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Abstract

In this paper, we study a class of stochastic optimal control problems, where
the drift term of the equation has a linear growth on the control variable, the
cost functional has a quadratic growth, and the control process belongs to the
class of square integrable, adapted processes with no bound assumed on it.
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1. Introduction

Integro partial differential equations are widely used in literature for modelling various techno-
logical applications related to the study of creep of metal, plastic materials, concrete, rock, and
other bodies. In particular, we recall the applications in viscoelasticity theory (see for instance
[21] for several examples on how the state of a mechanical system depends on the whole history
of actions that were performed on it) and fractional diffusion-wave equations.

Let us recall the model for a linear fractional diffusion-wave equation

where « is a parameter describing the order of the fractional derivative, that is taken in the sense
of Caputo fractional derivative. Altough theoretically o can be any number, we consider here only
the case 0 < a < 1; notice that for &« = 1 the above equation represents the standard diffusion
equation. There has been a growing interest to investigate this equation, for various reasons; for
instance [1] quote “modeling of anomalous diffusive and subdiffusive systems” and “description of
fractional random walk”.

The introduction of a stochastic perturbation term is generally motivated in the literature as
a model for random environment or rapidly varying perturbing term or as a model for chaotic
behaviour of the system. In this paper we assume that the noise enters the system when we
introduce a control. The object of this paper is really to study the optimal control problem for an
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integro partial differential equation with a stochastic perturbation of the control; we remark that
several concrete examples, in the fields mentioned above, can be handled within our theory. Let
us briefly introduce the general equation we will deal with.

Throughtout the paper we assume that H,= and U are real separable Hilbert spaces. We are
concerned with the following class of stochastic integral Volterra equation on H

% [ alt = s)u(s)ds = Au(t) + g(t, u() [r(t,u(t),y(t))JrW(t)}, te0,7]

(1.1)
u(t) = ug(t), t <0.

The control problem consists of minimizing a cost functional of the form

T
Juo,7) = E / 1(t, u(t), () dt + B[ (u(T))]. (1.2)

To our knowledge, this paper is the first attempt to study optimal control problems for stochastic
Volterra equations in infinite dimensions. In order to handle the control problem, we first restate
equation (1.1) in an evolution setting, by the state space setting first introduced in [19, 9] and
recently revised, for the stochastic case, in [17, 3, 4]. Thus we obtain a stochastic evolution equation
in a (different) Hilbert space. Then we associate to this equation a backward stochastic equation
and we try to solve the control problem via this forward-backward system (FBSE). Nonlinear
backward stochastic differential equations (BSDEs) were first introduced by Pardoux and Peng
[20]. A major application of BSDEs is in stochastic control: see, e.g., [10, 22]. We also refer the
reader to [16, 11] and [15].

In comparison with the existing literature, we must underline the following two facts. The first
is typical of our approach: the forward system has an unbounded operator in the diffusion term,
which makes it harder to solve. Second, we consider a degenerate control problem (since nothing
is assumed on the image of g), essentially in the setting assumed in [13]: we suppose that r has a
linear growth in v and it is not bounded, [ has quadratic growth in v and -, and ¢ has quadratic
growth in u; but, differently from them, we treat the infinite dimensional case.

We work under the following set of assumptions:

Hypothesis 1.1.

(i) The kernel a : (0,00) — R is completely monotonic, locally integrable, with a(0+) = +o0.
The singularity in 0 shall satisfy some technical conditions that we make precise in Section 2.
As an example, we can consider the fractional derivative kernel a(t) = ﬁtﬂﬂ for0<p<3

that was discussed above.

(ii) A: D(A) C H — H is a sectorial operator in H. Thus A generates an analytic semigroup
e*4. Interpolation and extrapolation spaces H, of H will always be constructed with respect
to A.

(iii) The mapping g : [0,T] x H — Lo(U, H) (the space of Hilbert-Schmidt operators from
U into H) is measurable; moreover there exists a constant C > 0 such that for every t €
0,T], u,u’ € H

||g(ta u) - g(t7 ul)”Lz(U,H) < C|u - ul|7

||g(t7 ’LL) ||L2(U,H) < C;
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(iv) The function r : [0,T] x H x £ — U is measurable and there exists C' > 0 such that, for
t€1[0,T], u,u’ € H and v € E, it holds

|7’(t,u, '7) - T(ta u/37)| < C(l + |’Y|)|u - u/‘;

moreover 1(t,u,-) has sub-linear growth: there exists C > 0 such that, for t € [0,T] and
u € H, it holds

[r(t,u, )] < C(L+ ). (1.3)
Finally, for all t € [0,T], uw € H, r(t,u,-) is a continuous function from = to U.

(v) The initial condition ug(t) belongs to the space X, of admissible initial conditions:
Xo={u:R_ — H, there exists M > 0 and w > 0 such that |u(t)| < Me '}

and it satisfies further the assumption:

(a) uo(0) belongs to H, for some € € (0, %) and there exist My > 0 and 7 > 0 such that
luo(t) — up(0)| < M|t| for all t € [—7,0]).

(vi) The process {W;, t € [0,T]} is a cylindrical Wiener process defined on a complete
probability space (2, F,{F.},P) with values in the Hilbert space U. This means that W (t) is
a linear mapping W (t) : U — L*(Q)) such that (a) for every u € U, {W(t)-u, t > 0} is a real-
valued Brownian motion and (b) for every u,v € U andt > 0, E[(W (¢)-u)(W (t)-v)] = (u, v)y.

(vii) We say that a =E-valued, F;-adapted process -y belongs to the class of admissible controls
if
! T
E/ Iv(s)]* ds < +o0.
0

(viii) The functions | and ¢ which enters the definition of the cost functional are measurable
mappings 1 : [0,T] x H x E — R, ¢ : H — R, satisfying the bounds

0 <I(t,u,y) < C(+ |u]? +[v[*) (1.4)
and
0 < ¢(u) < C(1+ [uf?) (L5)

for given constants c, C.
Moreover for allt € [0,T), w € H, l(t,u,-) is a continuous function from Z to R.

(ix) There exist ¢ > 0 and R > 0 such that for every t € [0,T], x € H and every control 7y
satisfying |y| > R then
1t u,y) = e(1+ y[?) (1.6)

Hence, a control process which is not square summable would have infinite cost.
We consider the following notion of solution for the Volterra equation (1.1).

Definition 2.1 We say that a process u = {u(t), t € [0,T)} is a solution to (1.1) if u is an
H-valued predictable process with

T
E/ lu(s)]* ds < 400
0
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and the identity

/ wf@wﬁﬁHm:wwH+Aw@Ammm

+/@@M%MMM%W»OH®+/@@MQMW®£M (L.7)
0 0

holds P-a.s. for arbitrary t € [0,T], where A* is the adjoint of the operator A and

a/o a(—s)uo(s) ds.

— 00

Our first result is the existence and uniqueness of the solution for problem (1.1). This will be
the object of Section 4.4; notice that, in order to get this result, we must first prove a general
result concerning existence and uniqueness of the solution for a stochastic evolution equation with
unbounded operator terms. This is an extension of the results in [8], compare also [4].

Theorem 4.2 For every admissible control 7, there exists a unique solution u to problem (1.1).

We proceed with the study of the optimal control problem associated to the stochastic Volterra
equation (1.1)(Section 5). The control problem consists of minimizing a cost functional as intro-
duced in (1.2). While proceeding in the proof of Theorem 4.2, we shall show in Section 3 that we
can associate to (1.1) the controlled state equation

du(t) = [Bu(t) + (I — B)Pg(t, J(v(t))) r(t, J(v(t)),v(t))] dt
+ (I — B)Pg(t, J(v(t))) dW; (1.8)
v(0) = vp.

Such approach, called state space setting, have the following interpretation. On a different Hilbert
space X, the internal state of the system at time ¢ is recorded into an random variable v(t), which
contains all the informations about the solution up to time ¢; the state space X is quite large and
does not have a direct interpretation in terms of the original space H. B : D(B) ¢ X — X is
the operator which governs the evolution from paste into future; it is proven that B generates an
analytic, strongly continuous semigroup on X; we again appeal to interpolation theory in order
to define the spaces X,, = (X, D(B))y2. The operator J : D(J) C X — H recovers the original
variable u in terms of v. P : H — X is a linear operator which acts as a sort of projection into
the state space X. For the details, we refer to section 2 or the original papers [9, 3].

Also the control problem can be translated in the state setting: our purpose is to minimize over
all admissible controls the cost functional

T
J(vo,7) =]E/0 (£, J (v(t), (1) dt + E[¢(J (v(T)]- (1.9)

Now, to solve the control problem we use the forward-backward system approach. We define
in a classical way the Hamiltonian function relative to the above problem:

Y(t, v, z) = inf{l(t, J(v),y) + z-r(t, J(v),7) : v € Z} (1.10)

We take an arbitrary, complete probability space (2, F,P°) and a Wiener process W° in U with
respect to P°. We denote by (F7) the associated Brownian filtration, i.e., the filtration generated
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by W*° and augmented by the P°-null sets of F; (Fy) satisfies the usual conditions. We introduce
the forward equation

dv(t) = Bo(t)dt + (I — B)Pg(t, J(v(t))) dW;
v(0) = vg

whose solution is a continuous (Fy)-adapted process, which exists and is unique by the results in
Section 3. Next we consider the associated backward equation of parameters (1, T, ¢(J(vr)))

dYy = (t, v, Zy) dt + Z, AW, te[0,T7,
Yr = ¢(J(vr)).
The solution of (1.12) exists in the sense specified by the following proposition.

(1.11)

(1.12)

Proposition 5.3 There exist Borel measurable functions 0 and ¢ with values in R and U*,
respectively, with the following property: for an arbitrarily chosen complete probability space
(Q, F,P°) and Wiener process W° in U, denoting by v the solution of (1.11), the processes Y, Z
defined by

Y;f = e(ta Ut), Zt = C(t,vt)
satisfy

T
E° sup [V;|* < oo, EO/ |Z:|? dt < oo;
te[0,7) 0

moreover, Y is continuous and nonnegative, and P°-a.s.,

T T
Y: +/ ZsdW? = ¢(vr) —|—/ W(s,vs, Zs)ds, t€0,T). (1.13)
t t
Finally, this solution is the maximal solution among all the solutions (Y’, Z’) of (1.12) satisfying

E° sup Y] |? < oo.
t€[0,T

The difficulty here is that the Hamiltonian corresponding to the control problem has quadratic
growth in the gradient and consequently the associated BSDE has quadratic growth in the Z
variable. Well-posedness for this class of BSDEs has been proved in [18] in the case of bounded
terminal value. Since we allow for unbounded terminal cost, to treat such equations we have to
apply the techniques introduced in [5] and used in [13]. This point require a particular attention,
because we can not use directly a monotone stability result (see Prop. 2.4 in [18]), well-known in
finite dimensional framework. We notice that for such BSDEs no general uniqueness results are
known: we replace uniqueness with the selection of a maximal solution.

