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Abstract

We prove essential self-adjointness of Kolmogorov operators cor-
responding to gradient systems with potentials U such that DU is
not square integrable with respect the invariant measure (irregular
potentials). An application is given to the Cahn—Hilliard-Cook equa-
tion in dimension one. In this case the spectral gap is proved for the
correspondig semigroup. We also obtain a log-Sobolev inequality.

1 Introduction and setting of the problem

Let H be a separable real Hilbert space (norm |- |, inner product (-,-)). We
are concerned with the following Kolmogorov operator

Now = 5 Tr [D%p(2)] + {z, ADg(x) — (DU, D), € (1),

where D denotes the Fréchet derivative with respect to x. Here A: D(A) C
H — H is a negative self-adjoint operator such that A~! is of trace class
and U: H — (—o00,+00] is a semi-convex function. Moreover € 4(H) is the
vector space of all linear combinations of functions of the form

cos({x, h)),sin({x,h)), h € D(A).

Let u be the Gaussian measure in H with mean 0 and covariance operator
Q= —% A~! we consider the measure

v(de) = Z71 e @ y(dx), (1.1)
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where Z is a normalization constant:
Z = / eV @)y (dx) (1.2)
H

Our goal is to show that, under suitable assumptions on U, the operator
Ny is dissipative in some space LP(H,v), p > 1 and that its closure is m—
dissipative.

As well known, the Kolmogorov operator Ny is related to a gradient
system described by the following differential stochastic equation

dX = (AX — DU(X))dt + dW (¢), X(0) = z,

where W (t) is a cylindrical Wiener process on H.

Several papers have been devoted to gradient systems. We recall the
Dirichlet forms approach, [1], [2], [14], and the semigroup approach, see [12]
and references therein. But in all these papers the assumption that (at least)
DU is square integrable with respect to v:

/H |DU (z)|*v(dx) < +o0, (1.3)

is made. This assumption is fulfilled in several applications as the reaction—
diffusion equations, but it does not hold for semilinear equations perturbed
by noise where the nonlinearity involves the derivative of the unknown, see
[10] for a discussion on this point. In [10] a concrete case, the Kolmogorov
equation corresponding to the p—laplacian (perturbed by a bilaplacian) was
considered. In the present paper we replace (1.3) with the weaker condition

/|@A)H%DUPMMV<+m, (1.4)
H

where 0 < B < 1, proving that the closure Ny, of the operator Ny is
m-—dissipative in L'*#(H,v). As an application, we solve the Kolmogorov
equation corresponding to the stochastic Cahn—Hilliard equation.

Let us explain our method. Proceeding as in [9], we consider an approx-
imating equation
1

Ao — 3 Tr [D?p,(2)] — (z, ADpo(x) + (DU,, D) = f, (1.5)



where f € E4(H),\ > 0, and U, is a smooth approximation of U. We prove
that ¢, € D(N14p5), so that it can be written as

Apa — Niygpa = f+ (DU — DU, Dp,,). (1.6)
Now the key point is to show that

lim (DU — DU, Dipa) =0 in LY (H,v), (1.7)

so that the range of A— Ny, 5 is dense in L'*#(H, v) and N, is m—dissipative.
In [9], (1.7) was proved using (1.3) and the basic inequality

1
[ Nogpiv =3 [ |Defav, e eath) (1.9
H H

which yields easily an a-priori estimate for [,, |[De|?dv. In the present situa-
tion, since only (1.4) holds, (1.8) is no longer sufficient. We need a stronger
estimate which is proved in §3.

§2 is devoted to some preliminaries, §4 to an application to the stochastic
Cahn—Hilliard equation in the interval [0, 7]. In this case we prove that Ny is
essentially self-adjoint in L?(H,v). Moreover, we prove the Poincaré and the
log—Sobolev inequalities for the measure v. This implies that the spectral
gap property holds for Ns.

