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Abstract

Hyperbolic curvature flow is a geometric evolution equation that in the plane can be
viewed as the natural hyperbolic analogue of curve shortening flow. It was proposed by
Gurtin and Podio-Guidugli (1991) to model certain wave phenomena in solid-liquid inter-
faces. We introduce a semidiscrete finite difference method for the approximation of hyper-
bolic curvature flow and prove error bounds for natural discrete norms. We also present
numerical simulations, including the onset of singularities starting from smooth strictly con-
vex initial data.
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1 Introduction

The analytical and numerical study of parabolic geometric evolution equations, such as mean
curvature flow, surface diffusion and Willmore flow, to name a few, has received considerable
attention in the literature over the last few decades, see e.g. [19, 14, 7, 22, 21, 6, 5, 2, 8, 18, 1].
On the other hand, hyperbolic evolution laws for moving interfaces have been studied far less. In
this paper, we are going to investigate the numerical approximation of the hyperbolic geometric
evolution equation

ad;Vr + BVr = »p on T'(t), (1.1)

for a family of closed curves (I'(f));cpo,7] in R2. Here Vr denotes the velocity of (L'(t))tepo,r) in
the direction of the normal v, 9; is the normal time derivative on (I'(£))sc[o,7], and s denotes
the curvature of I'(¢). Our sign convention is such that the unit circle with outward normal has
curvature »p = —1. The flow (1.1) corresponds to the evolution law proposed in [11, (1.2)],
in the case of an isotropic surface energy and in the absence of external forcings, where it was
suggested as a model for the evolution of melting-freezing waves at the solid-liquid interface of
crystals such as “He helium. Here the parameters o € R>o and 3 € R>q play the role of an
effective density and a kinetic coefficient, respectively. In the special case a = 1 and 8 = 0 we
obtain the hyperbolic geometric evolution law

O/ Vr = s on T(t), (1.2)
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while the choices @« = 0 and 8 = 1 yield the well-known (mean) curvature flow, or curve
shortening flow. However, since in this work we are interested in the hyperbolic case, we shall
from now on set a = 1 for simplicity. We remark that in order to close the geometric evolution
equation (1.1), the initial conditions

I'0) =Ty and Vrl=o= Vro

need to be prescribed, where I'g defines the initial curve and Vro : I'y — R gives an initial
normal velocity.

Let us consider a parametric description of the evolving curves, i.e. I'(t) = x(I,t) for some
mapping z : I x [0,7] — R?, where I = R/Z is the periodic interval [0,1]. We denote by

T L ,Il T, 1 x
r="L yv=r=—L and wv=-"L=—(£), (1.3)
|z, ER E I P N e

the unit tangent, the unit normal and the curvature vector, respectively, so that e.g. v =vrox
and » = s o z. Here and throughout -+ denotes the anti-clockwise rotation through 5. We
shall show in Lemma 2.1 below that if = is a solution of the system

1z, .
Ty + Pay = w(m)p —(x¢-m)T in I x (0,77, (1.4a)
z(+,0) = zg, 2¢(-,0) =Vov(-,0) in I, (1.4b)

then the curves (I'(£));efo,7) evolve according to (1.1) with a = 1. In the above, 29 : I — R*is a
parameterization of the given initial curve I'g and Vy = Vr g o x¢ is induced by the given initial
normal velocity Vr . The introduction of the second term on the right hand side of (1.4a) has
the effect that the parameterization z is normal, i.e. it satisfies x; - 7 = 0, see also Lemma 2.1.
The system (1.4) in the case 5 = 0 has been studied in [15, 16], see also [12]. In particular, it
is shown in [15] that if I'(0) is strictly convex, and if the initial velocity Vov(+,0) does not point
outwards anywhere on I'(0), then the solution to (1.4) exists on a finite time interval [0, Tiax)
and the curves I'(¢) remain strictly convex. Furthermore, as ¢t — Tyax, ['(¢) either shrinks to a
point or converges to a convex curve with discontinuous curvature.

One may wonder whether it is possible to replace (1.4a) by the simpler hyperbolic equation

1

- m(&)p in I x (0,7, (1.5)

EX

which has been considered in e.g. [13] after having been proposed by Yau in [23, p. 242]. However,
in contrast to (1.4), it is not clear whether solutions to (1.5) with the initial conditions (1.4b)
parameterize solutions to the flow (1.2). In fact, numerical evidence in Section 5.4, below,
suggests that solutions to (1.4) and (1.5), (1.4b) parameterize different curve evolutions.

An alternative hyperbolic geometric evolution equation, that is similar to (1.4), and which has
been considered in [17], is described by

1 T . .
Ty = %(|xt|2 + 1)—(—p)p —(z¢-m)T inIx(0,T], z(-,0)=mzy, x¢(-,0) =Vor(-,0) in I.

|5Up| |33p|
(1.6)



It can be shown that solutions to (1.6) also represent normal parameterizations of curves. An
interesting aspect of (1.6) in terms of the analysis is that its solutions satisfy the energy conser-
vation

d
1 2
5= x 1)|z,| dp = 0.
15 [ G+ Dl 4
In contrast, for the flow (1.4) a conditional decay property can be shown for the energy
%fl(|xt|2 + 2)|z,| dp, see Remark 2.2 below, something that we will utilize for the numerical
analysis presented in this paper. Let us finally mention that geometric second order hyperbolic
PDEs have recently been used in [3] for applications in image processing.

As regards the numerical approximation of hyperbolic geometric evolution equations in the
literature, we are only aware of the works [20] and [9]. In the former an algorithm for the
evolution of polygonal curves under crystalline hyperbolic curvature flow is presented, which
corresponds to (1.1) for a crystalline, anisotropic surface energy. On the other hand, in [9]
a level-set approach, which is based on a threshold algorithm of BMO type, is used for the
numerical solution of (1.5).

