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Introduction

In the last few years there has been carried out a large intensive study of
the analysis in sub-Riemannian spaces. These objects are the natural gen-
eralization of the Riemannian ones (see [3, 12, 27, 75, 91, 92, 114] for an
introduction). Precisely, we say that (M, D, g) is a sub-Riemannian space
if M is a smooth manifold of dimension n, D is a distribution of m—planes
(m <n) and g is a Riemannian metric on D.

A sub-Riemannian space is also called Carnot-Carathéodory space because,
following Gromov ([91]), Carathéodory firstly introduced this type of struc-

ture in the mathematical foundation of Carnot’s thermodynamic ([30]).

A C-C structure on an open subset 2 C R™ (or, more generally, a mani-
fold) amounts to a family X = (X3,..., X,,) of vector fields such that every
couple of points x,y € ) can be joined by a curve whose derivative belongs
to the fiber bundle generated by the family X. Precisely, we require the ex-
istence of an absolutely continuous curve A : [0,7] — € and a measurable
function A : [0,7] — R™ such that A(0) =z, \(T") = y and

m

A(t) = hi(t)X;(A(t)) and |h(t)| < 1 ae. (1)

j=1
A curve satisfying (1) is said subunit.
Every C-C spaces can be endowed, like in the Riemannian setting, with a

canonical distance, named C-C distance, namely:
dee(z,y) :=inf{T" >0 | I A:[0,7] — Q subunit, A(0) =z, \(T) = y}.

The metric space (£2,d..) presents new features quite different from the

Riemannian ones such as, for istance, the non-uniqueness of geodesics and
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the gap between the topological and metric dimensions (see, for istance,
[3, 12, 91, 114]).

Among the C-C spaces an important role is played by Carnot groups. A
Carnot group G of step k is a connected and simply connected Lie group of
dimension n with stratified Lie algebra G of step k; which means that there

are subspaces Vi, ...,V of G such that

gERn:‘/l@-u@Vk,
Vi, Vi]=Vju1 j=1,...,k—1,
[Vi, Vi] = {0}

It is well-known that, by means of the exponential map exp : G = R" — G,
G can be identified with R™. There are two main reasons to deal with Carnot
groups. First of all they have a rich analytical and geometrical structure. In
particular, we point out the presence of a one parameter family of group
isomorphism, the so called dilations ¢, : G — G, r > 0. Moreover, in a
Carnot group the distance d.. has a well behaviour with respect to the group

law and the dilation family. Precisely, for every z,y, 2 € G and every r > 0:

dcc(z X,z y) = dcc<x7y);
dec(0:-(x), 0:(y)) = declz, )

On the other hand a Carnot group can be considered as a local approxima-
tion of a C-C space. Indeed, it can be proved that up to a suitable blow-up
procedure (see [109]) a Carnot group is a natural "tangent” space to a C-

C space like an Euclidean space is a tangent space to a Riemannian manifold.

C-C spaces and Carnot groups were applied in several areas of analysis
and geometry. Just to mention some of them we recall their role in the un-
derstanding of hypoelliptic equations [39, 94, 126], degenerate elliptic and
parabolic equations [20, 52, 56, 70, 73, 74, 105, 108, 114, 139], singular in-
tegrals [39], potential theory [20, 129], control theory [3] and geometry of
Banach spaces [32, 33]. More recently they were fundamental in many ap-

plied research areas, such as mathematical finance [49], theoretical computer



science and mathematical models in neurosciences [48, 50, 51, 93].

In the PDE’s context the role of C-C spaces and Carnot groups has been
recognized to be fundamental since the work of Hérmander ([94]) who proved
that under some algebraic assumptions on the vector fields Xy, ..., Xj (the

so called Hormander’s condition) the operator

k
L=) X]+X

i=1
is hypoelliptic. In addition, Rothschild and Stein ([126]) proved that for
these operators a priori estimates of LP type for second order derivatives
with respect to the family Xj,..., Xy hold. The subsequent literature on
these and more general operators in C-C spaces and Carnot groups is huge.
We refer the reader to the monograph [20] and the references therein.
Here we want only to specify some typical difficulties which arise when dealing
with these kind of problems. To avoid notational complications we restrict
ourself to H!, the first Heisenberg group. Precisely, H! is a Carnot group of
step 2 with stratification h; & b, where

by :=span{V} Vil and b, :=span{Vy}

and the only nonvanishing commutator relations are given by [V}, V5] =

2V, Let us consider the following nonlinear equation:
A = divg (vauvaHu) —0 p>2, 2)

where divgu = Vilu + Viu and Vyu := (Viu, Viu) (see for istance [15,
61, 62, 63, 105, 108]). Let us note that the vertical derivative Viu does not
appear directly in the operator. It rather appears only in an intrinsic way
after commutation. Such a lack of ellipticity in the vertical direction is often
the basic source of problems in the regularity theory ([108]). Indeed, when
attempting to differentiate the equation (2), derivative in the the vertical
direction appears and there is no a priori control on the LP norm of such
derivative ([23]).
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Another typical problem in PDEs is the study of so-called characteristic
points for the boundary of a domain 2 of a Carnot group G. Indeed, in
many situations is important to know under which regularity properties on
a domain 2 C G some estimates hold up to the boundary 9€). This problem
is already not trivial in the Euclidean setting (see [2, 66]) but in the context
of Carnot groups and C-C spaces it is complicated by the presence of the
so called characteristic points. Precisely, if Q C H! is an open set with
regular boundary, then z € 99 is said characteristic if Vi®(z) = 0 and
Vi®(z) = 0, where ® = 0 is a local equation for Q. We refer the reader
to the very interesting papers [10, 103, 104, 115, 137] and in particular to
the work of Danielli-Garofalo and Nhieu [53] and the references therein for a

complete discussion on this and more general problems.

Another very active research line which exponentially grew up in the last
few years especially after the work of Pansu [122], is the attempt to develope
geometric measure theory in C-C spaces and in particular in Carnot groups,
with emphasis on the Heisenberg group H". We refer the reader to the
monograph [27] for a comprehensive introduction. A very interesting prob-
lem in this setting is the possibility of giving good definitions of rectifiability
(80, 102, 103, 104]. We point out that the classical Euclidean definition of
rectifiability of Federer [69], which use Lipschitz functions, cannot be applied
in C-C spaces, which in general are purely unrectifiable [5]. To overcome this
problem Franchi-Serapioni and Serra Cassano proposed in their very interest-
ing paper [80] an alternative definition of rectifiability modeled on a different
notion of intrinsic regular submanifold. Precisely, they called intrinsic regu-
lar hypersurface every S C G (here G denotes a general Carnot group) which
is (locally) the level set of a function f : G — R with nonvaninshing con-
tinuous horizontal gradient. This notion was also extended, for codimension
one, to general Carnot-Carathéodory spaces in [45] and, for general codimen-
sions, firstly in the setting of the Heisenberg group ([82]) and then in general
Carnot group ([103]). We point out that an intrinsic hypersurface can be
very irregular from an Euclidean point of view and in general these surfaces

are not Euclidean C' submanifolds, not even locally (see [97]). Nevertheless,
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they are invariant with respect to group left-translations or group intrinsic
dilations.

The intrinsic regular hypersurfaces share a lot of properties with the Eu-
clidean ones. In particular an implicit function theorem holds ([80] or Theo-
rem 3.1.1). More precisely, given an intrinsic regular hypersurface S C G =
R"™ and an open set U C G, there are complementary subgroups G; = R"~!
and Gy = R!( i.e subgroups of G closed under dilations, such that G;-G, = G
and G; NGy = {0}) and a continuous function ¢ : w C G; — Gy for which
S NU can be written (locally) as the intrinsic graph of ¢, that is

SNU={z-¢(x) | x € w},
or, up to a change of coordinates,
S OU = {(6(2),2) | = € w}.

Let us also recall that the implicit function theorem and the notion of intrinsic
graph have been also extended to general Carnot-Carathéodory structures in
[45] and later in [102]. Actually, at least in the Heisenberg group, the map
¢:w C Gy =R?*™ — Gy = R is not only continuous, indeed in [6] authors
proved that ¢ is uniformly V¢—differentiable. Which means, that there exists
an homogeneous homomorphism L : G; = R* — G, = R (i.e. a group
homomorphis such that L(d,(x)) = rL(z) for all x € G; and Gy, Gy are
complementary subgroups in H") such that

lim M(¢, z, L,r) =0

r—0

where

_ |¢(2) — ¢(y) — L(mg, (P(y) " - @()))]
Mg,z Lor) = xvyelsr?g,xiy { d¢,(x, y) }

Where [,.(z) C w is a suitable neighborhood of z, ®(x) := (¢(x), x) and

1

Qo) = 5 (Ime, (@) S|+ mc, (2(y) " 2(2)]))

is a quasidistance on w. We point out that, as in the Euclidean setting, we

can represent the map L using a suitable intrinsic gradient. Precisely, if L
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and ¢ are as above then defining the family V® = (V?, ..., vﬁn_l) of vector
fields (see [6, 45]), namely of first order differential operators, on w by
V() = 0y, — TipnOsy,, forn>2andi=1,...,n—1, (3)
vi(‘x) = 0y, + Q(b(I)ann’
V() = 0y, + Ti_pOy,,, forn>2andi=n+1...,2n—1,
and by
Vi(x) = 0y, + 20(x)0,, if n=1.

then
Ly) =(V%,7(y))  VyeG (4)
where (-, -) denotes the Euclidean scalar product in R?"~! and
T(x1, .. Ton—1,Ton) = (T1,. .., Zon—1)  Vx € Gy.

We call the vector V?¢ the V?—gradient of ¢ at x € w. The intrinsic
differentiation has been deeply studiend and generalized to more general

spaces in [45].

It is well known that a fundamental object to enstablish a good theory of
rectifiable sets is a correct notion of Lipschitz functions. It is easy to see that
the classical definition of metric Lipschitz function (i.e the one made using
the distance d..)in a Carnot group ([122]) does not fit the geometry. To
overcome this problem Franchi-Serapioni and Serra Cassano in [79] proposed
to call intrinsic Lipschitz those functions ¢ : G; — Gy (where G; and Gq
are complementary subgroups of a Carnot group G) such that there exists

a > 0 for which for every point ¢ € ®(Gy)
Cerea(q, 1/a) N @(w) = {q}
where
Cere.(q,0) == {p = (s,2) e H" | |lmg, (¢ - )| < allme,(a" - p)II}

and 7g,, TG, are the projections on Gy and G respectively.

First of all notice that this notion is really intrinsic, indeed it is invariant
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under left translations of the graph ([79, Propositions 3.11]), i.e. if we left
translate an intrinsic Lipschitz graph we obtain an intrinsic Lipschitz graph.
We also point out that intrinsic Lipschitz functions are not metric Lipschitz,
that is they are not Lipschitz as maps ¢ : (w,d..) = (Ga,d..) where w C Gy
is an open set (see [79, Remark 3.13]). Nevertheless, the intrinsic Lipschitz
functions amount to a thick class of functions. Indeed, it holds that ([79,
Propositions 4.8 and 4.11])

Lip(w) € Lipg, joc(w) € 01/2(“’)»

loc

where, respectively, Lip(w) and C’llo/f(w) denote the classes of real valued
Euclidean Lipschitz and locally 1/2-Hélder functions on w. Besides intrinsic
Lipschitz functions share a lot of properties with the Euclidean Lipschitz
ones as proved in [79]. In particular, if ¢ : G; = R*® — G, = R is intrinsic
Lipschitz where G; and Gy are complementary subgroups of H", then ¢ is
V¢-differentiable for £?"-a.e x € w. Moreover, the subgraph

Ey:={(s,z) e H" | s < ¢(x)}

is a set of locally finite perimeter in H" (see [79]). We point out that, in the
setting of H", it is still open the intriguing question whether a Rademacher
type theorem holds for k-codimenisonal intrinsic Lipschitz graphs with 2 <
k< n.

Using these notions a good rectifiability theory has been established. Never-
theless many interesting questions remain open, see [79, 80, 103].

For example we briefly recall the problem of regularity for the minimal sur-
faces equation for intrinsic graphs in H". Indeed, it can be proved that the

analogous of the minimal surface equation in H" is:

vd’(—v% ) =0 (5)
V14|V

where V is the nonlinear family of vector fields defined in (3). We recall
some literature on this equation, which attempt to answer to the problems
of existence, unicity and regularity (see [6, 11, 24, 25, 34, 35, 36, 37, 54,
55, 88, 113]). Equation (5) presents some new problems with respect to
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the formally equivalent Euclidean one. Indeed, it is a priori non trivial, to
provide estimates on the missing direction Vs, := [V{, V%, ], moreover the
structure of the vector fields V? and the geometry of H" does not allow the

use of some classical Euclidean techniques.

In the first part of this thesis we provide some results which improve the
theory of intrinsic Lipschitz functions in the Heisenberg group.
In particular we provide an approximation theorem in terms of regular func-
tions for a given intrinsic Lipschitz map ¢ : w C G; — Gy where Gy, G,
are the following complementary subgroups of H", Gy := {(t,x1,...,%2,) €
H" | t = 0} and Gg := {(t,x1,...,29,) € H" | 21 = ... = xg, = 0} (see
Theorem 4.2.7 and [46]). More precisely our first result is the following:

Theorem 1. Let ¢ be a real valued intrinsic Lipschitz function defined on
an open and bounded w C Gy = R*", then there exists a sequence {®; }ien of

real valued smooth maps defined on w such that:
(i) ¢; — ¢ locally uniformly in w;
(ii) [V 64(a)] < (V2] 1 Vor € w;

(iii) V% ¢;(x) = VO¢(x) L2—a.e v € w.

The technique used to obtain this result relies on some classical ideas due
to Ennio de Giorgi ( see [57, 58, 59]) and on some new facts developed in
[46]. In particular, we are able to prove an area formula for intrinsic Lipschitz

functions (see Theorem 4.2.4 and [46]).We prove the following:

Theorem 2. If ¢ : G; = R*™ — Gy = R is an intrinsic Lipschitz func-
tion then there exists a dimensional constant c, > 0 such that the following

equality hold:

|0Esu(R x w) = ¢, 8" (graph(¢)) = / V14 Vool L.

where S?" 1 denotes the spherical Hausdorff measure in H" (see Definition

1.1.18) and |0E4|u is the intrinsic perimeter measure (see Definition 1.2.7).
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An interesting consequence of our approximation result is an estimate of
the Lipschitz constant of a given intrinsic Lipschitz function in terms of the

L*>—norm of its intrinsic gradient (see Proposition 4.2.9). Precisely,

Proposition 1. Let w C G = R?**, ¢ : w — Gy = R be open and bounded
andn > 2. Then for each * € w and each r > 0 sufficiently small

Lip(6,Ug(z,1)) < (/1996 ] 12 + 1) V20 10

for a suitable geometric positive constant c. Moreover, if n =1 it holds:

Lip(6, Us(#,7)) < e /1 +1V96][3 (6)

where Lip(¢, Uys(Z,r)) is the intrinsic Lipschitz constant of ¢ on the ball
Up(Z,7) :={y € w | dp(Z,y) < r} (see Definition 3.2.2).

Our second contribution in this framework is a Poincaré inequality for
intrinsic Lipschitz functions ([47]), which hopefully could be used in the study

of minimal surfaces in H". Precisely,

Theorem 3. Let w be a bounded and open subset of G; = R?™ with n > 2.
Let ¢ : w — R be an intrinsic Lipschitz function. Then there exists a
constant C' (independent of the Lipschitz constant L of ¢) such that

/ 16(y) — B ()AL (y) <
Q¢(E)(5L‘,7‘)

Q42 .
< COrL™ Vb (y)|dL (y)
Qg () (x,Cr(1+L))

for each x € w, r > 0 such that Q) (x,7), Qp(z) (2, Cr(1 + L)) Cw. Where
or(x) is a suitable mean defined in terms of the fundamental solution T' of a
properly defined sub-Laplacian operator (see Definition 4.94), Qg (x,7) are
the super-levels of T (see (4.100)) and Q is the homogeneous dimension of
H* ! x R.

In the second part of the thesis we prove some extensions, to the sub-
Riemannian setting, of a couple of PDE’s results, well known in the Euclidean

context.
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Our first contribution ([124]) is a geometric Poincaré type inequality for
a stable solution u of the following semilinear equation in the Engel group

Agu = f(u) (see Definition 5.3) where f is smooth. We prove the following,

Theorem 4. Let u be a stable solution of Agu = f(u) then for any n €
Ce(E)

WIVaul's? < [ [Van? Vel 7)
Eo E

where Ey == {x € Q| Vgu(x) # 0} and W is a suitable kernel depending
only on w whose explicit expression is contained in Theorem 5.1.1.

Finally we prove a non existence result for solution of Agu = f(u) using
our Poincaré type inequality.

Our second result ([125]) is an extension of the so called Dual Estimate
to the obstacle problem for quasilinear elliptic equations in the Heisenberg
group. Precisely we prove that for every solution u, of the following varia-

tional problem

in}fc}"g(u; Q), where F.(u; Q) := /(8 + [V ul?)P2, (8)
ue Q

where € > 0
K:={ue WP (Q) st. w < v, and u —u, € Wﬁ’}f’vo(Q)}
and for all p € P(¢,Q) (see Definition 6.1.1) the following Theorem hold:

Theorem 5. Let 4., ¢, K and p be as above then the following Lewy-
Stampacchia inequality hold:

0 < diven ((5 + vanaE\z)@/?)—lanaE)
+
< (diVHn ((5 + vanwz)(p/z)—lanw»
in the sense of distributions.

We also prove a similar result for € = 0.
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The structure of the thesis is the following:

In Chapter 1 we recall some basic facts about Lie algebras and Lie groups,
with particular attention to the class of nilpotent and stratified Lie groups.
In particular, in Section 1.1 we provide some basic and well known results on
Lie algebras and Lie groups. Then, we recall the definition of the Lie algebra
associated to a Lie group and how, starting from a stratified Lie algebra,
it is possible to construct a Carnot group. Finally we study in details the
main analytical pecurialities of the Carnot group’s structure. To this end we
introduce the dilations family {d,}, the C-C distance and the horizontal fiber
bundle. In Section 1.2 we outline some basic results of first order calculus
and geometric measure theory in Carnot groups. In particular we analyze
functions of G—bounded variation and sets of finite G—perimeter and we
recall some interesting results about them. Section 1.3 is entirely devoted
to the study of three important examples of Carnot groups, namely the

Euclidean space R", the Heisenberg group H" and the Engel group E.

Chapter 2 is a brief introduction to the theory of sub-Laplacian in Carnot

groups. We start recalling the main definitions and some easy properties of
the sub-Laplacian. Next the introduce the fundamental solution associated to
a given sub-Laplacian and we point out some of its computational properties.
Particular attention will be given to some representation formulas. With this
term we refer to the possibility of represent a given smooth function in terms
of some a propri known operators.
In particular we state a result contained in [20] and then we prove a Theorem
due to Citti-Lanconelli and Garofalo ([42]) which permits to represent a
smooth function defined on a C-C space with vector fields X, ..., X,, using
the fundamental solution I' associated to the sub-Laplacian £ = 77", Xz
and the super-levels of T', which are Q,(z) := {y € R™ | ['(z,y) > 1}

Chapter 3 is entirely devoted the study of intrinsic hypersurfaces in the
Heisenberg group H". We start defining the class of intrinsic hypersurfaces
in H" pointing out some interesting and non-trivial properties. Then we
recall the implicit function Theorem for an intrinsic hypersurface S which

provides a continuous function ¢ which locally parametrizes S. We continue
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analyzing some further differentiability properties of ¢. In particular we
introduce the concept of intrinsic differentiability recallig the original defini-
tion of Ambrosio-Serra Cassano and Vittone ([6]) and Citti-Manfredini ([45])
which provides the key tool to characterize all the maps which parametrize
intrinsic hypersurfaces.

Finally in subsection 3.2.1 we state some interesting results due to Bigolin
and Serra Cassano ([13, 14]) which represent an alternative way to charac-

terize the maps whose graph is an intrinsic hypersurface.

Chapter 4 is devoted to the exposition of the results obtained in [46]
and [47] in collaboration with G.Citti, M.Manfredini and F.Serra Cassano.
In Section 4.1 we introduce the space of intrinsic Lipschitz functions in the
Heisenberg group, Lipw(w), and we point out some of its main properties.
Section 4.2 contains the proof of approximation result stated in the Introduc-
tion (see also [46]). In subsection 4.2.1 we prove a characterization of the class
of intrinsic Lipschitz function in terms of approximating sequences. In other
words, we prove that if for a given continuous function ¢ there is a sequence
of smooth functions which satisfies (i), (¢¢) and (¢iz) in the approximation
Theorem then the limit function is locally intrinsic Lipschitz. Moreover we
prove the estimate for the Lipschitz constant of a given ¢ € Lipw(w) in terms
of the L>*®—norm of its intrinsic gradient mentioned in the Introduction, see
Proposition 4.2.9.

The second part of Chapter 4 is dedicated to the work [47]. Subsections 4.3.2
and 4.3.3 are preparatory ones. In particular, we recall the notion of frozen
vector fields introduced in [126] and subsequently refined in many works (see
[41, 40]) and some useful estimates for the fundamental solution of the sub-
Laplacian associated to these frozen vector fields. Then prove the Poincaré

inequality stated above.

Chapter 5 contains a work made in collaboration with E.Valdinoci [124].
After a very brief introduction to the theory of semilinear problems in the
Engel group we consider the particular equation Agu = f(u) on 2 C E and
we give the proof of the estimate (7). Finally in Section 5.3 we provide a

possible application of our estimate.



XV

Chapter 6 contains another work written in collaboration with E.Valdinoci
[125]. In Section 6.2, 6.3 and 6.4 we provide the details of the estimate (9)
pointing out some extension in particular when ¢ — 0. We conclude the
exposition with an Appendix which contains the detailed proof of some well

known inequality used throughout the chapter.
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Chapter 1
Introduction to Carnot groups

In this chapter we introduce Carnot groups. To this end we start recalling
the notion of finite dimensional Lie algebras with particular attention to the
nilpotent and stratified ones. Next we briefly recall first order calculus in
Carnot groups and we provide the basic tools for the geometric measure
theory in this setting, with particular emphasis on the theory of intrinsic
finite perimeter sets. At the end of the chapter we examine in detail three

important examples of Carnot groups.

1.1 Lie algebras

In this section we recall some well known notions and results on Lie algebras,

see [95] for a more detailed treatment.

Definition 1.1.1. A wvector space g, with an operation [-,-] : g X g —> @, is

called a Lie algebra if:
e [, ] is a bilinear map;
 [z,y] = —ly, 2] Yo,y € g;
o [v [y Al + [y, [z 2]l + [ [2,9]] = 0 Vg, 2 € g

Example. If g = R" and [z,y] = 0 for each x,y € g then g is a Lie algebra.
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Example. The vector space I'(T M) of all vector fields on a smooth manifold
M with the operation defined by

[(X,Y] =XY -YX (1.1)
15 a Lie algebra.

Definition 1.1.2. A subspace t of a Lie algebra g is called a Lie subalgebra

if it is closed under [-,-], i.e if
Ve,y € t=[z,y] € t.

Definition 1.1.3. Let U be a subset of I'(T'M), where M is a smooth man-
ifold. We denote by Lie(U) the least sub-algebra of T'(T'M) containing U.

Precisely,
Lie(U) := ()b

where by is a sub-algebra of I'(T'M) containing U.
Let a and b be subalgebras of a Lie algebra g, we define:
[a,6] :=span{[X,Y] | X €a, Y € b}.

Definition 1.1.4. A Lie algebra g is nilpotent with step equal to k, if and
only if, setting

it holds g*) # {0} and g*+Y = {0}.

Definition 1.1.5. A Lie algebra g is said to be stratified with step equal to
k if there exists linear subspaces Vy,--- Vi of g such that

g:‘/l@...@vk
‘/}:[‘/17%*1] fOT'jZQ,“' 7k
V1, Vi] = {0}
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Remark 1.1. Tt is well known that any finite dimensional stratified Lie algebra
of step k is in particular nilpotent of the same step, see [103]. We point out
that the converse is not true in general. Considering the family of vector
fields

X =0, —2y0y, Y =0y + 20y, Z =0, + x0,

then the Lie algebra generated by X, Y, Z, that is Lie({X,Y, Z}), has dimen-
sion 5 and a basis is (X,Y, Z, W, T') where

W= [X,Y] =0, 428, T =[X,72] =0,

This Lie algebra is nilpotent of step 4 whereas it is not stratified since T is

a commutator of both steps 2 and 3, see [19].

Definition 1.1.6. An homomorphism between Lie algebras F : G — S s

said to be a Lie homomorphism if it is linear and

F(X,Y]) = [F(X),F(Y)] VX,Y €G

1.1.1 From a Lie group to its Lie algebra

Definition 1.1.7. A Lie group (G,-) is a smooth manifold with a group

structure -, such that the maps
GxG>(x,y) »x-yeG

Gorx—ateG

are differentiable. Moreover we say that a Lie group is commutative if G is

commutative as a group conversely we say that G is non-commutative.

Example. If (G,-) = (R",+), where + denotes the usual sum operation,
is the simplest commutative Lie group. The general linear group (GL(n),-)

equipped by the standard matriz multiplication is a noncommutative Lie group.

Definition 1.1.8. A smooth vector field X on a Lie group (G,-) is left
invariant if for all z,y € G

d,7.(X(y)) = X(x - y)
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where for each v € G the map 7, : G — G s defined by 7,.(y) == x -y and
d, 7, denotes its differential at the point y € G.

Let G be the subset of I'(T'G) whose elements are all the left invariant
vector fields on a Lie group G, it is easy to see that if XY € G then

[X,Y]:=XY -YX €.

Hence G equipped by the bracket defined in (1.1) is a Lie subalgebra of
['(T'G) and it is called the Lie algebra associated to G. Moreover, let e be
the identity element of G, then the map

. T.G—¢g
v Ov) =X

where X is defined by X(g) = d.L,(v) Vg € G, is an isomorphism of vector

spaces; hence the dimension of G is equal to the topological dimension of G.

Proposition 1.1.1 ([60]). Let G be a Lie group with Lie algebra G. For each
X € @G, there exists a unique solution vx : R — G of the system

Fx (=0 = X (7x (1))

’Yx(()) = €.

Remark 1.2. Note that for a Lie group vx is defined for all ¢ € R, while in

general this is not true.

Definition 1.1.9. Let G be a Lie group with Lie algebra G. We define the
exponential map exp : G — G by

exp(X) := yx(1). (1.2)

In the following proposition we recall some basic properties of the expo-

nential map. See [60] and [1].
Proposition 1.1.2. If G is a Lie group and G is its Lie algebra, then

1. exp s an analytic function;
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2. exp is a diffeomorphism in a neighborhood of the origin of G;
3. exp(tX) =yx(t) forall X € G, t € R;

4. exp((t+ s)X) = exp(tX)exp(sX) for all X € G, t,s € R.

1.1.2 From a stratified Lie algebra to a Carnot group

Definition 1.1.10. A Lie group G is said to be nilpotent with step equal to
k € N if the associated Lie algebra G is nilpotent of the same step. Moreover,
a finite dimensional, connected and simply connected Lie group with stratified

Lie algebra with step equal to k s said to be a Carnot group of step k.

Remark 1.3. By Remark 1.1 it follows that every Carnot group of step k is

also nilpotent of step k, but the converse is not true.

The following result is one of the main properties of the exponential map

and it generalizes (2) in Proposition 1.1.2, see [20] for a proof.

Theorem 1.1.3. Let G be a nilpotent, connected and simply connected Lie

group with Lie algebra G then exp : G — G s a global diffeomorphism.

Theorem 1.1.3 says that from an analitycal point of view a Lie group
is not so far from its Lie algebra. In the remaining part of this section we
will prove that a nilpotent Lie group and its Lie algebra are similar in the
algebraic sense too. To this end we equip a nilpotent Lie algebra by a group

law using the so called Baker-Campbell-Hausdorff formula.

Definition 1.1.11. Let XY € G, where G is a nilpotent Lie algebra of step
k we define

b =1yt Ad(X )N (Ad(Y))P .. (AdX)* (AdY )P~ (Y
X@y;zzl% 3 (Ad(X))™( <)L!B!\a(+ﬁl)( )P (Y)

1<]al+|8I<k

(1.3)

where for any Z € G the map AdZ : G — G is defined by AdZ (W) = [Z, W]

and for any o € N" we have assumed the convention o! = [[|_, as and

laf = 22:1 Qs
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Remark 1.4. Since G is nilpotent it follows that the sum in (1.3) is finite,

moreover it is well known that @ defines a group law on G, see [20, 95, 103].

Theorem 1.1.4. Let (G,-) be a nilpotent connected and simply connected
Lie group with Lie algebra G. Then (G, ®) is a Lie group and the map

exp: (G,0) — (G, ")
1S a group isomorphism.

The following theorem is due to Lie and is one of the most important and

deep result in Lie group theory, see [134].

Theorem 1.1.5. If G is a finite dimensional Lie algebra then there exists a

connected and simply connected Lie group whose Lie algebra is isomorphic to

Gg.

Using Theorems 1.1.4 and 1.1.5 we are now in position to prove the fol-

lowing result

Proposition 1.1.6. Let G be a stratified Lie algebra of step k, then there
exist a natural number m and a group law - on R™ such that (R™,-) is a

Carnot group with stratified Lie algebra of step k isomorphic to G.