We notice that the Poincaré and the log-Sobolev inequalities do not fol-
low from the Bakry-Emery criterion, see [3]|, due to the lack of regularity
of the potential U of the Cahn-Hilliard equation. The main idea to prove
these inequalities is to show that v is the image of a measure vy through
the embedding L*([0,7]) € H ([0, 7]) where v is the invariant measure
for a reaction—diffusion system for which the Poincaré and the log-Sobolev
inequalities hold.

2 Preliminaries
Let us state our assumptions. Concerning A we shall assume that
Hypothesis 2.1
(1) A is self-adjoint and there exists w > 0 such that
(Az,2) < —w|z|?, 2z € D(A).



(ii) A7t is of trace class.
Remark. From (i) it follows that there exist a complete orthonormal system
{ex} in H and a sequence of positive numbers {«ay} such that
) 1
Ae, = —aper, keN, with Z — < 4o0.
ken Uk

We consider the operator Ny as a perturbation of the Ornstein—Uhlenbeck
operator L

Lo(w) = 5 Tr [D%p(a)] + (o, ADp(e), @ € H, € Ea(H),

that is
Nop = Lo(x) — (DU, Dp), ¢ € Ex(H).

We recall that L is a self-adjoint operator in L?(H, u) with the property that
1
/ Lot dp = =3 / (Dp, DY) dp, .0 € WH(H,p). (2.1)
H H

Concerning U we shall make two assumptions.
Hypothesis 2.2

(1) Given U: H — (—o0,+00], there exists & > 0 such that the function
x — U(z) + §|x|? is conver .

(i) The number Z defined by (1.2) is finite and positive.

(iii) There exists a family {Uy}aso of C? class functions such that x —
Ud(z) + d|z|? is convex, Uy(z) < U(z) and Uy(x) T U(x) for any
re H.

We shall denote by v, the Borel measure in H defined as

vo(dz) = Z71 e 2V @)y (dx),

«

where

Z, ::/ e~ 2@y (da).
H



Hypothesis 2.3
(i) m%(—A)—ﬁDUa — (—A)" 7B DU in L*8(H, v, H).
(ii) lim |(—A)" 7% DU, — (—A)~ 7% DU[***dy,, = 0.
a— H

(iii) If 3 = 0, we also assume that there exists e > 0 such that (—A)~2 DU €
L**(H,v; H).

We set
Naw:LSO_(DUomDQO% SOGEA(H)

Lemma 2.4 The following identity holds

1
/ Naop ¥ dvy = —5 / (D, D) dvy, @, € EA(H). (2.2)
H H

In particular, taking ¢ =1, we get

/ Nopdv, =0, e Es(H). (2.3)
H

that is v, is infinitesimally invariant for N,.
Proof. Let ¢, € E4(H). We have by (2.1)

/HLso @/)dva:/HLsO(@/)pa)duz—% /<D90,D(¢pa)>du

H

1
=3 /H(Dgo, D@Z)>dua+/<Dg0,DUa>@/)dl/a =0,

H

and the conclusion follows. g

We can now prove that the measure v is infinitesimally invariant for Nj.



Proposition 2.5 We have

/Nogody:(L peEa(H), (2.4)
H

and .
/ Nop p dv = —— / |Dp|*dv, ¢ € Es(H). (2.5)
H 2 Ju

Proof. Tt is enough to prove (2.4), (2.5) follows if we take »? in (2.4). But
this follows from (2.3) letting « tend to 0 and taking into account Hypothesis

2.3 (ii). m
Proposition 2.6 Ny is dissipative in L'*P(H, v).

Proof. The proof is standard, see [13]. g

3 m-—dissipativity of Ny g

Let us first note that, thanks to Proposition 2.6, Ny is closable in L'*#(H, v);
we denote by Nj,p its closure. We are going to show that Nyig is m—
dissipative.

Let a, A\ > 0, f € C{(H) and consider the approximating equation

)\(pa — Ll+ﬁ§0a + <DUa, DQOQ> = f, A > 0. (31)

Lemma 3.1 If A\ > § equation (3.1) has a unique solution ¢, € C{(H) N
D(Ni4p) and

Nits¢a(@) = Lisspala) - (DU(2), Dgala)), @€ H,  (3.2)

and

1
1D¢allo < ~— 1D flo, (3.3)



where || - ||o denotes the sup norm.

