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Abstract. Optimization Modulo Theories (OMT) extends Satisfiability Mod-
ulo Theories (SMT) with the task of optimizing some objective function(s). In 
OMT solvers, a CDCL-based SMT solver enumerates theory-satisfiable total 
truth assignments, and a theory-specific procedure finds an optimum model for 
each of them; the current optimum is then used to tighten the search space for the 
next assignments, until no better solution is found. 

In this paper, we analyze the role of truth-assignment enumeration in OMT. 
First, we spotlight that the enumeration of total truth assignments is subopti-
mal, since they may over-restrict the search space for the optimization procedure, 
whereas using partial truth assignments instead can improve the effectiveness of 
the optimization. Second, we propose some assignment-reduction techniques for 
exploiting partial-assignment enumeration within the OMT context. We imple-
mented these techniques in the OPTIMATHSAT solver, and we conducted an 
experimental evaluation on OMT benchmarks. The results confirm the improve-
ment in both the efficiency of optimal solving and the quality of the obtained 
solutions for anytime solving. 

Keywords: Optimization Modulo Theories · Enumeration · Partial 
Assignments 

1 Introduction 

Satisfiability Modulo Theories (SMT) is the problem of deciding the satisfiability of 
a logical formula w.r.t. some background theory, such as linear and nonlinear arith-
metic, bit-vectors, arrays, or uninterpreted functions [ 2]. Many SMT-encodable prob-
lems also require the capability of finding models that are optimal w.r.t. some objective 
functions. These problems are grouped under the term Optimization Modulo Theories 
(OMT) [ 6,25,31]. OMT has been successfully applied to a wide range of problems, 
such as verification of timed and hybrid systems [ 14,31], numeric [ 16] and tempo-
ral planning [ 26,27], optimal scheduling [ 7], constrained goal modelling [ 24], hybrid 
machine learning [ 37], GAS optimization for smart contracts [ 1], and optimum encod-
ings for quantum annealing [ 3,10], establishing OMT solvers as powerful tools for 
solving complex constraint optimization problems in various domains. 

OMT Solving. A general OMT-solving strategy [ 25,31,32] consists in performing a 
sequence of incremental SMT calls, progressively tightening the range of values for the 
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objective function. Specifically, an SMT solver is used to enumerate T -satisfiable truth 
assignments that propositionally satisfy the problem formula . ϕ. For each such truth 
assignment, a T -optimizer finds a T -model of optimum cost within it. A constraint 
is then added to the formula to tighten the upper bound for the cost of the optimum 
model, and the search continues until the formula is found unsatisfiable. Besides opti-
mal solving, an important feature of OMT solvers is the ability to provide the user with 
a good-enough solution within a given time budget. This capability, known as anytime 
OMT solving, is especially valuable in industrial applications where finding the opti-
mum solution may be computationally impractical, and it is rather more important to 
obtain high-quality solutions quickly. 

OMT techniques have been developed for LRA [ 6,32], LIRA [ 6,33], NRA  [ 4], 
NIA  [ 4], BV [ 23,39], and FP  [ 39]. Also, OMT has been extended to deal with mul-
tiple objectives including lexicographic OMT [ 6,33], boxed OMT [ 6,17,33], min-max 
OMT [ 34], and Pareto OMT [ 6]. Recently, a Generalized OMT calculus has been pro-
posed, extending the definition to objectives over partially ordered sets [ 41]. 

Partial Assignments Enumeration in SMT. The problem of truth assignment enumera-
tion has been studied in recent years, mainly in the context of SAT and SMT enumer-
ation (AllSAT and AllSMT). Typically, enumeration algorithms [ 12,13,15,35,36] rely  
their efficiency on the enumeration of partial assignments to reduce both the number 
of enumerated assignments and the computational time by up to an exponential factor. 
Several techniques have been proposed to find short satisfying partial assignments start-
ing from a total assignment, trading off efficiency for effectiveness (e.g., [ 22,29,38]). 
Also, the impact of CNF-ization on the effectiveness of partial assignment reduction 
has been recently studied in [ 20,21]. 

Contributions. In this paper, we study the applicability of enumeration-based tech-
niques to OMT solving, and, in particular, the usage of partial truth assignment reduc-
tion to improve the effectiveness and efficiency of OMT solving. First, we notice that 
OMT solvers typically invoke the T -optimizer on total truth assignments, and we spot-
light how this can be suboptimal in many cases. Second, we propose some ways to 
exploit partial truth assignments in OMT solving, tailoring existing techniques to the 
OMT context. We discuss the general idea for an arbitrary theory, and describe an 
implementation for the specific case of linear arithmetic over LRA and LIRA, possi-
bly combined with other theories. We implemented these strategies in the OMT solver 
OPTIMATHSAT [  34], and we show through an empirical evaluation over OMT(LRA), 
OMT(LIRA), and OMT(LRA ∪ AR) benchmarks that they improve both the effi-
ciency of optimal solving and the quality of obtained solutions for anytime solving. 