Our main result is to prove that the optimal feedback control exists and the optimal cost is
given by the value Yy of the maximal solution (Y, Z) of the BSDE (1.12) with quadratic growth
and unbounded terminal value.

Corollary 5.5 For every admissible control v and any initial datum x, we have J(v) > 6(0,z) =
Yo, and the equality holds if and only if the following feedback law holds P-a.s. for almost every
te0,7T]:

w(t’ Vts C(tv Ut)) = C(t’ Ut) ) T(t7 J(Ut)v 'Yt) + l(t7 J(vt)a 7t)7

where v is the trajectory starting at x and corresponding to control ~y.
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Finally we address the problem of finding a weak solution to the so-called closed loop equation.
If we assume that the infimum in (1.10) is attained, we can prove that there exists a measurable
function p of ¢, v, z such that

W(t, v, z) =1, J(), u(t, v, 2)) + 2z - r(t, J(v), u(t,v, 2)). (1.14)

We define 7(t,v) = u(t,v,{(t,v)), where (¢ is defined in Proposition 5.3. The closed loop
equation is

dv(t) = [Bu(t) + (I — B)Pg(t, J(v(t)))®r(t, J(v(t)), ¥(t,v))] dt
+ (I — B)Py(t, J(v(t))) ® AW, (1.15)
v(0) = vg

By a weak solution we mean a complete probability space (2, F,P) with a filtration (F;) satisfying
the usual conditions, a Wiener process W in U with respect to P and (F3), and a continuous (F)-
adapted process v with values in X satisfying, P-a.s.,

T
IE/ |5 (t, v¢)|?dt < oo, (1.16)
0

and such that (1.15) holds. First of all, we prove the following.

Proposition 5.6 There exists a weak solution of the closed loop equation, satisfying in addition

T
IE/ 13 (t, ve) | dt < oo. (1.17)
0

Moreover, we show that we can construct an optimal feedback in terms of the process Z.

Corollary 5.7 If v is the solution to (1.15) and we set vi = (s, vs), then J(v*) = 6(0,z), and
consequently v is an optimal state, vX is an optimal control, and 7 is an optimal feedback.

2. The state equation

The convolution kernel a : (0,00) — R in equation (1.1) is completely monotone, with a(0+) =
oo and fol a(s)ds < oo. In particular, by Bernstein’s Theorem there exists a measure v on [0, 00)
such that

a(t) = /[o,oo) e " v(dk). (2.1)

From the required singularity of a at 0+ we obtain that ([0, 00)) = a(0+) = oo while for s > 0
the Laplace transform a of a verifies

a(s) :/ ! v(dk) < oo.
[0,00) stk

As stated in the introduction, we also require an assumption on the singularity of a at 0+.
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Hypothesis 2.1. For the completely monotone kernel a we define the following numbers:

ala) := sup {p €(0,1) | /:O Sp_Q&(ls)

5(a) = inf {p €(0,1) | /:o s Pa(s)ds < oo} ,

ds<oo},

for some ¢ > 0. Then we require o(a) > 3

The definitions of a(a) and §(a) are independent of the choice of the number ¢ > 0. It is always
true that a(a) < §(a), but there are completely monotone kernels a with a(a) < 6(a).

These quantities are related to the power of the singularity of the kernel at 0+ as the following
example shows.

Remark 2.1. Let a(t) = e_btp[%fp}, where b > 0. This kernel is completely monotone, with

Laplace transform a()\) = (b+ \)?~1; an easy computation shows that a(a) = p, hence we satisfy
Assumption 2.1 whenever we take p € (1,1).

Under the assumption of complete monotonicity of the kernel, a semigroup approach to a type
of abstract integro-differential equations encountered in linear viscoelasticity was introduced in
[9]. We recall the extension given in [3] to the case of Hilbert space valued equations. We start
for simplicity with the equation

d [t
i) a(t — s)u(s)ds = Au(t) + f(¢), te0,T] (2.3)
u(t) = uo(t), t<0.

The starting point is the following identity, which follows by Bernstein’s theorem

[ ; a(t — s)u(s) ds = [ ; /[Om) == 3 (dr) u(s)ds = /[Oyoo)v(t,/ﬁ) V(dr)

where we introduce the state variable
t
v(t, k) = / e " t=9)y(s) ds. (2.4)

Formal differentiation yields

aU(t, k) = —kv(t, k) + u(t), (2.5)

while the integral equation (1.1) can be rewritten
/ (—rot, &) + u(t)) v(dr) = Au(t) + F(2). (2.6)
[0,00)

Now, the idea is to use equation (2.5) as the state equation, with Bv = —xv(k) 4+ u, while (2.6)
enters in the definition of the domain of B.
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In our setting, the function v(t,-) will be considered the state of the system, contained in
the state space X that consists of all Borel measurable functions Z : [0,00) — H such that the
seminorm

nﬂﬁwzzg)m+wnﬂ@%um@

is finite. We shall identify the classes & with respect to equality almost everywhere in v.
Let us consider the initial condition. On the space X introduced in Hypothesis 1.1 we define
a positive inner product (u,v)¢ = [ [[a(t + s) — d/(t + s)](u(—s),v(—t)) g dsdt; then, setting

No={u€ Xp : (u,u)g =0}, (-,-) ¢ is a scalar product on Xy/Np; we define X the completition
of this space with respect to (-,-) ¢. We let the operator @ : X — X be given by

0

v(0, K)Quo(k) = / e™ug(s) ds. (2.7)

— 00

We quote from [3] the main result concerning the state space setting for stochastic Volterra
equations in infinite dimensions.

Theorem 2.2. (State space setting.) Let A, a, a(a), W be given above; choose numbersn € (0,1),
0 € (0,1) such that

1> 50 -a@), 0<30+a@), 0-n>L

Then there exist

1) a separable Hilbert space X and an isometric isomorphism Q : XX,

2) a densely defined sectorial operator B : D(B) C X — X generating an analytic semigroup
B

8) its real interpolation spaces X, = (X, D(B))(,,2) with their norms || - ||,,

4) linear operators P: H — Xy, J: X, —» H

such that the following holds:
a) For each vy € X, the problem (2.3) is equivalent to the evolution equation

v'(t) = Bu(t) + (I — B)Pf(t)

o(0) — ot (2.8)

in the sense that if ug € X, and v(t; vo) 1s the weak solution to Problem (2.8) with vg = Quo,
then u(t; ug) = Ju(t;vo) is the unique weak solution to Problem (2.3).

With the same notation as above, but taking into account that we are interested to Eq. (1.1),
we obtain the following stochastic evolution equation in X

do(t) = [Bu(t) + (I — B)Py(t, J(v(t))) r(t, J(v(t)),v(t))] dt
+ (I — B)Pyg(t, J(v(t))) dW; (2.9)
v(0) = vp.
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Definition 2.1. We say that a process v = {u(t), t € [0,T]} is a solution of (2.9) if v is an
H-valued predictable process with

T
IE/ lu(s)]*ds < 400
0

and the identity

/ alt — s)lu(s), O pr ds = (@, O + / (u(s), A*C)yr ds

— 00

+/ <9(8,U(S))T(S,U(S),V(S)),C>Hd5+/ (g(s,u(s)) dW(s),(m  (2.10)
0 0

holds P-a.s. for arbitrary ¢ € [0, T], where A* is the adjoint of the operator A and

= /Ooo a(—s)ug(s) ds.

Then we state the main result of this section. Its proof will be given in Section 4.4.

Theorem 2.3. There exists a unique solution {v(t), t € [0,T]} of Equation (2.9). Further, the
solution depends continuously on the initial condition vy € X;,.

3. Stochastic differential equations with unbounded diffusion operator
We first study the uncontrolled equation
du(t) = Bo(t)dt + (I — B)Pg(t, J(v(t))) dW;

ole) =z (3.1)

for 0 < s < ¢ < T and initial condition € X,,. The above expression is only formal in X, since
the coefficients do not belong to the state space; however, we can give a meaning to the mild form
of the equation:

v(t;s,v0) = =98y +/ et=B(1 — B)Pgy(a, J(v(a))) dW (o). (3.2)

S
Let us state the main existence result for the solution of equation (3.1).
Theorem 3.1. Under the assumptions of Hypothesis 1.1, for every p > 2 there exists a unique

process v € L (Q;C([0,T); X)) solution of (3.1). Moreover, the solution v(t;s,vo) depends
continuously on the initial conditions (s,vg) € [0,T] x X, and the estimate

E sup [[o(t)]7 < C(1+ [[voll,)”
tels,T]

holds for some constant C depending on T and the parameters of the problem.

Proof. The result is basically known, see e.g. [4], but we include the proof for completeness
and because it will be useful in the following. The argument is as follows: we define a mapping
from LZ.(; C([0,T]; X)) to itself by the formula

K)(t) = =By + /t e(t_T)B(I — B)Pg(r, J(v(r))) dW (1), tel[s,T)

S
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and show that it is a contraction, under an equivalent norm. The unique fixed point is the required
solution.
Let us introduce the norm
lolly, = E sup e PP lu ()5,
where 3 > 0 will be chosen later. In the space L-(Q; C([0,T]; X,,)) this norm is equivalent to the
original one.
We define the mapping

Av,s)(t) = / e(th)B(I — B)Pg(t, J(v(7))) dW (7).

Our first step is to prove that A is a well defined mapping on L7-(; C([0,77; X)) and to give
estimates on its norm. Let us stress that in the sequel A(v) will be defined for ¢ € [0, T] by setting
A)(t) =0 for t < s.