Proof. Step 1. ¢, € C}(H) and (3.3) holds.

It is well known that
pula) = [ N B (Xt 0))
0

where X, (¢, x) is the solution to the following stochastic differential equation
dX, = (AX, — DU, (X,))dt + dW,, Xo(0) = x.

Then for any h € H
(Deala)h) = [ N EUDIulta) bt dt (3.4)
0
where n"(t, z) is the solution to the following equation

d
- n=Ant — DU, (X.) -0, nk(0) = h. (3.5)

Consequently ¢, € CL(H). Moreover, multiplying both sides of equation
(3.5) by " and taking in account the dissipativity of A and the convexity of
1 — Uy(x) + §|x|?, yields

k| < e|h|, t>0.

Using (3.4) we get

[(Dga(e), ] < 5 |4l D],

and (3.3) is proved.

Step 2. ¢, € D(Ly11p) where L1, is the infinitesimal generator of the
Ornstein-Uhlenbeck semigroup in L'**2(H, p),

Rip(z) = /H ez 4+ ) N(0.Q))(dy), ¢ € Cy(H),

where
Qi=—1ATN1—¢e*), tel0,+ool;
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and observing that ), = Q.

We need a further approximating equation:
1
Apa g — L o ————— (DU,, Dy.3) = f, A>0. 3.6
Pa,B 1+8%¥ 75_'_ 1 +5‘DUa|2 < % 75> f ( )

By [12, Proposition 6.6.4], equation (3.6) has a unique solution ¢, 3 € Cy(H).
Moreover

[Pasllo < [ f1lo,
and there exists C' > 0 such that

Dy,

1Dg0sllo < 5o 171

Since DU, has linear growth, there exists C(a, || f]|1) > 0 such that
| L1t pap()] < Cle, [|fl)(A + |2]), =€ H.

It follows that

/H Lypes(@)Pldr) < Clon | F]1)(1+Tx Q).

By a standard argument this implies that ¢, € D(L;43).
Step 3. ¢, € D(Ni45) and (3.2) holds.
Let us first consider the case when 3 € (0, 1]. We recall that, see [11],

(DRyp, ) = / (MBR, Q%) o(e iz +y) N(0,Q))(dy). o € LP(H, p),

H

Hence,

(=)= DR 1) = [ (A)FBAOb. Q7 0) (e + 1) NO.Q0(dy
H

and, for p > 1,

|(~A)=% DRy, h) / p(e + )P N(0,Q0)(dy)

P

([ 1= aem o i vo.@oan )
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where ¢ is the conjugate exponent of p. It follows that
(—A)7% DRl < CtP55 Ry (x), @ € LP(H, p),
which, integrating with respect to p and taking the Laplace tranform, yields
I(=A) 7 DO\ = L) fll oy < COFllorgy, ¢ € LP(H ). (3.7)

We are now ready to prove that that ¢, € D(Ny1g).
Since E4(H) is a core for Lz, see [5], there exists a sequence {p,} C
E4(H) such that,

lim @, = 0o, lim Liisp, = Liygpa, in L'P(H, p).

n—oo

We claim that
lim Nijg0n = Liygpa — (DU(z), Dpy) in LYP(H, v),
which proves that ¢, € D(N14p).

Since by (3.7) we know that (—A)ﬁDgon — (—A)ﬁDcp in LA (H, 1),
it is enough to show , in view of the Vitali theorem, that

/H (DU (x), Dpu)|+#+1(d),

is bounded, for some € > 0. We have in fact
/ (DU (2), D)™+ 0(dx)
H
= / |(—A)~ =2 DU (z)|"+5+¢| (= A) 5% D, |"F+e 0 (dxr)
H

1+B8+e
2+23

< ([ 165 DUt pvian))

1+8—¢

£ 6]
x ( / (—A)z#2 D%ﬁ“*ffﬁ“?my(dx)) o
H

Now the claim follows from (3.7).