In this paper we will present a finite difference approximation of (1.4) and prove an error bound
for it. To the best of our knowledge this is the first result on the numerical analysis for a
hyperbolic geometric evolution equation in the literature.

The remainder of the paper is organized as follows. In Section 2 we show that curves I'(¢) that are
parameterized by solutions of (1.4) evolve according to (1.1). We also derive several properties
of these solutions. In Section 3 we introduce our semidiscrete finite difference approximation
and state our main result, Theorem 3.5. Its proof is presented in Section 4. Finally, in Section 5
we suggest a fully discrete scheme and present several numerical simulations for it, including a
convergence experiment and simulations that lead to nonvanishing singularities in finite time.

2 Mathematical formulation

Consider a family (T'(t)).c[o,7) of evolving curves that are given by I'(t) = z(/,t), where z :
I x [0,T] — R? satisfies |z,| > 0 in I x [0,7]. Then the unit normal on I, the curvature of I',
the normal velocity of I' as well as the normal time derivative on I' are defined by the following
identities in I, see e.g. [1]:

vroxr=v, xpox=ux Vrox=x;v, (0 f)ox=(fox)— (fox)szs T, (2.1)

where 95 = |z,|719, denotes differentiation with respect to arclength s. We stress that the
definitions of the above quantities are independent of the chosen parameterization. The following
lemma establishes the connection to the evolution law (1.1) and derives additional properties of
x that will be useful in the subsequent analysis.

LEMMA. 2.1. Suppose that x : 1x[0,T] — R? is a solution of (1.4). Then the curves (I'(t))ie(o1)
with T'(t) = z(I,t) evolve according to (1.1). Furthermore, x is a normal parameterization, i.e.

xp-T=0 inlIx[0,T] (2.2)

and satisfies
|zl = —|2p| 21 - 1t — Bl |24 in I x[0,T]. (2.3)



Proof. Using (1.4a) and (1.3) we deduce that
(I't'T)t =Ty T+ Xt Ty = (%V— (1’t'Tt)T—,81't)'T+1't'Tt = —5.%'t'7'.

In view of (1.4b) we have (x; - 7)|t=o= 0 which implies (2.2). With the help of (2.1) and (2.2)
we now deduce

(O;Vr)ox + BVrox = [(wy - v) — (x4 - V)sty - T] + By - v
:.%'tt'V—i-l't'Vt—i-ﬂ.%'t-V:xtt-l/—i-ﬂxt-V

=xV-V=x=xr0ZL in I x[0,7],

where we used that 0 = 2(|v|?); = 14 - v, (1.3) and (1.4a). Thus (1.1) holds on I'(¢). Finally,
recalling again (2.2) and (1.4a), we obtain

M| =ap T =—a - T, = —\xp]xt-xtt—ﬂlxp]]xt\Q in I x[0,T], (2.4)
which proves (2.3). O

REMARK. 2.2. Using (2.4) and (2.2) we derive the following energy law
d
%— (| |* + 2)|z,| dp = %/\xtIQBt]xp] dp + /wt Xylxp| + Olxp| dp
dt Jr I I
=4 [Jolze, dp= 5 [ faiPle dp
=4 [ vPela) dp=8 [(@evPlaldp.(25)

which corresponds to [11, (4.6)] in the absence of external forces. An adaptation of this relation
to the error between continuous and discrete solution will be at the heart of our error analysis.

For the remainder of the paper we make the following regularity assumptions concerning the
solution z.

ASSUMPTION. 2.3. z : I x [0,T] — R? is a solution of (1.4) such that 8,?8236 exist and are
continuous on I x [0,T] for alli,j € NU{0} with 2i4j < 4. Furthermore, |x,| > 0 in I x [0,T].

Assumption 2.3 implies in particular that there exist constants 0 < ¢y < Cj such that

co < |z <Co  in I x[0,T], Im[g%(lfpl + @] + |zep]) < Co. (2.6)
>< b

3 Finite difference discretization

We shall employ a finite difference scheme in order to discretize (1.4) in space. To do so, let us
introduce the set of grid points G" := {p1,...,ps} C I, where pj=17jh,j=0,...,J,and h = %
for J > 2. In order to account for our periodic setting we always identify py with p;. For a
grid function v : G — R? we write vj :==v(p;), j =1,...,J, and in addition set vg = v; and
vj4+1 = v1 in view of the periodicity of I. We associate with v the backward difference quotient:

vy = LTl i (3.1)



and introduce the following discrete norms

1

J 1 J 1
lolon = (B3 1), ol = (B2 (Il +160;12) ). (3.2)
j=1 j=1

Let 2 : G — R? be a grid function that will play the role of a discrete parameterization of
a curve. Then on I; = [pj_1, p;|, the associated discrete length element q? and the discrete

tangent Tjh are given by

1
= ]530?], Tjh = q—héx?, j=1,...,J.
J

It will be convenient to also introduce the averaged vertex tangent H? via

N Th +Th '
= ————, provided that 7' +7 +1 #0, j=1,...,J. (3.3)
|7' +7 +1|

Clearly,

h h
h hT+T

(they —7hy-oh = () -l (I} ? = [ 17) = 0. (3.4)

|7' +7 +1| |7' +7 ]+1|

LEMMA. 3.1. Let x € C*(I;R?) such that co < |z,| < Cp in I and set T = é—’;‘ as well as
1 :
zj = x(pj), ¢; = |0xj|, and T; = ;656]', j=1,...,J.
j

Then there exists hy > 0 such that for all 0 < h < h, and all j =1,...,J we have

300 < q; < 2Cy (3.5)
and
3(4j + 4j1) = |2p(py)| + O(R®); (3.6a)
7j+ T = 27(py) + O(h?); (3.6b)
T = 7,(p)) + O(1?). (3.6¢)

