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Abstract

We propose higher-order isoparametric finite element approximations for mean curvature flow and surface
diffusion. The methods are natural extensions of the piecewise linear finite element methods introduced
by Barrett, Garcke, and Nürnberg (BGN) in a series of papers in 2007 and 2008. The proposed schemes
exhibit unconditional energy stability and inherit the favorable mesh quality of the original BGN methods.
Moreover, in the case of surface diffusion we present structure-preserving higher-order isoparametric finite
element methods. In addition to being unconditionally stable, these also conserve the enclosed volume.
Extensive numerical results demonstrate the higher-order spatial accuracy, the unconditional energy stability,
the volume preservation for surface diffusion, and the good mesh quality.

Keywords: mean curvature flow, surface diffusion, isoparametric finite element method, unconditional
energy stability, structure preservation, high spatial order.

1. Introduction

Numerical methods for geometric evolution problems have been extensively studied over the last few
decades, with a particular focus on gradient flows such as mean curvature, surface diffusion and Willmore
flow. One of the most important numerical methods is the parametric finite element method, first proposed
by Dziuk [27] using the linear finite element method to solve mean curvature flow in three dimensions. Since
then, the parametric finite element method has been widely developed for a range of geometric evolution
problems, as discussed in the survey articles [13, 23].

The majority of contributions to the parametric finite element method for geometric evolution problems
have focused on the use of piecewise linear finite elements. Early pioneers for the use of higher-order
parametric finite elements have been Schmidt [52, 53] and Heine [35, 36]. In recent years, higher-order finite
element methods have also been studied for elliptic problems on a stationary surface [25], parabolic partial
differential equations on evolving surfaces [40], as well as partial differential equations involving coupled
bulk-surface systems [29, 30]. Significant progress has also been made in the numerical analysis of higher-
order numerical schemes for geometric evolution problems. Building upon Huisken’s evolution equations,
Kovács, Lubich, and Li introduced evolving finite element methods under a matrix formulation for mean
curvature flow [41] and proved its convergence for higher-order finite elements. Their idea was then later
extended to other geometric flows, such as the Willmore flow [43], forced mean curvature flow [42], and
generalized mean curvature flow [17]. For Dziuk’s original scheme of mean curvature flow, Li [44, 45] has
established convergence results for curves and surfaces with higher-order finite elements. To address the
issue of mesh quality, Hu and Li [37] proposed a convergent higher-order method with the introduction of an
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artificial tangential velocity. More recently, Bai and Li considered a new approach for Dziuk’s scheme and
proved convergence based on the projected distance [3]. A similar idea for the convergence of a stabilized
BGN scheme was presented in [1, 2]. It is noteworthy that the aforementioned numerical methods leverage
higher-order techniques to ensure stability estimates through the use of inverse inequalities. However, as
far as the authors know, there is still a lack of proof for the unconditional energy stability and structure-
preserving properties in the context of higher-order isoparametric finite elements for mean curvature flow
and surface diffusion.

The primary goal of this paper is to construct unconditionally energy-stable higher-order isoparametric
finite element methods for mean curvature flow and surface diffusion, applicable to both curve and surface
evolution problems. This work extends the results established for linear finite elements by Barrett, Garcke,
and Nürnberg (BGN) in [10–12] to higher-order elements. The proposed method is built upon the isopara-
metric surface finite elements framework presented in [25, 30, 36]. Higher-order polynomials piecewisely
parametrize the approximating curve or surface over the flat reference grid, and the simulation can be im-
plemented by determining the movement of the Lagrange points [30, 49]. A key observation is that the
difference between the curve/surface elements is controlled by a quantity determined by the local flow map.
Specifically, in Lemmas 2.1 and 3.1 we prove the following pointwise estimates for the curve evolution case
and surface evolution case, respectively:[

∇sX · ∇s(X − id)
]
◦ Y |∂τ̂Y | ≥ |∂τ̂ Ỹ | − |∂τ̂Y |, for curves,[

∇σX : ∇σ(X − id)
]
◦ Y |J (Y )| ≥ |J (Ỹ )| − |J (Y )|, for surfaces,

where ∇s and ∇σ is the curve/surface gradient, Y and Ỹ are the parametrization of the C1-pieces σ and
σ̃ over the reference grid, |∂τ̂Y | and |J (Y )| are the curve/surface element over the reference element, and

X = Ỹ ◦ Y −1 : σ → σ̃ is the local transformation map.
These estimates enable us to integrate over the reference element and derive the corresponding energy

stability results. In contrast to the linear finite element case [10–12], the normal vector and the curve/surface
integration element over the approximating curve/surface are not piecewise constant, nor even polynomial
functions. Therefore, the use of numerical integration and appropriate quadrature rules is necessary for the
implementation of these higher-order methods. Another key advantage of the proven pointwise estimates
is that they lead to numerical energy stability under any quadrature rule with positive weights. This
demonstrates the practical robustness of the proposed higher-order methods, as the energy stability is
guaranteed regardless of the specific quadrature rules employed.

It is well-known that surface diffusion exhibits two important geometric structures: (i) the perimeter/area
of the curve/surface is decreasing, and (ii) the area/volume of the region enclosed by the curve/surface is
preserved. Much effort has been devoted to designing numerical methods to preserve both key geometric
structures. The original BGN method [11, 12] satisfies an unconditional energy stability result on the fully
discrete level, as well as stability and volume conservation for a semidiscrete approximation. One of the
pioneering works towards fully discrete structure-preserving methods is the study by Jiang and Li [38]. Later,
Bao and Zhao [9] proposed a weakly implicit method that approximates the normal vector using information
from the adjacent time step. This idea has been widely adopted and extended to other scenarios, including
axisymmetric geometric evolution equations [5], anisotropic surface diffusion [6–8], two-phase Navier–Stokes
flow [34], or the Mullins–Sekerka evolution [46].

The next goal of this paper is to design a structure-preserving isoparametric finite element method of
surface diffusion, applicable to both curve and surface evolution problems. To achieve this, we employ the
idea introduced by Bao and Zhao [9], which uses the approximation of the normal vector based on the
current and next-time step information. A key observation in our work is that under the parametrization
of the reference element, both the integrands of the area/volume functional and the time derivative of the
area/volume of the curve/surface are polynomial functions. Therefore, we can obtain the exact preservation
of the area/volume property by using sufficiently accurate numerical integration and quadrature rules.

Finally, we would like to remark that while this paper focuses on high-order spatial discretizations, the
time discretization remains of low order. Recent developments of high-order, energy-decaying time dis-
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cretization methods for geometric flows include an averaged vector-field collocation method [26], a Lagrange
multiplier approach [32], and a Crank–Nicolson type predictor-corrector scheme [24].

The remainder of the paper is organized as follows: Section 2 focuses on the curve evolution problem. We
first review the preliminaries of isoparametric finite element methods for curves and then prove the uncondi-
tional energy stability of the proposed schemes. Furthermore, we introduce a structure-preserving numerical
method for the surface diffusion of curves. Section 3 extends the constructions and proofs presented in Sec-
tion 2 to the surface evolution case. The development of the isoparametric finite element methods and the
corresponding stability and structure-preservation analyses are conducted for the surface case. Section 4
presents extensive numerical results to illustrate the accuracy and robustness of the proposed higher-order
isoparametric finite element methods for both curve and surface evolution problems. Finally, in Section 5,
we draw some conclusions.

2. Curve evolution

In this section, we consider curvature flow and surface diffusion for a family of planar curves Γ(t),
determined by

V =

{
κ, curvature flow of curves,

−∂ssκ, surface diffusion of curves,

where V is the normal velocity along the curve Γ, κ is the curvature and s is the arc-length.

2.1. Isoparametric finite element approximation

We define higher-order analogues of the piecewise linear finite elements studied in [11]. We follow the

framework in [30, Section 6] and first define the reference finite element triple (K̂, V̂, Σ̂). Here K̂ = [0, 1] ⊂ R
is the reference 1-simplex, V̂ = Pℓ(K̂) is a finite-dimensional space consisting of polynomial functions of

degree ≤ ℓ over K̂, Σ̂ ⊂ K̂ is the set of Lagrange nodes as the dual space of V̂, which determines V̂ in the
sense that if φ̂(x̂) = 0 for all x̂ ∈ Σ̂, then φ̂ = 0 ∈ V̂. Define a reference grid Γ̂h consisting of flat segments
σ̂j as the images of the reference simplex by affine linear maps Aj

Γ̂h =

N⋃
j=1

σ̂j , σ̂j = Aj(K̂), h =
N

max
j=1

diam(σ̂j),

where diam(σ̂j) is the length of the segment σ̂j . To approximate the evolution of closed curves Γ(tm),
tm ∈ [0, T ], by higher order polynomials, following [25, 36], we look for the parametric representation Γm

h =

Y m
h (Γ̂h) over the reference grid Γ̂h. Equivalently, we search for the piecewise Pℓ functions Fm

h,j := Y m
h |σ̂j

◦Aj

over the reference simplex, and decompose Γm
h =

⋃N
j=1 σ

m
j into piecewise curved line segments, see Figure 1.

σm
j

K̂

σ̂j

Fm
h,j

Aj

Y m
h |

σ̂j

Figure 1: Mappings between the reference element K̂, an element of the reference grid σ̂j , and a curved element in the
parametrized grid σm

j .
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For simplicity, we fix τ > 0 as a uniform time step size and set tm = mτ , m ≥ 0. Suppose for Γ(tm)

we already have an approximating curve Γm
h = Y m

h (Γ̂h) with a piecewise Pℓ function Y m
h |σ̂j

∈ Pℓ(σ̂j), we

define the surface finite element space Vm
ℓ over Γm

h as

Vm
ℓ :=

{
vh ∈ H1(Γm

h ) : vh ◦ Y m
h |σ̂j

∈ Pℓ(σ̂j), j = 1, . . . , N
}
.