Let us now consider the case [ = 0.
Since E4(H) is a core for Ly, there exists a sequence {p,} C €4(H) such
that,
lim ¢, = ¢a, nhn;o Lyon = Lya, in L*(H, ).

n—oo

It follows that for all 1) € D(Ly) we have, see [12, page 215], |(—A)/2Dy| €
L*(H, ) and there exists ¢ > 0 such that

[ et <e [ aofan vo e D). (33
H H

Consequently, by (3.8) it follows that
lim (—A)Y2Dep, = (=A)?Dy, in L*(H, u; H), (3.9)

n—oo

and there exists ¢ > 0 such that

[ 12D < c.
H
We claim that
lim Nopn = Laws — (DU (x), Dpy) in L'(H,v).

This will imply that ¢, € D(Ny). It is enough to show that

/H (DU (x), Depu(2)) v,

is bounded, for some v > 0. We have in fact

/H (DU(2), D)) v <

L4y

</H |(_A>_%DU(x)|2+fmwdu)127 (/H‘(_A)%Dgonl%ly) a

hence, because of Hypothesis (2.3)-(74) in the case 5 = 0, we can apply the
Vitali theorem choosing v = 7. n

The following identity for Dy, is central in the proof of our main result.
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Proposition 3.2 Let f € C3(H) and let ¢, be the solution of (3.1). Then
we have

1
3 [ DguPdv+ 5 [ 15D
H H
/ ‘<—A)1/2D<Pa|2dVa+/<D2UaD90a,D<pa>dva= (3.10)
H H
/<D90aan>dVa = 2/ S = Apa)dv,.
H H

Proof. Let f € C}(H) and let ¢, be the solution of (3.1). Let us differentiate
both sides of (3.1) with respect to Dy, k € N, where Dy, is the derivative in
the direction of e;. We obtain

)\Dkwa - LDk(pa + <DUon DDkQOa>+Mk Dk%% + <DDkam DSDO) = Dkf

Multiplying by Dy@,, integrating with respect to v, and taking into account
(2.2), we find that

1
)\/ |Dkg0a|2dl/a+— / |DD/.Cg004|2 dv,
H 2 Ju
+:uk / |D/€§004|2 dya+/<DDkUaaD(pa>Dk§0a dVa
H H

:/ DkgOaDkf dl/a.
H

Summing up on k gives, taking again into account (2.2), the conclusion fol-
lows. g

Corollary 3.3 There exists ¢; > 0 such that for any f € C3(H)

[ 122D v < 1R
H

where @, s the solution to (3.1).
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Theorem 3.4 The closure Nyy5 of Ny in L*P(H,v), is m-dissipative in
L8 (H, v).

Proof. TLet A\ >4, f € C3(H), a > 0, and let ¢, be the solution to (3.1).
Since by Lemma 3.1 ¢, € D(N;;53) we can write

Apa = Nitgpa = ((=A)V*(DU — DUL), (—=A)'*Dyga) + f.
We claim that

lim (DU — DU,, Dg,) =0 in L'*P(H,v), (3.11)

a—0

This will conclude the proof by applying the classical result of Lumer and
Phillips, [15].

Let us prove (3.11). Since U,(x) < U(z) and lim,—¢ Z, = Z, Corollary 3.3
implies

[ 1A 2Dguiar = 27 [ [(~A) 2D O p(da)
H

Za
ng/ [(—A)Y2 D, |2e 2@ y(dx) < 701 <cg,
H

where c¢ is a suitable positive constant. Then, by the Holder inequality we
obtain,

/ (DU — DU, D, )| dv
H

{/ I((— ~5758 (DU — DU, )|2+2ﬁdy] {/ |(— 2+25D<pa\2+26 dv

Now we use the well known interpolatory estimate

(—A) =522 < O |27 |(—A)2z?, = € D((—A)?),
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and find

/ (DU — DU, Dp )| dv
H

<CU| ~7% (DU — DU)\M%} U | Do |?|(— )2D<pa|2du]

