions (ph). In section 4.3 we give several
examples, and in 4.4 we discuss some physical implications. In section 5, we consider Case II,
where we briefly discuss some phenomenological implications that the presence of hyperelliptic
fibrations might bring about for the cancellation of tadpoles, and the matter content of the
theory. Finally, in section 6, we discuss our results.

2 Fibered surfaces

We recall some algebro-geometric results about fibered surfaces that will be used to determine
the existence of new constraints to the matter content in a generalisation of F-theory
formulated using a hyperelliptic fibration.

In standard algebraic geometric notation, OX denotes the structure sheaf of X, Ω1
X the

sheaf of 1-forms and ωX the dualizing sheaf, as in [8], and hi(X) denotes the dimension
of H i(X). For the fibered surfaces, we denote by g1 the genus of the fiber and g2 the
genus of the base.

Definition 2.1. Let X be a smooth compact complex surface. The holomorphic Euler
characteristic of X is

χhol(X) := χ(OX) = 1− h1(OX) + pg(X) = h0(OX)− h1(OX) + h2(OX).

The (topological) Euler characteristic of X is

χ(X) := χ(TX) = h0(TX)− h1(TX) + h2(TX)− h3(TX) + h4(TX)

(also for smooth compact manifold of real dimension 4).

Noether’s formula gives

c2
1(X) + c2(X) = (K ·K) + χ(X)

where c2
1 and c2 denote the Chern numbers and K the canonical class of X. Note that if X ′ is

the surface obtained from X by blowing up of one point, then we have ve c2
1(X ′) = c2

1(X)− 1
and hence c2(X ′) = c2(X) + 1 [9].

Let f : X → D be a proper holomorphic map with X a smooth and connected complex
surface (often called a fibration of curves with D as a base) and D a (not necessarily compact)
Riemann surface (even not compact algebraic, e.g. a disc of C).
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Assume f∗(OX) = OD, i.e. assume that a general fiber is connected (and so all fibers
of f are connected). Let A be any smooth fiber of f and As := f−1(s) any fiber of f .
Then the Euler numbers satisfy χ(As) ≥ χ(A). If X is compact, i.e. if D is compact, then
by [9, Prop. III.11.4] we have

χ(X) = χ(A)χ(D) +
∑
s∈D

(χ(A)− χ(As). (2.1)

Moreover, there is an easy criterion which gives χ(As) > χ(A) if As is singular and not a
multiple of a smooth elliptic curve [9, III.11.5]. Hence if D is compact of genus g2 and a
general fiber of f is smooth of genus g1, then

χ(X) ≥ 4(g1 − 1)(g2 − 1)

with strict inequality if some of the fibers are singular and either g1 ̸= 1 or g1 = 1, but there
is at least one fiber with is not a multiple of an elliptic curve [9, III.11.6].

Since any smooth genus 2 curve is hyperelliptic, we have that the simplest examples of
hyperelliptic fibrations are those surfaces fibered by Riemann surfaces of genus 2.

2.1 Existence of surfaces with nodal fibers

If L is a line bundle over a projective variety, the linear system corresponding to L is denoted
by |L|. We have |L| := P(H0(L)) formed by the set of non-zero sections of L, up to a
non-zero multiplicative scalar.

The linear system |L| can equivalently be described as the family |D| of divisors linearly
equivalent to D. For a projective surface Y , effective divisors correspond to curves in Y .
Therefore saying that dim |L| = k this means that |D| may be regarded as a family of
curves parametrized by Pk.

Theorem 2.2. Let Y be a smooth projective surface. Fix an integer k > 0. There exists a
very ample line bundle L on Y with the following properties. For each integer t ∈ {0, . . . , k}
let V (L, t) denote the set of all C ∈ |L| which are integral, nodal and with exactly t nodes.
Then V (L, t) ̸= ∅ and dim V (L, t) = dim |L| − t for each t ∈ {0, . . . , k}. Moreover, if t > 0,
then every element in V (L, t) is in the closure of V (L, t− 1).

Proof. For any p ∈ Y let 2p (resp. 3p) denote the closed subscheme of Y with (Ip)2 (resp.
(Ip)3) as its ideal sheaf. The schemes 2p and 3p are zero-dimensional, p is their reduction,
deg(2p) = 3 and deg(3p) = 6. For any finite set S ⊂ Y set 2S := ∪p∈S2p and 3S := ∪p∈S3p.
Fix a very ample line bundle R on Y such that hi(R) = hi(R⊗ω∨

Y ) = 0 for all i > 0. Take an
integer m ≥ 6k and set L := R⊗m. It is straightforward to prove that h1(I3S ⊗L) = 0 for all
S ⊂ Y such that #S ≤ k. Note that C ∈ |I2p ⊗ L| if and only if C is singular at p and that
dim |I3p ⊗ L| = dim |L| − 6 implies that a general C ∈ |I2p ⊗ L| is nodal at p. Since m ≥ 3k
we easily see that h1(I3S ⊗ L) = 0 for all S ⊂ Y such that #S ≤ k. Then a straightforward
(but long) argument concludes the proof as in [10, 11].

Example 2.3. Consider the case of P2. For any integer d ≥ 2 and t ≥ 0 let V (P2, d, t) denote
the set of all irreducible and nodal plane curves with exactly t nodes. We have V (P2, d, t) = ∅
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if t > (d− 1)(d− 2)/2, while each V (P2, d, t) is irreducible and of dimension (d2 + 3d)/2− t

for all 0 ≤ t ≤ (d− 1)(d− 2)/2. Moreover if t > 0, then V (P2, d, t) is contained in the closure
of V (P2, d, t− 1), see [12].

For many surfaces which are “almost” P2 one can do the same [10, 11, 13, 14].

Corollary 2.4. Any curve with at most nodal singularities belongs to a fibered surface over P1.

Proof. To construct a fibrations over P1 having a chosen curve C as a fiber, take (Y,L)
as in Proposition 2.2 and set α := L · L (the self-intersection number). Fix C ∈ V (L, k)
and call s ∈ H0(L) an equation of C. Let V ⊂ H0(L) be a general 2-dimensional linear
subspace containing s. Note that V induces a non-constant rational map ψ from Y to P1.
The generality of V means that the base locus of V is given by α distinct points, none of
them being contained in C. Let Y1 be the blowing-up of Y at these α points. The rational
map ψ induces a fibration f : Y1 → P1 with C as one of its fibers, while the general fiber of f
is a smooth curve.

Remark 2.5. In conclusion, we see that we may choose our family to have any given number
of nodal fibers, and we may also choose the family to contain a specific chosen curve C as a
fiber. We could also construct fibrations with singularities with higher multiplicities, but we
leave this for future work.

2.2 Split Jacobians and singularities

Here we mention a construction connecting some hyperelliptic curves to elliptic ones. It
applies to the examples 4.2–4.6 in section 4.3. Let C be a genus 2 curve over C and let J(C)
be its Jacobian. An abelian variety is called decomposable if it is isogenous to a product
of elliptic curves E1 × E2. The curve C has a decomposable Jacobian if and only if there
is a cover ϕ : C → E1 to an elliptic curve E1.

