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1. Introduction and summary

Quantum groups are interesting and important mathematical objects which enjoy a wide range of applications in rep-
resentation theory, topological quantum field theory and integrability, see e.g. [25,20,16] for surveys. There exist two
complementary main approaches to the study of quantum groups: The algebraic approach based on quasi-triangular Hopf al-
gebras and the categorical approach studying linear braided monoidal categories. The relationship between these approaches
is given by the observation that a quasi-triangular Hopf algebra has a linear braided monoidal category of representations
from which it can be recovered by Tannakian reconstruction. An important class of examples of quantum groups are the
quantized universal enveloping algebras Uq(g) which are defined as quasi-triangular Hopf algebra deformations of the uni-
versal enveloping algebra U(g) of a Lie algebra g. In the case of formal deformations q = e”, their linear braided monoidal
representation categories Repy(g) can also be obtained directly as braided monoidal deformations of the linear symmetric
monoidal representation category Rep(g) of the Lie algebra g, see e.g. [6] and [20, Chapter XX].

Given the importance of quantum groups, it is natural to search for a generalization of such structures to higher category
theory. Such ‘higher quantum groups’ are then expected to have applications in higher-categorical representation theory,
higher-dimensional topological quantum field theory and higher-dimensional integrability. To the best of our knowledge,
such applications have still not yet materialized fully, but there are recent research programs in this direction, see e.g. [35,9]
for applications in the context of higher gauge theory and higher-dimensional integrability and also [7] for an informative
overview. From a mathematical perspective, there have been various proposals to develop a theory of ‘higher quantum
groups’ based on ‘higher Lie algebras’ such as Lie 2-algebras, reaching from algebraic approaches, see e.g. [26,2,3,8], to
more categorical ones, see e.g. [11-13]. These attempts are distinct from the approach to ‘higher quantum groups’ via
‘categorification’ in the sense of [14,10,33,22] where ‘higher quantum groups’ are constructed based on classical Lie algebras.

In the present paper, we initiate a new approach to ‘higher quantum groups’ which is rooted in recent developments
in derived algebraic geometry, in particular the theory of shifted symplectic and shifted Poisson structures [27,5,28]. Our
inspiration comes from Safronov’s results in [34] which show that the semi-classical data associated with quantum groups,
namely Lie bialgebra structures and invariant symmetric tensors, arise naturally as the 1-shifted and 2-shifted Poisson
structures on the classifying stack BG = [pt/G] of an algebraic group G, or its infinitesimal analogue Bg = [pt/g] where g
denotes the Lie algebra of G.

Given an n-shifted Poisson structure on a derived stack X, for an integer n > 1, the symmetric monoidal dg-category
Perf(X) of perfect modules over X can be quantized using the [E,-monoidal deformation quantization results from [5].
In the case where X = Bg, one has an equivalence of symmetric monoidal dg-categories Perf(Bg) ~ dgRep(g) identifying
perfect modules over Bg with (homotopy-coherent) representations of g on cochain complexes. Hence, every 2-shifted Pois-
son structure on Bg, which by [34] is an invariant symmetric tensor in (Sym?g)?, defines a braided monoidal deformation
Perf;, (Bg) ~ dgRep;; (g) which is expected to generalize the constructions in [6] and [20, Chapter XX] to representations of g
on cochain complexes. In Corollary 4.6 we provide a concrete realization of this braided monoidal deformation to all orders
of h.

Our working hypothesis is that the above picture should generalize to the case where the Lie algebra g is replaced
by a ‘higher Lie algebra’, i.e. a Lie N-algebra L for some N > 2. Inspired by [34], we will define the semi-classical ‘higher
quantum group’ data on L to be given by the 2-shifted Poisson structures on the infinitesimal classifying stack BL = [pt/L],
and propose the braided monoidal deformation Perf; (BL) ~ dgRep; (L) from [5] as a model for the representation category
of the ‘higher quantum group Uq(L)’ with g = ef.

Instead of making use of the abstract deformation quantization results from [5], we will approach this deformation
problem similarly to the case of ordinary Lie algebras in [6] and [20, Chapter XX] by breaking it into two steps: The first step
is to consider only first-order deformations in fi of the braiding, which will be controlled by a higher-categorical analogue of
an infinitesimal braiding. We show that this step is rather explicit and computationally accessible. The second step consists
of lifting these first-order deformations to all orders in fi, which is more difficult and points towards the necessity to
develop a homotopy-coherent generalization of the concept of Drinfeld associators. Our paper provides a detailed solution
for the first step and an exploratory study of the second step. The problem of developing explicit categorical deformation
constructions was also addressed in the recent paper [19] by using complementary methods from factorization homology.

We will now explain our results by outlining the content of this paper. In Section 2, we recall some basic aspects of
differential graded algebraic geometry that are needed in our work. In particular, we provide a brief discussion of the
crucial concept of an n-shifted Poisson structure (Definition 2.6) on a finitely generated semi-free commutative differential
graded algebra (CDGA) A. Since we are mainly interested in the Chevalley-Eilenberg algebras of Lie N-algebras, which
carry only non-trivial stacky structure but a trivial derived structure, we can restrict ourselves to the so-called ‘stacky affine’
context from [30,28,29]. Hence, our focus will be on singly-graded CDGAs, which in our applications are always concentrated
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in non-negative cohomological degrees. The technically more involved concepts of the doubly-graded ‘stacky CDGAs’ from
[30,28,29] or the graded mixed CDGAs from [5] will not be needed in our present work.

In Section 3, we study deformations of the symmetric monoidal dg-category AdgModfgSf of finitely generated semi-
free A-dg-modules into a braided monoidal category. More precisely, we restrict our attention to the simpler problem of
deforming only the homotopy 2-category

AC := Hoy (AdgMOdfgSf)

of this symmetric monoidal dg-category. The homotopy 2-category 4C has the same underlying objects, i.e. finitely generated
semi-free A-dg-modules, and its morphisms are given by the good truncations to cohomological degrees {—1, 0} of the
morphism complexes in AdgModfgSf, see Appendix A.3. Our motivation behind this truncation of dg-categories to their
homotopy 2-categories is that the latter are 2-categorical objects (in contrast to oco-categorical ones) whose deformations
can be described very explicitly in the context of the 3-category dgCatE{l‘o]‘pS from Proposition A.4. Most importantly, in
this context every tower of homotopy coherence data is automatically truncated, therefore making it accessible with our
rather direct computational techniques. A further motivation is that our main examples of interest arise from Lie 2-algebras
and their representations (see Section 4), which can be considered naturally in this truncated 2-categorical context. We
show in Proposition 3.1 that, to first order in the deformation parameter h, the braided monoidal deformations of the
homotopy 2-category 4C are governed by infinitesimal 2-braidings as in Definition 3.2. Our concept of infinitesimal 2-
braidings is compatible with the one proposed by Cirio and Faria Martins [12] in the context of categories enriched over
2-vector spaces, see Remark 3.5.

Our main results are presented in Subsection 3.2, where we show that every 2-shifted Poisson structure on a finitely
generated semi-free CDGA A defines, by a very explicit construction, a y-equivariant infinitesimal 2-braiding on 4C, see
in particular Theorem 3.10. This means that every 2-shifted Poisson structure on A defines an explicit first-order braided
monoidal deformation of the homotopy 2-category of the symmetric monoidal dg-category AdgModeSf, which realizes con-
cretely the abstract deformation results from [5] to first order in A.

In Subsection 3.3, we explore the behavior of these first-order deformations at higher orders in the deformation pa-
rameter fi. Following the conventional theory of infinitesimal braidings from [6] and [20, Chapter XX], we observe in
Proposition 3.13 that a y-equivariant infinitesimal 2-braiding defines an all-order in h braided monoidal deformation of
the homotopy 2-category 4C provided that certain identities which are similar to Drinfeld associators hold true strictly. We
observe in Proposition 3.15 that, in general, these identities do not hold true strictly, but only up to homotopies which
we construct explicitly up to order h%. This suggests that lifting our first-order deformation construction to all orders in
i requires a homotopy-coherent generalization of the concept of Drinfeld associators, involving suitable hexagonators and
pentagonators, which we however currently do not know how to develop. We believe that combining the construction of
Drinfeld associators from parallel transports (see e.g. [4]) with the categorified Knizhnik-Zamolodchikov connections from
[11,13] will provide a suitable framework to attack this problem in future work.

In Section 4, we apply our deformation quantization construction from Section 3 to explicit examples associated with
Lie N-algebras. Following [28,29], we describe the infinitesimal classifying stack BL = [pt/L] of a Lie N-algebra L by its
associated Chevalley-Eilenberg algebra CE®(L). For finite-dimensional L, this is a finitely generated semi-free CDGA, hence
our techniques from the previous sections apply to this case. In particular, our main Theorem 3.10 shows that every 2-shifted
Poisson structure on CE®(L) defines an explicit first-order braided monoidal deformation of the homotopy 2-category

ce*(1)C = Hoy (dgRep(L))

of the symmetric monoidal dg-category of representations of the Lie N-algebra L and their co-morphisms. In Subsection 4.1,
we will specialize this result to the case where L = g is an ordinary Lie algebra, which leads to a homotopical generalization
of the traditional constructions in [6] and [20, Chapter XX], and in Subsection 4.2 to the case where L = g, is the string Lie
2-algebra obtained from an ordinary Lie algebra g and a 3-cocycle « : /\3 g— K.

In the technical Appendix A, we develop and present a suitable higher-categorical framework in which our deforma-
tion constructions in this paper are carried out. The main concept defined here is the symmetric monoidal 3-category
dgCatE{LO]’pS from Proposition A.4 whose objects are categories enriched over 2-term cochain complexes concentrated in
degrees —1 and 0, morphisms are enriched functors, 2-morphisms are enriched pseudo-natural transformations and 3-
morphisms are enriched modifications. Working with pseudo-natural transformations provides the required flexibility for
the deformation constructions of this paper. Indeed, the homotopy 2-categories 4C := Hoz(AdgModfgS) and their braided
monoidal deformations from Section 3 are symmetric or, respectively, braided monoidal category objects in the symmetric
monoidal 3-category dgCatE{l’OJ’pS.

2. Differential graded algebraic geometry
2.1. Cochain complexes of modules

Throughout this work, we fix a field K of characteristic 0. Let R be a commutative, associative and unital K-algebra.
We denote the category of (not necessarily bounded) cochain complexes of R-modules by Chg. Concretely, an object V =
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(V,dy) € Chg is a pair consisting of a family V = {Vi};cz of R-modules labeled by their degrees i € Z and a family
dy = {d’;, Vi vitly o of degree-increasing R-linear maps (called the differential) which squares to zero, i.e. dy dy = 0.
A morphism f:V — W in Chg is a family f = {fi: Vi - Wi}, of degree-preserving R-linear maps which commutes
with the differentials, i.e. dw f = fdy.

The category Chg is closed symmetric monoidal with respect to the following structures: The tensor product V ®gr W €
Chy of two cochain complexes V, W € Chg is defined by the relative tensor product of R-modules

Verw) =P Vierw) | (2.1a)
JeZ

for all i € Z, and the differential

dveew (V@R W) == dy(v) @ W+ (-D" v @g dw(w) | (2.1b)
for all homogeneous v € V and w € W, where |v| € Z denotes the degree of v. The monoidal unit is R € Chg concentrated
in degree 0 with trivial differential dg = 0. The symmetric braiding is defined by the Koszul sign rule

Yow :VORW — WV, verw — D' wegv | (2.2)
for all homogeneous v € V and w € W. The internal hom homy (V, W) € Chg between two cochain complexes V, W e Chg
is defined by the internal hom of R-modules

homg (V, W)' := H homR(Vj, Wf+i) , (2.3a)

JEZ

for all i € Z, and the differential

dhomy(v.w) (f) = dw f — (=D fdy (2.3b)

for all homogeneous f € homg(V, W).

In the special case where R = K is the base field, we shall simply write (Chk, ®, K, hom) for the closed symmetric
monoidal structure, suppressing the subscript  from our notations.

Given any integer n € Z and any cochain complex V € Chg, we define the n-shifted cochain complex V[n] € Chg by
Vin] ;= Vit" for all i € Z, and dyn) := (=1)"dy. Using the identification V[n] = R[n]®g V, we shall write elements of the
n-shifted cochain complex as s~ v € V[n], where s~ € R[n] denotes the degree —n element represented by the unit of R.

2.2. Semi-free CDGAs and dg-modules

A commutative differential graded algebra over the field K (in short, a CDGA) is a commutative algebra object A =
(A,da, a,na) in the closed symmetric monoidal category Chy . More explicitly, a CDGA is a cochain complex A = (A,da) €
Ch endowed with Chig -morphisms (4 : A® A — A (called multiplication) and 74 : K — A (called unit) which satisfy the
usual associativity, unitality and commutativity axioms internal to Chit.

Definition 2.1. A CDGA A = (A,dp, ta, na) is called semi-free if its underlying Z-graded commutative algebra A* =
(A, a,na) is free, ie.
A = sym(VF) (2.4)

is isomorphic to the symmetric algebra of a Z-graded vector space V% A semi-free CDGA is called finitely generated if the
total dimension dim(V?) := Y iez dim(V') < oo of the Z-graded vector space V% is finite.