C 2 1/2
SmllDfll 1/ lo | 29 (DU — DU)|*¥dv ) .

thanks to (3.3) and Corollary 3.3. The proof is complete thanks to Hypoth-
esis 2.3 7). g

4 The stochastic Cahn—Hilliard equation

4.1 m—dissipativity

The Cahn—Hilliard equation is a phenomenological model for various types
of non equilibrium phase transitions as the early stage of spinodal decompo-
sition, a physical phenomenon that arises when we rapidly quench an alloy
from the stable region (high temperature) to the unstable region (low tem-
perature). Cook took into account also the thermal fluctuations introducing
the stochastic Cahn—Hilliard equation, which in the litterature is known also
as the Cahn—Hilliard-Cook equation.

This equation has been intensively studied, see e.g. [4], [6], [7], and the
references cited therein.

We will apply the abstract results of §3 to the following stochastic Cahn—
Hilliard equation:

(dX = Di(—D;X + f(X))dt +dW(t), in[0,+00) x [0, ],

/ X =0 (4.1)

DeX(t,0) = D{X(t,0) = DX (t,7) = D{X(t,m) =0,

X(Ov) = Z,

\
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where W (t) is a cylindrical white noise (in time and in space), and where
f € C%*(R) is such that

[f(r)] < a1+ [r[*™71), (4.2)

for some a and the function
o) = [ 1(s)ds
0

is semiconvex. Typically ¢ is a polynomial with positive leading coefficient
of even order (greater then or equal to 4). In order to avoid technical com-
plications below, we make the additional assumption that f is monotone,
however all our results hold in the more general case of the derivative of a
semiconvex function.

The stochastic Cahn-Hilliard equation with periodic boundary conditions
can be treated in the same way.

It would be interesting to study the Cahn—Hilliard equation in two (or more)
dimensions. This would require a renormalization procedure, which we will
try to study in a future paper.

In general X denotes concentraction, for instance in the case of a binary
alloy (Cu,Zn), X can be the concentration of Cu. In the deterministic case the
Cahn-Hilliard equation has the property that the total concentration - which
corresponds to the spatial average of X - is a conserved quantity. Without
loss of generality, we assume that this average is zero. It is natural to require
that the noise does not destroy this property. Thus we work in spaces of zero
average functions and introduce H'(0, ), the space of functions in H'(0, )
whose average is zero, and its dual H~1(0, 7).

It is natural to study this problem in the space H = H~1(0, ) because,
with this choice, the equation is of gradient type and the corresponding
transition semigroup is reversible.

We also consider the Hilbert space L?(0,) of all square integrable func-
tions ¢ on [0, 7] with zero average. Its inner product is denoted by (-, -).

Let {ex ren- (1) be the orthonormal basis on L2(0,7) defined by

en(€) = (m/2) Y2 cos(kE), k€ N,
and, for any x € L*(0,7), set

xp = (x,er), k&N

IN* =1,2,...
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We shall identify L?(0,7) with ¢2(N*) and then we shall consider L?(0,7) as
a subspace of RY".

Moreover, for any r € R we shall denote by H" the subspace of RY" of all
sequences T = {xy tren+ such that

27 = Y (L k)" [aw]* < +oo.
keN*
‘H" is a Hilbert space with the inner product
(@, y)e =Y |k zagp, xy €M (4.3)

keN*

The corresponding norm is denoted by | - |,. Notice that L?(0,7) = HP,
HY0,7) = HY, H7Y(0,7) = H~! and setting

fe(€) = (L4 [k[>)Per(€), keN,
then { fi}ren+ is a complete orthonormal basis on H~1. Clearly, if r; > 7y,
2]y < |2y

Moreover we assume that W (t) is the cylindrical Wiener process on H™!
defined (formally) by
W(t) = Z Bk
keN*
where {f}ren is a sequence of mutually independent standard Brownian
motions.
Let us define the linear (unbounded) operators A and B in H = H~! by
setting
Bf, = k’ka, k € N*,
and
Afk = —k’4fk, k € N*.
Notice that
D(B)=H', D(A) =H?
and that B = (—A)Y/2.
Moreover, let us introduce the potential U: H™t +— [0, +00]