Proof. By Remark 1.1 we know that G is nilpotent of step k. By Theorems
1.1.4 and 1.1.5 there exist a Lie group G whose Lie algebra is isomorphic to
G and such that the map exp : (G,®) — (G, g) is a group isomorphism.
We prove that a coordinate version of (G, ®) is a Lie group isomorphic to G
with Lie algebra isomorphic to G. Since G =V; & ... ® V) then we can find
a basis of G

v (1) (k) (k)
B:=(X; ,...,Xdim(vl),...,Xl 7“"Xdim(Vk))

such that (X{i), . ,X(ggn(vi)

) is a basis of V; (i € {1,...,k}). Let us define

m =Y dim(V}). (1.4)
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and consider the coordinate map given by

5 :G — R™

k dimvl.
X = Z Z xé-X]@ = (W 2™) (1.5)
i—1 j—1
where () := (xgi), o ,xﬁ&lvi) € R4mVi Next, we set

U:=expo(mz) ' :R" — G
and we equip R™ with the composition law - defined by
oy =0T (U(2) ¢ U(y))

It is easy to see that (R™, ) is a Lie group and that ¥ is a Lie group isomor-
phism between (R™,-) and (G, -g). It remains to prove that the Lie algebra

G* of (R™,+) is isomorphic to G. To this end we consider the map
d:=exp lo¥loexp: G — G

and since all the components of ® are isomorphism we conclude that ® is an

isomorphism too and hence G* is stratified of step k. ]

1.1.3 Carnot groups in details

Let G =Vi @ ... &V, be a stratified Lie algebra of step k£ € N, if we denote
by m = Zle dim(V;) then by Proposition 1.1.6 there exist a group law - on
R™ such that (R™,-) is a Carnot group whose Lie algebra is isomorphic to
g.

The presence of a stratification on G allows us to introduce a group of auto-
morphisms of G, the dilations. Indeed, for each A > 0 we define §, : Vi — V)
setting dy(X) := AX. This map can be extended to G by §,(X) := N'X if
X € V; and then by linearity. It can be shown that VA, u > 0, VX, Y € G

6>\N = (5)\ @) 5M;
OA([X,YT]) = [(0x(X), 0 (Y)];
WX OY) =0,(X)®a(Y).
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By using the map 7z defined in Proposition 1.1.6, we can project the dilations

on (R™,.) as follows
on(x) = mp(0x (75" (2)))-
It can be checked that VA, u > 0 and Vz,y € R™

O = 0x 00,
(- y) = 0x(x) - x(y)-
and that
Oy : R™ — R™
(T1, -, Tm) = ()\x(l), e 7)\kg,;(k))
where 209 := ( gi), . 795((1?111%) with ¢ € {1,...,k}. From now on we say that

every element of 2(Y) has degree equal to i € N e we denote it deg(z;)
Moreover, in a Carnot group G = (R™, ) a natural sub-Riemannian dis-
tance between two points x,y € G can be introduced as the infimum of all
time T" > 0 for which there exists a subunit curve joining x and y. More pre-
cisely, we say that an absolutely continuous curve A : [0,7] — G is subunit

if there exists a measurable function h : [0, 7] — R¥™Y guch that
o Mt) =M B (O)Xi(A(1) aet e [0,T]

where (Xi,..., Xaimy,) denotes a basis of Vj. Therefore we can state the

following

Definition 1.1.12. Let G be a Carnot group, we define the Carnot-

Carathéodory distance in the following way:

dee : G X G — [0, +x0]
(x,y) —nf{T >0 | IN:[0,T] — G subunit, \(0) = 2, \(T') = y}

Actually, it is well known that in any Carnot group G = (R™,-) the

Hormander condition is satisfied, i.e.

Lie[X1, ..., Xn](z) = T,R™ Yz € R™, (1.6)
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hence by the Chow’s theorem (see [38, 115]) we have
dcc(x7y> < 400 V:U,y €G.

Therefore (G, d..) turn out to be a metric space. Using the stratification of
G it can be proved that the distance d.. is translation invariant and homo-

geneous of degree 1, more precisely
Proposition 1.1.7 ([138]). For all z,y,z € G =R™ and for all X > 0
1. dee(z -z, 2 - y) = dee(x,y)  (translation invariance);

2. dcc(éx\(x)a (5)\(?/)) = Adcc(xv y) (homogeneity).

Remark 1.5. For any fixed euclidean compact set K C G, there exists a
constant C' = C'(K) > 0 such that

1 1
o=yl < dufe,y) < Clo —yl} (1.7

for any x,y € G. Hence inequality (1.7) implies that the topology induced
by the Carnot-Carathéodory distance is the same of the one induced by the

Euclidean distance.

Remark 1.6. Since d..(z,y) is an implicit function, i.e it cannot be directly
computed starting from the coordinates of  and y it is often preferible to
use an equivalent and explicit distance on G = (R™,-). One possible choice

18

doo (2, ) == lly™" - x| (1.8)
where
]| = (21, )| =) a7 (1.9)
j=1
or
Izl == [(z1, .- wm) || = m?X{ €jla; et} (1.10)




10 Introduction to Carnot groups

and €1,...,€6, € (0,1] are such that (1.10) defines a norm and deg(z;) is
the degree of x;. It is easy to prove that the distance d., is such that
doo(2:2, 2+y) = doo(z, y) and doe (01 (), 0x(y)) = Moo (2, y) Vo, 9,2 € G, YA >
0. Moreover, for each compact set K C G there exists C(K) > 0 such that

C_ld%($7y> S dCC(‘Q:?y) S Cdoo(x>y) V.Z‘,y € K.

Definition 1.1.13. We shall denote by H™ the m—dimensional Hausdorff
measure obtained from the distance do. Analogously, 8™ will denote the

corresponding m— dimensional spherical Hausdorff measure.
Definition 1.1.14. Let G = (R™,+) be a Carnot group with Lie algebra

We call the homogeneous dimension of G the number
k
Q= Z i dim(V;)
i=1

Remark 1.7. In [109] it is proved that the integer @ is the Hausdorff dimen-

sion of G with respect to the distance d..

Proposition 1.1.8 ([115]). If we denote by L™ the Lebesque measure on
G = (R™,-), then for each measurable E C R™

LMz E)=L"(F x) VreG.
Moreover, for all z € G = (R™, ) and for all v > 0 it holds
L™(B(z,r)) = r°L™(B(0,1))
where B(xz,r) :={y € G | dee(z,y) < r}.

Remark 1.8. From Proposition 1.1.8 it follows that the m—dimensional Lebesgue

measure is the Haar measure of G.
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Definition 1.1.15. Let G be a Carnot group with Lie algebra G = Vi®...BV}
and let Xy,..., Xqimv, be a basis of V1. The horizontal bundle HG s the
subbundle of the tangent bundle TG whose fibers H,G are spanned by the
horizontal vectors Xi(p),..., Xamw, (p). We fix a scalar product on G is
such a way that the scalar product induced on each fiber (-, -)p makes the

horizontal basis orthonormal.

As usual, once we have a vector bundle one can introduce its sections,
namely a continuous map F' : G — HG such that F(p) € H,G Vp € G.
Since we fixed an horizontal basis on each fiber H,G, there are F; : G — R
(1€ {1,...,dimV;}) such that

dim Vp

F(p)= Y Fi(p)Xi(p) VpeG
i=1

hence we can identify a section F' with its representation in coordinates, that
is FF' = (F1,...,Faimv,). Moreover, if Q C G is an open set, we denote
by C*(£2, HG) the set of C* section of HG in 2 where, of course, the C*
regularity is understood as regularity between manifolds, similarly we denote
by C*(Q, HG) C C*(Q2, HG) the set of sections with compact support in
Q.

1.2 Calculus on Carnot Groups

The aim of this section is to outline some basic results of first order calculus
and geometric measure theory in a general Carnot group, standard references
are [20, 103, 138, 80].

Throughout this section we will denote by G = (R",-,d..) and by S =
(R™, -, dees) Carnot groups with Lie algebra G and S and homogeneous norms
|| - ||lc and || - ||s respectively. Moreover, we will denote by n; € N the
dimension of the first layer of G, by (X3,...,X,,) one of its basis and by
Ulp,7) :={q € G | deei(p,q) < r}. Finally, @ € N will be the homogeneous

dimension of G.
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1.2.1 First order calculus on Carnot groups

Definition 1.2.1. A map L : G — S, is said to be a homogeneous homo-
morphism if L is a group homomorphism and Lo 6y = 0, o L, where we have
denoted by y the dilations in S.

Example. If G = RY and S = R then L : RY — R is an homogeneous

homomorphism if and only if L is a linear map.

Definition 1.2.2. Let Q C G be an open set. A map f : Q C G — S
is Pansu-differentiable (or simply P-differentiable) at x € Q if there is an
homogeneous homomorphism D,(f): G — S such that

-1
(D@ 9) @ )|
d1lim T
y—a 27" ylle
If a such D,(f) exist we call it the Pansu-differential of f (or simply P-
differential). If f : Q C G — S is P-differentiable at every x € Q and

the P-differential depends continuously on x we say that f is a continuosly
P-differentiable function and we write f € CL(€,S).

S:O

Definition 1.2.3. Let 2 C G be an open set and f : 0 — R be a continuous
map, then we define the horizontal gradient of f as the function Vg f : Q@ —
R™

Vof == (Xifs. o X, f) (1.11)

where X; f denotes the distributional derivative of f along X;.

Proposition 1.2.1 ([122]). Let Q2 C G be an open set and let f : 2 — R be
a continuous function. Then f € CL(Q,R) if and only if the distributional
derivative X;f € C°(,R) with i € {1,...,n1}.

As in the Euclidean case we have a representation theorem for the P-
differential of f € CL(2,R) in terms of its intrinsic gradient.

Theorem 1.2.2 ([122]). Let Q@ ¢ G = (R",:) be an open set and f €
CL(,R), then for all z,y € Q

Dy(f)y™"-x) = (Vef(y),my™"  2))pa
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where m: G — R™ is m(x) = n((21,..., ) = (T1,. .., Tp,) and (-, )gn,

denotes the Fuclidean scalar product on R™.

Proposition 1.2.3 ([115]). Let f : Q@ C G — S be P-differentiable at
x € Qand g : f() — P P-differentiable at f(x) € f(2). Then the map
go f:Q — P s P-differentiable at x and

Da(g o f) = Dsw)(9) o Da(f)

We conclude this part pointing out the relationship between Euclidean

C" functions and Cf functions.
Proposition 1.2.4 ([103]). Let Q@ C G be an open set. Then
C'(Q) C CL(Q).

Remark 1.9. We refer to Section 1.3 for an example of function f € C&() \
CH(Q).

1.2.2 Lipschitz functions and geometric measure the-

ory

Definition 1.2.4. We say that a function f:Q C G — S is Lipschitz and
we write f € Lip..(G,S), if there exists a constant L > 0 such that

dcc,S(f(x)a f(y)) S dec,G(xvy) Vl’,y € . (112)

We call Lipschitz constant of f, and we write Lip..(f), the infimum of L > 0
such that (1.12) hold.

The following fundamental theorem is due to Pansu and the proof is

contained in [122].

Theorem 1.2.5. If f : G — S is a Lipschitz function then it is P-
differentiable for L"—a.e x € G. Moreover, if S = R then the derivatives

X;f,i=1,...,n1 exist in distributional sense, are measurable function and

IV fllre@©) < Lipe(f)- (1.13)
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Remark 1.10. We point out that the Carnot group structure is useless in
order to prove inequality (1.13), indeed it holds in all Carnot Carathéodory

spaces as proved in [115].

Theorem 1.2.5 open the possibility of proving much finer results on Lips-
chitz functions f € Lip..(G,S) especially when S = R. To this end we recall
some notions of geometric measure theory in Carnot groups, see [75, 80, 115,
103, 138, 87] and the reference therein for the details.

Definition 1.2.5. Let Q2 C G be an open set and ¢ € C°(Q, HG). Then
© = (¢1,.--,%n,) and we call horizontal divergence of ¢ the first order

operator:
ni
divg p := Z X;pj.
j=1
Remark 1.11. We point out that the previous definition does not depend on

the basis (Xi,...,X,,), see [103].

Using Definition 1.2.5 and simply rephrasing the classical definition it is

possible to introduce the notion of a function of G—bounded variation.

Definition 1.2.6 ([80, 26]). We say that f : Q@ — R is of bounded G
variation in an open set 2 C G and we write f € BVg(Q), if f € L'(Q) and

|IDflc(Q) := sup{/QfdiVGgo dL™ | ¢ € CX(Q, HG), |plrm < 1} < 400

Moreover we say that f is of locally finite G—variation in Q (in short f €
BVg10e(Q)) if f € L}, (Q) and f € BVg(QY) for every Q' € Q.

loc

Definition 1.2.7. A set E C G is said to be of finite G—perimeter in Q if
XE € BVg(Q), that is

OE|6(Q) = sup { / divg g L™ | ¢ € CX(Q, HG), |plpm < 1} < 400
E

Analogously a set E C G is of locally finite G—perimeter in  if xp €
BWOC,G(Q)'
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Remark 1.12. Tt is well-known that if £ C G is a set of locally finite perimeter
in €2, then |0E|¢ is a Radon measure on 2 and its support is such that
spt(|0F|g) C (OE N ). Moreover it is not difficult to see that a set of finite
Euclidean perimeter has finite G—perimeter too and that this inclusion is
strict ([138, Example 3.8]).

Proposition 1.2.6 ([80, 103, 138]). If E is a Fuclidean Lipschitz domain,
then

ni

> (Xiv) H™LOE,

=1

|0E|g =

where with v we denote the unit normal to OF.

Proposition 1.2.7 ([81, 26]). Let f, f; € L (), j € N, be such that f; — f
in LY(Q). Then
D fle($) < liminf|Df;le(S2).

In analogy with the Euclidean case, by Riesz’s representation Theorem,

the following formula holds

Theorem 1.2.8 ([81, 80]). Let E C 2 be a set with locally finite G—perimeter.
Then then there exists a |0E|c— measurable section vg of HG called gener-
alized inward normal such that |vg(p)|ges = 1 for |0E|g a.e p € Q and for
all p € C§° (G, HG) we have

/ diV(@, gDCLCn = —/ <I/E',<,0> d]8E|G
E G
where (-,-) denotes the scalar product defined in Definition 1.2.2.

Definition 1.2.8 ([81]). (i) Let E C G be a set of locally finite perimeter;
we say that p € OLE (the G—reduced boundary of E) if

1. |0E|lc(U(p,7)) >0 Vr>0;
2. 3 lim,_, fU(W) vi d|0F|¢ =: vg;

3. (ve(p),ve(p) = 1.
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(i1) Let E C G be a measurable set, we say that p € 0,gE, the measure
theoretic boundary of E, if

lim sup LYENU(p,r))

>0
r—0t £n<U(p> T))

and

lim sup Lr(ENU(p,r))
r—0t ‘Cn<U(p7 T))

Lemma 1.2.9. The G—reduced boundary of a set of finite perimeter is in-

>0

variant under group translations, that is if ¢ € OLE if and only if p-q €
Ot(p - E), moreover, vg(q) = vpr(p - q).
Lemma 1.2.10 ([4]). Assume E is a set of locally finite perimeter in G,

then
lim vp d|0E|c = vg(p) for |0E|c —aepe G

"0 Jupr)
Theorem 1.2.11 ([80]). Let G = (R", ) be a Carnot group of step two and
E C G a set with locally finite G—perimeter then there exist ¢ = c¢(n) > 0
such that

0E|g = ¢ S"LOLE. (1.14)

Remark 1.13. From Definition 1.2.8 and Lemma 1.2.10 we immediately de-
duce that |0E|g—a.e p € G belongs to the reduced boundary 0L F

We end this section with a collection of results that are the Carnot coun-
terpart of the BV function theory in the Euclidean space, see [80], [81] and
27].

Theorem 1.2.12. For any f € BV (Q2) the following coarea formula holds
D fle($2 / |0E:|c (R (1.15)
where By = {x € Q| f(z) > t}.
Now, some observation related to the coarea formula are in order.

Lemma 1.2.13. If u € Lip..(Q,R) then, for every ¢ € R, the set {x €
Q| Veu(z) #0}N{z € Q| u(x) = ¢} has zero Lebesgue measure.
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Proof. For every f € L*(Q) by the coarea formula (1.15) we have

+o0o
[awsuae= [ (] FAOE st
Q —00 {zeQ | u(z)=t}

If we take as f the characteristic function of the set VN{u = ¢} where V' C ()

is a bounded domain, then
/ fd|oE|g =0 Vt#c
{zeQ | u(x)=t}

hence

/ |Veuldz =0
Vn{u=c}

that implies the desired result. O
Using Lemma 1.2.13 and (1.7) it easily follows the following

Corollary 1.2.14. If u € Lipecioc(?) then, for every ¢ € R, the set {z €
Q| Veu(z) #0}N{z € Q | u(x) = ¢} has zero Lebesque measure.

Theorem 1.2.15 ([65]). There is a constant ¢ > 0 independent of r > 0
such that for any set E C G of locally finite G—perimeter, Vp € G, Vr > 0

min{L"(ENU(p,r)), L (E N U(p, 7’))}% < c|0FE|g(U(p,r)) (1.16)
and
min{L"(E), L(E9)} @ < c|0E|c(G). (1.17)

Definition 1.2.9. For each q € G, we define the map 7, : G — HG(q)
me(p) = > 2 X;(q)
j=1

where (1, ...,%,,) € R™ are the first ny coordinates of the point p.

Theorem 1.2.16 ([80]). Let G be a Carnot group of step two. Then if E is a
locally finite G—perimeter set, p € OLE and vg(p) € HG, is the generalized

tnward normal to E in p, it holds

lim 1, , = Igt(,0) 0 L}, .(G) (1.18)

r—0
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where E,, =01, (p~' - E). Moreover, for all R > 0 it holds

lim [OF, ,|6(U(0, R)) = 5 (v(0) 6 (U (b, 7). (1.19)

where S¢ (ve(p)) = {q €G | (mq),ve(p)) > 0}.

1.3 Examples

In this section we describe three important examples of Carnot groups,
namely the Fuclidean space R", the Heisenberg group H" and the Engel
group E.

1.3.1 Euclidean space

The easiest example of Carnot group is the additive group (R", +). Its dila-
tions are

hz)=xx (A>0),

and a basis of its Lie algebra is (0y,- - ,0,), hence R™ is a Carnot group
of step 1 with homogeneous dimension () = n. Moreover, since the subunit

curves are straight lines we immediately obtain that

dcc<x7y) = |$ - y|R”

where | - |g» denotes the Euclidean norm. We stress that (R”, +) is the only

Carnot group with step 1 (and n generators).

1.3.2 The Heisenberg group

Our second example is the Heisenberg group H" that is the most simple non
commutative Carnot group. It is a privileged object of study in analysis and

geometry.

Definition 1.3.1. A Lie algebra b, is said to be the Heisenberg algebra if

there exists a basis (VY,..., V5, Ve 1) of b, such that the only non trivial
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commutation 1s
[VZH7 VH—H] = 2V]§Hn+1 Vi = 17 s N

The Heisenberg group H"™ is the connected, simply connected and nilpotent

Lie group associated to b,,.

Remark 1.14. Defining

by :=span{V7},..., V5,
bo = Span{VgﬂnH}

b, becomes a stratified Lie algebra of step 2. Hence H" is a Carnot group
of step 2 with Hausdorff dimension equal to () = 2n 4+ 2 and topological

dimension equal to 2n + 1.
By using Proposition 1.1.6, we identify H" with (R**! .) where, if p =
(s,2) = (8,21, .., Ton), q=(t,y) = (t,y1,- .., Y2n) € R x R? then

q-p:(s+t,x1+y1,... (120)

n

<oy Top + Yon T (syn - t:cn) + Z <yn+il'i - yixn+i)
i=1

and the canonical basis of b, is

(Vi =0, — 2,05,
V]ﬂl:&—an@Qn if andizl,...,n—l

) o (121)
Vig1 =0 + 7,00, if andi=n+1,...,2n—1

H _
v2n+1 - a2n

\
In Chapter 4 we will use another coordinate representation of H". Namely,
instead using the classical exponential map definend in (1.2) we will use the
global diffeomorphism exp* : h,, — H" defined by

2n 2n

exp*(X) = exp™(sV} + Y ;V}) 1= exp(sV} )exp(D_x;V})(0)  (1.22)

i=1 i=1
As in the classical case exp* defines an isomorphism between (h,,®) and

(H",-). Hence by Proposition 1.1.6 it follows that (H",-) is isomorphic as
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a Lie group to (R*"*1 .) where, if p = (s,2) = (s,21,...,%9,),q = (t,y) =
(t, 91, - - Y2n) € R x R?™, then

qg-p=(s+t,z1+uy,. .. (1.23)
n—1

<o, Ton + Yon + Z(xz-i-nyz - yi-‘rnxi) + 2($n + yn)t)

i=1

In these new coordinates the canonical basis of b, if n > 2, is expressed as

(Vi =0,
V]ﬂrl:@i—xi%agn if andizl,...,n—l
q VI =0, + 250, (1.24)

Vi =0 +2ip0s if andi=n+1,...,2n—1

H
\ v2n-|-1 = 0o

The homogeneous dilatations Jy : R2"*1 — R?"*+! are
Orn(8, 21, .., 0n) = (A8, AT1, ..., N229,) A >0
and
doo(,y) = [ly™" - 2 (1.25)

where
1

’ } (1.26)

(s, 21, ..., z2,)| == max{ )(s,xl, ey Top1) Ton

2n’

or equivalently

1

2) ! (1.27)

Moreover, we denote by U(x,r) = {y € H" | doo(z,y) < r}.

Ton

(8,21, -, 220 || := (‘(wa--w@nq) +
R2n

Remark 1.15. We are now in position to provide an explicit example of a
function f € CL(Q) \ CY(Q). Indeed, let us consider

fH'—R

(8, m1,T9) > s — \/ s+ x} + 22

then it is clear that f is not C* regular at the origin but it is Cf; regular in

a neighbourhood of 0.
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1.3.3 The Engel group

Definition 1.3.2. The Engel algebra is the finite dimensional Lie algebra e
with basis (X1, Xa, X3, X4) where the only nonvanishing commutators rela-

tionship among the generators are
(X1, Xo] = X5, [X1, X5] = [Xo, X5] = X (1.28)

The Engel group, denoted by E, is the connected, simply connected and nilpo-

tent Lie group associated to e.

Remark 1.16. It is easy to see that the Engel algebra is stratified of step 3.
Hence E is Carnot group of step 3 with homogeneous dimension ) = 7 and
topological dimension equal to 4.

Since E is a Carnot group by Prosition 1.1.6 we can represent it by (R*, -)
where for all (z1, %9, 23, 24), (Y1, Y2, y3,y4) € E = R?

($1,$27I3,$4> ’ (917312793,94) = (1-29)
1
= <371 + Y1, X2 + Yo, T3 + Y3 + §(I1y2 — Tolh),
1
Tyt Ys+ 5[(931?/3 — 2301) + (2y3 — T3y2) |+

1
+ ﬁ[(xl — 1+ 22— y2)(T1Y2 — xzyl)])

The rappresentation of the basis (X, Xo, X3, X4) in these coordinates gives

T x x
( Xi (21,22, 23, 24) = 01 — 5233 — <?3 + 1—;(371 + x2)>84
T T x
Xo(21, 32, 23, 24) = 0o + 5183 — (53 — 1—;(% + x2)>84
] (1.30)
Xs(21, 22, 23, 24) = 05 + 5(331 + 9)04
\ X4(,I1,I2,$3,I4) = 84'

The homogeneous dilations on E are
Sx(1, 9, 3, 24) = (Ax1, ATg, N223, NP24) A >0

and for every z = (x1, 9, x3,74) € E, we denote by

1

ol i= (@3 +a3)° + a§ +21)

and then do(z,y) = ||y~ - z|| is a homogeneous distance on E.






Chapter 2

Sub-Laplacian and

Fundamental Solution

The goal of this chapter is to present basic aspects of Sub-Laplacian theory
on a general Carnot group. In particular we will focus on some representation

formulas for smooth functions, which will be fundamental in Chapter 4.

Throughout this chapter we will denote by G = (R™, -, d,) a Carnot group
with Lie algebra

G=Vi®...aV,.

Moreover, X, ..., X, will be alinear basis of V; and () € N the homogeneous

dimension of G.

2.1 Classical theory

Definition 2.1.1. We call sub-Laplacian related to the stratification
(Vi, ..., V,) the second order differential operator defined as

L:=) X; (2.1)
j=1

Sometimes we will also adopt the notation Ag in order to emphasize the

Carnot group which we use.
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Example. If (G,-) = (RY,+) then, the sub-Laplacian associated to G is the

classical Laplacian operator:

N

L=A:=> 0

=1

Example. If G = H' then h = b, @ by where
hl = {V]{H, vgﬂ}
b2 = {V3}

hence A = (V)2 + (V)2 and using the explicit representation of Vi and
Vi (see (1.21)) we obtain

At = (g + 0yy) + 42 + y*)0rs + 4(y0, — 20,)0;. (2.2)

Example. If G = E then the first layer of the stratification is generated by
X1, Xy whose explicit expression is as in (1.30). Then the associated sub-

Laplacian is

Ag =011+ 020 — 22013 + 01023 — <353 + :r;16x2 + %)81,4+
- ( —ay 2y x—%)ﬁu T i — )0t
6 3 62 36 2
Rt Rt g )
A A (2~ Bt ) + (3 2 00)]

Remark 2.1. It is interesting to note that a sub-Laplacian is not necessarly
a second order partial differential operator when we write it using Euclidean

derivatives.
Lemma 2.1.1 ([20]). Let £ be a sub-Laplacian on G. Then

1. L is hypoelliptic, i.e. every distributional solution of Lu = f is smooth

15 f is smooth.
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2. L s invariant w.r.t. the left traslations on G, i.e. for every fixed
q € G it holds L(u(r,(x))) = L(u)(1,(x)) for every x € G and every
u € C®(R™). Here 1,(p) :==q - p.

3. L is homogeneous of degree 2, i.e for every fived X > 0 it holds
L(u(dx(x))) = A (Lu)(0x(x))
for every x € G and every u € C*(R™).
4. Let A(x) be the m x m matriz obtained as A(z) := o(z)o(z)T where o
is the m X ny matriz whose columns are the coefficients of X1, ..., X,,,

then
L = div(A(z)VT).

Moreover if we define the characteristic form of £ as

qﬁ(gjv 5) = <A($)£v €>
it holds qr(x,€) = S (A(x)e;, €) where {e;}; is the canonical basis
of R™.

5. As in the Euclidean case L is the second order differential operator

related to the energy
u / |Veu|*dL™.
Q

More precisely, it can be proved that u is a critical point of the previous
functional if and only if u s a weak solution of Lu = 0, that is, u €
C>*(Q,R) and

/ (Veu, Veg) dL™ — 0 Vi € C2(Q,R).
Q

Remark 2.2. Since gz (x,€) = S, (A(x)e;, €)%, then A(x) is positive semidef-
inite for every x € G. Moreover, it is easy to prove that if G has step

greater than 2 then L is not elliptic at any point of G. Indeed, since
qc(z, &) = Z:L:ll (A(z)e;, §>2 we have,

N(z):={{eR" | qc(x,§) =0}
={¢eR"| (A(x)e;, &) ,Vie{l,...,n}}.
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Since the vectors A(x)e;, i € {1,...,n,}, are linearly independent in R™ for
every fixed x € G, it follows that if n; < m, that is if the stratification of G
is greater that 2, then for every z € G there exists £ € R™ \ {0} such that

qc(z,€) =0 . From the previous discussion the non ellipticity of £ follows.

Definition 2.1.2. Let G be a Carnot group and let L be a fixed sub-Laplacian
on G. Let Q C G be an open set. A smooth function u :  — R is called

L—harmonic on € if
Lu=0 onQ (2.3)

We briefly recall two fundamental results on sub-Laplacian, see [20] for a

more detailed treatment.

Theorem 2.1.2 ([20]). (Weak maximum principle) Let L be a sub-
Laplacian on a Carnot group G, let Q C G be an open bounded set and let
uw:Q — R be a C? function such that

Lu>0 inQ
limsupu(z) <0 Vye o
Ty

then
u(z) <0 Vel

Corollary 2.1.3 ([20]). Let £ be a sub-Laplacian on a Carnot group G,
then the only entire L—harmonic function vanishing at infinity is the null

function.

Theorem 2.1.4 ([20]). (Strong maximum principle) Let L be a sub-
Laplacian on a Carnot group G, let 0 C G be a connected open set and let
w:Q — R be a C? function such that

u<0 inQ

Lu>0 inQ

If there exists a point xo € Q such that u(zg) = 0 then u(z) = 0 for every
x € (L.
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We are now in position to introduce the concept of fundamental solution

of a sub-Laplacian,

Definition 2.1.3. Let £ be a sub-Laplacian on G. A function T' : R™ \
{0} — R is said to be a fundamental solution for L if

1. T e C=(R™\ {0}),
2. Te L}OC(Rm);
3. limygee I'(2) = 0;

4. Jom D(@)Lo(x)dz = —p(0) V¢ € C°(R™).

Remark 2.3. Using the hypoellipticity of £ it can be proved that for every

sub-Laplacian there exists a fundamental solution, see [20].