Lemma 3.2. For every % <60 —n— 1% the operator A maps L%-(Q; C([0,T]; X,))) into itself.
Proof. Let v € LL.(;C([0,T]; X,)); for simplicity we fix the initial time s = 0 and write

A(t) = A(v,0)(t). Further, we remark that the thesis is equivalent to the statement: ¢ — (I —

B)TA(t) € L%(S;C([0,T]; X)). The proof is based on the classical factorization method by Da

Prato and Zabczyk.
Step 1. For given v € (0,1) and n € (0, 1), the following identity holds:

t
(Ig — B-1)"A(t) = ¢y / efﬁ(th)(t — T)Vfle(th)By,,(T) dr
0

where ¥, is the process
yn(r) = / B (r — o) e BT elTB([ _ B )1Pg(a, J(u(0))) AW (o).
0

We shall estimate the LP(€2; X)-norm of this process:

p
Ely,(T)|P =E

/OT e P (1 — ) Ve P eT=IB(1 _ B_\1Pg(c,J(v(0))) dW (0)

Proceeding as in [7, Lemma 7.2] this leads to
Ely, (1)
T P/2
< CE [ [ e 02— 3Py, 0(00) (7 ) do} |
0

Since the semigroup e'? is analytic, P maps H into Xy for arbitrary < H%“'L)

in Ly(U, H), the following estimate holds:
et 51 — B_1)"Pg(o, J (v(0)))l| o (u.x) < C(7 = )" "lg(o, I (v(0))) | o)

and the process y,, is estimated by

and g takes values

T p/2
Ely, ()P < CE ( /0 ™29 |g(a, J (@)1, vy €227 (1 — o) 210 da>
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We apply Young’s inequality to get

T
|y"7|i§'__(Q;LP(O’T;X)) = (E/O |y (TP dT)

T
< CE (/0 e2ﬁ”|g(0,J(’U(0)))%Q(U,H)d0>

2/p p/2

p/2

(/OO 6_7—(25)1+2'y—2(9—7])7_—2('y+1+n—9) dT)
0

hence, for any v < (6 —n) — 1/2 (notice that we can always choose v > 0 small enough such that
this holds) we obtain
1/p
) (3.3)

Now, taking into account the assumptions on g and the choice of v € L% (Q;C([0,T]; X,)), we
estimate the integral term above and we finally arrive at

lynllLe ;e 0.1:x)) < C(2B) 220 (1 + lloll,,)

Step 2. In [6, Appendix A] it is proved that for any v € (0,1), p large enough such that
v — % > 0, the linear operator

T
HynHLp (ULP(0.T5H) < Cr (26)1-&-2"/—2(9—71) (E /0 e—I)BUHg(U7 J(U(J)))HLz(UH

Ryo(t) = [ (t=a) st = a)oto) o

is a bounded operator from L4(0,T; X) into C([0,T]; X). Using the results in Step 1. the thesis
follows.

We have proven that A is a well defined mapping in the space L%-(€; C([0,T7]; X,))). In order
to conclude the proof that K maps L%-(Q; C([0,T]; X,))) into itself it is sufficient to recall that the
initial condition 2 belongs to X, hence ¢ e(t=2)By extended to a constant for t < s:

St—s)z ==z fort <s

belongs to L-(Q; C([0,T]; X,))-
Next, we prove that K is a contraction in the space L-(Q; C([0,T]; Hy)). If v, vy are processes
belonging to this space, similar passages as those in Lemma 3.2 show that

IA(v) = Alon)ll, < CEBFH2ED o — v ]],). (3-4)
Moreover, we can find 3 large enough such that
0(26)1-&-27—2(9—7]) <5<1

so that K becomes a contraction on the time interval [0, 7] and by a classical fixed point argument
we get that there exists a unique solution of the mild equation (3.2) on [0, 7.
Since the solution to (3.2) verifies v = K(v) we also deduce from the above computations that

loll,, = @), < (L +lvll,,) + C(D) |z,
hence
lloll,, < G+ llzll,)-
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Regular dependence on the initial conditions

In the last part of the proof we are concerned with the regular dependence of the solution on
the initial conditions. The results in this section rely on Proposition 2.4 in [14] where a parameter
depending contraction principle is provided.

As before, we introduce the map

K(v,s,z)(t) = e*=98x 4+ Av,s)(t)

and we set K(v,s,z)(t) = z for ¢ < s. For a suitable T' > 0, we have shown that this mapping
is a contraction in the space L-(Q;C([0,T]; X,)). Now the thesis follows if we prove that, for
every v € L.(Q;C([0,T]; Hy)), the mapping (s,z) — K(v,s,z) is continuous as a map from
[0,T] x X, — L-(Q; C([0,T]; X,))-

We introduce two sequences {s,, } and {s;} such that s, " s and s;7 \, 0. First, recalling that
we extend S(t — s)x = x for t < s, we have

sup ||e(t*SI)B:c —elt==) By, = sup ||e(t*SI)B[x - e(si’S;)Ban —0

t€(0,T te[sy ,T)

and also the map z — {t — e(!'"%)B2} is clearly continuous from X,, into C([0,T]; X,,).
Next, we consider the mapping A. Recall that

Av, $)(t) = / e=TB(1 _ B)Pg(r, J (u(r))) AW (r)

and we set A(v,s)(t) =0 for t < s. Our aim is to prove that

E sup ||A(v,s}) — A(v7s;)||§’, — 0.
te[0,7]

If t < s, then both terms are zero; for s;; <t < s;7, the first term disappears and only the second
one remains; finally, for ¢ > s, the first integral compensates a part of the second one, and we get

t p
E sup ||A(v,s})— A(v,s;)Hf, =FE sup / e(t_T)B(I — B)Pg(r, J(v(7))) dW (1)
t€[0,T] t€[sn st ] Sn n
using Burkholder-Davis-Gundy inequality
st P/2
B sup [A(v,s7) = (v, < cB| [ e = B)Po(r, Jw(r) 0 x, d7
te(0,T) Sn
st p/2
<cE /7 eI — B) 1002 ) g (7, T (0(O)F 1y A7
oF p/2
<cE| sup |g(o, J(v(a)))HiQ(U’H)] </_ (t — g)20=—n=1) dU)
o€[sn ,5m] Sn

< elsh =507 lolly).

n

Collecting all the above estimates, the continuity of the mapping (s, x) — K(X, s, x) is proved.
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The last result in this section provides the existence, for every admissible control, of the solution
for the stochastic problem

du(t)

[Bu(t) + (I = B)Pg(t, J(v(t)) r(t, J(v(t)),(t)] dt + (I — B)Pg(t, J(v(t))) AW
v(s) ==

(3.5)

Theorem 3.3. Let v be an admissible control. Then there exists a unique mild solution v of
equation (3.5) with v € L%(; C([0,T); X,)))-

Proof. We shall use an approximation procedure in order to handle the growth bound of the
function r(¢, J(v),v) in . We introduce the sequence of stopping times

7, = inf {t € [0,77] /Ot ) ds > n}

with the convention that 7, = T if the indicated set is empty. Since y is an admissible control,
ie., EfOT |7(s)|? ds < 400, for P-almost every w € ) there exists an integer N(w) such that

n > N(w) implies 7, (w) = T. (3.6)
Let us fix 79 € E and let us define, for every n € N,

Yn(t) =v(t) Li<r, +70 Lizr, (3.7)
and we consider the family of equations

don(t) = [an(t) + (I — B)Pg(t, J(v,(t))) r(t, J(vn(t)),’yn(t))] dt
+ (I — B)Pgy(t, J(vn(t))) dW; (3.8)

v(s) = x.

For simplicity of notation we fix the initial time s = 0; the solution v,, of (3.8) is the fixed point
of the mapping

v Ko (v,2) = P2+ Aw)(t) + T (0)(2),

where T',,(v) is the process defined by

T (0)(t) = / et=TIB(T — BYPy(r, J(u(r))) r(r, T(0(7)), (7)) dr.

We study the properties of the mapping I';, in the following lemma.

Lemma 3.4. For every p the operator T', maps L%-(Q; C([0,T],e"*; Hy)) into itself and it is a
contraction for every (B large enough.

Proof. As in the proof of Lemma 3.2, we consider only the case s = 0 and we write T, (¢) for
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Iy (v)(t) for v e L%(,C([0,T]; X,))). The following computation leads to the thesis:

sup e~ 7|0, (8)|[b
te[0,T7]

t p
< s[upT] / e 7| e PU=)et=)B(1 — B)""Pg(0, J(v(0)))r(0, J (v(a)), )| do
tc[0,7] Jo

oo p/2 T "
([ emrom0em0ar) & ( | e 500 w0, Jw(0)) 2 0)) da)
0 0

IN

p/2 T o/
< C (T2(0 - n) - 1)(28)'~2C") E( /O e—ﬁ"|1+|%(a>>|2do>

by the construction of 7, it holds that the last quantity is bounded by C(1 + n)(23)%(1—2(0=m)
hence T',,(v) is well defined.
With the same computation we obtain that

T (0) = Tu ()l < C(1 +n)(28) 22D lu — |7 (3.9)
which implies that I';, is a contraction with norm decreasing with 3.

Putting together estimates (3.4) and (3.9) we obtain that the mapping v — K,(v,z) is a
contraction on the space L-(€; C([0,T]; X)) and for every n € N there exists a unique solution
v, of the approximate problem (3.8).

Notice that v, (t) = v,41(t) coincide on the time interval [0,7,] and 7, / T almost surely as
n — 0o. Hence we can define a process v(t) as

v(t) = v, (t) on [0, 7,]

and clearly v is the required solution of (3.5).
It remains to prove that v € L%(Q; C([0,T]; X,)). The claim follows if we prove that

sup E sup ||vn(t)H,27 < 0.
neN  t<T

From the mild form of equation (3.8) we obtain

va(t) = B + /0 e'=B(I — B)Pg(a, Ju,(0))r(c, Jun(c), yn(c)) do

+ / t e=IB(I — B)Pgy(o, Ju, (o)) dW (o).
0

We first notice that the first integral term on the right hand side can only be estimated in L?(£2)-
norm:

2

t
Bsup | [ e (1 ~ B)Pg(0: J0,(0))r(0, va(0), (o)) do
t<T 0 n
t 2 T
< Esup / (t— 0)_(1+’7_9)(1 + |Yn(0)])do| < cr0-n-1 (/ (1+ E|7(s)|2) ds) <C
t<T |Jo 0
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thanks to the assumptions on the admissible control ~.