Related Work. The idea of using partial assignments in OMT(LIRA) has been pre-
viously considered in [ 5,18]. In [ 5], the authors mention that in lazy OMT-solving, 
the truth assignments should preferably be prime implicants. This approach, how-
ever, is theory-blind; our reduction techniques, instead, specifically target theory-literals 
involved in optimization, which proves crucial for the solver efficiency. A similar idea 
was proposed in [ 18], where the truth assignments are reduced to prime implicants 
before invoking the T -solver and T -minimizer. Though our work is similar in flavour
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to theirs, there are some key differences: (a) their enumeration algorithm only adds 
clauses blocking the minimized truth assignment, whereas modern OMT solvers add 
cost bounds .(cost < ub) to prune the search space, which has been shown to be much 
more effective; (b) we also propose a cost-guided technique, which we show to perform 
much better in practice. 

Organization. The rest of the paper is organized as follows. In Sect. 2, we provide 
the necessary background on SMT and OMT solving. In Sect. 3, we analyze the role of 
total and partial truth assignments in OMT solving. In Sect. 4, we propose two strategies 
to exploit partial truth assignments in OMT solving. In Sect. 5, we present an experi-
mental evaluation of the proposed strategies over OMT(LRA), OMT(LIRA), and 
OMT(LRA ∪ AR) benchmarks. Finally, in Sect. 6, we conclude the paper and discuss 
future work. 

2 Background 

Notation and Terminology. We assume the standard setting with quantifier-free first-
order formulas, and the standard notions of theory, satisfiability, logical consequence. 
We assume the reader is familiar with these notions and with the lazy CDCL-based 
SMT-solving approach, and refer to [ 2] for a comprehensive introduction to SMT. 

In this paper, we denote SMT formulas by. ϕ, theories by. T , variables by.x, y, atoms  
by. α, truth assignments by.μ, η, and models by.M; all symbols possibly with subscripts 
or superscripts. We denote by Atoms(ϕ) the set of atoms occurring in a formula ϕ. 

2.1 Satisfiability Modulo Theories 

Given a first-order theory T , a  T -atom is any atomic formula built over the signature 
of T . A  T -literal is a T -atom or its negation. A T -formula is either a T -literal or a 
combination of formulas by means of standard Boolean operators. From now on, we 
assume every formula is in Conjunctive Normal Form (CNF), i.e., it is a conjunction 
(. ∧) of clauses, where each clause is a disjunction (. ∨) of literals. (If it is not, then it can 
be easily converted into CNF by applying the standard transformations [ 28,40]). 

Satisfiability Modulo Theories (SMT) is the problem of deciding the satisfiability 
of a first-order formula w.r.t some first-order theory T , or combination of first-order 
theories .T ∪ T . A formula is T -satisfiable if it is satisfiable in a model of T (a T -
model). Popular theories include linear and nonlinear arithmetic over the reals or inte-
gers (LRA, NRA, LIRA, and NIRA), bit-vectors (BV), and floating-point (FP). 

Lazy SMT-Solving. Given a formula. ϕ with.Atoms(ϕ) = {α1, . . . , αn}, a truth assign-
ment .μ : Atoms(ϕ) ,⊥} maps atoms in . ϕ to truth values. A partial truth assign-
ment is a partial mapping, and a total truth assignment is a total mapping. We represent 
a truth assignment. μ also as a conjunction of literals . μ(αi)=

αi ∧ μ(αi)=⊥ ¬αi. We  
say that . μ propositionally satisfies . ϕ iff . μ satisfies all clauses in . ϕ. 

The CDCL(T ) algorithm [ 19] is based on the so-called lazy approach to SMT (see 
e.g., [ 2,30]), which exploits the fact that a T -formula . ϕ is T -satisfiable iff there exists
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a truth assignment . μ that propositionally satisfies . ϕ and . μ is T -satisfiable. It combines 
a CDCL-based SAT-solver with a T -specialized decision procedure called T -solver to 
decide the consistency of a set of T -literals. Whenever the SAT-solver finds a truth 
assignment .μ propositionally satisfying . ϕ, it invokes the T -solver to check the T -
satisfiability of . μ. If  . μ is T -satisfiable, then the T -solver returns a model .M, that is 
also a model of . ϕ. Otherwise, the T -solver returns a subset of . μ that causes the T -
unsatisfiability, which is learned by the SAT-solver and used in subsequent iterations to 
prune the search space. 