Associated with any CDGA A is its dg-category adgMod of (left) A-dg-modules. More explicitly, an object M =
(M, dp, £y) in this category is a cochain complex M = (M, dy) € Ch endowed with a Ch -morphism ¢y : AQ M — M
(called left action) which satisfies the usual left module axioms internal to Chy. The cochain complex of morphisms be-
tween two objects M, N € 4dgMod is defined as the subcomplex

hom, (M, N) € hom(M, N) (2.5a)

of the internal hom in Chg containing the homogeneous elements f € hom(M, N) which commute with the left actions,
i.e.

flem@em) = (=DM ey(@® fm) | (2.5b)

for all a € A and m € M. The dg-category sdgMod is closed symmetric monoidal with respect to the relative tensor product
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Em®idN) (Vy 4 ®idN)

M®aN = colim(M@N M®A®N) € adgMod (2.6)

idy®EN
the monoidal unit A = (A, da, na) € adgMod, the symmetric braiding

YuN i M®aN — N@aM, m@sn — (—DMMn@,m | (2.7)
for all homogeneous m € M and n € N, and the internal hom

hom, (M, N) € sdgMod (2.8)

given by the cochain complex (2.5) and the left action A ® hom,(M,N) — hom,(M,N), a® f+> a- f defined by (a -
fHm) := In@® f(m)), for all ae A, f ehom,(M,N) and m e M.

Definition 2.2. An A-dg-module M = (M, dy, £y) is called semi-free if its underlying A%-module M¥ = (M, £y) is free, i.e.
M= At wt (2.9)

for a Z-gradgd vector space W%, A semi-free A-dg-module is called finitely generated if the total dimension dim(W?) :=
Y iez dim(W) < oo of the Z-graded vector space W* is finite. We denote by

adgMod™® ¢ ,dgMod (2.10)

the full dg-subcategory whose objects are all finitely generated semi-free A-dg-modules.

Remark 2.3. The closed symmetric monoidal structure on gdgMod restricts to a closed symmetric monoidal structure on
the full dg-subcategory AdgModfgSf C adgMod. Indeed, the monoidal unit A € 4dgMod is finitely generated semi-free and,
given any two finitely generated semi-free A-dg-modules M, N € 4dgMod™® with M* = A ® W* and N* = A® @ U*, we
have isomorphisms

(M®a NYF = A% @ (W! @ UF) (211a)
and
hom, (M, N)* = A*® (U* @ (W™*) , (211b)

which imply that M®a N € 4dgMod™® and hom,(M,N) € AdgMod™ are finitely generated semi-free. Here (W¥)* denotes
the dual of the Z-graded vector space W#*, which exists since W# is, by hypothesis, of finite total dimension. A

2.3. Derivations, Kdhler differentials and shifted Poisson structures

We recall some basic aspects of the geometry of a finitely generated semi-free CDGA A, i.e. A® = Sym(V*) for some
Z-graded vector space V% of finite total dimension. The dg-module of derivations T4 € 4dgMod of A is defined as the
subcomplex

Ta € hom(A, A) (2.12a)
of the internal hom in Chg containing the homogeneous elements D € hom(A, A) which satisfy the Leibniz rule
D(ad) = D(@d + (-1)Pap@) (2.12b)

for all homogeneous a,a’ € A. The A-dg-module structure AQ T4 — T4, a® D+ a- D is given by (a-D)(d’) :=aD(a’), for
all a,a’ € A and D € Ty4. Since A is finitely generated semi-free, each derivation is completely specified by its action on the
generators V¥, which yields an isomorphism

Ta)* = AP @ (VH* | (213)

where (V#)* denotes the dual of the Z-graded vector space V. Hence, T4 € AdgModfgSf is a finitely generated semi-free
A-dg-module.
The underlying cochain complex of T4 can be endowed with the Lie algebra structure given by the commutator

[,-1:Ta®Ta — T4, D®D +—> [D,D']:=DD' —(—)/PI”Ip'p | (2.14)
for all homogeneous D, D’ € T4. The Lie algebra and A-dg-module structures on T, satisfy the compatibility condition
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[D,a-D'l=D()-D + (-1!P4q.[D, D7 , (215)

for all homogeneous D, D’ € T4 and a € A.
As a consequence of our hypothesis that A is a finitely generated semi-free CDGA, the dg-module of derivations T4 €
AdgModfgSf is dualizable. We define the dg-module of Kihler differentials by the internal hom

Q4 := hom, (T4, A) € pdgMod® | (2.16a)
which is finitely generated semi-free as a consequence of Remark 2.3 and

Q) = ATQVH* = Al VE . (2.16b)
We denote the duality pairings between €4 and T4 by

(+,):2a®4Ta — A, w®4D +— {(w,D) := w(D) (2.17a)
and

(+,):Ta®aQa — A, D®aw —> (D,w) = (-=D)P1I®l (D) | (217b)
for all homogeneous w € 24 and D € T4. The de Rham differential dgg : A — Q4 is defined by

(D, der(@)) := D(a) , (2.18)
for all a € A and D € T4. From this definition one directly checks that dqr(aa’) = dgr(a) -a’ +a - dgqr(a’), for all a,a’ € A, and

that dQA dgr = dgrda.
A crucial preliminary concept for the definition of shifted Poisson structures is that of shifted polyvectors.

Definition 2.4. Let n € Z be an integer. The CDGA of n-shifted polyvectors on a finitely generated semi-free CDGA A is defined
as the relative symmetric algebra

Pol(A,n) := Symy (Tal—n — 1) = @) Sym}; (Ta[—n — 1]) (2.19)

m>0

of the (—n — 1)-shift of the A-dg-module of derivations T4. The non-negative integer m € Z=° in the direct sum decompo-
sition in terms of symmetric powers is called the weight of polyvectors.

The CDGA of n-shifted polyvectors Pol(A, n) can be endowed with a canonical P, ;-algebra structure (called Schouten-
Nijenhuis bracket)

{-,}e ho_m(Pol(A,n) ® Pol(A, ), Pol(A, n))_n_] (2.20)

which is defined on the generators by

{a,d'} =0 , (2.21a)
(s"'D,a} := D(a) , (2.21b)
{s"t1p,s"t1p’} .= (—PI+D n+lp p | (2.21¢)

for all homogeneous a,a’ € A and D, D’ € T4, where we recall that D(a) € A denotes the evaluation of the derivation D on
ae A and [D, D'] € T4 denotes the Lie bracket (2.14) on T,. The bracket {-, -} is then extended to Pol(A, n) by the defining
properties of a P, -algebra structure, i.e.

(i) Antisymmetry: For all homogeneous P, Q € Pol(A, n),
{P,Q} = —(=1)™V (—nlPlllfq, P} . (2.22a)
(ii) Derivation property: For all homogeneous P, Q, R € Pol(A, n),
{P,QR} ={P,Q}R+ (—1)IPI="=DIQ1q (P R} . (2.22b)
(iii) Jacobi identity: For all homogeneous P, Q, R € Pol(A, n),
{P.{Q.R}} = (-=n)IPIm=D @D 4(p q} R} + (—)IPI=n=DdQI==Dq (p R}} . (2.22¢)
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Note that the Schouten-Nijenhuis bracket decreases the polyvector weight by 1, i.e. for P, Q € Pol(A, n) of weight mp and
mgq, the weight of {P, Q} € Pol(A,n) is mp +mgq — 1.

The definition of n-shifted Poisson structures in [5] and [28,29] uses a completion of the IP;;,-algebra Pol(A,n) in order
to avoid bounds on the weights of polyvectors. The analogous definition in our context is as follows.

Definition 2.5. The P, ;-algebra of completed n-shifted polyvectors on a finitely generated semi-free CDGA A is defined by
Pol(A,n) := [ | Symf}(Tal-n—1]) . (2.23)
m>0

A completed n-shifted polyvector is thus a formal sum P = Zmzo P of homogeneous weight components P(™ ¢
Sym'} (TA[—n — 1]). The P, 3-algebra structure on Pol(A, n) is given by

PQ = Z( > p® Q<’>> : (2.24a)

m>0 “k+l=m
{P,Q} := Z( > {p®, Q(”}) , (2.24b)
m>0 “k+l-1=m

which is well-defined because the weight is bounded from below and hence the sums in the parentheses are finite.

We now define the key concept of an n-shifted Poisson structure following [28, Definition 1.5], see also [29, Definition
2.5].

Definition 2.6. An n-shifted Poisson structure on a finitely generated semi-free CDGA A is a completed n-shifted polyvector

m="Y 7™ e Pol(A,n)"+? (2.25)

m>2

of degree n + 2 and weight > 2 which satisfies the Maurer-Cartan equation
dg () + Im,my =0 . (2.26)

Remark 2.7. Decomposing the Maurer-Cartan equation into homogeneous weight components one obtains a tower of con-
ditions

dogy(r®) =0 ,
Ao (@) + 1 {m @ 7@} =0

dg@™+3 Y @®.a0 =0 . (2.27)
k+l—1=m

for all m > 3. The first condition states that the bivector component 7 is closed with respect to the differential dgy, 1€
it defines an (n + 2)-cocycle in Symf‘ (TA[—n — 1]). The second condition provides a homotopical relaxation of the usual

condition that a Poisson bivector has a trivial Schouten-Nijenhuis bracket with itself, with the trivector 7 playing the role
of a homotopy witnessing this condition. The higher weight components 77 ™ for m > 4 describe a coherent tower of higher
homotopies for this relaxation. A

3. Infinitesimal 2-braidings

The aim of this section is to study a class of first-order deformations, into a braided monoidal category, of the symmetric
monoidal category AdgModfgSf of finitely generated semi-free dg-modules over a finitely generated semi-free CDGA A over
the field K. The precise context in which our deformation constructions take place is given by the symmetric monoidal
3-category dgCatE;LO]’ps from Proposition A.4, consisting of categories, functors, pseudo-natural transformations and modifi-
cations that are suitably enriched over the symmetric monoidal category Chgz_l’m of 2-term cochain complexes concentrated
in degrees —1 and 0. Our starting point is thus given by the homotopy 2-category

AC := Hop (4dgMod™®") € dgCatl - (31)
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from Appendix A.3, which we endow with the symmetric monoidal structure that is induced from the standard one on
AdgMod™®' given in (2.6) and (2.7).

The effect of forming the homotopy 2-category is that the cochain complex hom, (M, N) € Chk of morphisms between
any two dg-modules M, N € 4dgMod™®" from (2.5) gets replaced by its good truncation 4C(M, N) := t{=1:%(hom, (M, N)) €
Chl[lgl’ol to degrees —1 and 0. Concretely, this means that the homotopy 2-category 4C = Hoz(AdgModfgSf) describes
only degree 0 morphisms between A-dg-modules which commute with the differentials and 1-homotopies (modulo 2-
homotopies) between such morphisms, but it does not include information about higher homotopies. Our motivation behind
this truncation of the dg-category odgMod®® is that the homotopy 2-category 4C = Ho, (AdgModfgSf) is a 2-categorical
object whose deformations can be described very explicitly in the context of the 3-category dgCatE;]'o]'pS from Proposi-
tion A.4. Most importantly, in this context every tower of homotopy coherence data is automatically truncated, therefore
making it accessible with our more direct computational techniques. A further motivation is that our main examples of
interest arise from Lie 2-algebras and their representations (see Section 4), which can be considered naturally in this trun-
cated 2-categorical context. Our main result is that every 2-shifted Poisson structure on the CDGA A as in Definition 2.6
defines a very explicit first-order deformation of the braiding on 4C.

3.1. Setup and definitions

To set up a framework for studying first-order deformations of the symmetric monoidal category object 4C from (3.1)
in the symmetric monoidal 3-category dgCatE{l'O]‘pS from Proposition A.4, we introduce a deformation parameter i which
squares to zero fi> = 0. Performing a change of base along the commutative K-algebra morphism K — K[h]/(li%) defines
an object

ho._ 2 [—1,0],ps
AC" = AC®KIn)/(n) € dgCaty % (3.2)

which we endow with the symmetric monoidal structure that is induced from the one on 4C. More concretely, AC" is
the chC 19 | _enriched category with the same objects as 4C, i.e. finitely generated semi-free A-dg-modules, and whose

K[h1/(h*)
morphisms are given by 4C"(M, N) = AC(M, N) ® K[n]/(h?) € Ch][Ig[lﬁJO/](ﬁzy for all M, N € 4C". Following the notation from
Appendix A.2, we shall denote the symmetric braiding on 4C" by
ACh R 4C 24 ACh
>~ V7 : (33)
T ®a
AC" X 4C"

where 7 is an abbreviation for the component 7, v of the symmetric braiding in (A.30) of the ambient 3-category

dgCatJLI;;h’]O/J(’;f). When written in terms of the 3-categorical composition operations from Appendix A.2, the symmetric braid-
hl—LOJ

ing reads as ¥ : ®4 = ®4 * 7. Note that, by construction, this is a strict C K[m/(hz)-enriched natural transformation.