As far as the stochastic term is concerned, we can give the estimate also in the L??()-norm,
for p > 1; although we only need p = 1 here, the general case will be useful later. It follows, from
an application of Burkholder-Davis-Gundy inequality, that

2p

E sup

/ "B (I _ BYPy (o, Jon (o) AW (o)
<1 ||Jo

7
T p/2

<C </ (t— g)—2(1+n—0)||g(o', Jvn(a'))HQLz(U,H) dO’) <C (3.10)
0

which is bounded, independently of n, using the bound of ¢ in Hypothesis 1.1. We have thus
proven the thesis.

Corollary 3.5. The family of random variables sup |v,,(t)|? is uniformly integrable.
t<T

Proof. Proceeding as above, we have that

T
sup [[on (1)} < C (1 +/ [7(s)[? ds + sup IA(vmt)Ii>
t<T 0 t<T

and we notice that the first two terms are integrable, the last is a uniformly integrable family of
random variables, since we have proven in (3.10) that it is uniformly bounded in L?!(2)-norm for
some p > 1. Therefore, also sup, < [|vn ()2 is uniformly integrable and the claim is proven.

4. The solution of the controlled stochastic Volterra equation

In the next section we show that there exists a unique solution of the original equation (1.1).
The proof follows the line of Theorem 4.4 in [4]; however, under the assumptions in Hypothesis
1.1, it requires to pass through the approximation sequence {v"}.

Theorem 4.1. For every n € N, the process
Uuop (t), t < 0
un(t) = 4.1
n(?) {Jv"(t), te0,T] (4.1)
where v™ s the solution of problem (3.8) given in Theorem 3.3, is the unique solution of the
equation
d t

| a(t — s)u(s)ds = Au(t) + g(t,u(t)) [r(t,u(t),vn(t)) +W(t)]|, te€0,T]

(4.2)
u(t) = uo(t), t<0.
where 7y, is the control process defined in (3.7).
Proof. We propose to fulfill the following steps.
Step I The linear equation
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has a unique solution u = 0.
Step II The affine equation

d t

il a(t — s)u(s)ds = Au(t) + g(t, a(t)) |r(t, va(t), @(t)) + W(t)] , t€10,7]

u(t) = uo(t), t<0.

defines a contraction mapping Q : @ +— u on the space L%(Q;C([0,T];H)). Therefore,
equation (4.2) admits a unique solution.

Step III The process u, defined in (4.1) satisfies equation (4.2). Accordingly, by the uniqueness
of the solution, the thesis of the theorem follows.

4.1. Step I. The linear equation

Let us take the Laplace transform in both sides of the linear equation (4.3); we obtain
Aa(N)a(N) = Aa(N), RA >0, A #0;

therefore, @(\) = R(Aa(X), A)O.
Let A = x + dy; recall that, by Bernstein’s theorem, v is the unique measure associated with
the kernel a. Using [17, Lemma 1.1.7] we have

N (x +iy)k + (22 + y?)
Na(A) = /[0700) A vam

hence R(Aa(A)) > 0 for all RA > 0, A # 0, which means that A\a(\) € p(A) and

w(A) =0, RA >0, A#0.
The complex inversion formula for the Laplace transform therefore leads to
u(t) =0, fora.a. t >0

as claimed.

4.2. Step II. Stochastic Volterra equation with non-homogeneous terms

In this section, we consider problem (1.1) with coefficients g(¢) and f(t) = g(t)r(t, v.(t))
independent of u. The case f(t) = 0 is treated in [3, Theorem 3.7]; we recall here the proof
and extend it to the general case.

Theorem 4.2. In our assumptions, let vo € X, for some 1_%@ <n< %a(a). Given the process

o(t) = ePog + / t e=9B(1 — B)Pf(s)ds + / t e=9B(1 — B)Pg(s) dW (s) (4.5)
0 0

we define the process

u(t) = {Jv(t) 2 Of (4.6)

Then u(t) is a weak solution to problem (1.1).
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Proof. Again, in our assumption we have by [3, Lemma 3.11] that the operator Jy can be
extended to a bounded operator J : X, — H. We define B, to be the restriction of B as an
operator B, : X411 — X;. As usual, B* is the adjoint of B.

For fixed ¢ € D(A*), we define the vector £ € X by &(k) = ﬁg. We claim that § € D(By).
Actually, for z € X, 1 we have

¢ (—ra(r) + Jo<x>>> ()

H

€. B)x = | (m+1><

[0,00)

= <Cv/[0 )(—fﬂ:(ff) + Jo(x))V(dFv)> = ((, Ado(2)) g = (A7C, Jo(x)). (4.7)

H

1+kK

Moreover, by [3, Lemma 3.10]

ala)+1
—

We have that the process v defined in (4.5) is a weak solution of problem (2.9), hence

U(t) = (I — B)Pg(t) € L%(Q x (0,T); Lo(U, Xg_1)) for any 6 < (4.8)

(0(t), €)x = {v0,E)x + / (BiE, u(s)) ds + / (6.(1—B)Pf(s))x ds+ / (£, W(s) AW () x. (4.9)

We use the above representation in order to prove that u is a weak solution of (1.1).
Let us consider separately the several terms. The initial condition yields

<vOa€>X = / <’U(07H)7C>H I/(d'%) = </ / e_KSUO(_s) ds I/(d'%)v<>H = <a7C>H
[0,00) [0,00) /[0,00)
where @ is defined in Definition 2.1; next, the second integral can be evaluated using equality (4.7)

[ Brevnxas = [ ¢ auds = [ arcutsynas

The third integral leads to

/ (6.(1 — B)Pf(s))x ds = / (6. Pf(s))x ds — / (B*€, Pf(s)x ds (4.10)
0 0 0

and we consider the two terms separately:

1 1 . R N
EPHDx= [ (4D (6 R, DI V(i) = (GRG0, A) )
and
(B€ P(5))x = (G ATOPS () = (G ARG(L), A)S ()
hence

/0 (6.( — B)Pf(s))x ds

- / (¢ a(1)R(@(1), A)f(5))pr ds — / (¢, AR(a(1), A) f(5)) s ds = / (€, £(5))a ds.
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We finally turn to the stochastic integral. For an orthonormal basis {e;} in U we let §;(t) =
(W(t),e;)v and ¥,;(t) = (I — B)Pyg(s) - e;; then

[ev@aven =3 [ (e v mxase
=3 [ (6.1 =B)Pa(s) - e))x asy()

This quantity can be treated as we have done for (4.10) and we obtain
¢ oot
[kaW$awgm:§jA«xanfManam@w@mmM$
j=1

:Z/ (€ 9(s) - e5)m dp;(s) = / (¢, 9(s)dW (s))u.

We have proved so far that

@W@X=@@HféM%M%H®+A@J@M®+AKJ@MWWH (4.11)

It only remains to prove
t
/ (v(t, k), Ypv(dr) = / (a(t — s)u(s), ) m ds.
[0,00) — 0

Jo(t), t>0

we obtain
uo(t), t<0,

If we recall the definition of u(t) = {

t 0 t
[ Mer@¢M®:/'m@fmmmoH@+A«wf@h@«mm.

— 00

We then exploit the definition of a(t); the first term becomes

/_OOO< (t — s)uo(s), ) ds = / /[ooo) ) s

= e~ —r(=8)y, sv(dk e~ "(0, k)v(dk
<Am) [; ofs) dsu(dr), Q) <Am) (0. ))(dr). ),

the second term becomes

/Ot@(t —5)Ju(s),()m ds = </Ot /[0700) e~ y(dr) Ju(s) ds, O n

:</[0 )/0 e_“(t_S)Jv(s)dsu(d/@),QH,
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and the thesis follows from the identity of the processes
t
olt) = ePuni) + [ [P = B)PF()0) ds
0
t
+ / =98 (I — B)Pg(s)](x) AW (s) (4.12)
0
t
O(t, k) = e g (k) +/ e =) Ju(s) ds.
0

proved in next lemma.

Lemma 4.3. In our assumptions, let vo € X, for some 1_%@) <n< %a(a). Consider the
processes v and U defined in (4.12). Then 0(t) is a modification of v(t).

Proof. The proof follows by a Laplace transform argument which adapts to our case the ideas
in [3, Proposition 3.8].
We shall denote L[f](s) = /

[O7w)
we apply the Laplace transform in first line of (4.12) we get

e~ s f(t) dt and similarly L[gW](s) = / e *tg(t) dW (t); if
[0,00)

L[v(,w)](s) = R(s, B)vo(x) + [R(s, B)(I — B)PL[f](s)](x) + [R(s, B)(I = B)PLlgW](s)]()

Now we use the representation formulas stated in [3, (2.14) and (2.17)] to get

Lo, )(8) = vo() + Rlsils), ) /[O e "0 () v(dR)
+ %_’_SR(S&(S), A)L[f](s) + - _1|_ SR(S&(S), A)L[gW](s). (4.13)

Now we turn to the second process in (4.12); we obtain that the Laplace transform is

LI3)(s) = ——vp(k) +

= v
K+ s K+ s

L[Jv](s)
and a direct computation shows that the above quantity is equal to (4.13).
Now we proceed to define the mapping
Q: LP(Q;C([0,T); H)) — LP(Q; C([0,T); H))

where Q(@) = u is the solution of the problem

% /_Oo a(t — s)u(s)ds = Au(t) + g(t, u(t)) |r(t, a(t), v, (t)) + W(t)} , t e [0,7] (4.14)

u(t) = ug(t), t <0.

Theorem 4.4. Let 3 > 0 be a parameter to be chosen later. Let

lully; =E sup e fu(t)[?
te[0,T]
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be a norm on LP(Q; C([0,T]; H)); notice that this norm is equivalent to the natural one. Then
there exists § < 1 such that

llur = wsll g = 1Q(a) = Qla)lly < dllan — aell 4

for every uy, 1y € LP(Q; C([0,T]; H)).

Proof. It follows from the uniqueness of the solution, proved in Step I, that the solution w;(t)
(1 = 1,2) has the representation

where

vi(t) = e'Bug + / e=9B(I — B)Py(s, wi(s))r(s, wi(s), Yn(s)) ds

In particular,

then

E sup e PHU()P < ||J]

Tox,mE sup e PP vy (t) — va ()17
t€[0,T) ” t€[0,T)

the quantity on the right hand side can be treated as in Theorem 3.3 and the claim follows.