We consider the following formulations for two geometric evolution equations of curves [10, 11]: mean
curvature flow (MCF) and surface diffusion (SD) of curves

∂tY ◦ Y −1 · n =

{
κ, MCF in 2d,

−∂ssκ, SD in 2d,

κn = ∂ssid,

where Y (t) : Γ̂ → Γ(t) is the parametrization of Γ(t), Γ̂ is a fixed reference curve with the same topology as
Γ(t), κ is the curvature, s represents the arc-length and ∂s is the differentiation with respect to the arc-length
parametrization. Here, the coupled equations are defined on the evolving curve Γ(t) and n denotes the unit
outer normal to Γ(t). We then consider the following higher-order in space method:

Isoparametric finite element method with exact integration: Find the solution (called the local flow
map) Xm+1

h ∈ [Vm
ℓ ]2 and κm+1

h ∈ Vm
ℓ that satisfy the following equations(

Xm+1
h − id

τ
, φhn

m
h

)
Γm
h

=

{ (
κm+1
h , φh

)
Γm
h

, MCF in 2d,(
∇sκ

m+1
h ,∇sφh

)
Γm
h

, SD in 2d,
(2.1a)

(
κm+1
h nm

h ,ηh

)
Γm
h

+
(
∇sX

m+1
h ,∇sηh

)
Γm
h

= 0, (2.1b)

for any φh ∈ Vm
ℓ and ηh ∈ [Vm

ℓ ]2. Here, the unit normal nm
h and the discrete differential operator ∇s over

Γm
h are all defined piecewise as

nm
h ◦ Y m

h =
(∂τ̂Y

m
h )⊥

|∂τ̂Y m
h |

on Γ̂h, and ∇sf = ∂τmf τm on Γm
h ,

where τ̂ is the unit tangent vector of Γ̂h, ∂τ̂ is the directional derivative with respect to τ̂ , and τm is the
unit tangent vector of Γm

h . Moreover, the inner product (·, ·)Γm
h

is the L2–inner product over Γm
h , defined as

(u, v)Γm
h
=

∫
Γm
h

u · v ds =

∫
Γ̂h

(u ◦ Y m
h ) · (v ◦ Y m

h ) |∂τ̂Y m
h |ds. (2.2)

Now, suppose we have the solution of (2.1). Then we define Y m+1
h := Xm+1

h ◦Y m
h , and Γm+1

h := Y m+1
h (Γ̂h)

is the desired higher-order isoparametric approximation of Γ(tm+1) = Y (tm+1)(Γ̂).
In practice, performing the integration in (2.2) exactly for ℓ ≥ 2 is not easily possible, since the integrand

is not a polynomial. Therefore, we now investigate using numerical integration with the help of suitable
quadrature rules. Let {ξ̂i}Qi=1 be the distinct quadrature points and let {ω̂i}Qi=1 be the corresponding
quadrature weights. Then we define the following numerical integration over the reference element∫ h

K̂
f(x̂) dx̂ :=

Q∑
i=1

f(ξ̂i) ω̂i. (2.3)

Similarly, we can introduce the numerical integration over each of the flat elements σ̂j of the reference grid

Γ̂h as follows, ∫ h

σ̂j

f(x) ds :=

Q∑
i=1

(f ◦Aj)(ξ̂i) |∇Aj |(ξ̂i) ω̂i.
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We say the numerical integration (2.3) is exact to degree p, if for any f ∈ Pp(K̂) it holds that
∫ h

K̂ f(x̂) dx̂ =∫
K̂ f(x̂) dx̂. By quadrature over the reference element, we introduce the inner product (u, v)hΓm

h
as

(u, v)hΓm
h
:=

∫ h

Γ̂h

(u ◦ Y m
h ) · (v ◦ Y m

h ) |∂τ̂Y m
h |ds

:=

N∑
j=1

∫ h

σ̂j

(u ◦ Y m
h ) · (v ◦ Y m

h )|∂τ̂Y m
h | ds

=

N∑
j=1

∫ h

K̂
(u ◦ Fm

h,j) · (v ◦ Fm
h,j) |∇Fm

h,j | dx̂

=

N∑
j=1

Q∑
i=1

(u ◦ Fm
h,j)(ξ̂i) · (v ◦ Fm

h,j)(ξ̂i) |∇Fm
h,j(ξ̂i)| ω̂i, (2.4)

where the surface element |∇Fm
h,j(ξ̂i)| is defined pointwise as the norm of the vector ∇Fm

h,j ∈ R2, see also
the analogous definitions in [2, 3]. In the above, we have used the definition Fm

h,j = Y m
h ◦Aj and the chain

rule to get |∇Fm
h,j | = |∂τ̂Y m

h ||∇Aj |.
In practice, classical Newton–Cotes, Gauss or Gauss–Lobatto quadrature rules can be used. However, to

obtain unconditionally stable schemes with numerical integration, the quadrature weights need to be positive.
Observe that (2.3) with Q = 2 and with the quadrature points ξ̂1 = 0, ξ̂2 = 1 and weights ω̂1 = ω̂2 = 1

2
corresponds to the lumped mass inner product considered in [11]. With the numerical integration in (2.4)
at hand, we then consider the following higher-order method in practice:

Isoparametric finite element method with numerical integration: Find the solution (called the local
flow map) Xm+1

h ∈ [Vm
ℓ ]2 and the approximative curvature κm+1

h ∈ Vm
ℓ that satisfy the following equations

(
Xm+1

h − id

τ
, φhn

m
h

)h

Γm
h

=


(
κm+1
h , φh

)h
Γm
h

, MCF in 2d,(
∇sκ

m+1
h ,∇sφh

)h
Γm
h

, SD in 2d,
(2.5a)

(
κm+1
h nm

h ,ηh

)h
Γm
h

+
(
∇sX

m+1
h ,∇sηh

)h
Γm
h

= 0, (2.5b)

for any φh ∈ Vm
ℓ and ηh ∈ [Vm

ℓ ]2. Combined with the numerical integration (2.4), we only need to evaluate
the normal vector and surface gradient operator at the quadrature points.

2.2. Well-posedness and unconditional energy stability

In this subsection, we establish the well-posedness of (2.1) and (2.5) under mild conditions, as well as
the unconditional energy stability for both schemes.

Theorem 2.1 (Well-posedness for (2.1)). Assume that the discrete curve Γm
h satisfies the following mild

conditions

(A1) The curve elements are nondegenerate, i.e., for each σ̂j, j = 1, . . . , N , it holds

|∂τ̂Y m
h | > 0, on σ̂j .

(A2) Nonparallel assumption, that is

dim span
{
(nm

h φh, 1)Γm
h
|φh ∈ Vm

ℓ

}
= 2.

Then the system (2.1) has a unique solution.
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Proof. We first consider the linear algebraic systems (2.1). It suffices to show that the following homogeneous
equation only has the zero solution in [Vm

ℓ ]2 × Vm
ℓ . We hence require for any φh ∈ Vm

ℓ and ηh ∈ [Vm
ℓ ]2(

Xh

τ
, φhn

m
h

)
Γm
h

=

{
(κh, φh)Γm

h
, MCF,

(∇sκh,∇sφh)Γm
h
, SD,

(2.6a)

(κhn
m
h ,ηh)Γm

h
+(∇sXh,∇sηh)Γm

h
= 0. (2.6b)

Indeed, taking φh = κh in (2.6a) and ηh = Xh in (2.6b), we obtain

(∇sXh,∇sXh)Γm
h
=

{
−τ (κh, κh)Γm

h
, MCF,

−τ (∇sκh,∇sκh)Γm
h
, SD.

Using the non-degeneracy assumption (A1), this leads to κh = 0 and Xh = Xc a constant vector in the
curvature flow case and κh = κc and Xh = Xc a constant vector in the surface diffusion case. Now
substituting κh and Xh back into (2.6a) and (2.6b), we arrive at

0 = (Xh, φhn
m
h )Γm

h
= Xc · (1, φhn

m
h )Γm

h
,

which implies that Xh = 0 by assumption (A2). It remains to show that κc = 0 in the surface diffusion
case. To this end, we choose a φh,0 ∈ Vm

ℓ such that v0 := (nm
h φh,0, 1)Γm

h
is nonzero, which is possible thanks

to assumption (A2). Then we choose ηh = κcv0φh,0 in (2.6b), and obtain

0 = κc (nm
h ,ηh)Γm

h
= (κc)2 (nm

h ,v0φh,0)Γm
h
= (κc)2v0 · (nm

h , φh,0)Γm
h
= (κc)2|v0|2.

Hence κc = 0, which completes the proof.

A similar argument can be applied to the practical scheme (2.5).

Theorem 2.2 (Well-posedness for (2.5)). Assume that the discrete curve Γm
h satisfies the following mild

conditions

(A1h) The curve elements are nondegenerate over the quadrature points, i.e., for each σ̂j, j = 1, . . . , N , it
holds

|∂τ̂Y m
h |(xji) > 0, i = 1, . . . , Q,

where {xji}
Q
i=1 ⊂ σ̂j is the image of {ξ̂i}Qi=1 under the affine linear map Aj. Equivalently,

|∇Fm
h,j(ξ̂i)| > 0, j = 1, . . . , N, i = 1, . . . , Q.

(A2h) Nonparallel assumption for numerical integration, that is

dim span
{
(nm

h φh, 1)
h
Γm
h
|φh ∈ Vm

ℓ

}
= 2.

We further assume that the quadrature rule (2.3) satisfies

(A3h) It holds that Q ≥ ℓ+ 1 and ω̂i > 0 for i = 1, . . . , Q.

Then, the system (2.5) has a unique solution.

Proof. We first notice that for any fh ∈ Vm
ℓ , we have (fh, fh)

h
Γm
h

≥ 0 with equality if and only if fh = 0.