To maximize efficiency, most T -solvers can be called incrementally via a stack-
based interface, keeping the status of the search between calls. E.g., an efficient, incre-
mental LRA-solver, can be built on a variant of the Simplex algorithm designed to 
be integrated within a lazy SMT framework [ 11]. The combination of theories can be 
handled efficiently by delayed theory combination [ 8]. 

Another important feature of CDCL-based SMT solvers is that they provide a stack-
based incremental interface, allowing to push and pop clauses and incrementally check 
the satisfiability of the formula conjoined with the pushed clauses, maintaining most of 
the learned information between calls. 

2.2 Optimization Modulo Theories 

Let T be a theory admitting some total order relation “. ≤” over its domain, let ϕ be 
a T -formula, and let cost be a T -term which we call objective function. Optimization 
Modulo Theories (OMT(T )) is the problem of finding a model for ϕ that makes the 
value of cost minimum according to the order given by. ≤ (maximization is dual) [ 4,31]. 
To simplify the presentation, we focus on minimization, but the same concepts apply 
to maximization as well. Notice that, in general, ϕ can be built on a combination of T 
with other theories (.OMT(T ∪T )), and the same concepts apply to such cases [ 31,32]. 

Example 1. Consider the LRA-formula on the rational variables .x, y: 

.
ϕ

def= ((2x − 3y ≤ 6) ∨ (x ≤ 4))∧
((y ≤ 2) ∨ (y ≤ −3x + 9) ∨ (x < −2)).

(1) 

ϕ is LRA-satisfiable, e.g., the LRA-model .M def= {x 3, y 0} satisfies . ϕ. 
Consider the OMT(LRA) problem ϕ, cost where . ϕ is the LRA-formula in (1), 

and .cost
def= −2x. Then the model .M def= {x 3, y 0} has .cost = −6. A better 

model of ϕ is, e.g., .M def= {x 6, y 2}, that has .cost = −12. This model is also 
the model of ϕ with minimum cost. 

Lazy OMT Solving. A general optimization strategy implemented by state-of-the-art 
OMT solvers, and typically used for OMT(LRA) and OMT(LIRA), is the so-called 
linear-search strategy [ 25,31,32]. It consists in solving a sequence of SMT problems 
where the space of feasible solutions is progressively tightened by learning unit clauses 
in the form .(cost < ub), ub being the currently-known upper bound for cost. At each 
iteration, the solver can either find a model .M whose value of cost is smaller than ub, 
or detect the unsatisfiability of the current formula. In the first case, the solver invokes
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a T -specific procedure, called T -minimizer, to find an optimum model .M within the 
truth assignment induced by M. Then, .ub is set to .M (cost), and the search continues. 
In the second case, the formula has no models with cost lower than ub, and the search 
terminates as the last model found is optimum. 

Alternatively, the solver could also follow a binary-search strategy [ 31]. In this case, 
a lower and upper bound lb and ub are kept s.t. the optimum model lies in the interval 
.(lb, ub]. At each iteration, an intermediate value .pivot ∈ (lb, ub] is chosen, and the 
solver checks if there exists a model with cost lower than pivot. If so,  pivot becomes 
the new upper bound, otherwise, it becomes the new lower bound. The search terminates 
when lb and ub are equal, and the last model found is optimum. (In continuous domains, 
e.g., OMT(LRA), to guarantee termination, it is necessary to interleave binary-search 
steps with a linear-search step [ 31]). In this paper, we focus on the linear-search strategy, 
but the analysis applies to the binary-search strategy as well. 

If .ϕ is built on a combination of theories, then the T -minimizer is invoked on 
.μT ∪ μed—i.e., the subset of .μ containing only the atoms in T and the interface 
(dis-)equalities [ 31,32] The implementation of T -minimizers for LRA and LIRA 
is briefly described in the next paragraph. 

T-minimizers. A LRA-minimizer [ 31,32] can be implemented as a simple extension 
of the Simplex-based LRA-solver [ 11]. For LIRA, a minimizer can be built on top 
of a branch-and-bound LIRA-solver [ 5, 6,33], by replacing the LRA-solver with a 
LRA-solver&minimizer to solve each relaxed subproblem. To find an optimum model 
within the truth assignment, once a LIRA-model .M is found, a constraint . (cost <
M(cost)) is pushed onto the LIRA-solver, and the search is iteratively refined until 
no better model exists. An alternative strategy, implemented, e.g., in OPTIMATHSAT, 
is the so-called truncated optimization [ 33], where the LIRA-minimizer stops after 
finding the first model .M. Although this model may be sub-optimal for the current 
truth assignment—allowing the same assignment to be found again by the CDCL(T ) 
procedure—this approach is typically much faster and remains effective in practice. 