In the context of (semi-strict) braided monoidal category objects in dgCat][I;[lﬁ]o/]éEzs)
to study deformations of the braiding ¥ : ®4 = ®a * T of 4C" which keep all the other structures (i.e. the tensor product,
monoidal unit, associator and unitors) fixed. The general ansatz for a first-order deformation of the braiding y : ® 4 = ®@a*7t

of 4C" is obtained by considering a Ch][lg[lh‘]o/] <ﬁ2>-enriched pseudo-natural transformation! of the form

from Definition A.8, we would like

yh ::yo(ld—f—gt):@,q:>®A>s<t:ACﬁﬁACﬁ—>ACﬁ (34)

which satisfies the two hexagon identities

. Myld .
@ * (AR ®4) L= @4 % (@4 Kid) * To3 * T12

a axldxId
®a * (@4 Kid) ®a* ([dX®4) * 123712 (3.53)
Ids(y " Kd) Tds(1dXy™)«1d

®a * (®@4 Wid) * T1p —==> @4 * (Id K ®@4) * T12

1 We would like to emphasize that pseudo-naturality, in contrast to strict naturality, is crucial here in order to accommodate our deformation quantization
constructions in Subsection 3.2 below.
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and

. Mgld .
@ * (@4 Kid) LZ= @4 * (1[d K ®4) * T12 * T23

ol “Tyldxld
®a*(dX®4) ®a* (®aNid) * T12 % To3
Idx(1dXy ™) Tds(y"KlId)«Id

®a*x ((dX®4) * 123 > ®a* (®a Xid) * 723
(3.5b)

where o denotes the associator and we use the typical short-hand notations 713 := 7 Xid and 123 :=idX t. Note that in the
top horizontal arrows of these diagrams we applied the properties (A.31) and (A.32) of the symmetric braiding t. The com-
position of the Chgsﬁf)(hz)—enriched pseudo-natural transformations along the hexagons (3.5) is given by the o-composition
from Appendix A.2 and these diagrams are required to commute strictly, i.e. up to equality of enriched pseudo-natural
transformations. Strictness of the hexagon identities turns out to be sufficient for our first-order deformations in Subsec-
tion 3.2, but we will illustrate in Subsection 3.3 that higher-order deformations require in general non-trivial hexagonator
modifications for the diagrams (3.5).

Leveraging the fact that h? = 0, the hexagon identities are equivalent to two linear relations for the deformation t,
which can be regarded as the datum of a Ch][;’o]-enriched pseudo-natural transformation (without change of base along

K — K[h]/(h?)) of the form t: ®4 = ®4 for the relative tensor product on 4C.

Proposition 3.1. The first hexagon identity (3.5a) for the deformed braiding (3.4) is equivalent to the identity
alotxld)oa = Id* (tXId) + (Id* (y KId) ™) o (¢ o (Id* IdK ) o) ¥1d) o (Id * (y K Id)) (3.6a)

ofCh][Igl’o]—enriched pseudo-natural transformations @4 * (®4 Xid) = ®4 * (®4 K id). The second hexagon identity (3.5b) for the
deformed braiding (3.4) is equivalent to the identity

ao(txld)oa™ =1dx(1dR )+ (Id* IdXHy) ) o (o (Id* (¢ HId) oo™ ") x1d) o (Id * (1d K y)) (3.6b)

ofCh][;’O]-enriched pseudo-natural transformations ®4 * (IdX ®4) = R4 * (I(dXK ®4).

Proof. The proof follows directly by computing and simplifying the order h terms of the hexagon identities. The key obser-
vation is that the pseudo-functor coherences (A.25) which describe the interchange law between the * and o compositions
are trivial in all instances appearing in this calculation. Let us illustrate this through an example: The order fi term corre-
sponding to the upper path of (3.5a) involves the pseudo-natural transformation (y ot) *Id, which arises from a particular
composition of the pasting diagram

idX®4 ®a
ACK ACK 4C — id¥os — 4CK 4C —— @4 — 4C . (3.7)
idg®A QRA*T

The pseudo-functor coherences (A.25) for this pasting diagram are trivial because of the identity t(w, Ne,L),(M.N®AL)
(id(M,N@,AL)) =0, for all (M,N,L) e s.CX 4CKX 4C, given by property (2) of the Definition A.5 of Ch{g’m—enriched pseudo-
natural transformations. It then follows that

(Yotyxld = (yot)x(dold) = (y xId)o (t x1d) , (3.8)

which is the key step to identify the left-hand side of (3.6a). In addition to arguments of this form, one also has to use that
the pseudo-functor coherences (A.25) are trivial whenever ¢’ is strictly natural, i.e. ¢ , =0 for alld,d’eD. O

This result justifies the following
Definition 3.2. A (semi-strict) infinitesimal 2-braiding on the symmetric monoidal category object 4C = Ho; (AdgModfgSf) in
the symmetric monoidal 3-category dgCat][Ig LOLPS from Proposition A.4 is a chl- 1% enriched pseudo-natural transformation

t:®a= ®4:4CK 4C— 4C which satisfies the two infinitesimal hexagon identities in (3.6).

9
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Remark 3.3. As a consequence of Proposition 3.1, the datum of an infinitesimal 2-braiding t is equivalent to a first-order
deformation yﬁ =yo(d+ ’Zit) :®4 = ®a * T of the symmetric braiding on AC to a braiding on 4C" = 4C® ]K[h]/(hz).
Note that the deformed braiding is not necessarily symmetric because

(Y 1d)o yh = 1d+§(t+(y *ld)o(t*ld)oy) @4 = ®a (3.9)

is in general different from Id. A

Remark 3.4. Using the explicit composition formulas from Appendix A.2, we can express the infinitesimal hexagon identities
(3.6) in terms of the components of the Ch][lgl’o]—enriched pseudo-natural transformations involved. (Recall also Defini-
tion A.5.) In this calculation, various simplifications arise from the fact that all transformations but ¢ are strictly natural, i.e.
their homotopy data given by the double-indexed components (A.12) is trivial. To ease notations, we suppress the compo-
nents of the associator o in what follows. One then finds that the first infinitesimal hexagon identity (3.6a) is equivalent
to

tM,NoaL = tu,N Qa4 idr + (ynm ®4idr) (idy ®a tm,1) (Ym.ny ®aid) (3.10a)

for all M, N, L € 4C, and

t.N L. NeaL) (hOK ®a D) = tanny,on.n) (hOK) @4l
+ (yv.w ®aidy) (k®a tou,n), om0y (h®1)) (ymn ®4idy) ,  (3.10b)
for all M,N,L,M’,N’,L’ € 4C, h € AC(M, M"?, ke oC(N,N")° and I € 5,C(L, L")°. The second infinitesimal hexagon identity
(3.6b) is equivalent to
tMeaN,L = idy ®a tn,L + (idy ®a viN) (Em,L ®4idy) (Idy ®a yN.L) & (3.11a)
for all M, N, L € 4C, and

t(M®AN,L),(M’®AN’,L’)((h XRa k)él) =h ®a t(N,L),(N’,L’) (k@l)

+ (idw ®4 Yv.v) (L), o,y (WD) @4 k) (idy ®a ynL) . (3.11b)
for all M, N, L, M’,N’, L’ € 5C, h € AC(M, M")?, k€ AC(N,N)? and | € 5,C(L,L)0. A
Remark 3.5. Our Definition 3.2 of an infinitesimal 2-braiding is compatible with the one proposed in [12, Definition 14] in
the context of categories enriched over 2-vector spaces, in contrast to our Ch][lgl’o]-enriched categories from Appendix A.
Indeed, the datum (r,T) of an infinitesimal 2-braiding in [12, Definition 14] consists of a family of 1-morphisms ry n
and a family of 2-morphisms Tjk, which in our context correspond to the single-indexed components ty n and the
double-indexed components t(y,ny,m,n) (h®k) of the pseudo-natural transformation t: ®4 = ®4 : aACX 4C — 4C, see also

Definition A.5. Our 3-categorical calculus from Proposition A.4 allows us to treat both of these components simultaneously
by working with the various composition operations of pseudo-natural transformations. A

Our examples of infinitesimal 2-braidings in Subsection 3.2 will satisfy a useful additional property that simplifies their
analysis.

Definition 3.6. An infinitesimal 2-braiding t: ® 4 = ®4 is called y-equivariant if it satisfies the identity
yot=(txld)oy (312)

of Chgl’o] -enriched pseudo-natural transformations ®4 = ®4 * 7.

Remark 3.7. It is important to emphasize that y-equivariance does not imply that the associated deformed braiding yr‘ is
symmetric. Indeed, recalling the calculation in Remark 3.3, we find that

(Yhx1d)oy" = 1d+ht (313)

for every y-equivariant infinitesimal 2-braiding t. A

Proposition 3.8. Let t : ® 4 = ®4 be any Ch]llg 1O enriched pseudo-natural transformation which satisfies the y -equivariance prop-
erty (3.12). Then the two infinitesimal hexagon identities (3.6) for t are equivalent.

10
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Proof. This can be verified directly by using the equivalent component-wise description of the infinitesimal hexagon iden-
tities from Remark 3.4 and the fact that the y-equivariance property reads in components as

YM.NEtM.N = INMYMN (3.14a)

for all M, N € 4C, and

i N Eany. o N (h®K) =ty vy vv.mry (KBh) Ymon (3.14b)
for all M, N,M’, N’ € 4C, h € aAC(M, M")? and k€ AC(N,N")°. O

3.2. Construction from 2-shifted Poisson structures

Suppose that 7 = Zm>2n(m) € I;CTI(A,Z)‘l is a 2-shifted Poisson structure (recall Definition 2.6) on the finitely gen-
erated semi-free CDGA A. In this subsection, we will present an explicit construction which assigns to this datum a
y-equivariant infinitesimal 2-braiding t: ®4 = ®a in the sense of Definitions 3.2 and 3.6 on the homotopy 2-category
AC =Hoy (AdgModfgSf) € dgCat][Igl’O]’PS of the dg-category of finitely generated semi-free A-dg-modules. We will illustrate
later in Section 4 that our construction is a non-trivial homotopical generalization of the standard construction of an
infinitesimal braiding on the representation category Rep(g) of a Lie algebra g from an invariant symmetric tensor in
(Sym?g)?, see e.g. [6] and [20, Chapter XX].

Our infinitesimal 2-braiding t is built as a composite of more primitive Ch
which we are going to define now. Let us denote by

][K’ 19 _enriched pseudo-natural transformations

Qa[1]®4 (1) : A€ —> 4C (3.15)

the Chﬁgl‘o]-enriched functor of taking the relative tensor product with the 1-shift 24[1] € 4C of the dg-module of Kihler
differentials from (2.16). We define a Chl[lg 1.0 enriched pseudo-natural transformation

£ :id = Qa[11®a (+) : AC — 4C (3.16a)

from the Ch]llgm]—enriched identity functor id : 4€ — 4C by specifying its components as in Definition A.5: For each object
M € 4C, the component

0
(Em: M — Q4[11®a M) € aC(M, 24[11®4 M) (3.16b)
is the A-dg-module map which is defined on the generators 1 ® w € M* = A* @ W% of M by

tm(1®w) =5 dr@id)(du(1 @ W) , (3.16¢)

where we recall our notation from Subsection 2.1 that s—! € K[1] denotes the degree —1 element represented by the unit
of K. For each pair of objects M, M’ € 4C and each A-dg-module map (h: M — M’) € oC(M, M")°, the component

-1
(Emm(h) : M — Qa[11®@a M) € AC(M, Qa[1]®4 M) (3.16d)
is the homotopy which is defined on the generators 1 @ w € M* = A @ W¥ of M by

(1@ W) = —s ' ([dr ®id) (h(L ® W)) . (3.16e)
Lemma 3.9. The components in (3.16) define a Ch]&gl’m—enn’ched pseudo-natural transformation & : id = Qa[1] ®4 (-).

Proof. Before we verify the three properties (1), (2) and (3) from Definition A.5, let us first comment on the well-
definedness of the components of &. Concerning (i) from Definition A.5, we have to show that dpom, (§m) := de11@,M &M —
&y dy =0, ie. that £y commutes with the differentials, which can be verified by picking a basis {w; € W*} and evaluat-
ing on the associated generators 1 ® w; € M. This allows us to write dy (1 ® w;) =: M,-f ® w;j and hence &y (1 ® w;) =
s71 ddR(M,-j) ® wj, with M,’j € A and summations over repeated indices understood. We then compute

dhom,, (EM) (1 ® Wi) = da,miem(Em(1 ® wi)) — Em(dm (1 @ wy))

—s dg,gm(dar (M) @ wj) — M7 s dar(M %) ® wi
=57 (dar(da;D) @ wj + (=)™ da (M7 M ) @ wi.)
=0 , (317)

11



C. Kemp, R. Laugwitz and A. Schenkel Journal of Geometry and Physics 212 (2025) 105456

where the last identity follows from expressing the square-zero condition dy;dy (1 ® w;) =0 in our index notation. Con-
cerning (ii) from Definition A.5, we note that &y p(h) as defined in (3.16) is clearly K-linear in the argument h.

Property (2) from Definition A.5 follows immediately from dggr1 = 0. To verify the first property in (1), we use also the
index notations h(1 ® w;) =: Qﬁ@w’i and dy (1®@w)) =: Mg J®w;, where {w] € W’} is a choice of basis for the generators
of M’, and compute

dhom, (§m.m () (1 @ Wi) = da,11e,m (Em.m (1) (1 @ Wi)) + Enw () (dm (1 © wi))

57 (doe,m (dar () @ W) — M dar(h) @ w} )

57" (dar(dath;)) @ Wi+ (— D dar(hy?) M} @ w
- M dar(h;) © wy)
(= DT dar(M3) @ Wi+ dar(M ) B @ W)

(ido, ®a ) (EML @ wi)) — Emr (ML @ wy)) (3.18)

where the fourth step follows from expressing the cocycle condition dpom, (h)(]l ® wi) =0 in our index notation. To verify
the second property in (1), one performs a similar calculation for (k: M — M’) € AC(M, M)~ of degree —1 and finds that

(idgu1y ®4 k) (Em (1 @ wi)) — & (k(1 @ Wi)) — En.m (dhom,, (0)) (1 ® wi)
= 57" (dar () © W)+ (14" dar(ky) MJ* @ Wi+ (DM M otk @ wy) (3.19)
The right-hand side can be identified as the differential dhom, (q)(1 ® w;) of the 2-homotopy q € hom, (M, Q4[1] ®4 M2
which is defined on generators by q(1 ® w) = —s~! (dgr ® id)(k(Il ® w)), hence the right-hand side is zero in our truncated
cochain complex 4C(M, Qa[1] ®a M’).