Indeed, by definition (2.4), assumption (A1h) and (A3h), we have

(fh, fh)
h
Γm
h
=

N∑
j=1

Q∑
i=1

|(fh ◦ Fm
h,j)(ξ̂i)|2 |∇Fm

h,j(ξ̂i)| ω̂i ≥ 0,

with equality if and only if (fh ◦ Fm
h,j)(ξ̂i) = 0 for all quadrature points ξ̂i. Since fh ◦ Fm

h,j is a polynomial

of degree ℓ and Q ≥ ℓ + 1, we have fh = 0. Similarly, for any fh ∈ Vm
ℓ , we have (∇sfh,∇sfh)

h
Γm
h

≥ 0 with

equality if and only if fh is constant. The rest of the proof proceeds as the proof of Theorem 2.1.
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Remark 2.1. The conditions above are natural generalizations of the mild conditions considered in [11].
Obviously, the assumption (A1) implies (A1h). On the other hand, the assumptions (A2) and (A2h) are
equivalent if the quadrature rule (2.3) is exact to degree 2ℓ− 1. Indeed, we first note that the normal vector
can be represented as

nm
h ◦ Fm

h,j =
(∇Fm

h,j)
⊥

|∇Fm
h,j |

over the reference simplex. Then, for a quadrature rule (2.3) that is exact to degree 2ℓ− 1 we have

(1, φhn
m
h )Γm

h
=

∫
Γ̂h

(φh ◦ Y m
h )

(∂τ̂Y
m
h )⊥

|∂τ̂Y m
h |

|∂τ̂Y m
h | ds =

N∑
j=1

∫
σ̂j

(φh ◦ Y m
h ) (∂τ̂Y

m
h )⊥ ds

=

N∑
j=1

∫
K̂
(φh ◦ Fm

h,j) (∇Fm
h,j)

⊥ dx̂ =

N∑
j=1

∫ h

K̂
(φh ◦ Fm

h,j) (∇Fm
h,j)

⊥ dx̂

=

N∑
j=1

∫ h

K̂
(φh ◦ Fm

h,j)
(∇Fm

h,j)
⊥

|∇Fm
h,j |

|∇Fm
h,j | dx̂ = (1, φhn

m
h )

h
Γm
h
,

where we have observed that each component of the vector (φh ◦ Fm
h,j) (∇Fm

h,j)
⊥ is a polynomial of degree

≤ 2ℓ− 1 over K̂.

The following lemma will be crucial to prove a generalization of [13, Lemma 57] to curved elements. In

later applications we will choose σ̂ to be flat and Y and Ỹ to be polynomial.

Lemma 2.1. Let σ̂, σ, σ̃ ⊂ R2 be three C1-curves, with or without boundary. Let σ, σ̃ ⊂ R2 be parametrized
by Y : σ̂ → R2 and Ỹ = X ◦ Y : σ̂ → R2, respectively, where X ∈ C1(σ,R2). Then the following inequality
holds [

∇sX · ∇s(X − id)
]
◦ Y |∂τ̂Y | ≥ |∂τ̂ Ỹ | − |∂τ̂Y |, on σ̂, (2.7)

where the equality holds if X = id ∈ C1(σ,R2). Here, the curve gradient ∇s is defined over σ.

Proof. Let τ be the unit tangent of σ. Then, by definition, we have

∇sX = ∂τX ⊗ τ , and ∇sid = τ ⊗ τ .

Then we can estimate by using the chain rule

[∇sX · ∇s(X − id)] ◦ Y |∂τ̂Y | ≥ 1

2
(|∇sX|2 − |∇sid|2) ◦ Y |∂τ̂Y |

=
1

2
(|∂τX|2 − 1) ◦ Y |∂τ̂Y |

≥ (|∂τX| − 1) ◦ Y |∂τ̂Y |

= |∂τ̂ Ỹ | − |∂τ̂Y |,

where in the first line and the third line we use the basic inequalities for u,v ∈ R2 and f ∈ R

u · (u− v) ≥ 1

2
(|u|2 − |v|2), and

f2 − 1

2
≥ f − 1,

respectively. This proves (2.7). Clearly, (2.7) holds with equality if X = id ∈ C1(σ,R2).

Theorem 2.3 (Unconditional energy stability with exact integration). Under assumption (A1), suppose
that (Xm+1

h , κm+1
h ) ∈ [Vm

ℓ ]2 × Vm
ℓ is a solution of (2.1). Then for any M ≥ 0, we have

H1(ΓM+1
h ) ≤ H1(Γ0

h)−

{
τ
∑M

m=0

(
κm+1
h , κm+1

h

)
Γm
h

, MCF,

τ
∑M

m=0

(
∇sκ

m+1
h ,∇sκ

m+1
h

)
Γm
h

, SD,
(2.8)

where H1(Γm
h ) :=

∫
Γm
h
ds =

∫
Γ̂h

|∂τ̂Y m
h | ds is the exact energy (perimeter) of the discrete curve Γm

h .
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Proof. Take φh = κm+1
h ∈ Vm

ℓ in (2.1a) and ηh = Xm+1
h − id|Γm

h
∈ [Vm

ℓ ]2 in (2.1b), we obtain

(
∇sX

m+1
h ,∇s(X

m+1
h − id)

)
Γm
h

= −

{
τ
(
κm+1
h , κm+1

h

)
Γm
h

≤ 0, MCF,

τ
(
∇sκ

m+1
h ,∇sκ

m+1
h

)
Γm
h

≤ 0, SD.

Denote Γm+1
h =

⋃N
j=1 σ

m+1
j and Γm

h =
⋃N

j=1 σ
m
j be the decomposition of curved elements. For each j =

1, . . . , N , we apply Lemma 2.1 for σ̂ = σ̂j , σ = σm
j , Y = Y m

h |σ̂j
, σ̃ = σm+1

j , Ỹ = Y m+1
h |σ̂j

= Xm+1
h ◦Y m

h |σ̂j

and obtain [
∇sX

m+1
h · ∇s(X

m+1
h − id)

]
◦ Y m

h |∂τ̂Y m
h | ≥ |∂τ̂Y m+1

h | − |∂τ̂Y m
h |, on σ̂j .

Integrating over σ̂j and taking the summation over j = 1, . . . , N , using the definition of integration, we
arrive at

(
∇sX

m+1
h ,∇s

(
Xm+1

h − id
))

Γm
h

=

∫
Γ̂h

[
∇sX

m+1
h · ∇s(X

m+1
h − id)

]
◦ Y m

h |∂τ̂Y m
h | ds

≥
∫
Γ̂h

(|∂τ̂Y m+1
h | − |∂τ̂Y m

h |) ds

=

∫
Γ̂h

|∂τ̂Y m+1
h | ds−

∫
Γ̂h

|∂τ̂Y m
h | ds = H1(Γm+1

h )−H1(Γm
h ).

We then complete the proof by induction for m.

Theorem 2.4 (Unconditional energy stability with numerical integration). Assume that (A1h) holds and
that the quadrature rule (2.3) has positive weights ω̂i > 0 for i = 1, . . . , Q. Let (Xm+1

h , κm+1
h ) ∈ [Vm

ℓ ]2×Vm
ℓ

be a solution of (2.5). Then for any M ≥ 0, we have

LM+1
h ≤ L0

h −

 τ
∑M

m=0

(
κm+1
h , κm+1

h

)h
Γm
h

, MCF,

τ
∑M

m=0

(
∇sκ

m+1
h ,∇sκ

m+1
h

)h
Γm
h

, SD,
(2.9)

where Lm
h := (1, 1)

h
Γm
h

is the numerical energy (perimeter) of the discrete curve Γm
h .

Proof. Similarly to the proof of Theorem 2.3, we can obtain the following inequality at each quadrature
point xji = Fm

h,j(ξ̂i),[
∇sX

m+1
h · ∇s(X

m+1
h − id)

]
◦ Y m

h |∂τ̂Y m
h | ≥ |∂τ̂Y m+1

h | − |∂τ̂Y m
h |, at xji = Fm

h,j(ξ̂i).

Therefore, multiplying both sides by |∇Aj | ω̂i, taking the sum first over i = 1, . . . , Q, and then over j =
1, . . . , N , wo obtain on recalling (2.3) that

(
∇sX

m+1
h ,∇s

(
Xm+1

h − id
))h

Γm
h

=

∫ h

Γ̂h

[
∇sX

m+1
h · ∇s(X

m+1
h − id)

]
◦ Y m

h |∂τ̂Y m
h | ds

≥
∫ h

Γ̂h

|∂τ̂Y m+1
h | ds−

∫ h

Γ̂h

|∂τ̂Y m
h | ds = Lm+1

h − Lm
h .

The remainder of the proof proceeds as the proof of Theorem 2.3.
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2.3. Structure-preserving isoparametric finite element scheme for surface diffusion of curves

In this subsection, we propose an implicit isoparametric scheme for surface diffusion of curves that
conserves the enclosed area exactly, and which can be seen as an extension of the work of Bao and Zhao [9]
to higher-order. Here, it is possible to consider schemes with both exact and numerical integration. In fact,
for the area enclosed by Γm

h it holds that

Am
h :=

1

2

∫
Γm
h

id · nm
h ds =

1

2

∫
Γ̂h

Y m
h · (∂τ̂Y m

h )⊥ ds =
1

2

N∑
j=1

∫
K̂
Fm

h,j · (∇Fm
h,j)

⊥ dx̂, (2.10)

where we notice that Fm
h,j · (∇Fm

h,j)
⊥ is a polynomial of degree ≤ 2ℓ− 1. Hence if the quadrature rule (2.3)

is exact to degree 2ℓ− 1, then (2.10) implies that Am
h = 1

2 (id,n
m
h )

h
Γm
h
. For simplicity, we only consider the

scheme with numerical integration for the structure-preserving approximation in this subsection.

Structure-preserving isoparametric finite element method with numerical integration for sur-
face diffusionin 2d: For m ≥ 0, we find Xm+1

h ∈ [Vm
ℓ ]2 and κm+1

h ∈ Vm
ℓ such that the following equations

hold for any φh ∈ Vm
ℓ and ηh ∈ [Vm

ℓ ]2(
Xm+1

h − id

τ
, φhn

m+ 1
2

h

)h

Γm
h

−
(
∇sκ

m+1
h ,∇sφh

)h
Γm
h

= 0, (2.11a)

(
κm+1
h n

m+ 1
2

h ,ηh

)h
Γm
h

+
(
∇sX

m+1
h ,∇sηh

)h
Γm
h

= 0. (2.11b)

Here, the intermediate normal vector is piecewise defined by

n
m+ 1

2

h ◦ Y m
h :=

(∂τ̂Y
m+1
h + ∂τ̂Y

m
h )⊥

2|∂τ̂Y m
h |

, on σ̂j ,

where Y m+1
h := Xm+1

h ◦Y m
h as usual. Hence, in contrast to our previous schemes, the approximation (2.11)

leads to a system of nonlinear equations at each time level.