4.3. Step III. The solution of the stochastic Volterra equation
It follows from Theorem 4.4 that there exists a unique solution u of problem (4.2); in order to
prove Theorem 4.1 it only remains to prove the representation formula (4.1).
Let f(s) = g(s,Jv™(s))r(s, Ju™(s),vn(s)) and g(s) = g(s,Jv™(s)); it is a consequence of
Theorem 4.2 that u, defined in (4.1), is a weak solution of the problem
d [* z :
— a(t — s)u(s)ds = Au(t) + f(t) + g(t)W(t), tel0,T
G [ alt=suts)ds = Aut) + F)+ g0W D, e )
U(t) = UO(t)7 t < Oa

and the definition of f and § implies that u is a weak solution of

% 3 a(t — s)u(s)ds = Au(t) + g(s, Jv™(s)) [r(s, JU™(8), 1 (s)) + W(t)} ) te€ 0,7
u(t) = uo(t), <0,
(4.16)
that is problem (4.2).
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4.4. The stochastic Volterra equation (1.1)

The proof of the main result concerning existence of the solution for the controlled Volterra
equation (1.1) relies again on the approximation procedure introduced in Section 3, see Theorem
3.3.

Theorem 4.1 states the existence of a family of processes {u,(t), t € [0,T]}nen, such that
Up (t) = Upy1(t) on the time interval [0, 7,] and 7,, /T almost surely as n — oo. Hence we can
define a process u(t) as

u(t) = up(t) on [0, 7,]

and clearly u is the required solution of (1.1). Further, by the uniqueness of the solution, it follows
that u(t) = Ju(t) for ¢ € [0,T], where v is the process constructed in Theorem 3.3.

It remains to verify that u € L%(%; C([0,T]; H), which follows from the representation u(t) =
Ju(t) for t € [0,7] and the claim v € L%(£2; C([0, T]; X,;) proved in Theorem 3.3.

5. The optimal control problem

We define in a classical way the Hamiltonian function relative to the above problem: for all
te0,T],veX,, zecU",

Y(t,v,2) =inf {i(t, J(v),v) + zr(t, J(v),y) : v E€E} (5.1)
and the set of minimizers in (5.1):
L(tv,2) ={y €E : I(t, J(v),y) + 2r(t, J(v),7) = ¥(t, v, 2)}. (5.2)

The map ¢ ia a Borel measurable function from [0, 7] x X, x U* to R. In fact, by the continuity
of r and [ with respect to v, we have

Y(t,v,z) =1

g}f{[l(t,J(v),v) + zr(t, J(v),7)], fort € [0,T],ve X,, ze€ U,
5

where K is any countable dense subset of =.
Moreover, by a direct computation using the assumptions on [ and r (see also [13, Lemma 3.1])
we can show that there exists a constant C' > 0 such that

—C(L+2°) <9(t,v,2) <Ut, J(v),7) +Cll1+ ) Yy eE (5-3)
We require moreover
Hypothesis 5.1. I'(t,v, z) is non empty for allt € [0,T], v € X,, and z € U*.
We can prove that, if Hypothesis 5.1 holds, then

Y(t,v,2) = [L(t, J(),vy) + zr(t, J(v),y)] te€0,T],veX,, zeU", (54)

min
YEE,Y[SC(A+|v|+|z])
that is the infimum in (5.1) is attained in a ball of radius C(1 + |v| + |2]|), and
P(t,v,2) <t J(0),7) + 2zr(t, J(v),7) i [y] > C(L+ o] + |z]). (5.5)

Moreover from (5.4) it follows that for every t € [0,7] and v € X,,, the map z — ¥(t,v, 2) is
continuous on U* .

Before giving the proof of Proposition 5.3, we state the following proposition which gives the
main argument of the existence of the solution of (1.12).



22 S. Bonaccorsi, F. Confortola, E. Mastrogiacomo

Proposition 5.2. Let 7 be a stopping time and let (v, 7,€) be a set of parameters and let (Y, T,€x)n
be a sequence of parameters such that:

(i) There exists k : Rt — R such that for all T > 0, k € L'[0,T] and there exists C > 0 such
that
Vn € N, V(t,v,2) € RY x X, x U*,  |¢n(t,v,2)| < ki + C|2|* (5.6)

(ii) For each n, the BSDE with parameters (Yn,T,&n) has a solution (Y™, Z™) such that Y™ is
T

almost surely bounded, for almost every t, and IE/ |Z > dt < oo; the sequence (Y™), is

0
monotonic, and there exists M > 0 such that for alln € N, |[|[Y"|| < M;
(iii) for almost allw € Q and t € [0, 7]
lm o, (¢, Y, Z) = (¢, Y, Zy); (5.7)

&n € L™(Q) and &, converges to & in L ().
(iv) The stopping time T is such that T < oo P-a.s.

Then there exists a pair of processes (Y, Z) such that' Y is almost surely bounded, for almost every
t, while

T
IE/ |Z4|? dt < oo
0

and for all T € RT
lim Y™ =Y wniformly on [0,T)

n—oo

(Z™),, converges to Z in L*(Q x [0,7]; U*)

and (Y, Z) is a solution of the BSDE with parameters (1, 7,&). In particular, if for each n, Y™
has continuous paths, also the process Y has continuous paths.

Remark 5.1. We note that in previous proposition we have essentially the same assumptions of
[18, Proposition 2.4 (Monotone stability)], although we require condition (5.7) instead of locally
uniform convergence of (¢,), to 1. The proof is similar. For the sake of completeness, we shall
sketch it in the appendix.

Proposition 5.3. Assume that g,1,r, ¢ satisfy Hypothesis 1.1. Then there exist Borel measurable
functions 0 and ¢ with values in R and U*, respectively,

0:00,T] x X, =R and ¢ :[0,T] x X,, - U"

with the following property: for an arbitrarily chosen complete probability space (0, F,P°) and
Wiener process W° in U, denoting by v the solution of (1.11), the processes Y, Z defined by

Y, = 0(t,v(t)), Z, =((t,u(t)

satisfy

T
E° sup |V3|? < oo, EO/ |Z,|? dt < oo;
t€[0,T] 0



Optimal control for stochastic Volterra equations with completely monotone kernels 23

moreover, Y 1is continuous and nonnegative, and P°-a.s.,

T T
Y, +/ Z,dW?° = 6(u(t)) +/ W(s,0(s), Z.)ds, ¢ € [0,T]. (5.8)
t t
Finally, this solution is the mazimal solution among all the solutions (Y’, Z’) of (1.12) satisfying

E° sup |Y]|? < oco.
te[0,T]

Proof. We proceed as in [13, Proposition 3.2]. We adopt the same strategy as that in [5] to
construct a maximal solution to

dift = w(t,ﬂ(t), Zt) dt + Zt tho, te [0,71]7

5.9
Y = 6(J(0(t))) (59)

v is the solution of the forward equation
dv(t) = Bo(t)dt + (I — B)Pg(t, J(v(t))) dW; (5.10)

v(0) = v

whose solution is a continuous (Fy)-adapted process, which exists and is unique by the results in
Section 3. First we note that

E° sup Hv(t)Hf] <oo Vp>2
t€[0,T]

Moreover, from the (5.3) there exists a constant C' > 0 such that
—C(1+[2]) < W(t,v,2) < Ut T(0),70) + C1+ o). (5.11)
For each n > C, we define the globally Lipschitz continuous function,
Un(t, v, 2) = sup{(t,v,q) —nlg — 2| : g € U* N'H},

where H is a numerable subset dense in U*. 1, is decreasing and converges to 1; then by (Y™, Z")
we denote the unique solution to the BSDE with Lipschitz coefficient 1,

dY = =, (o), Z0) dt + 2 dWS, t e [0,T],
Y7 = o(J(v(t)),
and by (Y, Z%) the unique solution to the BSDE,
dYtS = _[l(tv J(U(t)),’}/o) + C(l + ‘70|)|Z§|] dt + Zf thoa te [05 T]a
Y7 = o(J(u(1)),

where C' is the same as in (5.3). We notice that, since ¥, (t,v,0) > 9(t,v,0) > 0 and by an
application of the comparison theorem (see [4]), it holds 0 < Y;» < Y;°. Let us introduce the
following stopping times: for k > 1,

7, = inf{t € [0, T] : max(|v(t)|,Y;") > k},
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with the convention that 7, = T if the indicated set is empty.
Then (Y, Z1) := (Y{k+,> Zinr, ) satisfies the following BSDE:

T T
Y = € + / Lt n(s, 0(s), Z(s)) ds — / n(s) AW,

where of course & = Y;"(T) =Y.
Now we fix k and prove, using Proposition 5.2, that there exists a process (Yj, Zx) such that
Y}, is a continuous process, EfOT | Zk(s)|? ds < oo,

T
lim sup |Y{'() — V()] =0 lim ]E°/ 1ZP(t) — Zu(t)2dt = 0
0

and (Yj, Zy) solves the BSDE

T

Yi(t) = & —I—/t lo<r (s, 0(s), Zk(s)) ds —/ Z(s)dWe, (5.12)

t

where & = inf,, Y.