The following rappresentation formula holds:

Proposition 2.1.5. Let £ be a sub-Laplacian on G and let T’ be a funda-
mental solution of L, then for every ¢ € C5°(R™)

[ T o)tptade = o) Vyer™
Proof. If y=' - 2 = z then
/n Dy 2)Lp(r)dr = /” L(2)Lp(y - 2)dz (2.4)
since L is left invariant on G we have

(Lo)y-2) = L{p(y - 2))
and using (4) in Definition 2.1.3 we get the thesis. O

Now we are going to prove that a fundamental solution of a sub-Laplacian

is unique. Before doing so we need the following elementary result, see [20].
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Proposition 2.1.6 ([20]). Let £ be a sub-Laplacian on G. If u € L} (R™)

is such that -
/ uw(@)Lop(z)de =0 V ¢ e CF(R™) (2.5)
then for every e > 0 the mollification u. of u is such that
Lu(x)=0 VreG (2.6)

Theorem 2.1.7. Let L be a sub-Laplacian on a Carnot group G, then the

fundamental solution I of L s unique.

Proof. 1f T'y and I's are fundamental solution of £ then u :=I'; — I's is such
that u € L), (R™), [om u(z)Lo(x)dL™ =0 Ve € C°(R™) and u(z) — 0 as

loc

|z| — oo. Hence by Proposition 2.1.6 we obtain that Ve > 0
Lu(z) =0 Ve R™

Then, since u, — 0 as |z| — oo, Corollary 2.1.3 implies u, = 0. On the other
hand u. — w in L}, (R™), therefore u(z) = 0 a.e x € R™, so that I’y =Ty in
R™\ {0}. m

Hence we proved the uniqueness part of the following important theorem,

for the existence part we refer to the classical paper of Hormander [94].

Theorem 2.1.8. Let L be a sub-Laplacian on G. Then there exists a unique

fundamental solution of L.

Proposition 2.1.9. Let L be a sub-Laplacian on G and let I' be the funda-

mental solution of L. Then
1. T is symmetric, i.e. ['(z7!) ='(z) Vo € G\ {0},

2. T is homogeneous of degree 2 — Q, i.e. T'(5y(7)) = N2 CT(z) Vz €
G\ {0}, VA >0,

3. T is positive, i.e. ['(x) >0 Vz € G\ {0},

4. I has a pole at 0, i.e lim, ,oI'(z) = oo.
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Proof. 1. Given ¢ € C3°(R™), define

u(z) == /m Ly~ a2)Lop(y)dL™(y), =€ G.

Then, u is smooth and vanishes at infinity. Hence, for every ¢ €

@™,
/ Lu(e)y(e)AL” = / u(n) L)L
—— [ eot( [ T o)tva)ae @) e
- [ o)

so, L(u — ) = 0 in G. Since u — ¢ is an entire harmonic function
vanishing at infinity we deduce u — ¢ = 0 in R™. Therefore, for every
p € Cg°(R™)

P(0) =u(0) = - [ T()Lel)dc(w)

and hence y — I'(y~!) is a fundamental solution of £, the thesis follows
by Theorem 2.1.8.

2. For any A > 0 let us define I'(z) := A\97?T'(6(y)), then obviously T
satisfies (1),(2) and (3) in Definition 2.1.3. Moreover for every ¢ €
C°(R™) we have

| T@tetaacn@) =2 [ T Lo)dem a)
=272 / Ty (L) (G1/2)dL™ (y)
-/ LL(p(61/2(y)))dL™ (y) = ¢(0)

and then the thesis follows by the uniqueness of the fundamental solu-
tion of L.

3. For every ¢ € C3°(R™) | . We define

/r (2)AL™(z), yeG
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then it is easy to see that u € C°°(R™) and that u vanishes at infinity.
Moreover Lu = ¢, indeed for every ¢ € C§°(R™) one has

/m(EU)(.I)w(y)dﬁm(y) = /m w(z) Lo (y)dL™(y)
N / L P@) ( / Ty 2)LH(y)AL" (y) ) dL"

and by symmetry of I' we conclude
| wowewacrw) = [ @[ ratpeumeene)ac
- [ elapitaa

and the thesis follows by the fundamental Lemma of calculus of varia-
tions. Since Lu(z) = —p(x) < 0 Ve € G and lim|;o u(z) = 0 then by
the maximum principle u(z) > 0 Vz € G. Hence I'(z) > 0 Vz € G\ {0}
and the thesis follows by the strong maximum principle and the fact

that a fundamental solution of £ cannot be identically 0.
4. Let d be a fixed homogeneous norm on G. Then
k:=min{l'(z) | d(z) =1} >0

therefore

F(x) = —wr(él/d(m) (33)) > d(:L‘)Q72

and the thesis follows.

The following fundamental result is proved in [129].

Theorem 2.1.10. For every open and bounded set 2 C R™ there exist
C1,Cy,rg > 0 such that for every x € Q and every y € Q\ {x} with

dcc(l‘a y) S To

d06($79)2 dCC($7?J)2 .
L Oipmaceor < P y) < Copaaaon
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dee Z,
2. |Vel'(z,y)] < sz

Here B(x,r) is the ball of center x and radious r > 0 made with respect to

the distance d..

Definition 2.1.4. Let L be a sub-Laplacian on G. A norm d € C>*(R™\{0})
is said an L—gauge if it is symmetric (i.e d(z7') = d(x)), homogeneous and
such that

L(d*9)(z)=0 VazeR™\{0}.

Example. We know that if (G,-,0y) = (RN, +,\) with N > 3 then the
canonical sub-Laplacian is the classical Laplace operator, hence denoting by
d(z) := |z| the Fuclidean norm it follows that d is smooth out of the origin,

1—homogeneous and such that
A(d*NM)=0
so it is a A—gauge on G.
Example. If G = H! then
Apr = (024 07) + 4(2* + )0} + 4(y0, — 10,)0,
is the canonical sub-Laplacian on H'. Let us define
d(a,y.) = (I(x.9) = + 16]¢[*)

then d is smooth out of the origin, 1—homogeneous and symmetric. More-

over, since () = 4 we obtain 2 — () = —2 and
A (d™?) =0 on H"\ {0}.
we conclude that d is a Am —gauge on H.

Remark 2.4. Let us observe that for any Carnot group G there exists at least
one L—gauge on G. Indeed, let I be the fundamental solution of £ then, by

Proposition 2.1.9, the function

AVC-Q i .
d(x) :{ B >() ii E:z:G:\O{O}

is an L—gauge on G.
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Now we state, without proof, a representation formula which we will use
in Chapter 4, see [20].

Theorem 2.1.11. Let L be a sub-Laplacian on G and let d be an L—gauge
on G. Let u € C*(Q) where Q C G is open. Then, for every x € Q and r > 0
such that Bq(x,r) C Q, we have

_8@Q-2) VedPe2)
o) =S L W e
-5 o )(dQQ(:Ul cz) — TQ’Q)Eu(z)dEm(Z)

where

-1 ._ _ Ved[(2) m—1(,
B =@ Q)Agdm,n ooy @ @8

Corollary 2.1.12. Ifu € C*(Q) is L—harmonic then

BQ—2) / [Ved[* (27" - 2)
rOt Jopaar V(A7 ))](2)

Remark 2.5. If G = (RY,+,)) and £ = A then Corollary 2.1.12 gives the

classical Gauss theorem for A—harmonic functions. Indeed in this case

u(z) = u(2)dH™ 1 (z)

Ved[*(z™" - 2)
IV(d(z=1))l(2)

and the second integral is equal to 0.

=1

Using Theorem 2.1.11 we can prove that L£—gauges are unique up to

multiplicative constants

Proposition 2.1.13. Let £ be a sub-Laplacian on G. If d is an L—gauge
on G and 3 is the constant in (2.8) then

I :=pd*¢ (2.9)

1s the fundamental solution of L.
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Proof. Let ¢ € C5°(Q2) and let r > 0 such that supp(p) C By(0,7). Appling
Theorem 2.1.11 we obtain
p(0) =5 (A*79(2) = 1?7 9) Lop(2)d L™ (2) (2.10)
Bd(O,r)

Moreover,
/ Lop(x)dL™(z) = / (A-Vu,vydH™ 1 =0
By(0,r) 0B4(0,r)

where A is as in Lemma 2.1.1 and v is the exterior normal to 9By(0, 7).
Hence, for every ¢ € C§°(2)
p(0) =5 d*9(2)Lp(2)dL™(2) (2.11)
Ba(0,r)
By the uniqueness of the fundamental solution of £, it remains to prove that
the function T' := Bd?~@ satisfies (2) and (3) in Definition 2.1.3. To prove
(2) we can proceed as follows,

> / A2=9(2)dL™(2)

i—1 Y {r/2i+1<d<r/2%}

7\ 2-Q 1
< (-) ) —/ dLm(z)
2 = 2C-Q) J i, jpit1<acr/aiy

= Or9 (g)z_Q i 92

=0

and this implies that d>~9 € L} (R™) . Finally, (3) easily follows from the

loc

fact that d is a distance and 2 — @ < 0. ]

/ > Q(2)dL™(z) =
Bd(O,T)

We conclude this section providing another representation Theorem due

to Citti-Garofalo and Lanconelli and proved in [42].

To this end, for every x € G = R™ and r > 0, we define by analogy with

the Euclidean case the set

O () = {y € B | T(a.y) > %} (2.12)

and we call it the £— ball centered at = with radius 7.
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Lemma 2.1.14. Let Q) C R™ be an open set. If x € Q) s fized, there exists
7 =17, > 0 such that for every 0 <r <7

Q. (z) C Q.

Moreover, 0Q,.(x) is an (m—1)—dimensional manifold of class C* for almost
allr € (0,7).

We are now in position to prove the following representation Theorem,

Theorem 2.1.15 ([42]). Let A be a symmetric, positive definite matriz such
that £ = div(AVT) as in Lemma 2.1.14. If Q@ C R™ is a smooth open set
then for every u € C*(Q2), every x € Q and almost every r € (0,7) where
7 >0 1is as in Lemma 2.1.14:

u(:c):/ AVE- VL, de—1+/ AVT - VudL™ (2.13)
oo, VI Q0 (a)

where we have let I' = T'(x,-) and V denotes the Euclidean gradient.

Sketch of the Proof: Let us fix x € Q and let 7 > 0 as in Lemma 2.1.14. For
each 0 < e < r < 7 we denote by U, the open set defined by

Uec = Q. (2) \ Qe(2)

and v := I'(x,-). By the divergence theorem and by using the fact that

Lv =0 in U, we obtain

(AVT - v)u dH™ ' — / (AVT - v)u dH™
00 ()

AVI - Vu dL™ = /

Ue 0, (z)

(2.14)

Now, since (AVT - Vu)'/? is locally integrable (see [42]) we have

lim | AVI-Vu dL™ = / AVT - VudL™.

e—0 U6 QT(Z)
On the other hand since 09, (x) = 8{3/ | T(z,y) > 1/r}, we have

AVT - VT
/ (AVT - v)u dH™ ! = —/ AVE VL a1, (2.15)
Q- (z) Q- () |VF|
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Now, for each ¢ € C=(Q2) cut off on Q.(x) denoting by S, := {T'(z,y) < 1/¢}
and S, := {['(x,y) = 1/¢} we have

u(r) = — / . [(z,y) L(up)(y)dL"(y) = —lim [ T(z,y)L(up)(y)dL™ (y)

e—0 S.
(2.16)

= lim </ AVT - V(up)dL™(y) — %/ AV (ugp) - Vde’1> (2.17)

e—0

Integrating by parts and using the divergence theorem we obtain:

I m T . m—1__
u(z) = 11—]% 8 LT upd L™ (y) 11_1)15 §6<AVF viu dH
1
— lim — Lu dL™(y)

=0 € J(T(zy)>1/c}

= —lim | (AVT-v)u dC™(y)
€—r S’

€

where in the last equality we used the fact £I' = 0 on {I'(z,y) < 1/€} and

“ry) > 2| = i@l = o)

€ €

as € — 0 (see [42]). Passing to the limit as € — 0 in (2.14) we obtain the
thesis. O






Chapter 3

Hypersurfaces in the

Heisenberg group

The aim of this chapter is to introduce the concept of H—regular hyper-
surfaces, i.e noncritical level sets of Cj functions. These surfaces are the
natural Heisenberg counterpart of C* Euclidean hypersurfaces, nevetheless
they can be very irregular from an Euclidean point of view. These objects
were firstly studied in [80] in connection to the theory of rectifiable sets
in the Heisenberg group. Successively they were introduced in more general
Carnot groups ([81]) and in the context of Carnot-Carathéodory spaces ([45]).
One of the main important feature that H—regular hypersurfaces share with
C! Euclidean hypersurfaces is the presence of an implicit function theorem
([80, 45]). More precisely, for every H—regular hypersurface S, there is a con-
tinuous map ¢ which locally parametrizes S in a suitable intrinsic sense, see
Theorem 3.1.1. Actually, the map ¢ is not only continuous, indeed in [6, 45]
it is proved that ¢ is uniformly V?—differentiable, see Definition 3.2.4. As we
will see later, it is a difficult task to verify directly the V?—differentiability
of a given function. Nevertheless this difficulty can be, somehow, bypassed
using some interesting results contained in a series of papers ([14, 13, 117])

which we report at the end of the chapter.
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Throughout this chapter we will use the notations introduced in section
1.3. More precisely, we refer to H" as R?"*! equipped by the group law
defined in (1.23) and we identify points p € H" with (s, z1,. .., Ts,) € RxR>™
in such a way that p = exp(sVi)exp(37", 2;VI)(0).

1=

3.1 Hypersurfaces and the implicit function

Theorem

Definition 3.1.1. A set S C H" is an H—reqular hypersurface if for each
p € S there are an open p € U C H" and f € CL(U,R) such that Vi f # 0
m U and

SNU={welU]| f(w)=0}.

Remark 3.1. We point out that the notion of H—regular hypersurface intro-
duced in Definition 3.1.1 is very similar to the classical one. However there
are H—regular hypersurfaces that, from an Euclidean point of view, are very
irregular. For example, there is an H—regular hypersurface with fractional

Euclidean dimension equal to 2.5, see [97]. A more explicit example is
S = {(S,l’l,l‘2)€H1 ’S: 54"‘1‘%—0—1}%}

indeed, by Remark 1.15 we know that S is the zero set of a Cf; function with
non zero intrinsic gradient and hence S is an H—regular hypersurface; on the
other hand we also know that this function is not Euclidean regular at the
origin.

Remark 3.2. Let S € H" be an Euclidean C!' hypersurface then it is an

H—regular hypersurface if it hasn’t characteristic points, i.e if for all p € S
H,S ¢ T,S

where 7,5 denotes the Euclidean tangent space to S at p.
We denote by vg(p) the horizontal normal to S at p € S, i.e the vector

Vuf(p)

vslo) == Vi f(p)lp

(3.1)
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and by TS (p) the tangent plane to S at p,
TuS(p) = p - TS(p)

where T3S(p) = {q e H" | (v,-1.5(0),7(q)) }, where 7 is as in Definition
1.2.9.

Remark 3.3. A priori it should seem that the horizontal normal depends on
the particular choice of f, we will see later that this is not the case, see
Remark 3.4

As already said in the introduction of this chapter, one of the main ad-
vantage of definition 3.1.1 is the presence of an implicit function theorem. In
other words, every H—regular hypersurface is locally the graph of a continu-
ous function in a suitable intrinsic sense. Before stating the precise statement

we recall some basic concepts.

The exponential map exp* definend in Section 1.3 induces a split in H"
into homogeneous subgroups, i.e subgroups of H" closed under the dilation
family. Indeed, denoting:

W:={pecH"|p=(0,2), x € R*} (3.2)
Vi={pel"|p=(s0), seR}

we have that H” = W -V and WNV = {0}. It is clear that the maps

mw (H" — W (3.3)
(s,z) — (0,2)
and
my H" — V (3.4)
(s,2) — (s,0)

are continuous and

c(l[mw @) + Imv@)) < llpll < (7w @) + [[7v (@)I]), (3.5)



40 Hypersurfaces in the Heisenberg group

for some constant ¢ = ¢(W,V) > 0 (see also [9] for a generalization of
this statement in Carnot groups of any step).
Note that, if (s,0) € V, (0,z) € W, then the sum turn out to be:

(0,z) - (s,0) = (s, ). (3.6)

From now on we will denote a point (0,z) € W by x € R*" and (s,0) € V
by s € R

Definition 3.1.2. The intrinsic (left) graph of a function ¢ : w CW — V

is the set
graph(9) : = {x - ¢(x) | x € w} (3.7)
= {(0(x),2) | v € w}
the intrinsic subgraph of ¢ is the set
Eyi={(s,2) €Rxw | s < 6(x)} (3.9)
and the graph map of ¢ is the function ® : w — H" defined by

O(z) =2 - o) = (¢(x), z) (3.9)

We are now in position to state the implicit function theorem for H—regular

hypersurfaces, see [80, 45].
Theorem 3.1.1. Let U C H" be open, 0 € U and let f € CEH(U,R) be such
that Vi1 f(0) > 0 and f(0) = 0. Let

E:={peQ| f(p) <0}

and

S:={peQ] flp)=0}
Then there exists an open and bounded w C W and h > 0, such that if we
put U :=w x J where J :={(s,0) € R x R* | s € (—h,h)}, then
E has finite H—perimeter in U, (3.10)
OENU =SnNnU, (3.11)
|OF|g LU is concentrated on S and vg = vs |0E|g — a.e on U (3.12)
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Furthermore, there is a continuous function ¢ : w — (—h, h) such that
SNU = graph(¢).
Remark 3.4. By (3.12) it follows that the horizontal normal to an H—regular

hypersurface does not depend on the defining function f.

Remark 3.5. Theorem 3.1.1 has been generalized in many directions. In
[81] authors proved an analogous result for hypersurfaces defined in general
Carnot groups whereas in [45] is given a similar theorem for codimension 1
hypersurfaces in Carnot-Carathéodory spaces and in [102] for general codi-
mension surfaces. Finally, in [9], is proved that an H—regular submanifold
(not necessarily of codimension 1) is locally the intrinsic graph of a continu-

ous function.

3.2 Intrinsic differentiability

In this section we provide some necessary conditions for which the image of
a continuous function ¢ : w C W — V = R is an H—regular hypersurface,
we refer to [6, 45] for the details.

We begin our discussion introducing a suitable function defined on w.

Definition 3.2.1. Let ¢ : w C W — V be a continuous function. The
graph distance between x,y € W is defined by

dof,y) = 5 (I (@@) " - )] + (@) - 2(@)])  (313)
where ® is as in (3.9).

Rewriting (3.13) in coordinates we obtain that for each = = (z1,...,29,)

y:(yla"'ay2n)ew

1
d¢<l’, y) = 5 max{](xl — Y1, To2p—1 — ygnfl)‘ﬂpn—l, (314)
920 = 20— 26(2) (9 — 22) + o, )| b+
1
+§ max {|($1 — Yy Top—1 — Yon—1)|R2n—1,

220 = yan = 20(9) (@0 — ) + 0y, 2)] " |



42 Hypersurfaces in the Heisenberg group

where

i
L

O'(.l’, y) = (yixn+i - ynﬂwi) if n > 2

=1

and

o(z,y) =0if n = 1.

Remark 3.6. By some simple manipulations it is easy to see that dy is equiv-
alent to the quantity introduced by Ambrosio-Serra Cassano and Vittone in
6], that is:

max{|(z1 — y1,. .., Ton—1 — Yan—1)|r2n-1, (3.15)

Y2 — Ton — (6(x) + 6(y)) (Yo — 20) + o (2,)|"/?},

where o(z,y) is as in (3.14).

Definition 3.2.2. Let ¢ : w C W — V =R. We say that ¢ is an (intrinsic)
Lipschitz continuous function in w and we write ¢ € Lipw(w), if there is a

constant L > 0 such that

0(x) = oY) < L dy(w,y)  Va,y € w. (3.16)

The Lipschitz constant of ¢ in w s the infimum of the numbers L such
that (3.16) holds and we write Lip(¢) to denote it. Moreover we say that
¢:w C W — R is alocally (intrinsic) Lipschitz function in w and we write
¢ € Lipew(w), if ¢ € Lipw(w') for every w' € w, we denote by Lip(¢,w')
the Lipschitz constant of ¢\ .

Proposition 3.2.1 ([6]). If ¢ € Lipw(w) with Lipschitz constant L > 0,

then dg is a quasidistance on w, that is
o dy(z,y) =dy(y,z) Vo,y € w;

e there is C'= C(L) > 0 such that dy(z,y) < C(dy(z, 2) + dy(z, y))
Vr,y,z € w.
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Proof. We only prove the third statement, while we refer to [6, 43, 45] for the
others ones. It immediately follows from the explicit expression of d, that:
dy(z,y) < (3.17)
< dg(,2) + dy(y, 2) + [0(x) — G(2)[V2[z0 — yul >+
+16(y) — ()| — 2|2

hence since ¢ € Lipw(w) we have

do(w,y) < (1+ (Lip(9)"2) (do(z, 2) + do(y, 2))
O]

Definition 3.2.3. An homomorphism L : W — V is said an homogeneous

homomorphism if
L(6.(x)) =rL(z) ¥Yr>0,VreW

Definition 3.2.4 ([6, 45]). Let w C W be open and let 1, ¢ : w —> R be

given continuous functions, then

1. We say that ¢ is V?—differentiable at y € w if there is an homogeneous
homomorphism L : R*™ — R such that

o 1002) = 00) = Lm(@(3)~" - 9(2)))

= 0.
z—y dg(z,y)

2. We say that v is uniformly V¢—differentiable at z = (z1,...,22,) € w

if there is an homogeneous homomorphism L : R*™ — R such that

lim M(v, z, L,7) =0

r—0
where
— —L O(y) -
MW,z Lr) = sup {¢(x) Y(y) — Lmw(2(y) (-r)))}
ryels()aty dg (2, y)

Where we denoted by I,.(z) the set
I.(2) :=
{(x1,. . o) Ew | [(T1, .., Ton1) — (215 - -y 2on_1) |R2n—1 < 7, |Ton — 220| < 7}

The map L is called the V— differential of ¥ at y.
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We point out that definition 3.2.4 is well posed. Indeed, it can be
proved that if ¢ : w C W — R is V?—differentiable at € w, then its
V¢ —differential is unique, see [6, Lemma 3.4].

Moreover, as in the Euclidean case, the following Proposition holds:
Proposition 3.2.2. If ¢, ¢ :w CW — R, then

(i) If v is VO—differentiable at x € w, then it is continuous at x.

(ii) If 4 is uniformly V®—differentiable at x € w, then 1 is an intrinsic

Lipschitz function in a neighbourhood of x.

Proof. Since 1 is V?—differentiable at x, denoting by L : W — V its
V¢ —differential we can write

_Y(y) —¥(x) — L{mw(2(y) " - 2(2)))
dg(z,y

)
+ L(mw(2(y) " - 0(x)))

hence (i) follows taking into account that ¢ is V¢—differentiable at z and
that dy(z,y) is bounded near x. In order to prove (ii), we note that, by
definition, there exists C,7 > 0 such that
P(y) — ¥(a) — Lima(@(y) " B(x)))
dg (2, y)
for all y € I.(x). Hence by (3.18) it suffices to show that there exists a
constant N = N(¢,1) > 0 such that for all y € ()

<C (3.19)

L(mw(2(y) ™" - ©(x))) < Ndy(z,y).

The previous relation holds since, as we will prove in the next subsection,
for every homogeneous homomorphism L : W = R*® — V = R there is a

unique wy, € R?"~! such that
L(y) = (wr, 7(y))  VyeW.
where (-, -) denotes the Euclidean standard scalar product and

7}(371,---,372”_1,33277,) = (xlw"axZn—l) Ve e W.
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3.2.1 Intrinsic gradient and nonlinear vector fields

In what follow we recall some useful consequences of definition 3.2.4, we refer

to [6] and to [45] for a more detailed treatment.

As in the Euclidean case, there is a rappresentation theorem for the
V¢ —differential of a map ¥ : w C W — R in terms of a properly defined
intrinsic gradient of . Precisely, if ¢ : w — R is a continuous function
defined on an open and bounded set w C W = R?". We introduce the fam-
ily V¢ = (V?,..., V%, ) of vector fields (see [6, 45]), namely of first order

differential operators, on w by

VO(x) = Oy, — ZiznOy,,, forn>2andi=1,...,n—1, (3.20)
VO(x) = Oy, + ¥i_pnOy,,, forn>2andi=n-+1...,2n—1,

and by
Vi(z) = 0y, + 20(x)d,, ifn=1.

Remark 3.7. Let us notice that if n > 2 then Vp € W = R?" the family

(V(f(p)v tet 7Vg§n—1(p))

span the horizontal tangent space H,W of W, moreover adding, as in the

Heisenberg case, a non horizontal vector field

to the family {V?}Z we obtain, for every p € W, a basis of the whole Euclidean
tangent plane T, W of W,

Proposition 3.2.3 ([6]). Let ¥, ¢ : w — R be such that ¢ is V? differ-
entiable at x € w with V®—differential equal to L. Then there is a unique

vector wy, € R*™ 1 such that

L(y) = (wr, 7(y)) Vy e W (3.21)
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where (-,-) denotes the Euclidean scalar product in R*"~% and
(X1, Top—1,Ton) = (T1, ..., T2p1) Ve €W,
We call the vector wy, the V®—gradient of 1 at x € w.

Proof. The proof is substantially the Euclidean representation Theorem for

linear maps. Indeed For any xs, € R we have
2L((0,22,)) = L((0,272,)) = V2L((0, z2,))
hence L(0, z2,) = 0. Thus

L((x1,...,29,)) = L((21,...,22,-1,0)) + L((0,...,0,29,)) =
= L((x1,...,22,-1,0)).

This implies that an homogeneous homomorphism does not depend on the

last coordinate, therefore the map

(1,...,Tom—1) = L((21,...,%2,-1,0))

is linear and the statement follows from the standard representation theorem

for Euclidean linear maps. [l

The following two Theorems explain why, in Definition 3.2.3, we called
the vector w; € R?"~! the V?—gradient of ¢ at € w. Precisely, we prove
that the family V¢ plays the role of a gradient at least for regular functions
¢:w— R.

Theorem 3.2.4 ([6, 45]). Let ¢, € C%(w) such that 1 is V®—differentiable
at v € w. For every j =1,...,2n—1 let N : [=§,0] — w be a C' integral
curve of the vector field Vf with N (0) = z and such that the function

F;:[-0,0] — R
s Fj(s) == ¢(N(s))

is of class C*. Then it holds
() — BN (0)

s—0 S

= V(). (3.22)
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Proof. We will give the proof only for the case n > 2, as it can be easily
adapted for n = 1. If M(t) = (M (t),..., N, (t)) is as in the statement and
j # n then by direct computations we have that for every t € [4, d],

WW(CD()J (1)L ®(N (0))) — te, (3.23)
dy(N (5), M(0)) = s (3.24)

where e; denotes the j—th element of the canonical basis of R*". Hence
(3.22) follows immediately as a consequence of the V?—differentiability of 1.

For j = n we have A\I'(t) = z; if i # n,2n, whereas
An(t) =a, +t
8, (0) = 70 +2 [ 600 @)
Hence,
- (Q)()\”(t))‘l : @(A”(O))) — te,. (3.25)
Moreover, there is a constant C' > 0 such that
dg(A"(s), \"(0)) < Cs*. (3.26)
Indeed,
do(X"(5), 3"(0)) = | |7 @OV (1)) - (N (0))) ]

:wHW%wvw»—z/¢uwmmﬂ“

1/2)

5|<1+ ‘25¢A“ —2/¢A” )dn

)

= |s|(1+H‘A(s)

since

1/2

A(s) = |2s[p(X"(s)) — 6(A"(0))] — 2 /Os[cb(/\”(n)) — o(A"(0))]dn
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and using the fact that Fj,(s) = ¢(A"(s)) is of class C* we conclude that
|A(s)] < Cs? for some positive constant C' > 0. Hence (3.26) holds with
C:=1++/C. By (3.25) and (3.26) we have

V(N (5)) = (N (0) — V()]
H

BV () = BN(O) - L(ma (@005 - 2(37(0)))]|
300 () 0))

< (1+V0)

and letting s — 0 and using the V?—differentiability of 1) the thesis follows.
O

Theorem 3.2.5 ([6, 45]). If ¥, ¢ € CY(w) then v is uniformly V¢ differen-

tiable in w and

VO(A) = (VIU(A), ..., Vi, 10 (A)).

We are now in position to recall the important result of Ambrosio-Serra
Cassano and Vittone [6], which states that the graph S of a continuous map
¢:w CW — R is an H—regular hypersurface if and only if ¢ is uniformly
V¢ —differentiable in w.

Theorem 3.2.6. Let ¢ : w C W — R be a continuous map and let S :=
graph(¢) C H" be the intrinsic graph of ¢, as defined in (3.7). Then the

following are equivalent:

1. S is an H—regular hypersurface and vsi(p) < 0 for all p € S, where

vs1 denotes the first component of the horizontal normal to S.
2. ¢ is uniformly V®—differentiable in w.

Theorem 3.2.6 is not entirely satisfactory since in general it is hard to
prove that a function is uniform V¢—differentiable. In what follow we recall
an interesting result due to Ambrosio-Serra Cassano and Vittone ([6]) and
successively refined by Bigolin and Serra-Cassano ([14, 13]) which permit to
partially overcome this difficulty.
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Definition 3.2.5. Let w C R?"™ be an open set and let w = (wy, ..., Wa,_1) €
COw;R?" Y. We say that a continuous function ¢ : w — R is a distribu-
tional solution of the system V®¢ = w if for each ¢ € C(w)

/cpv;%dc% = —/wigpdﬁ% Vi#n (3.27)

and

8x2n

0 1,0
/w(cbafn + §¢2 4 ) L = —/wwn+1godc2". (3.28)

Definition 3.2.6. Let ¢ : w C R*™ — R and w = (wy, ..., wy,) : w C R?™ —

R2"~Y be continuous functions. We call ¢ a broad* solution of the system
V% =w in w (3.29)

if for every A € w, Vj = 1,...,2n — 1 there exists a map, which will call

exponential map,

expA(-V§)(-) : [=62, 6] x I5,(A) = I, (A) € w
where 0 < 0y < 01, such that if v} (s) = exp(sV?)(B),

(E.1) %B € CY([~0y,8))

B _ ?
®2) | = Viear
77 (0) =B

(E.3) 6 (12(s)) — 6 (5 (0)) = / “wy (P () dr
VB e I (A), Vj=2,..2n.