/0 " g(e(©)de, it x e D(U),

U(z) = (4.4)

+00 otherwise ,
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where
D(U) = {y € L*([0,7]) = g(y) € L'([0, 7))},

and g(r) = [ f(s)ds.
We have

DUG) -y = [ g(€)de
0

We denote by Dy the gradient in H", then

Dy U = (=A)V2DU = Bf(x).
For r = —1, we also set D = Dy-1. Thus, equation (4.1) can be written as

dX = (AX — DU(X))dt + dW (t),

(4.5)
X(0) =,

Now we can consider the Kolmogorov operator

1
Now(z) = 5 Ir [D*¢(x)] + (x, ADg(x)) — (DU (x), Dp(x)), ¢ € Ea(H)
which we shall write also as

Now(z) = % Tr [D*p(x)] + (v, ADg()) + (f (), BDg(x)). (4.6)

We set = Ng where Q = —3 A™'. We have

Theorem 4.1 Let Ny be the Kolmogorov operator defined by (4.6), and let

v the probability measure defined by (1.1). Then Ny is essentially self-adjoint
in L*(H™',v).

Proof. We shall apply Theorem 3.4, verifying the required assumptions for

G =1and d=0.
Verification of Hypothesis 2.1. It follows from the identity

1 —4
TrQ=; > kTt < too.

keN*
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Verification of Hypothesis 2.2—(ii). For this it is convenient to write x(§) in a
suitable form. Given x € H~! we start from the obvious identity

o) = 3 o i =5 (@0 Y Of) = o) Wiy(o),
kEN* keN* -1

where W represents the white noise function, 7; is the element in H ! defined
by

1 1
_ 1 | 47
Ne Von(©) keZN* 12 Ji(€) f (4.7)
and . L2
PO =5 Y el (43)
keN-

Now we can prove that

Z :/ e V@ (dx) > 0.
H

For this it is enough to show that

/ U(x)u(de) < +o00. (4.9)
H
We have in fact

[ veontan = [ [ " g(2(€)) de p(d) = / e [ 9ol Wi (o) i)

1 T too 2
— (2n) / ¢ / e % g(p(€)r) dr < +oo,

in view of (4.2), and Hypothesis 2.2—(ii) is fulfilled.

Verification of Hypothesis 2.2—(iii).
Let us define approximations U, of U. Let g, be the Moreau-Yosida approx-
imations of g

ga(r) = inf {9(8) + i(r - 8)2 © s € R} .
We set -
Un(z) = /o go (L+aB) ™ x(8))ds, o> 0. (4.10)
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Then U, is of class C2. Moreover, U, < U. In fact, since
(1+aB) a(§) = [ k&l dr
0

with k(¢,n) > 0, we have that [ k(¢,n) dn = 1: this allows us to apply
Jensen inequality to get

9a((L+aB)z) < g((1+aB)'z) < (1 +aB) 'g(z).

Hence

Un(z) < U(x).

Verification of Hypothesis 2.2—(iv). Firstly we observe that
DUA@) = [ gh{(1+aB) a() (1+aB) y(e) de,
0
so that
DyaUs = (=A)2DyaU, = B(L+aB) gl (1 +aB)™).
We have to show that

lim |(—A)Y4Dy (U — U,)|* jdv = lim | Dyo (U — Uy)|adv = 0.
a—0 H-1 a—0 H-1

In view of the dominated convergence theorem it is enough to show that
| DyoU, |3 can be estimated, uniformly in « by a v-integrable function. We
have in fact, using the Jensen inequality

Dyl \o—</ DU () ) (/ ful(1+aB)" )(5)2d£)
S(/wa((lJraB) Qdé‘) (/ I 2d£>

It remains to show that

/H—l (/0” f(x)(f)zdf)ZdV < +0.
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We have in fact, thanks to (4.2), and proceeding as in the proof of (4.9),

/H_1 (/On f(:E(f))Qdé)zdu < 7r/07rd§ - Fl(€) dv

< ar <7r + /0 e H_l(x(g))Sm—‘*dy)

—ar <7r + (21)” 24775?;7; 4;142!2)! /0 “p(£>8m4d§) ;

which is finite. The proof is complete. g

NI

4.2 Spectral gap

We consider here the invariant measure v of the Cahn-Hilliard-Cook equation

(4.5) in H™', that is
V(dz) = Z - exp (~U(x)) pu(da),
where U is defined by (4.4).