We note that, for fixed k, Y} is decreasing in n and remains bounded by k. Moreover, as in
the proof of Proposition 5.2 (see Appendix), we can show that Z}' converges in L*(Q x [0,77]) to
a process which we denote Zy. In order to apply Proposition 5.2, we have only to check that for
almost all w € Q and ¢ € [0, 7x],

lim oy, (¢, 0(t), Z (1)) = (¢, v(t), Zk (1))

n—oo

For all n we set Z}(t) = argsup{¢ (¢, v(t),q) — n|qg — Z2(t)|}, so that

Pn(t,0(t), ZE (1) = ¢(t,0(t), Zi (1) — n|Z; () — Z; (1)]
and
n|Zg(t) — Zg (8)] = d(t,v(t), Zi () — ¥ult, o(t), ZE (1)) > 0. (5.13)
It follows, by (5.11) and by the fact that 1, (t, v, z) > ¥(t,v, z), that
n|Zg (t) = Zg ()] = ¢(t, 0(t), ZE (1) — da(t,v(t), Z (1))
< A(t, J(v(t),70) + C(1+ o) ZE ()] + C (1 + 12 (1))
<O+ () + [10l*) + C+ hol)|Zi () — Z; (1)]
+CA+ D ZE )]+ CO+|ZE (1))

hence for n > C(1 + |yol):
(n = C(+ n)IZE(8) = ZE ()] < COL+ [ + 1vol*) + C(A + Inl)| 25 (1)
+CA+|ZE®)P). (5.15)

We state that
Ve > 03ng s.t. Vn>ng  |Z02(t) — Z7(t)] <€, dt @ dP-as. (5.16)
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If it were not true there shall exist ¢ > 0 such that Vng we can find n > ng with
|ZE(t) — Z2(t)| > e dt @ dP-a.s.
hence we can construct a sequence {n;};ecn increasing to infinity and such that
|Z7 () — 27 (t)] > e dt ® dP-as.
but then by (5.15) we get
0<c<|Zp ()~ Z (1)

1 nj nj

Now, if in the previous inequality we take the expectation and send j to infinity we have a
contradiction. In fact we recall that there exists a constant K such that, for all n € N,

T
E/ 1Z1(s)?ds < K.
0

So we can conclude that Z!' converges to Z;, dt ® dP-a.s.: in fact by (5.16) and from the fact that
Zy; converges to Z dt ® dP-a.s. we have

|Z3(t) = Zu(t)] < |Z3 () = ZR ()| + 1 Z¢ (8) — Zi(t)] < e
It follows by (5.13) and from the definition of v,

Ut o(t), Z (1) = ¥a(t,v(t), ZE (1) = Y(t,v(t), ZE (1))
and by continuity of ¢ with respect to z we get

P(t,0(t), Ze(1)) = lim P (t,0(t), Zg (1) = ¢(E,0(t), Zk(t))

and the claim is proved.
Now we fix our attention on the equation (5.12). From the definition of (Y}, Z}), noting that
T, < Ti+1, we have

VA7) =Y (1t),  Zia(Olecr, = ZE (1)
Sending n to infinity, we get
Yit1(t A7) =Y(t), Zit1(t)li<r, = Zi(t).
Now we define Y and Z on [0, T] by setting
Y, =Yi(t), Zy= Zy(t)if t € [0,7x].

For P°-a.s. w, there exists an integer K (w) such that for k > K(w), 7 (w) =T.
Thus Y is a continuous process, Yy = ¢(v(t)), and fOT |Z;|? ds < oo P°-a.s. From (5.12), (Y, 2)
satisfies

Tk

Vi = Vo [tz as— [ z0s)ame.

tATE ATk
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By sending k to infinity, we deduce that (Y, Z) is a solution of (5.8) and

T
lim sup |Y;" —Y: =0, lim/ |Z — Z)*dt =0, P°-as.
" t€l0,T] n - Jo

Thus |Z™ — Z| converges to zero in measure dP ® d¢, and passing, if needed, to a subsequence
(that by abuse of language we still denote Z™), we can assume that |Z™ — Z| — 0, dP ® dt almost
everywhere.

Now, as 1, is globally Lipschitz continuous, from [12] there exist Borel measurable functions

0" 0,T] x X, =R, (":[0,T]x X, = U
such that
Yt =0"(t (1),  Zi =t (D).
It suffices to define
0(t,v) = 1inniiol<1>f 0"(t,v) and ((t,z)= hnnlio%f " (t,x)
to get
Vi =0(t,0(t), Z=((t0(t)),
which implies that (6,¢) is the Borel function we look for. Finally, 0 < Y; < Y;” implies that

E sup |V;]? < oo,
t€[0,T]

and from the equation
Tk Tk Tk
V|2 +/ |Z,[>ds = 2/ st(s,v(s),Zs)ds—Z/ Y. Zs AW,
t t t
taking into consideration that

}/37#(57”(5)7 Zs) < Ys(l(S, J(U(s))7’>/0) + C(l + ‘70|)|ZSD
<Y (Us, T (0(5)),70) + C(1+ [10])|Z)),

we deduce, by standard arguments, that
T
IE°/ |Z4|? dt < oo.
0

Moreover, this solution is the maximal solution among all the solutions (Y’, Z’) satisfying

E°[ sup |V/|%] < +oo,
t€[0,T)

and it suffices to apply [5, Proposition 5] to deduce that Y™ > Y” and then Y > Y.
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5.1. The fundamental relation.

In this section we still assume that Hypothesis 1.1 holds.

Proposition 5.4. Let 0,( denote the functions in the statement of Proposition 5.3. Then for
every admissible control v and for the corresponding trajectory v starting at vg, we have

J(7) = 6(0,v0) + E/O (=0, 0(t), C(t, v(t) + €t v(8) - r(t, J(v(E)), 7)) + U(E T (v(t)), )] di.

Proof. We introduce stopping times 7,, and control processes 7, as in the proof of Theorem 3.3,
and we denote by v, the solution to (3.8). Let us define

wpr =W, —l—/o r(s, J(vn(8)),vn(s)) ds.

From the definition of 7, and from (1.3), it follows that

T

T
/ (5, 7 (1 (5)), 7 (s)) 2 ds < C / (1+ Jyn(s)])? ds
0 0
< c/ "U 4 ()2 ds +C < C+Cn. (5.18)
0

Therefore, by defining

T T
pu = exp ( | s )t aw =5 [ it J(vn<s>>,%<s>|2ds> ,

the Novikov condition implies that Ep,, = 1. Setting dP" = p,,dPP, by Girsanov’s theorem W™ is a
Wiener process under P”. Let us denote by (F}?) its natural augmented filtration. Since for all n

dv, (t) = Bv,(t)dt + (I — B)Pg(t, J(v,(t))) AW
v (0) = v

has a solution by Theorem 3.1, the process v,, is also F* adapted. Let us define
V" =00t va(t),  Z"=((tva);
then, by Proposition 5.3, we have

AYy" = ZP AW — gt o(1), Z7) At € (0,7,
Y = ¢(J(va(T))) (5.19)

T
and E" / |Z7|? dt < oo, where E™ denotes expectation with respect to P". Tt follows that
0

T T

Zmdw, — / Z00(t, T (0 (), 4 (£)) dt. (5.20)

n

T
ve =¢(J(vn(T)))+/ %/J(t,vn(t),Zt")dt—/

n
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We note that for every p € [1,00) we have

2

PP = exp <p | s g awy -2 |r<s7J<Un<s>>xyn<s>>|2ds>

2 T
- exp (p 5 p/o |r(s,J(vn(s)),'yn(s))|2ds>. (5.21)

By (5.18) the second exponential is bounded by a constant depending only on n and p, while the
first one has P"-expectation equal to 1. So we conclude that E"p, P < co. It follows that

T 1/2 T 1/2 T 1/2
E(/ |Zf>|2dt> <Enp;2 (/ Z?th) < (E"p?) /R (/ |Zf|2dt> < oo,
0 0 0

and the stochastic integral in (5.20) has zero P-expectation. Hence we obtain

T
BY = E¢(J (vn(T))) + E/ [t on(t), Z¢") = Zi'r(t, T (v (2)), Y ()] .

Since by definition it is (¢, v, z) — zr(t, J(v),v) — I(t, J(v),y) < 0, we have

T
BY;, < EO(J(0a(T)) + B [ 1t J(0a(6)). 7 (8)) (5.22)

Tn

Now we let n — oo: by the definition of 7, from (1.4) and using the fact that J is bounded from
X, to H (see [3, Lemma 3.11]) we get

E / Ut T (0 (8)), 7 (1)) dt = E / Lgom g Ut (0 (£))70)

n

T
< CIE/O Laory (14 [T ()? + [10[2) ds < CE[(T = 7) (1 +sup v (8)?)]  (5.23)

and the right-hand side tends to 0 by the uniform integrability of sup |v,(¢)|? (see Corollary 3.5)
t€[0,T]

and by (3.6).
Next we note that, again by (3.6), for n > N(w) we have 7,(w) =T and

¢(J (vn(T))) = ¢(J (vn(T0))) = (I (v(1n))) = P(v(?))-
We deduce, thanks to (1.5) and again to [3, Lemma 3.11], that

(T (n(T))] < C(L+|oa (D)) < CA+ S [on (H)),

and by the uniform integrability of sup |v,(¢)|?, the right hand side is uniformly integrable.
t€[0,T]
We deduce that E¢(J(va(T))) — E¢(J(v(T))), and from (5.22) we conclude that limsup EY <

E¢(J(v(T))). On the other hand, for n > N(w) we have 7,(w) = T and

Y2 = Vi = 0(J(ua(T))) = 6((v(T))).
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Since Y™ is positive, by an application of Fatou’s lemma it follows that E¢(J(v(T))) < liminf EY .

We have thus proved that e
lim EY" =Ea(J(v(T))). (5.24)

n—oo

Now we return to (5.19) and write

yr :YO"+/ /—w(t,vn(t),Zt”)dt—i-/ ’ZtndWﬁ/ 20t J(wn (1)), Va (£)) dt.
0 0 0

Arguing as before, we conclude that the stochastic integral has zero P-expectation. Moreover,
we have YJ* = 0(0,v9), and, for t < 7,, we also have v,(t) = v(t) = %, va(t) = v(t), and
Z = ((t,v(t)). Thus we obtain

EY?. = 6(0,v) + E/: [=(t,0(t), C(8, v(t)) + C(E,v(E)r(t, T (vr), 7o) dt,

and by adding to both sides the quantity E [ I(t, J(v(t)),v¢) dt we get

E/ 1(t, J(v(£)), 7e) dt + EY = 6(0,vp)
0

+E /OTTL[—Wt,v(t)v Gt 0(0) + €t w(E)r(t. T (vr), ) + Ut T(w(8)). 7))

Noting that — (¢, v(t), (¢, v(t))) + (&, v(E)) r(t, J(ve),ve) + 1(t, J(v(t)),v) > 0 and recalling that
I(t,u,v) > 0, by (5.24) and the monotone convergence theorem we obtain, for n — oo,

E/ U(t, J(v(t)),ve) dt + Eg(J (v(t)))
0

T
=9(07vo)+E/0 [=0(t,v(t), C(t,v(t))) + C(E,v(8)r(t, T (vr), i) + Ut T (v(t)),y)] dE (5.25)

which gives the required conclusion.