Remark 3.8. It is important to note that both the uniqueness and the global

continuity of the exponential map

exp(-V7)() ¢ [0z, 2] x I5,(A) = I5,(4)

are not guaranteed provided only ¢, w are continuous as explicitely stated in
[138, Remark 3.4].
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In the following lemma we provide two sufficient conditions to garantee

the existence of a broad* solution of V?¢ = w, see [138, 6] for a proof.
Lemma 3.2.7. Let ¢ : w C W — R be continuous, and suppose that

(i) there exists w € C°w) such that ¢ is a ditributional solution of the
system
Ve = w;

(ii) there is a family of functions {¢}e=o C CH(w) such that for each w' € w
we have

Pe — O, V¢€¢e —w  uniformly on W'

Then ¢ is a broad* solution of the system V9 = w. Moreover,

wi(B) = 6 (exps(sV9)(B))

|s=0

for each B € I5,(A).

Theorem 3.2.8 ([6]). Let ¢ : w C W — R be a continuous map. Then the

following are equivalent:
(i) ¢ is uniformly V¢—differentiable for each v € w;

(ii) ¢ is a broad* solution of the system V9¢ = w and

{ [9(x) — ¢(y)

lim sup | D | | z,y e, 0<|z—yl <r}:0 (3.30)
r—Yy

r—0t

for each W' € w.
Actually, Theorem 3.2.8 can be refined in the following way.

Theorem 3.2.9 ([14]). Let w C R®" be an open set and let ¢ : w — R
and w = (Wi, ...,Wan_1) : w — R*71 be a continuous functions. Then the

following conditions are equivalent:
i ¢ is a broad* solution of the system V¢ = w in w;

it S = ®(w) is an H-regular hypersurface and I/él)(P) <0 forallPeSs.
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Another possible way to prove that a continuous function ¢ : w C W —
R locally parametrizes an H—regular hypersurface in H" is contained in the

following theorem; see [13] for a proof.

Theorem 3.2.10. Let w C R?*" be an open set and let ¢ : w — R be a

continuous function. Then following conditions are equivalent:

(i) The set S := ®(w) is an H-reqular hypersurface and v&(P) < 0 for all
Pes.

(ii) There exists w = (w1, ..., way_1) € CO(w;R* ™) such that ¢ is a dis-

tributional solution of the system V9¢ = w.

Remark 3.9. Putting together Theorem 3.2.9 and Theorem 3.2.10 we con-
clude that a continuous function ¢ : w € W — R is broad* solution of
the system V9¢ = w with w € C%w,R*~1) if and only if ¢ is a distribu-
tional solution of the same system. Moreover, we also have that ®(w) is an
H—regular hypersurface if and only if the distributional intrinsic gradient of

¢ is a continuous map.

We conclude this chapter recalling an interesting result due to R.Monti
and D.Vittone and proved in [117] which provides, in analogy to the Eu-
clidean case ([90, 89]), another way to prove that a set £ C H" with finite

H—perimeter is an H—regular hypersurface.

Theorem 3.2.11. Let E C H" be a set with finite H—perimeter in B, =
Boo(0,7) with r > 0 and let S**~' be the unit sphere in R*". Suppose there
exists a continuous mapping v : B, — S* ! such that vg(p) = v(p) for
|OE|n— a.e p € B,. Then, possibly modifying E in a set of L measure
zero, OFE N B, is an H—reqular hypersurface.






Chapter 4
Intrinsic Lipschitz functions

This chapter is entirely devoted to the study of intrinsic Lipschitz functions,
see Definition 3.2.2.

Before starting we spend some words in order to motivate Definition 3.2.2.
Indeed, it is not the unique possible. Precisely, if W and V are as in (3.2) it
is natural to speak of metric Lipschitz functions. Restricting the metric d
to W and V we say that a function ¢ : w C W — V is metric Lipschitz if
there is a constant L > 0 such that

|6(x) — d(y)| < Ldeo(m,y) V 2,y € w.

We point out that the concepts of intrinsic Lipschitz and metric Lipschitz
are different ones. In particular, there are metric Lipschitz functions which
are not intrinsic Lipschitz and viceversa (see [79] for some interesting and
explicit examples). Nevertheless, there are at least two reasons to adopt
Definition 3.2.2 rather than the metric one. First of all, by Proposition 3.2.2
and Theorem 3.2.6 it follows that every H—regular hypersurface is locally the
intrinsic graph of an intrinsic Lipschitz map. Moreover, intrinsic Lipschitz
graphs are invariant under dilations and left translations (see Proposition

4.1.2) in H™ whereas this is in general not true for metric Lipschitz functions.
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4.1 General properties

In this section we recall an alternative and equivalent characterization of
Lipyw introduced in [79]. Moreover, we provide some interesting consequences

which follow from this equivalence.

We begin our treatment pointing out what a closed cone is;

Definition 4.1.1. Let ¢ € H" and a > 0. The intrinsic (closed) cone

Cw,y(q, ) with base W, azis V, vertexr q and opening « is
Cww(g: @) = {p= (s,2) € H" | |mw(q™" - p)ll < allmela™ - p)}
where mw and my are defined respectively in (3.3) and (3.4).

The following picture (due to the courtesy of R.Serapioni) is an example

of intrinsic cone in H':

Figure 4.1: Intrinsic Cone in H*
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We are now in position to prove the following:

Proposition 4.1.1. ¢ : w C W = R?>® — V = R is an intrinsic Lipschitz
function if and only if there is L > 0 such that, for all ¢ € graph(¢),

Cw,v(q,1/L) N graph(¢) = {q}- (4.1)

Proof. By [79, Proposition 4.6], ¢ : w C W — V satisfies (4.1) if and only
if there is L > 0 such that Vp,q € w

() —o(y)| < Lllo(y) " -y~ - x- ()

where ¢(y) = (é(y),0) € R*"*!. By a direct computation

7w (@(y) " - (@)l = loy) ™" -y~ 2~ (w)]- (4.2)

Moreover,

[ (@)™ - @) < lrw(@(y) ™" - B(@)) | + V2|, — yul?|o(x) — (y)|?

hence
2|7 (@ (x) ™ @(y))|| < 2dg(@, y) + V2], — yal2|6(2) — B(y)[F  (4.3)

since ¢ € Lipw(w)

Jra(@(a) - ) < (14 Z=Lin(o))d.) (1.4)

From (4.2) and (4.4) the thesis follows. O

Remark 4.1. Using cones it is possible to generalize the notion of intrinsic
Lipschitz function to more general splitting (see [79]). Precisely, for any
couple of homogeneous subspaces W, V of H" such that W -V = H" and
WNV = {0} (hence we don’t assume any restriction on the dimension of W
and @') we say that a function ¢ : W — V is intrinsic Lipschitz if there exists
L > 0 such that for any point p of its intrinsic graph S, the intrinsic cone
with vertex p and opening L (the definition is similar to the one proposed in

Definition 4.1.1) intersect S only in p.
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In the following proposition we collect some interesting properties of

Lipy, see [79].
Proposition 4.1.2. Let ¢ :w CW — V| then
(1) if ¢ is intrinsic Lipschitz and S = ®(w) C H"™ is its intrinsic graph
then, for each A > 0, the set 05(S) remain a graph. Precisely, denoting
by ¢x :=dx0 ¢ odyyy it holds:
0A(S) = graph(¢»)
moreover ¢ € Lipw(dx(w)).

(11) if ¢ is intrinsic Lipschitz, S = ®(w) C H" is its intrinsic graph and p €
H". Then p-S is a graph. Precisely, denoting by w, := mw(p-w) C W

and by ¢, - wy —> R, ¢p(y) = mv (- mw((p-y))™H)) - d(rw((p-y) ™)
it holds:

p- S = graph(¢,).

(111) If ¢, and w, are as in (it) then ¢ € Lipw(w) if and only if for each
q € H" it holds ¢, € Lipw(w,). Moreover, ¢ is intrinsic Lipschitz if
and only if there is L > 0 such that, for all p € graph(¢) and for all
T € wy-1 1t holds:

-1 () || < L[] (4.5)

(v) if ¢ is intrinsic Lipschitz function then for every w' € w there exists a
constant C = C(Lip(¢), ||¢]|rew),w") > 0 such that

1
6(2) = d(y)| < Clz—y|? Vzyeu
(v) If ¢ is Euclidean Lipschitz and w is open and bounded then ¢ is indeed
intrinsic Lipschitz in a neighborhood of each point of w.

Proof. (i): Let us observe that p € 6,(5) if and only if there exists ¢ € S
such that p = dx(q) = ox(mw(q)) - Ir(my(q)). By definition ¢ = (¢(x), z) for

some z € w. Then

p = 0x((0,2)) - (A¢(x),0). (4.6)
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Hence defining wy :={2 e W | Iz € w, z = 6,\(z)} and ¢, : wx —> V by
¢ 1= dr 0 ¢ 0 dy/x we achive the thesis. The fact that ¢y € Lipw(dr(w)) is

straighforward.

(ii): With an easy algebraic trick (see [79, Proposition 3.6] for the details)

we can prove that for each ¢ € H"
& W—W (4.7)
z — mw(q- (0,2))

is injective. It follows that

q-5={(¢g(7),7) | ¥ € wy}

where w, == {mw(q¢- ) | * € w} and, for y = mw(q - x) € w,

bq(y) = mv(q-mwlq-y)™") - d(mw(qg-y)™).

(iii): By definition, graph(¢,) = ¢-graph(¢). Hence p € graph(¢,) if and
only if p = g - p for p € graph(¢). Then, if ¢ € Lipw(w),

{r} ={q¢- 1} = q- (Cwy(p, ) Ngraph(¢)) = Cwy(p, @) N graph(¢,).

Hence ¢, is intrinsic Lipschitz. For the converse, let us observe that for each
p,q € H™ it holds

(0g)p = Ppg- (4.8)

Then, by the first part of the proof, if ¢, is intrinsic Lipschitz then (¢,),-
is also intrinsic Lipschitz. Finally, by (4.8), we deduce (¢4),~1 = ¢ and the
thesis follows.

For the second part, let us start pointing out that for each ¢ € graph(¢)
0e Wg—1, ¢q—1 S Lipw(u)qfl) and ¢q—1(0> = 0.

Hence, by definition, there exists L > 0 such that for all p = (¢,-1(z),z) €
graph(¢,-1) it holds
Iy (p)[| < Li|mw (p) |
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therefore
Qg1 ()] < Ll

The reverse inequality is obvious and follows again from (4.8).

(iv): Let M := supy |¢| and A := sup . |[p|. Then

1 1
do(7,y) < |z = ylpen + (1 + V2M)[x — ylgo. + |0 (2, )2 (4.9)
1 1
< (1+2VA+V2M) |z =yl + e —yl2llyl?  (4.10)
where in the last inequality we used |o(x, y)| = |o(x—y, z)| < ||z—y||r2||y||r2" -

(v): Let M := ||§||p) < 00. To get the thesis it suffices to prove that
there exists a constant C' = C(M) > 0 such for each z,y in a sufficiently
small Euclidean neighborhood of each p € w it holds

|z — ylgen < Cdy(z,y).
Clearly,

‘33' - y‘R% < |(~’171 — Y1, ., Top—1 — 3/271—1)’]1&2”—1 + ‘x2n - y2n’;

hence we have only to prove that there exists a constant C' > 0 such that

‘xZn - an’ < Cd¢(x, y)

If
;mn—md2|—2@@ﬁ+¢@ﬁ@n—ﬂJ+U@Wﬂ

then the thesis follows provided x,y are close to p. On the other hand if

1
5120 = yon| < | = 2(6(2) + ¢(y)) (Y — 20) + 0 (2,9)|
then .
51720 = yonl < 2019l L) lyn — 2al + o (2, y)]
and since |o(z,y)| = |o(x —y, x)| < ||z — y||g2n||y||re~ the conclusion follows.

]

As pointed out in [130], Lipw(w) is not a vector space. Nevertheless, it

is closed under max and min. Precisely,
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Proposition 4.1.3 ([79]). Let ¢, ¢ be intrinsic Lipschitz functions on W
with the same Lipschitz constant L > 0. Then there exists L = L(L) > L
such that max{¢, ¥} and min{¢,v} are L—intrinsic Lipschitz.

Proposition 4.1.4 ([79]). Let ¢ : w C W — V be an intrinsic Lipschitz
function, then there is ¢ : W — V intrinsic Lipschitz such that Lip(¢) >

Lip(¢) and
o(x)=¢(x) Vzew.

Theorem 4.1.5 ([117]). Let E C H" be a set with finite H—perimeter in
U,, v >0, vy be the measure theoretic inward normal of E, and v € S*"~ 1.
Assume there exists k € (0,1] such that my(vg(p)) < —k for |0E|g—a.e
p € U,.. Then there exists a > 0 such that possibly modifying E in a negligible
set, for allp € OENU,

{facU | lmwp™" @)l < —amv(p'-q)} CE
{eeU | |lmup™" @) <omy(p™'-q)} CH"\ E
If in particular n = 1

L2
2 — k?

N | >

o +2a < =, with h:= (4.11)

One of the main achivements in the theory of intrinsic Lipschitz functions

is the following result.

Theorem 4.1.6 ([79]). Let ¢ € Lipw (W) then the subgraph Ey is a set with
locally finite H—perimeter.

Theorem 4.1.6 open the possibility of proving much finer results on in-
trinsic Lipschitz functions. In particular, by using a blow-up argument it is
possible to prove a Rademacher’s type Theorem for this class of functions. In
other words, as in the Euclidean situation, each intrinsic Lipschitz function

is almost everywhere V?—differentiable.

Theorem 4.1.7 ([79]). Let w C W be open and ¢ € Lipw(w). Then ¢ is

intrinsic V— differentiable L —a.e in w.
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Sketch of the Proof: First of all, since V?—differentiability is a local notion,
by Proposition 4.1.4, we may assume that ¢ is intrinsic Lipschitz defined on
all W. Hence, by Theorem 4.1.6, we know that Ej is a set of locally finite
H—perimeter hence we denote by 0*E, the H—-reduced boundary of E, as
in Definition 1.2.8 and by vg, the inward unit normal to Fy as in Theorem
1.2.8. By Theorem 1.2.16 it follows that:

lim 1(g,),, = 1sg(yE¢(p)) in Lzloc(Hn) (4.12)

r—0

where (Ey),, and Sy (vg,(p)) are as in Theorem 1.2.16. As proved in [79,
Proposition 4.6], ¢ is differentiable at any point x € w such that (¢(x),x) €
0*E,. Hence to conclude the proof it suffices to prove that

L2y (graphe \ 0*Ey)) = L (W \ mw (0" Ey)) = 0. (4.13)
We prove here a more general result. Precisely,
(®)-(L*") = v, |0E|u (4.14)

where (®),(£?") denotes the pushforward measure induced by the graph map
of ¢ and V%% is the first component of vg,. Since Ey is a set of locally finite
H—perimeter then Vg € C!(H")

Vig dc* ! = / Vi, g A0E|m

n

Ey

~ [ s ac™.
W

By a change of variables (see [107]) we obtain:

[ vk, A0 = [ o) ac>
n W
_ / g dd. (L)
which is the thesis. ]

Some interesting consequences of Theorems 4.1.6 and 4.1.7 are in order:
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Proposition 4.1.8 ([79]). Let w C W = R** be a bounded open set, and let
¢ € Lipw(w). Then

Ve € (L= (w))* 1. (4.15)

Proof. Let S = ®(w). We begin proving that there exists a constant ¢ =
c(W,V,¢) > 0 such that for all p € S there is a r, = r(W,V,p) > 0 for
which

er? < L2y (U(p,m)NS)) V7 € (0,1,). (4.16)

Being S an intrinsic Lipschitz graph there exists 0 < L < oo such that
forallpe S

From (ii) of Proposition 4.1.2, without loss of generality, we can assume that
p = e. First, let us prove that, if o := 1/L, there exists r. = r(W,V,e) >0
such that

mw(Cwy (e,0) NU(e, Lc—;r» C mw(U(e,r) N S) (4.18)

for each r € (0,7¢), where ¢; and ¢y are the constants such that
cllmw @)+ v @) < llpll < e(lmw @)l + lmv()l)) ¥ p e H™.

Because of e € S = ®(w), it follows that e € w. Thus there exists r. > 0
such that U(e,r) C R x w for each r € (0,r.). Then, in order to get (4.18)
we need to prove that if p Eé’wy (e,a) NUl(e, (c1/Lcy)r) then

mw(p) - o(mw(p)) C Ule,r) Y re (0,7e). (4.19)

Let p G(}WV (e,a) NU(e, (c1/Lea)r) and assume that p = (s,x) with = € w.
By (4.17) and (iii) in Proposition 4.1.2 it follows that

|p(z)| < Ljs|. (4.20)

Since
C1
cr([lz]l +1s]) < lpll < Ies
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it follows from (4.20) that
1(@(2), )|l < ca(lz]] + |o(@)]) < ezl +[s]) <7
Therefore (4.19) is proved. Moreover, if we define
¢ = ()L (ww(Cony (e,0) NU(e, 1))

then ¢ > 0 because 7w is an open map. By group dilations and [79, Lemma
4.3]

L2 (mw(Corw (,0) N U(e, 7)) = £7 w0z, (Corw (e,0) N U (e, 1))
(4.21)

&1

C2

_ C,,,Zn—',—l

By (4.18) and (4.21), the proof is accomplished. We are now in position to
prove the corollary.

First, let us prove that
. gwgn_l 0E|z — a.e (4.22)

where 1, ¢, ws,_1 denote, respectively, the first component of the intrinsic
inward normal to Ey, v = (14, ..., s,), the constant in (4.16) and the (2n —
1)-dimensional Lebesgue measure of the unit ball of R?**~!. Notice that, by
definition, for all p € S := ®(w) and for all » > 0

O (U(p,r)NS) = mw(U(p,7) N S).
Then, by (4.16), Theorem 4.1.6 and Corollary 4.14, it follows that, for each
p € S there is a r, = r(W,V,p) > 0 such that for each r € (0,7,)

e < LMwN TN (U(pr) N S)) = / (-01)d|0Eln  (4.23)
Ulp:r)

Recall also that
OaEsN(w-R)COE;N(w-R)C S (4.24)

3 1iré1+ (—1)d|0Ey| = —11(p) Vp € OpEy (4.25)
r— U(p,r)
o 1B (U, 1)

r—0 rntl

OB |a(H" \ 35E,) = 0. (4.27)

= 2w2n_1 Vp € aﬁE(b (426)



4.1 General properties 63

From (4.23),(4.24),(4.25),(4.26) and (4.27), inequality (4.22) follows at once.
Indeed, for each p € Jj;E4 we have

(4.25) .. 423) .. L™wn® Y U(p,r)NS))
—u(p) =" lim ]/ (11)d|0Ey|lg =" lim
1 0 Jugry r=0 OB |u(U(p, 7))
(4.23) cr?ntl (4.26) ¢
> lim = —
r—=0 |8E¢|H(U>pv ’f‘) 2wapn—1

Finally, since |v| =1 |0E4|m—a.e and

(1/2, ey V2n)

Vo = od LM —aeinw
by (4.22), the proof is complete. O
Corollary 4.1.9 ([79]). Let ¢ € Lipw(w). Then
OvmEysN(w-R) =0E,N (w-R) = graph(¢) (4.28)
and
S (0, mEy \ 05Es) = 0. (4.29)
Here S denotes the spherical Hausdorff measure introduced in (1.1.13).

We conclude this section comparing the distance d, with the distance of
points of the graph.
To this end we denote by Ug(x,r) == {y € w | dp(z,y) < r}.

Proposition 4.1.10. If ¢ € Lipw(w) then there is Cy = Cy(Lip(¢)) > 0
such that

Uy(z,Cir) C mw(U(P(z),r) N graph(¢)) C Us(x,r/c) (4.30)

for all x € w and r > 0. Here Uy(z,r) :={y € w | dp(z,7) <r} and ¢ >0
is defined in (3.5).

Proof. Let z € mw(U(®(z),r) Ngraph(¢)) then d(®(x), P(2)) < r. Since the
intrinsic projection myw : H* — W is such that Vp € H”

1
lmw (p)]| < EHPH
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where ¢ > 0 is as in (3.5), we have

1

Ao, 2) = 5 (Imn(@ (@) S]] + (@ ()" @(2))] )

1 1 -1
< \/—Q—C(H(‘P(I) - ®(2))| + [[(2(2) "MI))H)
_ %d((b(a:),@(z)) <!

Hence the second inclusion follows.

For the first inclusion, let us note that for all z,z € w

d(®(x), @(2)) < [p(2) — d(2)] + dy(z, 2)

therefore, since ¢ € Lipw(w), for every z € Uy(x,Cr) with C' > 0 to be

determinated we obtain

d(®(z), ®(2)) < Lip(¢)dy(z, 2) + dg(x, 2)
< C(Lip(¢) + 1)r

and the first inclusion follows choosing 0 < C' < 1/(Lip(¢) + 1). O

4.1.1 Rectifiable Sets

In this subsection we provide an interesting application of Theorems 4.1.6 and
4.1.7 to the theory of rectifiable sets in H"™. This notion was first introduced
in [82] and successively refined, extended and studied by many authors, see
for example [81, 97, 80, 44]. The idea is simply to use intrinsic objects to

restate the classical notion of rectifiability introduced in [69]. Precisely,

Definition 4.1.2. We say that E C H" is (2n,H)—rectifiable if there exists
a sequence of H—regular hypersurfaces (S;)ien such that, for any bounded
ucHe,

St ((E nu)\ si) —0. (4.31)
i€N
We can restate a classical result proved by De Giorgi in [58] and [57], in

the context of Heisenberg group.
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Theorem 4.1.11 ([80]). If E C H" has finite H—perimeter then OjE is
(2n, H) rectifiable.

Another natural definition of rectifiability, which in the Euclidean case

coincide with the one stated above, is the following one:

Definition 4.1.3. We say that E C H" is (2n,H )—rectifiable if there ezists
a sequence of Lipschitz graphs (G;)ien such that, for any bounded U C H",

S+l ((E nu)\ Gi> —0. (4.32)

ieN
Using Theorem 4.1.6 we have the following

Proposition 4.1.12. E C H" is (2n,H)—rectifiable if and only if E is
(2n,Hy) rectifiable.

Proof. If E is (2n,H)—rectifiable then, by definition, there is a sequence of
H—regular hypersurface (S;);en for which (4.31) holds. Since each H—regular
hypersurface is locally the graph of an intrinsic Lipschitz function (see Propo-
sition 3.2.2 and Theorem 3.2.6) then it clearly follows that E is (2n,H,)
rectifiable. On the other hand, if E is (2n,Hj)—rectifiable then there exists
a sequence of Lipschitz graphs (G} );en for which (4.32) holds. Hence, by def-
inition, there are ¢; : w; C W — R intrinsic Lipschitz functions such that
G; = graph(¢;). By the extension property (Proposition 4.1.4) we can as-
sume w; = W for all ¢ € N. Hence, by Theorem 4.1.6, the subgraph of ¢; has
locally finite H—perimeter and hence it is (2n, H)—rectifiable by Theorem
4.1.11. This proves that all of E is (2n, H)—rectifiable. O

We conclude stating an interesting representation result for the intrinsic

generalized inward normal of the subgraph of an intrinsic Lipschitz function.

Corollary 4.1.13. Let ¢ € Lipw(w) then the intrinsic generalized inward

normal vg, to the subgraph Ey has the following representation

~1 VPo(x) )
VI V(@) \/1+[Voe(x)]?

(4.33)

v, (@(x)) = (

for L"—a.e x € w.
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4.2 (C° approximation of intrinsic Lipschitz

functions

In this section we face the problem of approximate a given intrinsic Lipschitz
map with a more manageable class of functions. Precisely, what we want
is an analogous for intrinsic Lipschitz functions of the following well known

result for Euclidean Lipschitz functions:

Proposition 4.2.1. Let 2 C R"™ be open and bounded and f : Q) — R be a
Lipschitz function. Then there exists a sequence { f,}nen of smooth functions
fn i @ — R such that

1. f, converge uniformly to f on the compact sets of €2;
2. [V (@) < IV Fllze@;
3. Vfu(x) = Vf(x) a.ein Q.

The proof of Proposition 4.2.1 is well known (see [128, 127]) and it is basi-
cally done by convolution. On the other hand, for the intrinsic Lipschitz case
the approach via convolution fails, essentially because the intrinsic gradient

is non linear.

We start proving some auxiliary results:

Proposition 4.2.2. Let w C W be open and bounded and let ¢ € Lipw(w).
Then for each o = (1, ..., pm) € CHR x w, R*")

—/ (p,vE) d|0Ey|n = / p10® — (V9 po®)dL™ (4.34)
Q w
where ¢ := (Y2, ..., p2,) and O :w — H" is as in (3.9).

Proof. Let we denote by E := E, the subgraph of ¢ and by €2 := w-Re; =
R x w. By Theorem 4.1.6 FE is a set of locally finite perimeter in H", then
there exists a unique |0F|g-measurable function vg : § — R*" such that

lvg|gen = 1 |OF|g-a.e in Q and

/ divig p AL = — / (oovs) dIOEln Vo € CHQR™), [plgen < L.
E Q
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By using Corollary 4.1.13 and 4.14, we have that the first component 1/](51) of
vg is such that VS) < 0 |0F|g—a.e in .

U
/Q<80, vg) d|OE ]y —/Q <(py(1)E>V,(51) d|0E|x

E

Hence

and by (4.14) we obtain

[ temsidlont = - [ Eras, e
Q Q UV

E
finally by a change of variables
) )
/ <90a VE)d(I)#(Ein_W) _ / <VE 0P, 90 >d£2n
Q

VS) w VJ(,;) od

Now, by the characterization of the inward normal provided in Corollary
4.1.13 we have for every ¢ € C1(Q, R?") with |p|gen < 1,

/ (¢, vE) ||y = — / (v o ®90 )
“ w

V(El)ofl)

2n
P)i(p 0 ),
:_/¢1o¢+z(y’5°(l) (£0D)i g pn

2 I/E)O<I>
—— [wro0— (V0o p0n)ac,

where ¢ = (g, ..., ¢2,). Hence

—/ (p,vg)d|OFE|g = / pro0d — <V¢gb, Yo (I>> ac* (4.35)
Q w
as desidered. O]

Now we are going to prove that the gradient V¢¢ of a Lipschitz continuous

function ¢ € Lipw(w) also agrees with the distributional gradient.

Proposition 4.2.3. Let w C R?" be open and bounded and let ¢ € Lipw(w).
Then for each v € C}(w)

(i) [ ¢ VipdL? = — [ Vip ¢ L™ Vi#n;

(ii) [ (60ns1t0 + ¢*Doni1¥) AL = — [ Vi¢ ¢ AL
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Proof. Let us denote by M := ||¢|| () < +00. By standard considerations,
there is a sequence {¢;}jen C C°(w) converging uniformly to ¢ on every
w' € w. We denote by ®; : w — H" the graph map of ¢; and by E; the
subgraph of ¢;. Therefore, by Proposition 4.2.2, we obtain that for every
0= (¢1,--,pam) € CHR x w, R?")

/901 0od — (V% pod)dL™ = / divy p dL*" =

w E

= lim divg o dL* = lim [ ¢y 0®; — <V¢’J¢j, ¢o®;)dL.
J—00 E; j—=oo f

where ¢ = (g, .., pan). I 0((s,2)) := Y (2)(s) with & = (2, Yan1) €
Clw,R?" 1) and ¢ € C}(R) such that (s) = 1 for all s € R with M —1 <
s < M +1, then ¢ € C}(R x w,R*"). Hence

/ (VPo(w), (@)(@(x))) AL = lim [ (V6 (x), (x)¢(9;(x))) AL
(4.36)

and since ¢; converges uniformly to ¢, there exist j € N such that for all

j > j and for all « in the support of 1,
M—1<¢j(x) <M +1

and hence £(¢;(z)) = 1 for all j > j and for all = in the support of 1. This
implies that

/ (VP¢(z),1(z))dL? = lim / (V9 ¢;(x),(x)) AL (4.37)

J—00,52>]

If (x) := (0,...,%(z),...,0) € CH{w,R* 1) and i # n then by (4.37) we

obtain

/ Vi pdL = lim / V¢ pdL =

— — lim ¢;Vpd L = / PVOPd L

300,527 J
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where we used the fact that if j # n then V%¢; = V?¢,. On the other hand

if j = n we obtain

/ Vo pdL™ = lim [ V%, pdL™ =

J—=00,027 Jw
—— tm [ @00+ B00) AL =~ [ (00,0 + a0 aL™
170,927 Jw w

]

In the following Theorem we provide a representation formula for the
H—perimeter and for the spherical Hausdorff (2n + 1)—measure of the in-

trinsic graph of a Lipschitz function ¢ in terms of its V®—gradient.

Theorem 4.2.4. If ¢ € Lipw(w) with w C W open and bounded, then there
exists a dimensional constant ¢, > 0 such that the following area formula
hold

|0E,|z(R x w) = ¢8> (graph(¢)) = / V1+ Voo de2n.

where S*" 1 denotes the spherical Hausdorff measure in H™.