Proof. A Taylor expansion yields

2

h
o Ler + Fmppp +O(h?),

Tj+1 — L5

041 = h

where all the derivatives of z, and 7, in this proof are evaluated at p;. Hence

h? h?
qj2‘+1 = |ap|* + happ - 2 + Z|$pp|2 + 3 Teop " Tp +O(h?)
= |z, <1+h L i’ eol” + 33 Zeer ] +(’)(h3)>,
EA |z, [? EA



and with 1T+ ¢ =1+ e — 2e2 4+ O(?) it therefore follows that

h 2 )2
g1 = |z,] <1+5@ T4 R2 [1 200l 1% %MD + O

Moreover, since ;41 = 5x]+1 and 1+e =1—ec+¢e%+0O(e3), we have that
h 2 (1%pop |1 |~’Upp|2 1 Lppp 3 (Tpp - 7)? 1/ %pp 3
KA {6 o ~ e+t e | A g o

where we used that —22 — (% .
Lp

|5Cp|

h 2 )2
Qj:‘xp‘< __@'T-i-hz[ 1 |70 1 1%ppp T_%(xpp 7) })—i—(’)(h?’);

)T = (%)p = 7,. In a similar way one finds that

2 || oo Ozl EAS
h x |, x (w,, - T)? x
e 2 [ ppp [l pp 1%ppp 3\ Tpp — (B ) +Ond).
’ 27 O |zl ®lzpl2 Ozl 5wl || ’wp’

From the above we infer that (3.5) holds provided that 0 < h < h,. The estimates (3.6) also
follow immediately. O

In view of (3.6a) a natural semidiscrete finite difference approximation of (1.4) is now defined
as follows. Find z" : G" x [0, T] — R? such that

h

2 T L — T A
=h 2h J+l J “h . Aghyph .
0+ Bl = — (&7 -67)07 in[0,T), j=1,...,J; (3.7a)
h _ - h _ h,L s
z3(0) = zo(p;), &7(0) =Vo(p;)0;(0), j=1...,J (3.7b)

Standard ODE theory implies that the above system has a unique solution on some interval
[0,7}). Let us begin by deriving discrete analogues of (2.2) and (2.3).

LEMMA. 3.2. Let 2" : G" x [0,T},) — R? be a solution of (3.7). Then we have in [0,T}) and for
all 3 =1,...,J that

@l =0;  (3.8)
(j? + i(q?_l + q;l)(ﬁﬂ?—l '55?—1 + 5’55?—1’2) + %(qj + qj-‘rl)( x + mxh‘ ) =0. (3.8b)
Proof. 1t follows from (3.7a), (3.4) and the fact that |9;‘| =1 that
(@h-omy, =ah-oh + il 0 =—pal o, j=1,.... 0
Since xj( ) Hh( ) =0 by (3.7b), we deduce (3.8a). In particular, x;‘ Tjh = —j:;-‘-TJ}-‘H and hence
h - h h h h h
P R O S VY L i S N Y Nl i
J h J 277 h 27j—1 h

= _%(QJ + qj—i—l)( I’ + 5’1.]1‘ ) - i(qjl—l + q‘?)(w?—l : j?—l + /8"%.'?—1‘2)7

where the last equation is a consequence of (3.7a) and (3.8a). This proves (3.8b). O

We also have the following discrete analogue of Remark 2.2, where for simplicity we consider
only the case 8 = 0.



LEMMA. 3.3. Let " : G" x [0,T3,) — R? be a solution of (3.7) with 3 = 0. Then we have in
[O,Th) that

J
hYC |8+ )P+ 20| = b 23l + ), (3.9)
=1 7j=1

N[
&)~
<.

with q;‘ satisfying (3.8b).

Proof. We compute, on noting (3.7a) and (3.8a), that
J J J

d .h .h .h h h 2h  ~h
%ahZ%(qJ +C]J+1)|33 ? = %hZ%(Qj +Qj+1)|xj|2+hz%(%' + i) - @
j=1 j=1 j=1
1 d 1 2 h d . h T]thl_T]h
jzl =1
J ph_ 3h .
2 -1 _h
= 3h D> dy3(af P+ 1517 —h ) ==
=1 j=1
J
h
=30y () P + 1) hzq],
j=1

which is the desired result (3.9). O

Observe that the right hand side of (3.9), in view of (3.8b), approximates the expression

/\xp’(xt Tot) || dP———/\%’(%ﬂUt v)|z|* dp, (3.10)

where we have noted (1.4a), (1.3) and (2.2). As (3.10) agrees with the right hand side in (2.5)
with 8 = 0, recall again (2.2), Lemma 3.3 can be viewed as a discrete analogue of Remark 2.2.

We stress that utilizing a suitable variant of (3.9) will be at the heart of our error analysis in
Section 4. In particular, x? will be replaced by the time derivative of the error between x and

z" at the point pj, see (4.4) below for the precise details.
Let us next consider the consistency errors for the scheme (3.7a) and for the property (3.8b).
LEMMA. 3.4. Let x be the solution of (1.4). Define

2 Tj4+1 — Tj .
+(z; - 1elps, )T (P55 ); 3.11a
o e Do) (3.11a)

Rj = g5+ 3(qj—1 + aj) (@1 - &-1 + Blaj—1?) + 1(g5 + qj1) (&5 - &5 + Blig?).  (3.11b)
Then there exists a constant Cy such that

Jmax ([R;(0)] + [B;(1)]) < Ci?, £ € [0.T], (3.12)

=1,..

R]’ = $]—|—,8$] —

Proof. The bound on R; is a direct consequence of Lemma 3.1. In order to analyze Rj we
deduce from (3.6¢) that 7;11 = 7j £ h7,(p;,-) + O(h?), and hence by (3.6b)

VLT 3T 0(2) = 3 (r(pg, ) + 7(ps-1,7)) + O().