We recall that for a sufficiently smooth function x, we have the following
relationship between the derivatives in H® = L?(0,7) and in H ™' :

DHflfL' = BDHO.I’

Let T be the natural imbedding of H° into H 1. It is easily checked that
the adjoint 7" of T is given by T"y = —B~ly.

Let us consider on H° the Gaussian measure g = N (0, Qo) with Qy =
—1 B7! and set

w(dy) = Zy " exp (~U(y)) po(dy)
and
7o = /H exp (~U(y)) moldy).

By the Bakry-Emery criterion, [3], see also [8], it follows that v is the unique
invariant measure of the following stochastic differential equation

dX = (BX — f(X))dt + dW,.

We need the following lemma
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Lemma 4.2 The image measure of vy through the natural imbedding T : H® —
H~t coincides with v.

Proof. 'We first prove that
w(H®) = 1. (4.11)

We have in fact
/ |2[3 0 p1(dr) = / VB p(de) = Tr (B™) < +oc.
H-1 H-1

To prove the lemma it is enough to show that for any Borel bounded function
¢: H™' — R we have

/ o)roldy) = / o ()(dn). (4.12)
HO H—l

To prove (4.12) we consider a sequence {P,} of finite dimensional approxi-
mations of the identity in H® and we set P/ = T'P,, n € N*. Then by the
change of variables formula in finite dimensional spaces, we get

/ e(Poy) e 2V N (0, P,Qo)(dy) = / p(Phz) e V) N(0, PLQ)(dx).
PoHO PR

Now, letting n tend to infinity and taking into account (4.11), we find (4.12).
|

Let us prove now the Poincaré inequality for the measure v.

Theorem 4.3 For any ¢ € C}(H™) we have

| @i <5 [ Dre@aria).  @413)

H—l
where

7= | elaw)

Proof. Tt is well known, see [3], [8], that the Poincaré inequality holds for
the measure 1. Therefore, for any ¢ € C} (H°) we have

[ et =FPnan < 5 [ 1Dws@fordn). (@14
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where

?= /HO ©(y)vo(dy).

On the other hand we have, by the change of variables formula, that @ = .
Consequently

%/1 | Dy p () [yav(dar) = %/1 | BDypoip(z)|7,-1v(dz)

1 1
>5[ IDres@Portdn) = 5 [ |Drop(a)Famda)
2 H-1 2 HO

> [ lote) =w@Pnidn) = [ leta) = (o) Putda),

H-1
by the change of variables formula. g

The spectral gap follows now easily, see [3].

Corollary 4.4 Let Ny be the closure of Ny in L*(H,v) and let o(Ny) be its
spectrum. Then we have

og(Na)\{0} c {A e C: Re X < —1}.
In the same way we obtain the log—Sobolev inequality.

Theorem 4.5 For any ¢ € C}(H™) we have

/ ©?log p*dy < / | Dy—1p()|3,-1dv —|—/ ©*dv log </ <p2d1/> .
H-1 -1 H-1 H-1

(4.15)

Remark 4.6 As already mentionned, all our results hold if we do not as-
sume that the nonlinear term f in (4.1) is monotone but simply that it is the
derivative of a semiconvex function, which is the case if f is a polynomial
of odd degree with positive leading coefficient. In this case, in the proof of
Theorem 4.1 we have to choose 0 > 0. The construction of the approxima-
tions U, also has to be modified. The proof of theorem 4.3 and 4.5 do not
use this assumption since it is known that 1y satisfy the spectral property
and a log-Sobolev inequality also in that case.
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