Theorem 2.5 (Structure-preserving property with numerical integration). Assume that (A1h) holds, that
the quadrature rule (2.3) has positive weights ω̂i > 0 for i = 1, . . . , Q, and that it is exact to degree 2ℓ − 1.
Let (Xm+1

h , κm+1
h ) ∈ [Vm

ℓ ]2 × Vm
ℓ be a solution of (2.11). Then for any M ≥ 0, we have

LM+1
h + τ

M∑
m=0

(
∇sκ

m+1
h ,∇sκ

m+1
h

)h
Γm
h

≤ L0
h, AM+1

h = AM
h = · · ·A1

h = A0
h, (2.12)

where Am
h is the area enclosed by Γm

h .

Proof. The energy stability can be shown as in the proof of Theorem 2.4. For the area-preserving property, we
first define the linear interpolation Γh(α) between the discrete curves Γm+1

h = Y m+1
h (Γ̂h) and Γm

h = Y m
h (Γ̂h)

via Γh(α) = Yh(Γ̂h, α) for

Yh(·, α) := αY m+1
h + (1− α)Y m

h , 0 ≤ α ≤ 1.

Note that Yh(·, α) is also a piecewise polynomial of degree ≤ ℓ and is uniquely determined by the values

(1− α)Y m+1
h (xji) + αY m

h (xji) at the Lagrange nodes {xji}j=1,...,N,i=1,...,ℓ+1 ⊂ Γ̂h. Then, for the family of
curves Γh(α), we define the normal

nh(α) ◦ Yh(α) :=
(∂τ̂Yh(α))

⊥

|∂τ̂Yh(α)|
, in σ̂j , j = 1, . . . , N.

Thanks to our assumptions on the quadrature rule, the area Ah(α) enclosed by Γh(α) can be computed
exactly by the natural analogue of the formula (2.10).
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Applying the Reynolds transport theorem [4] to Γh(α), integrating with respect to α from 0 to 1, and
setting φh = τ in (2.11a), we have

Am+1
h −Am

h =

∫ 1

0

d

dα
Ah(α) dα

=

∫ 1

0

∫
Γh(α)

∂αYh(α) · nh(α) ds dα

=

∫ 1

0

∫
Γ̂h

[Y m+1
h − Y m

h ] · (∂τ̂Yh(α))
⊥ ds dα

=

∫
Γ̂h

[Y m+1
h − Y m

h ] ·
∫ 1

0

[
α∂τ̂Y

m+1
h + (1− α)∂τ̂Y

m
h

]⊥
dα ds

=

∫
Γ̂h

[Y m+1
h − Y m

h ] ·
[
∂τ̂Y

m+1
h + ∂τ̂Y

m
h

2

]⊥
ds

=

∫ h

Γ̂h

[Y m+1
h − Y m

h ] ·
[
∂τ̂Y

m+1
h + ∂τ̂Y

m
h

2

]⊥
ds

=
(
Xm+1

h − id,n
m+ 1

2

h

)h
Γm
h

=
(
∇sκ

m+1
h ,∇sτ

)h
Γm
h

= 0,

where we have observed that the integrand [Y m+1
h −Y m

h ] ·
[
∂τ̂Y

m+1
h +∂τ̂Y

m
h

2

]⊥
is a polynomial of degree 2ℓ−1

on σ̂j . We then complete the proof of the area-preservation property by induction.

3. Surface evolution

In this section, we consider mean curvature flow and surface diffusion for a family of surfaces Γ(t),
determined by

V =

{
H, mean curvature flow of surfaces,

−∆ΓH, surface diffusion of surfaces,

where V is the normal velocity along the surface Γ, H is the mean curvature and ∆Γ represents the Laplacian–
Beltrami operator on Γ.

3.1. Isoparametric finite element approximation

In this section, we use the surface finite element method setup proposed in [25, 30, 36]. We first define

the reference element space (K̂, V̂, Σ̂) in R2, where K̂ is the classical 2-simplex in R2, V̂ = Pℓ(K̂) and

Σ̂ is the classical set of Lagrange nodes [20]. Similar to the case of the curves, we define a reference

grid Γ̂h consisting of flat triangles σ̂j as the image of the reference simplex by affine linear maps Aj , and
set h = maxJj=1 diam(σ̂j), where diam(σ̂j) is the diameter of the triangle σ̂j . Subsequently, we find the
parametrization Y m

h over the reference grid by the isoparametric finite element method; equivalently, we
find the piecewise approximation Fm

h,j over the reference simplex.
For the full discretization, suppose for Γ(tm) we already have an approximating surface

Γm
h =

J⋃
j=1

σm
j = Y m

h (Γ̂h)

for some function Y m
h |σ̂j

∈ Pℓ(σ̂j) and m ≥ 0, we can similarly define the evolving surface finite element

space Wm
ℓ over Γm

h as

Wm
ℓ :=

{
vh ∈ H1(Γm

h ) : vh ◦ Y m
h |σ̂j

∈ Pℓ(σ̂j), j = 1, . . . , J.
}
.
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We consider the following two formulations for geometric evolution equations of surfaces [10, 11]: mean
curvature flow (MCF) and surface diffusion (SD)

∂tY ◦ Y −1 · n =

{
H, MCF in 3d,

−∆ΓH, SD in 3d,

Hn = ∆Γid,

where Y (t) : Γ(0) → Γ(t) is the flow map and can be seen as the parametrization of Γ(t) over Γ(0). Here
the coupled equations are defined on the evolving surface Γ(t) and n denotes the unit outer normal to Γ(t).
We then consider the following fully discrete higher-order finite element method:

Isoparametric finite element method with exact integration: Find the solution (called the local flow
map) Xm+1

h ∈ [Wm
ℓ ]3 and Hm+1

h ∈ Wm
ℓ that satisfy the following equations

(
Xm+1

h − id

τ
, φhn

m
h

)
Γm
h

=


(
Hm+1

h , φh

)
Γm
h

, MCF in 3d,(
∇Γm

h
Hm+1

h ,∇Γm
h
φh

)
Γm
h

, SD in 3d,
(3.1a)

(
Hm+1

h nm
h ,ηh

)
Γm
h

+
(
∇Γm

h
Xm+1

h ,∇Γm
h
ηh

)
Γm
h

= 0 (3.1b)

for any φh ∈ Wm
ℓ and ηh ∈ [Wm

ℓ ]3. Here nm
h and ∇Γm

h
are the piecewise defined unit normal and surface

gradient on Γm
h . We then define Y m+1

h := Xm+1
h ◦Y m

h , and Γm+1
h := Y m+1

h (Γ̂h) is the desired isoparametric
higher-order approximation of Γ(tm+1).

As before, the inner product (·, ·)Γm
h

is the exact integration defined as

(u, v)Γm
h
:=

∫
Γm
h

u · v ds =

∫
Γ̂h

(u ◦ Y m
h ) · (v ◦ Y m

h ) |J (Y m
h )| ds, (3.2)

where J (Y m
h ) = ∂τ̂1

Y m
h × ∂τ̂2

Y m
h on σ̂j , with {τ̂1, τ̂2} being an orthonormal basis of the tangent space of

σ̂j . Similarly, the unit normal vector is piecewise represented as

nm
h ◦ Y m

h =
J (Y m

h )

|J (Y m
h )|

on σ̂j . (3.3)

Here we assume that the orientations of σ̂j and Y m
h are chosen such that nm

h almost everywhere on Γm
h is

the outer unit normal.
Similar to the curve case, in practice, we choose a suitable quadrature rule on the reference simplex

K̂ to compute the integrals. Let {ξ̂i}Qi=1 ⊂ K̂ be the distinct quadrature points and let {ω̂i}Qi=1 be the
corresponding quadrature weights. We introduce∫ h

K̂
f(x̂) dx̂ :=

Q∑
i=1

f(ξ̂i) ω̂i. (3.4)

The numerical integration over each flat triangle σ̂j of the reference grid Γ̂h is then defined by

∫ h

σ̂j

f(x) ds :=

Q∑
i=1

(f ◦Aj)(ξ̂i) |J (Aj)|(ξ̂i) ω̂i.

where J (Aj) = ∂e1
Aj ×∂e2

Aj , with e1 and e2 denoting the unit vectors in R2. We say that the quadrature

rule (3.4) is exact to degree p if, for any f ∈ Pp(K̂), the numerical integral is equal to the integral of f . We
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define the quadrature-based inner product (u, v)hΓm
h

over the surface Γm
h as

(u, v)hΓm
h
:=

∫ h

Γ̂h

(u ◦ Y m
h ) · (v ◦ Y m

h ) |J (Y m
h )| ds

:=

J∑
j=1

∫ h

σ̂j

(u ◦ Y m
h ) · (v ◦ Y m

h ) |J (Y m
h )| ds

=

J∑
j=1

∫ h

K̂
(u ◦ Fm

h,j) · (v ◦ Fm
h,j) |J (Fm

h,j)| dx̂

=

J∑
j=1

Q∑
i=1

(u ◦ Fm
h,j)(ξ̂i) · (v ◦ Fm

h,j)(ξ̂i)|J (Fm
h,j)|(ξ̂i) ω̂i (3.5)

for functions u, v defined on the discrete surface Γm
h , where J (Fm

h,j) = ∂e1
Fm

h,j × ∂e2
Fm

h,j . In the above we
have used that |J (Fm

h,j)| = |J (Y m
h )||J (Aj)|, which follows from Lemma A.1 in Appendix A. The following

higher-order method is what we consider in practice:
Isoparametric finite element method with numerical integration: Find the solution (called the
local flow map) Xm+1

h ∈ [Wm
ℓ ]3 and Hm+1

h ∈ Wm
ℓ that satisfy the following equations

(
Xm+1

h − id

τ
, φhn

m
h

)h

Γm
h

=


(
Hm+1

h , φh

)h
Γm
h

, MCF in 3d,(
∇Γm

h
Hm+1

h ,∇Γm
h
φh

)h
Γm
h

, SD in 3d,
(3.6a)

(
Hm+1

h nm
h ,ηh

)h
Γm
h

+
(
∇Γm

h
Xm+1

h ,∇Γm
h
ηh

)h
Γm
h

= 0, (3.6b)

for any φh ∈ Wm
ℓ and ηh ∈ [Wm

ℓ ]3.