Remark 1. Importantly, the lazy OMT solving approach allows for an anytime behavior, 
i.e., we can interrupt the search at any time and return the best model found so far. 

2.3 SAT and SMT Enumeration 

SAT enumeration (AllSAT) is the problem of finding all the truth assignments that 
propositionally satisfy a propositional formula. SMT enumeration (AllSMT) is the 
problem of finding all T -satisfiable truth assignments that propositionally satisfy a T -
formula. Since a partial assignment can be extended to .2k total truth assignments, . k
being the number of unassigned atoms, finding short partial truth assignments is a key 
point in reducing both the number of enumerated truth assignments and the computa-
tional time by up to an exponential factor. 

Many enumeration algorithms find total truth assignments, and then extract partial 
truth assignments from them by some reduction procedure. A basic reduction proce-
dure is illustrated in Algorithm 1. It consists in iteratively dropping literals one-by-one 
from the truth assignment, checking if it still satisfies the formula. The resulting partial
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Algorithm 1. REDUCE-ASSIGNMENT(ϕ, η) 
Input: CNF formula ϕ, T -satisfiable total truth assignment η satisfying ϕ 
Output: Reduced (minimal) partial truth assignment μ ⊆ η satisfying ϕ 

1: μ ← η 
2: for ∈ μ do 
3: if μ \ {  } satisfies all clauses in ϕ then 
4: μ ← μ \ {  } 
5: return μ 

assignment is minimal, i.e., it cannot be further reduced without violating the satis-
faction of the formula. Notice that the order in which literals are dropped can have a 
significant impact on the effectiveness of the reduction procedure. 

3 An Analysis of Enumeration in OMT 

In the following, to simplify the notation and the presentation, we refer to one single 
theory T , but the results can be straightforwardly extended to combinations of theories. 

As described in Sect. 2.2, a basic OMT solving schema involves the interaction of 
a combinatorial and a theory-specific optimization components. In the combinatorial 
component, an SMT solver enumerates T -satisfiable truth assignments that proposi-
tionally satisfy the problem formula . ϕ conjoined with increasingly tighter bounds on 
the cost of the optimum solution. In the theory-specific component, a T -minimizer finds 
a T -model of minimum cost within the constraints imposed by the given truth assign-
ment. This model is then used to tighten the upper bound for the cost of the optimum 
model and continue the search, until the formula is found unsatisfiable. 

Since the enumeration is based on the CDCL(T ) schema [ 19], these truth assign-
ments are typically total, i.e., they assign a truth value to each atom of the formula. 
However, we point out that total truth assignments can often over-constrain the search 
space for the optimum model, whereas relying on partial truth assignments can be 
much more effective. Intuitively, by removing from the current satisfying truth assign-
ment T -constraints that are not strictly necessary for the propositional satisfaction of 
the formula, we enlarge the area within which the optimum model is searched, thus 
increasing the chances of finding a better optimum model. This means that the solver 
can add a tighter upper bound to the cost of the global optimum, potentially reducing 
the number of search iterations needed to find it, and consequently the overall solving 
time. Moreover, this improvement can be crucial for anytime OMT solving, as it allows 
the solver to converge faster to better solutions within the given time limit. 

We illustrate this idea in the following example. 

Example 2. Consider the OMT(LRA) problem ϕ, cost where ϕ is the formula in (1) 
in Example 1, and .cost

def= −2x. Consider the following scenario, which is graphically 
represented in Fig. 1. Consider the LRA-satisfiable total truth assignment that proposi-
tionally satisfies . ϕ: 

.μ
def= {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2), (y ≤ −3x + 9), (x ≤ 4)}. (2)
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Fig. 1. Graphical representation of Example 2. For each step, the half-planes representing the con-
straints in the truth assignment are delimited by dashed lines and colored in grey. The intersection 
of these constraints is colored in blue, with a gradient that follows the value of.cost (the lower the 
value of .cost, the more intense the color), and the red dot represents the optimum model found 
within this region. (Color figure online) 