Tj:2 2 2 2



Combining this relation with the fact that

xj — xjfl

. = 2 (@ip(pj—1.7) + T1p(ps. ) + O(h?)
we obtain
. Tj— X1
6 = === 7 = 1 (@p(pj—1.) + 20(p5,)) - (7(pj1,7) + 7(pj, ) + O()

Tip(pi-1,) - T(pj—1,") + %l“tp(/)ja ) - 7(pjs )

= 1(@ep(pjs ) = 2tp(pj-1,7) - (7(ps,) = T(pj-1,7)) + O(h?)

= 52tp(pj-1.) - T(pjo1,) + 52e(pj, ) - T(pj, ) + O(h?)

= —3lzo(pj—1, M (-1 - 51 + Bl 1?) = Slolpy, (&5 - i + Bliy?) + O(h?),

|
N[

where we have used (2.3). Now the bound on R; follows with the help of (3.6a). O

In view of Lemma 3.4 we expect second order convergence for our scheme. As our main result
we prove that this is indeed the case, where the error is measured in discrete integral norms that
are natural for a second order system of hyperbolic PDEs.

THEOREM. 3.5. Suppose that Assumption 2.3 is satisfied. Then there exists hg > 0 such that
for 0 < h < hg the problem (3.7) has a unique solution " : Gh x [0,T] — R? and the following
error bounds hold:

max ([[z(t) — 2" (t)[|1.n + () — 2"(t)[o.n) < Ch%. (3.13)

0<t<T

Here, and throughout, C' denotes a generic positive constant independent of the mesh parameter
h.

4 Proof of Theorem 3.5

Let us abbreviate

xj(t) = x(pj,t), q;(t) = |6x;(t)|, and 7;(t) = ﬁ&c]’(t), j=1...,J

where x denotes the solution of (1.4). Furthermore, we let
T, = sup{tAe [0,7] : " solves (3.7) on [0,], with Top < q?(t) < 4Cp and

max <|Tj(t) — )] + |5(t) — ;'C;L(t)|) <hifor0<t< 7?}. (4.1)

Here we have chosen the power hi in the definition (4.1) as a convenient value between 1 and
%, where the latter power of h arises in the proof due to the application of an inverse inequality,
see (4.21) below.

Clearly, T\h > 0. In view of (2.6) and Lemma 3.1 we may assume that

|’7’j + Tj+1| >1 (42&)



and hence
5
[T+l > 4 Tl = T =1l = I = Ty > 1— 2R > 5, (4.2b)

provided that 0 < h < h, is sufficiently small. Thus 9;‘(25) is well defined for j = 1,...,J and
t € [0,7},). Furthermore, we have:

LEMMA. 4.1. There exists 0 < hyg < hy and a constant Cs, which only depends on ¢y, Cy and 3,
such that for all 0 < h < hg and 0 <t < Ty

. h Ah ..h .h
Jmax (1af(0)] + 10} 0] + [ 1) +1d} 1)) < O

Proof. To begin, we deduce from (2.6) and (4.1) that
. . . 5
@5 (O] < [ae(pj, t)] + (5 — &5)(8)] < Co + hi < 2Cy,

provided that 0 < h < hg with hg sufficiently small. Next, a straightforward calculation shows

that 7";‘ q—h(éx — (535;‘ . T]h)TJh) and hence, on noting (4.1), (3.1) and (2.6), it holds that
J
0] < [0t (1) < £(|5(~"ﬂh —@;)(t)] + |05 (t)])
J S g g J
<2z - = <=
S oo T2 1@k — 2) (0] + - max i (p, 1) h4 + COCo o

provided that 0 < h < hg with hg sufficiently small. From this we deduce, on recalling (3.3) and
(4.2b), that
[T + 7 (0] 16C, 320

h _
0501 < Dy <t>y§200 =%

In order to bound x;‘, we first use (3.6¢), (2.6) and (4.1) to show that

Tha(t) — ()
h

<

T — ()| 2 i
A Z T 4 2 kﬂ?fJ‘T’“(t) — 7 (t)] £ 2Cy + 2h1 < 3Cy,

provided that 0 < h < hg with hg < h, sufficiently small. If we combine this estimate with

(3.7a), (4.1) and the previously derived bounds on x? and Hjh, we obtain

h h
2 T () — () )

“h .h Jj+1 J . h h
)] < (¢t )]0 (t
|25 ()] < Bl ()] + OET D) - + |25 ()] 105 (@)

32C, 12Cy)  64C?
<2,800—|——3C()+2C0 00 =28Cy + CQO + COO.

Finally, the bound on q;z is a consequence of (3.8b) and (4.1) using now in addition the bound

..h
on 7. O



Let us introduce the error e;(t) := x;(t) — x;‘(t) We infer from (3.11a) and (3.7a) that

2 (Tj41 — Tthrl) — (15— T]h)

aj + dji h
= (&) - (0} — 7elpj, ) (s ) + (@& - 01 (0F — 7(pj,) — (&5 - Telpss )T (pjs )

éj —i—ﬂéj —

(Q? —qj) + (Q?H — qj+1) Tjr1 — Tj
T + R;
(9 + gj+1)(q] + 4} 1) h
5
= > T} (4.3)
k=1
Taking the scalar product with (qj + q]_H)e], summing over 57 = 1,...,J and recalling
Lemma 4.1 yields
h h
d (Tj1 — 7)) — (= 7))
sh > 3(d) + )l +5hz (@} + ) 0)lés)? —hz S =g
j=1 = j=1
J J
Tk ¢
:%hz%(q] +q]+1 ‘e]‘z—i_zhz%qj +qj+1 'ej
j=1 =1 j=1
J
Z e]\z—i—hzz q] —|—q]+1 'éj. (4.4)

k=1j=1

While the above relation already provides us with some control on é;, the treatment of the
elliptic part is more difficult. This is a consequence of the fact that the operator ‘x—lp‘(%) is
degenerate in tangential direction. It is therefore not possible to directly control de;, which we
split instead as follows:

h

dej = 0xj — 536? =qj(rj —1/') + (g — q?)T]h (4.5)