Theorem 2.6. Let C be a genus 2 smooth curve with split Jacobian. Then there exists
an elliptic curve E and a surjection f : C → E having ramification points which in local
coordinates are given by either z 7→ z2 or z 7→ z3.

Proof. Let C be a genus 2 smooth curve such that there is an elliptic curve E and a surjection
J(C) → E. The inclusion of C in J(C) induces a surjection f : C → E. Set n := deg(f) > 1.
Since KE

∼= OE and deg(KC) = 2, the Riemann-Hurwitz formula gives that the ramification
divisor has degree 2. Hence one of the following 3 cases occur:

1. there are p, q ∈ E such that p ̸= q, #f−1(o) = n for all o ∈ E \ {p, q}, #f−1(p) =
#f−1(q) = n− 1.

2. n ≥ 3 and there is p ∈ E such that #f−1(o) = n for all o ∈ E \ {p}, #f−1(p) = n− 2
and over p there is a unique ap ∈ C at which f ramifies.

3. n ≥ 4 and there is p ∈ E such that #f−1(o) = n for all o ∈ E \ {p}, #f−1(p) = n− 2
and over p there are two distinct points o1, o2 ∈ C at which f ramifies.
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In case (1) at the unique ramification point of C over p and the unique ramification point of
C over q in local coordinates f is the map z 7→ z2. In case (2) at the unique ramification
point of C over p in local coordinates f is the map z 7→ z3. In case (3) at each of the 2
ramification points of C over p in local coordinates f is the map z 7→ z2.

Remark 2.7. By Hurwitz existence theorem, for each elliptic curve E, n, and choice of
ramification points of E (p and q) in case (1), p in cases (2) and (3), there, up to isomorphisms
of pairs and isomorphisms of E at least one and at most finitely many pairs (C, f). Now
assume that we start with the elliptic curve (E,OE) in case (1). Assuming that p = OE ,
then for q we have a 1-dimensional family of possible q’s. In cases (2) and (3) we may take
p = OE and we do not have another parameter for the pairs (C, f). Deforming E within
elliptic curves we get another 1-dimensional parameter for curve C with a degree n covering,
the j-invariant.

Remark 2.8. Assume that the degree n covering f : C → E is induced by the action of a
finite group G of automorphisms of C, say E = C/G. In case (1) we have n = 2 and hence
G ∼= Z/2Z. In case (2) we have n = 3 and G ∼= Z/3Z. In case (3) we have n = 4, the covering
is 2 to 1 covering u : C → E1 with E1 an elliptic curve followed by a 2 to 1 covering E1 → E.
Hence (assuming that it comes from a quotient E = C/G), if the covering is induced by a
the action of a finite group, case (3) gives nothing new.

3 Embedding the fibered surface in a CY3

In this geometric section we show existence of fibered surfaces containing a prescribed number
of nodal fibers, discuss hyperelliptic families with nodes, and embed fibered surfaces in
Calabi-Yau threefolds.

3.1 Constructing CY3’s with prescribed c2

We use the adjunction formula. Let X be a smooth algebraic variety or smooth complex
manifold and Y be a smooth subvariety of X. Denote by i : Y → X the inclusion map
and by I the ideal sheaf of Y in X. The conormal bundle of Y in X is I/I2 and the
conormal exact sequence for i is

0 → I/I2 → i∗ΩX → ΩY → 0, (3.1)

where Ω denotes a cotangent bundle. The determinant of this exact sequence is a natural
isomorphism

ωY = i∗ωX ⊗ det(I/I2)∨

where ∨ denotes the dual of a line bundle, and ω denotes de canonical bundle (in some
references ω is denoted by K).

Example 3.1. Now we take X to be equal to the total space of the canonical bundle of a
complex surface Y (4 real dimensions), that is X = Tot(ωY ). We claim that X is Calabi-Yau.
The fiber of X → Y at a point q ∈ Y is C because X is a line bundle over Y .
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Indeed, observe that the normal bundle of Y inside X will be exactly equal to ωY ,
that is,

(I/I2)∨ = ωY

and since the surface Y is embedded in the threefold X in codimension 1, we also have

det(I/I2)∨ = ωY .

Plugging this information into the previous formula, we obtain

ωY = i∗ωX ⊗ ωY .

Therefore i∗ωX must be trivial, and because it is a line bundle whose restriction to the
zero section is trivial, we also obtain that ωX is trivial. This shows that X is a Calabi-Yau
threefold.

Remark 3.2. Take (Y, L) as in Proposition 2.2 and set α := L · L (the self-intersection
number). Fix C ∈ V (L, k) and call s ∈ H0(L) an equation of C. Let V ⊂ H0(L) be a general
2-dimensional linear subspace containing s. Note that V induces a non-constant rational map
ψ from Y to P1. The generality of V means that the base locus of V is given by α distinct
points, none of them being contained in C. Let Y1 be the blowing-up of Y at these α points.
The rational map ψ induces a fibration f : Y1 → P1 with C as one of its fibers, while the
general fiber of f is a smooth curve. By Example 3.1 Tot(ωY1) has trivial canonical bundle.

Example 3.3. Continuing from the previous example, assume in addition that Y is a fibered
surface. Hence, we have that Y is the total space of a fibration Y → C for some curve C.
Then for each point p ∈ C the fiber of Y is a curve Fp. We have that the fiber over p of the
fibrations π : X → C (obtained from the composition of the projections X → Y and Y → C)
is ωFp , that is, the canonical bundle of X restricted to the fiber Fp gives the canonical bundle
of the Fp. Therefore, the fiber of p is a trivial product Fp × C if and only if Fp is smooth of
genus 1.

In the particular case when Y is a locally trivial fibration, we write F → Y → C and for
each p ∈ C we have the existence of a disc neighbourhood p ∈ D such that Y |D ≃ D × F .
In this case, then X = Tot(ωY ) may also be seen as a locally trivial fibration. In fact, in
principle we write C → X → Y , but we may also write ωF → X → C.

Lemma 3.4. The Chern classes of X = Tot(ωY ) are c1(X) = c3(X) = 0 and c2(X) =
−c2

1(Y ) + c2(Y ).

Proof. To calculate the second Chern class of X = Tot(ωY ) consider the exact sequence dual
to 3.1:

0 → TY → i∗TX → (I/I2)∨ → 0.

Given that the Chern polynomial is multiplicative and (I/I2)∨ = ωY , we obtain:

ct(TX) = ct(ωY )ct(TY ).
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Since X retracts to the surface Y , we have that c3(TX) = 0, giving

1 + c1(TX)t+ c2(TX)t2 = (1 + c1(ωY )t)(1 + c1(TY )t+ c2(TY )t2).

Since c1(ωY ) = −c1(TY ), we have

c1(TX) = c1(ωY ) + c1(TY ) = 0,

which we already knew because X is Calabi-Yau. Moreover

c2(TX) = c1(ωY )c1(TY ) + c2(TY ) = −c2
1(TY ) + c2(TY ),

or equivalently
c2(X) = −c2

1(Y ) + c2(Y ).