The optimum model of . μ is {x 3, y 0} with .cost = −6 (Fig. 1a). We notice that 
some literals in . μ are not strictly necessary for propositionally satisfying . ϕ. In fact, we  
only need one true literal in each clause to propositionally satisfying the formula. Not 
every drop is equally effective, though. For instance, if we drop .(x ≤ 4), .(y ≤ 2), or  
.¬(x < 2), then we get a truth assignment with the same optimum as . μ, since these 
literals don’t “oppose” to the optimization of .cost in . μ. Dropping at least one of the 
other two literals, instead, leads to a truth assignment with a better optimum model. For 
instance, if we drop .(y ≤ −3x + 9), we get: 

.μ
def= μ \ {(y ≤ −3x + 9)} = {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2), (x ≤ 4)}. (3) 

The optimum model of.μ is {x 4, y 2/3} with.cost = −8 (Fig. 1b). At this point, 
two constraints, .(x ≤ 4) and .(2x − 3y ≤ 6), oppose to the optimization of .cost, and 
either of them can be safely dropped. Assume that we drop .(x ≤ 4), then we get: 

.μ
def= μ \ {(x ≤ 4)} = {(2x − 3y ≤ 6), (y ≤ 2),¬(x < −2)} (4) 

with optimum model {x 6, y 2} and .cost = −12 (Fig. 1c). Now, the only literals 
opposing to the optimization of .cost are .(2x − 3y ≤ 6) and .(y ≤ 2), but none of them 
can be dropped. Hence, no further improvement can be obtained. 

In general, partial truth assignments have an optimum model that is necessarily bet-
ter or equal to that of the total truth assignments extending them. Since multiple partial 
truth assignments can be obtained from a total one, the choice of which constraints to 
drop can be crucial to improve the quality of the optimum model found. 

4 Exploiting Partial Truth Assignments in OMT 

The general schema of our approach is presented in Algorithm 2. This algorithm is a 
variant of the basic OMT linear-search schema [ 31,32] described in Sect. 2.2. The  main
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Algorithm 2. LINEAR-SEARCH OMT WITH PARTIAL ASSIGNMENTS(ϕ, cost) 
Input: Formula  ϕ, objective cost 
Output: SAT/UNSAT, optimum model M 

1: M ←  ∅ // Best model found so far 
2: ub ← ∞ // Current upper bound 
3: res← SAT // Status of the search 
4: while res = SAT do 
5: res, η SMT.IncrementalSolve(ϕ ∧ (cost < ub)) 
6: if res = SAT then 
7: μ ← OMT-REDUCE-ASSIGNMENT(ϕ, η, cost) 
8: M ←  T-Solver.Minimize(μ, cost) 
9: ub ← M(cost) 
10: if M = ∅ then 
11: return UNSAT, 
12: else 
13: return SAT, 

difference is the call to the OMT-REDUCE-ASSIGNMENT procedure (line 7), which 
is responsible for reducing the truth assignment to be fed to the T -minimizer, pro-
vided that the resulting partial truth assignment still propositionally satisfies the for-
mula. Depending on the implementation of this procedure, the assignment-reduction 
strategy can be more or less effective in improving the search for the global optimum. 

In Sect. 4.1 and Sect. 4.2, we describe two possible implementations of this proce-
dure. 

4.1 Basic Assignment Reduction 

The first approach is to reduce the truth assignment using Algorithm 1 in Sect. 2.3, i.e., 
iterating over all the literals in the current truth assignment . η, and dropping them one 
by one, if possible. A straightforward improvement is to only try to drop T -literals, 
since they are the ones that, if dropped, can potentially enlarge the area within which 
the optimum T -model is searched. In the case of theory combination, we drop only lit-
erals from the theory T of the “. ≤” symbol w.r.t. which we minimize. Possibly, heuris-
tics can be used to choose an appropriate dropping order; in our implementation, we 
used the default strategy that follows the appearance order of the atoms in the formula. 
This procedure is simple and general, and comes with a limited overhead, as each truth 
assignment is scanned only once to find the literals to drop, and the T -minimizer is 
called only once for each candidate assignment. 

This approach, however, might not be very effective in practice, as it “blindly” 
removes literals from the truth assignment without taking into account the properties 
of the OMT search strategy. In particular, the search space may be enlarged in a direc-
tion that does not improve the objective, bringing no benefit to the search. Accurately 
choosing which literals to drop is crucial because the removal of a literal may prevent 
the removal of other literals that could potentially be more relevant for the optimization.