In the next step we will gain control on the difference of the tangents from the third term on the
left hand side of (4.4). To do so, we essentially adapt arguments from [4, Section 5] developed
for a finite element approach to the curve shortening flow. To begin, using summation by parts

10



together with the fact that 6:6 ;‘ ]h we derive

h

—hEJJ T )~ 7))

.ej

j=1 j=1
J J
=hY (7] -0 — 7 0iy) + h Y (75— 7)) - O
7=1 7=1
d J
:ha;( — 7 - 0xh) +hZT] dah +hz ) - 6
d J J
:ha;q G(l—T7-T —i—hz (6i; — (625 - 75)75) -Tf—i—h;(Tj—Tf)-&tj
d J J q-—qh qh
J j . j .
:%haZCIﬂTj—T]MJFhZ (7% ’ 51’1'(Tj—Tf)Jr%q—jj(Mj'Tj)ITj—Tf 2)-
j=1 j=1

If we insert the above relation into (4.4), note that > 0 and apply a Cauchy—Schwarz inequality
together with Lemma 3.1 and (4.1), we obtain

J
d .
sh D (3(a) + af)lé P + aflm — 7))
J 5 J
<ChY (161 + (g5 — a)* + |m — 7 +hZZ% a+ g )T e (4.6)
_]:1 k=1 :

Let us next consider the terms involving T]k, k=1,...,5. To begin, note that (2.2) and (3.8a)
imply

T(pj,-) - &5 = 7(pj,-) - (&5 — &) = =7(pj,-) - & = @ - (6] = 7(pj.-))- (4.7)
Therefore the definition of le in (4.3) yields that

J J
hz %(q? + q?ﬂ)le éj=nh %(q]h + Q?+1)(9b? ) (9? — 7¢(py, ))) (95? ’ (‘9? —7(pjs )))
- 2
J d ; J ; 2
= %hEZ%(% +q]+1)(”5? (05 = 7(pj")) -3 Z% 4j + 1) ( ? (07 = 7(pj:))
j=1 =
J
—hY 3+ ) (@ 0F = 7(p5,) (& - (0] — 7(pj,-))
j=1
J
< IS A ) (o) €5)  CH S 18— (o, O,
Jj=1 j=1
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where in the last step we have used (4.7), as well as Lemma 4.1. Moreover, we have from (3.6b)
that

0 = rlpy ) < | DT B
’7' +7 +1‘ |TJ + Tjt1] |75 + 741
N ﬁ(hj = 7|+ Imjn = mal) + CR2,
so that with (4.2a)
107 —7(pj, ) < Cllm5 — 711> + |71 — 7)) + Ch%. (4.8)

In particular, it follows that

J
1
hY 5 +aja)T

l\.’)l»—l

J J

d L \2

<y Y ) £ OHS =P O )
=1 j=1

<.
—

Next, we deduce with the help of Lemma 4.1, (4.1) and (4.8) that

J J
hZ% ¢+ gl T2 ¢ < Cthh —7(pj, )&l < ChY (lry = 717 + 1€5) + Ch?, (4.10)
Jj=1 j=1

—_

.

while in view of (3.12)

J J
hY M+ )T +T7) 65 <ChY e+ Cht. (4.11)
j=1 j=1
Finally, with the help of (3.6¢c) and (2.6) we can bound
3 71 = 7]
T
RSl T < CRY (s~ o+ oy ~ ) =)
Jj=1 j=1
< Chz — "% +¢7) + Cht. (4.12)

If we insert (4.9), (4.10), (4.11) and (4.12) into the estimate (4.6) we obtain, upon subtracting
the first term on the right hand side of (4.9) from both sides of the inequality and on noting
|65 = (&5 - 7)? = (¢; - v)?, that

d
%ha; (30 + ) (@5 (03 ) " + s — 1P
J
Chz<|e]| + (g5 — )2+ — 7] )+Ch4. (4.13)
7=1

12



Using (4.7), (4.8) and Lemma 4.1, we have

hZ|6J|2 h

M“

(&5 7(pj,))* + (& - v(pj,-))?)

7=1
J
=hY (& 0 = 7(5,) ) +hz v(p;,)
j:l
< ChZ\Tj — +Ch4+h2(ej (vipj, )% (4.14)
j=1 j=1

If we insert (4.14) into (4.13) we find

¢, (t) < Cy(h* + on(t) + ¥n(t)), (4.15)

where we have abbreviated

(-
—
&

J
2
hz % qj +qj+1 e] V(pja')) +q§l|7—] _Tjh|2)? Tzz)h(t) =h
7=1

q})?, (4.16)

.
(=Y

and noted (4.1).

It remains to bound the function v, which controls the second part in (4.5). To do so we
combine (3.11b) and (3.8b) and obtain