Corollary 5.5. For every admissible control v and any initial datum vy, we have J(vo,v) >
0(0,v9), and the equality holds if and only if the following feedback law holds P-a.s. for almost
every t € [0,T:

P(t, o(t), C(t v(t)) = ¢t v(t) r(t, J(v(t)), 7)) + Ut T (v(E), ),
where v is the trajectory starting at vy and corresponding to control ~y.

5.2. Existence of optimal controls: the closed loop equation.

The aim of this subsection is to find a weak solution to the so-called closed loop equation. We are
assuming that Hypothesis 5.1 holds. Then, by the Filippov Theorem (see, e.g., [2, Thm. 8.2.10, p.
316]) there exists a measurable selection of I', a Borel measurable function p : [0, 7] x X, xU — Z
such that

Y(t,v,z) = Ut J(v), u(t,v, 2)) + zr(t, J(v),pu(t,v,2) tel0,T], veX,, z€U". (5.26)

By (5.5), we have
l(t, v, 2)| < CQA+ |v] + |2]). (5.27)
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We define
Yt v) = p(t, v, C(t,v) tel0,T],ve Xy,
where ( is defined in Proposition 5.3. The closed loop equation is

dv(t) = [Bo(t) + (I — B)Pg(t, J(v(t)))r(t, J (v(t)), 5 (¢, v))] dt
+ (I — B)Pg(t, J(v(t))) dW; (5.28)
v(0) = vo

By a weak solution we mean a complete probability space (2, F,P) with a filtration (F;)¢>0
satisfying the usual conditions, a Wiener process W in U with respect to P and (F;), and a
continuous (F;)-adapted process v with values in H satisfying, P-a.s.,

T
- 2
IE/O |7(t, v(t))]” dt < oo, (5.29)

and such that (5.28) holds. We note that by (1.3) it also follows that

T
]E/ |r(t,v(t),3(t,v(t)))|dt < oo, P-as., (5.30)
0

so that (5.28) makes sense.

Proposition 5.6. Assume that Hypothesis 1.1 holds. Then there exists a weak solution of the
closed loop equation, satisfying in addition

T
- 2
IE/O |7 (t, v(t))]" dt < oo. (5.31)

Proof. Let us take an arbitrary complete probability space (2, F,P°) and a Wiener process W°
in U with respect to P°. Let (F7) be the associated Brownian filtration. We define the process v
as the solution of the equation

dv(t) = Bu(t)dt + (I — B)Pg(t, J(v(t)) AW etel0,T], (5.32)
v(0) = vy ’
The solution is a continuous (Fy)-adapted process, which exists and is unique by Theorem 3.1.

Moreover, it satisfies E° l sup |v(t)|§(n] < oo for every p € [2,00). By Proposition 5.3, setting
t€[0,T)

Yy =0(t,0(t) Zi = ((t,0(t)),
the following backward equation holds:
dY, = —(t,v(t), Z,) dt + Z, dWy,  te[0,T], (5.33)
Yr = ¢(J(v(t))),

and we have

T
IEO/ |Z|? dt < o0. (5.34)
0
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By (1.3) we have |r(t,v(t),5(t, v(t)))] < C(1 +[¥(t,v(t))]), and by (5.3),
(& v(@)] = [u(t, (), ¢ @) < C(1+ )] +[CE o)) = C (1 + o) +]2) . (5.35)
Now let us define the family of stopping times
Ty, = inf {t €10,7]: /Ot 15(s,v(s)))|? ds > n}
with the convention that 7, = T if the indicated set is empty. By (5.34) and (5.35), for P°-a.e.

w € Q, there exists an integer N(w) depending on w such that 7w) =T for n > N(w). Let us fix
Yo € Z, and for every n let us define

o (6) = 3t o) Ly + 70 Lissmy
M = exp ( [ s ams - 5 [ J<v<s>>,wn<s>>|2ds),

M= ([ s a0 At o) aws = 5 [ s s At oo as).
W =17 = [ r(a T (0(s) (00 d.

W, = WP —/0 r(s, J(0(5)), 35, v(s))) ds.

By previous estimates, M"™, M, W™ and W are well defined; moreover,

T
/O (s, T (v(s)), v (s)) = (s, I (v(5)), 7 (s, 0(s)))Pds = 0 P°-as.

and consequently M7 — My in probability and sup |W;}* — Wy — 0, P°-a.s.
t€[0,T)

We will conclude the proof by showing that there exists a probability P such that W is a Wiener
process with respect to P and (Fy). The definition of 7,, and the Novikov condition imply that
E°[M7] = 1. Setting dP™ = MZdP°, by Girsanov’s theorem W™ is a Wiener process with respect
to P and (Fy). Writing the backward equation with respect to W", we obtain

Y. :Y0+/ —w(t,v(t),Zt)dtJr/ thWt”+/ Z1r(t, J(vg), vy ) dt.
0 0 0

Arguing as in the proof of Proposition 5.4, we conclude that the stochastic integral has zero
expectation with respect to P". Taking into account that ~, (¢t) = J(t,v(t)) for ¢ < 7,,, we obtain

E"Y, +E" /0 (¢, v(t), (¢, v(t))) dt

=Y, +E" /OTn (= (t,0(t), Z0) At + Zy - r(E, T (1), 3 (¢, 0(2))) + Ut 0(8), (8, 0(8))] dE = Yo

with the last equality coming from the definition of 7. Recalling that Y is nonnegative, it follows
that

E"/O 1t o(t), 3(t, v(t))) dt < C
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for some constant C' independent of n. By (1.4) we also deduce

IE"/O 5t v(8)2 dt < C. (5.36)

Next we prove that the family (M7),>1 is uniformly integrable by showing that E°[M71pnscy] —
0 as ¢ — oo, uniformly with respect to n. We have

E° [M%ll{M$>c}] =E° [qul{Mgm,m:T}} + E° [M%I{M%>C,T,L<T}]' (5.37)
The first term in the right-hand side tends to 0 uniformly with respect to n: it is
E° (M7 apser,=1y] = B [Mrl{arpser,=1y] S E°[M7l{pr,563] — 0
since it holds E°[M7] = 1 and then Fatou’s lemma implies that E°[Mr] < 1. The second term in
the right-hand side of (5.37) can be estimated as follows:
E°[MPY g s e ro<ry] S E°[Mplr, <ry] =P (7 <T)

<pP" </ ” |'_Y(t,v(t))|2dt> n) < %E”/ " |’7(t,v(t))|2dt < C
0 0

n

(5.38)

with the last inequality coming from (5.36). The required uniform integrability follows immedi-
ately. Recalling that M} — My in probability, we conclude that E°|M} — Mp| — 0, and in
particular E°[My] = 1, and M is a P°-martingale. Thus we can define a probability P by setting
dP = My dP° and by Girsanov’s theorem we conclude that W is a Wiener process with respect
to P and (F7).

It remains to prove (5.31). We define the stopping times

t
Un:inf{tG [O,T]:/ Zs|2ds>n}
0

with the convention that o, = T if the indicated set is empty. Writing the backward equation
with respect to W, we obtain

an = Yo — A w(t,v(t),Zt) dt+/0 Zt th +/0 ZtT‘(t,J(’Ut),’?(t,’U(t)))dt
from which we deduce that
E"Y, +E" / U w(t), 3 (4 o(1)) dt
0
— Yo +E" / = (t, 0(8), Z0) + Zu - r{t, T (00, 3(8 0(8))) + 1t T(0(1)), 5(E v(8))] dt = Yo

with the last equality coming from the definition of 4. Recalling that Y is nonnegative, it follows
that

E/OU" I, T(o(t)), 3(t v())) dt < C

for some constant C' independent of n. By (1.4) and by sending n to infinity, we finally prove
(5.31).
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Corollary 5.7. By Corollary 5.5 it immediately follows that if v is the solution to (5.28) and we
set v¥ = (s, vs), then J(vo,v*) = 0(0,vg), and consequently v is an optimal state, v* is an optimal
control, and 7 is an optimal feedback.

Now we prove uniqueness in law for the closed loop equation. We remark that condition (5.29)
is part of our definition of a weak solution.

Proposition 5.8. Assume that g,1,r, ¢ satisfy Hypothesis 1.1. Fiz p : [0,T] x X, x U* — E
satisfying (5.26) (and consequently (5.27)) and let 5(t,v) = p(t,v,((t,v)). Then the weak solution
of the closed loop equation (5.28) is unique in law.

Proof. Let (0, F, (Ft)iepo, ), Py (We)tepo,r)s (v(t))ecjo, 1) be a weak solution of (5.28). Let us
define

My = exp <_/0 r(s,v(s),¥(s,v(s))) dWs — %/0 (s, v(s),7(s,v(s)))|? ds) ,

T
We =W, —I—/O r(s,v(s),¥(s,v(s)))ds.

By (1.3) and (5.29), M7 and W° are well defined. We claim that EMy = 1. Assuming the claim
for a moment, and setting dP° = My dP, we know by Girsanov’s theorem that W° is a Wiener
process under P°, and further v solves

dv(t) = Bo(t)dt + (I — B)Pg(t, J(v(t))) AW
v(0) = vy

and
Mg = exp <_/0 r(s,v(s),5(s,v(s))) dWs + %/0 (s, v(s),3(s,v(s)))|? ds) .

By Theorem 3.1 the law of (v, W°) under P° is uniquely determined by g and vy. Taking into
account the last displayed formula, we conclude that the law of (v, W°, M) under P° is also
uniquely determined, and consequently so it is the law of v under P.

To conclude the proof it remains to show that E[Mr] = 1. We define the stopping times

m=it {te0.1): [ s>}

with the convention that 7,, = T if the indicated set is empty. By (5.29), for P-almost every w € Q
there exists an integer N(w) depending on w such that 7,(w) =T for n > N(w).
Let us fix 7y € = and let us define, for every n € N,

Yu(t) =3t v(t)) Li<r, +70 Li>r,

T T
ME = exp (-/0 P (5, T (0n (), 7 (5) AW, — %/O In(s, J(vn(s)),%(s)Fds).