3.2. Well-posedness and unconditional energy stability

Similar to the curve evolution case, we prove the well-posedness under some mild conditions.

Theorem 3.1 (Well-posedness for (3.1) and (3.6)). Assume that the discrete surface Γm
h satisfies

(B1) The surface elements are nondegenerate, i.e., for each σ̂j, j = 1, . . . , J , it holds

|J (Y m
h )| > 0, on σ̂j .

(B2) Nonparallel assumption, that is

dim span
{
(nm

h φh, 1)Γm
h
|φh ∈ Wm

ℓ

}
= 3.

Then the system (3.1) has a unique solution. Moreover, assume that the discrete surface Γm
h satisfies

(B1h) The surface elements are nondegenerate over the quadrature points, i.e., for each σ̂j, j = 1, . . . , J , it
holds

|J (Y m
h )|(xji) > 0, i = 1, . . . , Q,

where {xji}
Q
i=1 ⊂ σ̂j is the image of {ξ̂i}Qi=1 under the affine linear map Aj. Equivalently,

|∇x̂F
m
h,j(ξ̂i)| > 0, j = 1, . . . , N, i = 1, . . . , Q.

(B2h) Nonparallel assumption, that is

dim span
{
(nm

h φh, 1)
h
Γm
h
|φh ∈ Wm

ℓ

}
= 3.
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And we further assume that the quadrature rule (3.4) satisfies

(B3h) It holds that ω̂i > 0 for i = 1, . . . , Q. Moreover, if f ∈ Pℓ(K̂) with f(ξ̂i) = 0 for i = 1, . . . , Q, then
f = 0.

Then the system (3.6) has a unique solution.

Proof. The argument is similar to the proofs of Theorems 2.1 and 2.2, and so we omit it here.

Remark 3.1. Similar to Remark 2.1, the assumption (B1) implies (B1h). Moreover, by writing the normal
vector over the reference simplex as

nm
h ◦ Fm

h,j =
J (Fm

h,j)

|J (Fm
h,j)|

,

we see that the assumption (B2h) is equivalent to (B2) if the quadrature rule (3.4) is exact to degree 3ℓ− 2,
recall (3.5).

The following lemma is the natural extension of Lemma 2.1 to surfaces. Recall also [13, Lemma 57].

Lemma 3.1. Let σ̂, σ, σ̃ ⊂ R3 be three C1-surfaces, possibly with boundary. Let σ and σ̃ be parametrized by
Y : σ̂ → R3 and Ỹ = X ◦ Y : σ̂ → R3, respectively, where X ∈ C1(σ,R3). The following inequality holds
everywhere in σ̂ [

∇σX : ∇σ(X − id)
]
◦ Y |J (Y )| ≥ |J (Ỹ )| − |J (Y )|, (3.7)

with equality if X = id ∈ C1(σ,R3). Here, ∇σ is the surface gradient of σ, and |J (Ỹ )|, |J (Y )| are the
surface elements of σ̃ and σ, respectively.

Proof. Let {τ1, τ2} be a local orthonormal basis of the tangent space of the surface σ. With this basis, we
can write

∇σX =

2∑
k=1

∂τk
X ⊗ τk, |∇σX|2 =

2∑
k=1

|∂τk
X|2, and ∇σid =

2∑
k=1

τk ⊗ τk, |∇σid|2 = 2,

where ∂τk
is the directional derivative with respect to τk. The change of variable gives the equality

|J (Ỹ )| =
√
det
(
∂τi

X · ∂τj
X
)
1≤i,j≤2

◦ Y |J (Y )|, (3.8)

which follows from Lemma A.1 in Appendix A. Combining (3.8) and the inequality√
det
(
∂τi

X · ∂τj
X
)
1≤i,j≤2

=
√

|∂τ1
X|2|∂τ2

X|2 − (∂τ1
X · ∂τ2

X)2 ≤ |∂τ1
X||∂τ2

X|,

we can then estimate[
∇σX : ∇σ(X − id)

]
◦ Y |J (Y )| ≥ 1

2

(
|∇σX|2 − |∇σid|2

)
◦ Y |J (Y )|

=
1

2

(
|∂τ1

X|2 + |∂τ2
X|2

)
◦ Y |J (Y )| − |J (Y )|

≥ |∂τ1
X||∂τ2

X| ◦ Y |J (Y )| − |J (Y )|

=
√

det
(
∂τi

X · ∂τj
X
)
1≤i,j≤2

◦ Y |J (Y )| − |J (Y )|

= |J (Ỹ )| − |J (Y )|,

where we have used the basic inequalities

A : (A−B) ≥ 1

2

(
|A|2 − |B|2

)
, and a2 + b2 ≥ 2ab.

This completes the proof, on noting that (3.7) holds with equality if X = id ∈ C1(σ,R3).
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Remark 3.2. We observe that the analogue of the estimate we proved in Lemma 2.1 for curves in R2, and
in Lemma 3.1 for surfaces in R3, no longer holds true for hypersurfaces in Rd, d ≥ 4. Indeed, by a scaling
argument we see that there cannot be a constant c0 > 0 such that

c0

d−1∑
i=1

|∂τiX|2 ≥
√
det
(
∂τiX · ∂τjX

)
1≤i,j≤d−1

, d ≥ 4, (3.9)

since the left hand side scales quadratically in X, while the right hand side scales to the power d − 1. See
also [13, Remark 56].

Theorem 3.2 (Unconditional energy stability with exact integration). Under assumption (B1), suppose
(Xm+1

h , κm+1
h ) ∈ [Wm

ℓ ]3 ×Wm
ℓ is a solution of (3.1). Then for any M ≥ 0, we have

H2(ΓM+1
h ) ≤ H2(Γ0

h)−

 τ
∑M

m=0

(
Hm+1

h , Hm+1
h

)
Γm
h

, MCF,

τ
∑M

m=0

(
∇Γm

h
Hm+1

h ,∇Γm
h
Hm+1

h

)
Γm
h

, SD,

where H2(Γm
h ) :=

∫
Γm
h
ds =

∫
Γ̂h

|J (Y m
h )| ds is the exact energy (surface area) of the discrete surface Γm

h .

Proof. The proof proceeds as the proof of Theorem 2.3, by taking φh = Hm+1
h ∈ Wm

ℓ in (3.1a) and
ηh = Xm+1

h − id|Γm
h

∈ [Wm
ℓ ]3 in (3.1b), and using Lemma 3.1.

Theorem 3.3 (Unconditional energy stability with numerical integration). Assume that (B1h) holds and
that the quadrature rule (3.4) has positive weights ω̂i > 0 for i = 1, . . . , Q. Let (Xm+1

h , κm+1
h ) ∈ [Wm

ℓ ]3×Wm
ℓ

be a the solution of (3.6). Then for any M ≥ 0, we have

SM+1
h ≤ S0

h −

 τ
∑M

m=0

(
Hm+1

h , Hm+1
h

)h
Γm
h

, MCF,

τ
∑M

m=0

(
∇Γm

h
Hm+1

h ,∇Γm
h
Hm+1

h

)h
Γm
h

, SD,

where Sm
h := (1, 1)

h
Γm
h

is the numerical energy (surface area) of the discrete surface Γm
h .

Proof. The proof proceeds as the proof of Theorem 3.2, where for the application of the quadrature rule
with positive weights we argue as in the proof of Theorem 2.4.

Remark 3.3. It is worth mentioning another isoparametric finite element method for the simulation of mean
curvature flow. The method was first introduced for linear finite elements by Dziuk [27] and further developed
for finite elements of higher spatial order by Li [44, 45]. By utilizing the classical formula Hn = ∆Γid,
Dziuk’s formulation for surfaces can be summarized to find the local flow map Xm+1

h such that(
Xm+1

h − id

τ
,ηh

)
Γm
h

+
(
∇Γm

h
Xm+1

h ,∇Γm
h
ηh

)
Γm
h

= 0, ηh ∈ [Wm
ℓ ]3. (3.10)

In practice, a suitable numerical integration is necessary when implementing (3.10) for Pℓ-elements with
ℓ ≥ 2. Li proved convergence results for (3.10) with order ℓ ≥ 3 for the curve case and with order ℓ ≥ 6 for
the surface case. Very recently, Bai and Li [3] proved a convergence result under the projected distance with
order ℓ ≥ 3.

We point out that the proof of unconditional energy stability in this paper holds for the above Dziuk-type
scheme (3.10), as well as its numerical integration form(

Xm+1
h − id

τ
,ηh

)h

Γm
h

+
(
∇Γm

h
Xm+1

h ,∇Γm
h
ηh

)h
Γm
h

= 0, ηh ∈ [Wm
ℓ ]3. (3.11)
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Indeed, by taking ηh = Xm+1
h − id|Γm

h
in (3.10) and applying Lemma 3.1, we can derive

H2(Γm+1
h )−H2(Γm

h ) ≤
(
∇Γm

h
Xm+1

h ,∇Γm
h
(Xm+1

h − id)
)
Γm
h

= −1

τ

(
Xm+1

h − id,Xm+1
h − id

)
Γm
h

≤ 0,

and similarly for (3.11). There is no direct analogue of the Dziuk method for surface diffusion. Moreover,
the schemes (3.10) and (3.11) may suffer from mesh distortions, especially near singularities. We refer to
Section 4.2 for a comparison of the Dziuk-type schemes and the BGN-type schemes proposed in this paper.