G = df = —3(@j-1 + @) (&j-1 - Fjor — @y &) = a5 + gjen) (&5 - & — 25 - )
+ 1@y — g0 + (@) —a))ay - @)y + 1((d) — @) + (¢41 — gj1)) ) - &
— 18(q5-1 + 4) (511> = [&71 %) — 38(qs + g0 (|85]° — |2 )
+18((d) 1 — g—1) + (d) — i) 1212 + 18((d) — 45) + (1 — g5+0)) 12} + R,
= —50 ((qul + ;) (|51 ” — |56?71|2)) - %@((qj + gj) (1257 — |27 )
+ 3 (-1 + dg) (g1 = 251 2) + 5 (45 + dyr) (15517 = 1251%)
+ 1@y — g0 + (@) —a)) oy - @y + 1((d) — @) + (d41 — gj1)) ) - &)
— 2B(gj—1 + @) (|&5-1* — 1371 1?) — 28(q5 + qj1) (125]° — |241%)
+18((q) -1 — aj—1) + (& — @) Eh P+ 28((d) — @) + (1 — q+1)) |3] +(Rj- |
4.17
Recalling (1.4b) and (3.7b) we infer that q;»‘(O) = ¢;(0) as well as
0] = 1850 = 0] = Yoo (r(p.0) - 2EEZEE  <om )

where we also made use of (3.6b). Thus we obtain after integrating (4.17) in time, on noting
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that ||a|? — |b|%| < (|la| + |b])|a — b| and on taking into account Lemma 4.1 and (3.12), that
t
la;(t) = 4} ()] < C(lej—a ()] + [e;(D)]) + C/O €1 (u)] + € (u)| du
t
+ C/O [(gj-1 = - D) (W] + (g — &) (W) + [(gj+1 — ¢}1) ()] du+ CR

< Ol @+ 1)) + ¢ /0 é51 (W) + e () du)®

NI

([ Mg = 4 @P + 10 = )P + (g~ )@ du)” +CH2
0

Taking the square and summing over j yields

J J . J
R (g5 —a)(t) <R e + C/O R 16 (w)[? du+ Ch/ (g; — ¢)2(u) du + Ch*,
=1 =1

t
Jj=1 0

which together with (4.14) and (4.1) implies

n(®) < Calontt) + [ (0n(a) + vn(w) du+ 1Y) (4.19)

If we multiply (4.15) by 2C}y, integrate with respect to time and combine the result with (4.19),
we obtain, on noting from (4.18) that ¢, (0) < Csh*, that

t
Caon(t) + n(t) < (2C1(Ca -+ Cs) + Co) (bt + [ on(w) + v (u) du),
0
from which we deduce with the help of Gronwall’s lemma that
on(t) +Un(t) < ChY, 0<t<T. (4.20)

In particular, we have for j =1,...,J and 0 <t < fh that

J 1 1 5
(7 =@ < b3 (Y= )0)* < Ch 3 /D) < Chd < Bk, (a21)
k=1

provided that 0 < h < hg and hg is chosen smaller if necessary. In a similar way, on combining
(4.20), (4.16), (4.14), (3.5) and (2.6), we obtain that

ot

(@5 — )(#)] <

! hi, teg<ql(t)<3Cy, j=1,....J, 0<t<Tj.

[N
w

If T\h < T one could therefore continue the discrete solution to an interval [0, fh + ¢], for some
. . 5 .

>0, SU(il\l that $co < q;?(t) < 4Cy, |15(t) —Tjh(t)l—i— |2 (t) —/\x;‘(t)| <hiforal j=1,...,J and

0 <t < Tj+ ¢, contradicting the definition of Ty. Thus, T, = T. Finally, the bounds (3.13)

follow from (4.20), the definitions of ¢;, and vy, (4.14) and (4.5).
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5 Numerical results

5.1 Fully discrete scheme

For the numerical simulations presented in this section, we consider the following fully discrete
approximation of (3.7), where in order to discretize in time, we let t,, = mAt, m = 0,..., M,
with the uniform time step At = % > 0. We will approximate 2"(t,,) by the grid function
™ : G" — R2. Analogously to (3.3), we define 9;-”, j=1,...,J, in terms of ™, and similarly
for qaj and i Then, given suitable initial data z°,2= ' : G" — R2, form =0,...,M — 1 we

find 2+ : G — R2 such that, for j =1,...,J,

g™t ogm 4 gl gt pmt
5(@" + ¢ )h— (At])g I — + 18(q] + Qﬁﬂh#
1 1 1
merll _ 5xm+1 + Sx™ 11 _ 5 m—1
2qj+1 J+ 2q;»” J 2q ]711 Ljt 2q]
xm — (I;mfl o — mel
3+ O — Ly (1)

Observe that we have chosen a linear discretization, that is analogous to a mass—lumped finite

element approximation of (1.4a), which uses a semi-implicit approximation of ‘x | ( x—p‘)p in the

|$p

spirit of the discretizations proposed for the linear wave equation in e.g. [10, §2.7]. We remark
that in contrast to the semidiscrete setting, recall (3.8a), it does not appear possible to prove
a fully discrete analogue of the crucial normal flow property (2.2) for the fully discrete scheme

(5.1).

In order to derive suitable initial data for (5.1), we observe that the solution to (1.4) satisfies
the Taylor expansion

z(-, At) = 2 + Atay + 3(A) 2y + O((A1)?)
=z + AtV + 3(At)? [ L (e

|[Zp| *zpl 7P

1 Ty

Lo~ ) - ﬁvou] L oA

=z + AtVor + 1(At)? [ = —VoVo,T — 51}04 +0((At)*), (5.2)

[Zp| * |y r ||

where on the right hand side we always evaluate z, 7, v, Vy and their derivatives at (-,0). Note
in particular that in the last step we used that
xt,p 1

weov=—L.v= Vov), -

1
Vo,p-
|| ‘xp‘ g

’xp’
Inspired by (5.2) we choose as initial data

x? = xo(p;) and

o x? — AtVo(pj)H?’l

J
2 1 (629 6:UQ
qo T (ﬁ < 0]+1 _ _0> Vo(pi)Vo,p(pj)0 ) BVo HOJ_
J

forj=1,...,J.
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We stress that all our presented numerical experiments fall within the scope of our main result,
Theorem 3.5. However, for nonconvex initial data, and for convex initial data with an initial
normal velocity Vy such that maxyVy > 0, a rigorous existence and regularity theory for the
underlying PDE appears to be still lacking.

5.2 Convergence experiment

Our first set of numerical experiments is for the evolution of an initially circular curve when
S = 0. It can be shown that a family of circles with radius r(¢) is a solution to (1.2) with
Vr|i=o= Vb € R for the initial outer normal velocity, if

F(t) = —% in (0,7], r(0) =ro, #(0) = Vi.