Exploiting Partial-Assignment Enumeration in Optimization Modulo Theories 125

Algorithm 3. OMT-REDUCE-ASSIGNMENT-GUIDED (ϕ, η, cost) 
Input: Formula  ϕ, T -satisfiable total truth assignment η satisfying ϕ, objective cost 
Output: Reduced truth assignment μ ⊆ η satisfying ϕ 

1: μ ← η 
2: M ←  T-Solver.MinimizeApprox(μ, cost) 
3: ← T-Solver.ProposeLiteralToDrop() 
4: while = ⊥ do 
5: if μ \ {  } satisfies all clauses in ϕ then 
6: μ ← μ \ {  } 
7: M ←  T-Solver.MinimizeApprox(μ, cost) 
8: ← T-Solver.ProposeLiteralToDrop() 
9: return μ 

4.2 Guided Assignment Reduction 

We propose an ad-hoc assignment-reduction technique for OMT solving, which is out-
lined in Algorithm 3. Suppose that, after the T -minimizer has found a minimum model 
within the current truth assignment. μ (line 2), it returns also one (or more) literal(s) that 
limit the current minimum (line 3). These literals are part of some (possibly minimal) 
.μ ⊆ μ such that .μ ∪ {cost < M(cost)} is T -unsatisfiable. Intuitively, the removal of 
any literal . ∈ μ is very likely to lead to a better optimum model, provided that . μ \ { }
still propositionally satisfies . ϕ (line 5). 

We can then iteratively drop these literals and re-run the T -minimizer, until no more 
literals can be dropped (lines 4–8). Notice that instead of T-Solver.Minimize, here we 
call T-Solver.MinimizeApprox, suggesting that also a relaxed optimization algorithm 
could be used. In the next paragraph, we describe how this can be exploited for LIRA. 

Notice that, in Algorithm 3, we only drop one literal before every optimization call; 
nevertheless, in principle, more literals could be dropped. Experimentally, we found that 
dropping more than one literal was not beneficial. The reason is that, generally, when 
a literal is removed, most of the other literals in .μ do not limit the current minimum 
anymore. Hence, their removal not only does not lead to a better optimum model, but 
also can prevent the removal of other more-relevant literals. 

On Proposing Literals to Drop. For an arbitrary theory T , a generic implementation for 
T-Solver.ProposeLiteralToDrop (Algorithm 3, lines 3, 8) could be as follows. Once a 
minimum model .M for . μ is found, invoke the T -solver on .μ ∧ (cost < M(cost)) and 
return a (possibly-minimal) conflict set. For some theories, ad-hoc (possibly heuristic) 
procedures can be employed. We describe two such techniques for LRA and LIRA. 

As we recalled in Sect. 2.2, a  LRA-minimizer can be implemented as a variant of 
the Simplex method [ 11,31], by which an optimum model is always found on a vertex 
of the polytope defined by the conjunction of LRA-constraints on which it is invoked. 
Thus, in this case, the candidate constraints to be dropped are those that form such a 
vertex. This information can be easily obtained from the Simplex tableau [ 11]. 

For LIRA, directly using a LIRA-minimizer and then identifying the limiting 
constraints presents some challenges: (a) a single call to the branch-and-bound-based
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LIRA-minimizer is worst-case exponential, hence calling it multiple times (as in Algo-
rithm 3) is not feasible; (b) extracting the limiting constraints from a LIRA-minimizer 
is not straightforward. We thus propose proceeding as follows. First, for the procedure 
T-Solver.MinimizeApprox a LRA-minimizer is invoked on the relaxation of . μ. Then, 
the procedure T-Solver.ProposeLiteralToDrop can be implemented as for LRA. The  
intuition here is that reasoning on the relaxation of . μ is much easier and cheaper— 
especially if incremental calls are used—and still allows for enlarging the search area 
in a favourable direction for the LIRA-minimizer. We remark that, after the assign-
ment reduction, in Algorithm 2 (line 8), the complete LIRA-minimizer is called. 

As a last aspect, we suggest that, if the T -minimizer is able to find an optimum 
model . μ, then we can use these limiting literals .l1, . . . , ln also to learn a theory lemma 
.(¬(cost < ub) ∨ ¬l1 ∨ . . . ∨ ¬ln) that blocks truth assignments that we know are not 
better than the current upper bound .ub—thus preventing useless calls to the T -solver. 
The idea is that, in order to find a model with .cost < ub, we need to assign at least one 
of these literals to false. This is the case of LRA, but not of LIRA if the truncated 
minimization method is used (see Sect. 2.2). 