In Example 3.1 we may take as Y an arbitrary smooth surface. Example 3.3 explained
the case in which Y is a fibered surface. Here is the simplest illustration of proposition 3.4.

Example 3.5. Suppose Y = P1 × P1 and we call B the base and F the fiber. Then we have
c1(Y ) = 2B + 2F , therefore

c2
1(Y ) = (2B + 2F )2 = 4B2 + 8B · F + 4F 2 = 8

while c2(Y ) = c1(P1)× c1(P1) = 4. Now, taking the Calabi-Yau threefold X = Tot(ωY ) we
obtain c1(X) = 0 = c3(X) and

c2(X) = −c2
1(Y ) + c2(Y ) = −8 + 4 = −4.

To state the next result, we will use the concept of holomorphic Euler characteristic
χ(OY ), see definition 2.1.

For a smooth compact complex surface X (i.e. dimCX = 2), Noether’s formula gives

12χ(OX) = c2
1(X) + c2(X) = (K ·K) + e(X)

where K is the canonical divisor class. In contrast, we also observe that if C is a smooth
compact curve (i.e. a Riemann surface) and hence the two numbers h0(Ω1

C) and h1(OC)
are the same, we have that the topological and holomorphic Euler characteristics satisfy
2χ(OC) = χ(C).

Theorem 3.6. If Y a smooth projective surface and X = Tot(ωY ), then c2(X) is even.

Proof. For any smooth and connected complex surface Y , we have

12χ(OY ) = c1(Y )2 + c2(Y ),

see [9, eq. (4) p.26] or [15, p.472]. Consequently, we have

−c1(Y )2 + c2(Y ) = 12χ(OY )− 2c1(Y )2.

Hence
−c2

1(Y ) + c2(Y ) ≡ 0 mod 2.

– 8 –
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Theorem 3.7. Every even integer ≥ −6 occurs as c2(X) for some rational Calabi-Yau
threefold of the form X = Tot(ωY ).

Proof. We may use either the cases starting from P2 as in example 3.8 or else the examples
starting from a Hirzebruch surface as in example 3.9 below.

Example 3.8. Take any smooth and connected complex surface W and let Y be obtained
from W making x blowing ups. We have c1(Y )2 = c1(W )2 + x and c2(Y ) = c2(W ) + x,
therefore

−c2
1(Y ) + c2(Y ) = −c2

1(W ) + c2(W ) + 2x. (3.2)
Since c1(P2)2 = 9 and c2(P2) = 3, we have −c1(P2)2 + c2(P2) = −6. Making some blowing
ups of P2 we get that every even integer ≥ −6 occurs as −c2

1(Y ) + c2(Y ) for some smooth
rational surface.

Example 3.9. Let Y be the Hirzebruch surface Fe, e ≥ 0. Since Y is smooth and rational,
χ(OY ) = 1. We take a fiber f of a ruling of Fe and a section h of its ruling with h2 = −e and
a Z-basis of (Y ) = Zh+ Zf . We have f2 = 0 and h · f = 1. The adjunction formula gives
ωY

∼= OY (−2h− (2 + e)f). Thus c1(Y )2 = −4e+ 8 + 4e = 8. Every smooth rational surface
is obtained either from P2 or from a Hirzebruch surface Fe, e > 0, making some blowing ups.
By example 3.8 the integers appearing as −c2

1(Y ) + c2(Y ) for some smooth rational surface
are exactly the even integers ≥ −6.

Theorem 3.10. Every even integer occurs as c2(X) for some Calabi-Yau threefold of the
form X = Tot(ωY ).

Proof. Recall that c1(Y )2 ≤ 3c2(Y ) for any smooth surface of general type Y and that
equality holds exactly for a class of surfaces (ball quotients) which exist, but they are difficult
to construct [16, 17]. If Y is a minimal surface of general type, then c1(Y )2 > 0. Thus, when
Y is a minimal surface of general type and 2c2(Y ) ≤ c1(Y )2 ≤ 3c2(Y ), then the even integer
−c1(Y )2 + c2(Y ) is negative, and we obtain that its modulus goes to +∞, provided we get
a sequence of surfaces Yn such that c1(Yn)2 ≥ 2c2(Yn) and limn c2(Yn) = +∞. Indeed, in
such case

lim
n
(c1(Yn)2 − c2(Yn)) ≥ lim

n
(2c2(Yn)− c2(Yn)) ≥ lim

n
c2(Yn) = ∞.

Such a sequence of surfaces (even with additional properties) is constructed in [18, 19]. So,
we see that c2(X) can be made arbitrarily low by using minimal surfaces Y of general type,
and blowing up points of Y (if needed to fill up gaps), using formula (3.2), we verify that all
negative integers can occur as c2(X) using (possibly nonminimal) surfaces of general type.
Finally, combining with Theorems 3.6 and 3.7, we conclude that every even integer is of the
form −c1(Y )2 + c2(Y ) for some smooth projective surface.

So, we conclude that our collection of Calabi-Yau threefolds X contains representatives
of many types of compact 4-cycles. We end this section with some comments about bounds
on numerical invariants. If Y → C is a fibered surface with fiber genus g1 and base genus
g2 we have χ(OX) ≥ 2(g1 − 1)(g2 − 1). see [20, section 2.2]. For the construction of families
of hyperelliptic curves with prescribed number of nodal fibers, see [20, section 2.3], where
3 types of construction of such families were presented.
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4 Applications to constructions in F-theory I

4.1 The hyperelliptic fibration occurs upstairs

Nonperturbative solutions of type IIB supergravity are characterized in F-theory by the
nontrivial profile of the axio-dilaton λ given in (1.1), undergoing a SL(2,R) transformation
(and in high energies SL(2,Z)) that implies a duality between strong and weak coupling
regimes. The axio-dilaton may be regarded as the complex structure parameter of an auxiliary
torus, namely an elliptic curve. Consequently, F-theory describes type IIB string theory in
terms of complex elliptic fibrations. We know that F-theory on an elliptically fibered CY2
(e.g., a K3 surface) is equivalent to type IIB string theory compactified on the base of this
elliptic fibration (e.g., a P1). When moving around the points of the base manifold where
the fiber degenerates, λ undergoes a nontrivial monodromy

M =
(
1 + pq p2

−q2 1− pq

)

contained in the parabolic subgroup of the U-duality group SL(2,Z), indicating the presence
of (p, q) 7-branes.

Here we will consider the unconventional case when F-theory is formulated on a non-
compact CY3 given by X = Tot(ωY ), where a Y is a hyperelliptic fibration over P1 whose
fiber at a point p, denoted by Σp, may degenerate in certain points of the base manifold.
From example 3.3, we have that

Tot(ωΣp) X

P1

where, the fibers vary. However, outside the set of singular fibers, we have a locally trivial
fibration.