Proof. Denoting by E the subgraph of ¢ and by 2 the cylinder R x w, being
|OF|n a Radon measure, a classical approximation result ensure the existence

of a sequence
(i)jen = (941, -+ jn))jen C CL(Q,R™)
with |p;|ger < 1 such that
w; > vg |0Elg—a.einQ
moreover by Corollary 4.1.13 it is easy to see that
pjo® > vpod® L7 —aeinw.

Inserting this sequence in (4.35) of Prosposition 4.2.2 we obtain that for all
JeN,

—/ (pj,vE) d|0E|m = / pj10d— <V¢gz5, $j o CI>> dc (4.38)
Q w
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and the first part of the thesis follows taking the limit as j — oo in (4.38).
The fact that [0Fs|g(w - R) = ¢,8*" " (grap(¢)) for some dimensional con-

stant ¢, > 0 is a direct consequence of Theorem 1.2.11 and Lemma 4.1.9. [

Before stating the approximation Theorem we need to recall two results

which we will be fundamental in the proof.

Theorem 4.2.5 ([136]). Let f : R* — R be a strictly convex function and
let (g;); and g be in (L*(Q))™. If

1. g; = g weakly in (L*(Q))";
2. [y fog;dL” — [, fogdL”
then g; — g strongly in (L'(Q))".

Lemma 4.2.6 ([130]). Suppose that M > 0 ¢ > 0 and u € C*((—M, M) x
w,R)NC%[—M, M] x w) are such that Viu < 0 and

u(lx, M) >c, u(z,—M)<0 Vrew.

Assume also that Viu(p) < 0 on the set A= {p € (—M, M) X w : u(p) =
c. Then there exists ¢ : w — (=M, M) such that ¢ is uniformly V-

differentiable in w and
{fu>ectN (=M, M) xw=E,N(—M,M) x w.

We are now in position to state and prove the approximation Theorem.
We will strictly follow here the approximation techniques contained in [117]
and [130], which are extensions to the Heisenberg setting of the classical De

Giorgi’s techniques for the Euclidean case [59].

Theorem 4.2.7. Let ¢ : W = R*™ — V = R be a bounded intrinsic
Lipschitz function. Then, for each bounded open set w C W, there exist a a

sequence {¢x }ren of smooth functions on w such that
(i) ¢ — ¢ locally uniformly in w;

(it) [V ¢r(z)] < VOl L) Vo € w;
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(iii) V%@ (x) — Veh(x) LP"—a.e v € w;

Proof. Let us assume firstly that ¢ : W — R. Let M := [|¢|| poo(w) < +00.
For each a > 0 we define u,, : H* — R by

U (p) == (pa * X8,)(P) = / pa(p-q xe,(q) AL (q) (4.39)

n

— [ mloxelap) a2

where po(z) = o®*2p(d14(2)) and p € C(U(0,1)) is a smooth mollifier
with p(p™') = p(—p) = p(p) Vp € H". Namely let us exploit the classical
technique of approximation by convolution in H" introduced in [75] of which

the main properties are collected in [130, Lemma 2.4].

Claim 0. Let us first show in detail that u, is constant far from the graph
of ¢, so that the integral (4.39) is indeed extended only in a neighborhood of
the graphs itself.

To this end, for each o > 0 it follows that u, € C2°(H") and
spt(ua) C U(0, @) - spt(xe,)
Moreover, observe that for each a > 0
0 <u,(p) <1VpeH",
and for all sufficiently small o > 0
ua(p) =1 VpeW. (—oo,—2M] = (—o0,—2M] x W. (4.40)
Notice also that Ey is open in H" and

spt(xe,) = Ey S {(s,2) |z € R™, s < ¢()} (4.41)
(—oo, M| x W.

N

Hence

spt(ua) € Uq - spt(xe,) € (—00,2M) x W (4.42)
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for « < M. In particular, (4.42) implies

Ua(p) =0 Vpe[2M,+o00) x W. (4.43)

Claim 1. Let us compute explicitly Viu,,.

Let ¢ € C°((—3M,3M) X w), then

(Viuar) = - | 4a(p) VB ()AL () (4.44)
(—=3M,3M) xw

= | war o) [ 078 )

— [ et [ ¥, (@) R p(p - )AL (g).

o p~1-((-=3M,3M) xw)
With the notation ¢,(q) = ¢(p-q) we have Vil(¢(p-q)) = Vilp,(q), because
Vil is left-invariant; moreover o, € C®°(p~ - ((=3M,3M) x w)), then

<V]{Huaa (;0> = (445)
__ / pa(p)ALZ () / X, () Vg, ()L ().
o 1 ((~3M 3M) xw)

Put C(p,3M) :=p~' - ((—=3M,3M) x w) then by an integration by parts, we

have
/ X (@) Vi, ()AL (q) = — / Vb (@)@ OE,|(q) (4.46)
C(p,3M) C(p,3M)

where y}% is the first component of the horizontal inward normal vg, =
(Vb - Vi) to By, B

Because spt(y,) € C(p,3M) and p € U, if a is small enough, we can re-
place C(p,3M) by C(0,3M). Thus, by Fubini-Tonelli Theorem and a change

of variable, we obtain

(Viwoe) = [ b @WEI( [ sulae- o)

Then for each p € C(0,3M) = (—3M,3M) xw and for all small enough oo > 0

VEua(p) = /C g P2 I QUOE ) = (4.47)

_ / . )pa@ g Hn(g)d|0E|(q)
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where Uf(p, o) := U(0, ) - p.

In particular we immediately deduce from (4.47) the following assertion:

For each couple (w,wy) of open and bounded subset of W with wg D w there

exists & = a(wg) > 0 such that for all0 < a < &

/( oA | Viua|dL* T < |OE,|((—2M,2M) X wp).
- ) Xw

Analogously we also obtain

Vi@ = [ VI (palp a7 )00 @)
C(0,3M)

Claim 2. For every fired o and ¢ € (0,1) the set

A={pe (—2M,2M) X w : us(p) = ¢}

(4.48)

(4.49)

implicitly defines a function ¢, : w — R. This family has a subsequence
{ér}r such that |V ¢y| < ||[V0 o) Yk € N onw C W and {¢y}x con-

verge strongly to ¢ in L'(w).

From Claim 1 we will first deduce that
Viua(p) <0 Vpe€ A

Indeed, recalling that (see Corollary 4.1.13)
1

Mob=———— inw

1+ |Vogp|?

and denoting by

we obtain

V]{Hua@) < -
VI IV98l3a

I(p) ¥p € (—=3M,3M) x w.

(4.50)

(4.51)

(4.52)
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In order to prove (4.50) for every ¢ € (0,1) let us define
Eo=FEsc:={p€w-R[uup) >c}
and notice that for each p € (—2M,2M) x w with u,(p) = ¢
LU pa)nEy) >0 LU (p,a) N EG) > 0. (4.53)

Otherwise, by contradiction, assume, for instance, that £>"Y(UZ(p,«a) N
E4) = 0. Then, since E, is open, we can assume Uf(p,a) N E; = (). By
definition of convolution, it follows that u,(p) = 0 and then a contradiction.
Analogously, it follows that u,(p) = 1 if L2 (U"(p,a) N ES) = 0.

By (4.53) and Theorem 1.2.15, we have |0E4|(U(p, «)) > 0
Vp € (—2M,2M) x w with u,(p) = ¢, then

I.(p) >0 pe(—2M,2M) x w with u,(p) =c. (4.54)

From (4.52) and (4.54), (4.50) follows. Applying the implicit function Lemma
4.2.6 we deduce that there is a function ¢, : w — [-2M,2M] such that

E, N ([-2M,2M] x w) = Ey, N ([-2M,2M] x w), (4.55)
From (4.43), (4.40), it follows that
OE, N (R xw)={pe[-2M,2M] X w | ua(p) = ¢} = Pp(w) (4.56)

where @, : w — H" is the graph map defined as in (3.9).

We can now estimate from above the gradient of ¢,. Letting

@Hua = (V2 U, - - Vgnua)

Vg, = (V%é, . ,V%Z) and arguing as in Claim 1 we get,
’vHua(p”
VP, | = < 4.57)
Il |
1

V)] . )|’9E¢(Q)||Pa(l7'q_1)’ d[0E,|(q)
1 Yo D,

V9| oo (R (p,))
|VHua |\/1+ ||V¢¢||Loo(URpa))

<NVl oo (pa))s

< I.(p
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the last inequality being a consequence of (4.52). It follows that for all « > 0
V9 ¢a| < [|VPO| 120w in w. (4.58)

Let us finally prove the convergence of ¢, in L'(w). By definition of E,,
it follows that

Uq — XE, > cin By \ By
XE, — Ua > (1 —c) in Eg\ B,

and thus
[tg — XE¢|d£2n+1 > E,CQ”H(EQAE@
(—2M2M) xw
where ¢ := min{c¢, 1 — ¢}. Since
Cljg% l|ta — XE¢||L1((—2M,2M)><w) =0,
we also get
lim (X g, — X, /| (2n2m ww) = lim L2 (EaAE) = 0. (4.59)
A simple application of Fubini theorem shows that
160 = bllrw) = IXB. = XE, |1 (—201200) x0)

and hence

bo — ¢ in L'(w). (4.60)
Claim 3. {¢x}r converges uniformly to ¢ on the compact subsets of w.

Indeed, let (o) be a positive sequence converging to 0. Because of (4.58),
|¢a| < 2M Va > 0 and the fact that the functions ¢, are $—Hélder con-
tinuous on every w’ € w with Holder constant independent from o« ( [117,
Lemma 3.1]), by Ascoli-Arzeld’s Lemma there exists a subsequence (o, )i

and a continuous function ¢ € C°(w) such that

Do, — ¢ uniformly on compact subsets of w. (4.61)
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From (4.60) and (4.61), it follows that ¢ = ¢ and the claim follows.

Claim 4. There ezists a positive sequence (o) such that, if ¢p, = ¢a, then

Voo, (z) — Voo(x) L —aex € w. (4.62)

In order to get (4.62), we need only to prove that there exists a positive

sequence (ay)p, converging to 0 such that there exists

hlim/\/1+|v¢h¢h|2d£2”:/\/1+|V¢¢|2d£2” (4.63)
— 00 w w

where ¢, = ¢,, . Indeed, up to subsequence, by (4.58) and Proposition 4.2.3

we can assume , that the sequence in (4.63) also satisfies

V¢, — V9¢ weakly in (L'(w))? . (4.64)
Then, by Theorem 4.2.5, it follows that

V¢, — V9¢ strongly in (L*(w))* . (4.65)

Therefore, up to a subsequence, (4.62) follows. Let us now prove (4.63). It is
sufficient to show that there exists ¢ € (0,1) and (ay), C (0, +00) converging
to 0 such that

3 lim |0Bu, elin((—2M, 2M) x w) = 0B, |u((=2M,2M) x w).  (4.66)
—00

In fact, by Proposition 4.2.4 and well-known H—perimeter properties

[ VIFIVEGRALT [0 (R x ) = (4,67)
= |0Ey|u((—00,2M] x w) + |0Ey|m((—2M,2M) x w)+

+ [0E4|u([2M, +00) X w) =

— |OE|u((—00, —2M] x w N OE,) + [0E|s((—2M, 2M) X w)+

+ |0Ey|u([2M, +00) x wN OEy) =

— (OB fi(~2M,2M) x ),



4.2 (' approximation of intrinsic Lipschitz functions s

where in the last equality we have used the inequality |¢| < M which im-
plies (—oo, —2M] X w N IEs = [2M,+00) X w N IE, = (. Analogously, by
(4.55),(4.40) and (4.43)

0w, o|a((—2M, 2M) x w) = [0E,, [z((—2M,2M) x w) (4.68)

and
/ V14|V, 2dL™ = |0E,, |(R x w) (4.69)
— |0E,, |u((—2M,2M) x w), (4.70)

where ¢, = ¢q,,. Therefore (4.67),(4.68) and (4.69) imply (4.63). Finally let
us prove (4.66). We will follow the technique exploited in [130]. Notice that,

by the semicontinuity of H—perimeter measure and (4.59), we have

OB, | ((—2M, 2M) x w) < liminf |0Fa Ju((—2M,2M) x w)  (4.71)

a—0t

for each ¢ € (0,1). On the other hand, by (4.71) and the coarea formula it
follows that

a—0t

1
|0E4|u((—2M,2M) X w) < / 11m1nf|8Eac|H((—2M, 2M) x w)de <
0

gnmmf/ O (—2M, 2M) x w)de —
0

a—0t

= lim inf/ | Vite|dL T =: I(w, c).
(—2M,2M)

a—0t

Now, for each wy @ w open and bounded, by Claim 2, it holds
I(w,c) < |0Ey|m((—2M,2M) x wp). (4.72)

Indeed, by Claim 2, for each wy 3 w open and bounded there exists a sequence
{ap}n C (0, 400) which converges to 0 and h = h(wg) > 0 such that for each
h<h

/( 2M,2M) |vu“h|d£2n+1 < |OEp|u((—2M,2M) x wp). (4.73)
Xw
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Hence
I(w,c) < |8E¢|H((—2M, 2M) X wp) (4.74)

for each ¢ € (0,1) and each wy © w open and bounded. Moreover, since
|0Es|m is a Radon measure then by a standard approximation argument we
can rewrite (4.72) with w instead of wy. Using again (4.71), we obtain that
L'—aece(0,1)

lim inf |0 c[in((—2M, 2M) % w) = |0Ef((—2M, 2M) X w).
a—

In particular there exists ¢ € (0,1) and a positive sequence (ay,), converging
to 0 such that (4.66) holds.

We conclude the proof proving that the assumption ¢ : W — R can
be relaxed to ¢ : w — R where w C W is open and bounded. Indeed,
by (iii) of Theorem 4.1.2 ¢ is locally uniformly continuous on w. Thus ¢
can be extended to a continuous function ¢ : w — V = R and let M =
sup,, |¢| < +oo. By Theorem 4.1.2 (i), there exists a Lipschitz extension
¢ W=R*" -V =R of . Define ¢* : W — V=R by

o*(x) = max{min{g_b(x), M}, —M} zeW.

Theorem 4.1.2 (ii) yields that ¢* is a bounded Lipschitz function, which
still extends ¢. Applying the previous part of the proof to ¢* we get the
thesis. O]

Remark 4.2. We point out that Theorem 4.1.5 provides another way to prove

the uniform convergence of the family {¢,}, see [46].

4.2.1 Some Applications

In this subsection we provide an estimate of the Lipschitz constant of a given
¢ € Lipw(w) in terms of the L>—norm of its intrinsic gradient. This result
implies a characterization of Lipw(w) in terms of approximating sequences.
In other words, if for a given continuous function ¢ there is a sequence of

smooth functions which satisfies (i), (i2) and (i7i) of Theorem 4.2.7 then
¢ € LipW,loc(W)-
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The family {V?} (i € {1,...,2n — 1}) satisfy the Hérmander condition
if n > 2 (if n = 1, it well known that there is no connectivity). Hence we
can define another distance in w, namely the Carnot-Carathéodory distance
dec,s (see [20, 27, 91, 114] for the details). From now on we will denote by
Ueew(x,7) = {y € w | dec,p(z,y) < r} and we recall that Uy(x,r) = {y €
w | dg(x,y) <r}.

Proposition 4.2.8. Let w C W be open and bounded, n > 2 and ¢ : w — R
be a Lipschitz function with respect to the distance de.s with Lip..(¢) its

Lipschitz constant and denote

M := max {L@'pcc(gb), 2Lip(¢h,w)(1+9(1 + Lip(qb,w)l/2)4)}.

Then there are positive constants Cy and Cs depending only on M in an
increasing way such that for each * € w and for each r > 0 such that
Uece,p(Z,2r) C w it holds:

Up(Z,7/Cy) C Upe (T, 7). (4.75)
Moreover, for each T € w and each r > 0 such that Uy(Z,r) C w it holds:
UCC#)(f,T/Cl) C U¢<Zf,7”). (476)

Proof. We denote & = (Z1,...,%2,), and choose y = (y1, ..., Y2n) € Uee(Z, 7).
In order to establish the inclusion (4.76), we estimate from below d..4(Z,y).
By definition there exist h = (hy,...,ho,_1) € L=((0,1),R*~1) with |h| <
2d..4(Z,y) and an absolutely continuous curve 7 such that

2n—1

Zh V() ae te(0,1) (4.77)
and
Y(0) =z, (1) =y.

Denoting by #(t) = (F1(t),...,%2.(t)) and using the explicit form of the
vector fields {V?} we easily obtain that:

Yo — Tl = (1) = Zal < 2ers(3,y). (4.78)
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This implies that the d.., distance is equivalent to the exponential dis-
tance defined in terms of all the vector fields (V¢)i:1...2n, and the equivalence
of this last distance and the dy is already contained in [45] for general vector

fields. We repeat here the proof in our special case. Let us consider the curve
v [0,1] = R™, y(s) == exp(s(yn — Ta) V3)(Z)

then in coordinates

Y($) = (T1,. .o, T+ $S(Yn — Tn)s -+, Ton—1, 2(Yn — Tp) /05 A(y(7))dT + Zap).

Note that the points v(1) and y have the same n-th component, so that
while computing their distance, we can discard the vector field V¢ and the
family {V?} reduces the standard Heisenberg vector fields in H"~'. Hence

there exists geometric constants ¢y, co > 0 (independent of y) such that:

c1deep(7(1),y) < dg(v(1),y) < ca decp(v(1), ). (4.79)

Let us also notice that, by simple calculations:

1
do(7(8), ) <[y = Tl + V2yn — Fal M max dy((0),2)] " (4
max do(3(8).7) <y — Tl + 2y, — £ 50F | max dy(1(0.D)] " (4.80)
1
+2V2ly, — o[ EMEC(M)? | max do((2), 7))
te|0,

where C(M) is as in (3.17). Since M'/2 < C(M) we obtain

max dy(1(t), 7) < lyn — 7l +3V2Jya — 2 3C2(M) | max dy(3(1),7)|”

te[0,1] t€[0,1]

hence

max d t), T
max do(y(6), %) < lyn = Zal + Ol — Zo|C(M)* 4 —E0 ] 2¢(7( ).7)
€ I

and finally:

max de(v(t), @) < 2(1+9C(M)")|yn — o (4.81)
€10,

which implies that V¢ € [0, 1]

[6(v(t) — ¢(@)] < 2M (1 + 9C(M)*) |y — Ta. (4.82)
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By the triangle inequality stated in (3.17) and using (4.82) with M := 2M (1+
9C (M)*) we infer:

dy(7.y) < d(7(1), 2) + dy(7(1), y) + [6((1)) = (@) /*|T0 — ya|? (4.83)
< dg(7(1),2) + €2 decp(7(1),y) + M2 deep(7(1), )
< dg(Y(1), 7) + €2 deeo(¥(1), ) + €2 decs(y, 7)+
(v

+ M2 g (1(1), 7).
By definition of d.. e and (4.78):

dees(V(1); T) < [yn = Tn| < 2dec (T, y) (4.84)
hence by (4.78), (4.83), (4.84) and (4.81) we obtain:

d¢(.1_3, y) S d¢<7<]‘)7 j;) + 2 dcc,qﬁ(’y(l)? 'f) + co dcc,¢>(y7 j)—i_
+ Mo 5(+(1), 7)
< (362 + 2012)d s (9, ) + A(1 + 9C(M) oo (7, ).

The proof of inclusion (4.75) is analogous: by the triangle inequality we have

deeo (T, 4) < deep(7(1), %) + decs((1),9) (4.85)

and calling ¢ := 1/cy and by simple calculations we obtain:
1
(1)) < e o) + 2l = 2l [ Jo(2(r) = o@)2ar
0
1
+2cly = a2 [ 100(r) - o) V2dr
0
1

< ¢ dg(T,y) + 2eM Py, — fin!m/ |decp((7), Z)|d7

+20M1/2|yn T 1/2/ |dee,s(y y)|dr

< ¢ dg(Z,y) + 4eM Py, — )|
< o(14+4MY?)dy(7,y).

Therefore by (4.85) we have:

dees (7, y) < (c(1 +4MY?) + 1)dy(Z, y), (4.86)
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and inclusion (4.75) follow.
[l

Proposition 4.2.9. Let w C W be open and bounded, ¢ € Lipw(w) and
n > 2. Then for each T € w and each r > 0 sufficiently small

Lip(é, Up(,7)) < c(44/ V6]l () + 1) V6] (o

for a suitable geometric positive constant c. Moreover, if n =1 it holds:

Lip(, Us(®,7)) < e [1+[1V9¢][3 ., (4.87)

Proof. Let us fix ¢ € Lipw(w) and M := ||[V?®||1x(,). Let {¢;}ien be a

sequence of smooth functions as in Theorem 4.2.7.

d¢(i,8w)
201

For every = € w, let us define 7 := > 0 where (' is as in Proposition

4.2.8 and depend only on ||V?¢|| ().
Then by Proposition 4.2.8, for each r < 7 and for each ¢ sufficiently big
it holds:

Uece s, (T,7) E w, (4.88)
hence by [86, Theorem 2.7] we infer that

[6i(x) = 6i()| < V" Gill Loy deco (,9) Yo,y € Uae, (7,7/2).

Hence

[6i(x) = S| < Vil Loy decos (@,y) o,y € Uy (3,7/(2C2)).

Moreover, since for each z,y € U, (Z,7), dec,; (2, y) < 1 < 7, and the local

equivalence of the distance d.. 4 and ds we conclude that:

[6i(2) = Gi(y)] < Col V"Gl | Le(ydo, (2,y) Vo, y € Uy, (2,1/(2C2)). (4.89)

By Theorem 4.2.7 we know that for all i € N ||[V%¢;||1x(,) < M, hence
taking the limit for ¢ — oo in (4.89) we get the thesis.

For n = 1, we use the fact, recalled in in Definition 4.1.1, that the cone
opening is the inverse of the Lipschitz constant, and the estimate of the cone

opening provided in Theorem 4.1.5, with k = ———L— O]

\/ 1+|V%9|2
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Using Proposition 4.2.9 we immediately get:

Proposition 4.2.10 (Characterization of locally intrinsic Lipschitz func-
tions). Let w € W be open and bounded, and let ¢ : w — R. Then the

ollowing are equivalent:
J g q
(i) ¢ € Lipw,joc(w);
(ii) there exist {dg }reny C C®(w), C >0 and w € (L*>®(w))**~! such that

(ii1) {¢k}ren uniformly converges to ¢ on the compact sets of w;
(i) |VO%¢p(z)] < C L*M-ae. x €w, k €N;

(ii3) VP ¢p(z) — w(z) L"—a.e z € w.

Moreover if (ii) holds, then w = V%) L*—a.e in w.
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4.3 Poincaré inequality

In this section we prove a Poincaré inequality for intrinsic Lipschitz func-
tions. It is well known that the Poincaré inequality play a crucial role in
the study the regularity properties for operators of the form > ", XZ2. In
particular, Poincaré’s inequality is fundamental in the so called Moser itera-
tion technique used to obtain Harnack inequalities and Holder continuity for
solutions of various quasilinear degenerate equations. For smooth Horman-
der’s vector fields, Poincaré’s inequality has been proved by Jerison in [96]
and improved in [101] and in [78] for different exponents. Some weighted
version of Poincaré’s inequality are proved in [76], in [78] and in [100]. For
the non smooth case: in [77] the authors proved the Poincaré inequality in a
low regularity situation for vector fields of diagonal form, i.e. X; = \;(z)0;
i =1,...,n, and the \;’s were required to satisfy some strong condition,(a
strong form of a reverse Holder inequality involving integral curves of vector
fields). Lanconelli-Morbidelli in [98] have developed a general approach to
Poincaré’s inequality for (possibly nonsmooth) vector fields: they first prove
an abstract result, which deduces Poincaré’s inequality from a property which
they call representability of balls by means of controllable almost exponential
maps, introduced in [118]. In the recent paper [112], the Poincaré inequality
is proved by developping the method of [98] for not smooth and not diagonal
vector fields of step two, assuming Lipschitz condition on the vector fields
plus some other structural and regular conditions on the commutators. We
also quote the paper [106] where Poincaré inequality for families of Lipschitz
continuous vector fields satisfying a Hormander-type condition of step two,
in a low regularity conditions for the commutators. In [21] the author prove
Poincaré’s inequality for a family of C"~1! vector fields satisfying Hérman-
der’s rank condition of some step r. These proofs of the Poincaré inequal-
ity (also in the non-smooth setting) are based on the Nagel-Stein-Weinger’s
lemma and doubling condition on the ball of the metric (see [121]).

In our case, the family V¢ has only Hélder regularity when ¢ € Lipw(w),
hence all the previous approaches don’t work. Aim of this section is to pro-

vide a method to obtain a Poincaré inequality starting from the non smooth
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family V.

4.3.1 Local approximation of the vector fields

If : wC R®*™ — R is an intrinsic Lipschitz function then, by Proposition
4.1.2, the family {V?} has coefficients which are only Hélder continuous. To
overcome this lack of regularity on the coefficients we use the approach intro-
duced in [121] and refined in [39]. The idea is to associate to the family {V?}
a new family of Hormander vector fields with regular coefficients. Precisely,

for each zg € w we define

Vo) = ifi£n
Ve =9, + 2¢(20)0s,,
Vg)7(110) = axZn‘

Since the point zy € w is fixed, then the vector fields Vf(m) are C* and
nilpotent, whose generated Lie algebra is G = b,,_1 x R, moreover we will
denote by () the homogeneous dimension of the Lie group associated to G.
Then we can repeat for these vector field the general procedure introduced
for the definition of the Heisenberg group.

We use the exponential mapping

2n
E:Cqu(aro),:c : g — W7 Exp(b(wo),z(y) = eXp(Z yzvf(:m)) (LC)
=1

where we have identified the element y € G with its coordinates on the
basis {V#@)}. Its inverse mapping will be denoted by Logso). and if
r=(x1,...,29,) and y = (Y1, ..., Y2,) then:

Log(z0)x(Y) = (Y1 — 1, -+, Yan—1 — Tan—1, Yon — Ton — 2(Yn — Zn)P(x0)+
+o(z,y))

with

n—1

o(z,y) = Z(Z/Mnﬂ — Yn+iTi)-
1=1
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Moreover, we define the function dge,) : W x W — R by

do(ao) (2, Y) = [ LOGg (o) () - (4.90)

where |[(x1,...,z2,)| := max {|(x1, e Ton1), |x2n|%}.

Remark 4.3. We point out that for each zy € w, dy(,) is distance on w.

Moreover, by (3.14), we immediately deduce the following equality:

1
de(z,y) = 5 <d¢(x) (7, y) + dyy (7, y))-

In order to study the dependence of the vector fields {V¢®)} on the point

xo € w we prove the following:

Proposition 4.3.1. Let w C W be open and bounded and let us fix xo € w.
If we denote by V = (V1,...,Va,_1) the family of vector fields defined on

R2" whose coordinate representation is

V=V fori+#n,
V= 0.,,

then,
1. For each ¢ € CY(R*) and each i € {1,...,2n — 1} it holds
V() = Vit (Logatsg)o(2)).
where P : R —3 R is defined by:

V(@) = P(L0Gy (01 4 ()

2. The exponential distance d associated to the family {V} is independent

of xo and of class C*°. Moreover, the following relation is satisfied

o) (T, Y) = d(L0Gg(a0) 0 (T), LOGo(z0) 0 (¥))- (4.91)
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Proof. Let us first prove (1). If i # n the thesis is obvious. On the other
hand if ¢+ = n then

(Vo)) (L0Gs(a0).a0()) = lim D(exp(AV 1) (L0Go(n) a0 (%)) = P(LOGo(ay).eo (7))

h—0 h
oy Glexp (V) (2)) — ()
h—0 h
= (Vi=e)().

Since {V} does not depend on z it is clear that d is independent of z. Let

us explicitely observe that

2n
de(ao) (@) = [[(21, -+, 22n) |0 I Yy = exp(z zin(xD))(:r) (4.92)
i=1
and
5 2n
d(Z,9) = [|(Z1, .-, Zon)|loo if U = exp(z zZV)(Z) (4.93)
i=1

where § 1= L0Gp(wg)w0 (¥) and T := LOgg(z0),z, (). Since V; = Vf(mo) ifi#n
we have Z; = z; if i # 2n. The fact that Z,, = 23, follows from a direct

computation. O

4.3.2 Sub-Laplacian and fundamental solution

In this subsection we use some ideas already introduced in Chapter 2, in

order to study the sub-Laplacian associated to the family {V#(0)}.

If

2n—1
Loen) = VIV (4.94)

i=1

is the sub-Laplacian associated to {V#@0)} then, by Theorem 2.1.8, L g (z0)

admits a fundamental solution (see Definition 2.1.3) which we will denote by

F¢(w0)'
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Lemma 4.3.2. Under the change of variable Loge(sy)a,, the operator Ly,
is transformed into the operator

2n—1

L:=> ViV, (4.95)
i—1
That is, for each ¢» € C*(R*"):

(L)) (@) = (L) (Logs(eo)ao () V¥ € R,

where 15 is defined as in Proposition 4.5.1.