5 Experimental Evaluation 

We implemented the above algorithms in the OMT solver OPTIMATHSAT [  34], which 
is built on top of the MATHSAT5 SMT solver [ 9]. We evaluated the proposed strate-
gies on a set of OMT(LRA), OMT(LIRA), and OMT(LRA ∪ AR) benchmarks 
coming from different sources, evaluating both solving time for optimum solving, and 
the quality of the solutions found within the given timeout for anytime solving. All the 
experiments were run on an Intel Xeon Gold 6238R @ 2.20GHz 28 Core machine with 
128 GB of RAM, running Ubuntu Linux 22.04. The timeout was set at 1200 s. The 
tool, benchmarks and results are available at https://optimathsat.disi.unitn.it/resources/ 
optimathsat-partial-assignments.tar.gz. 

5.1 Benchmarks 

We evaluated the proposed strategies on two classes of OMT(LRA) benchmarks: 
OMT-encoded optimal temporal planning [ 26,27] and strip-packing problems [ 31, 
32]. We also modified the strip-packing benchmarks to use OMT(LIRA) and 
OMT(LRA ∪ AR) encodings, to evaluate the effectiveness of our strategies in these 
theories. 

Optimal Temporal Planning. In [ 26,27], the authors proposed a way to encode optimal 
temporal planning problems into a sequence of OMT(LRA) problems. Each problem 
encodes a bounded version of the problem up to a fixed horizon, with additional abstract 
actions representing an over-approximation of the plans beyond the bound, minimizing 
the makespan, i.e., the total time taken to reach the goal. If the optimal plan is found 
without using the abstract actions, then the plan is optimum for the original problem. 
Otherwise, the horizon is increased, and the process is repeated. We generated problems 
using the industrial problems Majsp (80 instances), MajspSimplified (80 instances), and 
Painter (30 instances) [ 27], with increasing horizon .h ∈ {5, 10, 15, 20, 25, 30, 35, 40}, 
for a total of 1520 instances.
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https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz
https://optimathsat.disi.unitn.it/resources/optimathsat-partial-assignments.tar.gz


Exploiting Partial-Assignment Enumeration in Optimization Modulo Theories 127

Strip-Packing. The strip-packing problem (SP) requires arranging .N rectangles with 
widths .Wi and heights .Hi into a strip of fixed height .H and unlimited length. The goal 
is to minimize the length of the used part of the strip, ensuring all rectangles are placed 
without overlap or rotation. An OMT(LRA) encoding for SP was proposed in [ 32]. 
Following [ 32], we sampled .Hi uniformly in .(0, 1], .Wi in .(1, 2], and set .H =

√
N/2. 

We also generated OMT(LIRA) SP problems, by randomly choosing with equal 
probability whether encoding the coordinates of each rectangle with integer or ratio-
nal variables. Finally, we generated OMT(LRA ∪ AR) encodings for SP, by sim-
ply replacing the variables .xi in the OMT(LRA) encoding with a LRA ∪ AR term 
.read(x, i + offset), where . x is an array mapping from rationals to rationals, . i is a con-
stant indicating the index of the rectangle, and .offset is a fresh rational variable. 

For each of these encodings, we generated 25 random SP problems for each value 
of .N ∈ {25, 50, 75, 100}, for a total of .100 instances per encoding. 

5.2 Results 

Figures 2, 3, 4 and 5 show the results on temporal planning and SP benchmarks for 
the different theories, respectively. For each benchmark set, we report a set of scatter 
plots. 

On the rows, we have different metrics, namely the solving time in seconds 
(time(s)), the upper bound (u.b.)—i.e., the optimum value when the solver termi-
nated within the time limit, or the value of the best solution found within the timeout 
otherwise—and the number of iterations (# iter) taken to reach the upper bound (see 
Algorithm 2). 

On the columns, we compare the results obtained with the different truth-
assignment-reduction strategies: in the left and center columns, we respectively com-
pare the basic and the guided reductions with the plain algorithm without reductions. In 
the right column, we compare the two reduction strategies. 

.OMT(LRA) Benchmarks. The results are summarized in Figs. 2 and 3. 

Optimal Temporal Planning (Fig. 2). In these benchmarks, with no truth-assignment 
reduction, OPTIMATHSAT reported 246 timeouts out of 1520 problems, 211 with the 
basic reduction, and 212 with the guided reduction. 

From the plots (first row, left and center columns), we can see that applying either 
reduction almost uniformly improves the solving time with few exceptions, making 
optimal solving up to twice as fast as with no reduction. 

Moreover, we observe that reducing truth assignments is very effective also for any-
time solving (second row, left and center columns). Notice that when the solver termi-
nated within the timeout with both strategies, then the corresponding points lie on the 
bisector, whereas when at least one strategy times out, the points are generally below 
the bisector. Indeed, this shows that, for anytime solving, both the basic and the guided 
reductions allow finding a much better upper bound than with no reduction. 