The interest of this study relies on the fact that it may be regarded a natural extension
of F-theory. Indeed, we could also consider

Tot(ωΣp) CY4

P1 × T 2

where CY4 = X × T 2.

4.2 The axio-dilaton in hyperelliptic F-theory

To obtain a description of F-theory containing a hyperelliptic fibration upstairs, it is first of
all necessary to determine the realization of the axio-dilaton in this proposed new formulation.
The axio-dilaton distinguishes itself from other moduli parameters that appear in string
compactifications by the fact that the imaginary part of its contribution determines the string
coupling, and it is strictly positive. It transforms under S-duality as

λ
′ = aλ+ b

cλ+ d

– 10 –
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with
(

a b

c d

)
∈ SL(2,Z). Therefore, it is a fundamental field that must be identified. In F-theory,

the axio-dilaton is interpreted geometrically in terms of an elliptic fibration. Therefore, for a
hyperelliptic fibration, such as a surface fibered by genus 2 curves, where more moduli param-
eters characterize the curves, the field associated with the axio-dilaton must be identified.

Let us consider a hyperelliptic fibration of genus two. The period matrix Ω describes
the variations of the complex scalar fields on the base manifold

Ω(z) =
(
τ β

β σ

)
(4.1)

with

τ = τ1 + iτ2,

σ = σ1 + iσ2,

β = β1 + iβ2.

The fiber over a generic point z0 of the base manifold can be interpreted as the direct sum of
two genus-one tori. Then τ and σ are the Teichmüller parameters of the 2-torus and β the
complex scalar field associated with the sewing of the two tori. Therefore, τ2 > 0 and σ2 > 0.
In general, τ , σ, and β (consequently, Ω) will depend on the coordinates of the base manifold.

Then, Ω transforms as

Ω = AΩ+B

CΩ+D

where A,B,C, and D are 2 × 2 matrices which define a matrix of Sp(4,Z), the mapping
class group of a genus two Riemann surface via

M =
(
A B

C D

)

such that

M

(
0 I
−I 0

)
MT =

(
0 I
−I 0

)
.

We find that a natural choice is to identify the axio-dilaton with the complex scalar
associated with the determinant of the period matrix Ω, which carries the topologic/geometric
information of the hyperelliptic fiber. Since the period matrix transforms according to
Sp(4,Z), it becomes necessary to restrict the choice of allowed period matrices to those whose
determinant transforms under SL(2,Z). Therefore, imposing this condition implies on a
restriction on the allowed families of hyperelliptic fibrations. One may argue that considering
this interpretation of the axio-dilaton is a natural choice from the physics perspective, since
the Teichmüller parameter of an elliptic fibration also corresponds to the determinant of a
one-times-one period matrix associated with the genus 1 curve.

Hence for the hyperelliptic fibration, we propose that the axio-dilaton is given by

λ = det(Ω).

– 11 –



J
H
E
P
0
8
(
2
0
2
5
)
0
2
0

Therefore, the corresponding transformation on λ which guarantees that it transforms
with SL(2,Z) will be the one inherited from the period matrix, that is

λ′ = det
(
AΩ+B

CΩ+D

)
= aλ+ b

cλ+ d
, (4.2)

such that a, b, c, and d are entries of a SL(2,Z) matrix given by

a = det(A), (4.3)

c = det(C), (4.4)

b = τ1(B22A11 −B12A21) + σ1(B11A22 −B21A12),
+ β1(B22A12 +B11A21 −B21A11 −B12A22) + detB, (4.5)

d = τ1(D22C11 −D12C21) + σ1(D11C22 −D21C12),
+ β1(D22C12 +D11C21 −D21C11 −D12C22) + detD, (4.6)

with the following conditions on τ2 and σ2 that guaranty that the imaginary parts vanish
and on τ1 and σ1 such that the real parts are integers

τ1 = 1
k2

[
d′(B11A22 −B21A12)− b′(D11C22 −D21C12) + k3β1] (4.7)

τ2 = k3
k2
β2 (4.8)

σ1 = 1
k2

[
b′(D22C11 −D12C21)− d′(B22A11 −B12A21) + k1β1] (4.9)

σ2 = k1
k2
β2 (4.10)

where b′ = (b − detB), d′ = (d − detD) and

k1 = (D11C21 +D22C12 −D21C11 −D12C22)(B22A11 −B12A21)
− (B11A21 +B22A12 −B21A11 −B12A22)(D22C11 −D12C21),

k2 = (D22C11 −D12C21)(B11A22 −B21A12)
− (B22A11 −B12A21)(D11C22 −D21C12),

k3 = (B11A21 +B22A12 −B21A11 −B12A22)(D11C22 −D21C12)
− (D11C21 +D22C12 −D21C11 −D12C22)(B11A22 −B21A12).

The integers k1, k2, and k3 are written in terms of the entries of the symplectic matrix M . Let
us also notice that as τ2, σ2 > 0, then β2 ̸= 0, meaning that we can consider the hyperelliptic
curve in terms of the sewing of two tori. It can not be factorized as the product of two torus.

Therefore, we propose that the axio-dilaton is written in terms of the three complex
scalars that characterize as the determinant of the period matrix of the genus 2 curve. This
is a different approach from the one used in [7], where the axio-dilaton is identified with the
single entry τ of the period matrix. However, it is important to notice that the number of
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degrees of freedom of our extension of F-theory is the same as that formulated on an elliptic
fibration. It can be seen from (4.7)–(4.10), that in our case, τ , σ and β are not independent
as in [7]. We will give some examples of hyperelliptic curves satisfying these conditions in
the following. Consequently, due to the split Jacobian property, there exists a surjection
from these families of hyperelliptic curves fibered over the base manifold, to elliptic curves.
However, we would like to emphasize, that this does not correspond to a fancy re-writing of
an elliptic fibration. New types of singularities appear that do not exist in the elliptic case
and the physical information around those singularities is also different.

After imposing these conditions, the symplectic matrix will depend on 7 independent
parameters.

Before presenting some particular examples, let us emphasize the existence of solutions
to our proposal.

Theorem 4.1. Let Y be a hyperelliptic fibration with a period matrix Ω. Then λ = detΩ
will transform as the axio-dilaton (4.2) if and only if

Ω(z) =
(

n1
k2

0
0 n2

k2

)
+
(

k3
k2

1
1 k1

k2

)
β(z) (ph)

with

n1 = d′(B11A22 −B21A12)− b′(D11C22 −D21C12),
n2 = b′(D22C11 −D12C21)− d′(B22A11 −B12A21)

integers obtained from (4.7) and (4.9), respectively.