3.3. A structure-preserving isoparametric finite element method for surface diffusion of surfaces

As an analogue of the curve case, we consider the following volume-conserving scheme for surface diffusion
in three dimensions:

Structure-preserving isoparametric finite element method with numerical integration for sur-
face diffusion in 3d: For m ≥ 0, find Xm+1

h ∈ [Wm
ℓ ]3 and Hm+1

h ∈ Wm
ℓ that satisfy the following equations

for any φh ∈ Wm
ℓ and ηh ∈ [Wm

ℓ ]3(
Xm+1

h − id

τ
, φhn

m+ 1
2

h

)h

Γm
h

−
(
∇Γm

h
Hm+1

h ,∇Γm
h
φh

)h
Γm
h

= 0, (3.12a)

(
Hm+1

h n
m+ 1

2

h ,ηh

)h
Γm
h

+
(
∇Γm

h
Xm+1

h ,∇Γm
h
ηh

)h
Γm
h

= 0. (3.12b)

Here, the intermediate normal vector is piecewise defined by

n
m+ 1

2

h ◦ Y m
h :=

J (Y m
h ) + 4J (Y

m+1/2
h ) + J (Y m+1

h )

6|J (Y m
h )|

, on σ̂j ,

where Y
m+1/2
h is piecewise parametrized over Γ̂h by the average value of Y m

h and Y m+1
h at the Lagrange

nodes. Note that the definition the volume enclosed by Γm
h can also be exactly computed by taking the

quadrature rule (3.4) exact to degree 3ℓ− 2 as follows

V m
h :=

1

3

∫
Γm
h

id · nm
h ds =

1

3

∫
Γ̂h

Y m
h · J (Y m

h ) ds =
1

3

J∑
j=1

∫
K̂
Fm

h,j · J (Fm
h,j) dx̂ =

1

3
(id,nm

h )hΓm
h
, (3.13)

where we have recalled (3.2), (3.3), (3.5) and Remark 3.1.
We now prove the following structure-preserving property.

Theorem 3.4 (Structure-preserving property with numerical integration). Assume that (B1h) holds, that
the quadrature rule (3.4) has positive weights ω̂i > 0 for i = 1, . . . , Q, and that it is exact to degree 3ℓ − 2.
Let (Xm+1

h , Hm+1
h ) ∈ [Wm

ℓ ]3 ×Wm
ℓ be a solution of (3.12). Then for any M ≥ 0, we have

SM+1
h + τ

M∑
m=0

(
∇Γm

h
Hm+1

h ,∇Γm
h
Hm+1

h

)h
Γm
h

≤ S0
h, V M+1

h = V M
h = · · ·V 1

h = V 0
h , (3.14)

where V m
h is the volume enclosed by Γm

h .

Proof. The energy stability can be proved similarly to before, and we omit it here for brevity. For the
volume-preserving property, we first define the linear interpolation Γh(α) between the dsicrete surfaces

Γm+1
h = Y m+1

h (Γ̂h) and Γm
h = Y m

h (Γ̂h) via Γh(α) = Yh(Γ̂h, α), where

Yh(·, α) := αY m+1
h + (1− α)Y m

h , 0 ≤ α ≤ 1. (3.15)
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Note that Yh(·, α) is uniquely determined by the values αY m+1
h (xji) + (1 − α)Y m

h (xji) at the Lagrange

nodes {xji} ⊂ Γ̂h. For Γh(α) we define the normal vector

nh(α) ◦ Yh(α) :=
J (Yh(α))

|J (Yh(α))|
, on σ̂j ,

and the volume Vh(α) enclosed by Γh(α) can be computed as in (3.13).
Applying the Reynolds transport theorem [4] to Γh(α), integrating with respect to α from 0 to 1 and

taking φh = τ in (3.12a), we have

V m+1
h − V m

h =

∫ 1

0

d

dα
Vh(α) dα

=

∫ 1

0

∫
Γh(α)

∂αYh(α) · nh(α) ds dα

=

∫ 1

0

∫
Γ̂h

[Y m+1
h − Y m

h ] · J (Yh(α)) ds dα

=

∫
Γ̂h

[Y m+1
h − Y m

h ] ·
∫ 1

0

J (Yh(α)) dα ds

=

∫
Γ̂h

[Y m+1
h − Y m

h ] ·
∫ 1

0

[
∂τ̂1

(
αY m+1

h + (1− α)Y m
h

)
× ∂τ̂2

(
αY m+1

h + (1− α)Y m
h

)]
dα ds

=

∫
Γ̂h

[Y m+1
h − Y m

h ] ·
(∫ 1

0

α2dα J (Y m+1
h ) +

∫ 1

0

(1− α)2dα J (Y m
h )

+

∫ 1

0

α(1− α)dα
[
4J (Y

m+1/2
h )− J (Y m+1

h )− J (Y m
h )
])

ds

=

∫
Γ̂h

[Y m+1
h − Y m

h ] · 1
6

[
J (Y m

h ) + 4J (Y
m+1/2
h ) + J (Y m+1

h )
]
ds

=

∫ h

Γ̂h

[Y m+1
h − Y m

h ] · 1
6

[
J (Y m

h ) + 4J (Y
m+1/2
h ) + J (Y m+1

h )
]
ds

=
(
Xm+1

h − id,n
m+ 1

2

h

)h
Γm
h

=
(
∇Γm

h
Hm+1

h ,∇Γm
h
τ
)h
Γm
h

= 0,

where we have noted that the integrand

[Y m+1
h − Y m

h ] · 1
6

[
J (Y m

h ) + 4J (Y
m+1/2
h ) + J (Y m+1

h )
]

is a piecewise polynomial of degree 3ℓ−2 on Γ̂h. We can then complete the proof of the volume-preservation
property by induction.

4. Numerical results

We have implemented the proposed isoparametric finite element schemes in the framework Dune [15,
16, 50] using parametrized grids based on the dune-curvedgrid and dune-curvedgeometry [47–49]
modules. As the underlying grid manager for the reference grid, we have used dune-foamgrid [31, 51].
Our implementations and all the parameter files necessary to perform the presented numerical computations
are available at the GitHub repository [33]. Unless specified explicitly, the reference grids are chosen as poly-
gonal/polyhedral approximations of the initial curves/surfaces with good mesh quality. For computations
with Pℓ-elements, the Gauss quadrature rules are uniformly chosen as exact to degree 2ℓ− 1 for curves and
exact to degree 3ℓ−2 for surfaces, respectively. Hence these quadrature rules always satisfy the assumptions
in our theorems.

16



4.1. Experimental order of convergence

We test the experimental order of convergence for both mean curvature flow and surface diffusion of
curves and surfaces. First, for mean curvature flow, the initial shape is chosen as the unit circle x2 + y2 = 1
for the curve case and as the unit sphere x2 + y2 + z2 = 1 for the surface case. In order to test the expected
convergence orderO(τ+hℓ+1) for Pℓ-finite elements, we choose for the time step size the parameter τ = chℓ+1

and define the approximate L∞-error between the numerical solution and the exact solution at time T as

EL∞(ℓ, h, τ) := dL∞

(
Γ
T/τ
h ,Γ(T )

)
.

For the curve case, Γ(T ) is a circle with radius
√
1− 2T , and for the surface case, Γ(T ) is a sphere with

radius
√
1− 4T . The distance function dL∞ is the maximum of the distance between the true circle/sphere

and Γ
T/τ
h at all the quadrature points. The experimental order of convergence is then given by

Order :=
log(EL∞(ℓ, h, τ)/EL∞(ℓ, h/2, τ/2ℓ+1))

log 2
.

The numerical results are depicted in Tables 1 and 2 for the computations in 2d and 3d, respectively. As
expected, we can observe that the spatial convergence order for Pℓ-finite elements is ℓ+ 1.

Table 1: Convergence order test for curvature flow for a shrinking circle, using Pℓ-elements with ℓ = 1, 2, 3. The parameters
are chosen as T = 0.05, (h0, τ0) = (0.2, 0.05).

(h, τ) EL∞(1, h, τ) Order EL∞(2, h, τ) Order EL∞(3, h, τ) Order

(h0, τ0) 2.04e-3 — 3.70e-3 — 3.70e-3 —

(h0

21 ,
τ0

2ℓ+1 ) 1.24e-3 0.72 5.14e-4 2.85 2.59e-4 3.84

(h0

22 ,
τ0

22(ℓ+1) ) 3.72e-5 1.74 6.52e-5 2.98 1.63e-5 3.99

(h0

23 ,
τ0

23(ℓ+1) ) 9.80e-6 1.92 8.18e-6 3.00 1.02e-6 4.00

(h0

24 ,
τ0

24(ℓ+1) ) 2.50e-6 1.97 1.02e-6 3.00 6.36e-8 4.00

Table 2: Convergence order test for mean curvature flow for a shrinking sphere, using Pℓ-elements with ℓ = 1, 2, 3. The
parameters are chosen as T = 0.05, (h0, τ0) = (0.5, 0.05).

(h, τ) EL∞(1, h, τ) Order EL∞(2, h, τ) Order EL∞(3, h, τ) Order

(h0, τ0) 1.60e-1 — 1.43e-2 — 2.37e-2 —

(h0

21 ,
τ0

2ℓ+1 ) 5.13e-2 1.64 3.48e-3 2.04 1.66e-3 3.84

(h0

22 ,
τ0

22(ℓ+1) ) 1.44e-2 1.83 4.90e-4 2.83 9.33e-5 4.15

(h0

23 ,
τ0

23(ℓ+1) ) 3.67e-3 1.97 5.39e-5 3.18 5.67e-6 4.04

A similar convergence order experiment can be conducted for surface diffusion of curves and surfaces.
Here, we choose as the initial shape the ellipse x2/4+y2 = 1 and the ellipsoid x2/4+y2+z2 = 1, respectively.
Since for surface diffusion we do not have exact solutions, we define the approximate L2-error under the
distance function at time T as

EL2(ℓ, h, τ) := dL2

(
Γ
T/τ
h ,Γ

T/(2ℓ+1τ)
h/2

)
, (4.1)
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see (B.1) in Appendix B for a precise definition. The experimental order of convergence is defined similarly.
Tables 3 and 4 show that the Pℓ-finite element methods achieve the expected convergence orders for both
curve and surface cases, respectively.

Remark 4.1. The L2-distance function defined in (B.1) is called the projected distance in [3]. Similarly,
the L1-distance (called the manifold distance in [39, 56]) and the L∞-distance (called the Hausdorff distance
in [39]) are also widely used to characterize the error for the evolution of curves and surfaces. Similar
convergence results hold for these errors; we omit the numerical results for simplicity.