Proof. Let ¢ € C'(R?*"), then if i # n we have

(ViVi)) (Logylt 40 (@)

On the other hand, if i = n

(Vo Vat) (Logyl) o (1)) = (02,00, 0) (Logyl o (@) (4.96)

and by a direct calculation:

(OnOn ) (LGt 40 (@) = O2,00(x) — Ab(0) Dyary () + 465(0)* 02, 1 ()
= (VeI welroly) (z)

]

Since the vector fields V; are of class C"° and satisfy the Hormander
condition, then the second order differential operator £ is a sub-laplacian
operator. Then, by Theorem 2.1.8, it has a fundamental solution I'" of class
C® far from the pole z = y, which is homogeneous of degree 2 — ). This
means, by Theorem 2.1.10, that there exist positive constants C4,Cy such

that for every x and y in R?", x # y

_ G [(z,y) < _ &
d(z, )92 d(z,y)@2
C!
VT (2,y)] € ————; (4.97)
d(z,y)@"
Cy

VVJ’ x, < = s
V<
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for every 7,7 =1,...,2n — 1. We can correlate I'y(,,) and I' in the following

way

Lemma 4.3.3 ([43]). With the same notations as above, for every z,y € R*"
with x # y and every i =1,...,2n —1

VT g0y (1, 4) = Vi (LOGo (o) o () LOGo(ae) 0 (Y)) (4.98)

and

F(ﬁ(lo)(xv y) = F(Logd)(mo),mo (SL‘), Log¢($0),$0 (y)) (499)

It follows that inequalities (4.97) are satisfied also for I'y.)(z,y) and
dg(z0)(x,y) with the same constants. In particular it is clear that these con-

stants are independent of xg.
Lemma 4.3.4 ([42]). For every x,zo € w and r > 0 we define
Qozo) (2, 7) 1= {y € R* | Dyap)(2,y) > TQ’Q} , (4.100)

then Qg (z0)(z, 1) is regular and defines spheres locally equivalent to the spheres

of the distance dg(s,). Moreover,

Q¢(:co)<x>r) = {y € R2n | F(Log¢(a:o),xo (I‘), LOg(b(:co),xo(y)) > T2_Q} (4101)

hence

Qo(z0) (T0,7) = {y e R | T'(0, Logg(zo) 20 (Y)) > 7’2*Q} (4.102)
= E$p¢(x0),mo (Q(O’ T)) )

where
Q0,7) := {7 e R™ | T(0,9) > r*9}. (4.103)

From now on we will denote by

N(j) :=Ta2(0,), §j € R*™ (4.104)
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4.3.3 A representation formula

In this subsection we firstly restate Theorem 2.1.15 using family {V?#(#0)} and
then we improve it in order to obtain a reppresentation formula containing

derivatives with respect to the non linear family {V¢}.

The following Proposition follows from Theorem 2.1.15 via Coarea For-

mula:

Proposition 4.3.5 ([42]). Let w C R*" be a bounded open set and let ¢ :
w — R be of class C*(w). Then for every xy € w and R > 0 such that
Qg (z0)(T0, R) C w we have

Q / |V¢(x0)r¢(xo)(x07 y)|2
Qg () (0, R)

@28 STy

P(x0) = $y) L™ (y) (4.105)

Q [ o : : "
+m ro! <V¢( O)P¢(xo)(x07y)7v¢( 0)¢<y)> dc? (y)dr.
0 () (x0,7)

Remark 4.4. We explicitly note that, if we choose ¢ = 1, then we get from

the previous formula

: / ’v¢(z0)r¢(f’f0)($0>y)|2 2
1= < - do dC®(y).  (4.106)
(Q =2)B? Jo,, o) D52V (g, y)

This remark allows to say that Proposition 4.3.5 represents a function ¢
as the sum of its mean on a suitable level set ball, and its gradient V#(o).

Hence, it is natural to give the following definition

Definition 4.3.1. Let ¢ : w C R*® — R be L}

loc

R > 0 such that Qgzy)(z0, R) C w we call mean of ¢ on Qyzy) (o, R)

(w). For every xp € w and

- Q VT 00y (0, y) | >
Or(T0) = s 0= ¢(y) AL™(y)-
(Q - Q)RQ Qg (2q) (0, R) Fz((i?o)l)/(Q ? (3707 y)

In the sequel we will need an other mean of ¢ on the same ball Qy(zy) (20, R)

R

on(zo) = = [ & (xo)dr.

R s
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We will slightly modify the mean formula in Proposition 4.3.5, which
contains derivatives in the direction of the vector fields V##0) of ¢, in order
to obtain a mean representation formula which contains derivatives with
respect to the vector fields V¢ of ¢.

Proposition 4.3.6. Let w C R*" be open and bounded and ¢ : w — R of
class C*°(w). Then for every xy € w and R > 0 such that Qg (T, R) C w

we have
¢(z0) — dr(T0) =
1 R
(o) (T0,T

1 / o f T)<¢<y> = o)) { B (Lot ). V20(0)) AL (1)

nj2 1 ). 6(9) = 0(a0)) (Fo(Logian(v)), V26(0)) AL™ () dr,
2 e >r0?"

where f1 is a smooth and bounded function defined on R and Fs, F3: G —
R?" are defined by;

Fo(L0Gg(ag) w0 () = (VETIVEEIT, 0 (20, 1), 0, =VTEITEEIT, (26, 1), 0),
FS(Lqub(xo),xo (y)) = S( ) < vi—flo F(ﬁ(ﬂco)(x()» y)v 0, vf(ﬂio)l—‘(ﬁ(m) ($0, y)’ O) .

Here

Q v¢( F(ﬁ (zo) (ZL'(), y)

Sly) =
Q— 27172 ((80)1)/@ 2)( 0,)

and the non zero components of Fy and F3 are the first and the (n + 1)th.

Proof. Throughout the proof we will denote by €, the set Qy)(z0,7) and
by 02, the boundary of €, where o € w and 0 < r < R are as in the

statement. By Proposition 4.3.5 we have

¢(x0) = y) AL (y)+

Q / |VO@OT 40 (0, y) 2

Q- 279 Jo 1EEI@D ()

[ [ (90 o) 95t a0
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hence

¢(x0) = o(y) AL (y)+

Q / |V¢(m0)r¢(mo) (513'0, y) ’2

(Q=2)R? Jo, T5E V) (g, y)

Q R

_Q / TQ_l /Q <v¢(x0)1—‘¢(azo) (ZE07 y)u v¢¢(y)> d£2n(y)d7"+
0 r

R
o 1 [T a0 9)(000) = 000 0(0) AL )

Let us compute the last term of the previous equality keeping in mind that
00 = 5 (VE8,, — VI YY)

Qd,(zo)(a:o, r) = {F(z)(lx/o()sz) (z0,y) < r},
Q R
_v T‘Q—l /Q Vﬁ(wo)Fdxo)(ﬁo, y) (Qb(xo) — qb(y))a2n¢(y) dﬁ%(y)dr _A_B
O T

R
A= g [0 | ORI ) 0le) — o) TV 10(0) AL ()

R
Bim o [0 [, )(6) — o) VAT T T0ls) AL ()

where so
Hy(y) = Y1 Lo)(¥0:Y)
IV EL g(20) (20, ¥)|
whereas
Q [ _
=—2RQ PO | )V Tyt (20, (6(0) — 6(0) VS ()~
Qr

~ g [ [ VD (T T ) (0) = 6(0))) V700 AL () =
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where

ﬁl(y) — Viff)wao)(l‘o,y)
’vEFd)(mo) (3307 y)’

Now using the fact that

we obtain 79! =T ((g)) D@72 (30 4) on this set. It follows,
Q R
=3 RQ ] ) Ha()(6(wo) = 6(u) Vi dly)dH (y)dr—
e [ / V1) (VT g (20, ) (6 20) — 6(0)) Vi 16() AL (),
where

VT g0y (20, )
Hy(y) := r@ v7@)
$0

and

QRQ / Hi(y) Ha(y)(6(w0) — &(y) Vid(y)dH> (y)dr—

T oRa / ro! / v F¢($O)(xo,y)(¢($o)—¢(?J))>V(1b¢(y) AL (y)dr

By the Coarea formula, see [80] or Chapter 3, we obtain that:

_ Q Hy(y) (z0) n
A= m/% W(d%)—cﬁ(y))vﬁﬂd)(y)vf (o) (%0, y) dc? (y)dr

mh / e / V) (VT ) (0,1 (90) ~6(9) ) iy 1 6() LT (y)lr

Q Hy(y) o(zo o
P a2 /QR [(@-D/@-2) (6(20)= (1) Vid(y) Vi T g(a) (20, y) AL (y)dr

2RQ/ Q 1/ Vif{) (V‘M% F¢ $O)(‘r07y)<¢<x0>_¢(y>>)v<{5¢<y) dﬁ%(y)dr
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Hence, by the reppresentation formula we conclude that:

R
olan) = drloa) + 155 [ 1070 [ (T 0,0). 900 AL e

Q H(y) v i
+QRQ(Q_2) /QR F(ch_;/(cg_g) (¢($o)—¢(y))vﬁ+1¢(y)vf( )F¢>(zo)($0,y) dc? (y)dr

QRQ/ r@- 1/ Vqsm) V“O)Fd, 0)(%0, )(éb( ) Qb(y)))vﬁJrl(b(y)dﬁ%(y)dr_i_

H.
@ ) (0(a0) = 6() VIS0 VAT iy (0,3) AL (1)

¢(zo)

w3 ),

"oRe / e / Tviff (VA g0 (0, 1) (00) (1)) ) V6 () AL ().

Integrating from R/2 to R and denoting by

Dy, 1= Vo) yoo)
D1y = Vigﬁ))vﬁ(m).

we get

P(z0) — dr(x0)
2 (R p
= E s %A TQ*l g <V¢(‘”°)F¢(x0)($o,y),V¢¢(y)> d£2n(y> dr dp

2 Q Hy(y) )
"R /R/2 2rQ(Q — 2) /Q P@DT@2) () (6(y) = ¢(x0))

Ve b () VI T g0 (0, y) AL () dr
1 (7 Q

P
— E R/2 p_Q \/0 TQfl o Dl,nr¢(20) <x07 y) (¢(y) - ¢($0)) V2+1¢(y) dﬁ?n(y) dr

1M Q / VT o) (0, )
2) Jo, T

(¢(y) = ¢(x0))

B Jrye Q- zﬁ(Q_l)/(Q_Q) (zo)(z0,y)
Vf¢(y)vﬁff)r¢(xo)($07 y) AL (y) dr
! ’ Q ’ Q-1 @ 2n
TR w2 P2 /0 " /Q D10l (o) (20, Y) (0(y) — ¢(20)) Vi(y) AL (y) dr
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Exchanging the order of integration in the first, third, and fifth integral, and
we setting

r Q_l_
hy =)~

and

1_ <1>Q+1
o= () e

we obtain that the previuos equality is equal to:

R
%/ fi(r /<v¢m0>r¢,x0 (20, ), V20(y)) AL (y) dr
0
Q Hy(y)

"R R/ QTQ(Q —2) /Q [E D@2 (5 ) (0(y) — ¢(0))

Ve (W) VT ya) (0, 1) AL () dr

2 / fr / DTy (20 9)(0(1) — 6(20)) V2,1 6(y) AL () dr

Hy(y)
e [, e o ot

¢(zo) 0, Y)
VE(y) VT aoy (w0, y) AL (y) dr

+%/0 fi(r) /Q Dri1nToe0) (20, ) (0(y) — d(x0)) Vi(y) AL (y) dr

Now calling F5 the vector whose components 1 and n + 1 are in the kernel

of the fifth and third integral respectively:
FZ(Logqb(xo),mo( )) (V'f,ff)vz(x(])rd)(xo)(xﬂ) y)a 07 —V(f(m)vz(m)r¢(xo)($o, y), O),

and F3 the vector whose components 1 and n+1 are the kernels of the fourth

and second integral respectively:

F3(Log¢(x0),:co <y>> = S(y) (_vigﬁ))rqﬁ(xo) (ZL’O, y)7 07 Vf(m())rqb(xo)(mOa y)> 0> .

we get the thesis. ]
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In order to compare two different mean values ¢,.(z), we will first express

them as integral on the same sphere:

Lemma 4.3.7. We have

o) = e . T B ) AL D),
where Q(0,7) is defined in (4.103).
Proof. By (4.102) we have that

Qia0) (10, 7) = BZPg(a0).0 (20, 7).

So that, by (4.99)

7 V¢ F o Y ? n
i(a0) = 5 2 / | o) T0 Uy g pongyy
Qg () (0,7)

(Q—2)r? F¢(x0)(x07 y)Q(Q D/ (Q-2)

Q@ 1 IVL(0,7)|? o
T @- 2)T_Q/Q(O,T) 10, 5 2@ 0/@ 5 O BrPoten)20(0)) AL (D)

Lemma 4.3.8. Let ¢ : w C R*™ — R be a C* function.
For each xo,x, € w, § € Logg(wy)zo(W)NLOGs(x) (W) we define

e = e(x, Y T0) = L0Gy(zy),Erpyay) . ()(El"m(z) (y)>

and
13(t) = exp (V) ) (Eapyan)aa (7))

Then,

¢(Exp¢(w) (ﬂ)) - ¢<E$p¢(aco) 0 (ﬂ)) -

/ (Logaanyes (2), VO S((8))) dt + 2(d(x) — B(0))dn / Onb(y (1))t

+ 2 Z < )ilnti — (z — 370)1'+ngi> /01 Oon@((t))dt
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Proof. 1t is a direct calculation. Indeed the value of e can be explicitly

computed and it is:

€= Log¢>(zo),$0 (‘7;)+

n—1

0, ,2(p(x) — d(x0))Yn + 2 Z((x — 20)iUnti — (T — 20)i4nTi))-

i=1
Let us verify this computation:

Bap(V*@) (@) = (G + 21, s Gon 1 + a1,
n—1

; Z(%’Qnﬂ' — UiTnti) + 20n0() + Yon + $2n>.
i=1

By definition of e
ei = (BExDg(2)2(¥))i = (ETDg(z0),20(0))i = (¥ + 2 —y — 20)i = ( — 20)s,
fori=1,...,2n—1, and
= (Erpo(a) « (ﬂ)) = (E2pg(ae) 20 (9))2n—

- Z Expya),«(9))itn(ETPo(20),20 (9))i — (EXPo(20),20 (U))itn (ETPo(),2(Y))i—

- z((mmm,x@))n — (Bpygon) a0 (1)) (0),

that is

eon = _(Tilnti — iTnsi) + 20n6(T) + f2n + T2

— <Z($o,i§n+i — i%onti) + 2Und(x0) + Yon + $0,2n>

=" (@ + Disnlwo + §)i = (2 + )ilwo + Disn ) — 2(x — 70)(x0).
Therefore
€on = Ton — To2n — Z (l‘i+n$0,i - xixo,iJrn) -

2(x — wo)qﬁ(iﬂo) + 20n(¢(x) — d(20))+

+ 2 Z yn-‘rz (ZL‘ - $0)z+ngz)



98 Intrinsic Lipschitz functions

Since ¢ € C*°(w) and 7 is a horizontal curve, we obtain

(Epae)a(i)) — S(Expouny (i) = / (6 o) (1)t

2n 1
-y / eV g ((1))dt
=1

so that the thesis immediately follows using the expressions of e;. O]
Let us now prove the following proposition

Proposition 4.3.9. Let us denote v;(t) the integral curve introduced in
Lemma 4.3.8. Then the function (t,7;(t)) is invertible, and we will denote
(t, F(z,1)) its inverse function. We have

¢R($) - ¢R($o) =

: / /
== <G \VA4 > dzdtdr
R R/2 TQ N(F(z,t))< 1( ) ¢( )

+ > Az, —// < Go;i j(2), V20 (2) > dzdt
Z i@ w) g | N o< 2,(2), V70(2)

+ZBH T, T0) = //27“@/ / Fens <G3”( 2), V9p(2) > dzdtdr

for suztable kernels G1, G j, Gs;; (defined in (4.110), (4.111) below), func-
tions A; j, Bij. N is defined in (4.104). The kernel Gy is homogeneous of
order 1, Gy; j is homogeneous of order 1 — @), G, ; ts homogeneous of order
0, according to (4.112)-(4.114) below. The functions A;;, B, ; satisfies

|Aij(z,20)| + |Bij(x,20)| < dg(, z0) + [o(x) — d(20)].

Proof. Calling
o Q IVI(0,9)[?
0D = Gy e @
by Lemma 4.3.7 we obtain

Or(x) = r(0) =

o [ 10,5 (B rpsr23)) — D Eapoan 2o (3) )AL ().

Q(O,r)
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Using Lemma 4.3.8

qu(ZE) - &T(xﬂ) =

1 5 ! .
Lm0 [ < Lot o). VH005(0) > at+
Q(0,r) 0

+2(6(z) — B(x0)) i / (35 (1)) L+

+2 Z((l‘z - xO,i)gn+i/o Oon@(75(t))dt—

n—1 1
-2 Z(%Jrn - $0,n+i)ﬂi/0 82n¢(%j(t))dt> dﬁ%@)-
i=1

Let us make the change of variables (t,z) = (t,v;(t)). Its inverse will be
denoted

(t,9) = (&, F(2,1)).

Fi<2,t) :t($07i—$i)+zi—l‘07i 1= 1,...,277,— 1 (4107)

In particular, if we consider F as a function of z, its components F} to Fy,_;
are homogeneous of order 1 with respect to the vector fields V#(*0). The
component 2n is homogeneous of order 2. For every fixed t the variable z

will belongs to the set

Dy, ={z€R*™: F(t,2) € Q0,r)} (4.108)
={zeR™: N(F(t,2)) <r},

where N is defined in (4.104). Hence

¢r(z) — r(20) = (4.109)

= o | ] HOFG0) < Lo o). TU6() > AL ()i
#200(0) = o) [ [ B 0h0F (. 0)0h0(:)aL> ()t

+2 Z((% — xO,i)TiQ /0 /D FnH(Z, t)h(0, F(z, 1)) Oond(2)d L (2)dt
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—2 nz_:l(x —x )i/l/ Ey(2,t)h(0, F(2,1)) 0900 (2)dL*"(2)dt
- i+n 0,n+1 ’I“Q 0 D, I\~ ) 3 2n

2n—1

/ /D Z h(0 (z — 20);i V{(2)dL> (2)dt+

tr =1

~(6(@) - plag)) L= / /D 0, F(z. ), 6()dL2 () +

#200(@) =) [ [ e 0h0 F . 0)0h,0(:)a )+

—1—22((@—%,@-)% /0 /D Fos(, 000, (2, 1)) Don(2)dL2" (=)t

i=1

-2 nz_i(x —x )L/I/ Fy(2,t)h(0, F(2,1)) 02 (2)d L2 (2)dt
- i+n 0,n+1 ’I“Q 0 Do W\~ ) ) 2n .

Let us consider the second term:

//D h0, F(z,1))Dond(2)dLP(2)dt

27-1'0

—(¢(x) -

(since Oy, = [V7, Vi)

({L’—.To

= —(¢(z) — é(x0))

/ /D 10, F(2,1))[VY, Vi]o(2)dL™ (2)dt

oo -
<integrating by parts and denoting by Z;(z,t) := ;E%((?é?)))')

= —(0(z) — Ble)) LT / / MO F G000 2, DA )

ZL’—[L’O

T (6(z) — ¢(a0) / / O )TN s (L )

(o) —ole) g [ v%(o F(20))VE ()L ()t

I—ZEO

/ /D nith(0, F (2, 0) V6 (2)dL*" (2)dt.
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Let us consider the third term and integrating by parts as before

o(xo) ?"Q/ /L;t (0, F(2,6))Fy(z, 1)00nd(2)dL*" (2)dt =

(1) ~ 0l10)) / / o MO PGV OV 16021 D™ ()
(o) TQ/ / o MO B DV o 0 ()

) — (o) T—Q/ . vf h(0, F(z,t )Fn(z,t))ViH(p(z)dL?”(z)dt

+ (¢(z) — ¢(x0)) ol / / vn+1 (0, F(z,1))F, (z,t))V(f¢(z)d£2”(z)dt.

The other two terms can be handled in the same way, and we obtain:
(:Ei—m07,~)i / 1 /D Eppi(2, )00, F(2,1)) 020 (2)dLP(2)dt
— o) — / / MO (20 8)) B (2, )V 1 0(2) 20 (2, )AL (=) e
g [ O F ) P VO 2 )L
- (xi—xo,i)T—Q /0 /D Vf(h(O,F(z,t))ﬁnH(z,t))VﬁH(b(z)dEQ"(z)dt

1 [t .
+ (z; — xO,i)r_Q /0 /D \A (h(O, F(z,1))

and

—(x,-ﬂ—xow)i / /D Fi(2, D)h(0, F (2, £))Onh(2)dL2" ()t

wei(2,1) ) VIO(2)dL™ (2)dt,

—(Tign — Tonti)— / /N(F ) W0, F(2, 1) Ey(2, )V, 16(2) Z1 (2, 1) AL (2)dt
¥ (B~ Toned) / /| OGOV OV () 2 0L ()
1
+(xi+n—x0,n+,-)i / /D Vi (R0, P2 1) Fi(z1) ) V2, 10(2)dL> (2)ds

(Tisn — Tomss)—o / / vnH (0, F(2, 1) Fy(z, t))v%().c?"(z)dt.
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Let us integrate (4.109) on the set [R/2, R]. Note that

R/2 rQ/ / ‘Vd’i;(( )<dtd§>‘
TN
== / /R N <R N(JJ:(( ))) e

Then, denoting by g(z,t) := ]}\Lf((olgi(i’)t))%, N = {R/2 < N(F(z,t)) < R},

Gzzo = O(z) — ¢(20) and Ax; := z; — xp; we obtain:

¢R($) — ¢R($o -

2n—1

)
Q / > (0, F(z, 1) (w — z0)s, Vip(2)dL (2)dtdr

R/Qr tr g=1

~ Gun / [ 90— 20T TEN (e, )i )
oy [ a0 = 20 T VN )
+¢>MOR//2 TQ/ /Dwv% (0, F(2, 1)) (& — 20)n Ve 1 0(2)d L (2)dtdr
By / o2 1 / /D ”v;ﬁﬂh(o F(z,0) (@ — 20)n VIo(2)dL (2)dtdr
+¢MOR/ /NR (2, ) Fn(2,)VE L d(2)VIN (F (2, 1))dL" (2)dt

cbmoR/ /NR 20 (2, )V 0(2) VO, N(F(z,1))dL* (2)dt

— bra s / 7 / / v¢’ h(0, F(2,£))F (=, ))v£+l¢(z)d£2”(z)dtdr
+ boan gy / 2 70 / /D ) n+1 h(0, F(z, t))ﬁn(z,t))vf¢(z)dc2"(z)dtdr

+ 2ZA%R / [ 0 )V (DTN )
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—QZA% 2 / / s (2 OV (VL N (F (2, 6)) AL (2)dt
_QZA% - / - / DMV‘ﬁ(h(O F(z,1)) Nnﬂ-(z,t))VZHgb(z)dﬁz”(z)dtdr
+22ij = / o / / vnﬂ(h(o F(2,0) Foy (1) ) V36(2)dL2" (2)dbdr
—QZAl‘ﬁ_n / / (2, ) (2, )V 1 0(2)VIN (F(z,1))dL (2)dt
+22A%+n / / (2, ) Ej(2,)V§h(2) VN (F(2,t))dL (2)dt
+22ij+n / e / DHW (0. Pz ) Fy(2,1)) V4,1 6(2) AL ()

— QZAxﬁn //2 TQ/ D”Vm_l h(0, F(z,1))Fj(z, t)) VIo(2)d L (2)dtdr.

The kernel in the first term is denoted GG;. The kernel in the terms 2,3,6,7,10,11,
14 and 15 in the right hand side are denoted

Gyjfori=1,...8, j=1,...,n—1 (4.110)

with Gg;; = 0fori =1,...,4and j = 2,...,n — 1, and corresponding we

will call:
A1,1($, xo) = A2,1($, 950) = A3,1(I,$0) = A4,1(957$0) = ¢($) - Qb(xo),

A5’j (I, l’o) = Aﬁ’j($7 .T()) = .Z‘j—(L’QJ', A7’j(l‘, l’o) = A&j((lf, xo) = xj+n—x0,n+j.

The kernel in the terms 4,5,8,9,12,13,16 and 17 will be denoted
Ggijfori=1,...8, j=1,...,n—1 (4.111)

with G, ; = 0fori =1,...,4and j = 2,...,n — 1, and corresponding we

will call:

By1=DBy1 =By =By, :=A11 Bsj= DB =As;, DBr;=DBs;:= Az,
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Note that the function |h(0, F(z,t))| is bounded by a constant C' which de-
pends on € and Cy in (4.97), then

|G1(2,t)| < Cdgag)(z, 20). (4.112)

In the kernel of type Gyg;; the functions V(N (F(z,t))), k € {1,n + 1} are
bounded by a constant C' which also depends only on C; and Cs.

Then
d¢($0) (.T7 ‘/L‘O)

Gaij(2,t)| £ C——=r——. 4.113
OIS e ) e
Analogously,

O

4.4 Main Theorem

The aim of this section is to prove a Poincaré inequality for the vector fields
V¢ defined in terms of ¢. The Poincaré inequality we prove here is partially
inspired to the Sobolev type inequality for non regular coefficients contained
in [43] and extended to a more general class of vector fields by [111]. The
idea is to start with the representation formula proved in Theorem 4.3.9 and

deduce, via the approximation theorem, the following result:

Theorem 4.4.1. Let w C R?" be open and bounded with n > 2 and let
¢ w — R be an intrinsic Lipschitz function. Then there exists a constant
C' (independent of the Lipschitz constant L := Lip(¢)) such that, for each
r€w, >0 such that Qg (z,r) Cw and Q) (z,Cr(l+ L)) Cw

/Q o)~ @lac) < CL¥r V6 ()| AL (y),
¢(z) (&7

Q) (z,Cr(1+L))
(4.115)

We will first establish the representation formula for (intrinsic) Lipschitz
continuous functions, which will be carried out by approximation, using the
reppresentation formula in Theorem 4.3.9 for C'*° functions and the approx-

imation results proved in Theorem 4.2.7. To this end we fix a bounded open
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set w C R?" and an intrinsic Lipschitz function ¢ : w — R. We also denote
{¢r} C C>=(w) its approximating sequence.

Then for every k we have defined in (4.92) the distance dg, (z,), in (4.99)
the fundamental solution I'y, (,,) of the operator associated to the function
¢r, and frozen at the point x, and in (4.100) the level set Qy, (2,)(z0, ) of the
fundamental solution I'y, (5,). Accordingly we will denote ¢y, (o) the mean

on the set Qy, (z0)(70,7) associated to the function ¢y.

Lemma 4.4.2. Let ¢ : w — R be a (intrinsic) Lipschitz continuous func-
tion. Let also denote {¢r} C C™(w) a sequence such that statements (i), (ii)
and (iii) of Theorem 4.2.7 hold. Then for every r > 0

Qe 20 (20, 7) = Qg2 (T0,7) as k — +00,
Orr(z0) = br(20), uniformly inr >0 as k — +oo0.
Proof. We recall that
Q0,r) = {§ € R* | [(0,5) > r* 9},
then, by (4.102) we have
Qi (20) (€0, 7) = BLZPiy ()00 (20, 7))
So that, by definition of ¢y, (zo) and (4.99)

) = <2 / [VOREOTy, (0) (20, §) |
Qg ( )(aco r)

ék,r(l‘o =3 50
Q — 92 T’Q F¢k(x0)<x0 y)2(Q 1)/(Q—-2)

o(§) L™ () =

Q 1 VI(0,)P )
B mr—cz/w r(o!m?(( O (Eapa o (3)) L7 3)

Q 1 V0, 7)]? n 7
- mr_Q/ (0.r) F(O!yf)z((cz%)/l(czz)cb(Exm(zo (7)) AL*(§) = ¢r (o),

uniformly in r > 0, as kK — 4-o0. [

Passing at the limit in the representation formulas in Propositions 4.3.6

and 4.3.9 we obtain the following representation theorem:
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Proposition 4.4.3. Let ¢ : w — R be a (intrinsic) Lipschitz continuous

function.
¢($0) - ¢R(x) =
R
— % /0 fl (T) /Q (zo,r) <v¢(x0)r¢(xo)(x07 ﬂ), V¢¢(g)> dﬁgn(g)
LICT AL

v / "R / e T)(cb(z?) = 6(20)) { Fa( Logatun)n (D) ) V26(3) ) AL (5)

2 1@ /Q . T) — ¢(20)) <F3(Log¢(mo),xo (@})),V%(g)> 4L (g)

/ R2 7@ / /N(F(Zt < Gi(2), VP9(2) > dL>(z)dtdr

— Z Ai,j(x; CL’())—/ / < GQZ"]‘(Z), Vd’gb(z) > dEQn(Z)dt—f—
= R R/2<N(F(t))<R

- ZB” (x,20)—= / = / / < G3:4(2), VP (2) > dL*™(2)dtdr
R/2T F(z,t)<r

where Gy is homogeneous of order 1, Go;; is homogeneous of order 1 — @,
Gisij s homogeneous of order 0, according (4.112)-(4.114), F5 and Fs are

homogeneous of order —Q) and 0 respectively. Moreover A; ; and B; ; satisfy
|Aij(@,20)| + | Bij(@,20)| < do(x,20) + [d(x) — d(x0)]-

Proposition 4.4.4. Let ¢ : w — R a (intrinsic) Lipschitz continuous
function. Then there exists a constant C such that for every xq € w and

R > 0 such that x € Qg (q) (20, R) C w we have
6a0) ~ onla)| SCL [ dl® 0 DIVOODIAL™ (). (4116
Qg(ag) (0, R)

Proof. Let us estimate the right hand side of the representation formula in
Proposition 4.4.3. We have noted that inequalities (4.97) hold for I's(,,) and

d(ze), With constants independent of L. Hence, we immediately get that

1 [B 5 5 o
a [ RO [ (T 0. 0). T6(@) AL G)ar
0 Q¢(z0)(xo r)
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<c / 452 (w0, HIVOS@IALE ().
Qj(2g) (w0, R)

Consider the second term in the right hand side of the representation formula

in Proposition 4.4.3
1 (R
a0 [ 0@)-0w0) (Fa(Logun ). T06(5)) AL ) dr
R 0 Qe (zq) (T057)
(using fact that F5 is homogeneous of order @ and |¢(7) —¢(20)| < Ldg(we) (20, T))
<cr / 4522 (w0, IV26(5)|AL2 (7).
Qg () (0, R)

The third term can be handled in a similar way.