Upon integration we obtain that

L) =Inrg —Inr(t) + Vi =In % + 12

P(t) = £, /21n% + V2,

which means that if Vj > 0, then r(¢) will at first increase until it hits a maximum, where
2In 5 + VO2 = 0, after which it will decrease and shrink to a point in finite time. On the other
hand, if V5 < 0 then the circle will monotonically shrink to a point.

Hence

For the special case V) = 0, and on recalling the Gauss error function

2

erf(z) = %/ e du, erf'(2) = %e_z ,
0

we find that r(t) is the solution of

=
t—\/groerf< ln?(t])> =0,

which means that

. t
r(t) = ro exp(—[erf 1(\@%)]2). (5.3)
T max Je(tn) —a"lin [EOC [ “max — li(tn) — =555 —llon | EOC
32 3.9796e-03 — 9.5331e-04 —
64 1.0059e-03 1.98 2.4960e-04 1.93
128 2.5256e-04 1.99 6.3995e-05 1.96
256 6.3254e-05 2.00 1.6211e-05 1.98
512 1.5827e-05 2.00 4.0803e-06 1.99
1024 3.9582e-06 2.00 1.0236e-06 2.00
2048 9.8980e-07 2.00 2.5634e-07 2.00

Table 1: Errors for the convergence test for (5.4), (5.3) with 7o = 1 over the time interval [0, 1]
for the scheme (5.1). We also display the experimental orders of convergence (EOC).
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For the true solution

x(p,t) =r(t) <Z?§g((§:p’o))> ,  g(u) =u+ 0.1sin(u), (5.4)

of (1.4) we compute approximations to the errors between 2 and 2", the solution to (3.7) with
Vo = 0, for the choice 79 = 1 on the time interval [0, 1] with the help of the fully discrete scheme
(5.1). In particular, for the sequence of discretization parameters h = % =27k k=5,...,11,
we let At = h and compare the grid interpolations of x and & to their fully discrete analogues in
the discrete norms (3.2). These errors are reported in Table 1, where we observe the expected
second order convergence rates from Theorem 3.5.

5.3 Numerical experiments with constant initial velocity

Throughout the remainder of the numerical results section we choose the discretization param-
eters J = 256 and At = 10~%. Moreover, we always let 3 = 0, unless stated otherwise. The
curve evolutions we visualize by plotting the polygonal curves I'™ C R? defined by the vertices
{x}”}}-]:l and at times we also show the evolution of the length of these curves, defined by

J J
T =h)_a =) laf =il
=1 =

Moreover, we will often be interested in a possible blow-up in curvature, and so we will monitor
the quantity

\57’}”\
KT} = max
j_17 "7J q]
as an approximation to the maximal value of |»| = %, recall (1.3).
P

In all the numerical computations in this subsection, we will choose a constant initial velocity
Vo(p) = V.

As discussed above, for an initial circle with uniform initial normal velocity Vo = V{, depending
on the sign of Vy € R the family of circles either expands at first and then shrinks, or shrinks
immediately. We visualize these different behaviours in Figure 1. In each case we observe a
smooth solution until the circles shrink to a point, meaning that [I"™| and 1/K approach zero
at the same time.

For the next computations we choose as initial curve a mild ellipse, with major axis of length
3 and minor axis of length 2. The results for Vj = 0 are shown in Figure 2, where we note the
onset of a singularity in finite time. In particular, the curve appears to form two kinks, leading
to a blow-up in curvature. When we choose the initial normal velocity as V; = 1, we obtain the
results shown in Figure 3. Once again we observe a blow-up in curvature, although this time
the curve does not exhibit two kinks. Instead it seems to approach a shape with four corners.
We note that the initial ellipse at first grows towards a circle. It then shrinks while momentarily
adopting an elliptic shape, but with the major and minor axes swapped with respect to the
initial data. Towards the end of the evolution a more circular shape appears again, which then
evolves to the limitting shape with the four corners, i.e. with four points where the curvature is
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Figure 1: Hyperbolic curvature flow starting from a unit circle. Above we show the evolution
of [I'™] over time for Vo = 0, Vj = 1 and Vp = —1 (from left to right). The final times for
these computations are T" = 1.25, T' = 3.45 and T = 0.65, respectively. Below we show the
corresponding evolutions of 1/K over time.

discontinuous. We stress that the observed singularities in our numerical simulations are robust
with respect to the choice of discretization parameters. For example, refining the discretization
parameters to J = 512 and At = 5 x 107° gave visually indistuingishable results compared to
Figure 3.

1 0.8

4 07t
0.5} 1 06l

1 05f

1 03p

1 02¢
-0.5+
1 01p

o B N w & o o N ©
o
IS

02 04 06 08 1 iz 14 16 % 02 04 06 08 T 17 14 16
45 1 05 0 05 1 15

Figure 2: Hyperbolic curvature flow, with Vy = 0, starting from an ellipse. On the left we show
'™ at times ¢t = 0,0.1,...,1.4,7 = 1.47. We also show the evolutions of |I'""| (middle) and
1/KZ} (right) over time.

We are interested in the effect of the parameter 8 on these developing singularities, and would
expect some damping or smoothing to be observable for § > 0. Repeating the simulation from
Figure 2 with 8 = 2 yields the results in Figure 4, where we observe that the blow-up in curvature
now happens much later, when the curve itself is almost extinct. We also see a marked change
in the profile of the evolving curve. While in Figure 2 at late times the curve resembles an
ellipsoid aligned with the xo-axis, the evolution in Figure 4 for long times appears to approach
a circle, until towards the very end it starts to resemble an ellipsoid aligned with the xi-axis.
In addition, a repeat of Figure 3 now with 8 = 0.1 is shown in Figure 5, where once again we
note that visually the curve appears smoother for longer, until eventually the curvature blows
up due to facetting on the left and right sides of the curve.