Proof. To start with, we have Ω 7→ AΩ+B
CΩ+D , and we must analyse the effect of this transforma-

tion on det(Ω). Observe that, since

det (AΩ+B) =

=
((

A11

(
n1 + k3β

k2

)
+A12β +B11

))((
A22

(
n2 + k1β

k2

)
+A21β +B22

))
−
((

A12

(
n2 + k1β

k2

)
+A11β +B12

))((
A21

(
n1 + k3β

k2

)
+A22β +B21

))
= a detΩ + b,

det (CΩ+D) =

=
((

C11

(
n1 + k3β

k2

)
+ C12β +D11

))((
C22

(
n2 + k1β

k2

)
+ C21β +D22

))
−
((

C12

(
n2 + k1β

k2

)
+ C11β +D12

))((
C21

(
n1 + k3β

k2

)
+ C22β +D21

))
= c detΩ + d,

we obtain
λ′ = det(Ω′) = det

(
AΩ+B

CΩ+D

)
= aλ+ b

cλ+ d
,

where a, b, c, d are integers given in equations (4.3)–(4.6).
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Notice that, in the case when n1, n2 = 0, then τ = σ = k3
k2
β and we have

b = det (B), d = det (D).

4.3 Hyperelliptic curves satisfying the ph condition

We present explicit examples of hyperelliptic curves and hyperelliptic fibrations fulfilling
Theorem 4.1.

Example 4.2. From theorem 2 from [21], it can be seen that the period matrix of a
hyperelliptic curve with equation

y2 = x6 − 1

is given by

Ω = i

√
3
3

(
2 1
1 2

)
.

This corresponds to a curve of type D6(0, 1, 0) [21]. It is easy to see that, as it is a pure
imaginary matrix, the conditions (4.5) and (4.6) are trivially satisfied and k1 = k3 = 2k2
in (4.8) and (4.10).

Applying the Mathematica algorithm outlined in appendix A, we can find symplectic
matrices that ensure these conditions. Take for example, any matrix of the form

2 −1− 3k −3 −3
−1 + k 1 + k 1 2

0 k 1 1
k k 1 2

 ∈ Sp(4,Z). (4.11)

It can be verified that, in this particular case, the corresponding transformation on the
axio-dilaton is given by

λ→ (1 + 3k2)λ− 3
−k2λ+ 1

with λ = −1 and k ∈ Z.
Another possible choice (not contained in (4.11)) of symplectic matrix is

2 −1− 6k −3k −3k
−1 + 2k 1 + 2k k 2k

0 2 1 1
2 2 1 2

 ∈ Sp(4,Z). (4.12)

In this case
λ→ (1 + 12k2)λ− 3k2

−4λ+ 1
with λ = −1 and k ∈ Z.

Indeed, if we consider a hyperelliptic fibration whose corresponding period matrix can be
written as

Ω(z) = if(z)
(
2n n

n 2n

)
with n ∈ Z and z a coordinate on the base manifold, then the symplectic matrices (4.11)
and (4.12) will also ensure the SL(2,Z) transformation for the axio-dilaton.
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Example 4.3. It can be seen that the period matrix of the Burnside curve

y2 = x(x4 − 1)

is given by

Ω =
(
t t

2
t
2 t

)
with t = 1

3(−2 + i2
√
2).1 In this case, from (4.10) and (4.8) we obtain that k1 = k3 = 2k2.

Using the Mathematica algorithm following the steps in appendix A, we can ensure the
existence of symplectic matrices satisfying these conditions and also (4.7) and (4.9). Take
for example 

−2k 1 + k k 0
1 + k(−3 + 2k̃) 1 + 3k − (1 + k)k̃ −k(−2 + k̃) k

3− 2k̃ k̃ −1 + k̃ 1
−2 1 1 0

 ∈ Sp(4,Z),

where k, k̃ ∈ Z. It can be checked that, in these particular cases, the corresponding transfor-
mation on the axio-dilaton is given by

λ→ (−1− 3k2)λ+ k2

3λ− 1

with λ = −1
3(1 + i2

√
2).

Example 4.4. In [7] it was shown that the period matrix corresponding to the hyperelliptic
curve

y2 = (x3 − z)2 − g2(x3 −m3)2

with g,m constants, and z coordinates on the base manifold C, is given by

Ω(z) = 1
2πi log

(
1− z

m3

)(4 2
2 4

)
.

Observing the similarity of this period matrix to the one in example 4.2, it can be checked,
using the symplectic matrices (4.11) and (4.12), that this example also satisfy the (ph)
condition, so that the axio-dilaton transforms according to SL(2,Z).

Example 4.5. If we consider the family of unimodular hyperelliptic curves with automorphism
symmetry group D4 we have [22–25]

y2 = x(x2 − 1)(x− a)(x− a−1)

with a ∈ C. It can be seen that this family of curves contains the curves from the first and
second examples as particular cases, i.e., if a = i it corresponds to the Burnside curve.

The period matrix related to this type of curve is given by

Ω =
(
τ β

β τ

)
1We are grateful to Anita Rojas for clarification on this issue [22–24].
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with |β|2 = |τ |2 − 1. In this case, we have that k1 = k3 and using Mathematica we find that
there exist symplectic matrices, for example:

0 1 ∓k −1
1 ∓k −1 + k2 0
0 0 ±k 1
0 0 1 0

 ∈ Sp(4,Z)

with k ∈ Z, such that the determinant of the period matrix transforms as the axio-dilaton.
In this particular example, we have that there is a consistency condition given by τ = kβ,
which is satisfied for the first and second examples. This condition is a particular case of
Theorem 4.1, where n1 = n2 = 0. The corresponding transformation on the axio-dilaton is
given by

λ→ −k2λ+ (k2 − 1)
λ− 1

with λ = (k2 − 1)(1− β2k2)
1 + β2(k2 − 1) representing a physically admissible family of curves.

This family of hyperelliptic curves satisfies the split Jacobian condition from section 2.2.
Hence, there is a well-defined surjection from the hyperelliptic curve to an elliptic curve.
Some implications of this issue will be addressed in the following section.

Example 4.6. We may consider

y2 = x(x2 − 1)(x− a(z))(x− a−1(z))

with z ∈ C local coordinates on the base manifold. On each point of the base manifold, there
is an unimodular hyperelliptic curve with automorphism symmetry D4. The period matrices
related to this type of curve are given by

Ω(z) =
(
τ(z) β(z)
β(z) τ(z)

)

with |β(z)|2 = |τ(z)|2 − 1. It can be checked, using the Mathematica algorithm based in
appendix A, that the symplectic matrices of the previous example are also valid.

We observe that when a(z) = 1 the curve becomes

y2 = x(x− 1)3(x+ 1)

therefore the hyperelliptic curve acquires a cusp singularity. Similarly, when a(z) = −1 the
curve becomes

y2 = x(x+ 1)3(x− 1)

and once again the hyperelliptic curve acquires a cusp singularity.
If we consider the compact fibration inside a projective space, we can also make a(z) = 0

and a(z) = ∞, but the family acquires extra singularities with higher multiplicities. For
example for a(z) = z, we find extra singularities of multiplicities greater than 3 at z = 0 and
at z = ∞. Moreover, by analyzing the discriminant, it can be seen that the number of branes
associated with a(z) = 0, 1,−1,∞ coincide [26, 27]. For a(z) = z, we have to place a stack of
6 branes at each point.
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4.4 Hyperelliptic fibrations and monodromies

F-theory on elliptically fibered Calabi-Yau corresponds to type IIB string theory compactified
on the base of the elliptic fibration. Working with an elliptically fibered Calabi-Yau ensures the
geometrical interpretation of the axio-dilaton is described by the Teichmüller parameters of the
elliptic fibers, and also guaranties the preservation of several properties like a proper amount
of supersymmetry, cancellation of tadpoles, and backreaction effects. The generalization to
hyperelliptic fibrations is not evident if we want the fibration to be Calabi-Yau.