It remains to verify property (3) from Definition A.5. Given (h : M — M) € AC(M,M")® and (W : M’ - M") e

AC(M’, M9, we introduce one more index notation h'(1 ® w) =: h; I® w/j/, where {w] € W”?} is a choice of basis for

the generators of M”, and compute
Emar (WD) (L@ wi) = —s~ ' dar (b B}*) @ wy
57! (darth) 1 @ Wil + b dar(t) @ )
=& mr (W) (h(1 @ wy)) + (i, ®4 h) (Emm (M (L @ wy)) . (3.20)

This concludes the proof. O

In addition to the Ch][lgl’o]—enriched pseudo-natural transformation & from (3.16), we require two more strict Ch][lgl‘ol—
enriched natural transformations to build our infinitesimal 2-braiding. First, using the original symmetric braiding y, we
obtain a family of isomorphisms

id®a yma1®aid 1 Qa[11®4 M @4 Qa[1]1®4 N —> Q11 ®4 Qal1]®4 M @4 N (3.21a)

in AC, for all M, N € 4C, which defines a strict Ch]%g]’oj-enriched natural isomorphism

~

@+ (211184 ()R (2211184 (1)) = (1184 Ral11@4 () x@n . (3:21b)
Second, consider the extension (-, -) :Symi (TA[—]]) ®a Q24[11®4 Q4[1] — A of the duality pairing (2.17) defined by
(sDsD", s lw®as70) == (—=1)HPHD (D', ) - ') + (1) PHDIDHD ()@l p’ (D w) - o)

(3.22)

for all homogeneous D, D'eTa and w, w'€Q. Considering the weight 2 component 7 € Sym? (TA[—B])4 = Sym?3 (TA[—l])0

of the 2-shifted Poisson structure (recall that this is a cocycle, see Remark 2.7), we obtain a family of morphisms
(@, ) @aid@aid : Qa[11®4 Qa[11®AM®4N — A@AM®4N=M®sN (3.23a)
in 4C, for all M, N € 4C, which defines a strict Ch][lg 1.01_enriched natural transformation

12
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bt (1114 211184 () 584 = @4 (3.23b)

Using the o-composition of Ch][;"o]-enriched pseudo-natural transformations from Appendix A.2, we define the Ch][;‘ol-
enriched pseudo-natural transformation

®a * (id K id)

Idx (X&) =

@+ ((Qul11@4 (1)) B (al1184 ()

Qa[11©4 2al1184 () * @4 (3.24)

—

as our candidate for an infinitesimal 2-braiding on 4C.

Theorem 3.10. Given any 2-shifted Poisson structure 1w € I%l(A, 2)* on a finitely generated semi-free CDGA A over the field K,

the Chl[lgl’o]-enriched pseudo-natural transformation t from (3.24) defines a y -equivariant infinitesimal 2-braiding in the sense of

Definitions 3.2 and 3.6 on the homotopy 2-category 4C = Ho> ( AdgModfgSf) € dgCalt][I;l‘O]“;’S of the dg-category of finitely generated

semi-free A-dg-modules.

Remark 3.11. We would like to highlight that the infinitesimal 2-braiding (3.24) depends only on the bivector component
7@ of the 2-shifted Poisson structure = =3 _,.., 7™ € Pol(A, 2)*. This is to be expected since infinitesimal 2-braidings
are characterized by the infinitesimal hexagon identities from Definition 3.2, which are linear in t. Hence, the higher-
weight components 73, 7@ ... of the 2-shifted Poisson structure are not expected to enter at this linear level, since
they control non-linear aspects through the Maurer-Cartan equations from Remark 2.7, which are non-linear identities of
the form dy5;(7®) + {7 @, 7?} = 0. However, we expect that these higher-weight components and their Maurer-Cartan
identities will play an important role for deformation quantizations at higher orders in i. A

Proof of Theorem 3.10. The most straightforward proof of this result is to compute the components of the Ch][]g L0 enriched
pseudo-natural transformation t from (3.24), and then to verify directly that these components satisfy the y -equivariance
property from (3.14) and the infinitesimal hexagons from Remark 3.4. Using the composition operations from Appendix A.2,
one finds by a straightforward computation that

M®aN PN M®aN
$M®A$NJ/ T(nm, ®@aid®aid , (3.25a)
Qa[1] ®a M ®4 Q4[11®4 N iw Q2a[1]®4 Q24[1] @4 M ®a N
for all M, N € 4C, and
M®s N tan.ny. o v (hBK) M &4 N’
EMﬁg;ﬁ;g’;gji’A o (1@, )@aid@aid (3.25b)

! /. / !
Qa1 ®a M @4 Q24[1]1®4 N IFWM/,QAH@AMQA[” ®4 Q24[1] @4 M @4 N

for all M, N,M’, N’ € 4C, h € AC(M, M")? and k € AC(N, N")0.

The y-equivariance property (3.14a) for the degree 0 components tj y follows immediately by using symmetry of the
extended pairing (3.22), ie. (m@®, )y = (x®@, .), and the hexagon identities for the original symmetric braiding y. To
prove the y-equivariance property (3.14b) for the degree —1 components t, ny,m’ N (h®k), one has to use additionally
that

VQa19aM, Qa[1104N’ (SM,M/ (h) ®a (1d@a k)En +Emh @4 én N (k)) YN.M
= (i[d®ak)én ®a Emmr (h) +En v (k) @4 Emrh

= Enk @4 Epmr(h) +En (k) ®4 (id ®4 h)ém + dhom,, (5n,8 (k) @4 Emm ()

13
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=Etnvk®a by (h) +é&nv v (k) @4 ((d®a h)éM (3.26)

where in the second step we used property (1) of the Definition A.5 of Ch][lgl’o]-enriched pseudo-natural transformations
and in the last step we used that the morphism complexes of 4C are by definition truncated to degrees {—1, 0}, hence the
2-homotopy in the last term gets identified with 0.

It remains to verify the first infinitesimal hexagon identity (3.10), since the second one (3.11) then follow from Proposi-
tion 3.8 and y-equivariance. For this we recall the definition of the components of £ from (3.16) and observe that

ENeal = EN ®aid+ (YN, ®aid) ((d®a &) (3.27a)
for all N, L € 4C, and

EneaL N L k®al) = En () @al+ (YN a1 @aid) (k@4 & () (3.27b)

for all N,L,N’, L' € oC, k € 4C(N, N")? and I € 4C(L, L")°. Using also the hexagon identities for the original symmetric braid-
ing y, one verifies the infinitesimal hexagon identity (3.10). O

Remark 3.12. For later use in our discussion of examples in Section 4, let us expand the components tp y and
EM, N, (M7, N7 (h®k) of the infinitesimal 2-braiding (3.24) in terms of a choice of bases for the finitely generated semi-free
A-dg-modules M, N, M’, N’ € oC. Using similar notations as in the proof of Lemma 3.9, we denote by {w; € W%} a basis for
M* = A* @ W, by {ug € U*} a basis for N* = A* @ U%, by {w; € W} a basis for M"* = A* @ W', and by {u; € U"} a basis
for N’® = A% @ U’t. Making use of these bases, we write

dy@®w) =M/ ow; . dv(I®uq) = N @ur (3.28a)
dw@w)=M’ow, . dveu)=N"®u . (3.28b)
for the differentials, and for the A-linear maps h € 4C(M, M’)? and k € 4C(N, N')° we write

ha@w) =h'e@w, , k(1 @ug) =k, @u; (3.280)

where again all summations over repeated indices are suppressed. Evaluating the diagram (3.25a), we then find the explicit
basis expression

tn(1® Wi ®Uq) = (tm.N)ig” @ Wj @ ur
= (=D (7@ s dgp (M) @4 s dgr(ND) @ Wi @ ur (3.29a)
Furthermore, evaluating the diagram (3.25b), we find
tn, Ny, (v vy (MK (1L ® Wi ® g) = (E,ny, (v, N (hék)),-qu WU,
= —(=)MI N (7 @) 5T p () @4 5T dar (N k) © W) @ U
_ (_1)Ihik|+\w;-|(|l&f|—1) <n(2)7 Si]hik ddR(M,,{j) @4 571ddR(qu)> ® W; Qu. . (3.29b)

Given a concrete example for the bivector 7@ e Sym? (TA[—B])4 = Sym? (TA[—l])O, one can evaluate these expressions
further by using the definition (3.22) of the duality pairing. A

3.3. Towards higher-order deformations

A powerful result in the 1-categorical theory of infinitesimal braidings is that, upon the choice of a Drinfeld associator
[15], every infinitesimal braiding lifts to a formal deformation (i.e. to all orders in /) of the given symmetric monoidal
category into a braided monoidal one. See e.g. [6] and [20, Chapters XIX-XX] for the details. The aim of this subsection
is to explore which aspects of this construction admit a direct generalization to our concept of infinitesimal 2-braidings
on 4C. We observe that a direct generalization is only possible under rather restrictive assumptions (see Proposition 3.13
and Remark 3.14), while the general case points towards the necessity to develop a homotopy-coherent variant of Drinfeld
associators which also describe pentagonator and hexagonator modifications. Our study in this subsection has some parallels
with [12, Section 2.2], however we believe that the relations for the modifications in (3.44) entering our explicit attempt
towards a deformation construction at order i are new.

To study formal deformations to all orders in i, we introduce the commutative K-algebra K[[i]] of formal power series
and perform a base change

ACIIR]] := AC®K[[h]] € dgCaty;1'P* (3.30)

14
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along the commutative K-algebra morphism K — K[[h]]. The goal is then to deform the symmetric monoidal structure on
AC[[h]] into a braided monoidal structure. In order to simplify notations, we suppress in what follows the original associator
o and simply write

®% = ®a* (@4 Kid) = ®4 * (id K ®4) : aC[[M]] K AC[[A]] K AC[[A]] —> AC[[R]] (3.31)

for the 2-times iterated tensor product, and similarly ® :AC[[h]]g(”“) — aC[[R]] for the n-times iterated tensor product.
Given any y-equivariant infinitesimal 2-braiding t : ® 4 = ®4, we denote by

tj: ®% = &% 1 ACIRNE™Y — clih (3.32a)

the Ch][lg[l[’,f]]]-enriched pseudo-natural transformation which evaluates t on the i-th and j-th tensor factor, for all i, j €
{1,...,n+ 1} with i # j. Explicitly, the components of t;; read as

n+1 (tijImy, ..., n ntl
® M e ® M
Pt k=1
% % 7 (3.32b)
i1 n+1
i ®aMj®a g ¢ tv;. M ®A Q) i rea o ’g ‘
ki, j s
for all My, ..., Mp41 € AC[[R]], and
n+1 Dy My ). o, (18 Bl 1) nil
® My 1 +1) (M3 Mg ® M;{
P k=1
_ l % 7 (3.32¢)
1 ) , n+1 ,
M;®aM;j®a ® My 5 Mi®aM;@s M
l ! g oy m . coap ) SR N@Ay e ! ’g ‘
kA, j e

for all My, ..., Muy1, MY, ..., My, € 4C[[R]] and hy € AC[[R]](My, M,/{)O, for k=1,...,n+ 1, where the unlabeled vertical
isomorphisms are given by the original symmetric braiding y. Let us note that there is an obvious generalization of the
above construction which assigns to every pair I = (i;---ij) and J = (j1---j;) of tuples of pairwise distinct indices in
{1,...,n+ 1} the Ch][lgl’ﬁol—enriched pseudo-natural transformation t;; : ®’, == % which evaluates t on the tensor
product of the I-factors and the tensor product of the J-factors. In this compact notation, the infinitesimal hexagons from
(3.6) and the y-equivariance property from Definition 3.6 read as

tigiky = tij +tik tipk = tik +tjk tij =tji , (3.33)
for all pairwise distinct i, j,k € {1,...,n+ 1}. Furthermore, one verifies that

[tij, ti] := tijotyy —twotij =0 , (3.34)
for all pairwise distinct i, j,k,I € {1,...,n+ 1}, by explicitly computing the components.

Following the same strategy as in [6] and [20, Chapters XIX-XX], we consider a candidate for a deformed associator and
braiding on 4C[[h]] which is given by the ansatz

o = (1, t23) 1 ®% = ®5 : ACHMI R ACIAIIR AC[[R]] —> ACI[A]] (3.35a)

and

Y=y oel i @4 = ®ax 1 : ACIHAIK ACIA]] — ACIAI | (3.35b)

where ®(a, b) is some formal power series in two non-commutative variables a and b satisfying ®(0,0) = 1. In these
expressions, both @ and the exponential function e, which we describe by its formal Taylor series, are evaluated by using
the o-composition of pseudo-natural transformations from Appendix A.2, hence o and y" are by construction Ch][lg[l[’ﬁo]]]—

enriched pseudo-natural transformations.

15
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Proposition 3.13. The tuple (4C[[]], ®a, A, &, &, p, y"), with deformed associator o™ and braiding " from (3.35), defines a semi-

strict braided monoidal category object in dgCatJ[I;[l[h%]]‘p ® in the sense of Definition A.8 if and only if all of the following hold true:

(1) The identity

D(t12, ta3 + t24) o P(t13 + 23, t34) = D(t23, t34) 0 D(t12 + t13, L2 + t34) 0 P(t12, t23) (3.36)
holds true strictly in the algebra (PsNat(®3., ®3), o, ld®§‘ ) of Ch][Ig[][h(}]]-enriched pseudo-natural transformations with multipli-
cation o.