Finally, we can see that both strategies are particularly effective in reducing the 
number of iterations needed to either find the optimum or to reach the best upper bound 
within the timeout (third row, left and center). Reducing the number of iterations is not
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Fig. 2. Results on OMT(LRA)-encoded optimal temporal planning problems. 

an advantage in itself, but it is a good indicator of the effectiveness of truth-assignment 
reduction strategies in OMT. 

Overall, in these benchmarks there is no clear winner between the two reduction 
strategies (right column), but it is evident that applying either form of truth-assignment 
reduction can be beneficial in OMT, both for optimal and anytime solving. 

Strip-Packing (Fig. 3). Since no instance in this set of benchmarks terminated within 
the timeout, for these benchmarks we omit the time plots. We can see that here the 
basic reduction strategy is not really effective, since the value of the upper bound is 
not improved compared to the no-reduction strategy (first row, left column). Also, the 
number of iterations only slightly decreases (second row, left column), suggesting that 
here blindly removing atoms from the truth assignment does not help much in finding
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Fig. 3. Results on OMT(LRA)-encoded strip-packing problems. 

Fig. 4. Results on OMT(LIRA)-encoded strip-packing problems.
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Fig. 5. Results on OMT(LRA ∪ AR)-encoded strip-packing problems. 

better solutions. On the other hand, the guided reduction strategy is much more effec-
tive, since it allows finding a much better upper bound within the timeout (first row, 
center and right columns), and the number of iterations is drastically reduced (second 
row, center and right columns). 

.OMT(LIRA) Benchmarks. The results are summarized in Fig. 4. 

Strip-Packing (Fig. 4). The plots show that also for LIRA, the trend is similar to the 
one for LRA. In fact, the basic reduction strategy is not very effective for improving 
the upper bound (first row, left column), and the number of iterations is only slightly 
reduced (second row, left column). On the other hand, the guided reduction allows find-
ing a much better upper bound within the timeout (first row, center and right columns). 
Notice that, since these problems are much harder than the OMT(LRA) ones, the num-
ber of iterations completed within the timeout is much smaller, so that the upper bounds 
found are also bigger. 

.OMT(LRA ∪ AR) Benchmarks. The results are summarized in Fig. 5. 

Strip-Packing (Fig. 5). Similarly, here we can see that the technique works also for 
combination of theories, such as LRA ∪ AR. The results are similar to the ones for 
LRA, and the advantage of the guided reduction is even more evident. 

Discussion. The results show that applying either form of truth-assignment reduction 
can be beneficial in OMT, both for optimal and anytime solving, and that accurately
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selecting which atoms to remove from the truth assignment can make a significant dif-
ference in finding better solutions in fewer iterations. 

We observe, however, that a much smaller number of iterations, i.e. of truth assign-
ments enumerated, not always correlates linearly with the solving time. This can be due 
to several reasons. 

First, we remark that global efficiency of OMT depends on several factors, including 
the enumeration order of truth assignments, and different literal selections may alter this 
order. Also, the removal of some literals from the assignments can prevent the removal 
of others in subsequent iterations. The effects of these factors are quite unpredictable. 

Second, we notice that in these problems, the number of truth assignments enumer-
ated is typically contained to a few hundred. In fact, in OMT the bounds on the objective 
function already allow performing a very effective pruning of the search space. 

Moreover, this pruning is typically done by theory reasoning, and most of it has to 
be done anyway, regardless of the number of truth assignments enumerated. Making it 
in a single iteration or in many iterations may not reflect as much on the solving time, 
because of the efficient incrementality of SMT solvers, which can reduce a lot the cost 
of consecutive iterations. 

6 Conclusions and Future Work 

In this paper, we have investigated the role of truth assignment enumeration in OMT 
solving, and proposed some ways for exploiting partial truth assignments for improving 
the efficiency and effectiveness of the search. In particular, we have proposed a truth 
assignment reduction strategy that takes advantage of the properties of the optimization 
problem to accurately choose the atoms to remove from the truth assignment. 

We have implemented the proposed strategies in the OPTIMATHSAT solver, and 
evaluated them on a set of OMT(LRA), OMT(LIRA), and OMT(LRA ∪ AR) 
benchmarks. Our experimental results show that the proposed strategies can signifi-
cantly improve the performance of the solver, uniformly reducing the overall solving 
time for optimal solving, and finding much better solutions for anytime solving for all 
the analyzed theories. 

Other truth assignment reduction strategies, such as entailment-based methods [ 12], 
have shown significant benefits for SAT enumeration. Their extension to OMT problems 
could be a promising direction for future work. 
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