Table 3: Convergence order test for surface diffusion for an initial ellipse, using Pℓ-elements with ℓ = 1, 2, 3. The parameters
are chosen as T = 0.05, (h0, τ0) = (0.3, 0.05).

(h, τ) EL2(1, h, τ) Order EL2(2, h, τ) Order EL2(3, h, τ) Order

(h0, τ0) 3.84e-3 — 9.08e-5 — 1.27e-5 —

(h0

21 ,
τ0

2ℓ+1 ) 9.68e-4 1.99 1.19e-5 2.93 7.99e-7 4.00

(h0

22 ,
τ0

22(ℓ+1) ) 2.43e-4 2.00 1.48e-6 3.01 4.71e-8 4.09

(h0

23 ,
τ0

23(ℓ+1) ) 6.07e-5 1.99 1.78e-7 3.05 3.02e-9 3.96

Table 4: Convergence order test for surface diffusion for an initial ellipsoid, using Pℓ-elements with ℓ = 1, 2, 3. The parameters
are chosen as T = 0.05, (h0, τ0) = (0.5, 0.05).

(h, τ) EL2(1, h, τ) Order EL2(2, h, τ) Order EL2(3, h, τ) Order

(h0, τ0) 7.52e-2 — 8.81e-3 — 4.78e-3 —

(h0

21 ,
τ0

2ℓ+1 ) 2.33e-2 1.69 1.90e-3 2.37 3.54e-4 3.76

(h0

22 ,
τ0

22(ℓ+1) ) 6.43e-3 1.86 2.19e-4 3.12 3.00e-5 3.56

4.2. Evolution by mean curvature flow

In this subsection, we conduct some morphology and geometric quantity evolutions for mean curvature
flow by our Pℓ-finite element method.

We first compare the mesh quality between our isoparametric method (3.6) and the Dziuk-type scheme
(3.11). As discussed in [12] for P1-elements, Dziuk’s method may lead to mesh distortion, while the
BGN method achieves good mesh quality. This phenomenon also appears for higher spatial order meth-
ods proposed in this paper. As an example, we take an ellipsoid as the initial surface, with parameters
(J,K) = (2704, 1354), where J represents the number of triangles and K represents the number of vertices.
We use P2-elements for both the BGN-type scheme and the Dziuk-type scheme, and we monitor the mesh
quality by comparing the area of each triangle |σm

j | computed by a suitable quadrature rule. As illustrated
in Figures 2 and 3, the BGN-type scheme successfully evolves the initial ellipsoid to a spherical point. At the
same time, the mesh distortion phenomenon may appear for the Dziuk-type scheme (e.g., the last snapshot
of Figure 3). Moreover, the distribution of triangle sizes indicates that the Dziuk-type scheme leads to
significantly different areas of triangles. As shown in the last snapshot of Figure 3, the largest triangle is
about 105 times the area of the smallest triangle, while the last snapshot of Figure 2 shows the BGN-type
method exhibits a similar area of triangles near the singularity. These numerical results indicate that the
higher spatial order BGN-type schemes can also adjust the mesh automatically, similar to the linear finite
element methods [12].
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Figure 2: Evolution of an ellipsoid by mean curvature flow, using BGN-type scheme with ℓ = 2. The figures are rescaled, and
the times are t = 0, 0.3, 0.35, 0.377, respectively. The colors indicate the area of the grid elements.
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Figure 3: Evolution of an ellipsoid by mean curvature flow, using Dziuk-type schemes with ℓ = 2. The figures are rescaled, and
the times are t = 0, 0.3, 0.35, 0.377, respectively. The colors indicate the area of the grid elements.

We then apply our P2-finite element method to two dumbbell shape examples: a mild dumbbell shape
defined by (0.6x2 + 0.4)2(1 − x2) − y2 − z2 = 0, and a dumbbell shape given by (0.7x2 + 0.3)2(1 − x2) −
y2 − z2 = 0. The approximating surfaces employ the discretization parameters (J,K) = (7096, 3550) and
(J,K) = (3276, 1430), respectively. As demonstrated in Figures 4 and 5, we observe that the mild dumbbell
shape eventually shrinks to a spherical point, while the second dumbbell shape develops a singularity when
the surface tries to pinch off into two. For these two examples, we also monitor the evolution of the surface
area S(t)/S(0)|t=tm = Sm

h /S0
h in Figure 6 and notice that it is decreasing for both experiments until the

singularity.

Figure 4: Evolution of a mild dumbbell shape by mean curvature flow, using P2-elements, figures are rescaled. We used the
discretization parameters (J,K) = (7096, 3550) and τ = 0.0001. The times are t = 0, 0.040, 0.0800, 0.0916, respectively.

4.3. Evolution by surface diffusion

In this subsection, we present extensive numerical results of surface diffusion for both curves and surfaces.
We consider the evolution of the following geometric quantities:

L(t)

L(0)

∣∣∣∣
t=tm

=
Lm
h

L0
h

,
S(t)

S(0)

∣∣∣∣
t=tm

=
Sm
h

S0
h

,
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Figure 5: Evolution of a dumbbell shape by mean curvature flow, using P2-elements. We used the discretization parameters
(J,K) = (3276, 1430) and τ = 0.0001. The times are t = 0, 0.040, 0.0555, 0.0585, respectively.
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Figure 6: Evolution of the normalized surface area for numerical simulations corresponding to Figure 4 (left figure) and Figure 5
(right figure), respectively.

(2) the relative loss of area/volume defined as

∆A(t)|t=tm
=

Am
h −A0

h

A0
h

, ∆V (t)|t=tm
=

V m
h − V 0

h

V 0
h

,

and (3) the mesh quality function

Ψ(t)|t=tm
=

maxj |σm
j |

minj |σm
j |

.

We apply the isoparametric method for the curve case with ℓ = 1, 2, 3 for an ellipse and a flower curve,
in each case approximating the curve with discretizations using N = 128 elements. We plot the Lagrange
points for the P2-elements in Figures 7 and 9; we observe that the isoparametric finite elements evolve an
ellipse and a flower to their equilibrium, a circle. The evolutions of some geometric quantities are depicted
in Figures 8 and 10. We can observe that for all ℓ = 1, 2 and 3, the isoparametric finite element methods
decrease the perimeter, and the relative area loss is relatively small. In contrast to the linear finite element
method ℓ = 1 case, it appears that the mesh quality of higher order BGN-type methods may not decrease
to 1 for long time evolutions.

We end this subsection by employing the isoparametric finite element methods for two surfaces with
different topologies, i.e., an ellipsoid and a torus. The approximating surfaces employ the number of elements
and vertices (J,K) = (676, 340) for the ellipsoid, and (J,K) = (720, 360) for the torus.
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Figure 7: Evolution of an ellipse by surface diffusion of curves, using P2-elements. We used the discretization parameters
N = 128 and τ = 0.005. The times are t = 0, 0.3, 0.5, 0.8, respectively.

(a) The normalized perimeter (b) The relative area loss (c) The mesh quality function

Figure 8: Evolution of geometric quantities for Pℓ-elements, ℓ = 1, 2, 3.

Figure 9: Evolution of a flower curve by surface diffusion of curves, using P2-elements. The reference grid is an approximation
polygon of an ellipse with parameter N = 128, and the time step size is τ = 0.001. The times are t = 0, 0.05, 0.1, 0.2,
respectively.

As depicted in Figures 11 and 12, surface diffusion evolves the ellipsoid to its equilibrium, a sphere.
For a fair comparison, we further show the positions of the Lagrange nodes for ℓ = 1, 2, as demonstrated
in the first snapshot of Figures 11 and 12. Observe that the evolution process only needs to control the
motion of these Lagrange nodes. The P1-element method uses Lagrange nodes at grid vertices, resulting in
a total number of Lagrange nodes of 340, while the P2-element method uses Lagrange nodes at vertices and
edges, resulting in 1354 nodes in total. Moreover, in Figure 13, we monitor the evolution of some geometric
quantities. These numerical results show that our proposed isoparametric methods successfully decrease the
surface area and effectively preserve the volume during the evolution while maintaining good mesh quality.

To provide a more comprehensive comparison, we use the torus (
√
x2 + y2 − 2)2 + z2 = 1 as an initial

surface and apply Pℓ-elements to show the morphology evolution and monitor the evolution of some geometric
quantities. Figures 14 and 15 shows that the torus will develop a singularity in the center under surface
diffusion. We stop the simulation before such a singularity would occur. The total number of Lagrange
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(a) The normalized perimeter (b) The relative area loss (c) The mesh quality function

Figure 10: Evolution of geometric quantities for Pℓ-elements, ℓ = 1, 2, 3.

Figure 11: Evolution of an ellipsoid by surface diffusion, using P1-elements. We used the discretization parameters (J,K) =
(676, 340) and τ = 0.005. The number of total Lagrange nodes is 340. The times are t = 0, 0.15, 0.25, 0.5, respectively.

Figure 12: Evolution of an ellipsoid by surface diffusion, using P2-elements. The number of total Lagrange nodes is 1354.

nodes of the P1-element method and the P2-element method is 360 and 1440, respectively. We notice that
the surface area keeps decreasing, as shown in Figure 16.

4.4. Structure-preserving isoparametric finite element methods for surface diffusion

In this subsection, we present some numerical results for structure-preserving isoparametric finite element
methods for surface diffusion of both curves (2.11) and surfaces (3.12). For these nonlinear methods, we use
the Picard iteration method. Take the curves case (2.11) as an example. We first set

Xm+1,0
h = Xm

h , κm+1,0
h = κm

h ,
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(a) The normalized surface area (b) The relative volume loss (c) The mesh quality function

Figure 13: Evolution of geometric quantities for Pℓ-elements, ℓ = 1, 2, 3.

Figure 14: Evolution of a torus by surface diffusion, using P1-elements. We used the discretization parameters (J,K) =
(720, 360) and τ = 0.005. The total number of Lagrange nodes is 360. The times are t = 0, 0.1, 0.2, 0.3, respectively.