(2) The identities
h h h

D(to3, tr3) 0 e2112113) 6 B (t15, £23) = €213 0 (12, t13) 0 €212 (3.37a)

and
h h h

D(t13, t12) " 0e2B3HE) 0 D(t1,123) 7! = 213 0 D(t13, t23) " 002123 (3.37b)
hold true strictly in the algebra (PsNat(®%, ®%). o, ld®% ) of Ch][lg[l[;}]]-enriched pseudo-natural transformations with multiplica-
tion o.

Assuming additionally that ® satisfies the inversion property ®(a, b)~! = & (b, a), then the two identities in (3.37) are equivalent.

Proof. The triangle identity holds true automatically as a consequence of ®(0,0) =1 and the fact that all components
of t involving the monoidal unit A € 4C[[h]] at least once are necessarily trivial. (The latter is a consequence of (3.33).)
Using (3.33) and arguments for strictness of the interchange law for o and % which are similar to the ones in the proof
of Proposition 3.1, one shows that (1) is equivalent to the pentagon identity for . With the same kind of computation,
one shows that (2) is equivalent to the two hexagon identities for y" and oM. Finally, under the additional assumption
®(a, b))~ = d(b, a), one easily shows that (3.37a) and (3.37b) are identified by permuting the indices according to 123
321 and using once again (3.33). O

Remark 3.14. From a superficial perspective, the identities (1) and (2) in Proposition 3.13 take exactly the same form as
the defining properties of a Drinfeld associator ®, see e.g. [6, Eqns. (24) and (25)] or [20, Chapter XIX, Eqns. (8.27)-(8.29)].
However, there is the following caveat: The analogous identities for a Drinfeld associator are formulated in the universal
enveloping algebra of the appropriate Drinfeld-Kohno Lie algebra where the symbols t;; satisfy the infinitesimal braid rela-
tions tj; =tji, [tij, tiw] =0 and [tj;, ti +tj] =0, for all pairwise distinct indices i, j, k, I In contrast to this, our identities (1)
and (2) must hold true in the appropriate algebra of Ch%g[l[ﬁ]]—enriched pseudo-natural transformations with multiplication
o. From (3.33) and (3.34), we know that our t;;’s satisfy the first two types of infinitesimal braid relations, i.e. t;j =t;j; and
[tij, tiy] = O for all pairwise distinct indices i, j, k, I, but as we shall illustrate below they do not necessarily satisfy the third
type of relation [t;j, ti, +tjx] =0 strictly.

So the conclusion at this moment is as follows: Assuming that our y-equivariant infinitesimal 2-braiding ¢ satisfies the
remaining infinitesimal braid relations [t;j, tjx + tji] = O strictly, then the choice of a Drinfeld associator ® (in the tradi-
tional sense) provides via Proposition 3.13 a semi-strict braided monoidal deformation (to all orders in i) of the symmetric
monoidal category object (sC, ®a, A, 2, A, p,y). &

In light of the previous remark, we make the following observation.

Proposition 3.15. The pseudo-naturality structure of the y-equivariant infinitesimal 2-braiding t : ® 4 = ®4 induces Ch][lg[l[',ﬂ]]—

enriched modifications

Dije = [tij, tik +tjk] = 0: @) = & : ACIANE™TD s yclrhn (3.38a)

for all pairwise distinct i, j,k € {1,...,n + 1}, which enforce weakly the remaining infinitesimal braid relations. The components
(recall Definition A.7) of these modifications are given explicitly by

n+1

nt1 Tyom.... .
® Ml jk)Mq M +1 ® Ml
=1 =1
% % ,  (3.38h)
n+1 n+1

Mi®@aM;@a My ®a Q M, ~—— Mi®aMj@aMi®1 Q@ M
=1 LMy A M. M), (M@ A M jMy) (Evj, M ; ®Td) @ 4id =1
I#i,j.k I#i,j.k

16



C. Kemp, R. Laugwitz and A. Schenkel Journal of Geometry and Physics 212 (2025) 105456
forall My, ..., Mpy1 € AC[[R]].

Proof. Recalling (3.33), one observes that

[tij, tik + Ejx] = [tij, L] = tij o tjk — tjk o Lij - (3.39)
Using the composition formulas from Appendix A.2, the component expressions (3.32) and pseudo-naturality of ¢y in the

left entry, one computes the components of this Ch][KE[hOH -enriched pseudo-natural transformation and finds that

(tij o tipk _t(ij)kOtij)M] My, = Ghom, ((CijOMy..o . Mas1) (3.40)

.....

with Tj, defined in (3.38). By a routine calculation one then shows that I'jj, satisfies the properties of a cht- "% enriched

modification from Definition A.7. O

K[[ﬁ]]

Remark 3.16. The reader might have noticed that there are potential ambiguities in defining the Ch]&g&hﬁ]}—enriched modi-

fications T'jj. These arise from the multiple equivalent ways to write the expression [tj;, tjx + tj] by using the identities
n (3.33). Such ambiguities do not seem to be present for our y-equivariant infinitesimal 2-braidings. Indeed, one observes
that

Lijk = Tjik (3.41)

is symmetric in the first two indices, hence there are no ambiguities arising from rewriting [t;j, tix + tji] = [tji, tji + tik] by
using the symmetry property t;; = t;;. Furthermore, rewriting [t;j, tix + tj] = [tij, taj] = [tij, tkij)] by using the identities
(3.33), one finds from the pseudo-naturality structure of t;) in the right entry a modification which agrees with I'jjx. A

Remark 3.17. For the complete description of a categorified version of the infinitesimal braid relations, one would also
require suitable coherence conditions for the modifications I'jjx. One could then attempt to weaken the strict identities (1)
and (2) from Proposition 3.13 to identities which hold true up to suitable modifications, playing the role of a pentagonator
and hexagonators for a weakened variant of the semi-strict braided monoidal category objects from Definition A.8. To the
best of our knowledge, this is relatively unexplored territory, with the notable exception given by exploratory works of Cirio
and Faria Martins [12]. We will not attempt to address and solve these issues in the present paper. A

Example 3.18. For our infinitesimal 2-braidings t in Theorem 3.10, which are constructed from 2-shifted Poisson structures
7 on the CDGA A, we can use the formulas from Remark 3.12 in order to provide a more explicit basis expression for the
modifications I'jj in Proposition 3.15. Denoting M = M;, N = M; and L = My, we then find for the bottom horizontal arrow
n (3.38b)

E M@ 4N, L), (MesN.L) (Ev N Bid) (1 ® Wi ® Ug ® Vs)
= (=DM ET=D (7@ s~ ge ((tmn)ig™) ®a s T dar(LD) @ Wi @ ur @ ve (3.42)

where the components (t,vmv)iqfr are defined in (3.29a) and the second term in (3.29b) vanishes because k =id:L — L is
the identity in the present case. Vv

To conclude this subsection, we carry out briefly an explicit study of the identities (1) and (2) in Proposition 3.13 modulo
h? by taking as ansatz the traditional Drinfeld associator

®(a,b) = 1+ L [a,b] modh? | (3.43)

see e.g. [20, Corollary XIX.6.5]. Using the identity (3.34), one immediately checks that the identity (3.36) holds true strictly
modulo k3, i.e. without the need for any modifications. In contrast to this, the identities (3.37) do not hold true strictly
modulo fi3. Concretely, bringing all terms in (3.37a) to the left-hand side, one finds that

24(F123 I'132)
53 ([flz, t13 + t23] — [t13, t12 + t32]) =—=—=== 0 (3.44a)
only holds true weakly up to a certain linear combination of the Ch][Ig 1;.f]]J-enriched modifications from Proposition 3.15.
Similarly, bringing all terms in (3.37b) to the left-hand side, one finds that

h2
A2 54 (F231—-T132)
37 ([t23, t21 + t31] — [t13, 12 + t32]) =—== 0 (3.44b)
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only holds true weakly up to a certain linear combination of the ChK[[ﬁ]] -enriched modifications from Proposition 3.15.
This illustrates that the strict identities from Proposition 3.13, and the associated concept of semi-strict braided monoidal
category objects from Definition A.8, is highly restrictive even at order h? and hence they should be relaxed to weaker
concepts by allowing for non-trivial pentagonator and hexagonator modifications.

4. Examples

The aim of this section is to study explicit examples of our infinitesimal 2-braidings from Theorem 3.10. The examples
we consider are based on Lie N-algebras, for some natural number N > 1, which are a special class of L,-algebras whose
underlying cochain complex

dg dg

L= (L*N“ AL N2 R LO) e Chg (41)
is concentrated in non-positive cohomological degrees. We shall always assume that the vector spaces L! are finite-
dimensional, for all i. The Lie N-algebra structure on L is given by a family of brackets ¢, € hom(A™L, [)>~" of degree
2 —n, for all n > 2, which have to satisfy the homotopy Jacobi identities, see e.g. [23] for an excellent review. By a simple
degree counting argument, one observes that £, = 0 must necessarily vanish for all n > 1+ N, hence the family of brackets
{€n}n>2 is bounded for every Lie N-algebra.

Associated to a Lie N-algebra L = (L, {¢,}) is its Chevalley-Eilenberg CDGA CE®*(L). The underlying Z-graded commutative
algebra of CE®(L) is given by

CE*(L) := Sym(L*[-1]) (4.2)

and the differential dcg :=dp+[—17+ Zn>2 ¢:=1 s defined on the generators L**[—1] by dualizing and shifting the brackets

£y 1 L¥®" 5 [F The Chevalley-Eilenberg CDGA CE*(L) of a finite-dimensional Lie N-algebra is finitely generated and semi-
free, hence it satisfies our hypotheses from Section 2. Note that this CDGA is concentrated in non-negative cohomological
degrees, which allows us to interpret CE®(L) geometrically as a stacky affine in the sense of [30, Section 1], see also [28,29].
Such stacky affines carry only a non-trivial stacky structure, but a trivial derived structure, which implies that one can
describe them by singly-graded objects, in contrast to the more general doubly-graded stacky CDGAs from [30,28,29] or
the graded mixed CDGAs from [5] which carry both stacky and derived structures. In the framework of stacky affines,
ones interprets CE®*(L) as the CDGA of functions on the infinitesimal quotient stack BL := [pt/L], which is an infinitesimal
analogue of the classifying stack BG := [pt/G] of a (higher) group G.

The symmetric monoidal dg-category CE-<L)dgModfgSf of finitely generated semi-free CE®(L)-dg-modules describes rep-
resentations of the Lie N-algebra L and their co-morphisms. Our result in Theorem 3.10 then implies that, given any
2-shifted Poisson structure on the CDGA CE®(L), one obtains a first-order deformation of the homotopy 2-category
Ho, (CE-(L)dgModfgSf) of the representation category of L into a braided monoidal category. Drawing analogies with the
standard deformation theory of the (strict) representation category Rep(g) of an ordinary Lie algebra g and its relationship
to the quantum group Ugg, see e.g. [6] and [20, Chapter XX], one may interpret our deformation constructions as a first
step towards a Lie N-algebraic generalization of quantum groups.

Remark 4.1. From the point of view of formal moduli problems [24] and Koszul duality in the form reviewed for instance
in [17], it may also seem natural to consider the completed Chevalley-Eilenberg CDGA CE®(L) whose underlying Z-graded
commutative algebra is given by

CEﬁ(L) = Sym Lﬁ*[ 1] HSym *[—1]) . (4.3)
>0
We would like to note that this completion of the Chevalley-Eilenberg CDGA in (4.2) to formal power series in the generators
does not alter the structure of our results in this section. The key reason for this is that the 2-shifted Poisson structures on
the completed @:'(L) and on the uncompleted CE®(L) Chevalley-Eilenberg CDGA of a Lie N-algebra L are naturally identified
with each other: The completed 2-shifted polyvectors on @Z'(L) are given by

l§o\lﬁ(CAE'(L),2 = [] sym™(L*[-2]) ® Sym (L*[-1]) (4.4)

m,I>0

and they differ from Pol’ (CE*(L),2) in Definition 2.5 by completing the direct sum @)., to the direct product [],.o. A

2-shifted Poisson structure on the completed ai'(L) is then given by a formal sum w7 =), Zz>o77(m’1) € lgo\l(C)i-Z'(L), 2)4,
which is also formal in [ > 0, satisfying the Maurer-Cartan equation from Definition 2.6. By a simple degree counting argu-
ment, taking into account the specific form of the underlying N-term complex (4.1) of L, one observes that the component
™D can only be non-trivial if (—N+1)m < 4—2m—1I < (N —1) . Hence, for every fixed m > 2, there are only finitely many
I > 0 satisfying these bounds, which implies that 7 =Y",.., > o 7™ € lggl(CE'(L), 2)4 also defines a 2-shifted Poisson
structure on the uncompleted CE*(L). A -
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4.1. Ordinary Lie algebras

Let us start with the simplest example which is given by the case where the Lie N-algebra L is an ordinary (finite-
dimensional) Lie algebra g = (g,[-, -1), i.e. N = 1. This means that the underlying Z-graded vector space is g, concentrated
in degree 0, and all brackets but the Lie bracket ¢, :=[-, -]: g®g — g are trivial. To simplify our calculations below, we shall
choose a basis {x, € g:a=1,...,dim(g)} and denote the structure constants by [xg,x,] = a‘b Xc. The Chevalley-Eilenberg
CDGA CE*(g) is then given by the Z-graded commutative algebra

CE*(g) = K[{6°}] (4.5a)

which is freely generated by dim(g)-many generators 6 of degree 1, for a=1,..., dim(g), together with the differential

dee(0®) = —1 fLo%6¢ (4.5b)

which is determined by the structure constants. Here and in what follows we shall always use the standard summation
convention according to which summations over repeated indices are suppressed. Note that the square-zero condition
dce dce(0%) = 0 follows from the Jacobi identity of the Lie bracket after expressing the latter in terms of the structure
constants.