According to example 3.3, we have that X = Tot(ωY ) can be written as

Tot(ωΣp) X

P1

where the Y is the hyperelliptic fibred surface over P1 with fiber Σp. Consequently, in a
small neighborhood of a smooth fiber, we may consider Tot(ωΣp) also as a fiber of the CY4.
Moreover, by section 4.3, we know that there are families of hyperelliptic curves such that
the determinant of the period matrix can be identified with the axio-dilaton together with
the corresponding SL(2,Z) transformation

Let us emphasize that this interpretation differs from the one considered in [4–7], where
the axio-dilaton was given by τ , that is, one of the entries of the period matrix (4.1). In
our case, only such hyperelliptic curves satisfying (ph) will ensure the expected SL(2,Z)
transformation on the axio-dilaton λ = detΩ. We found that the hyperelliptic family of
curves with automorphism symmetry D4 [22–25] satisfies this property. Moreover, this family
of hyperelliptic curves also satisfies the split Jacobian condition, implying that there is a
surjection from the hyperelliptic curve to an elliptic curve. Considering for instance the
hyperelliptic fibration from example 4.6, we have that, on the points of the base manifold
where the fiber is smooth, there is a surjective map from the genus two fiber to an elliptic
curve. However, singularities of hyperelliptic fibrations are in general more complicated
than singularities of elliptic fibrations.

In this work, we have mostly considered nodal fibers. These are singularities of the
hyperelliptic fiber, but keeping X = Tot(ωY ) smooth. They correspond to type I in the
Kodaira classification. They are associated with the presence of D7 branes with worldvolume
R1,7 located on the points of the base manifold whose fiber degenerates. These D7 are
related with the more general (p, q) 7-branes by SL(2,Z) transformations. Nevertheless,
more complicated singularities appear in some cases. For example, for the hyperelliptic
fibration from example 4.6, we have that the singularities at a = ±1 are cusps. Let us note
that, in example 4.6, fibers associated with purely imaginary period matrices are related
to infinite distances in the moduli space.

In F-theory, moving around a puncture, the axio-dilaton undergoes a monodromy in
SL(2,Z). In [4–7], the monodromy of the period matrix around singular fibers of the K3 is
contained in the U-duality group, SO(2, n,Z). For n = 3, we have that the U-duality group
is isomorphic to Sp(4,Z), the modular group of a genus 2 curve. In our case, the SL(2,Z)
transformation of the axio-dilaton is inherited from Sp(4,Z). By doing this, we can obtain
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parabolic monodromies associated with the (p, q) 7-branes, but also monodromies associated
with the other conjugacy classes of SL(2,Z).

We may consider stacks of (p, q) 7-branes having monodromy groups that are not necessar-
ily parabolic but, alternatively, are identified with ADE groups [28, 29]. In particular, stacks
of (p, q) 7-branes associated with SO(8), E6, E7 and E8 correspond to elliptic monodromies
given by Z2, Z3, Z4 and Z6, respectively.

Brane solutions related with elliptic and hyperbolic conjugacy classes were discussed
in [30–32] from type IIB and F-theory perspectives. In [30] it is shown that branes with
elliptic monodromy play a crucial role in type IIB while branes with hyperbolic monodromies
never arise. They proposed that these Q7 may be interpreted as stacks of (p, q) 7-branes.
However, in [33] it is claimed that a consistent action invariant under κ-symmetry can only
be built for the parabolic case. We leave the discussion of elliptic monodromies and stacks
of (p, q) 7-branes in this context to future work.

Let us note that the hyperelliptic curves considered in our construction have split-Jacobian.
It means that there is a well-defined surjection to an elliptic curve outside the singularities.
Consequently, we expect that the known duality between F-theory and M-theory will hold
for our construction, but we will consider a detailed study in subsequent works.

In compactifications of F-theory with fluxes, as well as in non-supersymmetric scenarios,
the Calabi-Yau condition is sometimes not imposed. We may also consider hyperelliptic
fibrations in such cases, keeping with the identification of the axio-dilaton to the determinant
of the period matrix as we have shown in the previous section. This approach was not
considered in this paper, we leave it for future work.

5 Applications to constructions in F-theory II

5.1 The hyperelliptic fibration occurs downstairs

In section 3, we showed how to construct a Calabi-Yau threefold X = Tot(ωY ), realizing any
even value of c2(X), which has the novelty of containing a hyperelliptically fibered surface
Y . In this section we consider the standard fibrations

T 2 CY4

CY3

where the CY4 is elliptically fibered over the CY3, and we discuss some consequences of the
presence of the hyperelliptic fibration inside the CY3. In general, our fibrations will not be
locally trivial; that is, the fiber T 2 may degenerate, becoming singular, yet having genus 1.

F-theory on an elliptically fibered CY4 corresponds, in our construction, to type IIB
superstring theory on a CY3. The type IIB axio-dilaton that models the string coupling
corresponds to the Teichmüller parameter of the elliptic fibration over the CY3. One might
inquire what role such CY3’s with arbitrarily high (or arbitrarily low) values of even c2 play
in the physics of the specific types of CY4’s in the context of F/String theories.

To explore applications of these CY4’s let us recall the following:
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Type IIB string phenomenological constructions often require D3-branes and D7-branes.
The type II D3-branes fill the spacetime dimensions, and they are points within the extra
dimensions. They do not exert any backreaction on the space and are invariant under the
SL(2,Z). Consequently, they do not receive any correction when uplifted from type IIB theory
to F-theory. This is significant because the same D3-brane content is present in F-theory.
However, this is not the case for the D7-branes, which generically require the backreaction to
be taken into account, and at the level of F-theory are generalized to (p, q) 7-branes.

Furthermore, consistency of either of these theories requires that anomaly cancellation
be guaranteed. In the absence of 3-form fluxes in type IIB constructions, or respectively,
4-form fluxes in F-theory, the F-theory anomaly cancellation implies the type IIB anomaly
cancellation. Anomalies occur when a classical symmetry is not preserved at the quantum
level. This is usually manifested in the non-invariance of the path integral under the symmetry
transformation. Depending on the type of symmetry breaking, there are different types of
anomalies in quantum theories. In type II string theory, there are the gauge, the gravitational,
and the mixed anomalies. It is out of the scope of the present article to give a detailed study of
anomaly cancellation, we present a brief account, and refer the interested reader to [28, 34–41].