Consider the fourth term in the representation formula in Proposition
4.4.3:

‘ //2 TQ/ /N(th < G1(2), VP(2) > dL*(2)dtdr
(by (4.112))

1 [® dypm(z, !
R Jgp 19 N(F(st

1
<C= / / / _ V() |dL* (2)dtdr
R Jrya N(F(t)<r (N(F(2 J)))Q*’ (BT (2)
<c / 457 (o, >|v%< )AL ().

Qg () (0, R)

Consider the fifth term:
1 1
\Amm— / / < Gaij(2), VOo(2) > dL(2)dt
R Jy R/2<N(F(zt))

(by (4.113))

d(z0) (T,
< C Ldy(ay)(x,10) = / / Mw%(z)uc%(z)dt
R/2<N(F(zt)<R (N(F(z,1)))?

1
> /0 /R/QgN(F(z,t))SR (N(F(Z,t)))Q*J ¢(Z)| (2) t

Finally, by (4.114) the sixth term in the representation formula can estimated
as the fourth term. O
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We are now in position to prove Theorem 4.4.1

Proof. As before we denote by Q, := Quu)(z,7) and Q, 1= Qu(z, C(1 +

L)r). Integrating both members on €2, in the previous proposition we get
|¢(3§'0) — ¢r($)‘d£2n($o) S
) CL/ ([ i pIvomie @)ac” ()
Qg(ag) (@o,7)

In [45] it is proved that there are constants C, Cy such that

Aoy (20, §) < dozor (0, §) < Co(1 4+ VL) dyw) (o, T
VI (5 (o 9) 6(z0) (Zo 9) 2( )ds(a) (2o, )
so that there exists a constant C' such that
Analogously, if § € Qg (z0) (@0, 7), then there exists C' such that
Ty € be(?) (g, O(]. + \/E)’f’)
By the triangular inequality if dy (7, z0) < 7, and dg(,) (7, 2o) < 7 then
d¢(x) (:L“, g) S 27"0(1 + L)
Hence
L[ @ nlvo@iacn@)acs )
r Qg ag) (To,r)

<ca+vDe [ vem( [ 4L w0, DAL (20) ) AL (5)

< Cr(1 1 VI)P / V)AL (5).



Chapter 5
Stable solutions in Engel groups

In this chapter we investigate the stable solution of a semilinear elliptic prob-

lem set in the Engel group E.

5.1 The problem: basic tools

While we refer to Section 1.3 for the standard definitions and properties of
the Engel group, we now introduce the problem we study.

Given a domain Q C E and f € C*(R), we consider u € C?*(2) to be a
(weak) solution of

Agu = f(u), (5.1)

that is we suppose that

- [ vauVen, = [ s (5.2

for every n € C§°(Q).

We assume that u is stable, that is

0 < / (Ve Ven)s + / Fu? (5.3)

for every n € C5°(Q2).
The stability condition in (5.3) has been widely studied in the calculus

of variation setting: indeed, it states that the second variation of the energy
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functional associated to (5.1) is nonnegative at the critical point u — hence,
for instance, minimal solutions are always stable, but, in principle, stability
is a weaker condition than minimality.

Equation (5.1) is called semilinear, since the only nonlinearity depends on
the solution u (not on the space, neither on the derivatives of u): such kind
of equations have been studied in detail in the Euclidean framework, and in
the subRiemannian one as well (see, e.g. [85, 16, 17, 20]), and they possess
the remarkable geometric property that the operator is constant along the
level sets of the solution.

At any point of

Ey :={x € Q| Vgu # 0}

we denote by v the opposite of the intrinsic unit normal to the level set of u
as defined in (3.1), that is

VEU
v= .
[VEul
We shall also consider the intrinsic tangent direction to the level set of u
Xgu Xlu
V= 1 — —Xg

Let us observe that Vp € Eg

(v(p),v(p)) s =0

where (-,-) r is the standard scalar product defined in (1.1.15). We denote

by Hu the intrinsic Hessian matrix, i.e.
X1X1U X2X1U
Hu =
XlXQU X2X2u
As usual, we define
(Hu)? := (Hu)(Hu)"

and

|Hu| :== /|VeX1u|? + |VEXoul|?
Also, in Ey, following an analogy in the Heisenberg group (see [116, 123, 7, 8]),

we define the horizontal mean curvature

h = divg v (5.4)
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and the imaginary curvature [7, §]:

X3U,
|Vru|

pi= (5.5)

5.1.1 The inequality

Denoting by
j = 2(X3X2UX1U — X3X1UX2U) + (X4U) (Xlu - XQU)
we have:

Theorem 5.1.1.

J.

for any n € C(E).

((Hu)Tv,v)

|VEU‘2{(p+ |VEu|

2
) +h2}—J] < [ IVenf Vel
E

Before giving the proof some comments are in order. Theorem 5.1.1
is a sort of geometric weighted Poincaré inequality, in the sense that the
weighted L2-norm of any test function is bounded by a weighted L?-norm of
its gradient, and the weights are built with geometric objects.

In the Euclidean case, the analogue of Theorem 5.1.1 was established
in [131, 132], and recently many extensions have been performed (see, in
particular, [67, 68]). As far as we know, the first applications in the sub-
Riemannian setting, were performed in [71, 15] for the Heisenberg group
and in [72] for the Grushin plane. In several cases, these type of geometric
weighted inequalities lead to rigidity results (such as classification, symme-
try, or non existence, of solutions). Differently from the Euclidean case, the
weight on the left hand side of the inequality does not need to be positive in
general, due to the presence of 7. Thus, the presence of noncommutating
vector fields, complicates the geometry of the level sets via the sign of 7.
Indeed, if 7 < 0, when the right hand side of the inequality in Theorem 5.1.1

vanishes, one obtains that the level sets of u satisfy the geometric equations,



112 Stable solutions in Engel groups

see Corollary 5.3.2,
((Hu)"v,v)

=0
|VEu|

D+

(5.6)
h =20

The higher the step of the group, the more complicated are the combi-

natorics occurring in the inequality, and the more difficult is the geometric

interpretation of the quantities involved. Nevertheless, the Engel group still

mantains a reasonable level of geometric insight and provides a challenging

source of problems for this approach.

Remark 5.1. If, in Theorem 5.1.1, u does not depend on x4, then the situation
boils down to the one in the Heisenberg group (note indeed that X3 X u =
X X3u, so Theorem 5.1.1 reduces to Theorem 2.3 in [71]).

5.2 Proof of the estimate

The proof of our first result needs some preliminary, technical computations,

by which we obtain some useful identities.
Lemma 5.2.1. Let j € {1,2}. Ifu € C*(Q) then in Ey we have

Moreover, for each n € C§ (),

V(| Vauln) = ,V"TMwavEu + | Viu|Vin (5.8)
and
2
Ve (| Veuln)|® = WZ—U,QKHWW + 20 (Veu, (Hu)Ven)g + [Van|?| Veul?

(5.9)
Proof. Equation (5.7) is straightforward. Also, the proof of (5.8) follows

from the following simple calculation:

Ve(|Veuln) = nVe(|Veu|) + |Veu|Ven = (5.10)
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Furthermore
IVe(|Veuln)|* = (Ve(|Vruln), Ve(|Veuln))y =

n T n T
= Hu)" Vyu, ——(Hu)" Vgu ) +
<|vEu|( ) Vet (g Y >

U T
2( . (Hu) Vgu, |Vgu|V
2 (g 0 Vs Va0,

+ (I[Veu|VEen, [Veu|VED)) -

Hence

2
VelIVeuln)l = (o) 1) Veul + 20 ((Hu)" Veu, Ven), +

+ |VEn|?| Veul?

2
B <|v7;u|> [(Hu)"Vgul|? + 21 (Vgu, (Hu)Ven)g +
+ |Ven|*| Veul?

and this proves (5.9). -

Lemma 5.2.2. Let u € C?*(2) then

|Hul?> — ((Hu)?v,v), = |(Hu) v]>. (5.11)
Moreover, in Eg
T, 12 2 (Hu)'v,v)\2
(Hu)Tol? = |Vau {(mw) + ) (5.12)

Proof. We note that for each p € E (v(p),v(p)) is an orthonormal basis of
H,E. Then (5.11) follows, for instance, from Lemma 3 in [15].

In order to prove (5.12), we begin observing that

X1 X XX
(Hu)T = (10 et o (5.13)
X2X1U XQXQU,
B X1X1U XgXlu 0 X1X2u - XQXl’LL B
A\ X Xou X Xou XoXiu — X Xou 0

0 Xgu
= Hu+ :
—Xgu 0
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()

Let also Z and H, € Mat (R, 2 x 2) be defined as

Now we define

Zi = Vi(<Hu)TV)j and (H,);; == X,;(v)
for i, j € {1,2}. So, we use (5.7) to obtain that

Zij + |Veu|(H,)i; =
X;u Xiu

= X]XZU

that is
Z 4+ |Vyu| H, = Hu

Hence, we can rewrite (5.13) in the following way

(Hu)" = (X3u)J + Z + |Vgu|H, (5.14)
Furthermore
Ju=—v (5.15)
and
2
(Zv)l = ZZl-jvj =
j=1
= Z yi((Hu)Ty)jvj = v (Hu) v, v)g
j=1
that is
Zv = ((Hu)"v,v) v (5.16)

By plugging (5.15) and (5.16) into (5.14), we conclude that

(Hu) v = < — Xsu + <(Hu)Ty,'U>]E>V + |VgulH,v (5.17)
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and so

|(Hu)"v|* = ((Hu)"v, (Hu) " v), =
— ( — Xgu + <(Hu)Tu,v>E>2 + | Veu?| H,v[*+
+ 2( — Xsu+ ((Hu)"v,v), )| Veu| (H,0,v),

From this and the definitions in (5.4) and (5.5), we obtain that the proof
of (5.12) is completed if we prove that

(Hyv,v)yp =0 (5.18)

and that
|H,v| = |divg v| (5.19)

To this end, let us observe that, by (5.17),

Veu| (Hv, V) = ((Hu)" v, v)y — (Hu)v,v)y + Xsu (5.20)
Now, by (5.13),

Xlu

_ Ay
[Veu =

(Hu)'v — (Hu)v = = —(X3u)v

XQ’LL

——X3u
[Vsu

hence
((Hu)"v — (Hu)v,v), = —X3u
By plugging this into (5.20), we obtain (5.18).
To obtain (5.19), we argue as follows. By (5.18), we know that H,v is

parallel (or antiparallel) to v, therefore
H,v = £|H,vlv
Hence, by (5.17),

+ |Vgu| |Hyv| = (|Vru|Hyv,v)g =

2 5.21
= <(HU>T'U, U>E = Z(XinU)'Ui’Uj ( )

ij=1
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Now, we remark that
v =1-—0; (5.22)

To prove this, we take ¢ = 1 (the case i = 2 being analogous), and we observe
that

2 _ 2 _ 2

which establishes (5.22).
On the other hand, if ¢ # j,

Viv; = Ny = <_U2)(U1) = —U;V; (523)

So, by (5.7), (5.22) and (5.23), we obtain

Veul [ dive v] = |VE“|ZX ( v UI>

— ZX Xyu — WM X (Vi) v)g =

2

z‘jl

- ZXXU Z(XXU Z (X Xju)viv; = (5.24)

=1
2

i=1 i#j=1
2

2
=1 i#£j=1
2

Z (Xi X ju)v;v;

ij=1

By comparing (5.21) and (5.24), we see that
+|Vgu| |Hyv| = |Viul | divg v

which implies (5.19), as desired. O
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Lemma 5.2.3. For each u € C*(Q) it holds that

X1 Aru = ApXiu + 2X3Xu + Xyu; (5.25)
XoAgu = ApXou — 2X, Xsu + Xyu; (5.26)
X3Apu = ApXsu — 2X, X u — 2X, Xou; (5.27)
and XiArpu = ApXau. (5.28)

Proof. For the first equality

Xi1Agu = X1 (X1 Xqu) + X3 (XoXou)
= ApXiu + X1 X0 Xou — Xo Xo Xqu
= ApXju + X3 Xou + Xo X1 Xou — Xo Xo Xqu
= ArXju + 2X3Xou + Xo Xzu — X3Xou
= ApXju + 2X3Xou + X,u.

The second and the third equality follow in a similar way, indeed

XoAgu = Xo( X1 X u) + Xo(XoXou)
= ApXou — X; X1 Xou + Xo X1 Xqu
= AgXou — X3 Xju + X7 Xo Xqu — X1 X1 Xou
= ApXou — X3 Xu — X1 X3u
= ApXou — X3 Xju+ X1 Xsu — 2X X5u
= ApXou — 2X; X3u + Xqu

and

XgAEu = Xg(Xleu) + X3(X2X2U)
= X1X3X1U, + X2X3X2u - X4X1’U, - X4X2’U,
= AEXgu - 2X4X1U - 2X4X2U.

The last is a direct consequence of X7 X u = X3 Xju and Xo Xyu = X4 Xou.
H

Using Lemma 5.2.3, we obtain
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Corollary 5.2.4. Let u € C*(Q) be a weak solution of (5.2) then

ApXiu+ 2X3Xou + Xqu = f(u)Xu

and AgXou — 2X1X3u + Xyu = f(u)Xau
We are now in the position of proving the following geometric inequality:

Proposition 5.2.5. Let u € C%(Q) be a stable weak solution of (5.1). Then,
for each n € C§°(Q2),
/ [Hul? = ((Hu)?v,v) |n* — 2/ (X3 XouXiu — X3 X uXou)n?—
]EO IE0

_ / (Xyu)(Xru — XouhP < / Venl | Vaul
Eo E

Proof. Multiplying by (Xju)n? equation (5.25) in Corollary 5.2.4 and by
(Xou)n? equation (5.26) and then integrating by parts we obtain

— /}E (VeXiu, Ve(Xiun®)), + 2 /E X3 Xou( X u)n? + /E Xyu(Xu)n? =
- [ fw sy
—/}E<VEX2u, V]E(XQunz)>E —Z/EXngu(XQu)vf—|—/EX4U(X2u)772 =
- [ fwon
Consequently, by summing term by term, we get
— /E <]VEX1u\2 + |V]EX2u|2>772—
— /E (VeXiu, Ven?), Xiu — /E (VeXou, Ven®), Xout (5.29)
42 /E (X3 XouX u — X1 XsuXou)n® + /E (X4u)(Xiu + Xou)n? =
- [ fIVeus (5.30)

On the other hand, since u is stable, by choosing |Vgu|n as a test function
in (5.3) we obtain

0< / V(| Veuln)? + / F(0)| Vgul? (5.31)
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By Corollary 1.2.14 we have that Vg(|Vgu|n) = 0 almost everywhere outside
Eo; hence making use of (5.9) we obtain from (5.31) that

2
0< [ (bl H Vaul? + 20 ((Hu Vau, Van), + [Venl | Veu?) +
5o Vil

T / £ () [ Vul?

So, noticing that 2nVgn = Ven?, and using (5.29), after a simplification we
obtain that

2
/ |Hu|*n* — 77—2|(HU)TVH;U|2 - 2/(X3X2uX1u — X1 XsuXou)n*—
E Ko | VEUl E

- [+ Xaup < [ Vel Vel
E Eo
Recalling that
X1X3u = X3X1'LL + X4’LL
we get the thesis. ]

Then, from Proposition 5.2.5 and Lemma 5.2.2 we immediately obtain
Theorem 5.1.1.
We end this section by giving some more geometric insight on the quan-

tity J, in relation with the intrinsic normal and tangent vectors:
Lemma 5.2.6. For every u € C'(Q2) and every x € Eq it holds

J(z) = —|Veul(z) (VeXsu(z), v(2))g — [Veul(z)* (Xsv(2),v(2))g  (5.32)
Proof. By definition in Eg

1
<V]EX3U, U)E = |V—U|(X1X3UXQU — X2X3UX1U> (533)
E
and using (1.28) we obtain
1
<VEX3U, U>IE = W [(XgXlquu — Xngquu) + X4U(X2U - Xlu)] .
E
(5.34)
Moreover, in [E,
1
| Veul?

hence adding (5.34) and (5.35) we get the thesis. O

(X0, 0)g (XgXlquu - X3X2uX1u> (5.35)



120 Stable solutions in Engel groups

Using Theorem 5.1.1 and Lemma 5.2.6 it immediately follows that

Corollary 5.2.7. Let u € C?*(Q) be a stable weak solution of (5.1). Then,
for each n € C§°(Q),

/E <|VEU|2{ (p + <<H|UV)+Z’|%>2 + h2} + |Vru| (VEX3u,v)p +  (5.36)

+ Vel (Xave)y )i < [ [Vanl?|Vauf
E

5.3 Some applications to entire stable solu-
tions: geometric equations and non exis-

tence results

It is interesting to investigate whether or not rigidity results and geometric
properties of stable solutions may be obtained from inequalties of the type
proved in the previous section (or by other methods as well).

In this spirit we prove a first non-existence result for semilinear equations in

the Engel group, see Theorem 5.3.3.
From now on, we will denote by
B(0,R) :={z € E | ||z]| < R}

the gauge open ball centered at 0 of radius R, where ||-|| is as in Section 1.3.

The following Lemma is proved in [71].

Lemma 5.3.1. Let g € L2, (R, [0,4+00)) and let ¢ > 0. Let also, for any
T>0,

n(r) = /B L 9@ (5.37)

Then, for every 0 <r < R,

g(z) /R n(7) 1
— dxr <gq — d7+ —n(R
/B(O,R)\B(O,r) || s Ra (F)
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Corollary 5.3.2. Let u be a stable solution of Agu = f(u) in the whole of E
with

J <0 inEg (5.38)

For any 7 > 0 and any x = (x1, T2, x3,74) € E, let us define

n(r) = / Viu(z)de (5.39)
B(0,7)
If
(1) n(R)
. f\}/%n 5-dr + IE
hRni)ggf (o 7)? =0 (5.40)

then, the level set of u in the proximity of noncharacteristic points are such
that
divgr =0 (5.41)

and on such sets the following equation holds

1
|VEu|

p= (Huv, v)g (5.42)

Proof. This is a modification of the proof of Corollary 3.2 of [71], where we
take into account the more complicated algebraic calculations of the Engel

group. Given R > 1, we define

1 if + € B(0,VR)
or(z) := { 2(log R)~'log(R/|z|) if z € B(0,R)\ B(0,VR)
0 if € E\ B(0,R)

We observe that

X |z)*? = 12(23 4 23)°x; — Axy — 21303

and Xo|z|*? = 12(23 + 23)°wy + Axy — 223775

with A := 323 + (1/3)(x1 + x2)x3. Since |z1| < |z|, 22| < |2, 23] < |z)?

and |z4] < |z|3, we conclude that |A| < Cy|z|'° and so

V|| < Cofal”
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for some for some C, Cy > 0.
Notice also that, in B(0, R) \ B(0,VR),

¢r(€) = C(R) — (1/6)(log R) " log [¢]*
for some C(R) € R, thus
Veor(§)l = (1/6)(log R) g | Vel] ] < Cs(log )~ H¢[ ™

in B(0,R) \ B(0,vR), for some C5 > 0. Therefore, by (5.38) and Theo-

rem 5.1.1,
[ ety

2
< / |VEedr|? | VEul* < 04(10gR)_2/ |Vru|
g B

©0.”R\BOVE) |7

for some Cy > 0. On the other hand, by Lemma 5.3.1,

2 R
1
/ Weul” < / 1) a4+ Ly
B(0,R)\B(0,VR) €] vR T R
All in all,
(Hu)Tv,v)\2
Vzﬁ{(p+—< I
[ iwen o :
o[ [T () 1
< 204(log R) - dr + Z5n(R)
Then the claim follows by sending R — oo, thanks to (5.40). O

Remark 5.2. Recalling Lemma 5.2.6, we observe that (5.38) is implied by the

following monotonicity conditions:
(Xsv,v)p >0 and (VgXsu,v)y >0

Remark 5.3. Condition (5.40) may be seen as a bound on the energy growth:
for instance, it is satisfied if n(R)/R? stays bounded for large R, i.e. if the
energy in B(0, R) does not grow more than R?. Of course, this is quite a
strong assumption on the decay of Vgu in the variables (£3,&4) and it would

be desirable to investigate in which way such condition may be weakened.
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Remark 5.4. We stress that equations (5.41) and (5.42) may be seen as geo-
metric equations along the level sets of the solution w. In particular, (5.41)
may be stated as saying that the level set is a minimal surface for the Engel
framework (in analogy with the Euclidean setting and in the terminology
of [116]). Also, (5.42) is a prescription on the imaginary curvature p, in

relation with the Hessian, the normal, and the tangent vectors.

Remark 5.5. Let us observe that if u is solution of (5.1.1) that do not depend
on & and & then u satisfies Au = f(u), where A is the classical Euclidean
Laplacian. Moreover, by [71, Remark 3.4], every bounded stable solution of
(5.1.1) that do not depend on the last two coordinates and satisties (5.40)

has to be constant.

Theorem 5.3.3. There erxists no u € C3(E) stable solution of Agu = f(u)
satisfying

i. f € C%E) and the zeros of f (if any) are isolated;
ii. {€€ R | Vyu(§) =0} =0;
iii. uw € L=(E);

. (Xsv,v)p >0 inE;

v. (VeXsu,v)p >0 in E;

vi. the set {(Xiu + Xou) = 0} has zero Lebesgue measure;

n(R)
R _ .

s
Vit. hRIg 1£f (log R0)2

where 1 1s as in Corollary 5.5.2.

Proof. By contradiction: let u € C3(E) be a stable solution of (5.1) and
satisfying (i), (i), (i7), (iv), (v), (vi) and (vii). By (i7i) and [29, Th. 2.10]

we have

Viu| € L=(E) (5.43)
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We claim that
Xsu=0 inE (5.44)

To this end, we argue by contradiction, supposing that there exists ) € E
such that

Xsu(Q) # 0. (5.45)

Thus we consider the following Cauchy problem

{ ¢ (s) = v(¢(s))
¢(0) =@

where v is the intrinsic tangent direction. By (i7) and the fact that v is
bounded it follows that the solution exists and it is defined for any s € R.

Moreover,

u(@(s))' = (Veu(d(s)). &' (), = IVa(0(s)| (#(0(s)), v(6(s))g = 0 Vs € R

that is, ¢ lies on the level set of u, namely

o(s) € {€ €E | u() =u(@)} VseR

Furthermore,

Veu(o(s)| = (ValVeul (6()),6(s)') | Vs € R

and by (5.10) (applied here with n = 1) and Corollary 5.3.2 (recall also
Remark 5.2) we get

, 1 ’ -
[Veu(o(s))| = Neu(o(s)] ((Hu)"Vgu(d(s)), v((s)))y =

= (U(6(s)), (Hu)v(d(5)))g = —|Veu(e(s))| p(d(s) = (5.46)
= Xsu(o(s)) VseR

which, via (5.45), implies

[Vau(6(s))ljmo #0 Vs €R (5.47)
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From (5.46) we deduce
Veu(d(s))]" = (Xsu(e(s))) = <VIEX3U(¢(S))7 sﬁ'(s)>IE = (5.48)
= (VeX3u(¢(s)), v(d(s)))y Vs €R
and by (iv) we deduce also that
IVeu(o(s))| >0 VseR (5.49)
Therefore, defining @ : R —s R by
O(s) == [Veu(d(s))] — [Vu(Q)]

we have that ® € C%(R), ®(0) =0, ®'(s) # 0 Vs € R and ®(s)” > 0 Vs € R,
thanks to (5.47) and (5.49). It follows that

sup ® = +oo
R

but this is in contradiction with (5.43), hence (5.44) is established.

Now we claim that
Xqu=0 (5.50)
By Lemma 5.2.3, we obtain

A]EXgu — 2X4X1u — 2X4X2U = XgAEu =
= X3(f(u)) = f(U)X3U
and so by (5.44) it follows that
Moreover, by Corollary 5.2.4 and (5.44),
AEXlu — X4u = AEXlu — 2X4u + X4u =
= A]EXlu — 2(X2X3 — Xng)u + X4u = AEXlu + 2X3X2’LL + X4u =
= f(u)X1u
(5.52)
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and

A]EXQU + X4U = AEXQU/ — 2X1X3u + X4u =

5.53
= f(u)Xu (5:53)

By adding (5.52) and (5.53) we obtain
Ag(X1u + Xou) = f(u)(Xiu + Xou) (5.54)

and so, by Lemma 5.2.3,

ApXy(Xiu + Xou) = XyAg(Xqu + Xou) =
— X, (f(u)(Xyu+ Xou)) = (5.55)
= fu) Xau(Xyu+ Xou) + f(u) X4(X1u + Xyu)

Accordingly, using (5.55) and (5.51), we conclude that

F)Xgu(Xiu+ Xou) =0 in E
Hence, by (vi)

f(u)Xqu =0 almost everywhere in E

and so, by continuity,

f(u)X4u=0 everywhere in E
This implies that (5.50) holds at any point of the open set G := {{ €
E | f(u(€)) # 0}. So, by continuity, (5.50) holds at any point of its clo-
sure G.
We show that (5.50) also holds at points of E \ G (if any). For this, let
us take £, € E\ G. Since the latter is an open set, there exists an open
neighborhood V' such that

& eV C(ENG)CE\G={¢cE| f(u()) = 0}.

In particular, f(u(f)) = 0 for any £ € V. Thus, by (i), u(§) must be
constant for any ¢ € V. Therefore, X u(§) = 0 for any £ € V, and, in
particular, X u(&,) = 0.
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This shows that (5.50) holds at points of E \ G too, and so the proof
of (5.50) is completed.

Now, by (5.44) and (5.50), we conclude that u does not depend on &3 and
¢, and by Remark 5.5 we conclude that w is constant but this is impossible
by (i7), which proves Theorem 5.3.3. O

Remark 5.6. Of course, we do not believe that our Theorem 5.3.3 is optimal:
we just consider it a first attempt towards the understanding of semilinear
equations in the Engel framework and, as far as we know, this is the first
non-existence result in this setting. We think it would be interesting to
develop a stronger theory and possibly to drop some structural assumptions
in Theorem 5.3.3.






Chapter 6

A Lewy-Stampacchia Estimate
for quasilinear variational
inequalities

in the Heisenberg group

In this chapter, we extend the so called Dual Estimate of [99] to the obstacle

problem for quasilinear elliptic equations in the Heisenberg group.

6.1 An introduction to the problem and some

basic tools

For the notations and the definitions we refer to Chapter 1. Throughout this
chapter we denote by (z,y,t) € R" xR" xR a point in H". We are interested
in studying the obstacle problem in this framework. For this, we consider a
smooth function ¢ : H" — R, which will be our obstacle (more precisely, v
is supposed to have continuous derivatives of second order in X and Y').
Fixed a bounded open set © with smooth boundary, and p € (1, +00),
we consider the space Wg”(Q) to be the set of all functions u in LP()

whose distributional horizontal derivatives X;u and Yju belong to LP((2),
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forj=1,...,n.

Such space is naturally endowed with the norm

lullwagi = lellzoe) + D (IXullzo@) + 5ulln) ).
j=1
We call Wﬁ;ﬁo(Q) the closure of C§°(€2) with respect to this norm.
We fix a smooth domain Q, 2 Q, u, € WaP(Q,) N L=(Q,) and we

introduce the space
Ki={ueWgl(Q) st u<y, andu—u, € Wﬁ;ﬁo(Q)}.

Loosely speaking, K is the space of all the functions having prescribed Dirich-
let boundary datum equal to u, along 0€2 and that stay below the obstacle .
Now we consider a parameter ¢ > 0 and we deal with the variational

problem

in}fc]-}(u; ), where F.(u; Q) := /(8 + | V)2, (6.1)
ue Q

By direct methods, it is seen that such infimum is attained (see, e.g., the
compactness result in [135, 52] or references therein) and so we consider a
minimizer .

Then, @, is a solution of the variational inequality?

/(5 + |V @) P22V gntie - Ve (v — 42) > 0, (6.2)
Q

IFormula (6.2) may be easily obtained this way. Fixed v € WiP(Q) with v < ),
and v — 1, € WE}I;?O(Q), for any t > 0, let u(® := @, + t(v — @.). Notice that

u® = (1 —t)a. +tv < (1 — )+t < o,
hence u® € K. So, by the minimality of %, we have F.(u(?); Q) = F.(u.; Q) < Fo(u®; Q)
for any ¢ > 0. Consequently,

®).Q) — (0).
0 < lim]:g(u Q) — Fo(u'\V;Q)
t\0 t

/(E + |VH”a€|2)(p_2)/2vH"ﬂ5 : VH" (’U - 17,5)7
Q

that is (6.2).
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for any v € Wi?(Q) with v < ¢, and v — G, € Wﬁlﬁo(ﬂ).