Since the input datum for Theorem 3.10 is a 2-shifted Poisson structure on CE®*(g) in the sense of Definition 2.6, we first
have to understand and characterize the possible choices for such data. For the CE®(g)-dg-module of derivations Tcge(q) We
choose the basis {dg € Tcge(g) :a=1,...,dim(g)} which is defined by 94(6) = 8, for all a, b. Note that each basis element
9, has degree —1 since all #° are of degree 1. The underlying Z-graded commutative algebra of the completed 2-shifted
polyvectors from Definition 2.5 is then given by

Pol(CE*(9), 2)" = K[{OUNII{s*da}]] (4.6)

where [[ -]] denotes formal power series. Note that the generators s39, are of degree 3—1=2 in lgal(CE'(g), 2).

Proposition 4.2. Any 2-shifted Poisson structure 7 =", 7™ € @(CE‘(Q), 2)4 on CE*(g) is of the form
m=n%=17%355%, . (4.7a)
where 7% ¢ K are coefficients which must satisfy the g-invariance property

@ b +fcbd 74— (4.7b)

Proof. Using that 67 is of degree 1 and that s34, is of degree 2, one finds by a simple degree-counting argument that (4.7a)
is the only possible form for a completed 2-shifted polyvector of degree 4 and weight > 2. The Maurer-Cartan equation from
Definition 2.6 for such 7, see also Remark 2.7, is equivalent to the two individual equations dg5;(7) =0 and {7, 7} =0.
The second equation holds true automatically because (4.7a) has constant coefficients, while the first equation is equivalent
to the g-invariance property (4.7b). To see the latter point explicitly, one uses the Leibniz rule for the differential dsy; and

dpg (s200) = — f5, 0 s*0.. O

Remark 4.3. Note that the 2-shifted Poisson structures 7 from Proposition 4.2 are canonically identified with invariant
symmetric tensors 7w = %n“b XaXp € (Sym?g)9. Hence, our results are compatible with the results of Safronov [34] who
has computed the 2-shifted (and also the 1-shifted) Poisson structures on the classifying stack BG = [pt/G] of an algebraic
group G. A

Consider now the homotopy 2-category cge(g)C = Ho (CE-(g)dgModfgSf) of the symmetric monoidal dg-category of finitely
generated semi-free CE®(g)-dg-modules, which is the object of focus in our deformation construction from Theorem 3.10.
Let us first illustrate the sense in which this category describes weak representations of the Lie algebra g. By definition,
given any object M € cge(g)C, one has a Z-graded vector space of generators W? such that M* = CE*(g) ® W*. Choosing any
basis {w; € W*)} for the generators, the differential on M is completely characterized by specifying dy (1 ® w;) € M, for all
i, which when expanded in terms of the chosen bases reads as

oo
dvA®@w) =M/ @wj=>"14M, 0" 0"@w; , (4.8)
n=0

where M, J €K are coefficients. The square-zero condition dydp (1 ® wi) =0 gives a tower of compatibility conditions

1.4.ani

between the coefficients M J and the structure constants fi. of the Lie algebra g, which express a concept of Lie

ai...ani
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algebra representation up to coherent homotopies. Strict representations of g on a cochain complex W are recovered in
the special case where dy (1 ® w;) = M;/ ® wj+ Myl 6% ® wj is of polynomial degree <1 in 6% The first term in this
expression defines a differential dy on W* and the second term defines a strict Lie algebra action map g® W — W which
is a cochain map for the differential of W = (W¥, dw).

In addition to weak representations of the Lie algebra g, the homotopy 2-category cge(5)C = Hoa (CE-(g)dgModfgSf) also
describes a concept of co-morphisms between such weak representations, i.e. weakly g-equivariant maps. (The 2-morphisms
in ge(g)C are homotopies between such co-morphisms.) Indeed, a morphism h : M — M’ in cg+(4)C is by definition a cochain
map which commutes with the left CE®(g)-actions. Hence, by choosing a basis {w; € W¥} for M* = CE*(g) ® WF and a basis
{w] e W*} for M"* = CE*(g) ® W'*, we can expand

o0

h(l®wi) =hl@w, = 1h Jgu . g0 g w (4.9)
1 ] J

n! “ay...ani
n=0

where halmanij € K are coefficients. The cochain map condition dy(h(1 ® w;)) = h(dm(1 ® w;)) gives a tower of com-

patibility conditions between the coefficients ha1...a,,ij and the structure constants fj. of the Lie algebra g, which express
a concept of g-equivariance up to coherent homotopies. Strict morphisms h: M — M’ between strict g-representations on
cochain complexes W and W’ are recovered in the special case where h(1 ® w;) =h;/ ® w’j is constant in 64,

The following result is a direct consequence of Theorem 3.10 and Proposition 4.2.
Corollary 4.4. Every invariant symmetric tensor 7 = %Tr"b XqXp € (Sym?g)9 defines via Proposition 4.2 and Theorem 3.10 a -
equivariant infinitesimal 2-braiding t on the homotopy 2-category cg+(4)C of the symmetric monoidal dg-category of finitely generated
semi-free CE® (g)-dg-modules.

Remark 4.5. Let us recall that explicit formulas for the components of the ) -equivariant infinitesimal 2-braiding t are given
in (3.29). Note that the morphism components tj y in (3.29a) involve the de Rham differential

(n—1)! "ay...ani

o
(dar @ i) (du(1 @ Wi)) = Y ol Mg, g i 0% -+ 0 dar (0™) @ W (4.10)
n=1

of (4.8), as well as (dgr ® id)(dN(Il ® uq)). Hence, the components ty y in (3.29a) are in general non-constant polynomials
in 69, unless both M and N are strict g-representations. Similar, the homotopy components t(M,N)_(Mr,Nr)(hék) in (3.29b)
involve the de Rham differential

(n—=1)! "ay...ani

o
g ® i) (h(A @ W) = Y sy o /0901 dgr (0°") ® W) (411)
n=1

of (4.9), as well as (dgr ® id)(k(Il ® uq)). Hence, the homotopies t(M,N)’(M/,N/)(h@)k) in (3.29b) are in general non-trivial,
unless both h and k are strict morphisms. A

As a direct consequence of Proposition 3.13 and Proposition 3.15, we obtain the following result.

Corollary 4.6. Every invariant symmetric tensor 1 = % 7% x, xp € (Sym?g)? defines via Corollary 4.4 and Proposition 3.13 a braided

monoidal deformation to all orders in h of the full subcategory of cge(4)C € dgCatJ[I;[l[h(;]]‘p ® which consists of all CE®(g)-dg-modules

corresponding to strict g-representations.

Proof. Combining our observations from Example 3.18 and Remark 4.5, we obtain that the modifications I'jj in Proposi-
tion 3.15 are all trivial for strict g-representations because in this case (tM,N)iqu are constant polynomials in 6%, hence
ddR((tM,N)iqﬁ) = 0. This implies that the hypotheses of Proposition 3.13 are satisfied, which yields the desired braided
monoidal deformation to all orders in i. O

Remark 4.7. Our result in Corollary 4.6 is a homotopical generalization of the deformation constructions in [6] and [20,
Chapter XX]. We would like to stress that our generalization is non-trivial because, even though we restrict ourselves to
strict g-representations, the morphisms in the full subcategory from Corollary 4.6 are general (i.e. non-strict) co-morphisms
between strict g-representations. Recalling our observations from Remark 4.5, this implies in particular that the infinitesimal
braiding t is a genuine pseudo-natural transformation, i.e. it has non-trivial homotopy components &y, n),m’,n) (h®k), and
so are the associator and braiding of the deformed category from Proposition 3.13 and Corollary 4.6. A
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4.2. String Lie 2-algebras

String Lie 2-algebras are simple examples of Lie 2-algebras which arise as shifted central extensions determined by an
ordinary (finite-dimensional) Lie algebra g = (g,[-, -1), concentrated in degree 0, and a 3-cocycle « : /\3g — K on g. Such
Lie 2-algebras appeared first in [1, Example 6.10], however the name “string Lie 2-algebras” has only been established later.
The resulting Lie 2-algebra g, is given by the Z-graded vector space defined by 92 =g, g;l =K and gfc :=0, for all
ieZ\ {—1,0}, and the non-trivial brackets read as

L,y =[xyl , 03(x,y,2) ' =kx,¥,2) , (4.12)

for all x,y,z € g. Let us choose again a basis {x; € g} and denote the structure constants by [xq,x,] = f, xc and
K (Xq, Xp, Xc) = Kabc-
The Chevalley-Eilenberg CDGA CE®(g,) of the string Lie 2-algebra g, is then given by the Z-graded commutative algebra

CE*(g¢) = K[{6%}, V] (4.13a)

which is freely generated by dim(g)-many generators 6% of degree 1, for a=1,...,dim(g), and a single generator v of
degree 2, together with the differential

dee(®) = =5 f5.6°6° ,  dee(v) = —3; Kanc 096" 6° (4.13b)

which is determined by the structure constants. Note that the square-zero condition dcg dcg(6%) = 0 follows from the Jacobi
identity of the Lie bracket and dcg dcg(v) =0 follows from the 3-cocycle condition of «.

Let us now characterize the 2-shifted Poisson structures on CE®(g,) in the sense of Definition 2.6. For the CE®(g)-dg-
module of derivations Tcge(q,) we choose the basis {{d;}, dy} which is defined by 9a(00) = 83, 0a(v) =0, 3,(0% =0 and
dy(v) =1, for all a,b. Note that each basis element 9, has degree —1 and 9, has degree —2. The underlying Z-graded
commutative algebra of the completed 2-shifted polyvectors from Definition 2.5 is then given by

POl (CE* (g ), 2)F = KI[{6%), vIl[{s®a}, S]] (414)

where [[-]] denotes formal power series. Note that the generators s39, are of degree 3 —1 =2 and that 539, is of degree
3—2=1 in Pol(CE*(g«), 2).

Proposition 4.8. Any 2-shifted Poisson structure 7 =Y, , 7™ € lgch(CE’(g,(), 2)4 on CE*(gy) is of the form
m=0? =17%35,530 +716"s20,5%0, | (4.15a)

where 7% ¢ K and 7y € K are coefficients which must satisfy the properties

R e (4.15b)
foe g — fog il + [ 7y — ket =0, (4.15¢)
T 7l b7t =0 . (4.15d)

Proof. The general form (4.15a) for a completed 2-shifted polyvector of degree 4 and weight > 2 follows from a simple
degree counting argument. (Note that products of the form s39, 539, vanish in the CDGA @(CE’(QK),Z) because 539,
has degree 1, hence 539,539, = —s33, 539, = 0.) The Maurer-Cartan equation from Definition 2.6 for such m, see also
Remark 2.7, is equivalent to the two individual equations dg5;(77) =0 and {7, 7} = 0. The first equation dg;(;r) =0 can be
evaluated using the Leibniz rule for the differential dsy; and

dog ($°80) = —f5 078 + Lkapc 070520, ., dpy(s®8,) =0 . (4.16)

From this one finds the first two properties (4.15b) and (4.15c). The second equation {7, 7w} =0 can be evaluated using the
definition (2.21) and properties (2.22) of the Schouten-Nijenhuis bracket, which leads to the third property (4.15d). O

Remark 4.9. As a consequence of (4.15b), the first term in (4.15a) is equivalent to the datum of an invariant symmetric

tensor 7 = %n“b XaXp € (Sym?g)® on the underlying Lie algebra g of the string Lie 2-algebra g, . The second term in (4.15a)

is equivalent to a linear map 7 : g — g, Xg > ﬁ'é’ xp on the underlying Lie algebra. Property (4.15d) then demands that the
linear map 7 annihilates the invariant symmetric tensor 7 according to

(7 ®idg) () + (ildg ® #) (W) = 0 . (4.17a)
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The remaining property (4.15c) can be written equivalently as

(%, ¥]) = [F @), y]+ [x. TW] + (k. y, =) ®idg) () + (idg ® k (x, y, =) (), (4.17b)

for all x, y € g, which means that the linear map 7 : g — g is a derivation of the underlying Lie algebra g, up to corrections
arising from the 3-cocycle « : A\ g> — K and the invariant symmetric tensor 7 € (Sym?g)?.