Often, in type IIB string theory, cancellation of anomalies is obtained by imposing
what is known as tadpole cancellation2 [42]. Following the Gauss law, the total charge on
a compact manifold must vanish — this is usually known as the RR tadpole cancellation.
In supersymmetric theories, RR tadpole cancellation also implies that NS-NS tadpoles are
cancelled and the theory is consistent. This cancellation must hold for any of the charges
present in the construction. To this end, cancellation of all tadpoles, in particular those
associated with the D3-brane, D5-brane, and D7-brane RR charges, are required [36].

In type IIB theory the Dp-brane action, SDp = SDBI +SW Z , is described by the following
integrals over the worldvolume (WV):

SDBI = −Tp

∫
W V

d(p+1)ξe−ϕ
√
det(g + F).

SW Z = 2πTp

∫
W V

∑
k

C2k Tr
[
e

1
2π

F
]√√√√ Â(T )

Â(N)

(5.1)

where Tp represents the tension of the Dp-brane that we will set equal to 1, ϕ is the dilaton,
g is the determinant of the induced metric over the worldvolume of the Dp-brane, and
F is defined as

F = F + i∗B, (5.2)

where i is a map from the world volume to the target space. For simplicity, we will consider
the case B = 0. The terms C2k are RR forms present in type IIB theory, Â is the roof-genus,
and in (5.1) the letters N and T denotes the normal and tangent bundle, respectively.

We particularize the matter content to the target space considered, where X = Tot(ωY )
is a CY3 with nontrivial c2 and the surface Y → P1 is hyperelliptically fibered, and consider
constructions with D3-branes and D7-branes.

2For the case of mixed anomalies on top of it, one must also consider the Green-Schwarz mechanism.
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D7-tadpoles must be canceled. The D7-tadpole associated with the D7 charge can
be canceled in F-theory by a proper combination of (p, q) 7-branes that coalesce to form
a singularity that cancels the D7 charge [28]. The D7-tadpole cancellation in F-theory is
codified in the topology of the elliptically fibered CY4.

The wrapping of the D7 branes along those 2-cycles labelled with and index a contained
in Y forming a basis of H2(Y ) can also induce a D5-brane charge associated with a WZ term

SD75 =
∫ ∑

a

C6 ∧ Fa. (5.3)

This generates a D5-tadpole. Typically, in type IIB theory, orientifold planes are intro-
duced [43] to cancel these D5-tadpoles. However, for the cases we consider here, we may
assume that the D75 charge contribution vanishes. Therefore, for the particular case where the
D7 branes wrap both 2-cycles simultaneously (a fiber and the base of Y ), equality (5.4) implies
that the D5-brane tadpoles here may cancel out without the need of introducing orientifold
planes. The topology of our genus 2 hyperelliptic fibration Y facilitates the cancellation since,

(χ(Σ2) + χ(P1)) = 0, (5.4)

observing that, for a curve χ agrees with the first Chern number.
D7-branes may also induce a D3-brane charge. The contribution to the action of the

term associated with the roof-genus is [44],√√√√ Â(T )
Â(N)

=
1 + 1

96

(
l2
s

2π

)2

Tr(R2) + . . .

 ∧
(

1 + l4
s

24c2(Y ) + . . .

)
(5.5)

where ΓD7 is the holomorphic 4-cycle wrapped by the brane (Y in our case) and R is a
curvature 2-form of the tangent bundle of R1,3. Consequently, writing ND7 to represent the
number of D7branes considered in a particular model, from (5.1) we obtain the following term

SW Z ⊃ T7

∫
R3,1

C4 ∧
∫

Y

(
TrF ∧ F + l4sND7

c2(Y )
24

)
. (5.6)

The induced charge has two different physical origins: this occurs whenever the D7 that fills
out the 4D spacetime wraps any four cycles contained in the CY3 generating c2(Y ), and the
other term is the contribution of magnetized D7’s associated to TrF ∧ F .

Cancellation of D3-tadpoles in F-theory was originally discussed in [45]. It can be
ensured by inducing a D3-charge that compensates the one induced by the curvature of the
CY4 [46]. The D3 brane charge generated by the matter content may have three different
origins or a combination of them: either it is associated with the presence of D3-branes, or it
is induced by magnetized D7-branes, or produced by 3-form fluxes, or else a combination
of those. In [47] it was shown that due to the Chern-Simons coupling when the D7 branes
are compactified on a 4-cycle Y , the D3-branes can be understood as instantons over the
D7 branes. Let us consider the contribution of D7-branes wrapping the holomorphic divisor
Y of X without the presence of gauge fluxes. One can observe that it generates an induced
D3 charge on the D7-brane of geometric origin:

QD73
geometric = ND7

χ(Y )
24 ,
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with χ(Y ) = c2(Y ),3 in our case. This term contributes, in general, to the Euler characteristic
of the Calabi Yau fourfold [36]. In the set-up considered in this paper, the D7-branes
intersect the fibers ωY at points, wrapping the four-cycle associated to Y , i.e., the D7-branes
may be seen as a multivalued section of the canonical bundle of the hyperelliptic fibered
surface Y . This scenario is only possible for the restricted values of the moduli where the
D7-backreaction does not need to be considered. This region corresponds to |z − z0| ≪ λ,
where z0 is the location of the brane.

By Lemma 3.4, equality c2(X) = −c2
1(Y )+ c2(Y ) applies, accounting for the contribution

of c2
1(Y ) towards c2(X) brought about by the A-roof genus of the normal bundle N , thus

reflecting the nontriviallity of the embedding of Y in X. As proved in Theorem 3.6, when Y

is a smooth projective surface, we have that c2(X) is even. This implies that the number of
times that D7’s can be wrapped becomes restricted for a given X. Equivalently, a particular
D7 wrapping can only be turned on particular CY3’s. The D7 wrapping generates a D3
charge that contributes to that one generated by the CY4.

There exists the possibility of having nontrivial gauge fluxes on the 7-branes that will
also induce a contribution to the D3-charge. Magnetized D-branes have been used for type
IIB phenomenological constructions in a number of papers in order to generate D-terms
via anomalous U(1)’s [39, 48] to guarantee chirality [49–51], they have been used in model
building [36, 52, 53], uplift to De Sitter [54, 55], and even stabilize moduli [56]. A magnetized
D7 brane is a D7-brane that contains a DBI flux associated with a non-trivial U(1) line
bundle l with a non-vanishing first Chern class c1 given by∫

Σ
F2 = k ∈ Z− {0} = c1(l)

where Σ is a 2-cycle contained in the CY3. The gauge flux condition can be defined on Σa

of arbitrary genus [57], hence also for hyperelliptic curves. We have that the contribution
to the induced charge due to gauge fluxes is given by

Ngauge = −1
2

∫
Y
F ∧ F . (5.7)

When gauge fluxes of the DBI field strength are turned on a brane, consistency also requires
imposing a quantization condition to cancel out the Freed-Witten anomaly. Assuming for
simplicity that the pull-back of the NSNS B-field is zero, this is obtained by choosing [58, 59]

c1(la) +
c1(Y )
2 ∈ H2(X,Z). (5.8)