Figure 15: Evolution of a torus by surface diffusion, using P2-elements. The total number of Lagrange nodes is 1440.

and for each iteration step i ≥ 1, we solve the following system of equations(
Xm+1,i+1

h − id

τ
, φhn

m+ 1
2 ,i

h

)h

Γm
h

−
(
∇sκ

m+1,i+1
h ,∇sφh

)h
Γm
h

= 0,

(
κm+1,i+1
h n

m+ 1
2 ,i

h ,ηh

)h
Γm
h

+
(
∇sX

m+1,i+1
h ,∇sηh

)h
Γm
h

= 0.
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(a) The normalized surface area (b) The relative volume loss (c) The mesh quality function

Figure 16: Evolution of geometric quantities for Pℓ-elements, ℓ = 1, 2, 3.

Here, the intermediate normal vector is given by

n
m+ 1

2 ,i

h ◦ Y m
h =

(∂τ̂Y
m+1,i
h + ∂τ̂Y

m
h )⊥

2|∂τ̂Y m
h |

, on σ̂j .

Note that the above system has a very similar structure to the linear scheme (2.5). We end the iteration
step when the adjacent iteration error is smaller than a fixed number

∥Xm+1,i+1
h −Xm+1,i

h ∥L∞ + ∥κm+1,i+1
h − κm+1,i

h ∥L∞ ≤ tol.

A similar Picard iteration method can be applied for the surfaces case (3.12), which we omit here for
simplicity. In practice, we always set tol = 10−12.

Since the evolution of shapes and convergence order test by structure-preserving schemes makes not much
difference with the schemes (2.5) and (3.6), we only present the evolution of some geometric quantities.
Figures 17 and 18 depict the evolution of the normalized perimeter/surface area and the relative area
loss/volume loss for an initial ellipse and an initial ellipsoid, respectively. We observe that the structure-
preserving schemes preserve two geometric structures for both the curves and the surfaces case, while the
iteration numbers of the Picard iteration are relatively small (lower than 35 per time step).

(a) The normalized perimeter (b) The relative area loss (c) The number of iterations

Figure 17: Evolution of some geometric quantities for the structure-preserving Pℓ-element scheme, ℓ = 1, 2, 3, starting with an
ellipse. The discretization parameters are N = 128 and τ = 0.005.

Finally, we show the robustness of our numerical method, and of the Picard iteration solver, with respect
to large and small time step sizes. To this end, we compare different time step sizes ranging from τ = 0.1
to τ = 0.0001 for a fixed mesh size for the P2-finite element method. As shown in Figure 19, the Picard
iteration numbers remain low for all time step sizes, and the structure-preserving properties are maintained.
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(a) The normalized surface area (b) The relative volume loss (c) The number of iterations

Figure 18: Evolution of some geometric quantities for the structure-preserving Pℓ-element scheme, ℓ = 1, 2, 3, starting with as
an ellipsoid. The discretizaion parameters are (J,K) = (676, 340) and τ = 0.001.
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(c) The number of iterations
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(d) The mesh ratio function

Figure 19: Evolution of some quantities for the structure-preserving P2-element scheme, starting with an ellipsoid. The
discretization parameters are (J,K) = (676, 340) and τ = 0.1, 0.01, 0.001, 0.0001.

5. Conclusions

We have proposed unconditionally energy-stable isoparametric finite element methods for mean curvature
flow and surface diffusion. Our methods can be seen as an extension of the classical BGN method [11–13],
which uses linear finite elements, to arbitrarily high order finite elements. Our approach is to fix a reference
grid and prove a pointwise estimate over this grid. We implement our methods withinDune and demonstrate
the unconditional energy stability for the discrete energy based on numerical integration. A similar idea can
also be extended to structure-preserving methods for surface diffusion by choosing the intermediate normal
[9]. Extensive numerical experiments demonstrate the expected higher spatial order accuracy, unconditional
energy stability, and structure-preserving properties.
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A. Transformation formula for surface integrals

Let σ̂, σ, σ̃ ⊂ R3 be three C1-surfaces, possibly with a boundary. Let σ and σ̃ be parametrized by
Y : σ̂ → R3 and Ỹ = X ◦ Y : σ̂ → R3, respectively, where X ∈ C1(σ,R3). The surface elements |J (Ỹ )|
and |J (Y )| of σ̃ and σ, respectively, are defined via J (Ỹ ) = ∂τ̂1

Ỹ × ∂τ̂2
Ỹ and J (Y ) = ∂τ̂1

Y × ∂τ̂2
Y , with

{τ̂1, τ̂2} being an orthonormal basis of the tangent space of σ̂.

Lemma A.1. It holds that

|J (Ỹ )| =
√

det
(
∂τ̂i

Ỹ · ∂τ̂j
Ỹ
)
1≤i,j≤2

, (A.1)

and
|J (Ỹ )| = |J (X)| ◦ Y |J (Y )| =

√
det
(
∂τiX · ∂τjX

)
1≤i,j≤2

◦ Y |J (Y )|, (A.2)

where {τ1, τ2} is an orthonormal basis of the tangent space of σ.

Proof. For vectors a, b, c,d ∈ R3 it holds that

(a× b) · (c× d) = det

(
a · c a · d
b · c b · d

)
= (a · d) b · d− (a · d) b · c, (A.3)

which immediately implies (A.1).

Locally we can find an open set U ⊂ R2 and a map Ĝ : U → σ̂ that parameterizes a part of σ̂. Let
G = Y ◦ Ĝ and G̃ = Ỹ ◦ Ĝ = X ◦ Y ◦ Ĝ be the corresponding parameterizations of parts of σ and σ̃,
respectively. It is then not difficult to prove that

|J (G̃)| = |J (X)| ◦G |J (G)|, (A.4)

where |J (G̃)|2 = det((∇G̃)⊤∇G̃) and |J (G)|2 = det((∇G)⊤∇G). Indeed, we know that ∇G maps R2

to the tangent space of σ. Hence we can choose bi ∈ R2 with (∇G)bi = τi, i = 1, 2. It follows that

(∇G̃)bi = ∂τiX, i = 1, 2. We then compute

(∂τi
X · ∂τj

X) ◦G = ((∇G̃)bi) · ((∇G̃)bj) = bi · ((∇G̃)⊤(∇G̃)bj) = ei · (B⊤(∇G̃)⊤(∇G̃)B)ej ,

where B ∈ R2×2 is the matrix with columns b1 and b2. Hence, we have that

|J (X)|2 ◦G = det
(
∂τi

X · ∂τj
X
)
1≤i,j≤2

= det(B2) det((∇G̃)⊤∇G̃) = det(B2)|J (G̃)|2. (A.5)

On the other hand, we have

τi · τj = ((∇G)bi) · (∇G)bj = ei · (B⊤(∇G)⊤(∇G)B)ej ,

which implies that 1 = det(B2) det((∇G)⊤∇G) = det(B2)|J (G)|2. Combining this with (A.5) yields the
claim (A.4).

Now applying (A.4) two times, to different function compositions, yields that

|J (G̃)| = |J (Ỹ )| ◦ Ĝ |J (Ĝ)| and |J (G)| = |J (Y )| ◦ Ĝ |J (Ĝ)|.

Combining these gives our desired claim (A.2) first on a patch, and with the help of a complete chart for all
of σ̂.
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B. Numerical computation of the Hausdorff distance

In this appendix, we give precise details on how we compute the distance used in (4.1). We implemented
the presented algorithm within the numerical framework Dune [16].

Let Γ1 ⊂ Rn+1 and Γ2 ⊂ Rn+1 denote two parametrized n-dimensional grids, n = 1, 2, with Y1 and
Y2 their parametrization over corresponding reference grids Γ̂1 =

⋃J1

j=1 σ̂1,j =
⋃J1

j=1 A1,j(K̂) and Γ̂2 =⋃J2

j=1 σ̂2,j = A2,j(K̂). We consider the approximate L2-distance dL2(Γ1,Γ2) in terms of the pointwise closest-
point distance function dist(·,Γ),

d2L2(Γ1,Γ2) :=

J1∑
j=1

Q∑
i=1

dist2(F1,j(ξ̂i),Γ2) |∇x̂F1,j |(ξ̂i) ω̂i , (B.1)

with J1 the number of elements in the reference grid Γ̂1 and Q the number of quadrature points used to
approximate the integral, where ξ̂i are the quadrature points and ω̂i the quadrature weights of a quadrature
rules to use for the approximation, and F1,j = Y1 ◦A1,j .

While this problem has been investigated for piecewise flat triangular grids, [14, 22, 54], point clouds [21,
55], or freeform surfaces [28], little can be found about the computation of the distance between parametrized
grids. The challenge lies in the efficient computation of the closest-point distance to the parametrized surface.
It can be written in its squared form as

dist2(p,Γ2) =
J2

inf
j=1

inf
x̂∈K̂

∥p− F2,j(x̂)∥2 (B.2)

for p ∈ Γ1, with F2,j = Y2 ◦A2,j . The inner inf-problem is a constrained least-squares problem, with linear

constraints restricting the point x̂ to the domain of K̂. Since K̂ is the standard n-simplex, we have the
box-constraints 0 ≤ x̂i ≤ 1, i = 1 . . . n, and additionally the barycentric coordinate condition

∑n
i=1 x̂i ≤ 1.

The actual least-squares problem is then solved using a Levenberg–Marquardt algorithm, implemented in
the ALGLIB library [19].

The outer inf-problem is simplified by searching only in elements that are close to the target point p.
We thereby represent each grid element of Γ2 by its center in the sense of the mapping of the barycenter in
the reference element x̂c ∈ K̂, to build a point cloud:

χ2 := {q = F2,j(x̂c) | j = 1 . . . J2} . (B.3)

The set kNN(p, χ2) of k nearest neighbors to the point p, represented in terms of their indices j ∈ {1 . . . J2},
is computed using a kd-tree data structure and the nanoflann library [18]. We thus obtain the procedure

dist2(p,Γ2) = inf
j∈kNN(p,χ2)

inf
x̂∈K̂

∥p− F2,j(x̂)∥2 . (B.4)

Denote by L the maximal number of Levenberg–Marquardt iterations. The total complexity of the
Hausdorff-distance computation can thus be estimated as O(J1 ·Q · k log(J2) · L) plus an additional initial-
ization phase of the kd-tree data structures, which is independent of J1 and Q.
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