Our 2-shifted Poisson structures on CE®(g,) are similar, but as it seems not identical, to the quasi-invariant symmetric
tensors on crossed modules of Lie algebras from [12, Definition 30]. A direct comparison between these two structures is
difficult because our preferred model for the string Lie 2-algebra g, is given by a finite-dimensional Lie 2-algebra with a
non-trivial ¢3 bracket (4.12), while [12] use a different model which is given by an infinite-dimensional crossed module of
Lie algebras that encodes the cocycle « less directly. Our suspicion that these two concepts are slightly different will be
strengthened by the following example. A

Example 4.10. In order to illustrate Proposition 4.8, let us consider the example where g = sl; is the special linear Lie
algebra of order 2. We work with the usual basis {x;,x_, x3 € sl} whose Lie bracket relations are

X, x1=2x3 ,  [x3,%x] = 4+2x5 . (4.18)

Using the rescaled Killing form (-, -) : sl ® sl — K whose non-vanishing values are given by (x3,x3) =1 and (x4,x_) =
x_,xy)= % we define the 3-cocycle «(x, y, z) := (x, [y, z]). In terms of our basis, this 3-cocycle is given by

K(Xq,X—,x3) =1 (419)

and total antisymmetry in its arguments. This defines the string Lie 2-algebra (sly).
Since sl is a simple Lie algebra, there exists a unique (up to scale) invariant symmetric tensor, which is concretely given

by
T =2 (x+ X+ ;lxg) € (Sym2sh)2 | (4.20)

where A € K is any parameter. Assuming for the moment that A # 0 is non-zero, the general solution for the linear map
7 : slp — slp to the equation (4.15d), or the equivalent equation (4.17a), is given by

T(x4) =ax4+bxs, A(x_)=—ax_+cx3, 7T(x3) =—-2cxy—2bx_ |, (4.21)

where a,b,c € K are arbitrary parameters. Evaluating the equivalent form (4.17b) of the remaining equation (4.15c) on
x=2x4+ and y =x_, one finds that it does not admit any solutions for A # 0. This implies that, for every 2-shifted Poisson
structure on CE®((sly),) as in Proposition 4.8, the invariant symmetric tensor (4.20) must necessarily be trivial 7 = 0. In
this case the equations in (4.15), see also (4.17) for their equivalent forms, simplify to the single condition that 7 : sl — sl
is a Lie algebra derivation, i.e. 7 ([x, ¥]) = [T (x), y] + [x, W (y)], for all x, y € sl;. Hence, the 2-shifted Poisson structures on
CE°®((sl2),) are given by the Lie algebra derivations 77 on sl,. Taking into account the natural concept of homotopies between
shifted Poisson structures, see e.g. [34], it follows that every 2-shifted Poisson structure on CE®((sly),) is homotopic to the
trivial one because every Lie algebra derivation of sl is inner. We would like to thank the anonymous reviewer for pointing
out to us this important observation.

This behavior is drastically different to the case of ordinary Lie algebras g from Proposition 4.2 and the quasi-invariant
symmetric tensors on crossed modules of Lie algebras from [12, Theorem 36] and [32, Section 5.2]. V

Example 4.11. The triviality result for 2-shifted Poisson structures from Example 4.10 generalizes easily to the case of the
string Lie 2-algebra of any simple Lie algebra g. This motivates us to search for non-trivial 2-shifted Poisson structures in
the case where the underlying Lie algebra g is not simple. Let us consider as a concrete example the Heisenberg Lie algebra,
which is the 3-dimensional Lie algebra heis = K[x, y, z] with the only non-trivial Lie bracket relations among the generators
given by [x, y] = —[y, x] = z. Choosing the 3-cocycle x (x, y, z) = 1, we obtain the associated Heisenberg string Lie 2-algebra
heis,.

The most general invariant symmetric tensor on the Heisenberg Lie algebra is given by

m = %7% e (SymPheis)"ee | (4.22a)

where A € K is any parameter which we choose to be non-zero A # 0. The linear map 7 : heis — heis entering the 2-shifted
Poisson structure then satisfies the required equation (4.17a) if and only if 77(z) = 0. Analyzing the remaining equation
(4.17b), one finds that 7 must be of the form

T(X) =ax+by+cz, A(Y)=dx—(@+Ary+ez, A(2)=0 , (4.22b)

where a,b,c,d,e € K are free parameters. This provides a multiparameter family of 2-shifted Poisson structures on the
Chevalley-Eilenberg CDGA CE®(heis, ) of the Heisenberg string Lie 2-algebra heis,. V
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The following result is a direct consequence of Theorem 3.10, Proposition 4.8 and Remark 4.9.
Corollary 4.12. Every pair (7t , 77) consisting of a invariant symmetric tensor & = % 7% x4 x, € (Sym2g)% and a linear map 7 : g —
g, Xg > ﬁé’ Xp which satisfies the properties in (4.17) defines via Proposition 4.8 and Theorem 3.10 a y -equivariant infinitesimal
2-braiding t on the homotopy 2-category cgs(q,.)C of the symmetric monoidal dg-category of finitely generated semi-free CE® (g, )-dg-
modules.

Remark 4.13. Recalling the explicit formulas for the components of the y-equivariant infinitesimal 2-braiding ¢t from (3.29),
one immediately observes by using also (4.15a) that the morphism components ty; y are in general non-constant polynomi-
als in 6% in the case where 7] # 0 is non-trivial. (As illustrated in Example 4.11, this seems to be the most relevant case.)
Hence, the modifications TI'jjx from Proposition 3.15 and Example 3.18 are in general non-trivial. This even holds true for
representation of the string Lie 2-algebra g, which are strict in the sense that the expansions as in (4.8) of the differential
dy are polynomials in 6% and v of degree < 1. As a consequence, we currently do not have a meaningful generalization of
the all-order deformation result from Corollary 4.6 to the case of CE®(g,). Hence, further work as outlined in Remark 3.17
is needed in order to extend our result in Corollary 4.12 to a braided monoidal deformation up to all orders in i. A
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Appendix A. Higher-categorical framework

In this appendix, we introduce a suitable higher-categorical framework in which the deformation constructions from
Section 3 take place. The basic objects of our interest are categories which are enriched over the symmetric monoidal
category Chk_l’o] of 2-term cochain complexes (concentrated in degrees —1 and 0) of modules over a commutative K-

algebra R. We will show below that these objects assemble into a suitably weakened kind of 3-category dgCatE{l’O]’ps

whose 1-morphisms are ChE{LO] E{]’o]-enriched pseudo-natural transformations and
3-morphisms are Chg(l’o]—enriched modifications. The crucial point here is that we allow for pseudo-natural transforma-
tions, in contrast to only strictly natural ones, as these are required in our study of infinitesimal 2-braidings in Section 3.
This 3-category carries a symmetric monoidal structure, which allows one to define a concept of Chk_m]—enriched braided
monoidal categories whose associators, unitors and braidings are enriched pseudo-natural transformations, as required in
Section 3. We assume that the reader has some familiarity with enriched category theory, see e.g. [21] for a comprehensive
treatment, or [18, Chapter 1.3] and [31, Chapter 3] for more concise introductions.

-enriched functors, 2-morphisms are Ch

A.1. 3-categories with pseudo-functorial composition

Let us recall that a strict 3-category can be defined as a category which is enriched over the category 2Cat’"" of strict
2-categories and strict 2-functors. We require a slightly weakened variant of this concept where the enrichment category
is generalized to the category 2CatPs of strict 2-categories and pseudo-functors. See e.g. [18, Theorem 4.1.30] for a detailed
description of this category and, in particular, of its strictly associative and unital composition. The category 2CatP* admits
finite products and a terminal object, given by the 2-category 1 € 2CatP® consisting of a single 0-cell and its identity 1-cell
and 2-cell, hence it is symmetric monoidal with respect to the Cartesian symmetric monoidal structure.

Definition A.1. We denote by

3Cat := 2Cat™-Cat (A1)

the 2-category whose

e objects are 2CatP*-enriched categories,
e 1-morphisms are 2CatP*-enriched functors, and
e 2-morphisms are 2CatPS-enriched natural transformations.

To illustrate how an object C € 3Cat admits an interpretation in terms of a weakened kind of 3-category, let us spell
out, in some detail, the data defining C. By definition of an enriched category, C has a class of objects and, for each pair of
objects ¢, c’ € C, a strict 2-category C(c, c’) € 2CatP* of morphisms. Since the 2-category C(c, c’) consists of 0-cells, 1-cells
and 2-cells, there are three layers of morphisms in C € 3Cat, as required for a 3-category. The enriched category C comes
further with identity morphisms id. : 1 — C(c, ¢), or equivalently 0-cells id. € C(c, ¢), and composition morphisms
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x:C(,YyxC, ) — Cc (A2)

in 2CatPs, which in our case are pseudo-functors between strict 2-categories. The compositions * must be strictly associative
and strictly unital with respect to the identities id.. Note that the relaxation to pseudo-functors makes our variant of 3-
categories from Definition A.1 more general than strict 3-categories, for which the analogous composition morphisms *
must be strict 2-functors.

The 2-category 3Cat carries a symmetric monoidal structure which is determined by the Cartesian symmetric monoidal
structure of the enrichment category 2CatPs, see e.g. [21, Section 1.4] for the details. The monoidal product C x D € 3Cat of
C,D e 3Cat is the 2CatP*-enriched category whose objects are pairs (c,d) € C x D of objects c € C and d € D and whose
morphisms (C x D)((c,d), (c’,d")) :=C(c,c’) x D(d,d") € 2Cat*s are given by the Cartesian symmetric monoidal structure
on 2CatP’, The monoidal unit Z € 3Cat is the 2CatP*-enriched category with a single object, say « € Z, and morphisms
Z(x, ) :=1 e 2Cat’ the terminal object. The symmetric braiding

flipep: CxD — DxC (A.3a)

is the 2CatPS-enriched functor which acts on objects by flipping (c,d) — (d, c) and on morphisms through the symmetric
braiding on 2CatPs

€ x D)((c,d), (¢, d)) = C(c,¢) x D, d') —> D(d,d) x C(c,¢) = (D x C)((d, ), d, ) . (A.3b)

Making use of this symmetric monoidal structure on 3Cat, one can define a concept of symmetric monoidal category objects
in 3Cat.

Definition A.2. A symmetric monoidal category object in 3Cat is a tuple (C,X, u, o, A, p, ) consisting of the following data:

(i) an object C € 3Cat,

(ii) a 1-morphism X :C x C — C in 3Cat (called monoidal product),
(iii) a 1-morphism u : Z — C in 3Cat (called monoidal unit),
(iv) invertible 2-morphisms

xi C
CxCxC Xxide CxC /TR
idcxﬁl / l& IxC == g L£—"¢cxz (A4)
CxC — 5 ¢ AN ‘ i
X CxC

in 3Cat (called associator, left unitor and right unitor),
(v) an invertible 2-morphism

cxe —B ¢

ﬂ‘Pcc\/‘ U / (A5)

in 3Cat (called symmetric braiding).

These data have to satisfy the usual coherence conditions for symmetric monoidal categories internal to the 2-category
3Cat.

A.2. A symmetric monoidal 3-category of 2-term truncated dg-categories

Let R be a commutative, associative and unital K-algebra and consider the symmetric monoidal category Chg of cochain
complexes of R-modules from Subsection 2.1. We denote by

chl % < cng (A6)

the full subcategory whose objects are all cochain complexes V € Chi concentrated in degrees {—1,0}, i.e. Vi =0 for all
ieZ\{—1,0}. We shall often denote such objects by

V= (v-1 LN VO) e chl 10 (A7)
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Note that the tensor product ®g on Chg does not directly restrict to the full subcategory ChE{l'O] C Chg because V®@zr W €
Chy, is, in general, concentrated in degrees {—2,—1,0}, for V, W ¢ ChE{LO]. This issue can be resolved by composing ®p
with the good truncation functor t{=1.9: Chy — ChE{w] to define the truncated tensor product

1-1.0]

&g : Chly % chl M0 =5 chg x Chy —2% Chy chl M0 (A.8a)
Explicitly, given two objects V, W ¢ Ch%{l’OJ, the truncated tensor product reads as

(v1@rWa(Vo@rw ") dvegw
dygpw (V-1@rW1)

VRRW = ( VO ®g WO) . (A.8b)
One directly checks that Chk_l’ol forms a symmetric monoidal category with respect to the truncated tensor product ®g,
the monoidal unit R € Chg{l’o] and the symmetric braiding

Vow: VERW — WRRV, VRRW —> WQRV (A.9)

where all Koszul signs are trivial because there are no odd-odd degree combinations in the truncated tensor product (A.8).
For later use, let us observe that the symmetric monoidal categories (Chg, ®g, R, ) and (ChE{LO], ®g, R, ¥) are related by
a lax symmetric monoidal functor.

[-1,0]
R

Lemma A.3. The truncation functor =19 : Chg — Ch is canonically lax symmetric monoidal.

Proof. The functor t!=1:% preserves the monoidal units strictly, i.e. T[=1-9(R) = R, and the lax structure t!=1.00(V) &y
10 (W) — 719V @ W) for the tensor product of V, W € Chg is given by the obvious cochain map (drawn vertically)

v—! w-!
(3,2 8k WS (V)®r g 7=7)  dvagw

0 0
dygpw (VT@RWT) Z°(V)®r Z°(W)

: (A10)

(Verw)™! ZO VerW
dV®RW(V®RW)_2 dV®RW ( R )

where Z0(U) := ker(dy : U° — U') denotes the submodule of 0-cocycles associated with a cochain complex U € Chg. O
The goal of the remaining part of this subsection is to provide details for the following result.

Proposition A.4. There exists a 3-category
dgcatl 0P ¢ 3cat (A11)

in the sense of Definition A.1 whose

e objects are Chg{l’o]—enn’ched categories,

e 1-morphisms are ChE{1 O_enriched functors,

e 2-morphisms are ChE{l’o]-enriched pseudo-natural transformations, and
e 3-morphisms are Chg{l'o]-enriched modifications.

This 3-category admits a symmetric monoidal structure in the sense of Definition A.2 which agrees on objects, 1-morphisms and strictly
natural 2-morphisms with the usual one from enriched category theory, see e.g. [21, Section 1.4].

The objects and 1-morphisms in dgCatE{l’o]‘ps are defined according to the standard definitions of enriched category
theory. The precise definitions of the 2-morphisms and 3-morphisms are as follows.