F-theory on an elliptically fibered compact CY4 has a tadpole associated with the 4-form C4,
given by Nχ4 = −χ(CY4)

24 [60]. Hence, in such a case, the tadpole cancellation condition is

Nχ4 +ND3 +Ngauge +Nfluxes = 0. (5.9)

We did not include 3 or 4-form fluxes acting on the CY construction in this text, leaving
it for future work. For the D-brane content considered here, supersymmetry is preserved,

3In general, the Euler characteristic must be corrected to χ0(ΓD7) = χ(ΓD7)− npp where npp is the number
of singularities (pinched points) [34].
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and tadpole cancellation occurs when (5.9) is satisfied. As we have signaled, in the absence
of D3 branes, the induced charge due to gauge fluxes Ngauge will be necessary to cancel
D3-tadpoles. In order to introduce matter content, singularities are required, as usual in
F-theory constructions. A relevant property for constructions in F-theory that support GUT
models with enough positive D3 charges and branes while also having enough nonvanishing
background fluxes for stabilizing the D7 moduli perturbatively, is to have χ(CY4) large
enough [36]. See also [61] about the relevance of this requirement. An interesting property
of our construction is that c2(X) can be arbitrarily large (or also arbitrarily small). Hence,
the CY4 in our constructions may also admit arbitrary large Euler number, pending on
adding more singular fibers. Then, Nχ4 will contribute negatively towards the D3-tadpole
cancellation condition. There are a few technical issues to be considered when adapting
the use of Nχ4 to our models, because of noncompactness. Even though there is an easy to
fix of this issue, by observing that each of our CY4’s has the homotopy type of a compact
threefold, there are many interesting features to be discussed, so we leave a more detailed
analysis of concrete model building with particular types of singularities in the fibers of
our CY4’s also for future work.

Summarizing, we have shown that the constructions of Calabi-Yau manifolds made here
allow for many choices of wrapping of D7-branes in type IIB, with induced D3 charges,
and allowing for the possibility of cancellation of D5-brane tadpoles without introducing
orientifold planes. Other examples that explore the occurrence of hyperelliptic curves for
phenomenological purposes in string theory appear in [7, 62–66], and references therein.

6 Conclusions

We have presented a mathematical construction of Calabi-Yau manifolds, containing hy-
perelliptic fibrations with arbitrary even values of the second Chern class. We analyze the
construction of F-theory over a CY4, on this type of background with hyperelliptic curves
in two different situations:

In the first case, we formulate F-theory over a noncompact CY4, containing a consistent
CY3, which is itself Tot(ωY ), where Y is a hyperelliptic fibration over P1. This is an extension
of F-theory. The role of the axio-dilaton, which parametrizes the coupling constant in Type
IIB string theory, is associated with the moduli of the hyperelliptic fiber. We propose that
the axio-dilaton should correspond to the determinant of the period matrix. We have found
that the family of hyperelliptic curves with automorphism group D4 satisfies this condition.
Outside the singular points, there is a surjection from the hyperelliptic fiber to an elliptic
fiber due to the split Jacobian condition. However, the singularities of hyperelliptic curves
may in general be different from those of elliptic curves. The SL(2,Z) transformation is
inherited from the modular group of the genus 2 curve. For the hyperelliptic fibration
considered in example 4.6, we found that there are cusp singularities at points of the base
manifold where the fiber degenerates.

From a physical point of view, further evidence for the consistency of F-theory on
hyperelliptic fibrations is ultimately reliant on its connection with M-theory. It is well-known
that M-theory compactified on an elliptically fibered manifold is dual to F-theory on the same
manifold together with a circle fibration. This duality is based on the observation that both
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approaches describe type IIB string theory in the same dimension, as originally explained
in [1] using the connection between M-theory and type IIB string theory found by [68].

We emphasize that the hyperelliptic curves of genus 2 satisfying theorem 4.1 are unimodu-
lar, i.e, described by a single complex parameter, as it occurs in the elliptic case. Consequently,
the set formed by such curves is considerably smaller than the corresponding moduli space
of curves of genus 2 (having real dimension 2 instead of 6). All of the examples we have
considered have also a split Jacobian. Although it is possible that all the curves satisfying
theorem 4.1 have split Jacobian, we have not prove this yet. Nevertheless, the split Jacobian
condition implies that, outside the singularities, the fiber has a well-defined surjection to an
elliptic curve. We expect that the only new contributions will be at the points of the base
manifold where fiber degenerates, because hyperelliptic fibrations contain a wider variety
of singularities than elliptic ones. Consequently, it might happen that the duality between
M-theory and F-theory may hold when formulated on the family of hyperelliptic fibrations
considered in this paper, but we leave this interesting point for future work.

In the second case, the CY4 is fibered over the CY3 with elliptic fibers. The presence of
hyperelliptic curves inside the CY3 determines the embedding of branes that satisfy the tadpole
cancellation conditions. In our construction, the possibility of having large values of c2(X)
implies that the CY4 may also admit large (local) Euler characteristic, whose contribution
facilitates the D3 tadpole cancellation condition in models containing background fluxes
(See for example [67]). This is a desired property since GUT models with enough positive
D3 charges and branes may need a large number of fluxes that stabilize D7-brane moduli
to cancel tadpoles.

If the requirement that the background be Calabi-Yau is relaxed, either by introducing
fluxes that imply loss of Ricci flatness or by compactifying on other types of manifolds,
hyperelliptic curves could be included without the need to introduce their nontrivial canonical
bundles; hence, in such cases, the corresponding background where type IIB string theory is
formulated can be more easily identified. We leave this study for future work.
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A Sketch of a Mathematica algorithm

In this section, we will enumerate the basic steps underlying the Mathematica algorithm
used to verify the examples in section 4.2.
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1. We consider a matrix 4× 4 given by

M =
(
A B

C D

)

where A,B,D,C are 2× 2 matrices.

2. We impose det (M) = 1 and det (A)d − det (C)b = 1. In the examples considered in
this paper, b = det (B) and d = det (D) which corresponds to n1, n2 = 0. We are left
with 14 (out of 16) free entries of the matrix M .

3. We impose the matrix M to be symplectic, that is

M

(
0 I
−I 0

)
MT =

(
0 I
−I 0

)

We are left with 9 (out of 14) entries of the matrix M .

At this point, we have a generic matrix of Sp(4,Z) such that det (A)d− det (C)b = 1

4. From now on, we must consider a specific hyperelliptic curve (or fibration) with its
corresponding period matrix.

In examples (4.2), (4.3) and (4.4), we have to impose, k1 = αk2 and k3 = γk2 with
α, γ ∈ Z that depends on each case.

In examples (4.5) and (4.6), we have to impose, k1 = k3 and |β|2 = |τ |2 − 1.

In all cases, we are left with 7 (out of 9) entries of the symplectic matrix M .

5. Finally, we choose some integer values for the 7 parameters left and verify that the
resultant symplectic matrix is such that, the determinant of the period matrix transform
according to SL(2,Z).
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