These kind of variational inequalities has now receiving a considerable
attention (see, e.g., [56] and references therein), even when p = 2 (notice
that in such a case ¢ does not play any role). We observe that, when p # 2,
the operator driving the variational inequality in (6.2) is not linear anymore
(in fact, it may be seen as the Heisenberg group version of the p-Laplace
operator): for these kind of operators even the regularity theory is more
problematic than expected at a first glance, and many basic fundamental
questions are still open (see, e.g., [62], [105], [108] and [139]): this is a crucial
difference with respect to the Euclidean case, so we think it is worth dealing
with the problem in such a generality.

Now, we introduce the set of p’s for which our main result holds. The
definition we give is slightly technical, but, roughly speaking, consists in
taking the set of all the p’s for which a pointwise bound for the operator of
a sequence of minimal solutions is stable under uniform limit. The further
difficulty of taking this assumption is due to the lack of a thoroughgoing
regularity theory for the quasilinear Heisenberg equation (as remarked in
Lemma 6.5.7 at the end of this chapter, this technicality may be skipped
when p = 2).

Definition 6.1.1. Let p € (1,+00). We say that p € P(v, Q) if the following
property holds true:

For any ¢ > 0, any v € WgP(Q), any M > 0, any sequence Fj, =
Fy(r, &) € C([—M, M] x Q), with Fy(-,&) € C*([-M, M]) and

+
0<8,F < (dian ((5 n |an¢|2)<p/2>—1an¢>> , (6.3)
if ug 1 Q — [—M, M] is a sequence of minimizers of the functional
1
S+ V@ PP + Fu(ute). ) de (6.4
Q

over the functions u € WP (Q), u—v € W&;ﬁo(ﬁ), with the property that wy,
converges to some us uniformly in €2, we have that
0 < divgn ((5 + |anuoo|2)<p/2>—1anuoo)
. (65)
< (dian ((5+ \an¢\2)<p/2>—1an¢)>
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in the sense of distributions.

As remarked? in Lemma 6.5.7 at the end of this chapter, we always have
that
2. € P(y,0Q).

In particular, our main result (i.e., the forthcoming Theorem 6.1.1) always
holds for p = 2 without any further restriction. We think that it is an in-
teresting open problem to decide whether or not other values of p belong
to P(1, ), in general, or at least when the right hand side of (6.5) is close
to zero (e.g., when the obstacle is almost flat). For instance, the property
in Definition 6.1.1 would be satisfied in presence of a Holder regularity the-
ory for the horizontal gradient for solutions of quasilinear equations in the

Heisenberg group — namely, if one knew that bounded solutions of

divigs ((€ + |V u?) PPV yau) = f,

with f bounded, have Hdélder continuous horizontal gradient, with interior
estimates (this would be the Heisenberg counterpart of classical regularity
results for the Euclidean case, see, e.g., Theorem 1 in [133]); notice also
that this would be a regularity theory for the equation, not for the obstacle
problem. As far as we know, such a theory has not been developed yet,
not even for minimal solutions (see, however, [28, 108, 139] for the case of
homogeneous equations). Nevertheless, we think it is worth stating our result
in the more abstract setting of P(1), 1), because, once the regularity theory
becomes available, our result would be valid in general — and also because
the setting we use is somewhat more general and weaker than the regularity
theory itself.

The result we prove is:

Theorem 6.1.1. If p € P(1),Q) then

0 < diven ((5 + vanaE\z)@/?)-lanaa)
; (6.6)
< (dian ((5+ vanwﬁ)(p/”*lanw))

2As usual, the superscript “+” denotes the positive part of a function, i.e. f*(x) :=

max{ f(z),0}.
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in the sense of distributions.

The result in Theorem 6.1.1 is quite intuitive: when %. does not touch
the obstacle, it is free to make the operator vanish. When it touches and
sticks to it, the operator is driven by the one of the obstacle — and on these
touching points the obstacle has to bend in a somewhat convex fashion, which
justifies the first inequality in (6.6) and superscript “4” in the right hand
side of (6.6).

Figure 1, in which the thick curve represents the touching between . and
the obstacle, tries to describe this phenomena. On the other hand, the set
in which u. touches the obstacle may be very wild, so the actual proof of
Theorem 6.1.1 needs to me more technical than this.

In fact, the first inequality of (6.6) is quite obvious since it follows, for in-
stance, by taking v := @.— in (6.2), with an arbitrary ¢ € C§°(€2, [0, +00))),
so the core of (6.6) lies on the second inequality: nevertheless, we think it is
useful to write (6.6) in this way to emphasize a control from both the sides
of the operator applied to the solution.

We remark that the right hand side of (6.6) is always finite when € > 0,
and when € = 0 and p > 2. In this case, (6.6) is an L*°-bound and may be
seen as a regularity result for the solution of the obstacle problem. It is worth
noticing that such regularity result holds for ¢ = 0 as well, only assuming
that p € P(1, ), which is a requirement on the problem when ¢ > 0.

On the other hand, if £ = 0 and p € (1,2), the right hand side of (6.6)
may become infinite (in this case (6.6) is true, but maybe meaningless, stating
that something is less than or equal to an infinite quantity).

In the Euclidean setting, the analogue of (6.6) was first obtained in [99]
for the Laplacian case, and it is therefore often referred to with the name of
Lewy-Stampacchia Estimate. It is also called Dual Estimate, for it is, in a
sense, obtained by the duality expressed by the variational inequality (6.2).
Other Authors refer to it with the name of Penalization Method, for the role
played by e¢.

After [99], estimates of these type became very popular and underwent

many important extensions and strengthenings: see, among the others, [119,
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Figure 6.1: Touching the obstacle

83, 64, 18, 110]. As far as we know, the estimate we prove is new in the

Heisenberg group setting, even for p = 2.

Hereafter, we deal with the proof of Theorem 6.1.1. First, in § 6.2, we
prove Theorem 6.1.1 when € > 0.

The proof when ¢ = 0 is contained in § 6.4 and it is based on a limit
argument, i.e., we consider the problem with ¢ > 0, we use Theorem 6.1.1
in such a case, and then we pass € \, 0. This procedure is quite deli-
cate though, because, as far as we know, it is not clear whether or not the
Heisenberg group setting allows a complete Holder regularity theory for first
derivatives (see [62]). To get around this point, in § 6.3, we study the LP-
convergence of the solution u. of the e-problem to the solution uy of the
problem with ¢ = 0, which, we believe, is of independent interest (see, in
particular Propositions 6.3.1 and 6.3.2).

We point out that the same arguments hold verbatim for nilpotent stratified
Lie groups of any steps and we work in H" only for the sake of notational

simplicity.
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6.2 Lewy-Stampacchia estimate when ¢ > 0

We prove (6.6) in the simpler case ¢ > 0 (the case ¢ = 0 will be dealt
with in § 6.4). The technique used in this proof is a variation of a classical
penalized test function method (see, e.g., [119, 83, 64, 18, 110] and refer-
ences therein), and several steps of this proof are inspired by some estimates
obtained by [31] in the Euclidean case.

First of all, we set
1= —1+ min { inf ), igfu*} eR
Q Q
and we observe that
Ue > (6.7)

a.e. in €. Indeed, let w := max{u., u}. Since 1) and wu, are below p in 2, we
have that w € K, thus

0 S «F5<w; Q) - Fs(aa; Q) = _/ (5 + ’VHn'ELEP)p/Q § 0,

Qn{ae<p}

and, from this, (6.7) plainly follows.
Now, let n € (0, 1), to be taken arbitrarily small in the sequel. Let also

b= <dian ((5+ |VHnw\2)<P/2>1an¢>)+. (6.8)

Notice that
[l Lo () < +o00, (6.9)

because € > 0. For any ¢t € R, we consider the truncation function

0 ift <0,
Hy(t):=<qt/n if0<t<n,
1 ift>mn.

Now, we take u, to be a weak solution of

divan ((g + |VHnun|2)(”/2)_1VHnun> —h- (1= Hy(¢ —u,) inQ,

Uy = U on 0f).
(6.10)
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where, as usual, the boundary datum is attained in the trace sense: such a
function w, may be obtained by the direct method in the calculus of varia-

tions, by minimizing the functional

(A%@+¢un@WV”+FwMQ£ﬂ%

over u € WaP(Q), u — i, € WH-IH;{)p(Q)J where

B = [ h©)- (1= () - o)) do
0
Now, we claim that
uy, < a.e. in Q. (6.11)
To establish this, we use the test function (u, — )" in (6.10). Since, on 0%,
we have (u, — )" = (a. — )+ = 0, we obtain that
_/ ((5 + |anun|2)(p/2)—1anun> . vH”(“n o w>+
Q
= / he (1= Hy(v —uy)) (u; — )" = / b (uy, — )"
Q Q

Consequently, by (6.8),

[ (e 19a )01 )
(e + Va2 Vi) | - Vion (1 — )"

_ /Q [dian <(6+ |VHn¢|2)(p/2)—1an¢> _ h] -y — )t
< 0.

By the strict monotonicity of the operator (i.e., by the strict convexity of the
function R?™ 3 ¢ + (¢ + |¢[})P/?), it follows that (u, — 1)+ vanishes almost
everywhere in ), proving (6.11).
Now, we claim that
U, > u, a.e. in . (6.12)

To verify this, we consider the test function

7=t + (uy — )"
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We notice that
u. in {u, <@},
T u, in {u, > u.},
hence 7 < #, due to (6.11). Furthermore, on 02, we have that 7 = ., due
to the boundary datum in (6.10). Therefore the obstacle problem variational

inequality (6.2) gives that

0< / ((5 + |VHna€|2)(P/2)‘1VHna€> - Vi (T — 1)
Q

(6.13)
::/‘Qg+¢vwmg%@ﬂ>1vak)-vH4un—a9f
Q
On the other hand, from (6.10),
/ (=4 [Vt ) 121 Tty ) - Vi (1 — )
@ (6.14)

== [ B (= By =) (uy— 0)* <0,
Q
By (6.13) and (6.14), we obtain that

[+ Vim0 Vi,

_<(€ + ‘VH“—LEP)W””VH”@E)} - Vin (un _ a€)+ <0.

This and the strict monotonicity of the operator implies that (u, — @.)"
vanishes almost everywhere in €2, hence proving (6.12).
Now, we claim that
t. < u,+nin . (6.15)

To do this, we set

6 :=u. — (te —uy, —n)".
Notice that # < 4. < 1, and also that, on €2, 6 = .. As a consequence, (6.2)
gives that

0< / ((5 + ‘anﬂEP)(P/Q)*lVHnEE) Vi (6 — @)
Q
(6.16)
= _/ <(€ + |anaE|2)(p/2)—lana€> - Ve (G — u,y — 77)+~
Q
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On the other hand, (4. —u, —n)* = 0 on 09, and
{t. —uy,—n>0} € {¢—u,>n}
- {1 - Hn(@b - un) = O}a
and therefore, by (6.10),
[ (4 Wty + )Y sy 1)) - Vi = =)
Q

:/ ((6 + \VHnun\z)(p/z)’lanun) Ve (e —uy — )™ (6.17)
Q

:—/Qh-(1—Hn(1/1—u,7))-(ﬂs—un—n)Jr:O.

Then, (6.16) and (6.17) yield that

/Q (e + V) Vi)

(e IV (g + MDD Vi (g ) ) | - Fian (1 = 10y = m)*
< 0.

Thus, in this case, the strict monotonicity of the operator implies that (. —
u, —n)* vanishes almost everywhere in 2, and so (6.15) is established.
In particular, by (6.11), (6.15) and (6.7),

[unll oo @) < 2+ 9] L) + llusllL= @) (6.18)
Moreover, by (6.12) and (6.15), we have that

u, converges uniformly in € to . (6.19)

as n N\ 0.

Furthermore

0< 8, Fy(r,€) < h(€) = (diven (e + Vit )OO Vi) )

hence (6.6) follows® from (6.19) and the fact that p € P(¢,Q) (recall (6.5)
in Definition 6.1.1). O

3Tt is worth pointing out that this is the only place in the chapter where we use the
condition that p € P(1, ). In particular, all the estimates in § 6.3 are valid for all p €
(1, +00).
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6.3 Estimating the L’-distance between Vynu
and Vgni.

The purpose of this section is to consider the solution #. of the e-problem
and the solution uq of the problem with ¢ = 0, and to bound the LP-norm of
|Vinto— Vant.|. Such estimate is quite technical and it is different according
to the cases p € (1,2] and p € [2, +00): see the forthcoming Propositions 6.3.1
and 6.3.2.

As a matter of fact, we think that the estimates proved in Proposi-
tions 6.3.1 and 6.3.2 are of independent interest, since they also allow to
get around the more difficult (and in general not available in the Heisenberg
group) Holder-type estimates.

For all g € L'(U,.), we define the average of g in B, as

1
(9)r = m/UT g,

where B, is the ball centered at 0 € H"” with radius » > 0 with respect to
the norm definend in 1.27. In what follows, we focus on LP-estimates around
a fixed point, say &, of 2. Without loss of generality, we take &, to be the
origin, and we fix R € (0,1) so small that Ug € €.

Then, we denote by g : 2 — R the minimizer of problem (6.1) with e = 0.
Then, for a fixed ¢ > 0, we take @. : Ugr — R to be the minimizer of F_(u; Ug)
among all the functions u € Wi (Ug), u < 9, and u — G € Wﬁl’,ﬁo(UR). We
can then extend u. also on Q\ Ug by setting it equal to %, in such a set. By
construction

/ |VintoP = Foltg; Q) — / |V in t|”

Un \Un (6.20)

<Fous®) - [ Vwwl = [ |[Vaap
Q\Ug Ug

and

/ (e + |V 2P/ = F.(in: Up)
vn (6.21)

< Fo(iio; Un) = / (c + | Vit 2?2,
Ur
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Proposition 6.3.1. Assume that
p e (1,2]. (6.22)
Then, there exists C' > 0, only depending on n and p, such that

/ Vintio — Ventie]? < C(1 + (|VantiolP)r)' ™" ?e®? R, (6.23)
Ur

Proof. The technique for this proof is inspired by the one of Lemma 2.3
of [120], where a similar result was obtained in the quasilinear Euclidean

case (however, our proof is self-contained). We have

_ _ _ — \2
’anUE — VHnu0|2 < (|VHnU€’ + |anU0|)

o s (6.24)
< C(’anuEl + |VHnU0| )

Here, C' is a positive constant, which is free to be different from line to line.
By (6.22), (6.21) and (6.24), we obtain

/ (5 -+ |V]H[nﬂ[)’2 + |an,a€‘2)(p/2)fl‘anas — VHnﬂo|2
Ur

<c/ Vi ic|? + [Vian o
B Ur (5 + |anﬂ0|2 + |anﬂa|2)1_(P/2)

Up (€ + [Vinto]? + [Vinuc[2) =@/
|VHHBO|2
" 6.25
Ur (5 + |VIHI"'aO|2 + |an’a€|2)1_(l’/2) ( )

cof [ et ) Fent )
Un (€ |V tic|)-@2  fi (e 4+ |Viniio|2) = #/2)
<C (/ (e + | Vet |*)? + / (e + |VHnuo|2)P/2>

UR UR

< 0/ (e + [Vaniio|)?"2.
Ur

Thus, (6.25) and Lemma 6.5.4, applied here with a := Vyntig and b := Vgn .,
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yield that
/ (e + [Vanitol* + |Van i)
Ur

< O/ (6 + |anﬂ0|2 + |VHnﬂ£|2)(p/2)_l|anﬂg — anﬂ0|2+
Ur

(6.26)
+ C/ (e + |Vinig)|?)®/?
Ur
< O/ (e 4 |Vntio|?)/?.
Ur
Now, from (6.20),
/ (€ + ‘VHnﬁ0|2>(p/2) - / (8 + ’VanLEP)(pﬂ)
Ur Ur
< / (e + [Vamto)?/? — / Vit P (6.27)
UR UR
< / (e 4 |Vaniio?)#/? — / |Vintig|P.
UR UR
Moreover, using (6.22) and some elementary calculus, we see that
A e
for any 7 > 0. Therefore, taking 7 := 6/, we obtain that
(e + O)P/2 — gP/2| < CeP/? (6.28)

for any 6§ > 0. Thus, using (6.27) and (6.28) with 6 := |Vgnig|?, we conclude
that

/ (6 + [Vignig[2) /2 — / (6 + [Vin@i2)?/D < CeP2RQ. (6.29)
U

Ur

Now, we estimate the left hand side of (6.29) from below. For this scope, we
define

h = tVHnﬂo + (1 — t)anﬂg,
J = p/ (e + |Vt |)) PPVt - (Vigniip — Vin .
Ur

1
P d 21 (p/2)-1 . .
and J.—p/UR [/0 (1= 1) 5 (e 1027 h - (Vi — Vi) ) di].
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We observe that the variational inequality in (6.2) for u. gives that
J >0. (6.30)

Also, using the Fundamental Theorem of Calculus, we obtain

/ (€ + ‘VHnﬁ()P)(p/Z) — / (8 + ’VHn’L_LE|2)(p/2)
U

Ur

1
d
:/U [/0 E<€+ |tVHnﬂ0+(1—t)ana€|2>(p/g) dt]
R

1
= p/ [/ (e 4 [tVintip + (1 — t) Vi ae|?) P21
Ur 0

X (tVntio + (1 — 1) Van@i,) - (Viniio — Vin i) dt}
1
—p/ [/ (e + [B|) PR . (Vignitg — Vin i) dt]
Ugr 0

Integrating by parts the latter integral in ¢ (by writing dt = 4 (¢ —1)dt), and
exploiting (6.30), we obtain
/ (5 + ’ana0|2)(p/2) — / (8 + |VHna€|2)(p/2)
U Ur (6.31)
=J+J>J

Making use of Lemma 6.5.3 — applied here with a := Vygntug and b := Vgnu,
— we have that
~ 1

1
J>Z [/ (1—t) (e+ [t Vntio+(1—t) Vi e |*) PP~ Vigntig— Vi i |* dt | .
Ur 0

From this and Lemma 6.5.5 — applied here with x := 1 and ¥(z) := 2!~ ®#/2),
which is nondecreasing, thanks to (6.22) — we deduce that

~ 1
J Z 6 (6 + |VHnao|2 + ’anaE|2>(p/2)—1|ana0 - VH"EEF' (6'32>
Ugr

In view of (6.29), (6.31) and (6.32), we conclude that

/ (5 + |VHnﬂ0|2 + ‘VHn’ELEP)(p/Q)inHn’L_LO — VH"/ELEP S Cgp/2RQ. (633)
Ur

Then, (6.23) follows from (6.26), (6.33) and Lemma 6.5.6, applied here
with f := Vgniug and g := Vygni.. [
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In the degenerate case p € [2,4+00) the estimate obtained in Proposi-
tion 6.3.1 for the singular case p € (1,2] needs to be modified according to

the following result:

Proposition 6.3.2. Suppose that
p € [2,+00). (6.34)
Then, there exists C' > 0, only depending on n and p, such that
/U Vintio — Ventie]? < C(1+ (|VantioP)r)' ™ "PeR.
R
Proof. The variational inequalities (6.2) for @y and u. imply that
/ | Vintio|P 2 Vun il - (Vantle — Vintig) > 0
Ur
and /U (e 4 |Vintie|) PP Vi, - (Veniy — Vindz) > 0.
R
Consequently,
/U (|VHnﬂ0|p_2VHnﬂo— (s+|VHnaa|2)(P/2)‘1VHnaa) (Vaniig — Vgniie) < 0.
R

Using this and (6.40) of Lemma 6.5.1, applied here with A := Vgt and

B := Vpgnu,., we obtain
/ | Vin il — Vinti.|”
Ur
< C/ (|VHnﬂ0|p‘2VHnao - |VHnaE|P‘2VHnaE> - (Vanily — Vini)
Ur
<C / ((g + Vi) PP Vg, — |ana5|p—2anag> (Viniip — Viniis).
Ur
This and Corollary 6.5.2, applied here with a := Vygnu., give
/ ’VHnl_Lo — anng‘p
Ur
< C/ ((s + |Vgnie|?) /271 - yVanLEP‘?) |Vt | | Vigntlo — Vi |
Ur

< Ce/ (e + |Vt |*) P22 (|Vintio| + |Viniie| ).
Ur
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Therefore, recalling (6.34), noticing that
-2 1 1
P +

4 =1
p p p

and using the Generalized Holder Inequality with the three exponents p/(p—
2), p and p, we obtain

/ |Vinty — Vin e [P
Ur

(p—2)/p 1/p
< Ce (/ (e + yVHnaEP)p/z) (/ (IVEntol? + ]VHna€|P)) RO/P,
UR UR

Then, by the minimal property of @, in (6.20),

/ |VHnﬂo — Vyn . ’p
Ur

(p—2)/p 1/p
< Ce </ (e + ‘VHnﬂEP)p/Q) (/ ]VanLg\p) RO/P
UR UR

(r—-1)/p
<Ce (/ (e + |VHna€]2)p/2) RQ/P
U

(p—1)/p
< Ce (RQ - / |VH”a€yp) RO/P
Ur

(r-1)/p
< Ce <RQ + / |anu0|P) RO/?,
Ur

from which the desired result follows. m

Corollary 6.3.3. For all p € (1,+00), we have that
li{‘rg) | Vinte — Vintol| gy = 0. (6.35)
Also, there exist a subsequence of €’s and a function G € LP(Ug) such that
|Viante(x)] < G(x) (6.36)

for almost every x € Ug.

Furthermore, if we set

I, = (¢ + |Van|) PP Ve, (6.37)
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then there exist a subsequence of €’s and a function G, € L*(Ug) such that
Te(2)] < Gu(2) (6.38)
for almost every x € Ug.

Proof. We obtain (6.35) from Propositions 6.3.1 and 6.3.2, according to
whether p € (1,2) or p € [2,400).
From (6.35), one deduces (6.36) (see, e.g., Theorem 4.9(b) in [22]).
Now, we define G, := 27/2(G + GP~'). We observe that G, € L'(Ug),
since G € LP(Ug) C LY(Ug) and GP~' € LP/®=V(Ug) C L*(Ug) . So, in
order to obtain the desired result, we have only to show that the inequality
in (6.38) holds true.
For this, we notice that, if p € (1,2),
|F | _ ’VH"ES‘ _ ’anas|p_1‘vH”ﬂs’2_p
(e 4 | Ve |2) - @/2) (e + |Vin i |2)1-®/2)
|V tie [P~ (e + [V @ie|*) 7P/
- (e + |VHnﬂa|2)1—(P/2)

= |V /7! <GP,

which implies (6.38) in this case.
On the other hand, if p € [2, +00),

IT.| < 2(1)/2)—1(5(17/2)—1 + |VHnﬂ€|p_2) |V g |
< 2(10/2)*1(1 + GPA)G,

which implies (6.38) in this case too. O

6.4 Lewy-Stampacchia estimate when ¢ =0

By Theorem 6.1.1 (for £ > 0, which has been proved in § 6.2), we know that,

for a sequence € \ 0,
+
0< / . Vo< / (dian ((5 v vaan)(P/?)*lva)) o, (6.39)
UR UR

for any ¢ € C§°(Ug, [0,400)), as long as Ur C Q, where T, is as in (6.37).
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By possibly taking subsequences, in the light of (6.35) and (6.38), we
have that

lim FE = ’VHn’L_L(]’p72VHnl_LQ

e\
almost everywhere in Ug, and that I'. is equidominated in L'(Ug). Conse-
quently, we can pass to the limit in (6.39) via the Dominated Convergence

Theorem and obtain (6.6) for @y. This completes the proof of Theorem 6.1.1

also when ¢ = 0. O

6.5 Appendix

In this appendix, we collect some technical and well known estimates of

general interest that will be used in the proofs of the main results.

We start with some classical estimates (see, e.g. Lemma 3 in [84] and
references therein), which turns out to be quite useful to deal with nonlinear

operators of degenerate type:

Lemma 6.5.1. Let M € N, M > 1, and p € [2,4+00). Then, there exists
C > 1, only depending on M and p, such that, for any A, B € RM,

|A— B < O<|A|p‘2A— |B|p‘2B> (A- B) (6.40)

and

|A]P2A — |B|p‘2B‘ < C|A - B| (|A|p—2 + |B|”‘2)- (6.41)

Corollary 6.5.2. Let N € N and and p € [2,400). Then, there exists
C > 1, only depending on N and p, such that for any € > 0 and any a € RY

((e+ a7t — [af?~?) |a] < Ce(e + [af*) P72,

Proof. We let A := (a,¢) and B := (a,0) € RV and we exploit (6.41). We
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obtain
20¢(e + |af?) P~/
> Ce((e +[af?)"/2 + Ja~2)
= ClA- Bl (jAP2+ B2
> |lap-2a - BB
— |(e + [aP) 22 (a,€) — |al*(a,0)|
= (e +1aP) 7" ~ aP ), (e + [a])72"% )|
> ((e+ [af")#"2/2 = |a}"?) Ja],
as desired. ]

In the subsequent Lemmata 6.5.3 and 6.5.4, we collect some simple, but

interesting, estimates that are used in Proposition 6.3.1:

Lemma 6.5.3. Let N € N, N > 1, t € [0,1], ¢ > 0, and a, b € R".
Let h(t) := ta + (1 — t)b. Then, there ezxists C > 1, only depending on N
and p, such that

i((g FIARED (0 —1)) >

Proof. We have

1

GE+[ta+ (L= ObP) D o — b,

(4 P 0= ) = S (e + PR - (a—b
= e+ )R e 4 (p = DIAP) - (0~ )
(e [B2)02 o — o

(e + |ta+ (1 — t)b|H)P/D~Yq — b)?,

QIHQlH

as desired. O]

Lemma 6.5.4. Let
p € (1,2]. (6.42)
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Let NEN, N>1,¢>0, and a, b € RN. Then, there exists C > 1, only
depending on N and p, such that

(= + [af? + o[22 < C|(e + |al® + b2)P/2 b = af> + (e + af?) 2],
Proof. We have
b = o —a+a < (Jb—al +al)* < C(Ib— af* +|af?)
and so

(e + la* + [b]*)P/?

(e + la]® + (b)) P2 (e + |af” + [b])

Cle+ |a]” + b))~ e + |a]* + [b— af)

= Cle+lal> + [p)"27 b — af* + Cle + |af* + [b) PP (e + |a]).

IN

Therefore, by (6.42),
(e +lal® + [b*)""?
< C(e+ |al* + p|))P2D b — a]? + C(e + |a>) /P,
that is the desired claim. O

The following result deals with some technical estimates on monotone

integrands.

Lemma 6.5.5. Let N € N, N > 1. Let k € {0,1}. Lete, € > 0. Let a,
be RN, Let ¥ : [g,+00) — [¢/,4+00) be a measurable and nondecreasing

function. Then

/1 : (1= 0" it > ! L (643)

Ve + |ta+ (1 —1)b]2)  — 2W(e+|al®> +]b]?)

Proof. If |a| < b, for any ¢ € [0, 1],

ita + (1 — )b < tal* + (1 — )2|b]* + 2t(1 — t)|al|b]
< b2+ (1 4+ —2t)|b)* + 2t(1 — 1) [b]* = |b]>.
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On the other hand, if |a| > [b], for any ¢ € [0, 1],

lta + (1 —1)b]* < al® + (1 — )2|b]* + 2t(1 — t)|al|b]
< 2la+ (14 = 28)|a + 2t(1 — t)]af* = |al>.

In any case,
e+ lta+ (1 —t)b]* < e+ al* + |b?

and the claim follows from the monotonicity of . ]

The next is a useful Hélder/LP type estimate, that is exploited in Propo-
sition 6.3.1.

Lemma 6.5.6. Let N € N, N > 1. Let f, g € LP(Br,RY). Suppose that
p e (1,2]. (6.44)

Then

/BRIf—glp

p/2
< ( [ 1+ 1o gP)
Br

(2-p)/2
([ Eripeirr)
Br

Proof. We observe that
If —gl”
p)/2

p/ (2—
= [P+ 1P =] [+ 1+ o]

and so the desired result follows from the Holder Inequality with expo-
nents 2/p and 2/(2 — p), which can be used here due to (6.44). O

To end this chapter, we remark that Definition 6.1.1 is always nonvoid
(independently of ¢ and €2), in the sense that

Lemma 6.5.7. 2 € P(¢),Q).
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Proof. The functional in (6.4) when p = 2 boils down to

| 5V + Fulu(e). de. (6.45)

up to an additive constant that does not play any role in the minimization.

Hence, if u; minimizes this functional, we have that

_ / Tyt (€) - Vg (€) d = / O, Fu(un(£). €) (€) dé
Q Q

for any ¢ € C5°(2).

Accordingly, if also u approaches some 1., uniformly in €2, it follows that

/uooAHngpz lim U Agn @
Q

= lim —/ Vanty - Ve = lim / O By (ug, &)
k—+o00 Q k=400 Jq
for any ¢ € C5°(92).
Also, from (6.3),

0<0,F < (Amn))”

and so (6.46) gives that

0 S/UOOAHngpg / (Agntp)t @ (6.47)

Q 0

for any ¢ € C5°(€2, [0, +00)).

On the other hand, since wy, is a minimizer for (6.45), we have that

sup || Vi || 12(0) < +00
keN

and so, up to a subsequence, we may suppose that Vgnuy, converges to
some v € L*(Q) weakly in L?(2). It follows from the uniform convergence
of uy, that
—/ v-Vgnp =— lim Vunug - Vinp
Q

= lim Uy, AHngo—/uoo Agnp
Q Q

k—+o00
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for any ¢ € C§°(€2). That is, Vgnus = v in the sense of distributions, and
so as a function. In particular, Vgnus, € L*(Q), and therefore (6.47) yields
that

Q Q

for any ¢ € C§°(€2, [0, +00)). This shows that u, satisfies (6.5) in the distri-

butional sense. O
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