Definition A.5. Let F,G : C— D be two ChE{l’o]-enriched functors between two ChE{l'o]-enriched categories C and D. A
Ch%]’o]-enriched pseudo-natural transformation ¢ : F = G consists of the following data:

(i) For each object ¢ € C, an element ¢ € D(F(c), G(c))® of degree 0 in the Hom-object D(F(c), G(c)) € Ch%‘l’o].
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(ii) For each pair of objects c, ¢’ € C, an R-linear map

Cee 1 €, )Y — D(F(c),G(')™! . (A12)
These data have to satisfy the following properties:
(1) For all h € C(c, ¢')?,

G(h) e — ¢ F(h) = dD(fc,c’ (h)) ) (A13a)
and for all k € C(c, )1,
G(k) g — Lo F(k) = &eo(de(k)) (A13b)
(2) For all ceC,
fc,c(idc) =0 . (A-14)
(3) For all h € C(c,c)? and h' € C(c’, c")°,

Le,er (h/h) = Lo (h/) F(h) + G(h/) el (hy . (A.15)

Remark A.6. Note that in the special case where ¢~ =0, for all ¢, ¢’ € C, Definition A.5 reduces to the usual definition of a
Ch%l’o]-enriched (strict) natural transformation. A

[-1.0]
R

Definition A.7. Let {,n: F = G : C— D be two ChE{w]-enriched pseudo-natural transformations. A Ch -enriched modi-

fication T : ¢ = n consists of the following data:

(i) For each object ¢ € C, an element I'c € D(F(c), G(c))~! of degree —1 in the Hom-object D(F(c), G(c)) € ChE{LO].
These data have to satisfy the following properties:

(1) Forall ceC,

{e —ne = dp(Te) . (A16)
(2) For all h € C(c, ¢')?,

Fe F(h) + &0 (h) = nee() +GM)Te . (A17)

In the following paragraphs we describe explicitly the symmetric monoidal 3-category structure of dgCatBQ_]'m’ps in the

sense of Definitions A.1 and A.2. To avoid overloading this appendix, we shall only spell out the relevant data but not the
verification of their properties, which are mostly straightforward calculations.

The homomorphism 2-categories: Given two Chk_w]—enriched categories C and D, we denote by dgC.‘:ltE{l’O]’ps (C, D) € 2CatPs
the strict 2-category whose objects are ChE{LO]—enriched functors, 1-morphisms are ChE{LO]—enriched pseudo-natural trans-
formations and 2-morphisms are Chk_l'ol—enriched modifications. The composition of two 1-morphisms

F F
AN N
C—c¢c—D +— C ne D (A18a)
NP4 NP4
H H

in the 2-category dgCatE{l‘O]‘p *(C. D) is defined by

Mol)e:="nck (A.18b)
Mo e, (M) :=ne o) +netee(h) (A.18c)
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for all ¢,c’ € C and h € C(c, c’)°. This composition is strictly associative and strictly unital with respect to the identity
1-morphisms Idf : F = F : C— D defined by (Idf)c =idf() and (Idf)c ¢ =0.
The horizontal composition of two 2-morphisms

c2eZ,p > ool 25 )yorD (A19a)
&)y N\
H H

in the 2-category dgCaty; "*"P*(C, D) is defined by

(©oT) :==Oct+n.Tc (A.19b)

for all ¢ € C. This composition is strictly associative and strictly unital with respect to the identity 2-morphisms IDyq, : Idfr =
Idf : F = F : C— D defined by (IDjg;)c =0.
The vertical composition of two 2-morphisms

F F
C ¢{{=¢= gD — C ;<E> " D (A.20a)
G G

in the 2-category dgCaty; "*"P*(C, D) is defined by

(D) :=TL+T¢ , (A.20b)

for all ¢ € C. This composition is strictly associative and strictly unital with respect to the identity 2-morphisms ID; : ¢ =
¢ :F= F:C— D defined by (ID;). =0.

[-1,0]
R

The composition pseudo-functors and identities: Given three Ch -enriched categories C, D and E, we denote by

% : dgCatl OhP® (D,E) x dgCatl; 101P° (c,D) — dgCatE{l’O]’ps(C, E) (A21)

the composition pseudo-functor between the homomorphism 2-categories from the previous paragraph. On objects in the
homomorphism 2-categories, this pseudo-functor acts in terms of the usual composition of Chg{l'ol—enriched functors,
which we will denote by

ctfsp-FyE & cBRE (A22)
On 1-morphisms in the homomorphism 2-categories, the pseudo-functor * acts as
F F’ F'sF
cC ¢ D ¢ E — C ¢« E (A.23a)
G fed G'*G
with
(@J *)c = §é(c) F/(é'c) , (A.23b)
(f/ * C)c,c’(h) = é‘(/;(c),G(c/)(G(h)) F/(fc) + Cé(c/) F/(Zc,c’ (h)) s (A-23C)
for all ¢c,c’ € C and h € C(c, ¢’)°. On 2-morphisms in the homomorphism 2-categories, the pseudo-functor  acts as

27



C. Kemp, R. Laugwitz and A. Schenkel Journal of Geometry and Physics 212 (2025) 105456
F F' F'xF
C {<%>’7 D {’<é>n’]3 s C {’*{<g>n’*n E (A.24a)
G G G'+G
with
(I % )¢ == F/(;(c) F'(&o) + 77/(;(5) F'(Te) (A.24b)

for all c e C.
The pseudo-functor coherences for the identities are trivial, i.e. Idg/r = Idg % Idg, but those for the compositions are
not. Given any composable diagram of the form

C—¢¢—D—¢—E |, (A.25a)
H H'
the corresponding pseudo-functor coherence
koo M FM o %8 = o )x(od) (A.25b)
is given by the Ch%’w]-enriched modification whose components are defined by

(armacr.o) )e = Mo Seonhie M) F'@) (A.25¢)

for all c e C.
The composition pseudo-functors * are strictly associative and strictly unital with respect to the identities id¢ €
dgCatk_LOJ’ps (€, €) given by the identity Chk_w]—enriched functors id¢ : C — C.

The symmetric monoidal structure: The monoidal product
X : dgCatl "OMP° x dgcatl, V0P dgcatl, MO (A.26)

is given by the 2CatPS-enriched functor which assigns to a pair of objects C,D € dgCatE{wJ'ps the usual Chk_wj-enriched
tensor product category CXID € dgC.‘;lt%{LoJ’ps and to a pair of 1-morphisms F:C— C and G:D— D’ in dgCatE;LOJ’pS the
usual Chk_l’ol -enriched tensor product functor FX G :CXD — C' XD’ from [21, Section 1.4].

The monoidal product of a pair of 2-morphisms

F G FXG
c ¢ ¢ D 1 D % CXD &y XD (A.27a)
F/ ¢ FRG'
in dgcatl, " is defined by
C RN ca = LcOrNd (A.27b)
€ B0 ed).c.a) (hORK) = .o (MBRC (k) Mg + ¢ F(M@rng.ar (k) (A27¢)

for all c,c’ €C, d,d €D, he C(c,c)? and k € D(d, d’)°. Note that for two Chk_wj—enriched strictly natural transformations,
ie. ¢ =0 and ng 4 =0 for all objects ¢,c’ € C and d,d’ € D, the tensor product ¢ X n agrees with the usual one from
enriched category theory.
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The monoidal product of a pair of 3-morphisms

FXG

F G
c;<EF>>¢/c’ Dn<z®>>n’D’ L cxpemy| 228 e R (A.28a)
F’ G’

F'XG’
in dgcatl, " is defined by

(TR O)(c.q) = Fc®rNd+ {BROG (A.28b)
for all ceC and d €D.
The monoidal unit u : 7 — dgCatl; """ is the chly"'-enriched category

—1,0],
R € dgcat, 0P (A.29)

consisting of a single object, say *, with morphisms R(x,x) :=R € ChE{w] given by the monoidal unit of the enrichment
category.

The associator and unitors for this monoidal structure are canonically given by the ones of the enrichment symmetric
monoidal category Chk_l’ol. The component at C,D € dgCatE{l’O]’ps of the symmetric braiding

Tcp : CKD — DXC (A.30a)

is the ChE{]’O]—enriched functor which sends objects (c,d) € CXID to (d, c¢) € DXIC and acts on morphisms via the symmetric
braiding of the enrichment symmetric monoidal category Ch%ﬁl’o]

(CXD)((c.d),(c'.d)) — — — =+ DRO)(d.0),(d.C))
| I (A.30b)
C(c,c)®gD(,d) ———— D, d)®gC(c, )
Yc(e.c)).Dd,d")
Note that the symmetric braiding satisfies the strict hexagon identities, i.e.
Tewpe = (TcgXidp) * (idc X tpE) (A31a)
Tcpxe = (idp X 7c ) * (tcp Xidg) (A.31b)

for all C,D,E € dgCatE{w]‘pS. Moreover, the symmetric braiding 7 is a 2CatP*-enriched natural transformation, which in
particular implies that it is strictly natural with respect to Chk_l’oj-enriched functors F : C— C/, i.e.

(id[) X F) % Tcp=Tc,p* (F X id[)) , (A.32)

for all D € dgCatly "OMP,

To conclude this subsection, we provide a convenient definition of braided monoidal category objects in the symmetric
monoidal 3-category dgCatE(]‘O]‘p S. Such objects can be defined with various levels of weakness since our ambient category
dgCatE{mJ’pS is a 3-category. For the purpose of our first-order deformation quantizations in Section 3, it suffices to consider
the following semi-strict variant.?

oy . . . . . . [—1,0],ps
Definition A.8. A (semi-strict) braided monoidal category object in dgCatj

the following data:

is a tuple (C,®,1,«, A, p, y) consisting of

(i) a ChE{LO]—enriched category C,

(ii) a chl 1% enriched functor ® : CXC— C (called monoidal product),
R

(iii) a Chg{]’o]—enriched functor 1: R — C (called monoidal unit),

(iv) invertible ChE{l’O]—enriched pseudo-natural transformations o : ® * (® X idc) = ® * (idc ¥ ®) (called associator), A :
® * (1 Xidc) = idc (called left unitor) and p : ® * (idc¢ X 1) = id¢ (called right unitor),

2 A weaker variant of braided monoidal category objects in dgCatk’l’O]’ps, allowing for non-trivial pentagonator and hexagonator modifications, however
seems to be required for the higher-order deformations explored in Subsection 3.3.

29



C. Kemp, R. Laugwitz and A. Schenkel Journal of Geometry and Physics 212 (2025) 105456

(v) an invertible Chg{l’o]—enriched pseudo-natural transformation y : ® = ® * 7¢,c (called braiding).

These data have to satisfy the usual coherence conditions for braided monoidal categories internal to the 3-category
dgCatk_l’O]’pS strictly, i.e. the pentagon, triangle and hexagon diagrams commute strictly up to equality of ChE{l’o]-enriched
pseudo-natural transformations.

A (semi-strict) symmetric monoidal category object in dgCatE{l’O]’ps is a braided monoidal category object (C,®,1,a, A, p,
y) with the property that the braiding y squares strictly to the identity, i.e. the o-composition of

y yxldee ¢
Q@ ———= Q*Tc,c ——= Q*Tcc*Tec = ® (A.33)

is equal to the identity Chk_l’ol -enriched pseudo-natural transformation Idg.
A.3. Homotopy 2-categories of symmetric monoidal dg-categories

Let R be a commutative K-algebra and denote by dgCatp the 2-category of Chg-enriched categories (dg-categories),
Chpg-enriched functors (dg-functors) and Chg-enriched strict natural transformations (dg-natural transformations). We shall
regard dgCaty as a 3-category (with trivial 3-morphisms) in the sense of Definition A.1. The lax symmetric monoidal trun-
cation functor t!=1.9: Chy — Chk_]’m from Lemma A.3 induces a change of base 3-functor

Ho, : dgCaty —> dgCatl "% C dgcatl, 0> (A.34)

which sends dg-natural transformations to strict Chge_]’m—enriched pseudo-natural transformations. Observe that, at the
level of objects, this 3-functor assigns to a dg-category C € dgCatg, with objects Cp and morphism cochain complexes

C(c, ¢) € Chg, its homotopy 2-category Ho(C) € dgCat%_l’O]’ps, i.e. the ChE{LO]—enriched category with the same objects Cp

and morphisms given by the truncated cochain complexes tI=1-9(C(c, ")) € Ch%‘l’ol.

Since the enrichment category Chg of cochain complexes of R-modules is symmetric monoidal with respect to the
relative tensor product ®g, there exists an induced symmetric monoidal structure on dgCatg, see e.g. [21, Section 1.4]. The
3-functor (A.34) assigning homotopy 2-categories is lax symmetric monoidal with the lax structure Ho,(C) X Hoy(D) —
Ho, (CXI D) induced from the lax structure of the good truncation functor in Lemma A.3, for all C, D € dgCaty. For later use,
we record the following direct consequence of this result.

Corollary A.9.Let (C,®,1,y) be a braided (or symmetric) monoidal dg-category. Then the homotopy 2-category Hoy(C) €

dgCatE{l’O]’ps is canonically a braided (or symmetric) monoidal category object in the symmetric monoidal 3-category dgCatE{l‘O]’lDS

from Proposition A.4.

Remark A.10. Note that the braided (or symmetric) monoidal category objects in dgCalth_w]’pS which are obtained from

this construction always have strictly natural associators, unitors and braidings. Our symmetric monoidal 3-category
dgCatE{l‘O]‘pS from Proposition A.4 is designed to provide more flexibility through the concept of enriched pseudo-natural
transformations, see also Definition A.8, which will be relevant for our deformation constructions in Section 3. A
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