18



25 14

| 12

10

255 5 15 1 05 0 05 1 15 2 25

Figure 3: Hyperbolic curvature flow, with Vy = 1, starting from an ellipse. On the left we show
I'™ at times ¢t = 0,0.3,...,7 = 4.2. We also show the evolutions of |I'"| (middle) and 1/KZ}
(right) over time.

Finally, we also consider some numerical experiments where the initial data is nonconvex. For
the simulation in Figure 6 we start from a smooth dumbbell-like initial curve. We observe that
the curve starts to shrink until it eventually exhibits two facets on the left and right, which leads
to a blow-up in the curvature. Repeating the simulation for the constant initial velocity Vo =1
yields the results in Figure 7. Now the curve first expands vertically into a convex curve that
expands further, until it narrows on the zi-axis towards the origin to create a new nonconvex
shape that resembles a variant of the initial data that is now aligned with the zs-axis. At this
stage the curve begins again to expand into a convex shape that then shrinks until two developing
kinks at the top and bottom of the curve lead to a blow-up in curvature. Interestingly, when we
use the initial velocity Vp = —1 the curve soon self-intersects, see Figure 8, which is something
the parametric formulation is blind towards. Similarly to the evolution in Figure 6, the solution
approaches a blow-up in curvature when two facets are about to be created on the left and right
sides of the curve.

In conclusion we remark that the onset of a blow-up in curvature in finite time for strictly
convex initial data as observed in Figure 2 confirms the theoretical predictions in [15]. In
addition, Figure 3 demonstrates that the same can be observed for an outward initial velocity
Vov(-,0). Finally, from our remaining numerical simulations we conjecture that also nonconvex
initial data can exhibit the same phenomenon.

5.4 Numerical experiments with nonconstant initial velocity

In this final subsection we report on a numerical simulation with a nonconstant initial velocity
Vo. In particular, we repeat the experiment from Figure 3, but now choose Vy(p) = sin(2mp),
with zo(p) = (2 cos(2mp),sin(2mp))T. The evolution can be seen in Figure 9. Note that due
to the given initial velocity, the curve rises and shrinks at the same time. Towards the end

of the evolution a flat patch appears to develop at the bottom part of the curve. For a later
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Figure 4: Damped hyperbolic curvature flow, with 8 = 2 and Vj = 0, starting from an ellipse.
On the top we show I' at times t = 0,0.2,...,2.4,T = 2.4423, as well as I separately at
times t = 2.44 and ¢t = T'. Below we show the evolutions of |I"™| (left) and 1/K? (right) over
time.

comparison, we also provide a plot of the discrete tangential velocity

g gm
J .gm

J
m+1 m . J
| Dea™ 0™ o = hZ a0

over time in Figure 9. Since (5.1) is a discrete approximation of the normal flow (1.4), the
quantity stays nearly equal to zero throughout the evolution.

We mentioned in the introduction that a question of mathematical interest is whether solutions to
(1.5) parameterize curves evolving according to (1.2). We now provide some numerical evidence
that this is not the case. In order to numerically approximate solutions to (1.5), we naturally
adapt the scheme (5.1), for 8 = 0, by omitting the last term on the right hand side of (5.1). For
this new scheme we then repeat the computation from Figure 9 using exactly the same discrete
initial data. The ensuing evolution, shown in Figure 10, is close to what we observed before,
but ultimately differs. The differences are most pronounced in the final shape of I and in
the plot of 1/K2! over time. We remark that a main difference between (1.4) and (1.5) is that
the former is a normal flow, while the latter allows for a nonzero tangential component of the
velocity x;. Once again this is confirmed by our numerical experiment, as can be seen from the
plot of || Dyz™ - 6™|| 1, in Figure 10, which seems to be monotonically increasing. We remark
that we repeated the simulations in Figures 9 and 10 with finer discretization parameters and
obtained visually indistinguishable results. Hence we are confident that the displayed evolution
provide numerical evidence that the two PDEs (1.4a) and (1.5), with the initial conditions (1.4b),
parameterize different curve evolutions.
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Figure 5: Damped hyperbolic curvature flow, with § = 0.1 and Vj = 1, starting from an ellipse.
On the left we show I' at times ¢t = 0,0.3,...,3.9,7 = 4.1. We also show the evolutions of
|IT"™| (middle) and 1/K7 (right) over time.

0.05 0.1 0.15 0.2 0.25 0.05 0.1 0.15 0.2 0.25

Figure 6: Hyperbolic curvature flow, with Vp = 0, starting from a smooth dumbbell. On top we
show I'"™ at times ¢ = 0,0.05,...,0.2,7 = 0.23. Below we show the evolutions of [I'™| (left) and
1/KZ (right) over time.
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Figure 10: The flow (1.5) with (1.4b) for Vy(p) = sin(2mp), starting from an ellipse parameterized
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[19] W. W. MULLINS, Theory of thermal grooving, J. Appl. Phys., 28 (1957), pp. 333-339.

[20] H. G. ROTSTEIN, S. BRANDON, AND A. NOVICK-COHEN, Hyperbolic flow by mean cur-
vature, J. Cryst. Growth, 198-199 (1999), pp. 1256-1261.

[21] J. E. TAYLOR AND J. W. CAHN, Linking anisotropic sharp and diffuse surface motion
laws via gradient flows, J. Statist. Phys., 77 (1994), pp. 183-197.

[22] T. J. WILLMORE, Riemannian Geometry, Oxford Science Publications, The Clarendon
Press, Oxford University Press, New York, 1993.

[23] S.-T. YAu, Review of geometry and analysis, in Mathematics: frontiers and perspectives,
Amer. Math. Soc., Providence, RI, 2000, pp. 353-401.

24