By (1.3) and the definition of 7,,, the Novikov condition shows that EM? = 1. Moreover, we have

/0 (s, 0(s), 7 (s)) — 7(s,0(s),3(s,0(5)))[Pds — 0, P-as.,
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and consequently M7 — My in probability. In order to conclude the proof it is therefore enough to
show that the family (M7),,>1 is uniformly integrable. To prepare for this, let us set dP" = M} dP

and note that, by Girsanov’s theorem, the process W = W; + fot r(s,v(s),7?)ds is a Wiener
process under P". Since v solves

dv(t) = Bu(t)dt + (I — B)Pg(t, J(v(t))) dW}
v(0) = wo,

it follows that v is adapted to the Brownian filtration (F}*) associated to W”, and its law under
P™ is uniquely determined by ¢ and vg. In particular, the quantities

T T
! . TN 2 I . mn 2
C .—E/O w2, C .—IE/O IC(t, o(t)) 2 dt

do not depend on n (here E™ denotes, of course, the expectation with respect to P™). C’ is clearly
finite. By Proposition 5.3, setting Z; = ((¢,v(t)), we have E" fOT |C(t,v(t))|*dt = E" fOT |Z, 2 dt <
0o, and it follows that C” is also finite. Now let us prove the uniform integrability of the family
(M7)n>1 by showing that that E[M71ipn~c] — 0 as ¢ — oo, uniformly with respect to n. We
have

E[M71(ansey] = E[MPLvns e r=1y) + BIMEL {0125 e m, <13 ]-
The first term in the right-hand side tends to 0 uniformly with respect to n, since
E[M7Y g e r,=1y) = E[MTl (05 cr, =1y < E[M7l(01503] — 0,

due to the fact that the equality E[M7] = 1 and Fatou’s lemma imply that E[Mr] < 1. The second
term in the right-hand side of (5.39) can be estimated as follows:

EM7Ynpser, <7y S E[Mplir <ry] = P(7, <T)
Tn 1 Tn
<P (/ |5 (t, v(t))]* dt > n) < EE"/ |5t v(t) > dt.  (5.39)
0 0
By (5.27) we have
7t v (@) = |u(t, o(t), ¢t 0(t)]1? < C+ o) + [ v(1)[?)
for some constant C, and it follows that

C 0 C
E[MPl(mp>ern<ty] < gE”/ (L4 o(®)]* + [¢(t, () ) dt = g(T+ c'+ "),
T

with C’ and C” defined as above. The required uniform integrability follows immediately and this
completes the proof.
6. Appendix. Proof of Proposition 5.2

Proposition 5.2 gives a result of monotone stability that is very close to the result contained in
[18, Proposition 2.4]; the main difference is that we require that for almost all w € Q and ¢ € [0, 7]
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instead of locally uniform convergence of (¢y,), to 1.

We sketch the proof.

Since for all ¢ € R the sequence Y;" is monotonic and bounded, it has a limit which we denote
Y;. In view of an extension to the infinite dimensional case of [18, Proposition 2.1], there exists a
constant K such that, for all n € N,

T
E/ 1Z"(s)]*ds < K.
0

Therefore there exists a process Zj, € L*(Q x [0,T],U*) and a subsequence Z™i of Z such that
Z" — Z weakly in L*(Q2 x [0,T],U*). (6.1)

The point is now to show that in fact the whole sequence converges strongly to Zj in L%(2 x
[0,T],U*). Since
[¥n(t, v, 2)| < C(1+ |2]%), (6.2)

setting K = 5C we have
[Wn(t,v,2) = P (8,0, 2)] <20+ K (|2 = 2/ + 2/ = "2 + [2"?).
Step 1. The strong convergence of Z" in L?(2 x [0,T],U*). We have, for all n,m € N,
[Yn(t, 00, Z7 (1)) = o (t, 0, 2™ (0)] < 2C + K(|27 = 27 + |27 — 2 + | 2]?).

Let us apply Ito’s formula to the process (Y"™(t) — Y™ (t)):eo,r) for n,m € N, n < m and to an
increasing function F' € C?[0, 2k], such that F’(0) = 0 and F(0) = 0.

The function F is yet to be chosen: (we omit the dependence on k for the moment and write
Vi) =Y")

TAT
FYP —Yg") = F(Y —Y") + / F/ (YT — Y)Y (n(5, 00 Z7) — (s, v, Z7)) ds
0

1 TNAT TNAT
o[ e evmz e zrpas- [Py -y -z . (63)
0 0

As F'(Y? —Y™) > 0, it follows
POV — Y™ < F(Yg — V)
TAT
+/ FI(YM Y)Y 2C + K( 27 — ZP + |20 — 2. + | Z%)) ds
0

1 TAT TAT
S [ Eereymz ez [ P oY - 2. (6)
0 0

Now since Y™ — Y™ is bounded,

TNAT
B[ POT Y - 2 AW =0
0
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and we get
TAT 1
BR(Y Y +E [ [P~ KEIY - Y22 - 20 — KP)Y - Y2 20 - 2 ds
0
TAT
<EF(YJ} -Y™) + IE/ F'(Y! —Y™)(2C + K|Z,|*)ds. (6.5)
0

We want to pass to the limit as m — oo along the subsequence n; defined in (6.1). The
convergence of Y™ — Y being pointwise, and Y™ being bounded, one has, by Lebesgue’s
dominated convergence theorem,

m— 00

TNAT
1
EF (Y — Yp) + liminf]E/ [§F” — KF|(Y" -Y,)|Z" — Z™*ds
0
T ATy
fE/ KF' (Y™ —Y)|Z" — Z,|*ds
0

TAT
<EF(Y? - Yr)+ E/ F'(Y" - Y,)2C + K|Z,)?)ds  (6.6)
0

S

and from the limit

TNAT TNAT
liminf[—E/ FI(YM Y|z — Z™*ds < —IE/ F'(Y! —Y)|Z" — Z,|* ds (6.7)
0 0

S
m—00

we obtain

m— 00

TNAT
1
EF (Y — Yp) + limianE/O GF" = 2KF)(Y] = Y))|Z = 27 ds
TAT
<EF(Y} - Yr) + ]E/ F' (Y™ —Y,)(2C + K|Z,*)ds. (6.8)
0

We now choose F such that 3 F”—2KF’ = 1: in particular, by setting F/(0) = F(0) = 0, we obtain

F(z) = 7= (e* — 4Kz — 1). It is straightforward to check that F' is a C*° function, increasing on

[0, 2k]. Noting that by the convexity of the l.s.c. functional
TAT
0(2) = E/ |z — Z,|*ds
0
one has

TNAT TNAT
IE/ |Z" — Z,*ds < liminf E/ |Z" — Z™ % ds,
0 0

m—oo,me(n;)
we obtain
TANAT
EF (Y] — Yy) + IE/ |Z — Z|*ds
0

S

TNAT
<EF(YF —Yr)+ IE/ F'(YP —Y)(2C + K|Z,*)ds  (6.9)
0
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By Lebesgue’s dominated convergence theorem, the right-hand side of this inequality converges to
0 as n — oo, as well as the first term of the left-hand side. Now, passing to the limit as n — oo,
we find, for all T' > 0,

TAT
limsup]E/ |Z" — Z,*ds = 0.
n—o0 0

Consequently the whole sequence Z" converges to Z in L?(Q x [0,T],U*).
Step 2. The uniform convergence of a subsequence of Y™ to Y.
At this stage of the proof we know that (Y;"),, converges pointwise: for all ¢t € [0,7T], lim Y;" =

Y;; also, the sequence (Z™),, converges to Z in L2(Q2 x [0,T],U*).
We proceed proving the following result.

Lemma 6.1. There exists a subsequence Z™ of Z™ such that Z™i converges almost surely to Z
and such that Z = sup; Z" € L*(Q x [0,T],U*).

Proof. For the reader’s convenience we sketch the proof of this lemma. Extracting if necessary a
subsequence, we may assume without loss of generality that the sequence (Z™),, converges almost
surely to Z. Since Z" is a Cauchy sequence in L?(Q x [0,T],U*), we can extract a subsequence
Z" such that ||Z"+1 — Z"||;2 < & for j € N. Then we set

o0
g= 2"+ |Zm — 2,
§=0
from the properties of the sequence Z"i, we have
oo (oo} 1
70 TL‘+1—an no 7
lgllze <112 ||L2+ZHZJ > <112 \|L2+Z2j < o0.
j=0 7=0
Moreover, for any p € N, we also have
p N
|2 <|zm0 )+ ) |20 < s
§=0

therefore, Z = sup; | Z™i] € L*(Q x [0,T],U*) and the proof is complete.

In order to keep notation simpler, we still denote by (Z™) the subsequence (Z™) given by
Lemma 6.1 [resp. (Y"), and ("), the sequences (Y ); and (¢™7);] and therefore we have

Z" — Z as. dt @ dP and Z = sup |Z"| € L*(Q x [0,T],U™).

Since ™ satisfies condition (6.2), we have

[t (t, v, Z1)| < 2C(1 4 sup | Z1|?) = 2C(1 + Z?).

By assumption, for almost all w € Q and ¢ € [0, 7]:

nlgrolo Vo (6, Y, Z0) = (t, Yy, Zt) (6.10)
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thus, for almost all w € Q and, uniformly in ¢ € [0, 7] , Lebesgue’s dominated convergence theorem
gives
tAT tAT

lim [ gu(s,0020) = [ (s, Z0)ds,

On the other hand, from the continuity properties of stochastic integral, we get

tAT tAT
lim sup / Z}rdW, — / ZsdW, = 0 in probability.
0 0

n—00 0<t<T

Extracting again a subsequence if necessary, we may assume that the last convergence is P°-a.s.
Finally,

tAT
Y Y < Y - Y +/ n(5, 00, Z7) — (5, 00, ZI)] dis
0

tAT tAT
+|/ Z;deg—/ ZmdAwe|. (6.11)
0 0

Therefore, taking limits on m and supremum over ¢ € [0, 7], we get, for almost all w € Q

tAT
sup [V — Yi| < |V} — Yr| + / (5,5, Z1%) — (5, 04, Z4)] ds
0<t<T 0

tAT tAT
+ sup |/ Z;ldW;—/ Z;dW?| (6.12)
0

0<t<T 0

from which we deduce that (Y™),, converges to Y uniformly for ¢ € [0,7] (in particular Y is a
continuous process if the Y™ are).
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